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Preface 


The present volume is an outgrowth of a Conference on Mathematical 
Tables held at Cambridge, Mass., on September 15-16, 1954, under the 
auspices of the National Science Foundation and the Massachusetts Insti- 
tute of Technology. The purpose of the meeting was to evaluate the need 
for mathematical tables in the light of the availability of large scale com- 
puting machines. It was the consensus of opinion that in spite of the 
increasing use of the new machines the basic need for tables would continue 
to exist. 

Numerical tables of mathematical functions are in continual demand 
by scientists and engineers. A greater variety of functions and higher 
accuracy of tabulation are now required as a result of scientific advances 
and, especially, of the increasing use of automatic computers. In the latter 
connection, the tables serve mainly for preliminary surveys of problems 
before programming for machine operation. For those without easy access 
to machines, such tables are, of course, indispensable. 

Consequently, the Conference recognized that there was a pressing 
need for a modernized version of the classical tables of functions of 
Jahnke-Emde. To implement the project, the National Science Foundation 
requested the National Bureau of Standards to prepare such a volume and 
established an Ad Hoc Advisory Committee, with Professor Philip M. 
Morse of the Massachusetts Institute of Technology as chairman, to advise 
the staff of the National Bureau of Standards during the course of its 
preparation. In addition to the Chairman, the Committee consisted of A. 
Erdelyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John 
Todd, C. B. Tompkins, and J. W. Tukey. 

The primary aim has been to include a maximum of useful informa- 
tion within the limits of a moderately large volume, with particular atten- 
tion to the needs of scientists in all fields. An attempt has been made to 
cover the entire field of special functions. To carry out the goal set forth 
by the Ad Hoc Committee, it has been necessary to supplement the tables 
by including the mathematical properties that are important in compu- 
tation work, as well as by providing numerical methods which demonstrate 
the use and extension of the tables. 

The Handbook was prepared under the direction of the late Milton 
Abramowitz, and Irene A. Stegun. Its success has depended greatly upon 
the cooperation of many mathematicians. Their efforts together with the 
cooperation of the Ad Hoc Committee are greatly appreciated. The par- 
ticular contributions of these and other individuals are acknowledged at 
appropriate places in the text. The sponsorship of the National Science 
Foundation for the preparation of the material is gratefully recognized. 

It is hoped that this volume will not only meet the needs of all table 
users but will in many cases acquaint its users with new functions. 


ALLEN V. ASTIN, Director 
June 1964 
Washington, D.C. 
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Preface to the Ninth Printing 


The enthusiastic reception accorded the “Handbook of Mathematical 
Functions” is little short of unprecedented in the long history of mathe- 
matical tables that began when John Napier published his tables of loga- 
rithms in 1614. Only four and one-half years after the first copy came 
from the press in 1964, Myron Tribus, the Assistant Secretary of Com- 
merce for Science and Technology, presented the 100,000th copy of the 
Handbook to Lee A. DuBridge, then Science Advisor to the President. 
Today, total distribution is approaching the 150,000 mark at a scarcely 
diminished rate. 

The success of the Handbook has not ended our interest in the subject. 
On the contrary, we continue our close watch over the growing and chang- 
ing world of computation and to discuss with outside experts and among 
ourselves the various proposals for possible extension or supplementation 
of the formulas, methods and tables that make up the Handbook. 

In keeping with previous policy, a number of errors discovered since 
the last printing have been corrected. Aside from this, the mathematical 
tables and accompanying text are unaltered. However, some noteworthy 
changes have been made in Chapter 2: Physical Constants and Conversion 
Factors, pp. 6-8. The table on page 7 has been revised to give the values 
of physical constants obtained in a recent reevaluation; and pages 6 and 8 
have been modified to reflect changes in definition and nomenclature of 
physical units and in the values adopted for the acceleration due to gravity 
in the revised Potsdam system. 

The récord of continuing acceptance of the Handbook, the praise that 
has come from all quarters, and the fact that it is one of the most-quoted 
scientific publications in recent years are evidence that the hope expressed 
by Dr. Astin in his Preface is being amply fulfilled. 


LEWIS M. BRANSCOMB, Director 
National Bureau of Standards 


November 1970 
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Foreword 


This volume is the result of the cooperative effort of many persons and a number 
of organizations. The National Bureau of Standards has long been turning out 
mathematical tables and has had under consideration, for at least 10 years, the 
production of a compendium like the present one. During a Conference on Tables, 
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo- 
witz of that Division mentioned preliminary plans for such an undertaking, but 
indicated the need for technical advice and financial support. 

The Mathematics Division of the National Research Council has also had an 
active interest in tables; since 1943 it has published the quarterly journal, ‘“Mathe- 
matical Tables and Aids to Computation” (MTAOC), ‘editorial supervision being 
exercised by a Committee of the Division. 

Subsequent to the NBS Conference on Tables in 1952 the attention of the 
National Science Foundation was drawn to the desirability of financing activity in 
table production. With its support a 2-day Conference on Tables was called at the 
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the 
needs for tables of various kinds. Twenty-eight persons attended, representing 
scientists and engineers/using tables as well as table producers. This conference 
reached consensus on several conclusions and recommendations, which were set 
forth in tbe published Report of the Conference. There was general agreement, 
for example, ‘‘that the advent of high-speed computing equipment changed the 
task of table making but definitely did not remove the need for tables’. It was 
also agreed that ‘an outstanding need is for a Handbook of Tables for the Occasional 
Computer, with tables of usually encountered functions and a set of formulas and 
tables for interpolation and other techniques useful to the occasional computer’’. 
The Report suggested that the NBS undertake the production of such a Handbook 
and that the NSF contribute financial assistance. The Conference elected, from its 
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz, 
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to 
help implement these and other recommendations. 

The Bureau of Standards undertook to produce the recommended tables and the 
National Science Foundation made funds available. To provide technical guidance 
to the Mathematics Division of the Bureau, which carried out the work, and to pro- 
vide the NSF with independent judgments on grants for the work, the Conference 
Committee was reconstituted as the Committee on Revision of Mathematical 
Tables of the Mathematics Division of the National Research Council. This, after 
some changes of membership, became the Committee which is signing this Foreword. 
The present volume is evidence that Conferences can sometimes reach conclusions 
and that their recommendations sometimes get acted on. 


FOREWORD 


Active work was started at the Bureau in 1956. The overall plan, the selection 
of authors for the various chapters, and the enthusiasm required to begin the task 
were contributions of Dr. Abramowitz. Since his untimely death, the effort has 
continued under the general direction of Irene A. Stegun. The workers at the 
Bureau and the members of the Committee have had many discussions about 
content, style and layout. Though many details have had to be argued out as they 
came up, the basic specifications of the volume have remained the same as were 
outlined by the Massachusetts Institute of Technology Conference of 1954. 

The Committee wishes here to register its commendation of the magnitude and 
quality of the task carried out by the staff of the NBS Computing Section and their 
expert collaborators in planning, collecting and editing these Tables, and its appre- 
ciation of the willingness with which its various suggestions were incorporated into 
the plans. We hope this resulting volume will be judged by its users to be a worthy 
memorial to the vision and industry of its chief architect, Milton Abramowitz. 
We regret he did not live to see its publication. 

P. M. Morssz, Chairman. 
A. Erpféyt 

M. C. Gray 

N. C. Metropotis 

J. B. Rosser 

H. C. Tuacuer, Jr. 
Joun Topp 

C. B. Tompxins 

J. W. TuxKey. 
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1. Introduction 


The present Handbook has been designed to 
provide scientific investigators with a compre- 
hensive and self-contained summary of the mathe- 
matical functions that arise in physical and engi- 
neering problems. The well-known Tables of 
Functions by E. Jahnke and F. Emde has been 
invaluable to workers in these fields in its many 
editions! during the past half-century. The 
present volume extends the work of these authors 
by giving: more extensive and more accurate 
numerical tables, and by giving larger collections 
of mathematical properties of the tabulated 
functions. The number of functions covered has 
also been increased. 

The classification of functions and organization 
of the chapters in this Handbook is similar to 
that of An Index of Mathematical Tables by 
A. Fletcher, J. C. P. Miller, and L. Rosenhead.? 
In general, the chapters contain numerical tables, 
graphs, polynomial or rational approximations 
for automatic computers, and statements of the 
principal mathematical properties of the tabu- 
lated functions, particularly those of computa- 


tional importance. Many numerical examples 
are given to illustrate the use of the tables and 
also the computation of function values which lie 
outside their range. At the end of the text in 
each chapter there is a short bibliography giving 
books and papers in which proofs of the mathe- 
matical properties stated in the chapter may be 
found. Also listed in the bibliographies are the 
more important numerical tables. Comprehen- 
sive lists of tables are given in the Index men- 
tioned above, and current information on new 
tables is to be found in the National Research 
Council quarterly Mathematics of Computation 
(formerly Mathematical Tables and Other Aids 
to Computation). 

The mathematical notations used in this Hand- 
book are those commonly adopted in standard 
texts, particularly Higher Transcendental Func- 
tions, Volumes 1-3, by A. Erdélyi, W. Magnus, 
F. Oberhettinger and F. G. Tricomi (McGraw- 
Hill, 1953-55). Some alternative notations have 
also been listed. The introduction of new symbols 
has been kept to a minimum, and an effort has 
been made to avoid the use of conflicting notation. 


2. Accuracy of the Tables 


The number of significant figures given in each 
table has depended to some extent on the number 
available in existing tabulations. There has been 
no attempt to make it uniform throughout the 
Handbook, which would have been a costly and 
laborious undertaking. In most tables at least 
five significant figures have been provided, and 
the tabular intervals have generally been chosen 
to ensure that linear interpolation will yield. four- 
or five-figure accuracy, which suffices in most 
physical applications. Users requiring higher 

1 The most recent, the sixth, with F. Loesch added as co-author, was 
published in 1960 by McGraw-Hill, U.8.A., and Teubner, Germany. 
2 The second edition, with L. J. Comrie added as co-author, was published 


in two volumes in 1962 by Addison-Wesley, U.8.A., and Scientific Com- 
puting Service Ltd., Great Britain. 


precision in their interpolates may obtain them 
by use of higher-order interpolation procedures, 
described below. 

In certain tables many-figured function values 
are given at irregular intervals in the argument. 
An example is provided by Table 9.4. The pur- 
pose of these tables is to furnish “key values” for 
the checking of programs for automatic computers; 
no question of interpolation arises. 

The maximum end-figure error, or ‘“‘tolerance”’ 
in the tables in this Handbook is %o of 1 unit 
everywhere in the case of the elementary func- 
tions, and 1 unit in the case of the higher functions 
except in a few cases where it has been permitted 
to rise to 2 units. 


x 
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3. Auxiliary Functions and Arguments 


One of the objects of this Handbook is to pro- 
vide tables or computing methods which enable 
the user to evaluate the tabulated functions over 
complete ranges of real values of their parameters. 
In order to achieve this object, frequent use has 
been made of auxiliary functions to remove the 
infinite part of the original functions at their 
singularities, and auxiliary arguments to cope with 
infinite ranges. An example will make the pro- 
cedure clear. 

The exponential integral of positive argument 
is given by 


Bia) =f" Sau 
x x? x8 
=Y+hn t+initeat eat se 


e? 1! , 2! 3! 


The logarithmic singularity precludes direct inter- 
polation near z=0. The functions Ei(z)—In 2 
and 2 "(Ki(z)—In 2z—vy], however, are well- 
behaved and readily interpolable in this region. 
Either will do as an auxiliary function; the latter 
was in fact selected as it yields slightly higher 
accuracy when Hi(z) is recovered. The function 
z”|Ei(z)—In z—y] has been tabulated to nine 
decimals for the range 0<2<i. For 4<2<2, 
Ei(x) is sufficiently well-behaved to admit direct 
tabulation, but for larger values of 2, its expo- 
nential character predominates. A smoother and 
more readily interpolable function for Jarge z is 
zeEi(z); this has been tabulated for 2<2<10. 
Finally, the range 10 <z<©@ is covered by use of 
the inverse argument z“!. Twenty-one entries of 
xe~*Hi(z), corresponding to 27'=.1(—.005)0, suf- 
fice to produce an interpolable table. 


4. Interpolation 


The tables in this Handbook are not provided 
with differences or other aids to interpolation, be- 
cause it was felt that the space they require could 
be better employed by the tabulation of additional 
functions. Admittedly aids could have been given 
without consuming extra space by increasing the 
intervals of tabulation, but this would have con- 
flicted with the requirement that linear interpola- 
tion is accurate to four or five figures. 

For applications in which linear interpolation 
is insufficiently accurate it is ‘intended that 
Lagrange’s formula or Aitken’s method of itera- 
tive linear interpolation? be used. To help the 
user, there is a statement at the foot of most tables 
of the maximum error in a linear interpolate, 
and the number of function values needed in 
Lagrange’s formula or Aitken’s method to inter- 
polate to full tabular accuracy. 

As an example, consider the following extract 
from Table 5.1. 


x ze* H(z) x xe*E, (x) 
7.5 . 89268 7854 8.0 . 89823 7113 
7.6 . 89384 6312 8.1 . 89927 7888 
7.7 . 89497 9666 8.2 . 90029 7306 
7.8 . 89608 8737 8.3 . 90129 6073 
7.9 . 89717 4302 8.4 . 90227 4695 


ee 

5 

The numbers in the square brackets mean that 
the maximum error in a linear interpolate is 
3X10-°, and that to interpolate to the full tabular 
accuracy five points must be used in Lagrange’s 
and Aitken’s methods. 


3A. C. Aitken, On interpolation by iteration of proportional parts, with- 
out the use of differences, Proc. Edinburgh Math. Soc. 3, 56-76 (1932). 


Let us suppose that we wish to compute the 
value of zxe*#,(z) for z=7.9527 from this table. 
We describe in turn the application of the methods 
of linear interpolation, Lagrange and Aitken, and 
of alternative methods based on differences and 
Taylor’s series. 

(1) Linear interpolation. The formula for this 
process is given by 


Sr=UA—p)fot nh: 


where fo, fi are consecutive tabular values of the 
function, corresponding to arguments %, 2%, Tre- 
spectively; p is the given fraction of the argument 
interval 

p= (Z—2%) | (41 — 0) 


and f, the required interpolate. 
instance, we have 


fo=.89717 4302 


In the present 


fr=.89823 7113  p=.527 
The most convenient way to evaluate the formula 
on a desk calculating machine is to set fy and fi 
in turn on the keyboard, and carry out the multi- 
plications by 1—p and p cumulatively; a partial 
check is then provided by the multiplier dial 
reading unity. We obtain 


f sar= (1 —.527)(.89717 4302) +.527(.89823 7113) 
=.89773 4403. 


Since it is known that there is a possible error 
of 3X107° in the linear formula, we round off this 
result to .89773. The maximum possible error in 
this answer is composed of the error committed 
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by the last rounding, that is, .4403X10-, plus 

3X10-°, and so certainly cannot exceed .8X 107°. 
(2) Lagrange’s formula. In this example, the 

relevant formula is the 5-point one, given by 


f=A_2( ) ~2+tAy Yr t+Ao fot Ay i 
pt (pf (pf OU ort 


Tables of the coefficients A;(p) are given in chapter 
25 for the range p=0(.01)1. We evaluate the 
formula for p=.52, .53 and .54 in turn. Again, 
in each evaluation we accumulate the A;,(p) in the 
multiplier register since their sum is unity. We 
now have the following subtable. 


The numbers in the third and fourth columns are 
the first and second differences of the values of 
xe"E\ (xz) (see below); the smallness of the second 
difference provides a check on the three interpola- 
tions. The required value is now obtained by 
linear interpolation: 


fp=.3(.89772 9757) +.7(.89774 0379) 
=.89773 7192. 


In cases where the correct order of the Lagrange 
polynomial is not known, one of the preliminary 


me we" Ey (2) interpolations may have to be performed with 
7.952 .89772 9757 polynomials of two or more different orders as a 
7.953  .89774 0379 pak —2 check on their adequacy. | aeons ; 
10620 _ (8) Aitken’s method of iterative linear interpola- 
7.954 89775 0999 tion. The scheme for carrying out this process 
| in the present example is as follows: 
nN 2a Yn=xe7Ey(z) Yo, n Yo,1,n Yo, 1,2. 0 Yo,1,2,3, 0 ln—T 
0 8&0 . 89823 7113 . 0473 
1 7.9 .89717 4302 . 89773 44034 —. 0527 
2 8.1 . 89927 7888 . 89774 48264 . 89773 71499 . 1473 
3 7.8 . 89608 8737 2 90220 2394 . 89773 71938 —. 1527 
4 82 .90029 7306 4 98773 1216 16 89773 71930 . 2473 
5 7.7 . 89497 9666 2 35221 2706 43 30 9 —. 2527 
Here to fo ? 
fi 
Yon= 1_|u bees Mm Of i afi 
Zn—XolYn F_n—X Sfaya 55/2 
ty fs a fy af 
= 1 You v1—2z ofs {2 5, 12 
ates Ta—TZs\Yon Zn—t x3 fa efs 
Sfin 
= 1 You, - + +, m—im Im—z % fs 
You... molimin” 2 =a. WG 1h) Bee loe L_a—Z H 
ere 


If the quantities z,—z and 2,,—2 are used as 
multipliers when forming the cross-product on a 
desk machine, their accumulation (z,—2) —(%n—2) 
in the multiplier register is the divisor to be used 
at that stage. An extra decimal place is usually 
carried in the intermediate interpolates to safe- 
guard against accumulation of rounding errors. 

The order in which the tabular values are used 
is immaterial to some extent, but to achieve the 
maximum rate of convergence and at the same 
time minimize accumulation of rounding errors, 
we begin, as in this example, with the tabular 
argument nearest to the given argument, then 
take the nearest of the remaining tabular argu- 
ments, and so on. 

The number of tabular values required to 
achieve a given precision emerges naturally in 
the course of the iterations. Thus in the present 


example six values were used, even though it was - 


known in advance that five would suffice. The 
extra row confirms the convergence and provides 
a valuable check. 

(4) Difference formulas. We use the central 
difference notation (chapter 25), 


Siw=hi—fo, Ssa=fo—fiy - os, 
&fi=Sfsa— Sfip=fa— 2itfo 
OYfsp=Pf2— Of =fa— 3fat 3f1—fo 
S4f.= 852 — Of a= fa— 4fat 6f2— 4fitfo 
and so on. 

In the present example the relevant part of the 
difference table is as follows, the differences being 
written in units of the last decimal place of the 
function, as is customary. The smallness of the 
high differences provides a check on the function 
values 


x xe*E, (x) Fe off 
7.9 .89717 4302 —2 2754 —34 
8.0 . 89823 7113 —2 2036 —39 


Applying, for example, Everett’s interpolation 
ormula 


fo=(1—p) fot Ea(p) Ofot Ea(p)ofot ... 
tpfit Fe(p) efit Kuper .. + 


and taking the numerical values of the interpola- 
tion coefficients E2(p), E,(p), Fa(p) and F,(p) 
from Table 25.1, we find that 
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10°f 57, = .473(89717 4302) + .061196(2 2754) — .012(34) 
+ .527(89823 7113) + .063439(2 2036) — .012(39) 
= 89773 7193. 


We may notice in passing that Everett’s 
formula shows that the error in a linear interpolate 
is approximately 


E2(p) 8 fot Fo(p) fi = $[B2(p) + Fo(p) Nesfot- &fi] 


Since the maximum value of |E2(p)-+-F.,(p)| in the 
range 0< p< 1 is %, the maximum error in a linear 
interpolate is approximately 


a [@fot+ 6/1), that is, as lfa—fi—fo+ fl. 


(5) Taylor’s series. In cases where the succes- 
sive derivatives of the tabulated function can be 
computed fairly easily, Taylor’s expansion 


F(x) =f (Xo) + (e@ —20) Ti) a5 (2—m)ao 


+ (2-2) 


can be used. We first compute as many of the 
derivatives f(a) as are significant, and then 
evaluate the series for the given value of z. 
An advisable check on the computed values of the 
derivatives is to reproduce the adjacent tabular 
values by evaluating the series for r=2z_, and 2. 


In the present example, we have 


f(z) =2e7Ey (x) 
f'@)=(i+a7)f@)—-1 
f''@) =(1+271)f' (2) —2f(@) 
f(a) = (1+ 2) f"" (@) — Qf! (x) + 22-8f(@). 


With x=7.9 and s—x)=.0527 our computations 
are as follows; an extra decimal has been retained 
in the values of the terms in the series to safeguard 
against accumulation of rounding errors. 


k J (a) (El (Z— ato) Ff ® (20) /KI 
0 .89717 4302 .89717 4302 

1 .01074 0669 .00056 6033 3 

2  —.00113 7621 —.00000 3159 5 

3 .00012 1987 .00000 0017 9 


-89773 7194 


5. Inverse Interpolation 


With linear interpolation there is no difference 
in principle between direct and inverse interpola- 
tion. In cases where the linear formula provides 
an insufficiently accurate answer, two methods are 
available. We may interpolate directly, for 
example, by Lagrange’s formula to prepare a new 
table at a fine interval in the neighborhood of the 
approximate value, and then apply accurate 
inverse linear interpolation to the subtabulated 
values. Alternatively, we may use Aitken’s 
method or even possibly the Taylor’s series 
method, with the roles of function and argument 
interchanged. 

It is important to realize that the accuracy of 
an inverse interpolate may be very different from 
that of a direct interpolate. This is particularly 
true in regions where the function is slowly 
varying, for example, near 8 maximum or mini- 
mum. The maximum precision attainable in an 
inverse interpolate can be estimated with the aid of 
the formula 

af 


Ar~Aj/ 7. 


in which Af is the maximum possible error in the 
function values. 
Example. Given ze*E,(z)=.9, find x from the 


table on page X. 
(i) Inverse linear interpolation. The formula 


for p is 
P=(fro—ho)/(fi—fo)- 
In the present example, we have 


.9—.89927 7888 72 2112 


P="90020 7306—.80927 7888 101 9418-0897 


The desired z is therefore 
x%=29+ p(x1—Z) = 8.1+ .708357(.1) =8.17083 57 


To estimate the possible error in this answer, 
we recall that the maximum error of direct linear 
interpolation in this table is Af=3x<10-*°. An 
approximate value for df/dz is the ratio of the 
first difference to the argument interval (chapter 
25), in this case .010. Hence the maximum error 
in zis approximately 3 10~*/(.010), that is, .0003. 

(ii) Subtabulation method. To improve the 
Spee value of x just obtained, we inter- 
polate directly for p=.70, .71 and .72 with the aid 
of Lagrange’s 5-point formula, 


x ze* Ey (x) é & 
8. 170 . 89999 3683 
0151 
8.171 . 90000 3834 —2 
0149 
8. 172 . 90001 3983 


Inverse linear interpolation in the new table 
gives 
__.9—.89999 3683 
“00001 0151 


Hence x=8.17062 23. 


= .6223 


; An estimate of the maximum error in this result 
is 
df _1X1079 
Af dz .010 


(iii) Aitken’s method. This is carried out in the 
same manner as in direct interpolation. 


=1X1077 
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Nm Yn=zeE (2) Ly Zo.n Zon %0,1,2.n %,1,2.3.n Yn—-Y 

0 .90029 7306 8.2 . 00029 7306 
1 .89927 7888 8.1 8 17083 5712 —. 00072 2112 
2 .90129 6033 8.3 8.17023 1505 8. 17061 9521 . 00129 6033 
3 . 89823 7113 8.0 8.17113 8043 2 5948 817062 2244 —. 00176 2887 
4 .90227 4695 84 8 16992 9437 1 7335 415 8.17062 2318 . 00227 4695 
5 . 89717 4302 7.9 8.17144 0382 2 8142 231 265 —. 00282 5698 


The estimate of the maximum error in this 
result is the same as in the subtabulation method. 
An indication of the error is also provided by the 


discrepancy in the highest interpolates, in this 
Case % 1.234, aNd 21,2355 


6. Bivariate Interpolation 


Bivariate interpolation is generally most simply 
performed as a sequence of univariate interpola- 
tions. We carry out the interpolation in one 
direction, by one of the methods already described, 
for several tabular values of the second argument 
in the neighborhood of its given value. The 
interpolates are differenced as a check, and 


interpolation is then carried out in the second 
direction. 

An alternative procedure in the case of functions 
of a complex variable is to use the Taylor’s series 
expansion, provided that successive derivatives 


of the function can be computed without much 
difficulty. 


7. Generation of Functions from Recurrence Relations 


Many of the special mathematical functions 
which depend on 2, parameter, called their index, 
order or degree, satisfy a linear difference equa- 
tion (or recurrence relation) with respect to this 
parameter. Examples are furnished by the Le- 
gendre function P,(x), the Bessel function J,(x) 
and the exponential integral E(x), for which we 
have the respective recurrence relations 


(n+1) Pati— (2n-+1)2Pa-+nPy1=0 
2 
Jn— = atdn-1=0 
nEavt 4+2E,= es, 


Particularly for automatic work, recurrence re- 
lations provide an important and powerful com- 
puting tool. If the values of P,(z) or J,(x) are 
known for two consecutive values of n, or E,(2) 
is known for one value of n, then the function may 
be computed for other values of n by successive 
applications of the relation. Since generation is 
carried out perforce with rounded values, it is 
vital to know how errors may be propagated in 
the recurrence process. If the errors do not grow 
relative to the size of the wanted function, the 
process is said to be stabie. If, however, the 
relative errors grow and will eventually over- 
whelm the wanted function, the process is unstable. 

It is important to realize that stability may 
depend on (i) the particular solution of the differ- 
ence equation being computed; (ii) the values of 
z or other parameters in the difference equation; 


(iii) the direction in which the recurrence is being 
applied. Examples are as follows. 


Stability—increasing n 
P,(z), P3@) 

Qs(z), Q2(z) @<)) 
Yn(¢), Ka(z) 

J—n—%5(Z), I-n—(2) 
E,(z) (n<z) 
Stability—decreasing n 
P,(x), Pr) @<1) 
Qn(z), Q2(@) 

Jn(z), In(@) 

Jats (2), Int (2) 

E,(z) (n>zx) 


F,(n, p) (Coulomb wave function) 


Illustrations of the generation of functions from 
their recurrence relations are given in the pertinent 
chapters. It is also shown that even in cases 
where the recurrence process is unstable, it may 
still be used when the starting values are known 
to sufficient accuracy. 

Mention must also be made here of a refinement, 
due to J. C. P. Miller, which enables a recurrence 


| process which is stable for decreasing n to be 


applied without any knowledge of starting values 
for large n. Miller’s algorithm, which is well- 
suited to automatic work, is described in 19.28, 
Example 1. 
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2 MATHEMATICAL CONSTANTS 


TABLE 1.1. MATHEMATICAL CONSTANTS 


n(prime) vn 
2 1.4142 13562 37309 50488 1012 3. 1622 77660 16837 93320 
3 1.7320 50807 56887 72935 1012 2.1544 34690 03188 37219 
5 2.2360 67977 49978 96964 101 1.7782 79410 03892 28012 
7 2.6457 51311 06459 05905 10145 1.5848 93192 46111 34853 
11 3.3166 24790 35539 98491 10012 4.6415 88833 61277 88924 * 
13 3.6055 51275 46398 92931 1001/5 2.5118 86431 50958 01112 
17 4.1231 05625 61766 05498 1000!“ 5. 6234 13251 90349 08040 
19 4.3588 98943 54067 35522 1000145 3.9810 71705 53497 25077 * 
23 4.7958 31523 31271 95416 218 1.2599 21049 89487 31648 
29 5.3851 64807 13450 40313 318 1. 4422 49570 30740 83823 
31 5.5677 643862 83002 19221 Qs 1.1892 07115 00272 10667 
37 6.0827 62530 29821 96890 gi 1.3160 74012 95249 24608 * 
41 6. 4031 24237 43284 86865 212 (— 1) 7.0710 67811 86547 52440 
43 6. 5574 38524 30200 06523 3-12 (— 1) 5.7735 02691 89625 76451 
47 6.8556 54600 40104 41249 512 (— 1) 4.4721 35954 99957 93928 
53 7.2801 09889 28051 82711 
59 7.6811 45747 86860 81758 
61 7.8102 49675 90665 43941 er? 4.8104 77380 96535 16555 
67 8.1853 52771 87244 99700 er 2.1932 80050 73801 54566 
71 8 4261 49773 17635 86306 e-*2 (— 1) 2.0787 95763 50761 90855 
73 8.5440 03745 31753 11679 e74 (— 1) 4.5593 81277 65996 23677 
79 8. 8881 94417 31558 88501 ee 1.6487 21270 70012 981468 
83 9.1104 33579 14429 88819 e712 (~— 1) 6.0653 06597 12633 42360 
89 9.4339 81132 05660 38113 ela 1.3956 12425 08608 95286 
97 9.8488 57801 79610 47217 | e148 (— 1) 7.1653 13105 73789 25043 
nr e” nr e7" 
1 2.7182 81828 45904 52353 60287 1 (— 1) 3.6787 94411 71442 32159 55238 
2 7.3890 56098 93065 02272 30427 2 (— 1) 1.3533 52832 36612 69189 39995 
3 ( 1) 2.0085 53692 31876 67740 92853 3 (— 2) 4.9787 06836 78639 42979 34242 
4 ( 1) 5.4598 15003 31442 39078 11026 4 (— 2) 1.8315 63888 87341 80293 71802 
5 ( 2) 1.4841 31591 02576 60342 11156 5 (— 3) 6.7379 46999 08546 70966 36048 
6 ( 2) 4.0342 87934 92735 12260 83872 6 (— 3) 2.4787 52176 66635 84230 45167 
7 ( 3) 1.0966 33158 42845 85992 63720 7 (— 4) 9.1188 19655 54516 20800 31361 
8 ( 3) 2.9809 57987 04172 82747 43592 8 (— 4) 3.3546 26279 02511 83882 13891 
9 ( 3) 8 1030 83927 57538 40077 09997 9 (— 4) 1.2340 98040 86679 54949 76367 
10 ( 4) 2.2026 46579 48067 16516 95790 10 (— 5) 45399 92976 24848 51535 59152 
n ent n e77t 
1 ( 1) 2.3140 69263 27792 69006 1 (— 2) 4.3213 91826 37722 49774 
2 ( 2) 5.3549 16555 24764 73650 2 (— 3) 1.8674 42731 70798 88144 
3 ( 4) 1.2391 64780 79166 97482 3 (— 5) 8.0699 51757 03045 99239 
4 ( 5) 2.8675 13131 36653 29975 4 (— 6) 3.4873 42356 20899 54918 
5 ( 6) 6.6356 23999 34113 42333 5 (— 7) 1.5070 17275 39006 46107 
6 ( 8) 1.5355 29353 95446 69392 6 (— 9) 6.5124 12136 07990 07282 
7 ( 9) 3.5533 21280 84704 43597 7 (—10) 2.8142 68457 48555 27211 
8 (10) 8.2226 31558 55949 95275 8 (—11) 1.2161 55670 94093 08397 
9 (12) 1.9027 73895 29216 12917 9 (—13) 5.2554 85176 00644 85552 
10 (13) 4.4031 50586 06320 29011 10 (—14) 2.2711 01068 32409 38387 
ee ( 1) 1.5154 26224 14792 64190 e~* =(— 2) 6.5988 03584 53125 37077 
ev 1.7810 72417 99019 79852 e7 (— 1) 5.6145 94835 66885 16982 
n Inn n logic n 
2 0.6931 47180 55994 53094 172321 2 (—1) 3.0102 99956 63981 19521 37389 
3 1.0986 12288 66810 96913 952452 3 (—1) 4.7712 12547 19662 43729 50279 
4 1. 3862 94361 11989 06188 344642 4 (—1) 6.0205 99913 27962 39042 74778 
5 1. 6094 37912 43410 03746 007593 5 (—1) 6.9897 00043 36018 80478 62611 
6 1.7917 59469 22805 50008 124774 6 (—1) 7.7815 12503 83643 63250 87668 
7 1.9459 10149 05531 33051 053527 7 (—1) 8.4509 80400 14256 83071 22163 
8 2.0794 41541 67983 59282 516964 8 (—1) 9.0308 99869 91943 58564 12167 
9 2.1972 24577 33621 93827 904905 9 (—1) 9.5424 25094 39324 87459 00558 
10 2.3025 85092 99404 56840 179915 10 1.0000 00000 00000 00000 00000 
11 2.3978 95272 79837 05440 619436 11 1.0413 92685 15822 50407 50200 
13 2.5649 49357 46153 67360 534874 13 1.1139 43352 30683 67692 06505 
17 2. 8332 13344 05621 60802 495346 17 1.2304 48921 37827 39285 40170 
19 2.9444 38979 16644 04600 090274 19 1.2787 53600 95282 89615 36333 
23 3.1354 94215 92914 96908 067528 23 1.3617 27836 01759 28788 67777 
29 3.3672 95829 98647 40271 832720 29 1. 4623 97997 89895 60873 32847 
31 3.4339 87204 48514 62459 291643 31 1.4913 61693 83427 26796 66704 
37 3.6109 17912 64422 44443 680957 37 1.5682 01724 06699 49968 08451 
41 3.7135 72066 70430 78038 667634 41 1.6127 83856 71973 54945 09412 
43 3.7612 00115 69356 24234 728425 43 1. 6334 68455 57958 65264 05088 


*See page 11. 


Inf2x  (—1) 


OONAULWNE 3S 


COBNAAIPWNHE x 
RN Nie Nay Naw Na Nae 


PRWWN Nee 
NENDNONNE EEN ONO WO ww wow 
oO 
rs 
J 
— 


LAN NNN 


— 


w/4 (—1) 


3? ( 1) 


In 1(3/4) 


On 


TABLE 1.1. 


RR RB pRB Go Oo 
to 
ro 
NS) 
rox 


om 
etre! 
OO 
oO 
on 


Ne Per OMAN 
NO 
~ 
Qo 
wo 


o ON 
=) 
pa 
_ 
ry 


SrPSSSSSSrernNr 
© 
2 
NS 
a 


47601 
91913 
37443 
73864 
92619 
79877 
59441 
47852 
40607 
36369 
10978 


29885 
85332 


85092 
70185 
55278 
40371 
92546 
51055 
09565 
68074 
26583 


92653 
04401 
27668 
09103 
96847 
91935 
93227 
31016 
09933 
04747 


96326 


Inn 


71005 
55212 
90571 
17331 
39096 
04131 
14839 
46702 
79659 
73213 
50338 


84940 
04672 


n In 10 
99404 
98809 
98213 
97618 
49702 
79642 
09583 
39523 
69464 


nw” 
58979 
08935 
02998 
40024 
85281 
75304 
77679 
07057 
34462 
60830 


79489 
19659 
97448 
90551 
56152 
80038 
11102 
41469 
83170 
83610 
63100 
31550 
07918 


08232 
51994 


90153 


905516 
707748 
426400 
221908 
465178 
569249 
950934 
055477 
848883 
927767 
147523 
698077 
431296 


MATHEMATICAL CONSTANTS 


MATHEMATICAL CONSTANTS—Continued 


85868 
18341 
94506 
12487 
60596 
54213 
11290 
14941 
79234 
98383 
28221 


01741 
74178 


56840 
13680 
70520 
27360 
28420 
74104 
19788 
65472 
11156 


32384 
86188 
20175 
37236 
45326 
43703 
20675 
40071 
11666 
20973 


66192 
77461 
30961 
60272 
32630 
97127 
56000 
68875 
78452 
45473 
05024 
02512 
31235 


08767 
32957 


28606 


209507 
444691 
160504 
513891 
700720 
294545 
921089 
729455 
754722 
178155 
167216 


43427 
03296 


17991 
35983 
53974 
71966 
08996 
10795 
12594 
14393 
16192 


62643 
34491 
47632 
44033 
27413 
02194 
14206 
28576 
50940 
71669 


31322 
54214 
56608 
98167 
20143 
97535 
77444 
78474 
84818 
42715 
15765 
07883 
07940 


98155° 
69237r 


06512 


OONOUPwWHe 3 


COCONMDEPWNHe 3 


_ 


In y 


1/T(1/2) 


In 1'(7/4) 


pom om aol oe al oa 
oo 
on 
= 
bo 


“oN 
_ 
~ 
poe 
eo} 
QJ 
_ 
nS 


LX LON LON LON LO 
fat et at fat et et 
NNN Naa 
NNN EROMw 
ao 
I 
(a) 
a 


LOLOL LON LON LON LON ON 
bet 09 bt 09 bt 00 es GO GO 
to 
a 
I 
~I 


Pred rurebt di 
fet tt ND et et et ee ee 
eee 


FerESoSoSSoS © SS FNP EP RN OO RR 
o 
oO 
— 
on 


—0. 1131 


login n 


97857 
75869 
52011 
29835 
74802 
58348 
22860 
27091 
78092 
90006 
71734 


98726 
44819 


92653 
85307 
77960 
37061 


93571 


60078 


64214 
01076 
70082 
71907 
12045 
29044 
37607 
64491 
26624 


94133 
03251 


nT 
58979 
17958 
76937 
43591 


20886 
68615 


38468 
78639 
15836 
47756 
55295 
64942 


35411 


23757 
25166 
69229 
01432 
02865 
78553 


20866 
13681 


98164 


547756 
907395 
621648 
830209 
098263 
722186 
432472 
320837 
131017 
740343 
960640 
421813 
020486 


74644 
90456 
41902 
70338 
64341 
52860 
59010 
14279 
39038 
27847 
48517 


85435 
82765 


32384 
64769 
97153 
72953 
66192 
59430 
52669 
45907 
39146 


67153 
77144 
89184 
35189 
54726 
22960 
76432 
66633 
91287 
33662 


98576 
09846 
62470 
28694 
68146 
48285 
61438 
59679 
56168 
06151 
67793 
35587 
03477 


57215 
10953 


48223 


62643 
25287 
87930 
85057 
31322 
77586 
23850 
70115 
16379 


77675 
38795 
42205 
15278 
28250 
89838 
59528 
17287 
3985 

0407 


93965 
16858 
15881 
80795 
70208 
87030 
19885 
10077 
90820 
35273 
99461 
98921 
75996 


96154r 
59936r 


37662 


ta a a ea eS 


*See page II. 


2. Physical Constants and Conversion Factors 


A. G. McNisa# ! 
Contents 

Page 
Table 2.1. Common Units and Conversion Factors. ........ 6 

Table 2.2. Names and Conversion Factors for Electric and Magnetic 
Units, Ste ke ek oe ae ek ec OE BS Ade pe Se - 6 
Table 2.3. Adjusted Values of Constants ............. 7 
Table 2.4. Miscellaneous Conversion Factors. ........4... 8 

Table 2.5. Conversion Factors for Customary U.S. Units to Metric 
Mts, ce Oe he Soe eget ta ae Sorin oie ete Fst es he te 8 
Table 2.6. Geodetic Constants. . . 2... 1... ee ee ee 8 


1 National Bureau of Standards. 


2. Physical Constants and Conversion Factors 


The tables in this chapter supply some of the 
more commonly needed physical constants and 
conversion factors.* 


The International System of Units (SI) 
established in 1960 by the General Conference 
of Weights and Measures under the Treaty of 
the Meter is based upon: the meter (m) for 
length, defined as 1650 763.73 wave-lengths 
in vacuum corresponding to the transition 

*2p,.—5d; of krypton 86; the kilogram (kg) 
for mass, defined as the mass of the prototype 
kilogram at Sevres, France; the second (s) for 
time, defined as the duration of 9 192 631 770 
periods of the radiation corresponding to the 
transition between the two hyperfine levels of 
cesium 133; the kelvin (K) for temperature, 
defined as 1/273.16 of the thermodynamic tem- 
perature of the triple point of water; the am- 
pere (A) for electric current, defined as the 
current which, if flowing in two infinitely long 
parallel wires in vacuo separated by one meter, 
would produce a force of 2 x 10-* newtons per 
meter of length between the wires; and the 
candela (cd) for luminous intensity, defined as 
the luminous intensity of 1/600000 square 
meter of a perfect radiator at the temperature 
of freezing platinum. 

All other units of SI are derived from these 
base units by assigning the value unity to the 
proportionality constants in the defining equa- 
tions (official symbols for other SI units appear 
in Tables 2.1 and 2.2). Taking 1/100 of the 


*See also “Preface to Ninth Printing,” page IIIa and page II. 


meter as the unit for length and 1/1000 of the 
kilogram as the unit for mass gives rise simi- 
larly to the cgs system, often used in physics 
and chemistry. 


SI, as it is ordinarily used in electromagne- 
tism, is a rationalized system, i.e., the electro- 
magnetic units of SI relate to the quantities 
appearing in the so-called rationalized electro- 
magnetic equations. Thus, the force per unit 
length between two current-carrying parallel 
wires of infinite length separated by unit dis- 
tance in vacuo is 2f = poisi./4a, where’ yp) has 
the value 47% x 10°*H/m. The force between 
two electric charges in vacuo is corresponding- 
ly given by f = qiq./4reor?, « having the value 
1/p.¢c?, where c is the speed of light in meters 
per second. (e~8.854 x 10°°F/m) 

Setting », equal to unity and deleting 47 
from the denominator in the first equation 
above defines the cgs-emu system. Setting « 
equal to unity and deleting 47 from the de- 
nominator in the second equation correspond- 
ingly defines the cgs-esu system. The cgs-emu 
and the cgs-esu systems are most frequently 
used in the unrationalized forms. 


Table 2.1. Common Units and Conversion 
Factors, CGS System and SI 


Quantity Name Factor 
Force newton (N) 105 
Energy joule (J) 107 
Power watt (W) | oe 107 


Table 2.2. Names and Conversion Factors for Electric and Magnetic Units 


. SI emu-SI esu-SI 

Quantity name name factors factors 
Current ampere (A) abampere statampere ~3 x 10° 
Charge coulomb (C) | abeoulomb statcoulomb 10-1 ~3 x 10° 
Potential volt (V) abvolt statvolt 108 ~ (1/3) & 10-2 
Resistance ohm (2) abohm statohm 10° ~ (1/9) & 10-1! 
Inductance henry (H) centimeter =| uw... 109 ~ (1/9) x 10-1! 
Capacitance farad (F) | ou... 10-8 ~9>x 101) 
Magnetizing force Aem-!  — |: oersted [oe 4m xX 10-3 ~3 x 109 
Magnetomotive force A | gilbert (900 Jo wo. 4x X 10-1 ~3/108 
Magnetic flux weber (Wb) | maxwell [ow 108 ~ (1/3) x 10-2 
Magnetic flux density tesla (T) | gauss (G) | uu... 104 ~ (1/3) & 10-8 
Electric displacement [oe | ee 


Siietat.d.| Lae ee een 10-5 | ~3 < 105 


Example: If the value assigned to a current is 100 amperes its value in abamperes is 100 « 10-! = 10. 
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The values of constants given in Table 2.3 are based on an adjustment by Taylor, Parker, and Langenberg, 
Rev. Mod. Phys. 41,.p.3875 (1969). They are being considered for adoption by the Task Group on Fundamental Con- 
stants of the Committee on Data for Science and Technology, International Council of Scientific Unions. The uncer- 
tainties given are standard errors estimated from the experimental data included in the adjustment. Where appli- 
cable, values are based on the unified scale of atomic masses in which the atomic mass unit (u) is defined as 1/12 of 
the mass of the atom of the 12C nuclide. 


Table 2.3. Adjusted Values of Constants 


Constant 


Speed of light in vacuum ................ | 2.997 9250 | +10 X10! cm/s 
Elementary charge ..............0..------ e 1.602 191 7 70 10-29 em)/2g1/2 * 
4.803 250 | QV Ved ev ccae tb eaSeete Rakes oReiavs 10-29) em3/2g1/2g-1 + 
6.022 169 40 1023) mol-! 
| 1.660 531 il 10-24 ¢ 
1 9.109 558 54 | 10°78) ¢ 
5.485 930 34 | 10-4 Ou 
1.672 614 11 10-4 g 
: 1.007 276 61! 8 10° u 
| 1.674 920 ll. 10-24 ¢g 
| 1.008 665 20 10 10° u 
Faraday constant 00.0.0... iF ; 9.648 670 54 103) em?/2g1/2mo]-1* 
2.892 599 BG ctdoc eh Le dicO a le 10%4 = em3/2g!/2s-1mol-! t 
Planck constant ..............0.:ccceeecee h 6.626 196 50, 1034 J-+s 
HK 1.054 591 9 80 | 10-34 Jes 
Fine structure constant .................. ia 7.297 351 11 DORE? ec ectetsc sco 
i t/a ; 1.870 360 2 211, (104. wsencaucacc: 
Charge to mass ratio for electron..| e/m. 1.758 802 8 54 | 101! Chg 107 em!/2/g1/2 * 
5.272 759 TGC rantaeanee eee 1017) em3/2g-1/2g-1 ¢ 
Quantum-charge ratio ........00........... hile 4,135 708 14 1015 J-s/C 10-7) = em3/2g1/2g-1 * 
1.379 523 4 AG ose acre Saeed 10-17) = em1/2g1/2 ¢ 
Compton wavelength of electron ....} Xo 2.426 309 6 74 10-12 m 10-19 em 
3.861 592 12 | 10-13, m 10-21 em 
Compton wavelength of proton ....! Ac, 1.321 440 9 90 ; 10-5 m 10-13) em 
2.103 139 14 10-16 m 10-14 em 
Rydberg constant 1.097 873 12 11 107 m1 105 cm-! 
Bohr radius ou... tececceceeeeecceceeee 5.291 7715 81; 10-2 m 10-° cm 
Electron radius -W.0........eceseeeeeeeeee 2.817 939 13 | 10-15 m 10-13) em 
Gyromagnetic ratio of proton ........ 2.675 196 5 82 | 108 rad-sT-! 104 rad «s-1G-1 * 
4,257 107 13 | 10? H/T 103 s-1G-1 * 
(uncorrected for diamagnetism, 2.675 1270 82 108» 3=rad-s?T-! 104 rad + s-!G-1 * 

BLO) ierptienlccrt neat rah tee 4,257 597 13; 107 Hz/T 10? s1G-1* 

Bohr magneton. ...............:ccccccsecceeeess 9.274 096 65 | 10°4 J/T 10-2! erg/G * 
Nuclear magneton —...000.0..-eeececese 5.050 951 50 10-27 J/T 10-74 erg/G * 
Proton moment -....0......-ccccescssesseeeesee 1.410 620 3 99 | 10-26 J/T ' 10-23 erg/G * 

2.792 782 17 100 eA aseciaticaeend TQ® | Aha , 
(uncorrected for diamagnetism, 

FO): se ee Sh ces 2.792 709 VOC: sfeeect eek: 
Gas constant ooo. eececceseseeeeeees 8.314 34 107 = erg» K-! mol-! 
Normal volume perfect gas ............ 2.241 36 104 = em3/mol 
Boltzmann constant .......2.0..0..... 1.380 622 10-16 erg/K 


First radiation constant (8mhe) .... 4,992 579 10-5) erg-cm 
Second radiation constant. ...... . 1.438 833 10° =em-K 
Stefan-Boltzmann constant ............ 5.669 61 105) erg+ em-*s-!K-4 
Gravitational constant .................... 6.673 2 10-8 dyn» cm?/g? 


}Based on 1 std. dev; applies to last digits in preceding column. *Electromagnetic system. tElectrostatic system. 


Standard gravity, 2o 
Standard atmospheric pressure, P» 
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Table 2.4. Miscellaneous Conversion Factors 


= 9.806 65 meters per second per second* 

= 1.018 25 « 10° newtons per square meter* 

= 1.013 25 « 10° dynes per square centimeter* 
= 4.1840 joules* 

= 4,1868 joules* 

= 10-* cubic meter* 


thermodynamic calorie,’ cal, 
IT calorie?, cal, 


angstrom unit, A 


1 

1 

1 liter, 1 
1 

1 bar 


1 gal 


1 astronomical unit, AU 


1 light year 
1 parsec 


= 10-?° meter* 

= 10° newtons per square meter* 

= 10° dynes per square centimeter* 

= 10? meter per second per second* 
= 1 centimeter per second per second* 


= 1.496 x 10" meters 


= 9.46 x 10° meters 
= 3.08 & 107?* meters 
= 8.26 light years 


1 curie, the quantity of radioactive material undergoing 3.7 X 10” disintegrations per second*. 
1 roentgen, the exposure of x- or gamma radiation which produces together with its secondaries 
2.082 x 10° electron-ion pairs in 0.001 293 gram of air. 


The index of refraction of the atmosphere for radio waves of frequency less than 3 x 10?° Hz 
is given by (n — 1)10° = (77.6/t) (p + 4810e/t), where n is the refractive index; ¢, temperature 
in kelvins; p, total pressure in millibars; e, water vapor partial pressure in millibars. 


Factors for converting the customary United 
States units to units of the metric system are 


given in Table 2.5. 


Table 2.5. Factors for Converting Customary 
U.S. Units to SI Units 


yard 

foot 

inch 

statute mile 

nautical mile (inter- 
national) 

pound (avdp.) 

oz. (avdp.) 

pound force 

slug 

poundal 

foot pound 

Temperature 

(Fahrenheit) 


ee ae ae 


ee 


0.914 4 meter* 
0.304 8 meter* 
0.025 4 meter* 
1 609.344 meters* 
1 852 meters* 


0.453 592 37 kilogram* 
0.028 349 52 kilogram 
4,448 22 newtons 
14.593 9 kilograms 
0.138 255 newtons 
1.355 82 joules 
32 + (9/5) Celsius 
temperature* 


1 British thermal unit? 1055 joules 


1 Used principally by chemists. 

2 Used principally by engineers. 

3 Various definitions are given for the British thermal unit. This represents a rounded mean value differing 
from none of the more important definitions by more than 3 in 104. 


* Exact value. 


Geodetic constants for the international 
(Hayford) spheroid are given in Table 2.6. 
The gravity values are on the basis of the re- 
vised Potsdam value. They are about 14 parts 
per million smaller than previous values. They 
are calculated for the surface of the geoid by 
the international formula. 


Table 2.6. Geodetic Constants 
a = 6 878 388 m; f = 1/297; b = 6 356 912 m 


Length of Length of 
1’ of Y of 
longitude latitude 


Latitude 


Meters Meters m/s® 
0° 1 855.398 1 842.925 9.780 350 
15 1 792.580 1 844.170 9.7838 800 
30 1 608.174 1 847.580 9.793 238 
45 1 314.175 1 852.256 9.806 154 
60 930.047 1 856.951 9.819 099 
15 481.725 1 860.401 9.828 593 


0 1 861.666 9.832 072 
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3. Elementary Analytical Methods 


3.1. Binomial Theorem and Binomial Coeffi- 
cients; Arithmetic and Geometric Progres- 
sions; Arithmetic, Geometric, Harmonic and 
Generalized Means 


Binomial Theorem 


3.1.1 
(a+ y—ar+(1) a") b+(5) a"-22 


+(3) a"-3534 . +5" 


(n a positive integer) 


Binomial Coefficients (see chapter 24) 


3.1.2 


« (i= Gx _n(n—1). 


jm —k+1)_ a 
~m—hlel 


313 (Z)=(,",)- Cr ‘e ae 
on OO Oa () 
3.1.5 (G)=G)= 

316 14+(T)+(5)+---+(;)=2" 


(Ge 4-10 


Table of Binomial! Coefficients () 


3.1.8 

arnt [ol 1}2}3]4/5]}6/ 718] 9 |10}31] 12 
see (eee ee AR en Ee ee Le 
1_...| lj 1 

2-77} a) 2) 1 

3...) 1] 3) 3| 1 

4....| li) 4) 6 4 1 

5..--| 1} 5| 10] 10, 3] 1 

6.--| 1] 6] 15| 20] 15] 6] 1 

7....| 1) 7| 21| 3] 35] 21] 7} 1 

8....| 1] 8} 28| 56| 70] 56, 28) 8| 1 

9....| 1] 9] 36] 84{1261126| 84| 36] 9] 1 

10.---| 1} 10} 45|120/210[252/210|120| 45) 10| 1 

11.---| 1] 11] 55{165/830|462/462]330|165 55| 11) 1 
12---"] 1} 12] 66|220|495)792\024/792|495|220| 66] 12} 1 


For a more extensive table see chapter 24. 
*See page 11. 
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3.1.9 


Sum of Arithmetic Progression to 2 Terms 
a+-(a+d)+(a+2d)+ ... +(@+(—1)d) 


=nats n(n— 1)d=5 (a+), 


last term in series=/=a+(n—1)d 


Sum of Geometric Progression to n Terms 


3.1.10 


Sp=atartart+... a(l— ol —F") 


l-—r 


+art-t= 


lim s,=a/(1—r) 
nN) 0 


(—1<r<1) 
Arithmetic Mean of n Quantities A 


Uy +Ae+ ce +n 


n 


5.1.11 A= 


Geometric Mean of n Quantities G 
3.1.12 G=(aa.. (aq.>0,k=1,2,...,n) 


Harmonic Mean of n Quantities H 


Gn) 


3.1.13 
1 1/11 1 
Hn ata? Cae +=) (a>0, k=1, 2, es ., 7) 
Generalized Mean 
1 n V/t 
3.1.14 M()=(z o at) 
N kml 
3.1.15 M(t)=0(t<0, some a, zero) 
3.1.16 lim M(t)=max. (@1, @2,.. -, @n) =Max. a 
3.1.17 lim M(t)=min. (@,, Q2,.. ., @n)=min. a 


t4—o 


3.1.18 lim M(t)=@ 
t-90 

3.1.19 M(1)=A 

3.1.20 M(-—1)=H 


3.2. Inequalities 


Relation Between Arithmetic, Geometric, Harmonic 
and Generalized Means 


3.2.1 
A>G>H, equality if and only if a4,=a,= ... =Gn 
3.2.2 min. aM (t)<max. a 
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3.2.3 min. ac G<max. a 


equality holds if all a, are equal, or <0 
and an a; is zero 


3.2.4 M(t)<M(s) if t<s unless all a, are equal, 
or s<.0 and an q, is zero. 


Triangle Inequalities 


|a,|— |a2| < |a,+-a| <|ay| + a,| 


n 
Pa 
k=1 


3.2.5 


3.2.6 


tl 
<5 la | 
fA 


Chebyshev’s Inequality 
If a,> a> 43> - 24 
b> b.>b,> . 2b, 


3.2.7 n s a,b.> (S ar) (= br) 
ke] k=1 k=1 


H@lder’s Inequality for Sums 


1,1 
If -+-=1, p>1, ¢>1 
ar p>l,q> 


n n Ups n \V/¢ 
3.2.8 3 laabsl <( 35 lo”) (3 leul) 
k=1 k=1 k=1 


equality holds if and only if |b,|=cla,|?—"! (e=con- 
stant >0). If p=q=2 we get 


Cauchy’s Inequality 
3.2.9 


2 
[= abs | pa a = $i (equality fora obs: 
=] =1 =1 


c constant). 
Hélder’s Inequality for Integrals 
Pq 
3.2.10 


[v@s@iecs| [era] "| P ioeteae ]" 


equality holds if and only if |g(x)|=elf(x)|?—? 
(c=constant>0). 
If p=q=2 we get 


Schwarz’s Inequality 
3.2.11 


[f. “F@)g(e)ae |< f " f(a) Pade f. ” (g(a) Paez 


Minkowski’s Inequality for Sums 


If p>1 and ay, 64>0 for all k, 
3.2.12 


(35 (tb?) "<(35 a8) "+(35 on)”, 


equality holds if and only if b,=ca, (e=con- 
stant>0). 


Minkowski’s Inequality for Integrals 
It p>l, 
3.2.13 


( ii |f(2) +9(a)|"dz)"< ( 6 Irejrae)” 
+(f lo(e)de) 


equality holds if and only if g(z)=ef(x) (e=con- 
stant>0). 


3.3. Rules for Differentiation and Integration 


Derivatives 
= - (cu) =e a, ¢ constant 
3.3.2 = f ut2) = +2 
3.3.3 (we) = =u ae du 
3.3.4 + (u/o) _ebslas miaias 
3.8.5 <4 ae) ao 2 
sss oraw (Soi 


Leibniz’s Theorem for Differentiation of an Integral 


3.3.7 


d b(c) 
d(c) db da 
=f" Se ode+ $0.0 GSI) Fe 
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Leibniz’s Theorem for Differentiation of a Product 
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The following formulas are useful for evaluating 


3.3.8 f ao where P(z) is a polynomial and 
d™-'y dv , (n\d"*~*u dv f : 
£ (uv) = =Tu a o+() ) dz*-i dz +(3) dz™ dx n>1 is an integer. 
d*- TY dy tay 3.3.16 
+...4(7 "get tT re web 
(aa*-+b2-fe) Wah yo Gam 
3.3.9 aol o (b?—4ac<0) 
3.3.17 = 1 2ax+b— (b?—4ac)* 
es zs ee = (6?—4ac)*” |2az-+6-+ (b?—4ac)* 
3.3.10 eae 2 (F ?) (6°—4ae>0) 
—2 
ze a5 : 3.3.18 Tem (b?—4ace=0) 
3.311 St——| CY a4) \(¢ uy 3.3.19 
dy? dx dx ° \dzx* dx : 
I jonh {ote me 1 in lax?+ br+e|— x JE 
ntegration by Parts ax?+bz-+e “Oa az’+ba+te 
3.3.12 fudo—wo— fod 3.3.20 
dz a e+dz 
(a+b2)(c+dz) io a+bz (ad be) 
3.3.13 fuvd =( fudz) v— f (fuax) 2 — a 
‘. 3.3.21 Sarre Za a arctan "2 
Integrals of Rational Algebraic Functions de 
3.3.22 {amma 3 In |a?+ b*x?| 
(Integration constants are omitted) a+ bx? 26 
dz _ 1, |a+bz 
(ax-+-b)"4 $238 a®— bz? 2ab In a— bz 
3.3.14 f (ox-+8) "det" aw e—1) 
ae) 3.3.24 \oter-x arctan i eee 
aac (2?-+ a)? 2a8 a ie 
dx —2z at+z 
3.3.15 {4- ="In jax+b| 3.3.25 i —a)? 39a t ie —; In are 
Integrals of Irrational Algebraic Functions 
dz d(a+ bx) }? 
3.3.26 [ad ba) (eh da)) Gite) Gan Co a arctan | Gee) bet dz) (bd<0) 
3.3.27 “eam arcsin eee ee) (b>0, d<0) 
3.3.28 =G5m In |[bd(a-+ b2)]"2+b(e-+dax) "| (bd >0) 
d: 2 d(at+b 
as Serrae ras reange | Geran] — Wade) <O 
_ 1 d(a+bx)/*—(d(ad—be) |!? 5 
st ~[aad—boyP ™ | a(a+b2)"*--[d(ad—be)}3| (Aad be) >0) 
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3.3.31 


flct bx) (c-+-dx)]"dx 
(ade) FCF AD (a 4-02) (0-+dz)}"" 


__(ad—be)? f dx 
~ 8bd J [(a@+bz) (e+dz)}? 


3.3.32 


Slit)” 


d=; [((a+bz2) (e+dz)]'/? 


—a ioe 
J aTEat eran 


3.3.33 
lars (az?+ oe, 13 
=a"? In |2a¥?(a2?+ bx+c)/?+ 2az-++ b| (a>0) 
3.3.34 a~/? arcsinh ree 
(a>0, 4ac> 6b?) 
3.3.35 =a? In |2ax+6|(a>0, 6?=4ac) 
3.3.36 =— (—a)~? arcsin Gna 
(a<0, 6?>4ae, |2a2-+-b|< (b?—4ac)”/) 
3.3.37 
f (ax?+ ba+c)'*de=———_ ee b (ax?+-bx-+ce)¥? 
4ieF b? Me fa 
(ax?+ ae 
3.3.38 
dz = dt = 
J waerpixtae—— J eepucteare rhe tle 
3.3.39 
xda 
are us 
= * (aa?+ ba-+0)¥2— a) Go 
3.3.40 \eipr® |a-+ (x? +a7)3| 
3.3.41 


2 
f (tba)dem’ (atta) In [2+ (220%) 


_ dt __1), jat(etre*)} 
3.3.42 f wry gee 
dz 1 
3.3.43 Sager arccos © = 
dz Per 
3.3.44 f qetpimeresin a 
3.3.45 { @—w)ar=§ (?—x2)t4.& arcsin ~ 
2 2 a 
dx ss, |a+(a?—z2?)} 
3.3.46 f FC ale ad 
dz - 2-4 
3.3.47 Seem eresin ae 
3.3.48 


= 2 2 
f eax—2)'d2— 5 (2ax—2?)145 arcsin ana 


3.3.49 
aera. eee 
(ax?+ b) i 
x(ad—be)* 
“Team rertayy >) 
3.3.50 


[b(cx?-+d) }#-+-2(bc—ad)# 
[b(cx?+-d) }t— x(be—ad)* 


(be>ad) 


sy 
2b(be—ad) 


3.4. Limits, Maxima and Minima 


Indeterminate Forms (L’Hospital’s Rule) 


3.4.1 Let f(z) and g(x) be differentiable on an 
interval a<2<6 for which g’(x) €0. 


If 
lim f(z)=0 and lim g(x) =0 
r>b— zb— 
or if 
lim f(2)= ~ and lim g(z)=© 
rb— zb— 
and if 


f@)_ fla) _ 
2 a) en Ee 


Both 6 and / may be finite or infinite. 
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Maxima and Minima 


3.4.2 (1) Functions of One Variable 

The function y=/(x) has a maximum at z=2% 
if f’(%)=0 and f’’(%)<0, and a minimum at 
2=2% if f’(%)=0 and f’’(%)>0. Points 2) for 
which /’(%))=0 are called stationary points. 


3.4.3 (2) Functions of Two Variables 
The function f(z, y) has a maximum or minimum 
for those values of (2, yo) for which 


0°f/2? 


d%f/dxdy 
a'f/andy |<°’ 


o%f/oy? 


(a) f(z, y) has a maximum 


and for which 


it S2-<0 and Si<08 at (to, Yo); 


(b) f(z, y) has a minimum 


if og 300 and 52>0 at (Xp, Yo). 


3.5. Absolute and Relative Errors 


(1) If 2 is an approximation to the true value 
of z, then 


3.5.1 (a) the absolute error of x is Ar=a2—z, 

X—2, is the correction to 2. 

3.5.2 (b) the relative error of 2p is tnt st 
0 

3.5.3 (c) the percentage error is 100 times the 

relative error. 


3.5.4 (2) The absolute error of the sum or 
difference of several numbers is’ at most equal to 
the sum of the absolute errors of the individual 
numbers. 


3.5.5 (3) If f(a1, te, . . ., 2n) is a function of 
2, %,..., %, and the absolute error in 2 
(i=1, 2, . . . nm) is Az,, then the absolute error 
in f is 


aft Ants a , Att S% +24 Aan 


3.5.6 (4) The relative error of the product or 
quotient of several factors is at most equal to the 
sum of the relative errors of the individual factors. 


3.5.7 


= : & ow wf () 
(5) If y=f(x), the relative error éy= ~"Fa) Az 


Approximate Values 


If }el<1, [oI C<1, b<<a, 


3.5.8 (a+6)* a*¥-+-ka*-1b 
3.5.9 (1+e)(l-+) ~1l+e+n 
l+e 
3.5.10 1 1+ ~ 1 + €—% 
3.6. Infinite Series 
Taylor’s Formula for a Single Variable 
3.6.1 


Het h=f(a) thf’ (+4 $7") 


$e te SOP @ +R, 
3.6.2 
Ram” f (e+ Oh) = inert 7 (1-63) "-1f (2-4 69h) 
e638 (0<6,,2(z)<1) 
me hn 1 
~~ f (1—2)"-1f™ (24 th)dt 
3.6.4 


F=f «+ Z® 71 @4+25" 1" @+ 


1 fp GEER FO) +.B 


3.6.5 R= 2— 8" rome (a<t<z) 


Lagrange’s Expansion 
If y=f(z), yo= f(a), f’ (@o) #0, then 


3.6.6 
mae 3) OE ti 7g) ho 
3.6.7 
gle) =9(a) 
2. (y—yo)* di -1 
+2 Si Faro {eS}... 


where g(x) is any function indefinitely differenti- 
able. 


3.6.8 
(2 


Binomial Series 


(—1<2<]1) 
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3.6.9 

(1-+-2)2=1+ar+-S ater 7B wy Menem 1)(a—2) 4, 
3.6.10 

(ia) '=1—2+2?—2+24—... (—1<2<1) 
3.6.11 


3 5at Ta Qis® 
rae z 
(1-+2)l=14+5— Ste 198+ 256 1024+ °° 


3.6.14 


14 35 
ae es = — +4 
(i+a)-!=1 tarts 31 @ +543 x 


91 728 4 


799 ? e561 7 — (—1<2<]) 


Asymptotic Expansions 


3.6.15 A series = a,2-* is said to be an asymp- 
=0 


(-1<2<1) 
3.6.12 totic expansion of a function f(z) if 
a xg, 327 52), 35x" 632° 
G+) =1-5 +3 76 T 198 256 at 
f(z) ->5 a2-*=O(2-") as z> © 
2312° k= 
for everyn=1,2,.... We write 
3.6.13 = 
1 1 5 10 —k 
i = 7s yr 72 ~~ yx! F(z) ~~ Apex . 
(+a)'=143 29 thay P9437 to 
22, 154 . The series itself may be either convergent or 
+799 6561 ~ ees (alsa) divergent. 
Operations With Series 
Let s;x=1+-a,2+ap7?+a,2°t+agtt+ 2. . 
S=1+6,27+-b.2?+ 6323+ b,24+ oy eid 
83=1+e2-+ 2? +¢,2° +e,2*+ anes 
Operation C1 Ce C3 Cs 

3.6.16 83== sy! —a, a? — a2 2a,a2—a3—a? 2413 — 3aja,—a,+ 03+ a} 
3.6.17 83=87" — 2a; 3a? — 2a 60a. — 2a;—- 4a? 6a,;a3+ 3a? — 2a,— 12a?a,+ 5at 
3.6.18 | ss=si sa) sa— zat ; 3 Jaa, + hat 5a - iaias — jai + irate, eet 
3.6.19 | s3=s7% 5% 3a} — 50s Saas - Sas - oat Sayast Sai - sau Pater t a 128% at 
3.6.20 | ss=st aot 5(n— 1)c.a;-+ naz * cone Dan 2) * x NAs-+ C1A3(n : 1) i 5” (n—1)az 

nds +5(m—1) (n—2)eraiag 

+54 (n-1)(n—-2)(n~3)erat 

3.6.21 | 835182 ait+b; | be+aibi-+ a2 b3+ dybe-+ Gabi + as bi-+a1b3+ Gaby + a3b1-+ ae 
3.6.22 83> 81/82 ay— by; oni (bic, + be) —_ (Byeo + baci + bs) ai (byes + bece-+ bscy + by) 
3.6.23 ss=exp (s:-1) | a Q.+ sat 3+ 4102 +5at a+ ayas+ 50+ saat +73! 
3.6.24 8=1+Iln 81 a a2 — sare a3— 3 (ares-+ 2ane2) a5 (ase + 2agce+ 3aics) * 


*See page 11. 


16 ELEMENTARY ANALYTICAL METHODS 


Reversion of Series Polar Form 
3.6.25 Given 3.7.2 z=re"=r(cos 6+7 sin 6) 
=ar+be?+cr?+drt+er'+fast+gri+ ... 
y ay Oe eT TE ARE Int 3.7.3 Modulus: |2|=(2?+y*)t=r 
phen 3.7.4 A t tan (y/z)=0 (oth 
. ae rgument: arg z=arctan (y/z)=6 (other 
a= Ay+ By + Cy+ Dy + By + Fyt Gy’ +... notations for arg z are am z and pb 2). 
where 
3.7.5 Real Part: «= Z#z=r cos @ 
aA=1 
a’B=—b 3.7.6 Imaginary Part: y=.%z=r sin 0 
a’C=2b6°—ae Complex Conjugate of z 
a'D=5abe—a*d—5b* 3.7.7 Z=2—iy 
@EH=6a7bd+3a’e?+ 1454— ae—21ab’c = 
3.7.8 |z|=|e| 
a4 F=7a*be-+ Ta'cd+ 84ab*c—atf i" 
—28a7bc? —4255—28a7b*d | 3.7.9 arg z=—arg 2 
a°@=8a*bf+8a'tce+4a‘d?+ 12007b*d Multiplication and Division 


+ 180a7b*c?-+ 1326°— a°g—36a%b’e ’ ; 
—72a°bed — 12a°c? —330ab*c If a=atin, =tet+ Wyo, then 


Kummer’s Transformation of Series 3.7.10 212,=Z2e— YiYa t+ U(Tiy2t Vy) 
3.6.26 Let > a,=s beagiven convergentseriesand | 3-7-L1 | 2122] =|2|| Zo 
3.7.12 arg (22.)=arg 2-++arg 2. 


> ¢,=c be a given convergent series with known 
£=0 


- & 212122 My Lot+YiYott(eyi—UY2) 
al TR a 2 ee ig Oe P19 2/ 
sum c such that lim a r¥0. 3.7.13 lee Bae 
Then del 
=pets? (1 & 3.7.14 i 
s=he+ 25 ( ny <s) Ay: Taal 
Euler’s Transformation of Series 3.7.15 arg (2) z)—are 25 
Cy 2 
3.6.27 If pa (—1)*a,=Q—a,+a,—...is a con- 
=0 Powers 
vergent series with sum s then 3.7.16 2"*=r"etn 
(—1)*A*a k k 3.7.17 =r" cos né+7r" sin n0 
s= 3) en “gent? Abdo 34 (—1)"( , ) e- (n=0,£1,42,...) 
3.7.18 e=e—y'+1(2zry) 
Euler-Maclaurin Summation Formula 


SS he= [sdk [ (0) +IMl+35 Lf’(n)—f" (0)] 3.7.20 2=2t—6a7y?+y!+71(4a%y—4ay’) 


1 or oe 1 oe és 3.7.21 2=25—102°y?-+ 5ayt+-7(524y— 10z?y?+y*) 
799 LF OF" Ol Fag 5¢5 LF OF 0) 


3.7.22 
1 
—raanang Lf) fr (O)]+ . . . n n 
1209600 a n= hy A 
2"=(z" () x y+( 4) x <4] 
3.7. Complex Numbers and Functions 7 
ft on ibe: 
Cartesian Form +t (7) x 'y-(3) ast ...], 


3.7.1 a=a+ly (n=1 2; ee .) 
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If 2t=u,+%,, then 2 =i tWay where 


3.7.23 Unp1=TUn—YYn} Ung =n t+ YUn 
Az and £2" are called harmonic polynomials. 


12 ey 
3.7.24 2 [ae x+y 
| A eee ee 
3.7.25 Pole (27") 
Roots 


3.7.26  zt=Vz—=riet=rt cos 46+ irt sin 46 


The 
The principal 


If —r<6<- this is the principal root. 
other root has the opposite sign. 
root is given by 


3.7.27 2=[3(r+z)}}+7[3(r—z)}}=utw where 
2uv=y and where the ambiguous sign is taken to 
be the same as the sign of y. 


3.7.28 gi/*=rl/"et?/™, (principal root if —t<0<7). 


Other roots are ri/"e#(@+27))/" (L=1,2,3,...,n—1). 
Inequalities 
3.7.29 |21|—|2e| <2: 22] <|2:| +22] 


Complex Functions, Cauchy-Riemann Equations 


f@)=fe+ty)=uG, y)+io(z, y) where w(z,y), o(z, y) 
are real, is analytic at those points z=zr+iy at 


which 


3.7.30 dz dy oy oz 
If z=re* 

Ou_1do 1 du__ 

poteeh or 706 76 or 


Laplace’s Equation 


The functions u(z,y) and v(z,y) are called 
harmonic functions and satisfy Laplace’s equation: 


Cartesian Coordinates 


Ou, O'u dy 
3.7.32 an tay dat Fhe 
Polar Coordinates 
Ou 
3.7.3 = 
cone ee ror oy) +t Sem 


3.8. Algebraic Equations 
Solution of Quadratic Equations 


3.8.1 Given a2?+b2+c=0, 


b 1 
aa=—(z +50 g, q=b?—4ae, 
4 +2==—b/a, a2=c/a 


If g>0, two real roots, 
qg=0, two equal roots, 
q<.0, pair of complex conjugate roots. 


Solution of Cubic Equations 


3.8.2 Given 2+-a.2?+4,2+a)=0, let 


a ee ee, ae 
I= 3 tig 5 TG (dida—3ae) — 55 
If g’+77>0, one real root and a pair of complex 
conjugate roots, 


¢+7r?=0, all roots real and at least two are 
equal, 


g+r°<0, all roots real (irreducible case). 


Let 
s=[r+(G+77)}t, s=[7—(G-+r*)4} 
then 


21= (8, +82) Lan 


+H (8,82) 


2> “3 Ea) air 


(ts) — shinies 


a=—5 


If 2, 22, 23 are the roots of the cubic equation 
4 +2.+23= —e 
22g + 2123+ 2o23= Qh 
212924== — Ag 
Solution of Quartic Equations 


3.8.3 Given 2+a,2-+a,2?+a,2+a)=0, find the 
real root u, of the cubic equation 


ui—agu?+ (a,d,—4d9)u— (aj + aot —4doG2) =0 


and determine the four roots of the quartic as 
solutions of the two quadratic equations 


a+] % + (S+u— a) |o+3+|(F Bt) —as } =0 
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If all roots of the cubic equation are real, use 
the value of w, which gives real coefficients in the 
*quadratic equation and select signs so that if 


At ash + O22? a)2+ do= (2+ pi2+4q) (2+ pr2+Q2), 
then 
Dit Pr=As, iPrt Ut E=Fe, MGt PU=A, TGa=Ao. 
If 2, 22, 23, 2 are the roots, 
22, —A3, 22 42;2,= — Hh, 


22 123 Qo, 21222324= Ay. 


3.9. Successive Approximation Methods 
General Comments 


3.9.1 Let z=2, be an approximation to r= 
where f(€)=0 and both z, and é are in the interval 
a<x<b. We define 


Lngi=Intenf (Tn) 


Then, if f’(z)>0 and the constants c, are 
negative and bounded, the sequence z, converges 
monotonically to the root &. 

If c,=c=constant<0 and f’(z)>0, then the 
process converges but not necessarily monotoni- 
cally. 


Degree of Convergence of an Approximation Process 


3.9.2 Let 2, 22, 23, . . . be an infinite sequence 
of approximations to a number ¢. Then, if 


tng — EC Alen— él, 


where A and k are independent of n, the sequence 
is said to have convergence of at most the kth 
degree (or order or index) to & If k=1 and 
A<11 the convergence is linear; if s=2 the con- 
vergence is quadratic. 


(n=1,2,...) 


Regula Falsi (False Position) 


3.9.3 Given y=f(z) to find — such that f(£)=0, 
choose x) and 2, such that f(z) and f(z,) have 
opposite signs and compute 


= (t1—2%) hy —Sito—fors, 


(fi—o) Si—fo 


Then continue with z, and either of 2 or 2, for 
which f(29) or f(z) is of opposite sign to f(z). 

Regula falsi is equivalent to inverse linear inter- 
polation. 


Lg=2; 


*See page it. 


Method of Iteration (Successive Substitution) 


3.9.4 The iteration scheme 244,=F(a,) will 
converge to a zero of r= F(z) if 


(1) |F’(2)|<q<1 for a<z<b, 


(2) aS ay 4. @od—aal pote <0, 


Newton’s Method of Successive Approximations 


3.9.5 


Newton’s Rule 


If z=2, is an approximation to the solution 
z= of f(z)=0 then the sequence 


SF (&) 


Te41> uF (zy) 


will converge quadratically to x=¢: (if instead of 
the condition (2) above), 


(1) Monotonic convergence, f(2)f’’ (xo) >0 
and f’(r), f’’(z) do not change sign in the 
interval (2, £), or 


(2) Oscillatory convergence, f(xo)f’’ (x0) <0 
and f’(r), f’’(z) do not change sign in the 
interval (2, 21), 2<&<2%. 


Newton’s Method Applied to Real nth Roots 


3.9.6 Given z2*=N, if x, is an approximation 
z=N"" then the sequence 


tu [ga+e- 1) | 


will converge quadratically to 2. 
1/N 
If n=2, Te+i=95 (F+2) 


If n=3, t= (+20) 


Aitken’s &-Process for Acceleration of Sequences 


3.9.7 If x, 2:41, Leg are three successive iterates 
in a. sequence converging with an error which is 
approximately in geometric progression, then 


2 
(te—= Lei)? _ TeTepa— Le+l, 
A*z, Ax, ’ 


A? x, =I — 241 + Te 42 


Yy=— 


is an improved estimate of z. In fact, if ,=r-+* 


O(M*) then z=2+ O(A*), [A<1. 
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3.10. Theorems on Continued Fractions 


Definitions 
3.10.1 
(1) Let aa a 
betas 
bs+ ° 


a3 


=bot eB BE 


If the number of terms is finite, f is called a 
terminating continued fraction. If the number 
of terms is infinite, f is called an infinite continued 
fraction and the terminating fraction 


A, £ 
Sem Bebo Te ie 
is called the nth oceans of f. 
(2) If lim An exists, the infinite continued frac- 


NO B, 
tion f is said to be convergent. If a,=1 and the 


b, are integers there is always convergence. 


Theorems 


(1) If a, and 6; are positive then fon< fonze, 
Soni Fanti: 


(2) If f= 


A,=brAn-1+@,An-2 
B,=b,B,-1+4,Bn-2 
where A_;=1, Ap=bo, B_:=0, By=1. 


A, A,-1 Aics ba 
> [bbe 2 [A 
B, Br-1 Bn-2 an 


(4) ABya—ABy=(-1)"! Ht ay 
(5) For every n>0, 7 


=b Cy, C4022 C2C 303 . €n-1lnOn 
J eb a: Cobo+ €3b3-+ CrOn 
(6) 1+0.+b.b3+ ... +b2b3... dn 
oe ee ee bn 
1— 6.+1— 6+1i—°°*—6,+1 
Dye lt thay 
tut : Un Uy Up Ug— 9 —UgirtUn 
1 2«#, ¢f mene z* 
Ay Ap, Apt A2 +( ) QpQ102... Ay 
1) Apx Gx Gn-1t 
Got GU—2+ &—2t+ °"° +a,—2 
2.0 are 


FIGuRE . . y=r". 


in=0, 5 > 1, 2, 5. 


Numerical Methods 


3.11. Use and Extension of the Tables 


Example 1. Compute 2 and 2” for 2=29 


using Table 3.1. 
gl — 7. 710 
= (1.45071 4598-10") (4.20707 2333-10") 
=6.10326 1248.10? 
at = (7?*)2/a ; 
= (1.25184 9008 - 10*°)?/29 


=5.40388 2547-108 
Example 2. Compute z~*“ for z=9.19826. 


(9.19826)!/4= (919.826/100)!= (919.826)!/*/10! 


Linear interpolation in Table 3.1 gives 
(919.826)!* = 5.507144. 
By Newton’s method for fourth roots with 


N=919.826, 


1 il was 919.826 
(5 


sarap + 3(6.507144) |=5.50714 3845 


Repetition yields the same result. Thus, 


x4= 5.50714 3845/10! 1.74151 1796, 
cA =zt/r= 18933 05683. 


3.12. Computing Techniques 


Example 3. Solve the quadratic equation 


g?—18.22+.056 given the coefficients as 18.2+.1, 
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.056+.001. From 3.8.1 the solution is 
x=4$(18.2+((18.2)?—4(.056)}}) 
=2(18.2+[331.016]?) =4(18.2+ 18.1939) 
= 18.1969, .003 


The smaller root may be obtained more accurately 
from 
* .056/18.1969=.0031 +.0001. 


Compute (—3+.00767)}. 
From 3.7.26, (—3-+.00767)!=u-+ iw where 


Example 4. 


Thus 
r=[(—3)?+ (.0076)?]}#= (9.00005776)4=3.00000 9627 


»=[ S000r 9627—(—3) } 


5) =1.73205 2196 


=Y¥___ ___. 99219 392926 


We note that the principal square root has been 
computed. 


Example 6. Solve the quartic equation 


2'—2.37752 492223+ 6.07350 57412? 
—11.179388 023z+-9.05265 5259=0. 
Resolution Into Quadratic Factors 
(2?-+ pit + 91) (2? + pot + 2) 
by Inverse Interpolation 
Starting with the trial value g,=1 we compute 
successively 


MH | go |p, = 89! pa=as— pi |y(qi) = Gt got Pipe 
vei G— 1 a 


Example 5. Solve the cubic equation 2°— 18.1z 
—34.8=0. 

To use Newton’s method we first form the 
table of f(z) =2°—18.1r—34.8 


f(z) 
—43.2 
— 8 

72.6 

181.5 


We obtain by linear inverse interpolation: 
_ 0—(—.3) 

9 +79 6—(—.3) 

Using Newton’s method, f’ (r)=32z?—18.1 we get 


, ~Xy—f (Zo)/f’ (Zo) 
(— .07215 9936) 
57 .020048 


Repetition yields 1;=5.00526 5097. Dividing 
f(z) by x—5.00526 5097 gives x?+5.00526 5097z 
+6.95267 869 the zeros of which are —2.50263 2549 
+ 83036 8002. 


No oP & 


=5.004. 


=5.004— ~ 5.00526. 


We seek that value of gq, for which y(q,) =0. 
Inverse interpolation in y(q:) gives y(q,) +0 for 
gq. ~2.003. Then, 


2.003 | 4. 520 —2, 550 | .172 | .011 


Inverse interpolation between g;=2.2 and q= 


1 9. 053 — 1. 093 —1, 284 5, 383 : oes 
2 4.526 | —2 543 "165 "932 | 2-003 gives q.=2.0041, and thus, 
2.2 4,115 —3. 106 . 729 — 2. 023 
n q pr Da y(q) 
2.0041 | 4. 51706 7640 — 2. 55259 257 | . 17506 765 . 00078 552 
2. 0042 | 4. 51684 2260 — 2, 55282 851 | . 17530 358 . 00001 655 
2. 0043 | 4. 51661 6903 — 2. 55306 447 | . 17553 955 —. 00075 263 


Inverse interpolation gives g,=2.00420 2152, and we get finally, 


2. 00420 2152 | 4. 51683 7410 


*See page I. 


-— 2. 55283 358 


. 17530 8659 | —. 00000 0011 
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Double Precision Multiplication and Division on a 
Desk Calculator 


Example 7. Multiply 4=20243 97459 71664 32102 
by m==69732 82428 43662 95023 on a 10X10X20 
desk calculating machine. 

Let M,=20243 97459, M4,=71664 32102, m= 
69732 82428, m,=43662 95023. Then Mm= 
Mym 10+ (Mum, +Mym) 10°+-Mym,. 

(1) Multiply 14,m,+31290 75681 96300 28346 
and record the digits 96300 28346 appearing in 
positions 1 to 10 of the product dial. 

(2) Transfer the digits 31290 75681 from posi- 
tions 11 to 20 of the product dial to positions 1 to 
10 of the product dial. 

(3) Multiply cumulatively M4,m)-+-Mym,+31290 
7568158812 67160 12663 25894 and record the 
digits 12663 25894 in positions 1 to 10. 

(4) Transfer the digits 58812 67160 from posi- 
tions 11 to 20 to positions 1 to 10. 

(5) Multiply cumulatively M4,m)+58812 67160 
=14116 69523 40138 17612. The results as ob- 
tained are shown below, 

96300 28346 
12663 25894 
14116 69523 40138 17612 
14116 69523 40138 17612 12663 25894 96300 28346 


If the product Mm is wanted to 20 digits, only 
the result obtained in step 5 need be recorded. 
Further, if the allowable error in the 20th place is 
a unit, the operation M,m, may be omitted. 
When either of the factors M or m contains less 
than 20 digits it is convenient to position the 
numbers as if they both had 20 digits. This 
multiplication process may be extended to any 
higher accuracy desired. 


Example 8. Divide N=14116 69523 40138 17612 
by d=20243 97459 71664 32102. 
Method (1)—linear interpolation. 


N]20243 97459-10°—.69732 82430'90519 39054 
N/20243 97460-10"°=.69732 82427 46057 26941 
Difference=3 44462 12113. 


Difference <.71664 32102—24685 644028-10-2 
(note this is an 11X10 multiplication). 


Quotient= 
(69732 82430 90519 39054—246856 44028).10-” 
=.69732 82428 43662 95026 


There is an error of 3 units in the 20th place due 
to neglect of the contribution from second differ- 
ences. 


Method (2)—If N and d are numbers each not 
more than 19 digits let) N=Ni+N,10°, d=d,+ 
d,10° where Ny and dy contain 10 digits and N, 


and d, not more than 9 digits. Then 
x —NolO+M _ [y- Neds) 
“dl 0° +d, “ae 


Here 


N=14116 69523 40138 1761, 
d=20243 97459 71664 3210 
No=14116 69523, d>=20243 97459, 
d,=71664 3210 


(1) Nod; = 10116 63378 42188 8830 (product dial). 

(2) (Nod,)/d)>=49973 55504 (quotient dial). 

(38) N—(Noed,)/db>=14116 69522 90164 62106 
(product dial). 

(4) [N—(Ned:)/do]/do10°= .69732 82428=first 10 
digits of quotient in quotient dial. Remainder 
=r=08839 11654, in positions 1 to 10 of product 
dial. 

(5) 7/(do10°) = .43662 9502-10-°=next 9 digits of 
quotient. N/d=.69732 82428 43662 9502. This 
method may be modified to give the quotient of 
20 digit numbers. Method (1) may be extended 
to quotients of numbers containing more than 20 
digits by employing higher order interpolation. 


Example 9. Sum the series S=1—3+}3—} 
+ ... to 5D using the Euler transform. 

The sum of the first 8 terms is .634524 to 6D. 
If u,=1/n we get 


n Un Ata A?u,  A®un AU, 
9 .111111 
—11111 
10 =. 100000 2020 
—9091 —505 
11 .090909 1515 156 
—7576 — 349 
12. =. 083333 1166 
—6410 
13. 076923 
From 3.6.27 we then obtain 
s=.6345244 21 iG (=. om oon 
(000505) , .000156 
2' 2° 


= .634524-+ .055556-+ .002778-+- 000253 


+ .000032-+ .000005 
=.693148 


(S=In 2=.6931472 to 7D). 
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Example 10. Evaluate the integral { ~ ais —— dr 


=5 to 4D using the Euler transform. 


os oe kA ® of 
sin x sin z 
see ae f CLL 
j zx k=O kr x 


7 sin (kn+t) : 
-> |" sn OD dt (—1) 


* sin t d 


o kn+t 


Evaluating the integrals in the last sum by 
numerical integration we get 


t. 


: * sing 
‘ Si ka+é a 
0 1. 85194 
1 . 43379 
2 25661 
3 . 18260 A A? A At 
4 14180 
—2587 
5 11593 799 
—1788 — 321 
6 . 09805 478 153 
—1310 — 168 
7 08495 310 
—100 
8 . 07495 


The sum to k=8 is 1.49216. Applying the 
Euler transform to the remainder we obtain 


3 uve 14180) — o (— 02587) -+35 (.00799) 


1 
5 (—.00321) +5; (.00153) 


= ,07090-++ .00647 + .00100-++ .00020 
+ .00005 
= .07862 
We obtain the value of the integral as 1.57078 as 
compared with 1.57080. 
Example 11. Sum the series a jae using 
=1 


the Euler-Maclaurin summation formula. 
From 3.6.28 we have for n= © 


10 oo 
at = Dik +25 (k+10)-? 
10 L) 
=k f. FWdk—-$ fo fi 
+555 oc 


where f(t)=(k+10)-*. Thus, 


> k-?=1,54976 7731+.1 
— .005-+ .00016 6667 — .00000 0333 
=1.64493 4065, 


as compared with 7 =1.64493 4067. 


Example 12. Compute 


2 2 2 
x 2 42 9a" 
arctan s=—— —— 


I+ 34+ 5+ 7+ ° 


to 5D for z=.2. Here a,=2, a,=(n—1)*2? for 
n>1, by=0, b, =2n— 1, A_,=1, B_,=0, A,=0, 


Bo=1. 
For n>1 
A, A, A,-2 2n—1 
Hes-| frael 
B, By Ba-2 (n— 1)?2? : 
(4 | 0 1 ffi | a rie 
Bid | 1 o flat] 1 [eR 
A, 2 oO {13 
= = oo .197368 
B, 1 1 ||.04 3.04 7 
‘A; 6 2 |I5 3.032 
f = As__ 197396 
B; 3.04 1. ||.16 15.36 # 
A, 3.0382 .6 7 21.440 A 
= 3. .197396 
B, 15.36 3.04 36| 108.6144) “4 


Note that in carrying out the recurrence method 
for computing continued fractions the numerators 
A, and the denominators B, must be used as 
originally computed. The numerators and de- 
nominators obtained by reducing A,/B, to lower 
terms must not be used. 
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Table 3.1 
k 
1 See Examples 1-5 for use 
2 
2 of the table. 
5 
§ Floating decimal notation: 
: 910-34867 84401 
10 
3 =(9)3.4867 84401 
1/2 
1/3 
1/4 
1/5 
1 5 
2 25 
3 125 
4 625 
5 3125 
6 15625 
7 78125 2 
8 3 90625 16 
9 19 53125 100 
10 97 65625 604 
24 — (16)5.9604 64478 (18) 4. 7383 
1/2 2.2360 67977 2. 4494 
1/3 1, 7099 75947 1.8171 
1/4 1.4953 48781 1.5650 
1/5 1.3797 29662 1, 4309 
I 10 
2 100 
3 1000 
4 10000 
5 1 00000 1 
6 10 00000 17 
7 100 00000 194 
8 1000 00000 2143 
9 a1. 0000 00000 9) 2. 3579 
10 10) 1.0000 00000 13835: 5937 
24  (24)1..0000 00000 (24) 9. 8497 
1/2 3.1622 77660 3, 3166 
1/3 2.1544 34690 2, 2239 
1/4 1. 7782 79410 1, 8211 
1/5 1.5848 93192 1.6153 
1 15 
2 225 
3 3375 
4 50625 
5 7 59375 10 
6 113 90625 167 
7 1708 59375 2684 
8 9) 2.5628 90625 9) 4. 2949 
9 10) 3.8443 35938  (10)6. 8719 
10, (11)5.7665 03906 — (12)1.0995 
24  (28)1.6834 11220 (28) 7. 9228 
12 3.8729 83346 4, 0000 
1/3 2, 4662 12074 2.5198 
1/4 1.9679 89671 2. 0000 
1/5 1.7187 71928 1.7411 
1 20 
2 400 
3 8000 
4 1 60000 1 
5 32 00000 40 
6 640 00000 857 
7 9)1. 2800 00000 9) 1. 8010 
8 10)2.5600 00000  10)3. 7822 
9 11)5.1200 00000 11) 7. 9428 
10 13)1.0240 00000 (13) 1. 6679 
24 (31)1.6777 21600 (31)5. 4108 
1/2 4.4721 35955 4, 5825 
1/3 2.7144 17617 2. 7589 
1/4 2.1147 42527 2.1406 
1/56 1.8205 64203 1. 8384 
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nl. 
n= 
a 
n= 
76. 
n= 
n8= 
n= 
nl0_ 
nl/2— = 4, 4142 
nl/8= 1, 2599 
ni/4— 1.1892 
nl/5- 1.1486 
6 
36 
216 
12% 
1716 
46656 1 
79936 8 
79616 57 
71696 403 
66176 2824 
81338 (20)1.9158 
89743 2. 6457 
20593 1.9129 
84580 1, 6265 
69081 1.4757- 
ll 
121 
1331 
14641 
61051 2 
71561 29 
87171 358 
58881 4299 
47691 deaae 
42460 (10)6.1917 
32676 (25) 7.9496 
24790 3. 4641 
80091 2. 2894 
60287 1, 8612 
94266 1, 6437 
16 
256 
4096 
65536 
48576 14 
77216 241 
35456 4103 
67296 9) 6. 9757 
47674 = (11) 1.1858 
11628 2) 2.0159 
16251 (29)3.3944 
00000 4.1231 
42100 2.5712 
00000 2, 0305 
01127 1. 7623 
21 
441 
9261 
94481 kG 
84101 
66121 133 
88541 9) 2. 4943 
85936 0) 5. 4875 
00466 2)1. 2072 
88098 3) 2. 6559 
19838 eee 
75695 4, 6904 
24176 2. 8020 
95143 2.1657 
16287 1. 8556 


69218 
92279 


10926 


15760 
39331 
36771 
00736 


(11) 2. 8242 


1. 7320 
1. 4422 
1, 3160 
1.2457 


2 

20 

167 

1342 

( 9)1.0737 


(21) 4. 7223 


2. 8284 
2, 0000 
1, 6817 
1.5157 


3 

48 

627 

8157 
TIVE oes 
11)1. 3785 


(26) 5. 4280 


3. 6055 
2. 3513 
1, 8988 
1. 6702 


1 
18 

340 

6122 

10)1. 1019 
11) 1. 9835 
2) 3.5704 
(30) 1. 3382 


4. 2426 
2. 6207 
2.0597 
1. 7826 


2 

64 

1480 

9) 3. 4048 
10) 7. 8310 
1, 8011 
4.1426 


(32) 4, 8025 


4, 7958 
2. 8438 
2. 1899 
1, 8721 


52661 
51121 


07640 


31523 
66980 
38703 
71231 


2 
10 


(14) 2. 8147 


2. 0000 
1.5874 
1. 4142 
1.3195 


5 

47 

430 

3874 

( 9) 3. 4867 


(22) 7. 9766 


3. 0000 
2. 0800 
1. 7320 
1.5518 


10) 2. 0661 
11) 2. 8925 


(27) 3. 2141 


3. 7416 
2. 4101 
1. 9343 
1.6952 


{rah aaa 


1 

24 

470 

8938 

10) 1. 6983 
11) 3. 2268 
12) 6.1310 


(30) 4. 8987 


4. 3588 
2. 6684 
2. 0877 
1, 8019 


3 

79 

1911 

9) 4, 5864 
11) 1. 1007 
12) 2. 6418 
13) 6, 3403 


(33) 1. 3337 


4, 8989 
2. 8844 
2, 2133 
1, 8881 


38097 
35777 


79486 
99141 
63839 
75023 


COMNTUEWNE 


J 


we 


~ 


Dd 


2 
9) 6, 1035 
11) 1. 5258 
13) 9, 5367 


(33) 3.5527 


5.0000 
2.9240 
2.2360 
1. 9036 


8 

243 

7290 

10) 2.1870 
11) 6, 5610 
13) 1. 9683 
14) 5, 9049 


(35) 2. 8242 


5.4772 
3.1072 
2, 3403 
1.9743 


15 

525 

9) 1. 8382 
10) 6, 4339 
12) 2, 2518 
13) 7. 8815 
15) 2.7585 


(37)1.1419 


5.9160 
3.2710 
2, 4322 
2. 0361 


25 

1024 

9) 4.0960 
11)1, 6384 
12) 6, 5536 
14) 2, 6214 
16) 1, 0485 


(38) 2, 8147 


"6815 
7; 5668 
3, 4050 
9) 4. 7544 


6, 7082 
3, 5568 


(9 
(11 
13 
14 
16 
(3 


2. 5900. 


2.1411 


error in a linear interpolate is a X 10 
the full tabular accuracy m 
the respective functions 7*/", 


25 
625 
15625 
90625 
65625 


1 40625 


15625 
78906 
97266 
43164 


13679 


00000 
17738 
67977 
53939 


30 
900 
27000 
10000 
00000 
00000 
00000 
00000 
00000 
00000 


95365 


25575 
32506 
47319 
50486 


35 
1225 
42875 
00625 
21875 
65625 
29688 
75391 
63867 
47354 


13124 


79783 
66310 
99279 
68005 


40 
1600 
64000 
60000 
00000 
00000 
00000 
00000 
40000 
76000 


49767 
55320 


51893 - 


66859 
79105 


45 
2025 
91125 
00625 
28125 
65625 
94531 
12539 
06426 
62892 


50505 


03932 
93304 
20064 
27368 
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4 
118 

3089 

9) 8, 0318 
11) 2. 0882 
12) 5. 4295 
14) 1.4116 


(33) 9, 1066 


5.0990 
2.9624 
2, 2581 
1, 9186 


9 

286 

8875 

10) 2. 7512 
11) 8, 5289 
13) 2, 6439 
14) 8. 1962 


(35) 6. 2041 


5.5677 
3.1413 
2, 3596 
1. 9873 


16 


604 
9)2,1767 
10) 7, 8364 
12)2, 8211 
14)1. 0155 
15) 3. 6561 


(37)2. 2452 


28 

1158 

9) 4, 7501 
11)1, 9475 
12) 7. 9849 
14) 3, 2738 
16) 1, 3422 


(38) 5, 0911 


6, 4031 
3, 4482 
2.5304 
2.1016 


44 

2059 
9)9. 4742 
11) 4, 3581 
13) 2, 0047 
14) 9, 2219 
16) 4, 2420 


(39) 8, 0572 
6. 7823 
3. 5830 


2, 6042 
2.1505 


ce 


*See page 11. 


26 
676 
17576 
56976 
81376 
15776 
10176 
70646 
03679 
70957 


85770 


19514 
96068 
00864 
45192 


31 
961 
29791 
23521 
29151 
03681 
61411 
10374 
62216 
82870 


26610 


64363 
80652 
11062 
40755 


36 
1296 
46656 
79616 
66176 
82336 
16410 
09907 
99567 
58440 


25771 


00000 
27249 
89743 
72511 


41 
1681 
68921 
25761 
56201 
04241 
42739 
25229 
19344 
65931 


10945 


24237 
17240 
39534 
32478 


46 
2116 
97336 
77456 
62976 
96896 
76572 
61223 
01627 
74748 


70802 


29983 
47871 
90687 
60013 


1 
n3 


5 

143 

3874 

10) 1, 0460 
11) 2. 8242 
12)7, 6255 
14) 2. 0589 


(34) 2, 2528 


1, 9331 


10 

335 
9)1, 0737 
10) 3. 4359 
12)1.0995 
13) 3.5184 
15)1, 1258 


(36) 1, 3292 


5. 6568 
3.1748 
2, 3784 
2, 0000 


18 

693 
9) 2. 5657 
10)9, 4931 
12) 3.5124 
14) 1, 2996 
15) 4, 8085 


(37) 4, 3335 


6, 0827 
3, 3322 
2, 4663 
2, 0589 


31 

1306 

9) 5, 4890 
11) 2. 3053 
12) 9. 6826 
14) 4, 0667 
16) 1, 7080 


(38) 9. 0778 


6, 4807 
3.4760 
2.5457 
2.1117 


1 

48 

2293 

10)1, 0779 
11) 5, 0662 
13) 2. 3811 
15)1, 2191 
16)5. 2599 


(40) 2. 3500 


2.1598 


? a 


27 
729 
19683 
31441 
48907 
20489 
35320 
95365 
97485 
11321 


39954 


52423 
00000 
07057 
82045 


32 
1024 
32768 
48576 
54432 
41824 
73837 
11628 
37209 
99907 


27996 


54249 
02104 
14230 
00000 


37 
1369 
50653 
74161 
43957 
26409 
87713 
79454 
17398 
84372 


25711 


62530 
21852 
25715 
24137 


42 
1764 
74088 
11696 
91232 
31744 
93332 
51996 
13838 
19812 


49315 


40698 
26645 
29895 
85765 


47 
2209 
03823 
79681 
45007 
21533 
31205 
28666 
30473 
13224 


46075 


54600 
26080 
30499 
30012 


a 


172 
4818 
10) 1, 3492 
11) 3. 7780 
13)1, 0578 
14) 2. 9619 


(34) 5, 3925 


11 

391 

9)1. 2914 

10) 4, 2618 
12)1. 4064 
13) 4, 6411 
15)1.5315 


(36) 2. 7818 


5. 7445 
3, 2075 
2. 3967 
2, 0123 


20 

7192 
9) 3.0109 
11)1.1441 
12) 4. 3477 
14)1. 6521 
15) 6, 2782 


(37) 8 2187 


6. 1644 
3, 3619 
2. 4828 
2. 0699 


34 

1470 

9) 6, 3213 
11) 2. 7181 
13) 1. 1688 
14) 5, 0259 
16) 2.1612 


(39) 1, 5967 


6.5574 
3. 5033 
2.5607 
2.1217 


1 

53 

2548 

10) 1. 2230 
11)5. 8706 
13) 2. 8179 
15) 1, 3526 
16) 6, 4925 


(40) 2. 2376 
6, 9282 
3, 6342 


2.6321 
2. 1689 


1 

a[(-5)9 
n 

[3 
The numbers in square brackets at the bottom of the page mean that the maximum 
-? (p in parentheses), and that to interpolate to 


28 
784 
21952 
14656 
10368 
90304 
92851 
19983 
45595 
67667 


32264 


02622 
88972 
26634 
94361 


33 
1089 
35937 
85921 
35393 
67969 
44298 
08618 
48440 
78985 


55434 


62647 
34330 
81727 
46617 


38 
1444 
54872 
85136 
35168 
36384 
55826 
92138 
61013 
11848 


60383 


14003 
75407 
23796 
35054 


43 
1849 
79507 
18801 
08443 
63049 
86111 
20028 
26119 
48231 


72093 


38524 
98060 
49602 
47461 


48 
2304 
10592 
08416 
03968 
59046 
83423 
28043 
05461 
06211 


37322 


03230 
41186 
48026 
43542 
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7 

205 

5948 
10)1. 7249 
11) 5, 0024 
13) 1. 4507 
14) 4. 2070 


(35) 1, 2518 


1, 9610 


13 

454 
91,5448 
10) 5, 2523 
12) 1. 7857 
13) 6. 0716 
15) 2, 0643 


(36) 5. 6950 


5. 8309 
3. 2396 
2.4147 
2, 0243 


23 

902 
9) 3. 5187 
11) 1. 3723 
12) 5. 3520 
14) 2. 0872 
15) 8. 1404 


(38) 1. 5330 


37 

1649 

9) 7. 2563 
11) 3.1927 
13)1. 4048 
14) 6, 1812 
16) 2, 7197 


(39) 2. 7724 


11) 6. 7822 
13) 3. 3232 
15) 1. 6284 
16) 7.9792 


(40) 3. 6703 


7, 0000 
3, 6593 
2, 6457 
2.1779 


afd") 


points must be used in Lagrange’s and Aitkens methods for 


29 
841 
24389 
07281 
11149 
23321 
87631 
64130 
14598 
72333 


49008 


64807 
16826 
95787 
09057 


34 
1156 
39304 
36336 
35424 
04416 
35014 
93905 
99277 
77754 


03680 


51895 
11801 
36403 
97459 


39 
1521 
59319 
13441 
24199 
43761 
10067 
09260 
83612 
06085 


29700 


97998 
11443 
99399 
16549 


44 
1936 
85184 
48096 
16224 
13856 
78097 
22363 
18395 
36094 


53276 


49581 
48335 
09577 
25513 


49 
2401 
17649 
64801 
75249 
28720 
30728 
93057 
13598 
26630 


36822 


00000 
05710 
51311 
06425 


25 


2A 


Table 3.1 


CVs oOMNPwrHe 


ne 
> 


eed 
SAN 
wn 


i 
~S 
wi 


SwWODyenFwnr 


~ = Lad 


CVOGIowNaunre 


» 


50 
2500 


1 25000 


16) 9, 7656 
(40) 5. 9604 


2, 1867 


1 

91 

5032 

10) 2, 7680 
12)1, 5224 
13) 8, 3733 
15) 4, 6053 
17) 2, 5329 


(41) 5. 8708 


2, 2288 


2 

129 

7776 

10) 4, 6656 
12) 2. 7993 
14) 1. 6796 
16) 1. 0077 
17) 6. 0466 


(42) 4. 7383 


2 
178 

9) 1, 1602 
10)7. 5418 
12) 4, 9022 
14) 3, 1864 
16) 2. 0711 
18) 1. 3462 


(43) 3. 2353 


8. 0622 
4, 0207 
2, 8394 
2.3045 


3 

240 

9)1. 6807 
11)1, 1764 
12) 8, 2354 
14)5. 7648 
16) 4, 0353 
18) 2. 8247 


(44) 1, 9158 
8, 3666 
4.1212 


2, 8925 
2. 3389 


50000 
00000 
00000 
00000 
50000 
25000 
25000 


64478 


67812 
31499 
47948 
24148 


55 
3025 
66375 
50625 
84375 
64063 
35234 
93789 
66584 
51621 


98173 


98487 
52461 
69815 
07384 


60 
3600 
16000 
60000 
00000 
c0000 
60000 
16000 
69600 
17600 


81338 


66692 
67641 
57684 
33155 


65 
4225 
74625 
$0625 
90625 
89063 
27891 
48129 
91284 
74334 


44710 


57748 
25759 
11514 
31620 


12314 


00265 
85300 
07608 
42837 
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15) 2, 3341 
17)1, 1904 


(40) 9, 5870 


15) 5. 4161 
17) 3. 0330 


(41) 9. 0471 


7.4833 
3. 8258 
2, 7355 
2.2368 


2 

138 

8445 
10)5..1520 
12) 3.1427 
14)1.9170 
16)1, 1694 
17)7..1334 


(42) 7. 0455 


18) 1. 5683 
(43) 4, 6671 
8. 1240 

4, 0412 

2. 8502 

2, 3115 


(44) 2, 6927 
8. 4261 
4, 1408 
2.9027 
2. 3455 


des 


65173 
24238 


33090 


28429 
29769 
45118 
01897 


56 
3136 
75616 
34496 
31776 
97946 
94850 
31157 
69448 
54891 


67858 


14774 
62366 
64800 
53829 


61 
3721 
26981 
45841 
96301 
37436 
42836 
73130 
14609 
29117 


68477 


49676 
97183 
82393 
43032 


66 
4356 
87496 
74736 
32576 
95002 
60702 
06063 
68001 
36881 


78950 


38405 
40021 
69883 
719249 


71 
5041 
57911 
11681 
29351 
02839 
20158 
35312 
50072 
43551 


76876 
49773 
17749 


83108 
87669 


52 
2704 


1 40608 


15) 2.7799 
17)1, 4455 


(41) 1. 5278 


2, 2039 


11616 
04032 
60966 
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3. 2675 
2.5785 


16 
200 

10) 2, 3863 
12) 2. 8397 
14) 3. 3793 
16) 4, 0213 
18) 4. 7854 
20) 5. 6946 


(49) 6. 5031 


( 1)1. 0908 
4. 9186 
3, 3028 
2: 6008 


19 

2364 

10) 2. 9316 
12) 3. 6352 
14) 4, 5076 
16) 5. 5895 
18) 6. 9309 
20) 8. 5944 


(50) 1. 7463 
( 1)1.1135 
4. 9866 
3, 3369 
2, 6223 


ery 


104 
10816 
24864 
85856 
52902 
19018 
31779 
69050 
11812 
44285 


04165 


03903 
69375 
36868 
67508 


109 
11881 
95029 


1 58161 


23955 
00111 
39121 
62642 
93279 
63675 


83175 


30651 
56181 
46315 
55397 


114 
12996 
81544 
96016 
14582 
72624 
68791 
86422 
48521 
21314 


20685 


07825 
07586 
79877 
82140 


119 
14161 
85159 


5 33921 


53660 
60855 
15418 
85347 
48563 
83790 


99444 


71211 
84734 
33952 
14587 


124 
15376 
06624 
21376 
25062 
15077 
66696 
06703 
88312 
25506 


06393 


52873 
30952 
93965 
11847 
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ay 
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~ 
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19 

2441 

10) 3.0517 
12) 3. 8146 
14) 4. 7683 
16) 5. 9604 
18) 7. 4505 
20) 9. 3132 


(50) 2.1175 
( 1)1.1180 


3, 3437 
2: 6265 


21 

2856 

10) 3. 7129 
12) 4, 8268 
14) 6, 2748 
16) 8, 1573 
19) 1. 0604 
21)1, 3785 


(50) 5, 4280 


( 1)1.1401 
5.0657 
3.3766 
2. 6472 


24 

3321 

10) 4, 4840 
12) 6. 0534 
14) 8.1721 
17)1, 1032 
19)1, 4893 
21) 2. 0106 


(51) 1. 3427 
( 1)1,1618 


3, 4086 
2. 6672 


27 

3841 

10) 5. 3782 
12) 7, 5295 
15)1, 0541 
17) 1. 4757 
19) 2. 0661 
21) 2. 8925 


(51) 3.2241 


( 1)1.1832 
5.1924 
3, 4397 
2. 6867 


30 

4420 

10) 6. 4097 
12) 9. 2941 
15)1. 3476 
17)1, 9540 
19) 2, 8334 
21) 4, 1084 


(51)7. 4616 


( 1)1. 2041 
5.2535 


125 
15625 
53125 
40625 
57813 
97266 
71582 
64478 
80597 
25746 


82368 
33989 


0 00000 


01525 
27804 


130 
16900 
97000 
10000 
30000 
09000 
51700 
07210 
49937 
84918 


07704 


75425 
97019 
48375 
11681 


135 
18225 
60375 
50625 
33438 
45141 
50940 
40377 
74509 
55587 


97252 
95004 


9 27840 


58099 
68608 


140 
19600 
44000 
60000 
40000 
36000 
35040 
89056 
04678 
46550 


99700 


15957 
94102 
90628 
39790 


145 
21025 
48625 
50625 
34063 
14391 
46587 
87551 
26948 
69075 


01544 
59458 
87872 
00082 
62363 


1h 
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126 

15876 

20 00376 

2520 47376 
10)3,1757 96938 
12)4,0015 04141 
14)5. 0418 95218 
16) 6, 3527 87975 
18)8. 0045 12848 
21)1.0085 68619 


(50) 2, 5638 52774 


( 1)1.1224 97216 
. 0132 97935 
3, 3503 68959 
2. 6307 16865 


131 

17161 

22 48092 

2944 99921 

10) 3.8579 48965 
12)5, 0539 13144 
14) 6. 6206 26219 
16) 8. 6730 20347 
19)1, 1361 65665 
21)1. 4883 77022 


(50) 6, 5239 57088 


( 1)2.1445 52314 
0787 53078 
3, 3831 23282 
2.6512 71840 


136 

18496 

25 15456 

3421 02016 

10) 4, 6525 87418 
12)6.3275 18888 
14)8. 6054 25688 
17)3,1703 37894 
19)1.5916 59535 
21)2.1646 56968 


(51)1. 6030 01028 


( 1)1.1662 90379 
1425 63182 
3, 4149 52970 
2.6712 08461 


141 

19881 

28 03222 

3952 54161 
10)5.5730 83670 
12)7. 8580 47975 
15)1.1079 84764 
17)1. 5622 58518 
19)2. 2027 84510 
21)3.1059 26159 


(51)3. 8129 28871 


( 1)1.1874 34209 
5.2048 27863 
3. 4459 16727 
2.6905 67070 


146 

21316 

31 12136 

4543 71856 

0) 6. 6338 29098 
2)9. 6853 90482 
5)1. 4140 67010 
7) 2.0645 37835 
9) 3.0142 25239 
1) 4, 4007 68850 
8 


7997 13625 


1)1. 2083 04597 
5.2656 37428 
3.4760 67602 
2.7093 84058 


20 

2601 

10) 3, 3038 
12) 4, 1958 
14) 5, 3287 
16) 6. 7675 
18) 8, 5947 
21)1, 0915 


(50) 3, 0994 


( 1)1.1269 
5, 0265 
3, 3569 
2. 6348 


22 

3035 

10) 4, 0074 
12) 5. 2898 
14) 6, 9826 
16) 9, 2170 
19)1, 2166 
21) 1. 6059 


(50) 7. 8302 
( oro 


3, 3895 
2. 6553 


21) 2. 3291 
(51)1.9111 


( 1)1.1704 
5.1551 
3. 4212 
2. 6751 


28 


406: 
10)5. 7735 
12) 8, 1984 
15)1. 1641 
17) 1. 6531 
19) 2. 3474 
21) 3, 3333 


(51) 4.5177 
( 1)1.1916 


3. 4520 
2° 6943 


31 

4669 

10) 6. 8641 
13)1. 0090 
15) 1. 4832 
17) 2. 1804 
19) 3, 2052 
21) 4.7116 


(52) 1. 0366 


( 1)1.2124 
5.2776 
3, 4820 
2.7130 


gl 


127 
16129 
48383 
44641 
36941 
72915 
58602 
23424 
54749 
33853 


83316 


42767 
25695 
96823 
79413 


132 
17424 
99968 
95776 
64243 
52801 
05697 
39521 
49217 
76966 


26935 


12529 
43370 
61224 
07280 


137 
18769 
71353 
75361 
72446 
56251 
43063 
79300 
41641 
94048 


44882 


69991 
36735 
13222 
25206 


142 
20164 
63288 


5 86896 


33923 
18171 
75380 
29040 
43237 
69396 


29930 
37529 


1 03446 


10326 
72696 


147 
21609 
76523 
48881 
48551 
29837 
73860 
12575 
06485 
53533 


11527 
35565 
32088 


04545 
85417 


20 

2684 

10) 3, 4359 
12) 4. 3980 
14) 5, 6294 
16)7. 2057 
18) 9, 2233 
21)1. 1805 


(50) 3, 7414 


( 1)1.1313 
0396 
3. 3635 
2, 6390 


23 

312 

10) 4.1615 
12)5, 5349 
14) 7. 3614 
16) 9. 7906 
19) 1. 3021 
21)1. 7318 


(50) 9, 3851 


( 1)1.1532 
5.1044 
3. 3959 
2.6593 


26 

3626 
10)5, 0049 
12) 6. 9067 
14) 9. 5313 
17) 1. 3153 
19) 1. 8151 
21) 2.5049 


(51) 2.2756 


{ 1)1.1747 
5.1676 
3, 4274 
2. 6790 


29 

418 
10)5. 9797 
12) 8. 5509 
15) 1. 2227 
17)1. 7485 


19) 2, 5004 
21)3. 5756 


(51)5. 3464 
( 1)1.1958 
5.229 
3. 4580 
2. 6981 


32 

4797 
10)7, 1008 
13)1, 0509 
15)1. 5553 
17) 2. 3019 
19) 3, 4068 
21)5. 0421 


(52) 1. 2197 
( 1)1.2165 
89 


3, 4879 
2. 7167 


ce 


128 
16384 
97152 
35456 
73837 
46511 
99534 
59404 
72037 
91621 


44192 


70850 
84200 
85661 
15822 


133 
17689 
52637 


9 00721 


79589 
00854 
18136 
86120 
61254 
74468 


10346 


56259 
68722 
62690 
18337 


138 
19044 
28072 
73936 
00317 
62437 
32163 
23839 
46897 
02718 


11258 


34012 
49252 
39296 
19145 


143 
20449 
24207 


1 61601 


10894 
86579 
91082 
91246 
85481 
94238 


42484 
26074 


3 21532 


71824 
56943 


148 
21904 
41792 
85216 
21197 
21537 
63875 
38535 
69032 
66167 


79049 
52506 


5 72473 


11275 
66686 
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21 

276 

10) 3. 5723 
12) 4, 6082 
14) 5, 9446 
16) 7. 6686 


18) 9, 8925 
21) 1.2761 


(50) 4. 5097 
( 1)1.1357 


3, 3701 
2. 6431 


24 

3224 

10) 4, 3204 
12)5. 7893 
14) 7.7577 
17) 1. 0395 
19) 1. 3929 
21) 1. 8665 


(51) 1.1233 


( 1)1.1575 
5.1172 
3. 4023 
2. 6633 


26 

373 
10) 5. 1888 
12) 7.2125 
15)1. 0025 
17) 1. 3935 


19) 1. 9370 
21) 2. 6924 


(51) 2.7061 


( 1)1.1789 
5. 1801 
3. 4336 
2, 6828 


29 

4299 

10) 6.1917 
12) 8, 9161 
15) 1. 2839 
17) 1. 8488 
19) 2. 6623 
21) 3, 8337 


(51) 6. 3197 
( 1)1. 2000 


3, 4641 
2. 7019 


33 

4928 

10) 7. 3439 
13) 1. 0942 
15) 1. 6304 
17) 2. 4293 
19) 3. 6197 
21)5. 3934 


(52) 1. 4337 
( 1)1. 2206 
5, 3014 


3. 4937 
2. 7204 


gio 


129 
16641 
46689 


9 22881 


05165 
73663 
73025 
28202 
30381 
36419 


56022 
81669 


7 74347 


36005 
26458 


134 
17956 
06104 
17936 
00342 
36459 
10855 
33255 
74561 
85912 


50184 


83690 
29947 
28159 
05339 


139 
19321 
85619 


3 01041 


84470 
49413 
44368 
36672 
15974 
52204 


70815 


82612 
01467 
31623 
90577 


144 
20736 
85984 
81696 
36422 
00448 
18465 
42589 
33328 
59992 


48715 
00000 


4 82788 


01615 
20077 


149 
22201 
07949 
84401 
77575 
52659 
36461 
50327 
31988 
00662 


40132 


55562 
59192 
88147 
28110 


29 


30 
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150 

22500 

33 75000 

5062 50000 
10)7. 5937 50000 
13)1.1390 62500 
15)1, 7085 93750 
17) 2.5628 90625 
19) 3, 8443 35938 
21)5, 7665 03906 


(52) 1, 6834 11220 


( 1)1.2247 44871 
5.3132 92846 
3.4996 35512 
2.7240 69927 


155 

24025 

37 23875 

5772 00625 

10) 8, 9466 09688 
13)1. 3867 24502 
15)2.1494 22977 
17) 3.3316 05615 
19)5, 1639 88703 
21) 8.0041 82490 


(52)3. 6979 47627 


( 1)1.2449 89960 
5.3716 85355 
3.5284 41525 
2.7419 92987 


160 

25600 

40 96000 

6553 60000 
11)1. 0485 76000 
13)1.6777 21600 
15) 2, 6843 54560 
17) 4.2949 67296 
19) 6. 8719 47674 
22)1.0995 11628 


(52)7, 9228 16251 


( 1)1.2649 11064 
5.4288 35233 
3, 5565 58820 
2.7594 59323 


165 

27225 

44 92125 

7412 00625 

11)1, 2229 81031 
13)2,0179 18702 
15) 3.3295 65858 
17) 5. 4937 83665 
19) 9. 0647 43047 
22)1.4956 82603 


(53) 1.6581 15050 


( 11.2845 23258 
5. 4848 06552 
3.5840 24634 
2.7764 94317 


49 13000 

8352 10000 

11) 1.4198 57000 
13) 2. 4137 56900 
15) 4.1033 86730 
17) 6.9757 57441 
20)1.1858 78765 
22)2,0159 93900 


(53)3.3944 86713 


( 1)1.3038 40481 
5.5396 58257 
3.6108 73137 
2.7931 21220 
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151 152 

22801 23104 

34 42951 35 11808 

5198 85601 5337 94816 

10) 7.8502 72575  (10)8,1136 81203 
13)1,1853 91159 (13)1,.2332 79543 
15) 1.7899 40650  (15)1.8745 84905 
17)2.7028 10381  (17)2.8493 69056 
19)4,0812 43676  (19)4, 3310 40965 
21) 6.1626 77950 (21)6, 5831 82267 
(52)1.9744 52704 (52)2. 3133 75387 
( 1)1.2288 20573 ( :1)1.2328 82801 
3250 74022 5, 3368 03297 
3.5054 53712 3.5112 43086 
2.7276 92374 2.7312 95679 

156 157 

24336 24649 

37 96416 38 69893 

5922 40896 6075 73201 

10)9, 2389 57978  (10)9.5388 99256 
13)1,4412 77445 (13)1. 4976 07183 
15) 2.2483 92813 (15)2, 3512 43278 
17)3. 5074 92789 (17) 3.6914 51946 
19)5.4716 88751  (19)5. 7955 79555 
21) 8.5358 34451 (21) 9. 0990 59901 
(52)4, 3150 94990  (52)5,0302 74186 
( 11.2489 99600 = (_:1)1.. 2529 96409 
5.3832 12612 5, 3946 90712 
3.5341 18843 3.5397 68931 
2.7455 21947 2.7490 32856 

161 162 

25921 26244 

41 73282 42 51528 

6718 98241 6887 47536 
11)1,0817 56168 (11)1.1157 71008 
13)1, 7416 27430 © (13)1. 8075 49033 
15)2.8040 20163 (15) 2.9282 29434 
17)4.5144 72463 (17)4. 7437 31683 
19)7, 2683 00665  (19)7,6848 45327 
22)1.1701 96407 (2291. 2449 44943 
(52)9, 2007 03274 (53)1,.0674 81480 
( 1)1.2688 57754 = (-1)1.2727 92206 
5.4401 21825 5.4513 61778 

3, 5621 02966 3.5676 21345 

2, 7629 00056 2.7663 23734 

166 167 

27556 27889 

45 74296 46 57463 

7593 33136 7777 96321 

11)1. 2604 93006 (11) 1.2989 19856 
13) 2, 0924 18390 (13)2.1691 96160 
15)3,4734 14527 (15)3. 6225 57587 
17)5. 7658 68114 (17) 6.0496 71170 
19)9.5713 41070  (20)1.0102 95085 
22)1.5888 42618  (22)1.6871 92792 
(53) 1.9168 76411 (53) 2.2140 90189 
( 1)1.2884 09873 ( :1)1.2922 84798 
5.4958 64660 5.5068 78446 

3, 5894 42676 3.5948 36294 
2.7798 51635 2.7831 92813 

in 172 

29241 29584 

50 0021 50 98448 

8550 36081 8752 13056 

11) 1, 4621 11699 (11) 1.5053 66456 
13) 2.5002 11004 (13)2,5892 30305 
15} 4.2753 60818  (15)4. 4534 76124 
17)7, 3108 66998 (17)7, 6599 78934 
201.2501 58257 (20)1.3175 16377 
22)2.1377 70619  (22)2. 2661 28168 
(53)3.9075 68945  (53)4,4945 13878 
( 1)1.3076 69683 ( 1)1,3114 87705 
5.5504 99103 5.5612 97766 
3.6161 71572 3, 6214 46817 
2.7963 99540 2.7996 62559 


lea 


non 


153 

23409 

35 81577 

5479 81281 

10) 8, 3841 13599 
13)1. 2827 69381 
15)1. 9626 37152 
17) 3.0028 34843 
19) 4. 5943 37310 
21) 7.0293 36085 


(52)2, 7076 61312 


( 1)1.2369 31688 
5.3484 8124) 
3,5170 03963 
2.7348 80069 


158 

24964 

39 44312 

6232 01296 
10)9. 8465 80477 
13) 1.5557 59715 
15)2. 4581 00350 
17) 3. 8837 98553 
19) 6.1364 01714 
21) 9.6955 14709 


(52) 5, 8582 79483 


( 1)1.2569 90509 
5.4061 20176 
3.5453 92093 
2.7525 25920 


163 

26569 

43 30747 

7059 11761 
11)1.1506 36170 
13)1.8755 36958 
15)3.0571 25241 
17) 4.9831 14143 
19) 8.1224 76053 
22)1. 3239 63597 


(53)1. 2373 78329 


( 1)1.2767 14533 
5.4625 55571 
3.5731 14235 
2.7697 30547 


168 

28224 

47 41632 

7965 94176 

11) 1, 3382 78216 
13) 2.2483 07402 
15)3.7771 56436 
17) 6. 3456 22812 
20)2.0660 64632 
22)1. 7909 88583 


(53) 2.5552 87425 


( 1)1.2961 48140 
5.5178 48353 
3.6002 05744 
2.7865 18023 


173 

29929 

51 77717 

8957 45041 
11)1.5496 38921 
13) 2. 6808 75333 
15) 4. 6379 14326 
17)8,0235 91785 
20)1. 3880 81379 
22) 2.4013 80785 


(53)5. 1654 29935 


( 1)1. 3152 94644 
5.5720 54656 
3.6266 99110 
2.8029 10436 


36 

5624 

10) 8. 6617 
13) 1, 3339 
15) 2. 0542 
17) 3, 1634 
19) 4, 8717 
21) 7. 5025 


(52) 3, 1659 
( 1)1.2409 
5. 360 
3.5227 
2, 7384 


40 

6391 

11) 1. 0162 
13) 1.6157 
15) 2. 5690 
17) 4, 0848 


19) 6, 4949 
22}1. 0326 


(52) 6, 8160 
( 11.2609 
5.4175 
3, 5509 
2. 7560 


22) 1. 4074 
(53) 1, 4330 
( 1)1. 2806 
5.4737 
3. 5785 
2.7731 


22)1. 9004 
(53) 2. 9463 


( 1)1. 3000 
5. 5287 
3, 6055 
2. 7898 


22) 2. 5438 
(53) 5.9317 
( 11.3190 

5, 582 


3. 6319 
2. 8061 


na[-93) 


154 
23716 
52264 
48656 
09302 
03233 
10978 
84906 
66756 
20804 


00782 
67365 


1 08411 


36670 
45765 


159 
25281 
19679 


86070 
55761 


37979 
90596 


7 70172 


28683 
43329 
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175 

30625 

53 59375 

9378 90625 

11)1. 6413 08594 
13)2. 8722 90039 
15)5.0265 07568 
17) 8.7963 88245 
20)1.5393 67943 
22) 2. 6938 93900 


(53) 6, 8063 32613 


( 1)1. 3228 75656 
5.5934 44710 
3.6371 35763 
2.8093 61392 


180 

32400 

58 32000 
9)1.0497 60000 
11)1, 8895 68000 
13)3.4012 22400 
15)6.1222 90320 
18)1.1019 96058 
20)1. 9835 92904 
22)3.5704 67227 


(54)1, 3382 58845 


( 1)1. 3416 40786 
5.6462 16173 
3. 6628 41501 
2.8252 34501 


63 31625 
9)1.1713 50625 
11)2. 1669 98656 
13) 4.0089 47514 
15) 7.4165 52901 
18)1.3720 62287 
20)2, 5383 15230 
22) 4.6958 83176 


(54)2,5829 82606 


{ 1)1. 3601 47051 
5.6980 19215 
3.6880 17151 
2.8407 58702 


190 

36100 

68 59000 

9)1. 3032 10000 
11) 2.4760 99000 
13) 4.7045 88100 
15) 8, 9387 17390 
18)1, 6983 56304 
20) 3.2268 76978 
22)6.1310 66258 


(54) 4, 8987 62931 


( 1)1.3784 04875 
5.7488 97079 
3.7126 87538 
2.8559 50791 


195 

38025 

74 14875 

9)1, 4459 00625 

11)2.8195 06219 
13)5.4980 37127 
16)1,0721 17240 
18)2,0906 28617 
20)4. 0767 25804 
22)7.9496 15318 


(54)9.1375 69069 


( 1)1. 3964 24004 
5.7988 89998 
3.7368 75706 
2.8708 26340 
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176 177 178 179 

30976 31329 31684 32041 

54 51776 55 45233 56 39752 57 35339 
9595 12576 9815 06241 9) 1.0038 75856 9) 1.0266 25681 


11) 1. 6887 42134 11)1. 7372 66047 11) 1.7868 99024 11)1. 8376 59969 
13) 2.9721 86155 13) 3.0749 60902 13)3.1806 80262 13) 3. 2894 11344 
15)5,2310 47634 15)5, 4426 80797 15)5. 6616 10867 15)5. 8880 46307 
17) 9, 2066 43835 17)9. 6335 45011 18)1.0077 66734 18)1.0539 60289 
20)1, 6203 69315 20)1. 7051 37467 20)1,7938 24787 20)1, 8865 88917 
22)2.8518 49994 22) 3.0180 93317 22)3.1930 08121 22) 3.3769 94162 


(53)7. 8037 62212  (53)8.9404 29702 (54)1.0234 81638 (54) 1.1707 73122 
(1). 3266 49916 ( 1). 3304 13470 ( 191.3341 66406 ( 1)1. 3379 08816 


5.6040 78661 6146 72408 5.6252 26328 . 40794 
3.6423 20574 3.6474 83337 3.6526 24271 3.6577 43589 
2.8125 64777 2.8157 53634 2, 8189 28111 2.8220 88352 
181 182 183 184 

32761 33124 33489 33856 


59 29741 60 8 

9)1,.0732 83121 9)1,0971 99376 9)1.1215 13121 9)1.1462 28736 
11)2.9426 42449 11)1. 9969 02864 11) 2.0523 69011 11)2,1090 60874 
13)3.5161 82833 13)3. 6343 63213 13) 3.7558 35291 13) 3. 8806 72009 
15) 6.3642 90927 15) 6.6145 41048 15) 6, 8731 78582 15)7.1404 36496 
18)1.1519 36658 18)1.2038 46471 18) 1, 2577 91681 18) 1, 3138 40315 
20)2.0850 05351 20)2.1910 00577 20)2.3017 58775 20) 2.4174 66180 
22) 3.7738 59685 22)3.9876 21050 22)4,2122 18559 22) 4.4481 37771 


(54)1,5285 71637 = (54)1.7446 70074 (54)1.9898 76639 (54)2.2679 20111 
( 1)1.3453 62405 = ( 1)1.3490 73756 =( 1)1.3527 74926 §=©( 1)1.3564 65997 
5.656 5. 667 5. 6877 


- 6566 52826 6670 51108 6774 11371 le 33960 
3.6679 18217 3.6729 73940 3.6780 08871 3.6830 23210 
2.8283 66697 2, 8314 85080 2.8345 89786 2.8376 80950 

186 187 188 189 
34596 34969 35344 35721 
64 34856 65 39203 66 44672 67 51269 


9)1.1968 83216 9)1.2228 30961 9)1.2491 98336 9) 1.2759 89841 
11) 2.2262 02782 11) 2. 2866 93897 11) 2, 3484 92872 11)2. 4116 20799 
13)4,1407 37174 13) 4.2761 17588 13)4. 4151 66599 13) 4.5579 63311 
15)7.7017 71144 15)7.9963 39889 15) 8.3005 13206 15)8, 6145 50658 
18)1,4325 29433 18) 1. 4953 15559 18) 1.5604 96483 18) 1.6281 50074 
20) 2, 6645 04745 20) 2. 7962 40096 20)2.9337 33387 20) 3.0772 03640 
22) 4.9559 78826 22)5. 2289 68979 22)5,5154 18768 22)5.8159 14881 


(54)2.9397 51775 = (54)3.3434 78670 (54)3.8000 41874 (54)4,3160 18526 
( A aes 18170) = (_:1)1. 3674 79433 ( Die 30920 = (:1)1.3747 72708 


- 7082 67473 5.7184 79065 . 7286 54316 5.7387 93548 
3.6929 90888 3.6979 44609 3.7028 78502 3.7077 92751 
2. 8438 23174 2.8468 74493 2.8499 12786 2.8529 38178 

191 192 193 194 
36481 36864 37249 37636 


69 67871 70 77888 71 89057 73 01384 
91.3308 63361 9)1. 3589 54496 9)1. 3874 88001 9)1. 4164 68496 
11)2.5419 49020 11)2, 6091 92632 11) 2.6778 51842 11)2. 7479 48882 
13) 4.8551 22627 13)5,0096 49854 13)5. 1682 54055 13)5.3310 20832 
15)9, 2732 84218 15)9, 6185 27720 15)9.9747 30326 16) 1.0342 18041 
18)1.7721 97286 18) 1. 8467 57322 18)1.9251 22953 18)2.0063 83000 
20)3. 3829 86816 20) 3.5457 74059 20)3.7154 87299 20) 3.8923 83020 
22)6.4615 04818 22) 6.8078 86193 22)7.1708 90487 22)7.5512 23059 


(54)5.5564 93542 (54)6.2983 89130 (54)7.1346 95065  (54)8.0768 40718 
( a) ores 27496 «=( 1)1,3856 40646 = ( ieee 44399 (_:1) 1.3928 38828 


» 7589 65220 5.7689 98281 5. 96565 5.7889 60372 
3.7175 63041 3.7224 19436 3.7272 56899 3.7320 75599 
2.8589 50746 2.8619 38162 2.8649 13156 2.8678 75844 

196 197 198 199 
38416 38809 39204 39601 


75 29536 76 45373 77 62392 78 80599 
9)1. 4757 89056 9)1,5061 38482 9) 1.5369 53616 9) 1.5682 39201 
11) 2.8925 46550 11)2, 9670 92808 11)3. 0431 68160 11) 3.1207 96010 
13)5, 6693 91238 13)5, 8451 72832 13) 6, 0254 72956 13) 6.2103 84060 
16)1.1212 00683 16)1,1514 99048 16)1,.1930 43645 16)1,2358 66428 
18)2.1779 53338 18) 2, 2684 53124 18)2, 3622 26418 18) 2.4593 74192 
20) 4.2687 88542 20) 4. 4688 52654 20) 4.6772 08307 20) 4. 8941 54641 
22) 8. 3668 25543 22)8, 8036 39729 22)9. 2608 72448 22)9. 7393 67736 


(55)1,0332 07971 (55)1.1673 18660 (55)1.3181 49187 (55)1. 4875 57746 
( 1)1.4000 00000 ( 1)1,4035 66885 = ( att 24728 = (-:1)1,4106 73598 


5.8087 85734 8186 47867 5.8284 76683 5.8382 72461 
3.7416 57387 3.7464 20805 3.7511 66123 3.7558 93499 
2,8737 64756 2, 8766 91203 2.8796 05790 2.8825 08624 


CO] ni[(-95] w-93) ni[(-92] 


32 


Table 3.1 


SOVONTUSWNHY 


~ i id 


SWVONonLSwnrH 


ne 
> 


80 
9) 1. 6000 
11) 3. 2000 
13) 6. 4000 
16)1. 2800 
18) 2, 5600 
20) 5.1200 
23)1. 0240 


(55) 1, 6777 
( 1)1. 4142 


3, 7606 
2, 8853 


23) 1. 3108 
(55) 3. 0345 


( 1)1. 4317 
» 8963 
3. 7838 
2. 8996 


92 
9)1. 9448 
11) 4, 0841 
13) 8, 5766 
16) 1. 8010 
18) 3. 7822 
20) 7. 9428 
23) 1. 6679 


(55) 5, 4108 


( 1)1.4491 
5.9439 
3. BO67 
2.9136 


99 
9) 2.1367 
11) 4. 5940 
13) 9, 8771 
16) 2.1235 
18) 4, 5657 
20) 9. 8162 
23) 2.1104 


(55)9, 5175 


( 1)1. 4662 
9907 
3, 8292 
2.9274 


106 
9) 2. 3425 
11) 5, 1536 
14) 1.1337 
16) 2. 4943 
18) 5. 4875 
21)1. 2072 
23) 2, 6559 


(56) 1, 6525 
( 1). 4832 
6. 0368 


200 
40000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


21600 
13562 


0 35476 


03093 
99812 


205 
42025 
15125 
00625 
06281 
37877 
17765 
11418 
78406 
06573 


38594 


82106 
68540 
89674 
84668 


210 
44100 
61000 
10000 
02000 
12100 
88541 
85936 
00466 
88098 


19838 


37675 
21953 
54096 
93459 


215 
46225 
38375 
50625 
13844 
29764 
82899 
03233 
61952 
96320 


03342 


87830 
26415 
13796 
37906 


220 
48400 
48000 
60000 
32000 
99040 
57888 
87354 
69218 
92279 


10926 


39697 
10737 
85107 
28975 
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81 
9)1. 6322 
11) 3. 2808 
13) 6.5944 
16) 1, 3254 
18) 2. 6642 
20) 5, 3550 
23) 1. 0763 


(55) 1, 8910 


( 1)1.4177 
- 8577 
3, 7652 
2. 8882 


87 
9) 1, 8008 
11) 3, 7096 
13) 7. 6419 
16)1.5742 
18) 3, 2429 
20) 6, 6804 
23) 1. 3761 


(55) 3. 4104 
( 1)1,4352 


201 
40401 
20601 
40801 
04010 
16060 
77628 
10032 
62165 
67495 


60303 


44688 
66003 
95059 
79458 


206 
42436 
41816 
14096 
77038 
34698 
38548 
31408 
38701 
70372 


62581 
70009 


9 40584 


3. 7884 
2.9025 


93 
9) 1. 9821 
11) 4, 1822 
13) 8, 8245 
16) 1. 8619 
18) 3. 9287 
20) 8, 2897 
23)1. 7491 


(55) 6, 0642 


( 11.4525 
5.9533 
3, 8112 
2.9164 


100 
9) 2. 1767 
11) 4, 7018 
14) 1. 0155 
16) 2.1936 
18) 4. 7383 
21) 1. 0234 
23) 2. 2107 


(56) 1. 0638 


( 1)1. 4696 
6, 0000 
3, 8336 
2.9302 


107 

9) 2. 3854 

11)5. 2718 
14) 1.1650 
16) 2.5748 
18) 5, 6903 
21)1. 2575 
23)2. 7792 


(56) 1. 8425 
( 1)2. 4866 


3, 8556 
2.9435 


[5] 


95756 
08125 


211 
44521 
93931 
19441 
72021 
93963 
89326 
97478 
62679 
39925 


75557 


83905 
41813 
77876 
63134 


216 
46656 
77696 
82336 
49846 
99567 
95064 
81338 
90369 
39197 


73589 


93846 
00000 
58625 
56052 


221 
48841 
93861 
43281 
29651 
74353 
14320 
39647 
65062 
18787 


30003 
06875 


9 43596 


54127 
97699 


8 
9)1, 6649 
11) 3. 3632 
13) 6, 7937 
16)1, 3723 
18) 2.7721 
20) 5.5996 
23)1,1311 


(55) 2. 1302 


( 1)1.4212 
5. 8674 
3. 7699 
2, 8911 


88 
9) 1. 8360 
11) 3. 8005 
13}7. 8672 
16)1, 6285 
18) 3. 3710 
20) 6. 9780 
23)1. 4444 


(55) 3. 8307 


( 1)1. 4387 
5.9154 
3. 7930 
2.9053 


95 

9) 2.0199 
11) 4, 2823 
13) 9, 0785 
16) 1. 9246 
18) 4, 0802 
20) 8, 6501 
23) 1. 8338 


(55) 6. 7929 


( 1)1. 4560 
= 9627 
3, 8157 
2.9192 


102 
9) 2.2173 
11) 4, 8117 
14)1. 0441 
16) 2, 2657 
18) 4. 9167 
21) 1, 0669 
23)2, 3152 


(56) 1. 1885 
( 1)1, 4730 
09 


3, 8380 
2.9328 


109 

9) 2. 4289 
11)5, 3921 
14), 1970 
16) 2. 6574 
18) 5, 8996 
21) 1, 3097 
23) 2.9075 
(56) 2, 0533 
( 1)1. 4899 
6. 0550 

3. 8600 

2, 9462 


ea 


202 
40804 


2 42408 


66416 
32160 
28964 
33251 
13166 
68596 
33056 


61246 


67040 
64308 
69549 
47666 


207 
42849 
69743 
36801 
96178 
34089 
17456 
31135 
34449 
53131 


89523 


49457 
81700 
85099 
20638 


212 
44944 
28128 
63136 
21848 
22318 
46732 
51071 
32270 
28041 


85105 


21978 
31958 
85604 
22328 


217 
47089 
18313 
73921 
01409 
39206 
82076 
47106 
34122 
47045 


94216 
91986 


2 45007 


88048 
64149 


222 
49284 
41048 
12656 
86096 
65313 
84996 
16690 
14905 
67090 


89736 


66443 
48947 
08345 
56780 


83 
9) 1. 6981 
11) 3. 4473 
13) 6.9980 
16) 1. 4206 
18) 2. 8838 
20)5. 8541 
23) L. 1883 


(55) 2. 3983 


( 1)1. 4247 
5. 8771 
3. 7746 
2. 8940 


20) 7, 2873 
23)1. 5157 


(55) 4. 3005 


( 1)1. 4422 
5.9249 
3.7976 
2.9081 


9 
9) 2. 0583 
11) 4. 3842 
13) 9, 3385 
16) 1. 9891 
18) 4, 2367 
20) 9. 0243 
23)1. 9221 


(55) 7. 6051 
( 1)1. 4594 
5.9720 


3. 8202 
3° 9219 


103 
9) 2. 2585 
11) 4, 9235 
14) 1. 0733 
16) 2, 3398 
18) 5, 1009 
21)1,1120 
23) 2. 4241 


(56) 1, 3272 


( 1)1.4764 
6. 0184 
3, 8425 
2.9355 


110 
9) 2. 4729 
11)5. 5147 
14) 1. 2297 
16) 2, 7424 
18)6,1155 
21) 1, 3637 
23) 3. 0412 


(56) 2. 2872 
( 1)1. 4933 
64 


3, 8643 
2, 9489 


ce 


203 
41209 
65427 
81681 
08812 
36889 
01489 
21022 
56674 
93805 


07745 


80685 
30659 
26716 
04537 


208 
43264 


) 98912 


73696 
89288 
41718 
92677 
36769 
56480 
70148 


10765 


20510 
92137 
57844 
22302 


213 
45369 


6 63597 


46161 
77323 
10698 
02779 
88919 
60396 
88764 


97251 


51952 
92620 
77414 
71130 


218 
47524 
60232 
30576 
96656 
44071 
90075 
60363 
09359 
80403 


59512 


82306 
61655 
02187 
62280 


223 
49729 
89567 
73441 
30773 
84962 
20466 
97640 
78274 
25550 


66205 
18452 


1 26994 


47878 
06295 


8 
9) 1. 7318 
11) 3. 5330 
13) 7, 2074 
16) 1. 4703 
18) 2. 9994 
20) 6. 1188 
23)1. 2482 


(55) 2. 6985 


( 1)1. 4282 
5. 8867 
3. 7792 
2. 8968 


91 

9) 1. 9080 

11) 3. 9877 
13) 8. 3344 
16)1. 7419 
18) 3. 6405 
20) 7. 6088 
23)1.5902 


(55) 4, 8251 


( 1)1. 4456 
5.9344 
3, 8022 
2.9109 


98 
9) 2.0972 
11) 4, 4881 
13) 9. 6046 
16) 2.0554 
18) 4, 3985 
20) 9. 4129 
23) 2.0143 


(55) 8.5100 


( 1)1. 4628 
5.9814 
3. 8247 
2.9247 


105 
9) 2. 3002 
11) 5, 0375 
14)1, 1032 
16) 2.4160 
18)5, 2911 
21)1,1587 
23) 2.5377 


(56) 1. 4813 


( 1)1.4798 
6, 0276 
3, 8469 
2.9382 


112 
9) 2.5176 
11) 5, 6394 
14) 1. 2632 
16) 2, 8296 
18) 6, 3384 
21)1, 4198 
23) 3. 1803 


(56) 2. 5465 


( 2)1. 4966 
6, 0731 
3, 8686 
2.9515 


[9] 


204 
41616 


4 89664 


91456 
58570 
39483 
17655 
48015 
73951 
50286 


09916 


85686 
65317 
66709 
50171 


209 
43681 
29329 
29761 
82200 
64799 
03143 
77569 
07119 
40688 


50531 


83229 
72140 
14131 
13212 


214 
45796 
00344 
73616 
65538 
74252 
00290 
56620 
11168 
62990 


19601 


73884 
24030 
53435 
09627 


219 
47961 
03459 
57521 
63971 
26510 
66056 
84663 
69441 
05076 


53665 


64859 
50160 
01167 
50529 


224 
50176 
39424 
30976 
93386 
46519 
72201 
65731 
16324 
88565 


51362 


62955 
77944 
72841 
46323 


= 


SVAN CUSWNE 


J 


~ 


OVOHIruUPwnre 


Ne 
> 


1/2 


ber 
Sa 
wmpau 


CODBNFUSWNPH 


~ 


_ 


113 
9) 2. 5628 
11) 5. 7665 
14) 1.2974 
16) 2. 9192 
18) 6. 5684 
21)1. 4778 
23) 3. 3252 


(56) 2. 8338 


( 1)1. 5000 
6. 0822 
3. 8729 
2.9541 


121 

9) 2.7984 
11) 6, 4363 
14)1. 4803 
16) 3. 4048 
18) 7, 8310 
21)1. 8011 
23) 4.1426 


(56) 4, 8025 


( 1)1.5165 
6. 1269 
3. 8943 
2.9671 


12 
9) 3, 0498 
11)7, 1670 
14) 1. 6842 
16) 3. 9579 
18) 9, 3012 
21) 2. 1858 
23) 5.1366 


(56) 8, 0469 


( 1)2.5329 
6.1710 
3.9153 
2.9799 


138 
9) 3.3177 
11) 7.9626 
14)1. 9110 
16) 4, 5864 
19)1, 1007 
21) 2. 6418 
23) 6, 3403 


(57) 1, 3337 


( 1)1.5491 
6.2144 
3.9359 
2, 9925 


147 
9) 3, 6030 
11) 8. 8273 
14) 2.1627 
16) 5. 2986 
19)1. 2981 
21)3. 1804 
23) 7.7922 


(57) 2.1876 
( 1)1.5652 
6. 2573 


3.9563 
3, 0049 


225 
50625 
90625 
90625 
03906 
63379 
92603 
08356 
91880 
56730 


73334 


00000 
01996 
83346 
76939 


230 
52900 
67000 
10000 
43000 
58890 
25447 
98528 
52661 
51121 


07640 


75089 
25675 
22905 
91438 


235 
55225 


9 77875 


00625 
31469 
52395 
93129 
83852 
01705 
34007 


01671 


70972 
05793 
17320 
81531 


240 
57600 
24000 
60000 
24000 
29760 
71424 
53142 
07540 
38097 


35777 


93338 
65012 
79343 
55740 


245 
60025 
06125 
00625 
$1531 
01125 
17757 
61350 
95308 
13506 


91225 
47584 
24746 


20998 
22094 
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(56) 3, 1521 
( a ee 


3. 8772 
2: 9567 


123 

9) 2. 8473 
11) 6.5774 
14)1, 5193 
16) 3. 5098 
18) 8. 1076 
21)1. 8728 
23) 4, 3263 


(56) 5. 3295 


( 1)1.5198 
6.1357 
3. 8985 
2. 9697 


131 
9) 3. 1020 
11) 7. 3208 
14)1. 7277 
16) 4, 0774 
18) 9. 6226 
21) 2.2709 
23) 5. 3594 


(56) 8. 9102 


( 1)1.5362 
6.1797 
3.9194 
2. 9825 


13 
9) 3. 3734 
11) 8.1299 
14)1, 9593 
16) 4. 7219 
19)1, 1379 
21)2. 7425 
23) 6. 6095 


(57) 1, 4736 
( 11.5524 
23 


3, 9400 
2.9950 


148 

9) 3. 6621 
11) 9. 0089 
14) 2, 2162 
16)5. 4518 
19)1, 3411 
21) 3, 2992 
23) 8. 1161 
(57) 2. 4123 
( 1)1.5684 
. 2658 

3. 9603 

3, 0073 


slew 


226 
51076 
43176 
57776 
92574 
49122 
35015 
17134 
69472 
37007 


18526 


29638 
99349 
79507 
98218 


231 
53361 
26391 
96321 
85502 
99151 
12038 
65809 
70802 
31552 


12896 


68415 
92440 
48980 
67129 


236 
55696 
44256 
44416 
24822 
14658 
06593 
79559 
52376 
47607 


12697 


29150 
46606 
75921 
13380 


241 
58081 


9 97521 


02562 
00172 
05941 
27319 
84484 
42606 
27681 


99791 
17470 


0 84253 


72930 
45390 


246 
60516 
86936 
86256 
78190 
08635 
73241 
60817 
55611 
68802 


62509 


38714 
26556 
51896 
71096 


23) 3. 6329 
(56) 3, 5044 
( 1)1,.5066 

6. 100 


3. 8815 
2.9594 


124 

9) 2. 8970 

11) 6, 7210 
14)1. 5592 
16) 3. 6175 
18) 8. 3927 
21)1.9471 
23) 4. 5173 


(56) 5.9116 
( 1)1.5231 


3, 9027 
2.9723 


133 

9) 3. 1549 

11) 7. 4772 
14)1. 7721 
16) 4.1998 
18) 9.9537 
21)2. 3590 
23) 5.5909 


(56) 9. 8618 
( 131.5394 
6. 1884 


3.9236 
2, 9850 


141 

9) 3. 4297 
11) 8. 2999 
14) 2. 0085 
16) 4, 8607 
19) 1.1763 
21) 2. 8466 
23) 6. 8889 


(57) 1. 6276 


( 1)1.5556 
6. 2316 
3.9441 
2.9975 


150 

9) 3. 7220 
11) 9, 1935 
14) 2.2708 
16) 5. 6089 
19) 1. 3854 
21) 3. 4219 
23) 8, 4521 
(57) 2. 6590 
( 1)1.5716 
6.2743 
3.9643 
3.0098 


glee 


227 
51529 
97083 
37841 
89899 
17507 
53741 
87992 
15374 
42900 


55686 
51917 


1 70200 


61435 
10235 


232 
53824 
87168 
22976 
93304 
93647 
61260 
42123 
16173 
09521 


89798 
54621 


46 33651 


61357 
33915 


237 
56169 
12053 
56561 
47050 
07551 
94895 
50902 
38964 
22344 


93410 


80432 
62762 
21327 
36660 


242 
58564 
72488 
42096 
75872 
94161 
97870 
13085 
77665 
59948 


79087 


34919 
79684 
53798 
26790 


247 
61009 
69223 
98081 
82260 
14818 
12601 
01412 
41489 
95477 


52293 


23365 
05357 
70523 
12147 


ll 

9) 2, 7023 
11) 6, 1613 
14)1. 4047 
16) 3. 2029 
18) 7. 3026 
21) 1, 6649 
23) 3. 7961 


(56)3. 8943 

( 1)1.5099 
6.109 
3, 8858 
2.9620 


126 
9) 2.9472 
11) 6, 8671 
14) 1, 6000 
16) 3, 7281 
18) 8. 6865 
21) 2. 0239 
23) 4. 7158 


(56) 6, 5545 


( 1)1.5264 
6.1534 
3. 9069 
2.9748 


134 
9) 3, 2085 
11) 7. 6363 
14)1, 8174 
16) 4, 3255 
19) 1. 0294 


21) 2. 4501. 


23) 5. 8313 
(57) 1.0910 


( 1)1.5427 
6.1971 
3.9277 
2.9875 


23) 7.1789 
(57)1. 7970 
( 1)1, 5588 

6. 240 
3, 9482 
3, 0000 


23) 8, 8006 
(57) 2. 9298 
( 1)1.5748 

827 


3, 9683 
3.0122 


sea 


228 
51984 


8 52352 


36256 
26664 
82479 
04053 
21240 
97643 
94626 


62082 
66887 


1 14744 


29238 
13062 


233 
54289 
49337 
95521 
98564 
57265 
33428 
50888 
66357 
41612 


38287 


33752 
49494 
60138 
91866 


238 
56644 
61272 
42736 
31712 
46947 
23735 
74649 
49664 
56201 


55818 


24862 
54435 
53635 
51438 


243 
59049 
48907 
84401 
86094 
11321 
54510 
66546 
12707 
79877 


10300 
45727 


2 51469 


22039 
00000 


248 
61504 
52992 
42016 
00200 
37650 
13371 
13716 
66016 
91719 


15956 


01575 
61305 
76966 
45305 


Table 3.1 


120 
(9) 2. 7500 
11) 6.2976 

14) 1. 4421 
16) 3. 3025 
18) 7. 5628 
21) 1.7318 
23) 3. 9660 


(56) 4. 3256 


( 1)1.5132 
6.1180 
3, 8900 
2.9646 


128 
9) 2. 9982 
11) 7.0158 
14)1. 6417 
16) 3. 8415 
18) 8. 9893 
21)2, 1035 
23) 4, 9221 


(56) 7. 2640 


( 1)1.5297 
1 1622 
3.9111 
2.9774 


136 
9) 3. 2628 
11) 7.7981 
14) 1. 8637 
16) 4. 4543 
19) 1. 0645 
21)2.5443 
23) 6. 0810 


(57) 1, 2065 


( 1)1.5459 
. 2058 
3, 9318 
2. 9900 


145 
9) 3.5445 
11) 8. 6486 
14) 2, 1102 
16)5. 1490 
19) 1. 2563 
21) 3, 0655 
23) 7.4799 


(57) 1.9832 
( 11,5620 
487 


3.9522 
3.0024 


154 
9) 3. 8441 
11)9,5718 
14) 2. 3833 
16)5. 9346 
19) 1. 4777 
21) 3. 6795 
23)9. 1620 


(57) 3, 2268 
( 1)1.5779 


3.9723 
3.0146 


ce 


229 
52441 
08989 
58481 
33921 
58168 
42205 
21649 
86158 
19301 


51988 


74595 
33173 
83026 
06773 


234 
54756 
12904 
19536 
33714 
05089 
89909 
20386 
00970 
92271 


79321 


05854 
40148 
45426 
41049 


239 
57121 
51919 
08641 
12652 
48924 
59928 
92023 
74934 
56093 


61943 


62483 
21795 
72942 
57776 


244 
59536 
26784 
35296 
66122 
74534 
69863 
73046 
50233 
42569 


51223 


49935 
99770 
771742 
65081 


249 
62001 
38249 
24001 
68762 
95322 
54351 
28934 
45044 
67161 


91257 
73384 


1 94552 


71312 
70627 


33 


34 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


Table 3.3 
k 
1 250 
2 62500 
3 156 25000 158 
4 9) 3.9062 50000 9) 3.9691 
5 11)9. 7656 25000 11)9, 9625 
6 14) 2.4414 06250 14) 2, 5005 
7 16) 6.1035 15625 16) 6. 2764 
8 19) 1.5258 78906 19)1, 5753 
9 21) 3.8146 97266 21) 3. 9542 
10 23)9.5367 43164 23) 9, 9251 
24 (57)3.5527 13679 = (57) 3. 9099 
1/2 ( 1)1.5811 38830 © 1)1.5842 
1/3 2996 05249 6. 3079 
1/4 3.9763 53644 3, 9803 
V5 3.0170 88168 3.0194 
1 255 
2 65025 
3 165 81375 167 
4 9) 4, 2282 50625 9) 4. 2949 
5 12)1.0782 03909 12) 1. 0995 
6 14) 2. 7494 19969 14) 2. 8147 
7 16)7.0110 20921 16) 7. 2057 
8 19) 1. 7878 10335 19) 1. 8446 
9 21) 4.5589 16354 21) 4, 7223 
10 24)1.1625 23670 24) 1. 2089 
24 (57)5.7143 17018 = (57) 6.2771 
V2 ( 1)1.5968 71942 = (_:1)1. 6000 
1/3 6.3413 25705 6. 3496 
1/4 3.9960 88015 4, 0000 
/5 3.0290 61117 3, 0314 
1 260 
2 67600 
3 175 76000 177 
4 9) 4.5697 60000 9) 4. 6404 
5 12)1. 1881 37600 12)1, 2111 
6 14) 3. 0891 57760 14) 3.1611 
7 16) 8.0318 10176 16) 8, 2505 
8 19} 2. 0882 70646 19} 2, 1533 
9 21)5. 4295 03679 21)5. 6203 
10 24)1.4116 70957 24) 1. 4669 
24 (57)9.1066 85770 = (57) 9, 9855 
1/2 ( 1)1.6124 51550) (_:1) 1.6155 
1/3 6. 3825 04299 6. 3906 
1/4 4.0155 34273 4. 0193 
V5 3.0408 47703 3, 0431 
1 265 
2 70225 
3 186 09625 188 
4 9) 4.9315 50625 9)5. 0064 
5 12)1.3068 60916 12)1. 3317 
6 14) 3. 4631 81426 14) 3.5423 
7 16)9.1774 30780 16) 9. 4226 
8 19) 2. 4320 19157 19) 2, 5064 
9 21) 6.4448 50765 21) 6. 6670 
10 24) 1.7078 85453 24)1. 7734 
24 § (58)1.4384 70548 = (58) 1.5745 
1/2 ( 1)1.6278 82060 §=( 1)1.6309 
1/3 6. 4231 58289 - 4312 
1/4 4.0347 02045 4. 0385 
V/s 3.0524 54329 3.0547 
1 270 
2 72900 
3 196 83000 199 
4 9)5. 3144 10000 9) 5. 3935 
5 12)1. 4348 90700 12) 1, 4616 
6 14) 3.8742 04890 14) 3, 9610 
7 17)1. 0460 35320 17) 1, 0734 
8 19) 2. 8242 95365 19) 2, 9090 
9 21)7.6255 97485 21)7. 8835 
10 24) 2.0589 11321 24) 2.1364 
24 = (58) 2.2528 39954 (58)2. 4618 
1/2 (_:1) 1.6431 67673 = (_:1)1. 6462 
3 6. 4633 04070 6. 4712 
1/4 4.0536 00464 4, 0573 
1/5 3.0638 87063 3. 0661 


29) i 


251 
63001 
13251 
26001 
06263 
89072 
78570 
96121 
44264 
53103 


33001 


97952 
93549 
24047 
97986 


256 
65536 
77216 
67296 
11628 
49767 
59404 
74407 
66483 
25820 


01735 


00000 
04208 
00000 
33133 


261 
68121 
79581 
70641 
62837 
35005 
62364 
96777 
65588 
15418 


54265 


49442 
76528 
89807 
83226 


266 
70756 
21096 
11536 
05469 
36546 
15213 
15647 
65620 
39455 


60235 


50643 
27591 
02994 
54599 


271 
73441 
02511 
80481 
60310 
99441 
57949 
71041 
82520 
50863 


57897 


07763 
73627 
48596 
53254 


160 
9) 4.0327 
12) 1. 0162 
14) 2, 5609 
16) 6, 4536 
19) 1. 6263 
21) 4. 0983 
24)1, 0327 


(57) 4, 3014 
{ 1)1.5874 


3, 9842 
3.0219 


169 

9) 4. 3624 

12)1, 1211 
14) 2, 8813 
16)7, 4051 
19)1, 9031 
21) 4. 8910 
24)1. 2569 


(57) 6, 8927 


( 1)1, 6031 
6. 3578 
4, 0039 
3, 0337 


179 

9) 4.7119 
12)1. 2345 
14) 3. 2345 
16) 8. 4744 
19) 2, 2202 
21)5. 8171 
24)1. 5240 


(58) 1.0945 


( 1)1. 6186 
- 3988 

4, 0232 

3. 0455 


19 
9) 5, 0821 
12)1. 3569 
14) 3. 6229 
16) 9. 6733 
19) 2. 5827 
21) 6. 8960 
24) 1. 8412 


(58)1. 7229 
( 1)1. 6340 
6. 4392 
4, 0422 
3. 0570 


21) 8. 1492 
24) 2. 2166 


(58) 2. 6893 


( 1). 6492 
6.4792 
4, 0610 
3, 0684 


ice 


252 
63504 
03008 
58016 
55020 
62650 
25879 
13722 
10578 
74266 


31179 
50787 


3 59598 


82604 
00136 


257 
66049 
74593 
70401 
54893 
68075 
15953 
14800 
05036 
88294 


88615 


21954 
61180 
00541 
97748 


262 
68644 
84728 
98736 
43669 
04412 
01560 
93209 
68207 
98070 


38372 


41406 
27910 
34278 
11602 


267 
71289 


0 34163 


21521 
26446 
93611 
92942 
95915 
65094 
49380 


40472 


13464 
76696 
93240 
47961 


272 
73984 
23648 
32256 
27974 
12088 
94488 
65007 
96820 
08735 


89450 


42250 
23603 
86370 
12765 


161 
9)4, 0972 
12)1, 0365 
14) 2, 6225 
16) 6, 6350 
19) 1. 6786 
21) 4. 2470 
24)1. 0744 


(57) 4, 7303 


( 1)1.5905 
6, 3247 
3. 9882 
3, 0242 


171 
9) 4. 4307 
12)1. 1431 
14) 2.9492 
16) 7. 6091 
19) 1.9631 
21)5, 0649 
24) 1. 3067 


(57) 7. 5661 


( 1)1. 6062 
6. 3660 
4.0077 
3. 0361 


181 

9) 4. 7843 
12)1, 2582 
14) 3, 3092 
16) 8. 7034 
19) 2. 2890 
21) 6. 0200 
24) 1. 5832 


(58) 1.1993 


( 1)1. 6217 
1» 4069 
4. 0270 
3.0478 


192 

9) 5. 1586 
12) 1. 3825 
14) 3, 7051 
16) 9. 9298 
19) 2. 6612 
21) 7. 1320 
24)1. 9113 


(58) 1. 8846 


( 1)1. 6370 
1» 4473 
4. 0460 
3.0593 


203 
9) 5.5545 
12) 1.5163 
14) 4.1397 
17) 1, 1301 
19) 3. 0853 
21) 8. 4229 
24) 2. 2994 
(58) 2, 9369 
( 1)1. 6522 
4871 

4, 0648 
3.0706 


ica 


253 
64009 
94277 
52081 
79476 
46076 
41571 
65517 
23759 
97011 


41643 


97372 
03543 
29397 
94671 


258 
66564 
73512 
66096 
37653 
95144 
81472 
68820 
75555 
63693 


15089 


37840 
96760 
89716 
55014 


263 
69169 
91447 
50561 
84198 
87440 
25966 
01029 
72706 
79122 


27974 


27474 
58577 
67760 
32879 


268 
71824 
48832 
86976 
28110 
75334 
69894 
05132 
29753 
83974 


68868 


70554 
05727 
72854 
34462 


273 
74529 
46417 
71841 
98113 
66847 
56349 
26834 
42256 
63236 


97176 


71164 
54117 
13851 
65640 


1 
n'l 


163 


9) 4. 1623 


12 
14 
16 
19 
21 
24 


(57) 
(4) 


(57) 
(1) 


(58) 
(1) 


9 
12 
14 
17 
19 
21 
24 


(58) 
(Cy) 


9 
12 
14 
17 
19 
21 
24 


(58) 
( 1) 


(-6)1 
4 


1.0572 
2, 6853 
6, 8208 
1. 7324 
4. 4005 
1.1177 


5. 2000 
1.5937 
6. 3330 


3, 9921 
3.0266 


173 
4.4998 
1.1654 
3. 0185 
7. 8180 
2. 0248 
5. 2444 
1, 3583 


8. 3022 


1, 6093 
6, 3743 
4, 0116 
3. 0385 


183 
4.8575 
1, 2823 
3. 3855 
8.9377 
2.3595 
6, 2292 
1.6445 


1. 3136 


1. 6248 
6. 4150 
4, 0308 
3. 0501 


194 
5. 2361 
1. 4085 
3. 7889 
1.0192 
2. 7416 
7.3751 
1, 9839 


2.0608 
1, 6401 
6. 4553 


4.0498 
3.0616 


205 
5. 6364 
1.5443 
4, 2315 
1.1594 
3.1769 
8. 7047 
2. 3850 


3. 2063 


1, 6552 
6, 4950 
4, 0685 
3. 0729 


| 


254 
64516 
87064 
14256 
27821 
58665 
11010 
85997 
14431 
30666 


70108 


37745 
25531 
64507 
81647 


259 
67081 
73979 
60561 
63886 
51463 
48289 
74507 
24973 
06068 


21920 


47694 
11088 
67601 
04982 


264 
69696 
99744 
32416 
88558 
05793 
35293 
62117 
43990 
20413 


94086 


07681 
68660 
90325 
47105 


269 
72361 
65109 
14321 
14752 
04684 
15360 
89318 
44266 
13808 


89564 


21947 
14811 
41906 
14147 


274 
75076 
70824 
05776 
75183 
88000 
55112 
07007 
25200 
94705 


69049 
94536 
65288 
31106 
11923 


tod 


r 
Ova aouauner 


pe 
SN 
ub 


COVWOONTDUPWUNE 


~ 
SN we 
BY 


) 
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ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


275 276 277 

75625 76176 76729 
207 96875 210 24576 212 53933 214 
9)5.7191 40625 9)5. 8027 82976 9) 5. 8873 39441 9)5.9728 
12)1.5727 63672 12)1,6015 68101 12) 1.6307 93025 12) 1, 6604 
14) 4, 3251 00098 14) 4. 4203 27960 24)4,5172 96680 14) 4, 6160 
17)1.1894 02527 17)1.2200 10517 17)1, 2512 91180 17) 1, 2832 
19) 3.2708 56949 19) 3. 3672 29027 19) 3.4660 76569 (19)3.5674 
21)8.9948 56609 21)9.2935 52114 21)9.6010 32097 (21) 9.9175 
24) 2.4735 85568  (24)2.5650 20383 24) 2.6594 85891  (24)2.7570 
(58)3.4993 28001  (58)3.8178 42160  (58)4,1640 35828 (58) 4.5402 
( 1)1.6583 12395 (_:1)2..6613 24773. (_:1)2.6643 31698 = (_:1)1. 6673 
6.5029 57234 6.5108 30071 6.5186 83915 6, 5265 
4.0722 38199 4.0759 35196 4.0796 22161 4, 0832 
3.0751 51657 3.0773 84885 3.0796 11650 3.0818 

280 281 282 

78400 78961 79524 
219 52000 221 88041 224 25768 226 
9) 6.1465 60000 9) 6.2348 39521 9) 6.3240 66576 9) 6. 4142 
12)1. 7210 36800 12}1. 7519 89905 12)1, 7833 86774 12) 1, 8152 
14) 4.8189 03040 14) 4, 9230 91634 14)5, 0291 50704 14)5.1371 
17) 1. 3492 92851 17) 1, 3833 88749 17)1.4182 20498 (17) 1. 4538 
19) 3.7780 19983 19) 3. 8873 22385 19) 3.9993 81806 19) 4, 1142 
2251, 0578 45595 22)1,0923 37590 22)1.1278 25669  (22)1. 1643 
24) 2.9619 67667 24) 3.0694 68629 24) 3.1804 68387 24) 3, 2950 
(58)5. 3925 32264  (58)5,8742 39885  (58)6.3970 33126 (58)6. 9642 
( 1)1.6733 20053 ( 1)1.6763 05461 ( 1)1.6792 85562 = ( 1)1. 6822 
6.5421 32620 .5499 11620 6.5576 72186 6, 5654 
4.0906 23489 4. 0942 70950 4.0979 08689 4.1015 
3.0862 53577 3.0884 54901 3.0906 49967 3, 0928 

285 286 287 

81225 81796 82369 
231 49125 233 93656 236 39903 238 
9) 6.5975 00625 9) 6.6905 85616 9)6. 7846 52161 9) 6.8797 
12)1. 8802 87678 12)1.9135 07486 (12)1.9471 95170 12) 1.9813 
14)5. 3588 19883 14)5. 4726 31410 14)5.5884 50138 (14)5, 7063 
17)1.5272 63667 17)1.5651 72583 17) 1, 6038 85190 17) 1. 6434 
19) 4, 3527 01450 19) 4.4763 93589 19) 4, 6031 50495 19) 4. 7330 
22)1. 2405 19913 22)1. 2802 48566 22)1, 3211 04192 22) 1. 3632 
24) 3.5354 81753 24) 3.6615 10900 24) 3.7915 69031 24) 3. 9257 
(58) 8.2466 32480 (58)8.9698 42039 = (58)9. 7536 13040 = (59) 1. 0602 
( 1)1.6881 94302 (131.6911 53453. (_:1)1.6941 07435 ( :1)1.6970 
B 44365 6.5885 32275 6.5962 02284 6, 6038 
4, 1087 64171 4.1123 63618 4.1159 53637 4.1195 
3.0971 98013 3.0993 68441 3.1015 32807 3.1036 

290 291 292 

84100 84681 85264 
243 89000 246 42171 248 97088 251 
9) 7.0728 10000 9)7.1708 71761 9) 7.2699 49696 9) 7. 3700 
12)2.0511 14900 12)2, 0867 23682 12) 2.1228 25311 12) 2.1594 
14) 5.9482 33210 14) 6.0723 65916 146.1986 49909 14) 6, 3271 
17)1.7249 87631 17)1, 7670 58482 17)1.8100 05773 = (17) 1. 8538 
19) 5.0024 64130 19)5.1421 40181 19)5,2852 16858  (19)5, 4317 
22)1. 4507 14598 22)1. 4963 62793 22)1.5432 83323 (22)1.5915 
24) 4.2070 72333 24) 4, 3544 15727 24) 4.5063 87302 (24)4, 6631 
(59)1.2518 49008 = (59) 1.3596 64428 «= (59) 1.4763 46962 «= (59) 1. 6025 
( 1)1.7029 38637 = (:1)1.7058 72211 =( :1)1.7088 00749 ( :1)1.7117 
6.6191 05948 6.6267 05387 6.6342 87437 6, 6418 
4.1266 67707 4.1302 20588 4.1337 64325 4,1372 
3.1079 89906 3.1101 30396 3.1122 65011 3.1143 

295 296 297 

87025 87616 88209 
256 72375 259 34336 261 98073 264 
9)7.5733 50625 9)7.6765 63456 9)7. 7808 27681 9) 7. 8861 
12) 2, 2341 38434 12)2, 2722 62783 12) 2, 3109 05821 12) 2, 3500 
14) 6.5907 08381 14) 6.7258 97838 14) 6.8633 90289 (14)7, 0032 
17) 1.9442 58973 17)1..9908 65760 17) 2.0384 26916 (1792, 0869 
19)5.7355 63969 19)5. 8929 62649 19) 6.0541 27940 19) 6. 2191 
221.6919 91371 221.7443 16944 22)1.7980 75998  (22)1. 8533 
24) 4.9913 74544 24)5, 1631 78155 24)5,3402 85715  (24)5,5228 
(59)1. 8868 10930 =(59)2,0464 49657. = (59) 2.2189 87131 = (59) 2, 4054 
(1)1.7175 56404 = (_:1)1..7204 65053. (_:1)1.7233 68794 = (_:1)1. 7262 
6569 30232 6. 6644 43703 6719 40272 6. 6794 
4.1443 41207 4.1478 48904 4.1513 47726 4.1548 
3.1186 33956 3.1207 45423 3.1228 51191 3,1249 


econ] 


ce 


ey 


Table 3.1 
278 279 
77284 77841 
84952 217 17639 
16656 9) 6.0592 21281 
43030 12) 1.6905 22737 
31624 14) 4.7165 58437 
56792 17) 1.3159 19804 
53881 19) 3.6714 16253 
21788 22)1, 0243 25135 
71057 24) 2.8578 67126 
01230 (58) 4.9488 11122 
33200 (_:1)1. 6703 29309 
18879 6.5343 35077 
99156 4.0869 66245 
31992 3.0840 45954 
283 284 
80089 80656 
65187 229 06304 
47921 9)6.5053 90336 
32162 12)1. 8475 30855 
07017 = (14)5. 2469 87629 
01286 17)1. 4901 44487 
57639 19) 4.2320 10342 
34912 22)1. 2018 90937 
67801 24) 3. 4133 70262 
51599 (58) 7.5794 93086 
60384 ( 1)1.6852 29955 
14427 5731 38451 
36766 4.1051 55240 
38815 3.0950 21484 
288 289 
82944 83521 
87872 241 37569 
07136 9) 6.9757 57441 
55655 (12)2.0159 93900 
04287 (14) 5. 8262 22372 
15635 17)1. 6837 78266 
37028 (19) 4. 8661 19188 
14664 = 2251. 4063 08445 
70232 © (24) 4.0642 31407 
77893 (59)1..1522 54005 
56275  ( 1)1. 7000 00000 
54498 6.6114 89018 
34288 4.1231 05626 
91148 3.1058 43502 
293 294 
85849 86436 
53757 254 12184 
50801 9)7.4711 82096 
24885 12)2.1965 27536 
14912 (14) 6. 4577 90956 
44669 = (17) 1.8985 90541 
64881 19)5,5818 56191 
07110 (22)1.6410 65720 
15833 24) 4. 8247 33217 
91698 (59)1. 7391 45550 
24277. (_:1)1.7146 42820 
52195 5 3 99761 
98970 4.1408 24580 
93785 3.1165 16755 
298 299 
88804 89401 
63592 267 30899 
50416 9)7.9925 38801 
72824 © (12)2. 3897 69101 
17015 = 014) 7.1454 09613 
58671 17) 2.1364 77474 
36838 19) 6. 3880 67649 
02778 22)1.9100 32227 
42278 24) 5.7109 96358 
16789 (59)2, 6068 04847 
67650 ( 1)1. 7291 61647 
20032 . 6868 83077 
37723 4.1583 18947 
51295 3,1270 45768 
i 
sel 


35 


36 
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POWERS AND ROOTS nk 


Table 3.1 
k 
1 300 
2 90000 
3 270 00000 272 
4 9) 8.1000 00000 9) 8.2085 
5 12)2. 4300 00000 12) 2. 4707 
6 14)7.2900 00000 14) 7. 4370 
7 17)2,1870 00000 17) 2. 2385 
8 19) 6. 5610. 00000 19) 6. 7380 
9 22)1.9683 00000 22) 2, 0281 
10 24)5.9049 00000 24) 6.1047 
24 (59) 2.8242 95365 (59)3, 0591 
1/2 ( 1)1.7320 50808 ( 1)1. 7349 
1/3 6.6943 29501 6. 7017 
1/4 4.1617 91450 4.1652 
5 3.1291 34645 3.1312 
1 305 
2 93025 
3 283 72625 286 
4 9) 8.6536 50625 9) 8. 7677 
5 12)2. 6393 63441 12) 2. 6829 
6 14) 8.0500 58494 14) 8, 2097 
7 17) 2.4552 67841 17)2.5121 
8 19)7.4885 66914 19) 7. 6872 
9 22)2,. 2840 12909 22)2. 3523 
10 24) 6.9662 39372 24) 7. 1980 
24 (59) 4.1994 86063 (59) 4.5427 
1/2 ( 1)1.7464 24920 ( 1)1. 7492 
1/3 6.7313 15497 6. 7386 
1/4 4.1790 24910 4.1824 
1/5 3.1394 96244 3.1415 
1 310 
2 96100 
3 297 91000 300 
4 9) 9.2352 10000 9)9. 3549 
5 12) 2, 8629 15100 12) 2, 9093 
6 14) 8.8750 36810 14) 9, 0482 
7 17)2.7512 61411 17) 2. 8139 
8 19) 8.5289 10374 19) 8. 7515 
9 22) 2. 6439 62216 22)2. 7217 
10 24) 8.1962 82870 24) 8. 4645 
24 (59)6. 2041 26610 (59)6.7026 
V2 ( 1)1.7606 81686 ( 1)1. 7635 
1/ 7678 99452 6.7751 
1/4 4.1960 47767 4.1994 
V/5 3.1497 22833 3.1517 
1 315 
2 99225 
3 312 55875 315 
4 9)9. 8456 00625 9)9.9712 
5 12)3,1013 64197 12)3.1509 
6 14)9, 7692 97220 14) 9. 9568 
7 17)3.0773 28624 17) 3.1463 
8 19) 9. 6935 85167 19)9, 9425 
9 22) 3.0534 79328 22) 3.1418 
10 24) 9. 6184 59882 24)9, 9282 
24 (59)9. 1086 34822 (59) 9. 8285 
1/2 ( 1)1.7748 23935 (_:1)1.7776 
1/3 6.8040 92116 6. 8112 
1/4 4.2128 65931 4, 2162 
V5 3.1598 18306 3.1618 
1 320 
2 1 02400 1 
3 327 68000 330 
4 10)1.0485 76000 10)1. 0617 
5 12) 3.3554 43200 12) 3. 4082 
6 15)1,.0737 41824 15)1, 0940 
7 17) 3.4359 73837 17) 3.5118 
8 20)1.0995 11628 20)1,1273 
9 22) 3.5184 37209 22) 3. 6186 
10 25)1.1258 99907 25)1. 1615 
24 = (60) 1.3292 27996 =: (60) 1. 4325 
1/2 (_:1)1. 7888 54382. (:1)1.7916 
1/3 6. 8399 03787 6. 8470 
1/4 4.2294 85054 4, 2327 
1/5 3.1697 86385 3.1717 


ale 


302 
90601 
70901 
41201 
70902 
20414 
43144 
14865 
42474 
08848 


15639 


35157 
59395 
55283 
17958 


306 
93636 
52616 
00496 
16352 
24036 
75555 
57199 
00703 
40151 


01868 


85568 
64101 
46136 
52236 


311 
96721 
80231 
51841 
90023 
02970 
91124 
12395 
20355 
50303 


93132 


19209 
68952 
27591 
52295 


316 
99856 
54496 
20736 
05753 
62178 
68448 
24297 
37678 
07062 


62028 


38883 
84608 
05502 
21997 


321 
03041 
76161 
44768 
00706 
32426 
44089 
01953 
39268 
83205 


86248 


47287 
21278 
85474 
65030 


(59) 
( 1) 


(59) 
( 1) 


(59) 
(1) 


(60) 
( 1) 


(60) 
(1) 


6, 3105 
3.3125 


1, 7378 
6.7091 
4. 1687 
3.1332 


289 
8, 8828 
2.7270 
8, 3720 
2.5702 
7, 8905 
2. 4223 
7.4367 


4.9127 


1.7521 
6.7459 
4, 1858 
3. 1436 


303 
9. 4758 
2. 9564 
9.2241 
2.8779 
8.9791 
2.8015 
8, 7406 


7.2395 


1, 7663 
6. 7824 
4, 2027 
3.1537 


3.2324 
1.0246 


1.0602 


1. 7804 
6. 8184 
4.2195 
3. 1638 


1.1982 
1.5436 


1.7944 
6, 8541 
4.2360 
3.1737 


302 
91204 
43608 278 
69616 9) 8, 4288 
87224 12) 2.5539 


03417 14) 7. 7384 
24032 17) 2. 3447 
94576 19) 7. 1046 
96762 22)2.1527 
82221 24) 6, 5226 


81949 (59) 3. 5861 

14720 (_1)1.7406 

72852 6. 7165 

10496 4.1721 

95743 3, 1353 
307 

94249 

34443 292 

74001 9)8,9991 


42318 12)2.7717 
19917 14) 8. 5369 
10115 17) 2. 6293 
45052 19) 8, 0985 
97331 22) 2. 4943 
59806 24)7, 6825 


08679 «= (59) 5. 3115 

41547 (_:1)1..7549 

96712 6, 7533 

58988 4.1892 

02859 3, 1456 
312 

97344 

71328 306 

54336 9) 9.5979 


66553 12) 3, 0041 
75645 14)9, 4029 
42801 17) 2. 9431 
81540 19) 9, 2120 
04640 22) 2. 8833 
94478 24) 9. 0249 


28072 (59) 7.8174 


52173, (_:1)1. 7691 

22886 6, 7896 

99273 4. 2061 

76544 3.1557 
317 

00489 1 

§5013 321 


03912 10)1. 0226 
78401 12) 3, 2518 
41853 15)1. 0341 
31675 17) 3. 2884 
03941 20)1.0457 
61493 22) 3, 3254 
90293 25)1. 0574 


84208 (60)1.1435 


49381 ( 1)1.7832 
61941 6. 8256 
37156 4, 2228 
20622 3.1658 
322 
03684 1 
86248 336 
37186  (10)1.0884 
19738 = (12) 3.5157 


41556 15) 1, 1355 
45809 17) 3. 6679 
04950 20)1, 1847 
69940 22) 3. 8266 


81121 25) 1. 2360 
21862 = (60) 1. 6628 
35844 1)1. 7972 
24002 ( pee 
78192 4, 2393 
38749 3.1757 


gee 


303 
91809 
18127 280 
92481 9) 8.5407 
54422 12) 2. 5963 
81898 14) 7, 8929 
60015 17) 2, 3994 
22846 19) 7, 2943 
00722 22) 2.2174 
83188 24) 6. 7411 


05682 © (59) 3, 8811 

89519 ( :1)1.7435 

69962 6.7239 

57138 4.1755 

68030 3.1374 
308 

94864 

18112 295 

78496 9) 9.1166 


46977 12) 2. 8170 
80688 14) 8, 7046 
90052 17) 2. 6897 
21360 19) 8, 3112 
44579 22) 2.5681 
81303 24) 7. 9356 


00125 = (59)5.7412 
92877 (_:1) 1.7578 


13417 6. 7606 

63512 4.1926 

48146 3.1476 
313 

97969 

64297 309 

24961 9)9, 7211 


50513 12) 3. 0524 
91105 14) 9, 5846 
36216 17) 3. 0095 
16356 19) 9. 4501 
61119 22) 2, 9673 
20304 24) 9. 3174 


31800 (59) 8. 4393 
80601 ( 1)1.7720 


61336 6. 7968 

62861 4.2095 

95609 3.1578 
318 

01124 1 

57432 324 


06338 10) 1.0355 
88154 12) 3. 3033 
00433 15) 1, 0537 
39376 17) 3. 3615 
23722 20)1, 0723 
01435 22) 3. 4207 
77656 25) 1, 0912 


38734 (60) 1. 2330 
55450 (_1)1. 7860 


24197 6. 8327 
60938 4, 2261 
14209 3.1678 
323 
04329 1 
98267 340 
54024 10)1. 1019 
06498 12) 3.5704 


73199 15)1, 1568 
01432 17) 3. 7481 
32163 20)1. 2143 
84885 22) 3. 9346 
19218 25) 1, 2748 


78568 (60) 1. 7909 
20076 ( 1)1. 8000 


12036 6. 8682 
63249 4. 2426 
07571 3.1776 


a(-D7| 


304 
92416 
94464 
17056 
77985 
89074 
68679 
84783 
92974 
78641 


99856 


59577 
50814 
95260 
34853 


309 
95481 
03629 
21361 
36001 
41242 
34144 
78504 
85058 
91828 


10972 


39583 
14302 
59756 
88127 


314 
98596 
59144 
71216 
47762 
85972 
91395 
16981 
36732 
37339 


99655 


04515 
84386 
18398 
09519 


319 
01761 
61759 
30112 
41058 
65797 
12894 
22613 
09136 
06214 


37808 


57110 
71452 
76889 
02787 


324 
04976 
12224 
96058 
67227 
31381 
33676 
95311 
40808 
23622 


36736 


00000 
85455 
40687 
71523 


= 


OVWVOroUPwWhre 


” w 


COVMBNTOULPWNH 


we 


1 

343 

10) 1.1156 
12) 3. 6259 
15)1.1784 
17) 3. 8298 
20)1. 2447 
22) 4, 0452 
25)1. 3147 


(60) 1, 9284 


( 1) 1.8027 
6.8753 
4. 2459 
3.1796 


25)1.5315 
(60) 2. 7818 


( 1)1. 8165 
6.9104 
4. 2621 
3. 1893 


25)1. 7801 
(60) 3. 9909 


( 1)1..8303 
6.9451 
4, 2782 
3.1989 


325 
05625 
28125 
64063 
08203 
20166 
65540 
06300 
95476 
21030 


15722 


75638 
44335 
10547 
30632 


330 
08900 
37000 
21000 
39300 
67969 
44298 
08618 
48440 
78985 


55434 


90212 
23230 
47595 
54454 


335 
12225 
95375 
45063 
40959 
12221 
30942 
01865 
76249 
15044 


41565 


00522 
49558 
01166 
61118 


340 


1 15600 


25) 2. 0643 
(60) 5. 6950 
( 1)1, 8439 

6.979 
4.2940 
3.2084 


1 

410 

10) 1. 4166 
12) 4, 8875 
15) 1. 6862 
17)5. 8174 
20) 2. 0070 
22) 6.9242 
25) 2. 3888 


(60) 8, 0845 
( 1)1.8574 
13: 


4.3097 
3.2178 


04000 
36000 
42400 
04416 
35014 
93905 
99277 
77754 


03680 
08891 


5 32047 


76026 
53751 


345 
19025 
63625 
95063 
97966 
21298 
63479 
24900 
35905 
61387 


95243 
17562 


5 79083 


76748 
35355 
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POWERS AND ROOTS nk 


25) 1, 3557 
(60) 2. 0759 
( 1)1.8055 

82 


4.2491 
3.1815 


25) 1. 5786 
(60) 2. 9913 
( ages 


4, 2653 
3.1912 


25) 1. 8339 
(60) 4, 2868 
( 1)1. 8330 

52 


4. 2813 
3. 2008 


326 
06276 
45976 
58818 
35745 
43653 
20309 
77221 
07739 
38723 


76350 
47009 


3 88750 


72871 
84924 


331 
09561 
64691 
61272 
95811 
27813 
73062 
67184 
70378 
28495 


81825 


40540 
96417 
72832 
85058 


336 
12896 
33056 
50682 
90290 
16737 
60238 
79440 
50918 
72309 


93134 
30278 


0 53290 


90286 
68669 


341 


1 16281 


396 
10)1. 3521 
12) 4, 6107 
15)1. 5722 
17)5. 3614 
20) 1, 8282 
22) 6, 2343 
25)2.1259 


(60) 6, 1108 
( 1)1. 8466 


4.2972 
3, 2103 


1 

414 

10)1. 4331 
12) 4. 9588 
15)1. 7157 
17) 5.9365 
20) 2. 0540 
22)7. 1069 
25) 2. 4590 


(60) 8. 6661 


( 1)1. 8601 
7. 0203 


“le 


51821 
27096 
53398 
66909 
30158 
47684 
24602 
04689 


98859 
18531 


3 68028 


29958 
38860 


346 
19716 
21736 
92066 
44547 
60213 
30338 
39497 
76659 
13924 


53376 


07524 
48952 
96386 
98608 


(60) 2. 2343 
( 1)1..8083 
894 


4.2524 
3. 1835 


1 

365 

10)1, 2149 
12) 4. 0335 
15) 1, 3391 
17) 4, 4459 
20)1. 4760 
22) 4. 9005 
25) 1. 6269 


(60) 3, 2159 
( 1), 8220 


4, 2685 
3.1932 


25) 1, 8892 
(60) 4, 6038 


( 1)1.8357 
6. 9589 
4. 2845 
3. 2027 


1 

400 

10)1. 3680 
12) 4. 6787 
15) 1, 6001 
17)5. 4724 
20)1. 8715 
22) 6. 4008 
25) 2. 1890 


(60) 6. 5558 
( 1)1,.8493 
6.9931 
4, 3003 
3, 2122 


25) 2. 5310 
(60) 9. 2876 


( 1)1, 8627 
7, 0271 


“e 


327 
06929 
65783 
81104 
56210 
05981 
21557 
20349 
37542 
04576 


23554 


14132 
18774 
27697 
34426 


332 
10224 
94368 
33018 
77618 
47769 
70594 
62237 
26628 
74840 


84959 


86716 
55573 
90770 
11001 


337 
13569 
72753 
91776 
98285 
03622 
88207 
62826 
06723 
91666 


12427 


55975 
43337 
72295 
71684 


342 
16964 
01688 
57730 
57435 
35043 
61847 
81952 
10274 
77114 


12822 


24201 
90657 
76961 
19552 


347 
20409 
81923 
32728 
19567 
29090 
79941 
14939 
91840 
15168 


83235 


93601 
05788 
09269 
57557 


Table 3.1 
328 329 
1 07584 1 08241 
352 87552 356 11289 
10)1.1574 31706 —(10)1.1716 11408 
12) 3.7963 75994 (12) 3.8546 01533 
15)1.2452 11326 (151.2681 63904 
17)4,0842 93150 (17) 4.1722 59245 
20)1.3396 48153  (20)1.3726 73292 
22) 4.3940 45942 (22) 4.5160 95129 
25)1.4412 47069 (25)1. 4857 95298 
(60)2.4042 09169  (60)2.5864 34894 
( 1)1.8110 77028 © (_1)1..8138 35715 
6.8964 34481 9034 35942 
4.2556 15067 4.2589 15020 
3.1854 79164 3.1874 19165 
333 334 
1 10889 1 11556 
369 26037 372 59704 
10) 1.2296 37032  (10)1.2444 74114 
12) 4.0946 91317 (12)4. 1565 43539 
15) 1.3635 32209 (15)1. 3882 85542 
17)4.5405 62254 (17)4.6368 73711 
20)1.5120 07231 ¢20)1.5487 15819 
22)5.0349 84078  (22)5.1727 10837 
25) 1.6766 49698 (251.7276 85420 
(60) 3.4566 99320 (60) 3.7146 26935 
( 1)1.8248 28759 (_:1)1..8275 66688 
6.9313 00768 6.9382 32074 
4.2718 01446 4.2750 04899 
3.1951 32308 3.1970 49006 
338 339 
1 14244 1 14921 
386 14472 389 58219 
10)1, 3051 69154 (10)1.3206 83624 
12) 4.4114 71739 (124.4771 17486 
15)1.4910 77448 — (15)1.5177 42628 
17)5.0398 41774 | (17)5.1451 48186 
20)1.7034 66520 (20)1. 7442 05235 
22)5.7577 16836 (22)5.9128 55747 
25)1.9461 08291  (25)2.0044 58098 
(60) 4.9431 16051 (60) 5.3063 11693 
( 1)1.8384 77631 ( 1)1,.8411 95264 
6.9658 19768 6.9726 82649 
4.2877 47230 4.2909 15128 
3.2046 70186 3, 2065 64201 
343 344 
1 17649 1 18336 
403 53607 407 07584 
10)1. 3841 28720 (10)1. 4003 40890 
12) 4.7475 61510 (12) 4.8171 72660 
15) 1.6284 13598 (15)1.6571 07395 
17)5.5854 58641 (17)5, 7004 49439 
20)1.9158 12314  (20)1.9609 54607 
22}6.5712 36236  (22)6.7456 83848 
25)2. 2539 34029  (25)2. 3205 15244 
(60) 7.0316 76479  (60)7.5405 43015 
( 1)1,8520 25918 (1). 8547 23699 
7.0000 00000 7, 0067 96121 
4.3035 17071 4.3066 50321 
3.2140 95850 3.2159 67776 
348 349 
1 21104 1 21801 
421 44192 425 08549 
10)1. 4666 17882 (10) 1.4835 48360 
12)5.1038 30228 © (12)5.1775 83777 
15)1. 7761 32919 | (15)1. 8069 76738 
17) 6.1809 42559  (17)6. 3063 48816 
20) 2.1509 68011  (20)2.2009 15737 
22)7.4853 68677 (22)7. 6811 95921 
25) 2.6049 08300  (25)2, 6807 37377 
(60)9.9518 04932 (61)1.0661 30203 
( 1)1.8654 75811 ( 1)1.8681 54169 
7.0338 49656 7.0405 80617 
4.3191 15431 4.3222 14906 
3.2234 12226 3.2252 62636 

ns[(-D6 

4 


na 
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Table 3.1 POWERS AND ROOTS nk 
k 
1 350 351 352 353 354 
2 1 22500 1 23201 1 23904 1 24609 1 25316 
3 428 75000 432 43551 436 14208 439 86977 443 61864 
4 101.5006 25000 10)1.5178 48640 10)1,5352 20122 10)1.5527 40288 10)1. 5704 09986 
5 12)5. 2521 87500 12)5,3276 48727 12)5. 4039 74828 12)5. 4811 73217 12)5.5592 51349 
6 15)1, 8382 65625 15)1.8700 04703 15) 1, 9021 99139 15)1,9348 54146 15) 1.9679 74978 
7 17) 6.4339 29688 17) 6.5637 16508 17) 6.6957 40971 17) 6. 8300 35134 17) 6.9666 31421 
8 20) 2.2518 75391 20) 2.3038 64494 20)2, 3569 00822 20) 2.4110 02402 20)2. 4661 87523 
9 22)7. 8815 63867 22) 8,0865 64375 22)8. 2962 90893 22)8.5108 38480 22) 8.7303 03831 
10 25)2.7585 47354 25) 2. 8383 84096 25) 2.9202 94394 25) 3.0043 25983 25)3,.0905 27556 


24 (61)1.1419 13124 (61)1.2228 43263 = (61) 1.3092 54042 = (61) 1. 4014 99442 = (61) 1. 4999 55202 
im ( 1)1.8708 28693 ( 1)1.8734 99400 ¢ ee tht 66304 =(_:1)1,8788 29423 = 1)1,.8814 88772 


1/ «0472 98732 7.0540 04063 - 0606 96671 7.0673 76615 7.0740 43955 
1/4 4, 3253 07727 4, 3283 93928 4.3314 73541 4.3345 46600 4.3376 13137 
1/5 3.2271 08809 3.2289 50768 3,2307 88532 3.2326 22125 3.2344 51567 


1 355 356 357 358 359 
2 1 26025 1 26736 1 27449 1 28164 1 28881 
3 447 38875 451 18016 454 99293 458 82712 462 68279 
4 10)1. 5882 30063 10) 1. 6062 01370 10)1, 6243 24760 10)1. 6426 01090 10)1.6610 31216 
5 12)5. 6382 16722 12)5.7180 76876 12)5.7988 39394 12)5, 8805 11901 12)5, 9631 02066 
6 15) 2.0015 66936 15)2,0356 35368 15)2.0701 85663 15)2,1052 23260 15}2.1407 53642 
7 17)7.1055 62624 17)7. 2468 61909 17)7. 3905 62819 17)7.5366 99273 17)7.6853 05573 
8 20)2.5224 74731 20) 2.5798 82840 20) 2. 6384 30926 20)2.6981 38340 20) 2.7590 24701 
9 22)8.9547 85297 22)9,.1843 82909 22)9. 4191 98407 22) 9, 6593 35256 22)9.9048 98676 
0 25) 3.1789 48780 25) 3.2696 40316 25) 3. 3626 53831 25) 3.4580 42022 25) 3.5558 58625 


24 (61)1.6050 20092 (61)1.7371 17251 (61)1.8366 95605 (61)1.9642 31355 (61)2.1002 29556 
1/2 ( 1)1.8841 44368 ( 1)1.8867 96226 ( 1)1.8894 44363 ( 1)1,8920 88793 ( 1)1.8947 29532 
3 7, 0806 7. 093 7.100 7.1072 


w 


1/ ' 98751 - 0873 41061 -0939 70945 1005 88459 . 93661 
1/4 4.3406 73183 4.3437 26771 4.3467 73933 4, 3498 14700 4.3528 49104 
1/5 3.2362 76880 3. 2380 98084 3.2399 15199 3.2417 28247 3.2435 37249 


1 360 361 362 363 364 
2 1 29600 1 30321 1 31044 1 31769 1 32496 
3 466 56000 470 45881 474 37928 478 32147 482 28544 
4 10)1. 6796 16000 10)1, 6983 56304 10)1. 7172 52994 10)1. 7363 06936 10)1. 7555 19002 
5 12) 6.0466 17600 12) 6.1310 66258 12) 6.2164 55837 12) 6. 3027 94178 12)6.3900 89166 
6 15)2.1767 82336 15)2. 2133 14919 15)2. 2503 57013 15)2. 2879 14287 15) 2, 3259 92456 
7 17) 7, 8364 16410 17)7.9900 66858 17)8.1462 92387 17)8. 3051 28860 17)8. 4666 12541 
8 20) 2.8211 09907 20)2. 8844 14136 20) 2, 9489 57844 20) 3.0147 61776 20) 3.0818 46965 
9 23)1.0155 99567 23)1.0412 73503 23)1.0675 22740 23)1.0943 58525 23)1.1217 92295 
0 25) 3.6561 58440 25) 3.7589 97346 25) 3. 8644. 32317 25)3.9725 21445 25) 4. 0833 23955 


24 (61)2.2452 25771 = (61)2. 3997 87825 = (61) 2.5645 17652 = (61)2.7400 53237 (61)2.9270 70667 


1/2 ( 1)1.8973 66596 =( 1)1.9000 00000 = ( 1)1.9026 29759 = { :1)1.9052 55888 + ( 1)1.9078 78403 
1/3 7.1137 86609 7.1203 67359 7.1269 35967 7.1334 92490 7.1400 36982 
1/4 4.3558 77175 4.3588 98944 4, 3619 14441 4, 3649 23697 4.3679 26743 
1/5 3.2453 42223 3.2471 43191 3, 2489 40172 3.2507 33187 3.2525 22254 


ry 


1 365 366 367 368 369 
2 1 33225 1 33956 1 34689 1 35424 1 36161 
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4 10)1. 7748 90063 10)1. 7944 20994 10)1. 8141 12672 10)1. 8339 65978 10)1. 8539 81792 
5 12) 6. 4783 48728 12)6.5675 80837 12) 6.6577 93507 12)6. 7489 94798 12) 6.8411 92813 
6 15)2,. 3645 97286 15) 2. 4037 34586 15) 2. 4434 10217 15)2. 4836 30086 15)2.5244 00148 
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8 20) 3.1502 34734 20)3.2199 46702 20) 3.2910 04787 20) 3. 3634 31207 20) 3.4372 48485 
9 23)1.1498 35678 23)1.1785 00493 23)1.2077 98757 23)1.2377 42684 23)1.2683 44691 
0 25) 4.1969 00224 25) 4.3133 11804 25) 4.4326 21438 25)4.5548 93078 25) 4, 6801 91910 


24  — (61)3..1262 86296 (61) 3.3384 59019 (61) 3.5643 92671 (61)3,8049 38558 (61) 4.0609 98114 
1/2 ( 1)1,9104 97317 (:1)1.9131 12647 ( 11.9157 24406 ( 1)1,9183 32609 ( 1)1.9209 37271 


- 


l/ 21465 69499 7.1530 90095 - 1595 988 7.1660 95742 7.1725 80900 
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3 506 53000 510 64811 514 78848 518 95117 523 13624 
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5 12) 6.9343 95700 12)7, 0286 11651 12)7.1238 48902 12)7.2201 15733 12)7.3174 20471 
6 15)2.5657 26409 15)2, 6076 14922 15)2.6500 71791 15) 2.6931 03168 15) 2.7367 15256 
7 17)9.4931 87713 17)9, 6742 51362 17) 9. 8582 67064 18)1.0045 27482 18)1,0235 31506 
8 203.5124 79454 20) 3.5891 47255 20) 3. 6672 75348 20)3. 7468 87507 20) 3.8280 07832 
9 23)1.2996 17398 23)1.3315 73632 23)1.3642 26429 23)1.3975 89040 23)1.4316 74929 
10 25)4, 8085 84372 25) 4.9401 38174 25)5.0749 22317 25)5. 2130 07120 25)5.3544 64234 


24 (61) 4.3335 25711  (61)4.6235 31606 (61)4,9320 85051 (61)5.2603 17567  (61)5.6094 26383 
1/2 ( 1)1.9235 38406 ( 1)1.9261 36028 ( 1)1.9287 30152 ( 1)1.9313 20792 = (_:1)1.9339 07961 
3 7.179 7.1919 7.2048 


1/ 1790 54352 7.1855 16151 66348 7.1984 04996 A 32147 
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375 

1 40625 
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12)7.4157 71484 
15)2. 7809 14307 
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20)3.9106 60744 
23)1. 4664 97779 
25)5.4993 66671 


(61) 5. 9806 78067 


( 1)1.9364 91673 
7,2112 47852 
4.4005 58684 
3.2719 46950 
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1 44400 
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10)2, 0851 36000 
12)7.9235 16800 
15)3. 0109 36384 
18)1,.1441 55826 
20) 4. 3477 92138 
23)1.6521 61013 
25) 6.2782 11848 
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( 1)1,9493 58869 
2431 56443 
4.4151 54436 

3, 2806 25976 


385 

1 48225 

570 66625 
10)2.1970 65063 
12) 8, 4587 00491 
15) 3.2565 99689 
18)1.2537 90880 
20) 4, 8270 94889 
23)1.8584 31532 
25)7.1549 61399 


(62)1,1247 53901 


( 1)1.9621 41687 
7.2747 86349 
4.4296 06853 
3.2892 14120 
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10) 2. 3134 41000 
12)9. 0224 19900 
15) 3.5187 43761 
18) 1. 3723 10067 
20)5. 3520 09260 
23)2,0872 83612 
25)8.1404 06085 
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( 1)1.9748 41766 
7.3061 43574 
4.4439 19178 
3.2977 13494 
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616 29875 

10) 2.4343 80063 
12)9.6158 01247 
15) 3.7982 41493 
18)1.5003 05390 
20)5.9262 06289 
23) 2.3408 51484 
25)9.2463 63362 


(62) 2. 0812 78965 


( 1)1.9874 60691 
7.3372 33921 
4.4580 94538 
3.3061 26138 
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1 41376 

531 57376 

10)1, 9987 17338 
12)7.5151 77189 
15) 2.8257 06623 
18)1, 0624 65690 
20) 3.9948 70996 
23)1.5020 71494 
25)5,6477 88819 


(61) 6.3754 12334 


( 1)1.9390 71943 
7.2176 52160 
4.4034 89461 
3.2736 90130 
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1 45161 

553 06341 

10)2. 1071 71592 
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10)2,2199 80802 
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(62)1.1970 03202 
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4.4467 65109 
3.2994 02898 
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12) 7. 6156 
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18) 1. 0824 
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12) 8. 6807 
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65264 
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04157 
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06469 
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48784 
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80380 
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49236 
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52418 
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31500 
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57941 
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31557 
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48416 
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60 
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12)9. 2561 
15) 3, 6284 
18)1. 4223 
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25) 8. 5676 
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62 
10) 2, 4840 
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7. 3495 
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10392 
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19734 
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16962 
01634 
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09356 
46143 
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85885 
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27013 
67354 
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(61) 7, 2410 
( 1)1,. 9442 
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4. 4093 
3.2771 


25) 6. 7918 
(61) 9, 9259 
( 1)1.9570 

7. 262 
4, 4238 
3. 2857 


1 

584 

10) 2, 2663 
12) 8. 7934 


25) 7. 7324 
(62) 1. 3550 
( 1)1.9697 

7.293 
4, 4382 
3. 2943 


1 

606 

10) 2, 3854 
12)9. 3748 
15) 3. 6843 
18) 1. 4479 
20) 5, 6903 
23) 2, 2363 
25) 8, 7887 


(62) 1. 8425 


( 1)1.9824 
7. 3248 
4.4524 
3, 3027 


1 


630 
10) 2.5091 
12) 9, 9865 
15) 3. 9746 
18) 1.5819 
20) 6, 2959 
23) 2. 5058 
25)9. 9731 


(62)2. 4957 
( 1)1.9949 
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77507 
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64822 
04427 
02895 
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44587 


15535 
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42876 
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49594 
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99093 
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52413 
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10856 
24265 
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54449 
98457 
49360 
15985 
02682 
30954 
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17476 
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22760 
29445 
40634 
71361 


398 
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07762 
93734 
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1 43641 

544 39939 

10) 2, 0632 73688 
12)7,8198 07278 
15) 2.9637 06958 
18)1.1232 44937 
20)4. 2570 98312 
23)1. 6134 40260 
25)6.1149 38586 


(61) 7, 7150 90756 


( 1)1.9467 92233 
7.2367 97216 
4.4122 46858 
3, 2788 97510 


384 

1 47456 

566 23104 
10)2.1743 27194 
12) 8, 3494 16423 
15)3. 2061 75907 
18)1, 2311 71548 
20)4.7276 98745 
23)1.8154 36318 
25)6.9712 75461 


(62)1, 0566 94349 


( 1)1, 9595 91794 
7; 2684 82371 
4.4267 27679 
3.2875 03659 


389 

1 51321 

588 63869 

10) 2. 2898 04504 
12)8,9073 39521 
15) 3, 4649 55074 
18)1. 3478 67524 
20)5. 2432 04667 
23) 2. 0396 06615 
25) 7.9340 69734 


(62) 1.4414 19629 


{ 1)1.9723 08292 
7.2998 93662 
4.4410 67768 
3.2960 20622 


394 

1 55236 

611 62984 

10)2, 4098 21570 
12)9. 4946 96984 
15)3. 7409 10612 
18)1, 4739 18781 
20)5. 8072 39997 
23)2, 2880 52559 
25)9, 0149 27082 


(62)1. 9584 35730 
{ 1)1.9849 43324 
7.3310 36930 


4.4552 70277 
3. 3044 50453 


399 

1 59201 

635 21199 

10) 2.5344 95840 
13)1.0112 63840 
15) 4.0349 42722 
18)1. 6099 42146 
20) 6. 4236 69163 
23)2. 5630 43996 
26) 1.0226 54554 


(62) 2. 6506 32365 


( 1)1.9974 98436 
7, 3619 17821 
4, 4693 38246 
3.3127 95131 
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40 
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1 

640 
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54017 


405 
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10) 2. 6904 
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18) 1. 7872 
20) 7, 2383 
23)2. 9315 
26)1. 1872 


(62) 3. 7924 
( 1)2,0124 
7, 398 
4, 4860 
3. 3226 


1 

689 

10) 2. 8257 
13)1.1585 
15) 4, 7501 
18)1, 9475 
20) 7. 9849 
23) 3. 2738 
26) 1. 3422 


(62)5. 0922 


( 1)2,0248 
7. 4289 
4. 4998 
3, 3308 


1 

714 

10) 2. 9661 
13)1. 2309 
15)5. 1084 
18)2. 1200 
20) 8, 7980 


23)3. 6511 
26)1. 5152 


(62) 6. 8101 
( 1)2. 0371 


4.5134 
3, 3389 
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61508 
49411 
60113 
35846 
72017 


56055 
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46344 
99030 
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21000 
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04241 
42739 
25229 
19344 
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10945 
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58841 
28522 
63008 


13045 
54879 
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85215 
47722 
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1 76400 


740 
10) 3, 1116 
13) 1. 3069 
15) 5. 4890 
18) 2. 3053 
20) 9. 6826 
23) 4, 0667 
26) 1. 7080 


(62) 9. 0778 
( 1)2. 0493 
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4.5270 
3. 3469 
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644 
10) 2. 5856 
13) 1. 0368 
15) 4. 1578 
18) 1. 6672 
20) 6, 6858 
23) 2. 6810 
26) 1.0750 


(62) 2. 9885 


( 1)2, 0024 
7. 3741 
4.4749 
3. 3161 


1 


66 
10)2. 7170 
13)1, 1031 
15) 4. 4787 
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23) 2.9973 
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(62) 4, 0236 


( 1)2.0149 
7. 4047 
4. 4888 
3, 3243 


1 

694 

10) 2. 8534 
13)1.1727 
15) 4, 8200 
18)1. 9810 
20)8. 1420 
23) 3. 3463 
26) 1, 3753 


(62) 5. 3976 
( 1)2.0273 
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4, 5025 
3. 3324 
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26)1. 5521 


(62) 7. 2150 
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7.4650 
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3. 3405 
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10) 3.1414 
13)1, 3225 
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69905 
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28217 
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12948 
38251 
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30424 
59904 
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93742 
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86236 
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22314 
01729 
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14722 
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28453 
11226 
11307 
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80 


. 
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( 1)2,0174 
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402 
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11364 
77683 
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61862 
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65649 
19143 
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40843 
53723 
11653 
29843 
22946 


06980 


24100 
95055 
74446 
74245 


412 
69744 


699 34528 


10) 2. 8813 
13) 1.1870 
15) 4, 8908 
18) 2, 0150 
20) 8, 3019 
23) 3. 4203 
26)1. 4091 


(62) 5. 7218 
( 1)2.0297 


02554 
96652 
38207 
25341 
04405 
84615 
98461 


06738 
78313 
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4.5053 
3. 3341 


23) 3, 8126 
26) 1, 5898 


(62) 7. 6430 


( 1)2,0420 
7. 4709 
4.5189 
3, 3421 
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75 
10)3. 1713 
13)1, 3383 
15)5. 6477 
18) 2. 3833 
21)1. 0057 
23) 4, 2443 
26)1. 7911 
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4.5323 

3, 3501 


leg 
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417 
73889 
11713 


38432! 


98926 
48522 
64534 
94106 
28542 
66102 


25690 


57786 
99115 
13349 
59799 
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78084 


1 51448 


91106 
27047 
40136 
46338 
72154 
58492 
19284 


16609 


63858 
40668 
98767 
36405 


403 404 
1 62409 1 63216 
654 50827 659 39264 
10) 2. 6376 68328 10) 2. 6639 46266 
131.0629 80336 (13)1.0762 34291 
15) 4, 2838 10755 15) 4.3479 86537 
18) 1. 7263 75734 18) 1.7565 86561 
20) 6.9572 94209  (20)7.0966 09706 
23)2, 8037 89566 23)2, 8670 30323 
26) 1.1299 27195 26) 1.1582 80250 
(62) 3.3676 04703 (62) 3.5739 85306 
( 1)2.0074 85990 = (_:1)2.. 0099 75124 
7. 3864 37295 T. 3925 41792 
4.4804 97729 4.4832 74611 
3, 3194 10850 3, 3210 56568 
408 409 
1 66464 1 67281 
679 17312 684 17929 
10) 2.7710 26330 10) 2. 7982 93296 
13)1.1305 78742  (13)1.1445 01958 
15) 4.6127 61269 (15) 4, 6810 13009 
18) 1, 8820 06598 18)1.9145 34321 
20)7.6785 86919  (20)7.8304 45371 
23) 3.1328 63463  (23)3. 2026 52157 
26) 1.2782 08293  (26)1, 3098 84732 
(62) 4.5273 48373 (62) 4. 8013 06073 
( 1)2.0199 g0988 = (_:1)2.. 0223 74842 
7.4168 59539 4229 14120 
4.4943 30860 4.4970 82211 
3.3276 07026 3. 3292 36609 
413 414 
1 70569 1 71396 
704 44997 70% 57944 
10) 2.9093 78376  (10)2.9376 58882 
13)1.2015 73269  (13)1.2161 90777 
15) 4.9624 97602 (15)5.0350 29817 
18)2.0495 11510  (18)2.0845 02344 
20) 8, 4644 82535  (20)8.6298 39705 
23)3, 4958 31287  (23)3.5727 53638 
26) 1.4437 78322  (26)1.4791 20006 
(62)6.0645 87127 (62)6,4269 98328 
( 1)2.0322 40143 = (_:1)2.0346 98995 
7.4470 34238 7. 4530 39914 
4.5080 37426 4.5107 63788 
3. 3357 23237 3. 3373 37037 
418 419 
1 74724 1 75561 
730 34632 735 60059 
10) 3.0528 47618 © (10)3.0821 66472 
13)1.2760 90304  (13)1.2914 27752 
15) 5.3340 57471 (1595. 4110 82280 
18) 2.2296 36023  (18)2.2672 43475 
20)9. 3198 78576 (20)9. 4997 50162 
23) 3.8957 09245  (23)3.9803 95318 
26)1.6284 06464  (26)1.6677 85638 
(62) 8.0952 59269 (62)8,5730 73581 
( 1)2.0445 04830 ( 1)2.0469 49949 
7.4769 66370 7.4829 24114 
4.5216 20097 4.5243 21992 
3, 3437 61218 3.3453 59575 
423 424 
1 78929 1 79776 
756 86967 762 25024 
3 3.2015 58704  (10)3.2319 41018 
{15 1, 3542 59332 013)1.3703 42991 
15)5.7285 16974  (15)5.8102 54284 
18)2. 4231 62680  (18)2.4635 47816 
21) 1.0249 97814  (21)1.0445 44274 
234.3357 40751 (23)4. 4288 67722 
26)1.8340 18338 (26)1.8778 39914 
(63)1.0768 83734  (63)1.1396 73784 
( 1)2.0566 96380 ( 1)2.0591 26028 
5066 60749 7.5125 71508 
4.5350 81455 4.5377 59390 
3, 3517 22644 3, 3533 05887 
6[(-7)4 
tu 
[Ma 


aD) 


OVONOMNawNEY 


w ad _ md 


— 


1 

767 

10) 3. 2625 
13) 1. 3865 
15) 5. 8929 
18) 2.5045 
21)1. 0644 
23) 4, 5237 
26) 1. 9226 


(63) 1. 2059 


( 1)2. 0615 
7.5184 
4.5404 
3, 3548 


1 

795 
10) 3. 4188 
13)1. 4700 
15) 6, 3213 
18) 2.7181 
21) 1.1688 
23) 5.0259 
26) 2.1611 


(63) 1, 5967 


( 1)2.0736 
7.5478 
4.5537 
3. 3627 


1 

: 823 
10) 3, 5806 
13)1. 5575 
15) 6. 7754 
18) 2. 9473 
21)1. 2820 
23)5.5770 
26) 2.4260 


(63) 2. 1073 


( 1)2,0856 
7.5769 
4.5669 
3, 3705 


1 

851 

10) 3. 7480 
13)1, 6491 
15) 7. 2563 
18) 3.1927 
21)1. 4048 
23) 6, 1812 
26) 2.7197 


(63) 2. 7724 


( 1)2. 0976 
7. 6059 
4.5799 
3. 3782 


1 

881 

10) 3, 9213 
13)1. 7450 
15) 7. 7653 
18) 3, 4555 
21)1.5377 
23) 6, 8428 
26) 3.0450 


(63) 3. 6361 


( 1)2.1095 
7, 6346 
4.5929 
3, 3858 


425 
80625 
65625 
39063 
79102 
61182 
08502 
16113 
68482 
01605 


63938 


52813 
72981 
32593 
86145 


430 
84900 
07000 
01000 
84430 
63049 
86111 
20028 
26119 
48231 


72093 


44135 
42314 
28292 
43107 


435 
89225 
12875 
10063 
65377 
09391 
03085 
76842 
34263 
09904 


76666 


65361 
84852 
08540 
27318 


440 
93600 
84000 
96000 
62240 
13856 
78097 
22363 
18395 
36094 


53276 


17696 
04922 
75651 
40276 


445 
98025 
21125 
90063 
18578 
32671 
73039 
30002 
98510 
89837 


37215 


02311 
06721 
31864 
83431 


n2 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


426 
1 81476 1 
773 08776 778 
10) 3, 2933 53858 (10) 3, 3243 
13)1.4029 68743 (13). 4195 
15)5,.9766 46847 (15) 6, 0613 
18)2.5460 51557 (18) 2. 5881 
21) 1.0846 17963 = (21)1. 1051 
23) 4, 6204 72523 (23)4. 7190 
26)1,9683 21295  (26)2,0150 
(63)1.2759 40370 (63)1. 3497 
( 1)2.0639 76744 = (_ 1)2. 0663 
7.5243 65204 7, 5302 
4.5431 01082 4.5457 
3, 3564 63431 3. 3580 

431 
1 85761 1 
800 62991 806 
10)3.4507 14912 (10) 3. 4828 
13) 124872 58127 (13) 1.5045 
15) 6.4100 82528 (15) 6.4998 
18)2. 7627 45570 (18)2, 8079 
21)1.1907 43340 (21)1.2130 
23)5.1321 03797 © (23)5, 2402 
26)2.2119 36737 (26) 2, 2637 
(63) 1.6883 18906 (63)1. 7848 
( 1)2.0760 53949 ( :1)2,0784 
7.5536 88825 5595 
4.5563 73502 4.5590 
3, 3643 05720 3. 3658 

436 
1 90096 1 
828 81856 834 
10) 3, 6136 48922 (10) 3. 6469 
13)1.5755 50930 = (13)1.5937 
15) 6. 8694 02054 (15)6.9644 
18)2.9950 59296 (18) 3.0434 
21)1. 3058 45853 (21) 1. 3299 
23)5. 6934 87918  (23)5.8120 
26) 2. 4823 60732  (26)2.5398 
(63) 2.2267 71952 (63) 2. 3526 
( 1)2,0880 61302 ( 1)2.0904 
5827 86527 7. 5885 
4.5695 30941 4, 5721 
3. 3720 75562 3. 3736 

441 
1 94481 1 
857 66121 863 
10) 3.7822 85936 (10)3. 8167 
13)1.6679 88098 (13)1. 6869 
15)7, 3558 27511  (15)7. 4564 
18) 3. 2439 19933 (18)3. 2957 
21)2. 4305 68690 (21)1. 4567 
23) 6.3088 07924  (23)6, 4387 
26) 2.7821 84294  (26)2. 8459 
(63) 2.9276 97132  (63)3. 0912 
(1)2.1000 00000 =( 1)2. 1023 
76116 62611 7. 6174 
4.5825 75695 4.5852 
3.3797 74445 3, 3813 

446 
1 98916 1 
887 16536 893 
10) 3.9567 57506 (10) 3.9923 
13)1. 7647 13847 (13)1. 7845 
15) 7.8706 23760 (15)7.9771 
18)3.5102 98197 (18)3.5657 
21)1.5655 92996 (21) 1.5938 
-(23) 6.9825 44761 (23) 7. 1247 
26) 3.1142 14964 (26) 3, 1847 
(63) 3.8373 95917 (63) 4, 0493 
(1)2.1218 71208 ( 1)2.1142 
7. 6403 21250 7, 6460 
4.5955 09991 4.5980 
3, 3874 03811 3, 3889 


ea 


ACOH 


Table 3.1 

427 428 429 
82329 1 83184 1 84041 
54483 784 02752 789 53589 
86424 10) 3. 3556 37786 10) 3. 3871 08968 
13003 13) 1. 4362 12972 13)1. 4530 69747 
20523 15) 6.1469 91521 15) 6. 2336 69216 
83863 18) 2, 6309 12371 18) 2.6742 44094 
54510 21)1.1260 30495 21)1.1472 50716 
09756 23) 4, 8194 10518 23) 4.9217 05572 
17166 26) 2.0627 07702 26) 2.1114 11691 
98685 (63)1.4277 44370 (63)1,5099 93273 
97832 { 1)2. 0688 16087 ( 1)2.0712 31518 
48212 7.5361 22043 7.5419 86732 
64877 4.5484 23998 4.5510 78463 
37758 3.3596 09138 3, 3611 77583 
432 433 434 
86624 1 87489 1 88356 
21568 811 82737 817 46504 
51738 10) 3.5152 12512 10) 3.5477 98274 
91951 13)1.5220 87018 13) 1.5397 44451 
37227 15) 6.5906 36787 15) 6. 6824 90916 
29682 18) 2.8537 45729 18) 2.9002 01058 
25623 21)1.2356 71901 21)1. 2586 87259 
70690 23)5, 3504 59329 23)5. 4627 02704 
96938 26) 2. 3167 48890 26) 2.3708 12974 
83700 (63)1. 8867 28946 (63)1.9941 30189 
60969 §=( 1)2,0808 65205 { 1)2.0832 66666 
26299 5 3 54772 7.5711 74278 
14114 4.5616 50145 4.5642 81614 
65436 3.3674 22267 3. 3689 76223 
437 438 439 
90969 1 91844 1 92721 
53453 840 27672 _ 846 04519 
15896 10) 3. 6804 12034 10) 3.7141 38384 
02247 13) 1.62120 20471 13)1.6305 06751 
78818 15)7.0606 49662 15)7.1579 24635 
77243 18)3.0925 64552 18) 3.1423 28915 
99555 21)1. 3545 43274 21) 1. 3794 82394 
98057 23) 5.9328 99539 23) 6.0559 27708 
86851 26)2.5986 09998 26)2.6585 52264 
34640 = =(63)2.4852 99040 (63) 2.6251 15920 
54496 = ( :1)2,0928 44954 ( 1)2.0952 32684 
79338 7.5943 63318 7.6001 38502 
48834 4.5747 62238 4.5773 71171 
20969 3.3751 63549 3, 3767 03314 
442 443 444 
95364 1 96249 1 97136 
50888 869 38307 875 28384 
09250 10) 3. 8513 67000 10) 3. 8862 60250 
85488 13)1. 7061 55581 13)1. 7254 99551 
75858 15) 7.5582 69224 15) 7. 6612 18006 
62329 18) 3. 3483 13266 18) 3.4015 80795 
26950 21)1. 4833 02777 21)1.5103 01873 
33117 23)6.5710 31302 23)6, 7057 40315 
20038 26) 2.9109 66867 26)2,9773 48700 
52385 (63)3.2635 43677 (63)3.4450 16313 
79604 = ( 1)2,1047 56518 ( 1)2.1071 30751 
11603 7.6231 51930 7.6288 83626 
71321 4.5877 62546 4.5903 49388 
05834 3.3828 34454 3, 3843 60316 
447 448 449 
99809 2 00704 2 01601 
14623 899 15392 905 18849 
63648 10) 4. 0282 09562 10) 4. 0642 96320 
86551 13)1. 8046 37884 13)1. 8248 69048 
01882 15) 8.0847 77719 15) 8.1936 62024 
64541 18) 3.6219 .80418 18) 3.6789 54249 
96750 21) 1.6226 47227 21)1.6518 50458 
18472 23) 7. 2694 59578 23) 7.4168 08555 
49157 26) 3.2567 17891 26) 3.3301 47041 
05610 (63)4.2724 04226 (63)4.5072 55570 
37451 ( 1)2,1166 01049 ( 1)2.1189 62010 
27242 7.6517 24731 7.6574 13748 
83787 4.6006 53268 4.6032 18450 
21465 | 3. 3904 36406 | 3.3919 48644 

q[(-D6 3[ (-7)4 
n n 
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CWONCURPWNE 


2 

911 

10) 4. 1006 
13) 1, 8452 
15) 8. 3037 
18) 3, 7366 
21) 1. 6815 
23)7. 5668 
26)3. 4050 


(63) 4. 7544 
( 1)2,1213 
7. 6630 
4, 6057 
3, 3934 


26) 3. 8028 
(63) 6, 1983 
( 1)2.1330 

- 6913 


4, 6185 
3. 4009 


2 

973 

10) 4. 4774 
13) 2. 0596 
15) 9. 4742 
18) 4, 3581 
21) 2, 0047 
23)9. 2219 
26) 4. 2420 


(63) 8, 0572 
( 1)2.1447 
19 


4, 6312 
3, 4084 


24)1. 0164 
26) 4, 7263 


(64)1. 0444 
( 1)2. 1563 


4, 6436 
3, 4157 


450 
02500 
25000 
25000 
81250 
65625 
94531 
12539 
06426 
62892 


50505 


20344 
94324 
79352 
58190 


455 
07025 
96375 
35063 
00453 
57063 
95464 
23936 
03909 
91778 


13235 


72901 
71681 
20218 
65915 


460 
11600 
36000 
56000 
29760 
96896 
76572 
61223 
01627 
74748 


70802 
61059 


4 42629 


56507 
07924 


465 
16225 
44625 
25063 
26154 
22162 
88052 
66444 
27896 
89719 


09634 
85865 


3 10895 


90198 
85500 


470 


2 20900 


26)5. 2599 
(64) 1. 3500 


( 1)2.1679 
7.7749 
4, 6561 
3, 4230 


23000 
81000 
50070 
21533 
31205 
28666 
30473 
13224 


46075 


48339 
80097 
23215 
99883 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


2 

917 

(10 4.1371 
13)1, 8658 

15) 8 4150 

18) 3. 7952 

21)1. 7116 

23) 7. 7194 

26) 3, 4814 


(63) 5. 0146 
( 1)2. 1236 
7. 6687 


4. 6083 
3, 3949 


26) 3, 8873 
(63) 6, 5336 


( 1)2.1354 
7. 6970 
4, 6210 
3, 4024 


2 

979 

10) 4.5165 
13) 2, 0821 
15)9. 5985 
18) 4, 4249 
21) 2. 0398 
23) 9, 4039 
26) 4, 3352 


(63) 8. 4883 


( 1)2.1470 
. 7250 
4. 6336 
3, 4098 


26) 4, 8290 
(64) 1. 0996 


( 1)2, 1587 
7. 7528 
4. 6461 
3. 4172 


26) 5. 3729 
(64) 1. 4206 


( 1)2.1702 
-7, 7804 
4. 6585 


ee 


451 
03401 
33851 
96680 
75703 
99419 
09838 
39637 
94763 
92138 


08183 


76058 
66491 
35988 
65055 


456 
07936 
18816 
38010 
24532 
07868 
17188 
71038 
87931 
03297 


55383 


15650 
02263 
55778 
59532 


461 
12521 
72181 
17544 
14588 
48250 
30743 
93073 
07065 
01157 


29103 


91055 
32380 
71390 
88554 


466 
17156 
94696 
72834 
03540 
36650 
10788 
57027 
70775 
21810 


69046 


03314 
60547 
84795 
53393 


41 
21841 
87111 
42928 
52519 
55637 
69048 
61622 
43924 
03881 


98007 


53441 
90361 
97902 
55283 


3[cor 


452 

2 04304 

923 45408 
10)4.1740 12442 
13)1, 8866 53624 
15)8.5276 74379 
18) 3. 8545 08819 
21)1. 7422 37986 
23)7. 8749 15698 
26) 3.5594 61895 


(63)5. 2883 77338 


( 1)2.1260 29163 
7.6744 30279 
4.6108 88377 
3.3964 69249 


457 

2 08849 

954 43993 

10) 4. 3617 90480 
13)1. 9933 38249 
15}9.1095 55800 
18) 4.1630 67001 
21)1.9025 21619 
23)8, 6945 23800 
26) 3.9733 97377 


(63) 6, 8863 45396 


( 1)2.1377 55833 
7, 7026 24618 
4.6235 87171 
3. 4039 50532 


462 

2 13444 

986 11128 

10) 4.5558 34114 
13)2.1047 95360 
15)9. 7241 54565 
18) 4.4925 59409 
21)2.0755 62447 
23) 9. 5890 98505 
26)4. 4301 63510 


(63)8, 9414 38903 


( 1)2.1494 18526 
7. 7306 14052 
4.6361 82186 
3.4113 66616 


467 

2 18089 

1018 47563 

10) 4, 7562 81192 
13)2. 2212 93317 
16)1, 0372 92609 
18) 4, 8441 56484 
21)2. 2622 21078 
24)1. 0564 57243 
26) 4, 9336 55326 


(64)1.1577 24259 


( 1)2.1610 18278 
7.7584 02264 
4, 6486 75380 
3. 4187 18768 


472 

2 22784 

1051 54048 

10) 4. 9632 71066 
13) 2. 3426 63943 
16)1,1057 37381 
18)5,2190 80439 
21) 2. 4634 05967 
24)1,1627 27616 
26) 5.4880 74350 


(64)1, 4948 85630 


( 1)2,1725 56098 
7.7859 92832 
4, 6610 68652 
3. 4260 08213 


453 454 
2 05209 2 06116 
929 59677 935 76664 
10) 4, 2110 73368 10) 4. 2483 80546 
13)1.9076 16236 13)1,.9287 64768 
15) 8, 6415 01548 15}8, 7565 92045 
18) 3.9146 00201 18) 3.9754 92789 
21)1. 7733 13891 21)1, 8048 73726 
23)8. 0331 11927 23)8.1941 26716 
26) 3. 6389 99703 26) 3. 7201 33529 
(63)5,5764 37619 (63) 5. 8795 01000 
( 1)2.1283 79665 ( 1)2.1307 27575 
7.6800 85719 6857 32843 
4.6134 36534 4.6159 80476 
3.3979 70784 3, 3994 69669 
458 459 
2 09764 2 10681 
960 71912 967 02579 
10) 4. 4000 93570 10) 4, 4386 48376 
13)2,0152 42855 13) 2, 0373 39605 
15)9. 2298 12275 15)9, 3513 88785 
18) 4. 2272 54022 18) 4, 2922 87452 
21)1.9360 82342 21)1,9701 59941 
23) 8.8672 57127 23)9. 0430 34128 
26) 4, 0612 03764 26) 4, 1507 52665 
(63) 7.2572 39774 (63) 7.6472 35292 
( 1)2.1400 93456 §=( 1)2.1424 28529 
7, 7082 38778 7.7138 44772 
4,6261 14413 4.6286 37519 
3.4054 38923 3.4069 24718 
463 464 
2 14369 2 15296 
992 52847 998 97344 
10) 4.5954 06816 10) 4. 6352 36762 
13)2.1276 73356 13)2.1507 49857 
15)9. 8511 27638 15)9.9794 79338 
18) 4.5610 72096 18) 4, 6304 78413 
21)2.1117 76381 21)2. 1485 41984 
23)9.7775 24642 23)9.9692 34804 
26) 4.5269 93909 26)4. 6257 24949 
(63)9.4176 76852  (63)9.9181 69666 
( 1)2.1517 43479 = (_:1) 2.1540 65923 
7.7361 87677 7.7417 53281 
4, 6386 88909 4.6411 91574 
3.4128 42121 3.4143 15079 
468 469 
2 19024 2 19961 
1025 03232 1031 61709 
10) 4. 7971 51258 10) 4. 8382 84152 
13)2.2450 66789 13) 2. 2691 55267 
16)1,0506 91257 16)1. 0642 33820 
18) 4.9172 35083 18) 4.9912 56618 
21)2. 3012 66019 21) 2.3408 99354 
24)1.0769 92497 24)1. 0978 81797 
26)5, 0403 24885 26)5.1490 65627 
(64)1.2187 10278 (64)1.2827 68318 
( 1)2.1633 30765 = =¢ 1)2.1656 40783 
7.7639 36077 7.7694 62012 
4.6511 61968 4.6536 44575 
3.4201 81635 3.4216 42003 
473 474 
2 23729 2 24676 
1058 23817 1064 96424 
10)5.0054 66544 10)5.0479 30498 
13)2, 3675 85675 13) 2. 3927 19056 
16)1.1198 68024 16)1.1341 48832 
18)5, 2969 75756 18)5. 3758 65466 
21)2.5054 69532 21) 2.5481 60231 
24)1,.1850 87089 24)1. 2078 27949 
26) 5, 6054 61930 26)5. 7251 04480 
(64)1.5727 77826 (64)1.6545 51159 
( 1)2.1748 56317 (_:1)2.1771 54106 
7.7914 87536 7.7969 74500 
4.6635 35480 4.6659 98399 
aateTe SEbeS 3.4289 06701 
5[(-%)3 
n 
SS 


gw 


cow 


SOVONOUPWNE 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


a5 476 aq? 
2 25625 2 26576 2 27529 2 
1071 71875 1078 50176 1085 31333 1092 
10)5,0906 64063 (10)5.1336 68378 (10)5.1769 44584 (10)5, 2204 
13) 2.4180 65430 (13)2.4436 26148 © (13) 2.4694 02567 (13) 2.4953 
16)1.1485 81079 (16)1.1631 66046  (16)1.1779 05024 = (16)1. 1927 
18)5.4557 60126  (18)5.5366 70380 (18)5.6186 06966 (18)5.7015 
212.5914 86060 (21)2.6354 55101 (21)2.6800 75523 (21) 2. 7253 
241.2309 55878 (24)1.2544 76628 (24)1.2783 96024 (24)1. 3027 
26)5.8470 40422  (26)5.9713 08750  (26)6.0979 49036  (26)6. 2270 
(64) 1.7403 90207 (64)1.8304 87912 (64)1.9250 45935 (64) 2, 0242 
( 1)2.1794 49472 (_:1)2.1817 42423 (_-:1)2..1840 32967 (_:1)2.1863 
8024 53753 7.8079 25322 7, 8133 89232 7, 8188 
4. 6684 57424 4.6709 12569 4, 6733 63849 4, 6758 
3, 4303 52278 3.4317 95422 3.4332 36143 3, 4346 

480 481 482 
2 30400 2 31362 2 32324 2 
1105 92000 1112 84641 1119 80168 1126 
10)5, 3084 16000 (10)5, 3527 91232 (10)5.3974 44098 = (10) 5. 4423 
13)2.5480 39680  (13)2.5746 92583 (13)2.6015 68055 (13)2. 6286 
16)1. 2230 59046 (16)1, 2384 27132 (16)1. 2539 55803 (16) 1. 2696 
18)5.8706 83423 (18)5.9568 34506 (18)6,0440 66968 (18)6. 1323 
21)2.8179 28043  (21)2.8652 37397 (21)2.9132 40279 (21) 2. 9619 
24)1.3526 05461 (24)1.3781 79188  (24)1.4041 81814 (24)1. 4306 
26) 6.4925 06211  (26)6.6290 41895  (26)6.7681 56345  (26)6.9098 
(64)2. 2376 37322  (64)2.3522 41094 (64)2.4724 57971 (64) 2.5985 
( 1)2.1908 90230 (_:1)2.:1931 71220 ( 2)2,1954 49840 (_:1)2.1977 
8297 35282 7. 8351 68827 8405 94846 7. 8460 
4.6806 94639 4, 6831 30598 4.6855 62762 4, 6879 
3. 4375 43855 3. 4389 74973 3, 4404 03713 3. 4418 

485 486 487 
2 35225 2 36196 2 37169 2 
1140 84125 1147 91256 1155 01303 1162 
10)5.5330 80063 (10)5.5788 55042  (10)5.6249 13456 (10)5. 6712 
13) 2, 6835 43830 (13)2. 7113 23550 (13)2.7393 32853 (13)2. 7675 
16)1. 3015 18758  (16)1.3177 03245  (16)1.3340 55099 (16)1. 3505 
18) 6.3123 65975  (18)6.4040 37773 (18)6.4968 48334 = (18) 6.5908 
21) 3.0614 97498 (21)3.1123 62358 © (21)3. 1639 65139 = (21) 3. 2163 
24)1.4848 26286 (24)1.5126 08106 (24)1.5408 51023 = (241.5695 
26)7.2014 07489  (26)7. 3512 75394 (26)7.5039 44480  (26)7.6594 
(64)2,8694 70250  (64)3.0148 82996 (64)3.1673 42798 (64) 3, 3271 
( 1)2.2022 71555 ( 1)2.2045 40769 ( 1)2.2068 07649 (_:1)2,2090 
8568 28008 8622 24183 7. 8676 12960 7. 8729 
4.6928 36620 4.6952 53740 4.6976 67133 4. 7000 
3, 4446 75750 3. 4460 95065 3.4475 12045 3, 4489 

490 491 492 
2 40200 2 41081 2 42064 2 
176 49000 1183 70771 1190 95488 1198 
10)5. 7648 01000 (10)5,8120 04856 (10)5.8594 98010 (10)5. 9072 
13) 2. 8247 52490 (13)2.8536 94384 (13)2,8828 73021  (13)2.9122 


16)1. 3841 
18) 6, 7822 
21) 3, 3232 
24) 1. 6284 
26) 7. 9792 


28720 16)1. 4011 
30728 18) 6, 8797 
93057 21) 3. 3779 
13598 24) 1. 6585 
26630 26) 8. 1435 


(64) 3.6703 36822 (64)3. 8543 
( 1)2.2135 94362 ( 1)2.2158 
. 8837 35163 7. 8890 
4.7048 85081 4. 7072 
3.4517 49066 3. 4531 

495 
2 45025 2 
1212 87375 1220 
10) 6.0037 25063 10) 6, 0523 
13)2.9718 43906 13) 3. 0019 
16)1, 4710 62733 16) 1. 4889 
18)7. 2817 60531 18) 7. 3853 
21)3.6044 71463 21) 3. 6631 


24) 1. 7842 
26) 8, 8318 


(64) 4. 6830 
( 1)2.2248 
7.9104 


4.7168 
3, 4587 


13374 24) 1. 8169 
56201 26) 9. 0119 


06649 = (64) 4. 9154 


59546 = (_:1)2. 2271 
59893 7.9157 
41683 4.7192 
64874 3. 4601 


ca 


63943 16)1. 4183 
14959 18) 6, 9783 
40045 21) 3. 4333 
68562 24) 1, 6892 
71639 26) 8, 3109 


91376 (64)4, 0472 
51981 ( 1)2,2181 
7, 894 


73526 16) 1. 4357 
97749 18)7. 0782 
71692 21) 3. 4895 
18873 24)1, 7203 
56854 26) 8. 4814 


72689 = (64) 4. 2493 
07301 4 =( 1)2. ae 


94604 - 8944 46773 7. 899 

83697 4.7096 78653 4.7120 

56794 3.4545 62231 3. 4559 
496 497 

46016 2 47009 2 

23936 1227 63473 1235 


87226 10) 6, 1013 
84064 13) 3. 0323 
84096 16) 1. 5070 
61115 18) 7, 4902 
39113 21) 3, 7226 
17000 24)1. 8501 
08320 26)9. 1952 


15513 (64) 5, 1588 
05745 = ( 1)2,2293 


83219 7.9210 
22124 4.7215 
61227 3.4615 


1 
ry 


44608 10) 6. 1505 
68270 13) 3. 0629 
87030 16) 1, 5253 
22541 18) 7. 5963 
40603 21) 3, 7829 
52380  (24)1. 8839 
57326 26) 9. 3819 


55098 (64) 5. 4138 
49681 ( 1)2,2315 


99395 7.9264 
98967 4.7239 
55329 3. 4629 
1 
a[(-1)5 
n 
2" 


Table 3.1 
478 479 
28484 2 29441 
15352 1099 02239 
93826 (10) 5. 2643 17248 
96049 13) 2. 5216 07962 
99311  (16)1, 2078 50214 
80708  (18)5.7856 02524 
55578 (2152. 7713 03609 
19966 = (24) 1.3274 54429 
01440 (26) 6. 3585 06713 
75033  (64)2.1283 95451 
21111 = (_:1)2..1886 06863 
45511 * 8242 94186 
11278 4, 6782 54870 
74449 3. 4361 10350 
483 484 
33289 2 34256 
78587 1133 79904 
75752 (10)5, 4875 87354 
67488 = (13) 2. 6559 92279 
46397 (161. 2855 00263 
92097 (18)6. 2218 21273 
45383 (21) 3.0113 61496 
19620 © (241. 4574 98964 
92764 (26)7.0542 94987 
50361  (64)2. 7307 92362 
26098 ~~ (_:1)2. 2000 00000 
13365 7.8514 24411 
91145 4. 6904 15760 
30083 3.4432 54092 
488 489 
38144 2 39121 
14272 1169 30169 
56474 (10) 5. 7178 85264 
73159 (13)2. 7960 45894 
75702 (16) 1. 3672 66442 
09424 © (18) 6. 6859 32903 
14999 (21) 3, 2694 21189 
61719 (24) 1.5987 46962 
61191 (26) 7.8178 72642 
75643 (64) 3. 4947 21879 
72203 (_:1)2.2113 34439 
94366 7.8783 68425 
76812 4.7024 82790 
26700 3.4503 39037 
493 494 
43049 2 44036 
23157 1205 53784 
81640 (10) 5.9553 56930 
89849 (13) 2. 9419 46323 
58895 (16) 1.4533 21484 
91354 (18) 7.1794 08129 
97638 (21) 3.5466 27616 
71635  (24)1, 7520 34042 
32162  (26)8, 6550 48169 
84825 (64) 4.4611 49467 
60331  (_:1)2.. 2226 11077 
91695 9051 29393 
69960 4.7144 57633 
65384 3, 4573 66263 
498 499 
48004 2 49001 
05992 1242 51499 
98402 (20) 6.2001 49800 
98004 (13) 3.0938 74750 
73006 (16) 1.5438 43500 
57570 (18) 7. 7037 79067 
86070 (21) 3.8441 85754 
27063 © (24)1.9182 48691 
56772  (26)9.5720 60970 
25162 (64) 5.6808 47029 
91360  (_:1)2.2338 30790 
08444 7.9317 10391 
72227 4. 7263 41916 
47190 3, 4643 36816 

1 

5[(-7)3 
n 
[3 


43 


44 


Table 3.1 


SOVOrnnnsuwnre 


ve 


7 


_ 


w 


2 

1250 

10) 6, 2500 
13) 3.1250 
16)1. 5625 
18) 7, 8125 
21) 3. 9062 
24)1. 9531 
26) 9. 7656 


(64) 5. 9604 


( 1)2.2360 
7.9370 
4, 7287 
3. 4657 


2 

1287 

10) 6, 5037 
13) 3. 2844 
16) 1. 6586 
18) 8. 3760 
21) 4, 2299 
24) 2.1361 
27) 1, 0787 


(64) 7. 5682 


( 1)2,.2472 
7. 9633 
4, 7404 
3.4726 


2 

1326 

10) 6. 7652 
13) 3. 4502 
16)1, 7596 
18) 8, 9741 
21) 4.5767 
24) 2. 3341 
27) 1.1904 


(64) 9, 5870 


( 1)2.2583 
7. 9895 
4.7521 
3, 4794 


2 

1365 

10) 7. 0344 
13) 3. 6227 
16)1. 8657 
18) 9. 6083 
21) 4. 9483 
24) 2, 5483 
27) 1, 3124 


(65) 1. 2116 


( 1)2.2693 
8. 0155 
4. 7637 
3, 4862 


2 

1406 

10) 7. 3116 
13) 3. 8020 
16) 1. 9770 
19) 1, 0280 
21) 5, 3459 
24) 2. 7799 
27)1. 4455 


(65) 1. 5278 

( 1)2,. 2803 
8,041 
4.7753 
3. 4930 


500 
50000 
00000 
00000 
00000 
00000 
90000 
50000 
25000 
25000 


64478 


67977 
05260 
08045 
24216 


505 
55025 
87625 
75063 
06407 
25235 
57438 
09006 
04048 
32544 


08268 


20505 
74242 
85740 
28104 


510 
60100 
51000 
01000 
52510 
28780 
06779 
94457 
65173 
24238 


33090 


17958 
69740 
76299 
77522 


515 
65225 
90875 
30063 
31482 
06713 
89574 
20630 
85125 
18339 


39706 


61144 
94581 
81212 
73428 


520 
70400 
08000 
16000 
40320 
60966 
71703 
72853 
05884 
51059 


48342 
50850 


4 51517 


01928 
16754 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


501 502 
2 51001 2 52004 
1257 51501 1265 06008 
10) 6. 3001 50200 (10) 6. 3506 01602 
13) 3.1563 75250 (13)3.1880 02004 
16) 1.5813 44000  (16)1. 6003 77006 
18) 7.9225 33442 (18)8, 0338 92570 
21) 3.9691 89254 (21) 4, 0330 14070 
24)1, 9885 63816  (24)2.0245 73063 
26) 9.9627 04720  (27)1.0163 35678 
(64) 6.2532 44659 (64) 6.5597 79050 
( 1)2.2383 02929 ( 1)2.2405 35650 
-9422 93073 7.9475 73855 
4, 7310 70628 4.7334 29676 
3.4671 09398 3. 4684 92370 
506 507 
2 56036 2 57049 
1295 54216 1303 23843 
10) 6.5554 43330  (10)6.6074 18840 
13) 3, 3170 54325 (13)3. 3499 61352 
16) 1. 6784 29488 (16)1. 6984 30405 
18) 8. 4928 53211 (18)8.6110 42156 
21) 4.2973 83725  (21)4. 3657 98373 
24)2.1744 76165  (24)2.2134 59775 
27)1, 1002 84939 (27)1,1222 24106 
(64) 7.9361 96349 (64) 8, 3212 97020 
( 1)2.2494 44376 = (_:1)2.2516 66050 
7.9686 27129 7.9738 73099 
4.7428 30775 4.7451 72336 
3.4740 02314 3.4753 74353 
511 512 
2 61121 2 62144 
1334 32831 1342 17728 
10)6.8184 17664 (10)6.8719 47674 
13)3, 4842 11426 © (13)3, 5184 37209 
16} 1.7804 32039  (16)1.8014 39851 
18}9.0980 07719 (18)9, 2233 72037 
21) 4.6490 81944 (21)4. 7223 66483 
24) 2.3756 80873 (24)2. 4178 51639 
27) 1, 2139 72926 (27)1. 2379 40039 
(65)1.0048 50848  (65)1.0531 22917 
( 1)2.2605 30911 ( 1)2.2627 41700 
.9947 88272 0000 00000 
4.7545 04087 4.7568 28460 
3.4808 40954 3, 4822 02253 
516 517 
2 66256 2 67289 
1373 88096 1381 88413 
10)7. 0892 25754 (10) 7.1443 40952 
13) 3, 6580 40489  (13)3,6936 24272 
16)1.8875 48892 (16)1.9096 03749 
18) 9. 7397 52284 (18)9.8726 51381 
21)5. 0257 12179 (21)5.1041 60764 
24)2.5932 67484  (24)2. 6388 51115 
27) 1. 3381 26022 (27)1.3642 86026 
(65). 2693 83471  (65)1.3297 59294 
( 1)2.2715 63338 ( 1)2.2737 63400 
8.0207 79314 8.0259 57353 
4, 7660 92045 4, 7683 99522 
3.4876 26271 3.4889 77017 
521 522 
2 71441 2 72484 
1414 20761 1422 36648 
10)7. 3680 21648 (10)7.4247 53026 
13)3. 8387 39279 (13) 3. 8757 21079 
16)2.9999 83164 (16)2.0231 26403 
19) 1.0419 91229 (19)1. 0560 71983 
21)5. 4287 74301  (21)5.5126 95749 
24) 2.8283 91411  (24)2.8776 27181 
27)1, 4735 91925  (27)1.5021 21389 
(65)1.5999 46126  (65)1.6752 98008 
( 1)2.2825 42442 (_:1)2. 2847 31932 
8. 0466 02993 8.0517 47881 
4.7775 96092 4.7798 86957 
3.4943 59190 3.4956 99566 
1 
n3| (-7)9 
4 


“[e 


2 

1272 

10) 6. 4013 
13)3. 2198 
16) 1. 6196 
18) 8. 1465 
21) 4, 0977 
24) 2. 0611 
27) 1.0367 


(64) 6, 8806 


( 1)2. 2427 
7. 9528 
4.7357 
3, 4698 


2 
1310 

(10) 6. 6597 
13) 3, 3831 

16) 1. 7186 

18} 8. 7306 

21) 4. 4351 

24) 2. 2530 

27) 1. 1445 


(64) 8. 7242 


( 1)2.2538 
7.9791 
4.7475 
3. 4767 


503 
53009 
63527 
55408 
81770 
00530 
90668 
35106 
60758 
63861 


84448 


66149 
47628 
85203 
73139 


508 
58064 
96512 
02810 
29027 
29546 
38093 
64151 
63389 
56202 


69942 


85534 
12176 
10436 
44229 


513 


2 63169 


1350 
10) 6. 9257 
13) 3.5529 
16) 1. 8226 
18) 9, 3502 
21) 4. 7966 
24) 2. 4606 
27) 1, 2623 


(65) 1. 1036 


( 1)2.2649 
8, 0052 
4.7591 
3, 4835 


2 

1389 

10) 7. 1997 
13) 3. 7294 
16)1. 9318 
19) 1, 0007 
21)5, 1836 
24) 2, 6851 
27) 1. 3909 


(65) 1. 3928 


( 1)2.2759 
8, 0311 
4. 7707 
3. 4903 


2 

1430 

10) 7. 4818 
13) 3. 9129 
16) 2. 0464 
19)1, 0703 
21)5.5977 
24) 2. 9276 
27)1.5311 


(65) 1. 7540 


( 1)2.2869 
8. 0568 
4. 7821 
3. 4970 


(4 


05697 
92256 
31427 
53822 
14108 
59837 
86497 
32173 


12886 


50331 
04946 
49431 
61427 


518 
68324 
91832 
76898 
84433 
72936 
10181 
78738 
45586 
05414 


81704 


61335 
28718 
03654 
25675 


523 
73529 
55667 
11384 
87354 
92386 
15518 
50159 
23333 
47003 


44200 


19325 
86203 
74532 
37889 


10) 6, 4524 
13) 3. 2520 
16) 1. 6390 
18) 8. 2606 
21) 4. 1633 
24) 2, 0983 
27)1,.0575 


(64) 7. 2166 


( 1)2.2449 
7.9581 
4, 7381 
3.4712 


2 

1318 

10) 6, 7122 
13) 3. 4165 
16) 1.7390 
18) 8. 8516 
21) 4, 5054 
24) 2, 2932 
27) 1. 1672 


(64)9. 1459 


( 1)2. 2561 
7.9843 
4.7498 
3. 4781 


2 

1357 

10) 6. 9799 
13) 3. 5876 
16) 1. 8440 
18)9. 4785 
21) 4. 8719 
24) 2.5041 
27)1. 2871 


(65) 1. 1564 


( 1)2.2671 
8.0104 
4.7614 
3, 4849 


24) 2.7321 
27)1, 4179 


(65) 1. 4588 
( 1)2.2781 
8, 0362 


4. 7730 
3.4916 


504 
54016 
24064 
12826 
16064 
16096 
41125 
63127 
35016 
60848 


b4000 


94432 
14416 
37221 
51715 


509 
59081 
72229 
96456 
58896 
28478 
54954 
92371 
95617 
87469 


06897 


02835 
44333 
45086 
11950 


514 
64196 
96744 
52642 
95658 
75568 
48420 
73888 
94578 
56013 


18034 


56810 
03133 
67011 
18483 


519 
69361 
98359 
34832 
22578 
58118 
11863 
78570 
60578 
91340 


69982 


57150 
93433 
04452 
72252 


524 


2 74576 


27) 1. 5606 
(65) 1. 8363 
( 1)2.2891 

8, 0620 
4, 7844 
3, 4983 


nifD] 


77824 
97978 
39740 
82824 
23400 
50615 
90122 
76424 


30669 
04628 
17979 


58829 
74167 


il 
OVONCOU PWN w 


N 
> 


OSS 
Fs 


OWVANouesunre 


w 


~~ 


SCVWVOstnuawne 


id 


ry 
CLBVOuUawnre 


Ned 
~N 
uw 


525 


2 75625 


27) 1.5907 
(65) 1, 9223 
( 1)2.2912 


4. 7867 
3, 4997 


27) 1. 7488 
(65) 2. 4133 


( 1)2. 3021 
8. 0926 
4. 7980 
3. 5063 


2 

1531 

10) 8, 1924 
13) 4, 3829 
16) 2. 3448 
19)1. 2545 
21) 6.7116 
24) 3.5907 
27)1..9210 


(65) 3. 0233 


( 1)2.3130 
8.1180 
4, 8093 
3.5129 


2 

1574 

10) 8, 5030 
13) 4, 5916 
16) 2, 4794 
19) 1. 3389 
21) 7.2301 
24) 3. 9043 
27) 2. 1083 


(65) 3. 7796 


( 1)2.3237 
8, 1432 
4, 8205 
3, 5194 


2 


03125 
14063 
79883 
99438 
97205 
10327 
37922 
17409 


09365 
87847 


1 43230 


39859 
08406 


530 
80900 
77000 
81000 
54930 
36113 
11140 
69041 
63592 
74704 


53110 


72887 
72335 
96379 
49267 


535 
86225 
30375 
75063 
74158 
91175 
16778 
64765 
40649 
46247 


66304 


06701 
41379 
72829 
40196 


540 
91600 
64000 
56000 
50240 
91130 
25210 
96134 
05912 
25193 


38253 


90008 
52850 
70514 
82029 


545 
97025 


618 78625 


1 
10) 8, 8223 
13) 4. 8081 
16) 2. 6204 
19)1. 4281 
21) 7. 7834 
24) 4, 2419 
27) 2. 3118 


(65) 4. 7153 
( 1)2, 3345 
B3 


4.8316 
3.5259 


85063 
99859 
68923 
55563 
47819 
79061 
78588 


73024 


23506 
09170 
90704 
75582 
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ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


526 527 528 
2 76676 2 77729 2 78784 
1455 31576 1463 63183 1471 97952 
10) 7.6549 60898  (10)7.7133 39744 (10) 7.7720 51866 
13) 4.0265 09432  (13)4.0649 30045 (13) 4.1036 43385 
16)2.1179 43961 (16)2.1422 18134 (16)2. 1667 23707 
19)1.2140 38524 (192.1289 48957 (19) 1.1440 30117 
21) 5.8598 42634 (21)5.9495 61001  (21)6.0404 79020 
24) 3.0822 77226 (24)3,1354 18647 (24) 3.1893 72923 
27)1. 6212 77821 (27)1.6523 65627 (27) 1. 6839 88903 
(65)2.0121 38448 (65)2.1059 82534 (65) 2.2040 12944 
( 1)2.2934 68988 ( 1)2.2956 48057 (1) 2.2978 25059 
8.0722 61977 0773 74241 8.0824 80041 
4.7890 17632 4.7912 92160 4.7935 63454 
3.5010 40614 3.5023 70797 3.5036 98962 
531 532 533 
2 81961 2 83024 2 84089 
1497 21291 1505 68768 1514 19437 
10)7.9502 00552  (10)8,0202 58458  (10)8.0706 55992 
13)4.2215 56493 (13)4.2614 57499 (13) 4.3016 59644 
16)2.2416 46498 (16)2.2670 95390 (16)2,2927 84590 
19}1,1903 14290 © (19)1. 2060 94747 (19)1. 2220 54187 
21)6. 3205 68882 (21)6.4164 24056 (21)6.5135 48814 
24) 3.3562 22076 (24)3.4135 37598 (24)3.4717 21518 
27) 1.7821 53922 (271.8160 02002 (27) 1.8504 27569 
(65)2.5250 41417 (65)2.6416 73716 (65) 2.7634 58943 
( 1)2,3043 43724 = ( 1)2.3065 12519 (_:1)2. 3086 79276 
8.0977 58868 8.1028 39019 8.1079 12808 
4, 8003 58033 4.8026 16494 4.8048 71774 
3.5076 71420 3.5089 91583 3.5103 09762 
536 537 538 
2 872%6 2 88369 2 89444 
1539 90656 1548 54153 1557 20872 
10)8.2538 99162 (10)8.3156 68016 (10)8.3777 82914 
13) 4.4240 89951 (13)4.4655 13725 (13)4.5072 47208 
16) 2.3713 12214 (16)2.3979 80870  (16)2.4248 98998 
19)1.2710 23346 (19.2877 15727 (19) 1.3045 95661 
21)6.8126 85137 (21)6.9150 33455 (21) 7.0187 24655 
24)3.6515 99233 (24)3.7133 72966 (24)3.7760 73864 
27)1.9572 57189 (27)1.9940 81282 (27)2.0315 27739 
(65)3.1619 49669 (65)3.3066 09101 (65) 3.4575 98937 
( 1)2.3151 67381 (_:1)2.3173 26045 = (_:1)2. 3194 82701 
1230 96201 8.1281 44739 8.1331 87014 
4.8116 18626 4.8138 61283 4.8161 00810 
3.5142 52463 3.5155 62774 3.5168 71134 
541 542 543 
2 9268) 2 93764 2 94849 
1583 40421 1592 20088 1601 03007 
10)8,5662 16776 (10)8,6297 28770 (10)8,6935 93280 
13) 4.6343 23276 (13) 4.6773 12993 (13) 4.7206 21151 
16)2.5071 68892  (16)2.5351 03642  (16)2.5632 97285 
19)1. 3563 78371 (1991. 3740 26174 (19) 1. 3918 70426 
21)7. 3380 06986 (21)7.4472 21864 (21) 7.5578 56412 
24) 3.9698 61779 (24) 4.0363 94250 (24) 4.1039 16032 
27)2.1476 95223 (27)2.1877 25684  (27)2.2284 26405 
(65)3.9512 48669 (65) 4.1303 12169 (65) 4.3171 37789 
( 1)2.3259 40670 ( 1)2.3280 89345  ( 1)2.3302 36040 
8.1482 76449 1532 93862 8.1583 05107 
4.8228 00711 4, 8250 27819 4.8272 51847 
3.5207 84576 3.5220 85199 3.5233 83903 
546 547 548 
2 98116 2 99209 3 00304 
1627 71336 1636 67323 1645 66592 
10)8. 8873 14946 (10)8.9526 02568  (10)9,0182 49242 
13) 4.8524 73960 (13)4.8970 73605  (13)4.9420 00584 
16) 2.6494 50782  (16)2.6786 99262 (16)2. 7082 16320 
19)1.4466 00127 (19)1, 4652 48496 © (19) 1. 4841 02543 
21)7. 8984 36694  (21)8.0149 09274 (21)8.1328 81938 
24)4,3125 46435  (24)4.3841 55373 (24) 4. 4568 19302 
27)2. 3546 50354 (27)2. 3981 32989 © (27)2.4423 36978 
(65) 4.9274 63602 (65)5.2486 79188 (65) 5.3793 94612 
( 1)2.3366 64289 ( 1)2.3388 03113 ( 1)2.3409 39982 
. 1733 02026 1782 88788 8.1832 69477 
4.8339 05553 4.8361 17361 4.8383 26138 
3.5272 68570 3.5285 59664 3.5298 48871 
1 1 
nf(-D8] ga (-7)4 
4 3 


Table 3.1 


529 

2 79841 

. _ 1480 35889 
10)7.8310 98528 
13) 4.1426 51121 
16)2.1914 62443 
19)1.1592 83632 
21)6.1326 10416 
24) 3.2441 50910 
27)1.7161 55831 


(65) 2. 3064 07963 


( 1)2.3000 00000 
8.0875 79399 
4.7958 31523 
3.5050 25117 


534 

2 85156 

1522 73304 
10)8.1313 94434 
13) 4.3421 64628 
16) 2. 3187 15911 
19)1.2381 94297 
21) 6.6119 57543 
24) 3.5307 85328 
27)1. 8854 39365 


(65) 2.8906 14446 


( 1)2.3108 44002 
8.1129 80255 
4.8071 23882 
3.5116 25964 


539 

2 90521 

1565 90819 

10) 8, 4402 45144 
13) 4.5492 92133 
16)2. 4520 68460 
19)1. 3216 64900 
21)7.1237 73809 
24) 3.8397 14083 
27) 2.0696 05891 


(65) 3.6151 83652 


( 1)2.3216 37353 
8.1382 23044 
4.8183 37217 
3.5181 77550 


544 

2 95936 

1609 89184 

16) 8, 7578 11610 
13) 4. 7642 49516 
16) 2.5917 51736 
19)1. 4099 12945 
21) 7.6699 26419 
24)4.1724 39972 
27) 2. 2698 07345 


(65) 4.5120 46770 


( 1)2.3323 80758 
8.1633 10204 
4.8294 72806 
3.5246 80696 


549 

3 01401 

1654 69149 
10)9, 0842 56280 
13) 4.9872 56698 
16) 2, 7380 03927 
19)1.5031 64156 
21) 8, 2523 71216 
24) 4.5305 51798 
27) 2.4872 72937 


(65)5.6199 99369 


( 1)2. 3430 74903 
. 1882 44110 
4.8405 31895 
3.5311 36198 


nsf] 


45 


46 


Table 3.1 


> 


OVO+1TSsMSwnNY 


e J e “ 


i 


550 

3 02500 

1663 75000 
10)9.1506 25000 
13)5.0328 43750 
16)2, 7680 64063 
19) 1.5224 35234 
21)8, 3733 93789 
24) 4, 6053 66584 
27) 2.5329 51621 


(65) 5.8708 98173 


( 1)2.3452 07880 
8.1932 12706 
4, 8427 34641 
3, 5324 ‘21650 


555 

3 08025 

1709 53875 

10)9, 4879 40063 
13)5.2658 06735 
16)2,9225 22738 
19)1. 6220 00119 
21)9. 0021 00663 
24) 4.9961 65868 
272.7728 72057 


(65) 7.2951 05803 


( 1)2, 3558 43798 
8.2179 65765 
4.8537 03532 
3.5388 21007 


560 

3 13600 

1756 16000 

10) 9, 8344 96000 
13)5.5073 17760 
16) 3. 0840 97946 
19)1. 7270 94850 
21)9. 6717 31157 
24)5.4161 69448 
27) 3.0330 54891 


(65)9. 0471 67858 


( 1)2. 3664 31913 
8.2425 70600 
4.8645 98558 
3.5451 74407 


565 

3 19225 

1803 62125 
11)1.0190 46006 
13)5. 7576 09935 
16) 3.2530 49613 
19)1. 8379 73032 
22) 1. 0384 54763 
24)5. 8672 69410 
27)3. 3150 07217 


(66)1.1198 57461 


( 1)2.3769 72865 
8. 2670 29409 
4.8754 20869 
3.5514 82586 


570 

3 24900 

1851 93000 

11) 1.0556 00100 
13) 6.0169 20570 
16) 3.4296 44725 
19) 1.9548 97493 
22)1,1142 91571 
24) 6.3514 61955 
27).3. 6203 33315 


(66) 1, 3835 55344 


( 1)2.3874 67277 
8.2913 44342 
4.8861 71586 
3.5577 46263 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


551 552 553 554 
3 03601 3 04704 3 05809 3 06916 
1672 84151 1681 96608 1691 12377 1700 31464 
10)9,2173 56720 10)9, 2844 52762 10)9, 3519 14448 10)9.4197 43106 
13)5.0787 63553 (13)5.1250 17924 = (13)5.1716 08690 (13)5.2185 37681 
16)2,7983 98718  (16)2,8290 09894 (16)2.8598 99605 (16)2.8910 69875 
19)1.5419 17693 (19) 1.5616 13462 = (19) 1.5815 24482 © (19)1.6016 52711 
21)8.4959 66491  (21)8,6201 06308  (21)8.7458 30384 (21)8.8731 56018 
24) 4.6812 77536 (24)4,7582 98682  (24)4,8364 44203 (24)4.9157 28434 
27) 2.5793 83922  (27)2,6265 80873 (27)2.6745 53644 (27)2.7233 13552 
(65)6,1325 11516  (65)6.4052 76258  (65)6,6896 46227 (65) 6.9860 92851 
( 1)2.3473 38919 (192.3494 68025 = (_:1)2.3515 95203. (_:1)2.3537 20459 
8.1981 75283 8.2031 31859 8, 2080 82453 8.2130 27082 
4.8449 34384 4.8471 31136 4.8493 24905 4.8515 15700 
3.5337 05234 3.5349 86956 3.5362 66821 3.5375 44836 
556 557 558 559 
3 09136 3 10249 3 11364 3 12481 
1718 79616 1728 08693 1737 41112 1746 76379 
10)9,5565 06650 (10)9.6254 44200 (10)9.6947 54050 (109. 7644 37534 
13)5,3134 17697 (13)5.3613 72419 (13)5.4096 72760 (13)5. 4583 20583 
16)2,9542 60240  (16)2.9862 84438  (16)3,0185 97400 16) 3.0512 01206 
19)1,6425 68693 (19)1,6633 60432 = (19}1,6843 77349 (19) 1, 7056 21474 
21)9,1326 81934 (2199, 2649 17605 (2139, 3988 25608 (21)9. 5344 24040 
24)5.0777 71156  (24)5.1605 59106  (24)5.2445 44689  (24)5. 3297 43038 
27)2,8232 40762  (27)2.8744 31422  (27)2.9264 55937 (27) 2.9793 26358 
(65)7.6171 93672  (65)7,9528 84664  (65)8,3027 27311 ( 65)8, 6672 91224 
( 1)2, 3579 65225 ( 1)2,3600 84744 §=(_:1)2, 3622 02362 + =( 1)2.3643 18084 
8.2228 98519 8, 2278 25361 8.2327 46311 8.2376 61384 
4.8558 88409 4.8580 70341 4,8602 49337 4.8624 25407 
3.5400 95340 3.5413 67840 3.5426 38514 3.5439 07368 
561 562 563 564 
3 14721 3 15844 3 16969 3 18096 
1765 5848) 1775 04328 1784 53547 1794 06144 
10)9, 9049 30784 (10)9.9757 43234 (11) 1.0046 93470 11)1.0118 50652 
13)5.5566 66170  (13)5.6063 67697 (13)5. 6564 24234 13)5.7068 37678 
16) 3.1172 89721  (16)3,1507 78646 (16)3,1845 66844  (16)3.2186 56450 
19)1. 7487 99534 19)1.7707 37599 19)1. 7929 11133 19)1.8153 22238 
21)9.8107 65384  (21)9.9515 45306  (22)1.0094 08968 (22)1.0238 41742 
24)5.5038 39380  (24)5.5927 68462 (24)5,6829 72489  (24)5.7744 67426 
27) 3.0876 53892  (27)3,1431 35876 (27)3.1995 13511 27) 3.2567 99629 
(65)9.4429 71309 (65)9.8553 39138  (66)1.0284 93323 (66)1.0732 44065 
( 1)2.3685 43856 ( 1)2.3706 53918 = ( 1)2.3727 62104 = (_:1)2.3748 68417 
8.2474 73974 8.2523 71525 .2572 63270 8.2621 49226 
4.8667 68801 4.8689 36145 4.8711 00598 4,8732 62170 
3.5464 39637 3.5477 03064 3.5489 64695 3.5502 24533 
566 567 568 569 
3 20356 3 21489 3 22624 3 23761 
1813 21496 1822 84263 1832 50432 1842 20009 
11)1,0262 79667 = (11)1. 0335 51771 11)1.0408 62454 11)1. 0482 11852 
13)5,8087 42917 (13)5.8602 38543 (13)5.9120 98737 13) 5.9643 25433 
16)3,2877 48491 16) 3.3227 55254 16) 3, 3580 72083 16) 3.3937 01172 
19)1, 8608 65646 19)1. 8840 02229 19)1.9073 84943 19}1.9310 15967 
22)1.0532 49956  (22)1.0682 29264  (22)1,.0833 94648 (22)1.0987 48085 
24)5. 9613 94749 24) 6.0568 59926 24) 6.1536 81599 24)6,2518 76604 
27) 3.3741 49428 (27)3.4342 39578 = (27) 3.4952 91148 = (27) 3.5573 17788 
(66)1.1684 07534 (66)1.2189 71112 (66)1.2716 27927  (66)1. 3264 60719 
( 1)2.3790 75451 ( 1)2,3811 76180 ( 1)2,3832 75058 ( 1)2.3853 72088 
8.2719 03838 8,2767 72529 8.2816 35499 8, 2864 92764 
4.8775 76704 4.8797 29685 4.98818 79820 4,8840 27117 
3.5527 38859 3.5539 93358 3.5552 46087 3.5564 97054 
571 572 573 574 
3 26041 3 27184 3 28329 3 29476 
1861 69411 1871 49248 1881 32517 1891 19224 
11) 1.0630 27337 (11) 1.0704 93699 11) 1.0779 99322 11)1,0855 44346 
13) 6.0698 B6093 {13)6.1232 23956 © (13)6.1769 36117 (13)6.2310 24545 
16) 3, 4659 04959  (16)3.5024 84103 (16)3,5393 84395  (16)3.5766 08089 
19) 1.9790 31732 19) 2.0034 20907 19) 2.0280 67258 19) 2.0529 73043 
22)1.2300 27119 = (22)1.1459 56759 = (221.1620 82539 = (22) 1.1784 06527 
24) 6.4524 54848 (24)6,5548 72660  (24)6.6587 32949 (24)6.7640 53463 
27)3,6843 51718 (27)3,7493 87161  (27)3,8154 53980  (27)3,8825 66688 
(66)1.4430 00887  (66)1.5048 89774  (66)1.5693 17896  (66)1.6363 84728 
( 1)2.3895 60629 ( 1)2,3916 52149 ( 1)2,3937 41841 = (_:1)2.3958 29710 
2961 90248 8.3010 30501 8.3058 65115 8, 3106 94107 
4, 8883 13236 4.8904 52074 4.8925 88109 4,8947 21351 
3, 5589 95720 3.5602 39430 3, 5614 83400 3.5627 25633 
1 
ni(( 2 ni 94) n'(( 2] 


le 


OLVOnNOUSWNE 


= - 


feed 


OVOnrnouavirr 


ra 


COVM4TUWNSYWNE 


= 


575 


3 30625 


24) 6, 8708 
27) 3.9507 


(66)1. 7062 
( 1)2.3979 
8, 315 


4, 8968 
3.5639 


24) 7. 4276 
27) 4, 3080 


(66) 2. 1002 
( 1)2, 4083 


4.9074 
3.5701 


3 

2002 
11)1,1711 
13) 6.8514 
16) 4. 0080 
19) 2. 3447 
22) 1. 3716 
'24) 8, 0242 
27) 4, 6941 


(66) 2. 5807 


( 1)2. 4186 
8. 3634 
4. 9180 
3, 5762 


3 

2053 
11)1. 2117 
13)7. 1492 
16) 4. 2180 
19) 2. 4886 
22) 1. 4683 
24) 8, 6629 
27)5.1111 


(66) 3, 1655 
( 1)2. 4289 
87 


4.9284 
3, 5823 


09375 
28906 
91211 
57446 
40532 
30806 
52133 
39976 


93459 
15762 


5 17494 


51807 
66137 


42069 
54121 
18916 


95 50915 


62599 
42892 


585 
42225 
01625 
79506 
00112 
69065 
20403 
61436 
19400 
68349 


19397 


77324 
46607 
05007 
77194 


43453 
91560 


2 06527 


80050 
69695 


595 


3 54025 


210 
11) 1. 2533 
13)7. 4573 
16) 4, 4371 
19) 2. 6400 
22)1.5708 
24) 9. 3465 
27)5, 5612 


(66) 3. 8762 


( 1)2.4392 
8. 4108 
4.9388 
3, 5884 


6 44875 


37006 
55187 
26336 
90170 
53651 
79225 
14639 


08928 


62184 
32585 
88725 
21030 


ELEMENTARY ANALYTICAL METHODS 


1 
ce 


POWERS AND ROOTS nk Table 3.1 
576 577 578 579 
3 31776 3 32929 3 34084 35241 
1911 02976 1921 00033 1931 00552 1941 04539 
11)1, 1007 53142 11)1, 1084 17190 11)1.1161 21191 11)1.1238 65281 
13) 6.3403 38097 . (13)6,3955 67189 13) 6.4511 80481 13) 6.5071 79976 
16) 3, 6520 34744 16) 3, 6902 42268 16)3, 7287 82318 16) 3, 7676 57206 
192.1035 72012 19) 2.1292 69789 19) 2.1552 36180 19) 2.1814 73522 
22)1.2116 57479 22)1, 2285 88668  (22)1.2457 26512 22)1, 2630 73169 
24)6.9791 47080  (24)7,0889 56614 24)7, 2002 99239 24) 7, 3131 93651 
27)4.0199 88718 (27)4.0903 27966 27) 4, 1617 72960 27) 4, 2343 39124 
(66)1,7788 51122 (66)1.8544 68735 (66)1.9331 61432 (66)2. 0150 48620 
( 1)2.4000 00000 ( 1)2,4020 82430 ( 1)2.4041 63056 ( 1)2,4062 41983 
8.3203 35292 8, 3251 47517 8, 3299 54185 8. 3347 55313 
4,8989 79486 4.9011 04396 4.9032 26546 4.9053 45944 
3.5652 04916 3.5664 41976 3.5676 77321 3.5689 10958 
581 582 583 584 
3 37561 3 38724 3 39889 41056 
1961 22941 1971 37368 1981 55287 991 76704 
11)1.1394 74287 11)1.1473 39482 11)1,1552 45323 11)1. 1631 91951 
13) 6. 6203 45609 13) 6.6775 15784  (13)6.7350 80234 13) 6, 7930 40996 
16) 3. 8464 20799 16) 3.8863 14186  (16)3,9265 51777 16) 3.9671 35942 
19)2.2347 70484 19)2, 2618 34856 19) 2, 2891 79686 19) 2. 3168 07390 
22)1, 2984 01651 22)1, 3163 87886 (22)1.3345 91757 22)1. 3530 15516 
24) 7, 5437 13594 24)7,6613 77499  (24)7.7806 69942 24)7.9016 10612 
27) 4. 3828 97598 27)4,4589 21704  (27)4,5361 30576 27) 4.6145 40597 
(66)2,1889 06331  (66)2.2811 38380 (66)2.3770 88299  (66)2,4768 99188 
( 12,4103 94159 ( 1)2.4124 67616 = ( :1)2,4145 39294 = (_:1)2.. 4166 09195 
. 3443 41009 8.3491 25609 8, 3539 04732 8.3586 78393 
4.9095 76518 4.9116 87710 4.9137 96184 4.9159 01946 
3.5713 73127 3, 5726 01670 3.5738 28526 3.5750 53698 
586 587 588 589 
3 43396 3 44569 3 45744 3 46921 
2012 30056 2022 62003 2032 97472 2043 36469 
11)1.1792 08128 11)1.1872 77958 = (11)1.1953 89135 11)1. 2035 41802 
13) 6.9101 59631 13) 6.9693 21611 13) 7.0288 88116 13)7, 0888 61216 
16) 4, 0493 53544 16) 4.0909 91786 16) 4.1329 86212 16)4.1753 39256 
19) 2.3729 21177 19)2.4014 12178 (192.4301 95893 19)2. 4592 74822 
2251, 3905 31810 22)1.4096 28949 (221. 4289 55185 22)1. 4485 12870 
24)8.1485 16404 24)8,2745 21928  (24)8, 4022 56487 24) 8.5317 40805 
27) 4.7750 30613 27) 4.8571 44372  (27)4.9405 26815 27)5.0251 95334 
(66) 2. 6887 02707  (66)2.8010 08521  (66)2.9178 02055 (66) 3. 0392 54545 
( 1)2.4207 43687 ( 1)2,4228 08288 ( 1)2.4248 71131 ( 1)2,4269 32220 
8.3682 09391 8.3729 66760 8.3777 18728 8.3824 65312 
4.9201 05372 4.9222 03051 4.9242 98052 4.9263 90382 
3.5774 99018 3, 5787 19175 3.5799 37670 3.5811 54508 
591 592 593 594 
3 49281 3 50464 3 51649 3 52836 
2064 25071 2074 74688 2085 27857 2095 94584 
11)1.2199 72170 11) 1, 2282 50153 11)1.2365 70192 11)1.2449 32429 
13)7, 2100 35522 13)7,2712 40906 (13)7. 3328 61239 13)7. 3948 98628 
16) 4, 2611 30994 16)4.3045 74616 (16) 4, 3483 86715 16) 4, 3925 69785 
19)2,5183 28417 19)2,5483 08173 (19)2.5785 93322 19) 2, 6091 86452 
22)1. 4883 32095 22)1,5085 98438  (22)1,5291 05840 22)1. 5498 56753 
24)8.7960 42679 24)8.9309 02754  (24)9,0675 97630 24)9,2061 49111 
27)5.1984 61223 27) 5.2870 94431 27) 5.3770 85394 27)5. 4684 52572 
(66)3.2968 52680  (66)3.4333 72793  (66)3.5753 01250  (66)3. 7228 42640 
( 1)2.4310 49156 = (_:1)2,4331 05012 ( :1)2.4351 59132 (_:1)2. 4372 11521 
8.3919 42387 8, 3966 72908 . 4013 98104 ; 17992 
4.9305 67063 4.9326 51429 4.9347 33156 4.9368 12252 
3, 5835 83235 3.5847 95134 3.5860 05396 3, 5872 14026 
596 597 596 599 
3 55216 3 56409 3 57604 3 58801 
2117 08736 2127 76173 2138 47192 2149 21799 
11)1,2617 84067 = (11) 1.2702 73753 11)1.2788 06208 11) 1, 2873 81576 
13)7.5202 33037 13)7.5835 34304 13) 7. 6472 61125 13)7.7114 15640 
16) 4. 4820 58890 16) 4.5273 69980 16) 4, 5730 -62153 16)4, 6191 37969 
19) 2, 6713 07098 19) 2.7028 39878 19) 2.7346 91167 19) 2.7668 63643 
2241, 5920 99031 22)1, 6135 95407 22)1.6353 45318 22)1, 6573 51322 
24)9, 4889 10223 24)9.6331 64580  (24)9.7793 65002 24)9.9275 34420 
27)5.6553 90493 (2735. 7509 99254 (27)5.8480 60271 27)5.9465 93118 
(66) 4,0356 19703 .(66)4.2013 02448  (66)4.3734 92798  (66)4.5524 34829 
(132.4413 11223 (192.4433 58345 = ( :1)2.4454 03852 = (_-:1)2.. 4474 47650 
4155 41899 8.4202 45948 .4249 44747 8.4296 38310 
4.9409 62581. 4.9430 33830 4,9451 02478 4.9471 68534 
3, 5896 26411 3.5908 30176 3,5920 32329 3,5932 32875 
1 1 1 
n3[ (-D ni| (-7)4 nd Cp] 
4 8 3 


47 


48 


ELEMENTARY ANALYTICAL METHODS 


Table 3.1 POWERS AND ROOTS nk 
k 
1 600 601 602 603 604 
2 3 60000 3 61201 3 62404 3 63609 3 64816 
3 2160 00000 2170 81801 2181 67208 2192 56227 2203 48864 
4 11)1. 2960 00000 11) 1.3046 61624 11) 1.3133 66592 11)1, 3221 15049 11) 1. 3309 07139 
5 13)7. 7760 00000 13)7. 8410 16360 {i 7.9064 66885 13) 7.9723 53744 13) 8.0386 79117 
6 16) 4. 6656 00000 16) 4. 7124 50833 tb 4.7596 93065 16) 4, 8073 29308 16) 4, 8553 62187 
7 19) 2. 7993 60000 19) 2, 8321 82950 19) 2.8653 35225 19) 2. 8988 19573 19) 2.9326 38761 
8 22)1.6796 16000 22)1. 7021 41953 22)1.7249 31805 22)1. 7479 88202 22)1. 7713 13811 
9 25)1. 0077 69600 25)1. 0229 87314 25)1. 0384 08947 25)1..0540 36886 25)1. 0698 73542 
10 27) 6.0466 17600 27) 6.1481 53756 27) 6, 2512 21860 27) 6. 3558 42422 27) 6.4620 36194 
24 (66) 4. 7383 81338 (66) 4.9315 94142 (66)5,1323 44384 (66)5. 3409 12849 (66) 5.5575 90288 
1/2 ( 1)2.4494 89743 { 1)2.4515 30134 ( 1)2.4535 68829 ( 1)2.4556 05832 ( 1)2.4576 41145 
1/3 8.4343 26653 8.4390 09789 8.4436 87734 4483 60500 8.4530 28104 
1/4 4.9492 32004 4.9512 92896 4.9533 51218 4.9554 06978 4.9574 60182 
1/5 3.5944 31819 3.5956 29165 3.5968 24918 3.5980 19083 3.5992 11665 
1 605 606 607 608 609 
2 3 66025 3 67236 3 68449 3 69664 3 70881 
3 2214 45125 2225 45016 2236 48543 2247 55712 2258 66529 
4 11) 1. 3397 43006 11)1. 3486 22797 11)1.3575 46656 11)1. 3665 14729 11)1.3755 27162 
5 13) 8.1054 45188 13)8.1726 54150 13) 8, 2403 08202 13) 8, 3084 09552 13)8. 3769 60414 
6 16) 4.9037 94339 16) 4.9526 28415 16) 5, 0018 67079 16)5.0515 13008 16)5.1015 68892 
7 19) 2. 9667 95575 19) 3.0012 92819 19)3. 0361 33317 19) 3.0713 19909 19) 3.1068 55455 
8 22)1. 7949 11323 22)1.8187 83448 22) 1. 8429 32923 22)1.8673 62504 22)1, 8920 74972 
9 25)1.0859 21350 25)1.1021 82770 25) 1.1186 60284 25) 1.1353 56403 25)1.1522 73658 
10 27) 6.5698 24169 27) 6, 6792 27585 27) 6. 7902 67926 27) 6.9029 66929 27) 7.0173 46578 
24 (66)5. 7826 77757 (66) 6.0164 86963 (66)6.2593 40623 (66)6.5115 72833 (66)6.7735 29447 
1/2 { 1)2.4596 74775 ( 1)2.4617 06725 ( 1)2.4637 36999 ( 1)2.4657 65601 ( 1)2.4677 92536 
1/3 4576 90558 8.4623 47878 8.4670 00076 8.4716 47168 8.4762 89168 
1/4 4.9595 10838 4.9615 58954 4.9636 04536 4.9656 47592 4.9676 88130 
1/5 3.6004 02669 3.6015 92098 3.6027 79959 3.6039 66255 3.6051 50991 
1 610 611 612 613 614 
2 3 72100 3 73321 3 74544 3 75769 3 76996 
3 2269 81000 2280 99131 2292 20928 2303 46397 2314 75544 
4 11)1. 3845 84100 11)1, 3936 85690 11)1..4028 32079 11)1.4120 23414 11) 1.4212 59840 
5 13) 8. 4459 63010 13)8.5154 19568 13) 8.5853 32326 13) 8. 6557 03525 13)8. 7265 35419 
6 16)5.1520 37436 16)5.2029 21356 16)5. 2542 23383 16)5. 3059 46261 16)5, 3580 92747 
7 19)3.1427 42836 19) 3.1789 84949 19) 3.2155 84711 19)3. 2525 45058 19) 3.2898 68947 
8 22)1.9170 73130 22)1. 9423 59804 22)1.9679 37843 22)1.9938 10121 22)2.0199 79533 
9 25)1. 1694 14609 25)1. 1867 81840 25) 1.2043 77960 25)1. 2222 05604 25)1. 2402 67433 
10 27)7.1334 29117 27)7,2512 37043 27)7. 3707 93114 27) 7.4921 20352 27) 7.6152 42041 
24 (66) 7.0455 68477 (66) 7, 3280 60494 (66)7.6213 89047 (66)7.9259 51097 (66)8.2421 57465 
1/2 ( 1)2.4698 17807 ( 1)2.4718 41419 ( 1)2.4738 63375 ( 1)2.4758 83681 ( 1)2.4779 02339 
1/3 8.4809 26088 8.4855 57944 8.4901 84749 8.4948 06516 8.4994 23260 
1/4 4.9697 26156 4.9717 61679 4.9737 94704 4.9758 25239 4.9778 53291 
1/5 3.6063 34171 3.6075 15802 3.6086 95885 3.6098 74428 3.6110 51433 
1 615 616 617 618 619 
2 3 78225 3 79456 3 80689 3 81924 3 83161 
3 2326 08375 2337 44896 2348 85113 2360 29032 2371 76659 
4 11)1. 4305 41506 11) 1.4398 68559 11) 1. 4492 41147 11)1. 4586 59418 11)1. 4681 23519 
5 13) 8.7978 30263 13) 8. 8695 90326 13) 8.9418 17878 13)9.0145 15202 13)9. 0876 84584 
6 16)5.4106 65612 16)5, 4636 67641 16)5.5171 01631 16)5.5709 70395 16)5, 6252 76757 
7 19) 3.3275 59351 19) 3.3656 19267 19) 3.4040 51706 19) 3. 4428 59704 19)3. 4820 46313 
8 22)2.0464 49001 22) 2.0732 21468 22)2.1002 99903 22)2.1276 87297 22)2.1553 86668 
9 25)1. 2585 66136 25)1.2771 04424 25)1. 2958 85040 25) 1.3149 10750 25)1.3341 84347 
10 27)7.7401 81734 27) 7. 8669 63254 27) 7.9956 10697 27) 8.1261 48432 27) 8.2586 01110 
24 (66)8.5704 33286 (66)8.9112 18488 (66)9.2649 68280 (66) 9.6321 53659 = (67)1.0013 26192 
1/2 ( 1)2.4799 19354 (_:1)2.4819 34729 (:1)2.4839 48470 = (:1)2..4859 60579 = (_:1)2. 4879 71061 
1/3 8.5040 34993 5086 41730 8.5132 43484 8.5178 40269 8.5224 32097 
1/4 4.9798 78868 4.9819 01975 4.9839 22621 4.9859 40813 4.9879 56556 
1/5 3.6122 26906 3.6134 00850 3.6145 73271 3.6157 44173 3.6169 13560 
1 620 621 622 623 624 
2 3 84400 3 85641 3 86884 3 88129 3 89376 
3 2383 28000 2394 83061 2406 41848 2418 04367 2429 70624 
4 11)1. 4776 33600 11)1. 4871 89809 11) 1. 4967 92295 11) 1.5064 41206 11)1.5161 36694 
5 13)9.1613 28320 13)9. 2354 48713 13)9.3100 48072 13) 9. 3851 28716 13)9, 4606 92969 
6 16)5. 6800 23558 16)5. 7352 13651 16)5. 7908 49901 16) 5, 8469 35190 16) 5, 9034 72413 
7 19) 3.5216 14606 19)3.5615 67677 19) 3.6019 08638 19) 3.6426 40623 19) 3, 6837 66786 
8 22) 2.1834 01056 22)2.2117 33527 22)2. 2403 87173 22) 2.2693 65108 22) 2.2986 70474 
9 25) 1.3537 08655 25)1. 3734 86521 25)1. 3935 20822 25)1.4138 14463 25)1.4343 70376 
10 27) 8, 3929 93659 27) 8, 5293 51293 27) 8, 6676 99511 27) 8. 8080 64101 27) 8.9504 71145 
24 (67)1,0408 79722 (67)1.0819 28109 (67)1.1245 25305 (67)1.1687 27115 (67)1.2145 91262 
1/2 ( 1)2.4899 79920 ( 1)2,4919 87159 (_:1)2.4939 92783 (_-:1)2..4959 96795 = (_:«:1) 2. 4979 99199 
1/3 8.5270 18983 8.5316 00940 5361 77980 8.5407 50116 8.5453 17363 
1/4 4.9899 69859 4.9919 80728 4.9939 89170 4.9959 95191 4.9979 98799 
1/5 3.6180 81437 3.6192 47808 3.6204 12677 3.6215 76049 3.6227 37928 
1 1 1 1 
n2| (-6)2 n3| (-D n'[(-7)8 nd| (“2 
3 4 3 3 


OVO ouwpwnre 


~ 


7 


625 


3 90625 


2441 
11)1, 5258 
13) 9. 5367 
16) 5, 9604 
19) 3, 7252 
22) 2. 3283 
25) 1, 4551 
27) 9, 0949 


(67) 1.2621 
( 1)2.5000 
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5. 0000 
3, 6238 


3 

2500 

11)1, 5752 
13) 9. 9243 
16) 6, 2523 
19) 3. 9389 
22)2, 4815 
25)1, 5633 
27) 9, 8493 


(67) 1. 5281 


( 1)2.5099 
- 5726 
5. 0099 
3. 6296 


4 

2560 
11) 1. 6259 
14) 1, 0324 
16) 6. 5560 
19) 4.1630 
22) 2. 6435 
25)1. 6786 
28) 1, 0659 


(67) 1. 8474 

( 1)2.5199 
8,595 
5. 0198 
3. 6354 


4 

2621 
11)1. 6777 
14) 1.0737 
16) 6, 8719 
19) 4. 3980 
22) 2, 8147 
25) 1. 8014 
28)1.1529 


(67) 2. 2300 


( 1)2.5298 
8, 6177 
5.0297 
3. 6411 


28) 1. 2462 
(67) 2. 6880 


( 1)2.5396 
8. 6401 
5. 0395 
3. 6467 


40625 
78906 
43164 
64478 
90298 
06437 
91523 
47018 


77448 
00000 


8 79733 


00000 
98318 


630 
96900 
47000 
96100 
65430 
50221 
80639 
57803 
81416 
02919 


75339 


80080 
18882 
70139 
78090 


635 
03225 
47875 
04006 
49044 
51429 
92658 
63838 
63037 
51028 


36020 
20634 


2 38034 


81108 
21280 


640 
09600 
44000 
21600 
41824 
47674 
46511 
49767 
39851 
21505 


74520 


22128 
38760 
33719 
28406 


645 
16025 
36125 
68006 
45364 
27598 
75801 
57891 
34840 
26972 


24057 


85020 
22598 
28767 
99973 


ELEMENTARY ANALYTICAL METHODS 


cy 


POWERS AND ROOTS nk Table 3.1 
626 627 628 629 
3 91876 3 93129 3 94384 3 95641 
2453 14376 2464 91883 2476 73152 2488 58189 
11)1. 5356 67994 11)1,5455 04206  (11)1.5553 87395 11) 1.5653 18009 
13)9, 6132 81641 13)9, 6903 10747 13)9, 7678 32838 13)9, 8458 50275 
16) 6.0279 14307 16) 6.0758 24838 16) 6.1341 99022 16) 6.1930 39823 
19) 3. 7672 14356 19) 3, 8095 42174 19) 3. 8522 76986 19) 3, 8954 22049 
22) 2, 3582 76187 22) 2. 3885 82943 22) 2.4192 29947 22)2,.4502 20469 
25)1. 4762 80893 25)1.4976 41505 25)1.5192 76407 25)1.5411 88675 
27)9, 2415 18391 27) 9; 3902 12238 27)9.5410 55835 27) 9, 6940 76765 
(67)1.3115 47419  (67)1.3627 65028 (67)1.4158 96309  (67)1.4710 09545 
( 1)2,5019 99201 ( 1)2.5039 96805 ( 1)2.5059 92817 ( 1)2.5079 87241 
5544 37239 8.5589 89894 8.5635 37711 5680 80703 
5.0019 98801 5.0039 95209 5.0059 89230 5.0079 80871 
3. 6250 57224 3.6262 14650 3. 6273 70600 3,6285 25079 
631 632 633 634 
3 98161 3 99424 4 00689 4 01956 
2512 39591 2524 35968 2536 36137 2548 40104 
11)1,5853 21819 11)1,5953 95318 11)1, 6055 16747 11)1.6156 86259 
14) 1.0003 38068 14)1. 0082 89841 14) 1.0162 92101 14) 1.0243 45088 
16) 6, 3121 33209 16) 6, 3723 91794 16) 6, 4331 28999 16) 6. 4943 47861 
19) 3, 9829 56055 19) 4, 0273 51614 19) 4.0721 70657 19) 4.1174 16544 
22) 2.5132 45270 22) 2.5452 86220 22) 2.5776 84026 22) 2.6104 42089 
25)1.5858 57766 25)1. 6086 20891 25)1.6316 73988 25)1. 6550 20284 
28) 1.0006 76250 28)1.0166 48403 28)1.0328 49635 28) 1.0492 82860 
(67)1.5874 66692 (67)1.6489 59081 (67)1.7127 30535 (67)1.7788 61719 
( 1)2.5119 71337 ( 1)2.5139 61018 =( 1)2.5159 49125 = (_-:1)2.5179 35662 
8.5771 52262 8.5816 80854 8.5862 04672 5907 23728 
5.0119 57040 5.0139 41581 5.0159 23768 5.0179 03608 
3, 6308 29638 3.6319 79727 3, 6331 28361 3.6342 75544 
636 637 638 639 
4 04496 4 05769 4 07044 4 08321 
2572 59456 2584 74853 2596 94072 2609 17119 
11) 1. 6361 70140 11)1. 6464 84814 11)1. 6568 48179 11)1. 6672 60390 
14) 1.0406 04209 14)1, 0488 10826 14)1.0570 69138 14)1, 0653 79389 
16) 6, 6182 42770 16) 6, 6809 24963 16) 6. 7441 01103 16)6, 8077 74299 
19) 4.2092 02402 19) 4, 2557 49202 19) 4, 3027 36504 19) 4.3501 67777 
22)2. 6770 52728 22)2, 7109 12241 22)2.7451 45889 22)2.7797 57209 
25)1. 7026 05535 25) 1.7268 51098 25)1.7514 03077 25)1.7762 64857 
28) 1.0828 57120 28)1.1000 04149 (28)1.1173 95163 28)1.1350 33244 
(67)1.9185 39634  (67)1.9922 61654  (67)2.0686 94164 (67)2.1479 32334 
( 1)2.5219 04043 ( 1)2.5238 85893 ( 1)2.5258 66188 ( 1)2,5278 44932 
8.5997 47604 8.6042 52449 8.6087 52582 8.6132 48015 
5.0218 56273 5.0238 29110 5.0257 99626 5.0277 67827 
3. 6365 65574 3.6377 08430 3.6388 49851 3.6399 89842 
641 642 643 644 
4 10881 4 12164 4 13449 4 14736 
2633 74721 2646 09288 2658 47707 2670 89984 
11) 1. 6882 31962 11) 1. 6987 91629 11)1. 7094 00756 11)1.7200 59497 
14)1,0821 56687 14)1. 0906 24226 14)1.0991 44686 14)1. 1077 18316 
16) 6.9366 24366 16)7,0018 07530 16) 7, 0675 00332 16) 7.1337 05955 
19) 4. 4463 76219 19) 4.4951 60434 19) 4.5444 02713 19) 4.5941 06635 
22)2.8501 27156 22) 2. 8858 92999 22) 2.9220 50945 22)2.9586 04673 
25)1.8269 31507 25)1.8527 43305 25)1.8788 78757 25)1.9053 41409 
28)1.1710 63096 28) 1.1894 61202 28) 1. 2081 19041 28) 1.2270 39868 
(67)2. 3152 22362 (67)2.4034 80891  (67)2.4949 58638  (67)2.5897 67740 
( 1)2.5317 97780 =( 1)2.5337 71892 ( 1)2.5357 44467 (_:1)2.5377 15508 
8.6222 24830 8, 6267 06237 8.6311 82992 . 6356 55108 
5.0316 97308 5.0336 58602 5.0356 17605 5.0375 74325 
3.6422 65548 3.6434 01272 3.6445 35581 3.6456 68481 
646 647 648 649 
4 17316 4 18609 4 19904 4 21201 
2695 86136 2708 40023 2720 97792 2733 59449 
(11)1.7415 26439 11)1. 7523 34949 11) 1. 7631 93692 11)1.7741 02824 
14)1.1250 26079 14)1,1337 60712 14)1.1425 49513 14) 1.1513 92733 
16) 7.2676 68472 16) 7. 3354 31806 16)7. 4037 20841 16)7. 4725 38836 
19) 4, 6949 13833 19)4. 7460 24378 19) 4, 7976 11105 19) 4, 8496 77704 
22) 3. 0329 14336 22) 3.0706 77773 22) 3.1088 51996 22) 3.1474 40830 
25)1.9592 62662 25)1. 9867 28519 25)2.0145 36093 25) 2.0426 89099 
28) 1.2656 83679 28) 1, 2854 13352 28) 1.3054 19389 28)1. 3257 05225 
(67)2. 7898 47292  (67)2.8953 61105  (67)3.0046 93247 (67)3.1179 75679 
( 1)2.5416 53005 ( 1)2.5436 19468 ( 1)2.5455 84412) ( 1)2.5475 47841 
8.6445 85472 8.6490 43742 6534 97422 6579 46522 
5.0414 80939 5.0434 30845 5.0453 78492 5.0473 23886 
3.6479 30063 3.6490 58755 3.6501 86051 3.6513 11957 
1 1 1 
a, ead, Eli 
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ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


Table 3.1 
k 
1 650 
2 4 22500 4 
3 2746 25000 2758 
4 Dee 62500 11)1. 7960 
5 14)1, 1602 90625 14)1, 1692 
6 16) 7.5418 89063 16) 7. 6117 
7 19) 4.9022 27891 19) 4, 9552 
8 22) 3, 1864 48129 22) 3, 2258 
9 Hate 91284 (25)2,.1000 
10 28)1. 3462 74334 (28)1. 3671 
24 = (67) 3.2353 44710 =: (67) 3. 3569 
1/2. (_:1)2.5495 09757. (_:1)2.5514 
1/3 . 6623 91053 8, 6668 
1/4 5.0492 67033 5.0512 
1/5 3.6524 36476 3, 6535 
1 655 
2 4 29025 4 
3 2810 11375 2823 
4 11) 1.8406 24506 Wier 
5 14)1. 2056 09052 (14)2,2148 
6 16)7.8967 39288  (16)7. 9693 
7 39)5.1723 64234 (19)5, 2278 
8 22) 3. 3878 98573 (22) 3, 4294 
9 EF 2.2190 73565 (25)2. 2497 
10 28) 1.4534 93185  (28)1. 4758 
24 (67)3,8885 81447 (67) 4.0335 
1/2 ( 1)2.5592 96778 (_:1)2.5612 
1/3 6845 45603 8. 6889 
1/4 5.0589 49277 5, 0608 
1/5 3.6580 38399 3. 6591 
1 660 
2 4 35600 4 
3 2874 96000 2888 
4 12) 1.8974 73600 teeny 
5 14)1.2523 32576 (14)1. 2618 
6 16) 8.2653 95002 (16)8.3408 
7 19)5.4551 60701 (19}5.5132 
8 22) 3, 6004 06063  (22)3. 6442 
9 25) 2. 3762 68001 Ne 2. 4088 
10 28) 1.5683 36881  (28)1.5922 
24 (67) 4.6671 78950 (67)4. 8398 
1/2 ( 1)2.5690 46516 = (_:1)2.5709 
1/3 8.7065 87691 8.7109 
1/4 5.0685 76246 5.0704 
v/s 3, 6636 06215 3. 6647 
1 665 
2 4 42225 4 
3 2940 79625 2954 
4 11)1.9556 29506 (11) 1. 9674 
5 14)1. 3004 93622 (14) 2. 3103 
6 16) 8. 6482 82584  (16)8.7266 
7 19)5.7511 07918  (19)5.8119 
8 22) 3.8244 86766  (22)3. 8707 
9 25) 2.5432 83699  (25)2.5779 
10 28) 1.6912 83660 (28)1. 7168 
24 (67)5.5939 61683  (67)5. 7993 
1/2 ( 1)2.5787 59392 ( 1)2. 5806 
1/3 8.7285 18735 8. 7328 
1/4 5.0781 48670 5, 0800 
1/5 3, 6691 40389 3, 6702 
1 670 
2 4 48900 4 
3 3007 63000 3021 
4 11)2.0152 12100 (11) 2. 0271 
5 14)1.3501 25107 (14)1. 3602 
6 16)9. 0458 38217 (16)9.1271 
7 19) 6.0607 11605 (19)6.1243 
8 22) 4,0606 76776  (22)4,1094 
9 25) 2.7206 53440 (25)2.7574 
10 28) 1.8228 37805  (28)1.8502 
24 (67) 6.6956 88867 (67) 6. 9396 
1/2. (-:1)2. 5884 35821 = (_:1)2..5903 
1/3 8.7503 40123 8.7546 
1/4 5.0876 67266 5. 0895 
1/5 3. 6746 41374 3. 6757 
ee 


651 
23801 
94451 
72876 
43442 
74809 
65401 
717176 
46432 
30227 


41134 


70164 
31029 
07939 
59612 


656 
30336 
00416 
90729 
40318 
52487 
95232 
99272 
51522 
36999 


93654 


49695 
62971 
79069 
54676 


661 
36921 
04781 
99602 
48737 
20153 
82121 
79482 
68738 
62236 


84834 


92026 
82739 
95071 
15727 


666 
43556 
08296 
19251 
01221 
06135 
19686 
38511 
11848 
89291 


79113 


97580 
91741 
56673 
43226 


671 
50241 
11711 
69581 
30789 
48592 
16705 
16509 
18478 
27799 


96605 
66769 
91362 
64588 
37627 


652 653 
4 25104 4 26409 
2771 67808 2784 45077 
11)1. 8071 34108 11)1, 8182 46353 
14)1.1782 51439 14)1.1873 14868 
16)7. 6821 99379 16) 7. 7531 66091 
19)5, 0087 93995 19)5, 0628 17457 
22) 3.2657 33685 22) 3. 3060 19800 
25)2.1292 58363 25)2.1588 30929 
28)1. 3882 76452 (28)1,. 4097 16597 
(67) 3.4829 10364 (67) 3. 6134 02582 
( 1)2.5534 29067 ( 1)2.5553 86468 
8.6712 66460 8.6756 97359 
5.0531 46611 5.0550 83054 
3.6546 81368 3.6558 01749 
657 658 
4 31649 4 32964 
2835 93393 2848 90312 
11)1. 8632 08592 11)1. 8745 78253 
14)1.2241 28045 14)1, 2334 72490 
16) 8.0425 23255 16)8,1162 48987 
19) 5. 2839 36465 19)5, 3404 91834 
22)3.4715 46257 22) 3.5140 43626 
25) 2. 2808 05891 25) 2. 3122 40706 
28)1. 4984 89470 28) 1.5214 54385 
(67) 4.1837 80288 (67) 4, 3393 17689 
( 1)2.5632 01124 ( 1)2,5651 51068 
i 3 75853 8.6977 84260 
5.0628 06656 5.0647 32044 
3. 6602 69592 3, 6613 83152 
662 663 
4 38244 4 39569 
2901 17528 2914 34247 
ie 1.9205 78035 11)1.9322 09058 
14)1.2714 22659 14)1. 2810 54605 
16) 8.4168 18005 16) 8, 4933 92032 
19)5.5719 33519 19)5, 6311 18918 
22) 3. 6886 19990 22)3. 7334 31842 
25)2.4418 66433 25)2.4752 65311 
28)1.6165 15579 28)1.6411 00901 
(67)5. 0187 05901 (67) 5, 2038 48947 
( 1)2.5729 36066 ( 1)2.5748 78638 
. 7153 73356 8.7197 59553 
5.0724 11720 5.0743 26200 
3.6658 23896 3, 6669 30727 
667 668 
4 44889 4 46224 
2967 40963 2980 77632 
11)1.9792 62223 (11)1. 9911 58582 
14) 1, 3201 67903 14) 1. 3300 93933 
16) 8. 8055 19922 16) 8. 8850 27470 
19)5.8732 81781 19) 5.9351 98350 
22) 3.9174 78948 22)3.9647 12498 
25) 2.6129 58458 25) 2. 6484 27948 
28) 1. 7428 43292 28) 1.7691 49870 
(67)6.0120 14426 (67) 6.2321 09844 
( 1)2.5826 34314 ( 1)2,5845 69597 
. 7372 60372 8.7416 24639 
5.0819 62528 5.0838 66242 
3.6713 44740 3.6724 44934 
672 673 
4 51584 4 52929 
3034 64448 3048 21217 
11) 2. 0392 81091 11) 2.0514 46790 
14) 1.3703 96893 14)1. 3806 23690 
16)9. 2090 67120 16)9. 2915 97433 
19) 6.1884 93105 19) 6, 2532 45073 
22) 4.1586 67366 22) 4.2084 33934 
ets 24470 25) 2. 8322 76038 
28)1. 8779 87644 (28)1.9061 21773 
(67) 7.1922 13208 (67)7. 4535 22063 
( 1)2.5922 96279 ( 1)2.5942 24354 
8.7590 38280 8. 7633 80887 
5.0914 59790 5.0933 52878 
3, 6768 32575 3.6779 26219 
1 
nil (-)8 
3 


24 


4 

2797 
11)1. 8294 
14)1.1964 
16) 7. 8246 
19)5.1173 
22) 3, 3467 
25) 2, 1887 
28) 1, 4314 


(67) 3. 7485 


( 1)2.5573 
8. 6801 
5.0570 
3, 6569 


654 
27716 
26264 
09767 
33987 
78277 
39593 
40094 
68021 
54286 


72888 


42371 
23736 
17274 
20758 


659 


4 34281 


2861 
(11) 1. 8859 
14) 1.2428 
16) 8.1905 
19) 5. 3975 
22) 3.5569 
25) 2. 3440 
28) 1. 5447 


(67) 4, 5003 


( 1)2.5670 
8, 7021 
5, 0666 
3, 6624 


4 

2927 
11) 1. 9438 
14) 1, 2907 
16) 8.5705 
19) 5. 6908 
22) 3. 7787 
25) 2, 5090 
28) 1. 6660 


(67) 5. 3955 


( 1)2.5768 
8. 7241 
5. 0762 
3. 6680 


4 
2994 

oe 2.0031 
14) 1. 3400 

16) 8. 9651 

19)5. 9976 

22) 4. 0124 

25) 2. 6843 

28) 1.7958 


(67) 6. 4599 


( 1)2.5865 
8. 7459 
5. 0857 
3. 6735 


4 

3061 
11) 2. 0636 
14) 1. 3909 
16) 9, 3747 
19) 6, 3185 
22) 4. 2587 
25) 2. 8703 
28) 1. 9346 


(67) 7. 7239 
( 1)2.5961 
8.7677 
5, 0952 
3. 6790 


nsf? 


91179 
99870 
73914 
39094 
65263 
95508 
60040 
35566 


87920 


99531 
88202 
55239 
95358 


664 
40896 
54944 
92828 
44838 
45724 
42360 
19327 
69633 
22237 


27431 


19745 
41343 
38514 
36224 


669 
47561 
18309 
08487 
79578 
32376 
73560 
43612 
24776 
13275 


15340 


03431 
84552 
67819 
43810 


674 
54276 
82024 
66842 
11451 
43182 
76905 
20834 
77842 
34665 


15552 
50997 
19196 


43858 
18565 


SOVONOUPWwrE 


» 


10 


—) 


~ 


J 


4 

3075 
11) 2. 0759 
14) 1, 4012 
16) 9. 4585 
19) 6, 3844 
22) 4, 3095 
25) 2. 9089 
28) 1.9635 


(67) 8. 0036 
( 1)2.5980 


5, 0971 
3, 6801 


4 

3144 
11) 2. 1381 
14) 1.4539 
16) 9, 8867 
19) 6. 7229 
22) 4.5716 
25) 3. 1087 
28) 2.1139 


(67) 9. 5546 
( 1)2. 6076 


5, 1065 
3, 6855 


4 

3214 
11) 2.2017 
14) 2.5081 
17) 1, 0331 
19) 7. 0767 
22) 4. 8475 
25) 3. 3205 
28) 2. 2746 


(68) 1.1391 


( 1)2. 6172 
8. 8151 
5.1159 
3. 6209 


28) 2. 4461 
(68) 1. 3563 
( 1)2. 6267 


5 
28) 2. 6293 
(68) 1. 6130 


( 1)2. 6362 
8, 8578 
5.1344 
3. 7016 


675 
55625 
46875 
41406 
60449 
08032 
92922 
32722 
34587 
30847 


95322 
76211 


0 53215 


32735 
09614 


680 
62400 
32000 
37600 
33568 
48262 
88818 
32397 
10030 
22820 


30685 
80962 


6 59344 


45762 
45546 


685 
69225 
19125 
21006 
78889 
02539 
52393 
75389 
89142 
03562 


31118 


50466 
59819 
07022 
49595 


690 
76100 
09000 
12100 
31349 
81631 
53253 
83744 
08784 
94061 


70007 


85107 
$5922 
17173 
22179 


695 
83025 
02375 
31506 
26397 
60846 
77878 
02625 
34325 
47856 


03502 


85265 
48911 
76863 
63707 


ELEMENTARY ANALYTICAL METHODS 
POWERS AND ROOTS nk Table 3.1 
676 677 678 679 
4 56976 4 58329 4 59684 4 61041 
3089 15776 3102 88733 3116 65752 3130 46839 
11)2. 0882 70646 11)2,1006 54722 11) 2, 1130 93799 11)2.1255 88037 
14)1.4116 70957 14)1, 4221 43247 14) 1, 4326 77595 14) 1. 4432 74277 
16)9. 5428 95666 16)9, 6279 09783 16)9, 7135 54097 16)9, 7998 32341 
19) 6.4509 97470 19) 6.5180 94923 19) 6.5857 89678 19) 6.6540 86159 
22)4, 3608 74290 (22) 4.4127 50263 22) 4, 4651 65402 22) 4.5182 24502 
25) 2.9479 51020 25) 2.9874 31928 25) 3.0273 82142 25) 3.0678 06537 
28)1.9928 14890 (28)2.0224 91415 28) 2.0525 65092 28) 2.0830 40639 
(67)8.2931 72571  (67)8.5926 68325 (67)8.9025 13744 (67) 9, 2230 50418 
(1)2.6000 00000 =( 1)2,6019 22366 §«={ 1)2.6038 43313 ( 1)2,6057 62844 
8.7763 82955 8.7807 08428 8.7850 29644 8.7893 46612 
5.0990 19514 5.1009 04200 5.1027 86801 5.1046 67319 
3, 6811 99371 3, 6822 87840 3, 6833 75023 3.6844 60923 
681 682 683 684 
4 63761 4 65124 4 66489 4 67856 
3158 21241 3172 14568 3186 11987 3200 13504 
11)2.1507 42651 11)2.1634 03354 11) 2.1761 19871 11) 2.1888 92367 
14) 1.4646 55745 14) 1.4754 41087 14) i. 4862 89872 14)1,4972 02379 
16)9.9743 05627 (17)1, 0062 50822 17)1,0151 35983 17)1.0240 86427 
19) 6. 7925 02132 19) 6. 8626 30603 19) 6.9333 78761 19) 7.0047 51164 
22) 4.6256 93952 (224.6803 14071 22) 4.7354 97694 22) 4.7912 49796 
25)3.1500 97581  (25)3.1919 74196 25) 3.2343 44925 25) 3.2772 14860 
28)2.1452 16453 (28)2.1769 26402 28) 2, 2090 57584 28) 2.2416 14965 
(67)9. 8976 17949 = (68) 1.0252 38701  (68)1.0619 32441 (68) 1.0998 82878 
( 1)2.6095 97670 ( 1)2.6115 12971 ‘( 1)2.6134 26869 = (_:1)2..6153 39366 
8.7979 67850 8.8022 72141 8065 72225 8108 68115 
5.1084 22134 5.1102 96441 5.1121 68688 5.1140 38880 
3, 6866 28893 3.6877 10968 3, 6887 91774 3, 6898 71315 
686 687 688 689 
4 70596 4 71969 4 73344 4 74721 
3228 28856 3242 42703 3256 60672 3270 82769 
11)2.2146 05952 11) 2. 2275 47370 11) 2.2405 45423 11)2. 2536 00278 
14)1.5192 19683 = (14)1.5303 25043 14) 1.5414 95251 14}1.5527 30592 
17)1.0421 84703 = (17)1.0513 33304 17)1.0605 48733 17) 1. 0698 31378 
19) 7.1493 87060  (19)7.2226 59802 19) 7.2965 75282 19) 7.3711 38193 
22)4,9044 79523 (22)4.9619 67284 22)5. 0200 43794 22)5.0787 14215 
25) 3.3644 72953 (25) 3. 4088 71524 25) 3. 4537 90130 25) 3. 4992 34094 
28)2.3080 28446 (28)2.3418 94737 28) 2.3762 07610 28) 2. 4109 72291 
(68)1.1797 19551 (68)1.2216 91886  (68)1,2650 93189  (68)1.3099 69927 
( 1)2.6191 60171  1)2.6210 68484 ( 1)2.6229 75410 ( 1)2.6248 80950 
8.8194 47349 8237 30714 8.8280 09925 8.8322 84991 
5.1177 73120 5.1196 37179 5.1214 99204 5.1233 59200 
3.6920 26615 3.6931 02381 3, 6941 76894 3.6952 50159 
691 692 693 694 
4 77481 4 78864 4 80249 4 81636 
3299 39371 3313 73888 3328 12557 3342 55384 
11)2. 2798 81054 = (11)2. 2931 07305 11) 2. 3063 91020 11) 2. 3197 32365 
14)1.5753 97808 (14)1,5868 30255 14)1, 5983 28977 14)1. 6098 94261 
17)1. 0885 99885  (17}1.0980 86536 17)1,1076 41981 17)1.1172 66617 
19)7,5222 25208  (19)7.5987 58832 19) 7. 6759 58928 19) 7.7538 30324 
22)5.1978 57619 = (22)5.2583 41112 22)5.3194 39537 22)5, 3811 58245 
25) 3.5917 19614 (25) 3.6387 72050 25) 3.6863 71599 25) 3.7345 23822 
28) 2.4818 78254  (28)2,5180 30258 28) 2.5546 55518 28) 2.5917 59533 
(68)1, 4043 42816 (68)1.4539 39271  (68)1.5052 11857 (68)1.5582 14678 
( 1)2.6286 87886 = ( 1)2.6305 89288 «=©( 1)2.6324 89316 ( 1)2.6343 87974 
8, 8408 22729 8.8450 85422 8, 8493 44010 8.8535 98503 
5.1270 73128 5.1289 27069 5.1307 79001 5.1326 28931 
3, 6973 92956 3.6984 62494 3.6995 30796 3.7005 97866 
696 697 698 699 
4 84416 4 85809 87204 4 88601 
3371 53536 3386 08873 3400 68392 3415 32099 
11)2, 3465 88611 (11)2. 3601 03845 11)2, 3736 77376 11) 2. 3873 09372 
14)1, 6332 25673 = 14)1. 6449 92380 14) 1.6568 26809 14) 1. 6687 29251 
17) 1.1367 25068 (17)1.1465 59689 17) 1.1564 65132 17)1, 1664 41746 
19)7.9116 06476 =(19)7.9915 21031 19) 8, 0721 26484 19) 8, 1534 27808 
22)5.5064 78107 (22)5.5700 90158 22)5. 6343 44286  (22)5,6992 46038 
25) 3.8325 08763 (25)3, 8823 52840 25) 3.9327 72312 25) 3.9837 72980 
28)2,6674 26099  (28)2.7059 99930 - (28)2.7450 75074 28) 2. 7846 57313 
(68) 1.6696 35809 (68)1.7281 70846  (68)1.7886 69670 (68)2,8511 95210 
( 1)2.6381 81192 ( 1)2.6400 75756 ( 1)2,6419 68963 (_:1)2, 6438 60813 
8.8620 95243 . 8663 37511 8.8705 75722 8.8748 09888 
5.1363 22801 5.1381 66751 5.1400 08719 5.1418 48708 
3, 7027 28321 3.7037 91713 3. 7048 53884 3.7059 14839 
1 1 
3[(-7) a[(-7)3 i 
n n n 
4 *| 3 3 


1 
ce 


51 


52 


Table 3.1 


OVWOyntnNeawny TF 


i a ” i 


He 


4 

3430 
11) 2, 4010 
14)1, 6807 
17) 1.1764 
19) 8, 2354 
22)5, 7648 
25) 4. 0353 
28) 2, 8247 


(68) 1, 9158 


( 1)2. 6457 
8, 8790 
5, 1436 
3. 7069 


4 

3504 

11) 2. 4703 
14) 1.7415 
17)1. 2278 
19) 8, 6561 
22) 6, 1025 
25) 4. 3023 
28) 3, 0331 


(68) 2. 2726 


( 1)2. 6551 
8.9001 
5.1528 
3, 7122 


5 

3579 

11) 2.5411 
14) 1, 8042 
17)1. 2810 
19) 9, 0951 
22) 6. 4575 
25) 4, 5848 
28) 3. 2552 


(68) 2, 6927 


( 1)2. 6645 
8.9211 
5.1619 
3.7175 


5 

3655 

11) 2, 6135 
14) 1. 8686 
17) 1. 3360 
19) 9. 5530 
22) 6, 8304 
25) 4, 8837 
28) 3. 4918 


( 68) 3. 1867 


( 1)2. 6739 
8.9420 
5.1710 
3, 7227 


28) 3. 7439 
(68) 3. 7668 


( 1)2. 6832 
8, 9628 
5. 1800 
3.7279 


700 
90000 
00000 
00000 
00000 
90000 
30000 
01000 
60700 
52490 


12314 


51311 
40017 
86724 
74581 


705 
97025 
02625 
38506 
88647 
19996 
30972 
72335 
13497 
31015 


82709 


83609 
30453 
47377 
55193 


710 
04100 
11000 
68100 
29351 
02839 
20158 
35312 
50072 
43551 


76876 


82519 
21404 
59433 
05928 


715 
11225 
25875 
10006 
59654 
91653 
55319 
34553 
60705 
88904 


28051 


48391 
14037 
23488 
27165 


720 
18400 
48000 
85600 
17632 
40695 
61300 
41363 
69781 
06243 


63772 


81573 
09493 
40128 
19273 


1 
nl 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


701 

4 91401 

3444 72101 

11) 2. 4147 49428 
14) 1, 6927 39349 
17) 1.1866 10284 
19) 8, 3181 38089 
22)5. 8310 14800 
25)4,0875 41375 
28) 2. 8653 66504 


(68)1. 9825 87808 


( 1)2. 6476 40459 
8. 8832 66120 
5.1455 22771 
3, 7080 33212 


706 

4 98436 

3518 95816 

11) 2. 4843 84461 
14)1. 7539 75429 
17)1. 2383 06653 
19)8. 7424 44971 
22)6.1721 66150 
25) 4. 3575 49302 
28) 3.0764 29807 


(68) 2.3513 25887 


( 1)2.6570 66051 
9043 36564 
5.1546 73657 
3.7133 07718 


711 

5 05521 

3594 25431 
11)2.5555 14814 
14)1, 8169 71033 
17)1. 2918 66404 
19)9.1851 70136 
22) 6, 5306 55967 
25) 4. 6432 96392 
28) 3, 3013 83735 


(68)2. 7852 89985 


( 1)2. 6664 58325 
8.9253 07760 
5.1637 76065 
3.7185 52523 


716 

5 12656 

3670 61696 
11)2. 6281 61743 
14)1. 8817 63808 
17)1. 3473 42887 
19)9. 6469 75069 
22)6.9072 34149 
25)4.9455 79651 
28) 3.5410 35030 


( 68) 3.2954 33372 


{ 1)2.6758 17632 
8.9461 80866 
5.1728 30591 
3.7237 67905 


721 

5 19841 

3748 05362 
11)2, 7023 46653 
14) 1, 9483 91937 
17) 1. 4047 90586 
20)1,0128 54013 
22) 7. 3026 77432 
25)5. 2652 30428 
28) 3. 7962 31139 


(68) 3.8944 51981 


( 1)2. 6851 44316 
9669 57022 
5.1818 37817 
3.7289 54232 


3 


25) 4.1403 
28) 2.9065 


(68) 2, 0515 


( 1) 2.6495 
8. 8874 
5.1473 
3. 7090 


4 

3533 

11) 2. 4984 
14) 1. 7664 
1771. 2488 
19) 8, 8294 
22) 6. 2424 
25) 4. 4134 
28) 3, 1202 


(68) 2. 4325 


( 1)2. 6589 
8. 9085 
5.1564 
3.7143 


5 

3609 

11) 2. 5699 
14) 1. 8297 
17)1. 3028 
19)9, 2759 
22) 6. 6045 
25) 4. 7024 
28) 3, 3481 


(68) 2. 8808 


( 1)2. 6683 
8.9294 
5.1655 
3.7195 


5 

3686 

11) 2, 6428 
14)1. 8949 
17) 1. 3586 
19)9. 7416 
22) 6. 9847 
25) 5. 0080 
28) 3. 5908 


(68) 3. 4076 


( 1)2.6776 
9503 
5.1746 
3. 7248 


5 

3763 

11) 2. 7173 
14) 1. 9619 
17)1. 4165 
20)1. 0227 
22)7. 3841 
25)5. 3313 
28) 3, 8492 


(68) 4, 0261 


( 1)2. 6870 
8.9711 
5. 1836 
3, 7299 


92 [D5] 


702 
92804 
48408 
57824 
47593 
03010 
57130 
93105 
20960 
05314 


90555 


28260 
88205 
56856 
90435 


707 
99849 
93243 
90228 
32591 
67842 
95643 
53419 
14568 
84099 


73275 


47160 
38706 
97998 
59051 


712 
06944 
44128 
22191 
84600 
06635 
83244 
00070 
04050 
11683 


44702 


32813 
90191 
90782 
97942 


717 
14089 
01813 
74999 
41374 
72965 
85162 
88261 
93183 
02813 


87302 


85568 
43817 
35801 
07483 


722 
21284 
67048 
70087 
41202 
21548 
28558 
00187 
20335 
13282 


75870 


05769 
00718 
33637 
88042 


703 704 
4 94209 4 95616 
3474 28927 3489 13664 
11) 2.4424 25357 (11) 2. 4563 52195 
14)1.7170 25026 (14) 1. 7292 71945 
17)1. 2070 68593 = (17) 1.2174 07449 
19) 8. 4856 92210 19)8,5705 48443 
22)5.9654 41624  (22)6.0336 66104 
25) 4.1937 05461 25) 4.2477 00937 
28)2,9481 74939  (28)2.9903 81460 
(68) 2.1228 91511  (68)2..1965 63787 
( 1)2.6514 14717 (_:1)2. 6532-99832 
B. 8917 06283 8.8959 20362 
5.1491 88981 5.1510 19154 
3.7101 46554 3.7112 01473 
708 709 
5 01264 5 02681 
3548 94912 3564 00829 
11) 2.5126 55977 11)2.5268 81878 
14) 1.7789 60432 14) 1.7915 59251 
17)1. 2595 03986 17)1.2702 15509 
19) 8.9172 98218 19) 9.0058 27960 
22) 6. 3134 40059 22) 6. 3851 32023 
25)4. 4699 15561 (25) 4, 5270 58605 
28)3.1647 00218  (28)3. 2096 84551 
(68) 2.5165 07242  (68)2.6032 12640 
( 1)2.6608 26939 ( 1)2.6627 05391 
8.9127 36887 .9169 31117 
5.1583 20404 5.1601 40881 
3.7154 09195 3.7164 58153 
713 714 
5 08369 5 09796 
3624 67097 3639 94344 
11) 2. 5843 90402 11) 2.5989 19616 
14) 1, 8426 70356 14)1. 8556 28606 
17) 1. 3138 23964 = (17) 1. 3249 18825 
19) 9. 3675 64864 19) 9.4599 20408 
22) 6.6790 73748 (22) 6. 7543 83171 
25)4.7621 79582 25) 4.8226 29584 
28) 3.3954 34042 28) 3. 4433 57523 
(68)2.9795 36544 (68) 3.0814 63889 
( 1)2.6702 05985 ( 1)2.6720 77843 
8.9336 68708 8.9378 43321 
5.1674 03588 5.1692 14489 
3, 7206 42186 3.7216 85260 
718 719 
5 15524 5 16961 
3701 46232 3716 94959 
11) 2. 6576 49946 11) 2.6724 86755 
14) 1.9081 92661 141.9215 17977 
17)1. 3700 82331 17) 1.3815 71425 
19) 9.8371 91134 19) 9. 9334 98549 
22) 7.0631 03234 © (22)7,1421 85457 
25)5. 0713 08122 25)5. 1352 31343 
28) 3.6411 99232 28) 3. 6922 31336 
(68) 3.5236 00491 (68) 3.6432 86875 
( 1)2.6795 52201 ( 1)2.6814 17536 
8.9545 02899 8.9586 58122 
5.1764 39125 5.1782 40566 
3.7258 45902 3.7268 83164 
723 724 
5 22729 5 24176 
3779 33067 3795 03424 
11) 2. 7324 56074 11) 2. 7476 04790 
14)1.9755 65742 14)1.9892 65868 
17)1, 4283 34031 17)1, 4402 28488 
20)1.u326 85505 20) 1.0427 25426 
22) 7, 4663 16199 227.5493 32081 
25)5, 3981 46612 25)5.4657 16426 
28) 3.9028 60000 28) 3.9571 78693 
(68) 4.1621 63488 (68) 4.3025 46659 
( 1)2.6888 65932 ( 1)2.6907 24809 
9752 40590 8.9793 76646 
5.1854 27593 5.1872 19688 
3, 7310 20708 3. 7320 52232 
1 
nil (-D2 
3 


1 


OVOnNoUSWNHe 


=) 


COWVOsIKDUAWHE 


ny 
_ 


Het et 
Ws wn 


CVMNOUPUNH 


J 


~] 


725 


5 25625 


3810 
11) 2. 7628 
14) 2, 0030 
17)1. 4522 
20)1, 0528 
22) 7. 6331 
25)5. 5340 
28) 4, 0121 


(68) 4. 4474 

( 1)2.6925 
8. 983 
5. 1890 
3, 7330 


78125 
16406 
41895 
05374 
48896 
54495 
37009 
76831 


61095 
82404 


5 08896 


09928 
82616 


730 


5 32900 


28) 4, 2976 
(68) 5. 2450 
( 1)2. 7018 


5.1979 
3. 7382 


17000 
24100 
71593 
42263 
39852 
00919 
58671 
25830 


38047 
51217 


1 13346 


33452 
17550 


735 


5 40225 


3970 
11) 2.9184 
14) 2. 1450 
17)1. 5766 
20)1. 1588 
22)8. 5172 
25) 6. 2601 
28) 4. 6012 


(68) 6, 1786 


( 1)2.7110 
9. 0246 
5, 2068 
3. 7433 


65375 
30506 
46422 
09120 
07703 
36620 
68916 
24153 


86185 


88342 
23926 
11253 
24423 


740 


5 47600 


4052 
11) 2. 9986 
14)2. 2190 
17)1. 6420 
20)1. 2151 
22) 8.9919 
25) 6. 6540 
28) 4. 9239 


(68) 7. 2704 
( 1)2. 7202 
9. 04 


24000 
57600 
06624 
64902 
28027 
47402 
41078 
90397 


49690 
94102 


50 41696 


5.2156 
3, 7484 


43874 
03580 


745 


5 55025 


28)5. 2669 
(68) 8 5457 
( 1)2. 7294 

65, 


5, 2244 
3, 7534 


93625 
27506 
92992 
69779 
78485 
49717 
89039 
92834 


57129 
68813 


3 67701 


31847 
55355 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk Table 3.1 
726 727 728 729 
5 27076 5 28529 5 29984 5 31441 
3826 57176 3842 40583 3858 28352 3874 20489 
11)2.7780 91098 (11)2.7934 29038 (11)2..8088 30403 11) 2.8242 95365 
14)2, 0168 94137 (14)2,0308 22911 14) 2.0448 28533 14) 2,0589 11321 
17)1. 4642 65143 = (17)1..4764 08256 = (17) 1. 4886 35172 ay 1.5009 46353 
20)1,0630 56494 (20)1.0733 48802 (20)1.0837 26405 20)1.0941 89891 
22)7.7177 90147 (22)7.8032 45793 (22)7.8895 28230 22) 7.9766 44308 
25)5. 6031 15647 (25)5.6729 59691 25) 5.7435 76552 25)5.8149 73700 
28) 4.0678 61960 (28)4.1242 41696  (28)4,1813 23730 28) 4, 2391 15828 
(68) 4.5970 46501  (68)4.7514 46686  (68)4.9108 09683 (68)5.0752 87861 
( 1)2.6944 38717 ( 1)2.6962 93753 ( 1)2.6981 47513 ( 1)2.7000 00000 
9876 37347 9917 62009 9958 82891 9.0000 00000 
5.1907 98317 5.1925 84860 5.1943 69560 5.1961 52423 
3, 7341 11864 3.7351 39979 3.7361 66963 3.7371 92819 
731 732 733 734 
5 34361 5 35824 5 37289 5 38756 
3906 17891 3922 23168 3938 32837 3954 46904 
11)2,8554 16783 (11)2.8710 73590 (11)2,8867 94695 11) 2.9025 80275 
14)2, 0873 09669 (14)2.1016 25868  (14)2,1160 20512 14) 2.1304 93922 
17)1.5258 23368  (17)1.5383 90135 (17)1.5510 43035 17) 1.5637 82539 
20)1,1153 76882  (20)1.1261 01579 (20)1.1369 14545 20)1.1478 16384 
22)8.1534 05006  (22)8.2430 63558  (22)8, 3335 83612 22) 8.4249 72255 
25)5.9601 39059  (25)6.0339 22524  (25)6.1085 16788 25) 6.1839 29635 
28) 4,3568 61652 (28)4.4168 31288  (28)4.4775 42805 28) 4.5390 04352 
(68)5. 4202 21655  (68)5.6010 04807 (68)5.7875 58467  (68)5,9800 58576 
( 1)2.7037 01167 ( 1)2.7055 49852 ( :1)2,7073 97274 = (_:1) 2. 7092 43437 
9,0082 22937 9,0123 28782 9.0164 30890 9,0205 29268 
5.1997 12653 5.2014 90029 5.2032 65584 5.2050 39324 
3,7392 41158 3.7402 63647 3.7412 85019 3.7423 05277 
736 737 738 739 
5 41696 5 43169 5 44644 5 46121 
3986 88256 4003 15553 4019 47272 4035 83419 
11) 2.9343 45564 11)2.9503 25626 (11)2.9663 70867 11) 2.9824 81466 
14)2.1596 78335 (14)2.1743 89986  (14)2.1891 81700 14) 2.2040 53804 
17) 1.5895 23255 (17)1,6025 25420 = (17)1,6156 16095 17) 1.6287 95761 
20)1.1698 89115 20)1.1810 61234  (20)1.1923 24678 20)1.2036 80067 
22) 8. 6103 83890 22)8. 7044 21297 = (22) 8. 7993 56123 22)8,8951 95697 
25) 6, 3372 42543 (25)6.4151 58496 (25)6. 4939 24819 25) 6.5735 49620 
28) 4. 6642 10512 28) 4.7279 71812 (28)4.7925 16516 28) 4, 8578 53170 
(68) 6, 3836 27605  (68)6.5950 74542 (68) 6.8132 24254 (68) 7.0382 79698 
( 1)2.7129 31993 (:1)2.7147 74392) (:1)2,7166 15541 = (_:1) 2.7184 55444 
0287 14871 9. 0328 02112 0368 85658 9.0409 65517 
5.2085 81374 5.2103 49693 5.2121 16213 5.2138 80938 
3.7443 42461 3.7453 59393 3.7463 75222 3.7473 89950 
741 742 743 744 
5 49081 5 50564 5 52049 5 53536 
4068 69022 4085 18488 4101 72407 4118 30784 
11) 3, 0148 99446 11) 3.0312 07181 (11)3.0475 80984 11) 3.0640 21033 
14) 2.2340 40489 (14)2.2491 55728 014) 2. 2643 52671 14) 2.2796 31649 
17) 1. 6554 24002 17) 1. 6688 73550 (17)1. 6824 14035 17)1.6960 45947 
20)1. 2266 69186 20)1.2383 04174 (20)1. 2500 33628 20) 1.2618 58184 
22) 9, 0896 18667 22)9.1882 16974 (22)9,2877 49854 2259. 3882 24890 
25) 6.7354 07432 25) 6.8176 56995  (25)6.9007 98142 25) 6.9848 39318 
28) 4.9909 36907 28)5.0587 01490 (28)5,1272 93019 28)5.1967 20453 
(68)7.5099 49065  (68)7.7569 98844 (68)8,0118 26396  (68)8.2746 65623 
( 1)2.7221 31518 ( 1)2.7239 67694 ( 1)2,7258 02634 ( 1)2.7276 36339 
0491 14206 .0531 83053 .0572 48245 9.0613 09792 
5.2174 05023 5.2191 64391 5.2209 21982 5, 2226 77799 
3.7494 16115 3.7504 27557 3.7514 37909 3.7524 47174 
746 747 748 749 
5 56516 5 58009 5 59504 5 61001 
4151 60936 4168 32723 4185 08992 4201 89749 
11) 3.0971 00583 11) 3.1137 40441 (11) 3, 1304 47260 11) 3.1472 21220 
14) 2, 3104 37035 14) 2.3259 64109 = (14)2,3415 74551 14)2. 3572 68694 
17)1, 7235 86028 17)1. 7374 95190 = (17)1,7514 97764 17) 1. 7655 94252 
20) 1.2857 95177 20)1.2979 08907 (20)1. 3101 20327 20) 1. 3224 30094 
22)9,5920 32018 22)9, 6953 79533  22)9,7997 00049 22)9.9050 01408 
25)7.1556 55886 25)7.2424 48511 25) 7. 3301 75636 25) 7.4188 46054 
28) 5, 3381 19291 28)5.4101 09038  (28)5.4829 71376 28) 5.5567 15695 
(68) 8, 8253 48404  (68)9.1136 94019 (68)9,4110 55807  (68)9.7177 03069 
( 1)2.7313 00057 = (_:1)2.7331 30074 «=(:1)2.7349 58866 = (_:1)2. 7367 86437 
0694 21981 0734 72639 9,0775 19683 9.0815 63122 
5.2261 84131 5.2279 34653 5.2296 83419 5.2314 30432 
3, 7544 62453 3.7554 68472 3.7564 73415 3.7574 77282 
1 L 1 
na[(-7) ni{ (-7)2 ns[ D1 
4 3 3 


“a 


53 


Table 3.1 


OCOVOntouUaAWwnNr 


~ La - 


we 


5 

4218 

11) 3. 1640 
14) 2. 3730 
17)1.7797 
20) 1, 3348 
23)1, 0011 
25) 7, 5084 
28) 5, 6313 


(69) 1. 0033 

( 1)2, 7386 
9. 085 
5. 2331 
3.7584 


5 

4303 

11) 3. 2492 
14) 2, 4532 
17)1, 8521 
20) 1. 3983 
23)1. 0557 
25)7.9711 
28) 6, 0182 


(69) 1, 1768 


( 1)2. 7477 
9, 1057 
5, 2418 
3. 7634 


28) 6, 4288 
(69) 1, 3788 
(1)2. 7568 

9.125 
5, 2505 
3. 7684 


750 
62500 
75000 
62500 
46875 
85156 
38867 
29150 
68628 
51471 


91278 
12788 


6 02964 


75697 
80079 


755 
70025 
68875 
85006 
10180 
73686 
91133 
85305 
79054 
40186 


65520 


26333 
48491 
75936 
78075 


760 
77600 
76000 
17600 
25376 
99286 
19457 
34787 
64385 
88932 


79182 
09750 


8 05271 


33069 
49662 


765 


5 85225 


2B) 6, 8645 
(69) 1, 6138 
( 1)2.7658 


5, 2591 
3.7733 


5 

4565 

11) 3. 5153 
14) 2. 7067 
17) 2, 0842 
20) 1. 6048 
23)1, 2357 
25)9. 5151 
28) 7, 3266 


(69) 1. 8870 
( 12.7748 


97125 
83006 
35500 
27157 
10275 
82361 
15059 
86020 


91907 
63337 


7 74274 


47590 
95151 


770 
92900 
33000 
04100 
84157 
23801 
52327 
36292 
69445 
80473 


23915 
87385 


6 56454 


19986 
14849 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


751 752 753 

5 64002 5 65504 5 67009 

4235 64751 4252 59008 4269 57777 

11) 3.1809 71280 (11)3.1979 47740 (11) 3.2149 92061 
14) 2, 3889 09431 (14)2.4048 56701 (14)2. 4208 89022 
17)1.7940 70983 (17)1.8084 52239 (1791. 8229 29433 
20)1. 3473 47308 (20)1. 3599 56084 (20)1. 3726 65863 
23)1,0118 57828  (23)1.0226 86975  (23)1.0336 17395 
25)7,5990 52291  (25)7.6906 06051  (25)7.7831 38985 
28)5.7068 88271 (28)5, 7833 35750  (28)5.8607 03656 
(69)1.0359 96977 (69)1,0696 16698 (69)1.1042 80565 
( 1)2.7404 37921 ( 1)2,7422 61840 ( 1)2.7440 84547 
9, 0896 39217 0936 71888 9.0977 00985 
5.2349 19217 5.2366 60997 5.2384 01041 
3.7594 81806 3, 7604 82467 3.7614 82064 

756 757 758 

5 71536 5 73049 5 74564 

4320 81216 4337 98093 4355 19512 
11)3,2665 33993 (11)3. 2838 51564 (11)3. 3012 37901 
14) 2.4694 99699 (14)2, 4858 75634 (14) 2.5023 38329 
17)1.8669 41772 (17)1,8818 07855 (17)1.8967 72453 
20}1.4114 07980 (20)1.4245 28546 (20)1. 4377 53520 
23)1.0670 24433 (23)1,0783 68109 (23) 1. 0898 17168 
25)8.0667 04711 (25)8,1632 46588  (25)8.2608 14132 
28) 6.0984 28762 (28)6,1795 77667  (28)6,2616 97112 
(69)2,2148 51214 (69)1,2540 10313 (69) 1.2943 77442 
( 1)2.7495 45417 ( 1)2.7513 63298 ( 1)2.7531 79980 
9,1097 66916 9, 1137 81798 9.1177 93146 
5.2436 10795 5, 2453 43934 5.2470 75356 
3.7644 74495 3.7654 69862 3.7664 64176 

761 762 763 

5 79121 5 80644 5 82169 

4407 11081 4424 50728 4441 94947 

11) 3.3538 11326 © (11)3,3714 74547 (11) 3, 3892 07446 
14) 2.5522 50419 (14)2,5690 63605  (14)2.5859 65281 
17)1.9422 62569 (17)1.9576 26467 (171.9730 91509 
20)1.4780 61615 (20)1.4917 11368  (20)1.5054 68822 
23)1,1248 05041 (23)1,1366 84062 (23)1. 1486 72711 
25)8,5597 66364 (25)8,6615 32555  (25)8.7643 72784 
28) 6.5139 82203 (28)6.6000 87807 (28)6. 6872 16435 
(69)1.4230 88020 (69)1,4686 53390 (69) 1.5156 15056 
( 1)2. 7586 22845 ( 1)2,7604 34748 ( 1)2.7622 45463 
9.1298 06063 9, 1338 03351 21377 97144 

5, 2522 59366 5, 2539 83963 5, 2557 06863 
3.7694 40838 3.7704 30972 3.7714 20068 
766 767 768 

5 86756 5 98289 5 89824 

4494 55096 4512 17663 4529 84832 

11) 3.4428 26035 = (11)3.4608 39475 (11) 3, 4789 23510 
14) 2. 6372 04743 = (14)2. 6544 63877 (14) 2.6718 13255 
17)2. 0200 98833 (17)2.0359 73794 (17)2.0519 52580 
20)1.5473 95706 (20)1.5615 91900 (20)1.5758 99582 
23)1,1853 05111 © (23)1.1977 40987 23)1. 2102 90879 
25)9.0794 37150 (25)9.1866 73373 (259, 2950 33948 
28)6.9548 48857 (28)7,0461 78477 (28)7.1385 86072 
(69) 1.6652 92289 (69)1.7182 59425 (69)1.7728 38934 
( 1)2.7676 70501 ( 1)2.7694 76485 ( 1)2,7712 81292 
1497 57625 9,1537 37512 9,1577 13940 
5.2608 65424 5.2625 81576 5.2642 96052 
3.7743 81144 3.7753 66108 3.7763 50045 

™7 172 773 

5 94441 5 95984 5 97529 

4583 14011 4600 99648 4618 89917 

11) 3.5336 01025 (11)3,5519 69283 (11) 3.5704 09058 
14)2, 7244 06390 (14)2.7421 20286 (14)2. 7599 26202 
17)2,1005 17327 (17)2,1169 16861 ¢17)2.1334 22954 
20)1.6294 98859 (20)1.6342 59817 (20)1.6491 35944 
231.2486 33620 (23)1.2616 48578 023)1.2747 82084 
25)9, 6269 65212 (25)9.7399 27025  (25)9.8540 65513 
28)7, 4223 90179 (28)7.5192 23664  (28}7.6171 92641 
(69)1,9467 27094 (69)2,0082 38127 (69) 2.0716 09310 
( 1)2.7766 88675 ( 1)2.7784 88798 ( 1)2, 7802 87755 
9, 1696 22555 9.1735 85227 9.1775 44479 
5.2694 29452 5.2711 37257 5.2728 43403 
3.7792 95720 3.7802 75573 3.7812 54412 


[92] 


o[P 9 


ge 


28) 5, 9390 
(69) 1, 1400 


( 1)2, 7459 
9.1017 
5.2401 
3, 7624 


01825 
19555 


06044 
26517 
39353 
80599 


759 


5 76081 


28) 6, 3447 
(69) 1, 3359 


( 1)2.7549 
9, 1218 
5, 2488 
3. 7674 


5 

4459 

11) 3. 4070 
14) 2. 6029 
17) 1. 9886 
20) 1.5193 
23)1.1607 
25) 8, 8682 
28) 6.7753 


(69) 1. 5640 


( 1)2. 7640 
9.1427 
5, 2574 
3.7724 


45479 
93186 
88128 
36089 
83592 
72446 
16865 
97401 


88198 


95463 
00968 
05067 
57442 


764 
83696 
43744 
10204 
55796 
58228 
34886 
71853 
96958 
78876 


13890 


54992 
87449 
28071 
08126 


7169 


5 91361 


(69) 1, 8290 


( 1)2.7730 
9.1616 
5. 2660 
3.7773 


5 

4636 

11) 3, 5889 
14) 2. 7778 
17)2, 1500 
20) 1. 6641 
23) 1, 2880 
25) 9. 9693 
28) 7. 7163 


(69) 2, 1368 


$6609 
78323 
53231 
35734 
19480 
55680 
29178 
82938 


77701 


84925 
86919 
08854 
32958 


774 
99076 
84824 
20538 
24496 
36160 
27988 
35063 
91385 
08932 


94378 


( 1)2. 7820 85549 


. 1815 
5.2745 
3. 7822 


afDY 


00317 
47894 
32239 


to 
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ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


775 7716 777 
6 00625 6 02176 6 03729 
4654 84375 4672 88576 4690 97433 
11) 3, 6075 03906 11) 3.6261 59350 11) 3, 6448 87054 
14)2, 7958 15527 14) 2, 8138 99655 14) 2, 8320 77241 
17) 2, 1667 57034 17) 2.1835 86133 17)2, 2005 24016 
20)1.6792 36701 20)1. 6944 62839 20)1, 7098 07161 
23)1. 3014 08443 23)1. 3149 03163 23)1, 3285 20164 
26)1,0085 91544 26)1.0203 64854 26)1,.0322 60167 
28) 7. 8165 84463 28)7.9180 31271 28)8,0206 61501 
(69)2. 2041 48547 (69)2.2734 28553 (69)2. 3447 92689 
( 1)2,7838 82181 ( 1)2.7856 77655 ( 1)2.7874 71973 
9.1854 52750 9.1894 01784 1933 47428 
5.2762 50735 5.2779 51928 5.2796 51478 
3, 7832 09055 3.7841 84864 3. 7851 59667 
780 781 782 
6 08400 6 09961 11524 
4745 52000 4763 79541 4782 11768 
11) 3.7025 05600 11)3. 7205 24215 11)3. 7396 16026 
14) 2, 8871 74368 14)2,9057 29412 14) 2, 9243 79732 
17)2, 2519 96007 17) 2.2693 74671 17) 2, 2868 64952 
20)1. 7565 56885 20)1. 7723 81618 20) 1. 7883 28391 
23)1, 3701 14371 23)1, 3842 30044 23)1. 3984 72802 
26)1, 0686 89209 26)1.0810 83664 26)1.0936 05731 
28) 8, 3357 75831 28) 8. 4432 63416 28)8.5519 96818 
(69)2.5719 97041  (69)2.6523 13239 (69)2,7350 29868 
( 1)2.7928 48009 ( 1)2,7946 37722 = (_:1)2.7964 26291 
9.2051 64083 9, 2090 96233 2130 25029 
5, 2847 40305 5.2864 33318 5.2881 24706 
3.7880 78066 3.7890 48871 3.7900 18681 
785 786 787 
6 16225 6 17796 6 19369 
4837 36625 4855 87656 4874 43403 
11)3.7973 32506 11)3.8167 18976 11) 3, 8361 79582 
14) 2.9809 06017 14) 2.9999 41115 14)3,0190 73331 
17) 2, 3400 11224 17)2. 3579 53717 17)2.3760 10711 
20)1. 8369 08811 20)1. 8533 51621 20)1. 8699 20430 
23)1.4419 73416 23)1.4567 34374 23)1,4716 27378 
26)1,1319 49132 26) 1.1449 93218 26)1.1581 70747 
28) 8, 8858 00685 28) 8.9996 46695 28)9,1148 03776 
(69)2.9982 77060 (69)3.0912 99652 (69)3,1870 84488 
( 1)2,8017 85145 { 1)2.8035 69154 {( 1)2, 8053 52028 
9.2247 91357 9, 2287 06804 9,2326 18931 
5.2931 89157 5.2948 74081 5.2965 57399 
3.7929 22172 3.7938 88029 3, 7948 52904 
790 791 792 
6 24100 6 25681 6 27264 
4930 39000 4949 13671 4967 93088 
11) 3. 8950 08100 11) 3.9147 67138 11) 3.9346 01257 
14) 3,0770 56399 14) 3.0965 80806 14) 3.1162 04196 
17) 2.4308 74555 17) 2. 4493 95417 17)2. 4680 33723 
20)1.9203 90899 20)1.9374 21775 20)1. 9546 82708 
23)1.5171 08810 23)2.5325 40174 23)1. 5481 08705 
26)1.1985 15960 26)1.2122 39278 26)1, 2261 02094 
28)9, 4682 76083 28) 9, 5888 12687 28)9, 7107 28588 
(69) 3.4918 06676 (69)3.5994 45514  (69)3,7102 60118 
( 1)2.8106 93865 ( 1)2,8124 72222 { 1)2,8142 49456 
2443 35465 9, 2482 34384 9.2521 30018 
5.3015 97745 5. 3032 74670 5.3049 50005 
3.7977 41656 3.7987 02623 3.7996 62619 
795 796 797 
6 32025 6 33616 6 35209 
5024 59875 5043 58336 5062 61573 
11) 3.9945 56006 11) 4.0146 92355 11) 4. 0349 04737 
14) 3.1756 72025 14) 3.1956 95114 14) 3.2158 19075 
17) 2, 5246 59260 17) 2.5437 73311 17)2.5630 07803 
20}2,0071 04112 20) 2.0248 43555 20)2.0427 17219 
23)1,5956 47769 23)1. 6117 75470 23)1, 6280 45624 
26)1. 2685 39976 26)1, 2829 73274 26) 1. 2975 52362 
29)1. 0084 89281 29)1,0212 46726 29) 1, 0341 49232 
(69) 4.0626 65702 (69)4.1871 02820 (69)4,3151 87922 
( 1)2.8195 74436 ( 1)2,8213 47196 ( 1)2.8231 18843 
9, 2637 97282 9.2676 79846 9,2715 59160 
5.3099 66512 5, 3116 35526 5.3133 02968 
3, 8025 36800 3, 8034 92932 3.8044 48104 

1 1 

2[(-6)2 a[(-7)4 
n 1 
s 5 


778 


6 05284 


4709 
11) 3. 6636 
14) 2. 8503 
17)2, 2175 
20) 1. 7252 
23)1, 3422 
26) 1. 0442 
28) 8.1244 


(69) 2, 4183 

( 1)2. 7892 
9.197 
5, 2813 
3, 7861 


6 
4800 
11) 3, 7587 
14) 2, 9432 
17) 2, 3044 
20) 1, 8043 
23)1. 4128 
26) 1.1062 
28) 8. 6619 


{ 69) 2, 8202 

( 1)2, 7982 
9,216 
5.2898 
3. 7909 


10952 
87207 
48647 
71247 
70430 
60395 
78587 
87408 


00846 
65136 
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5.3963 35753 5.3979 25951 
3.8519 36956 3.8528 45003 
1 
nd| (“71 
3 


ce 


Oo” 
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11)5. 2200 
14) 4. 4370 
17) 3.7714 
20) 3, 2057 
23) 2. 7249 
26) 2. 3161 
(29) 1. 9687 


(70) 2, 0232 
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9.4726 
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7 
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17) 4. 0456 
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23) 2.9921 

26) 2.5732 
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(70) 2. 6789 
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7 

6472 

11)5. 5984 
14) 4. 8426 
17) 4, 1888 
20) 3. 6233 
23) 3.1342 
26) 2. 7110 
29) 2. 3450 


(70) 3, 0788 


( 1)2.9410 
9.5280 
5.4231 
3, 8672 


29) 2, 4842 
(70) 3, 5355 


( 2)2.9495 
9.5464 
5.4310 
3.8717 


26375 
75506 
99058 
79694 
25639 
07421 
15345 
66620 


92589 


38303 
19958 
37751 
75391 
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56000 
81600 
70176 
72351 
78222 
79271 
74173 
15789 


39031 


75660 
85413 
26084 
77475 


865 
48225 
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06506 
21628 
67708 
70568 
15541 
96443 
98423 


36164 


88234 
79435 
80095 
58668 


870 
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76100 
09207 
62010 
47949 
16715 
41542 
34142 


91351 


76241 
02709 
00130 
19185 
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ni 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


851 852 853 

24201 7 25904 7 27609 

95051 6184 70208 6206 50477 

11) 5.2446 70884 11)5, 2693 66172 11)5. 2941 48569 

14) 4, 4632 14922 14) 4, 4894 99979 14) 4,5159 08729 

17) 3.7981 95899 17) 3, 8250 53982 17) 3.8520 70146 

20) 3.2322 64710 20) 3.2589 45993 20) 3, 2858 15835 

23) 2.7506 57268 23)2.7766 21986 23) 2. 8028 00907 

26) 2. 3408 09335 26) 2, 3656 81932 26) 2. 3907 89174 

29) 1.9920 28744 29)2,0155 61006 (29) 2.0393 43165 

(70)2, 0811 79034  (70)2.1406 72719 (70)2. 2017 94325 

( 1)2.9171 90429 = (_-:1) 2.9189 03904 ( 1)2.9206 16373 

9.4763 95693 le 1 06107 9, 4838 13619 

5.4011 02137 5.4026 88131 5.4042 72729 

3.8546 58534 3.8555 64021 3.8564 68659 

856 857 858 

32736 7 34449 7 36164 

22016 6294 22793 6316 28712 

11)5, 3690 20457 11)5. 3941 53336 11) 5, 4193 74349 

14) 4.5958 81511 14) 4.6227 89409 14) 4.6498 23191 

17) 3.9340 74574 17) 3.9617 30523 17)3..9895 48298 

20) 3. 3675 67835 20) 3.3952 03059 20) 3. 4230 32440 

23)2, 8826 38067 23)2,9096 89021 23)2.9369 61833 

26)2.4675 38185 26) 2. 4936 03491 26) 2.5199 13253 

29) 2.1122 12686 29)2.1370 18192 29)2.1620 85571 

(70) 2.3953 57569 (70) 2.4634 27165 (70) 2.5333 48329 

{ 1)2.9257 47768 ( 1)2.9274 56234 ( 1)2.9291 63703 

9.4949 18797 9.4986 14756 9.5023 07842 

5.4090 18180 5.4105 97225 5.4121 74889 

3.8591 77490 3. 8600 78746 3.8609 79161 

861 862 863 

41321 7 43044 7 44769 

77381 6405 03928 6427 35647 

11)5. 4955 68250 11)5.5211 43859 11)5,5468 08634 

14) 4.7316 84264 14) 4.7592 26007 14) 4, 7868 95851 

17) 4.0739 80151 17) 4.1024 52818 17) 4.1310 91119 

20) 3.5076 96910 20) 3.5363 14329 20) 3.5651 31636 

23)3.0201 27039 23) 3. 0483 02952 23) 3.0767 08602 

26) 2, 6003 29381 26)2.6276 37144 26) 2.6551 99523 

29) 2.2388 83597 29) 2.2650 23218 29)2.2914 37189 

(70)2. 7547 08410 (70)2.8325 29097 = ©(70)2..9124 54150 

( 1)2.9342 80150 ( 1)2.9359 83651 ( 1)2.9376 86164 

- 5133 69910 9.5170 51555 9.5207 30354 

5.4168 99621 5.4184 71787 5.4200 42587 

3, 8636 75378 3, 8645 72447 3.8654 68684 

866 867 868 

49956 7 51689 7 53424 

61896 6517 14363 6539 72032 

11)5,. 6243 40019 11) 5.6503 63527 11)5. 6764 77238 

14) 4.8706 78457 14) 4, 8988 65178 14)4,9271 82242 

17) 4.2180 07544 17) 4. 2473 16109 17) 4.2767 94186 

20)3. 6527 94533 20) 3. 6824 23067 20) 3.7122 57354 

23)3.1633 20065 23) 3.1926 60799 23) 3.2222 39383 

26) 2.7394 35177 26) 2.7680 36913 26) 2. 7969 03785 

29) 2. 3723 50863 29) 2.3998 88003 29)2.4277 12485 

(70) 3.1654 05907 = (70)3,2543 05644 (70) 3, 3455 95291 

( 1)2.9427 87794 ( 1)2.9444 86373 = ( :1)2.9461 83973 

9.5317 49727 9.5354 17196 9.5390 81845 

5.4247 46809 5.4263 12167 5.4278 76171 

3, 8681 52418 3.8690 45344 3.8699 37445 

871 872 873 

58641 7 60384 7 62129 

76311 6630 54848 6653 38617 

11)5. 7553 61669 11)5. 7818 38275 11) 5. 8084 06126 

14)5,. 0129 20014. 14)5.0417 62975 14)5.0707 38548 

17) 4. 3662 53332 17) 4. 3964 17315 17) 4.4267 54753 

20) 3. 8030 06652 20) 3. 8336 75898 20) 3. 8645 56899 

23) 3.3124 18794 23) 3.3429 65383 23)3.3737 58173 

26) 2, 8851 16769 26)2.9150 65814 26)2, 9452 90885 

29) 2.5129 36706 29) 2.5419 37390 29)2.5712 38943 

(70) 3. 6344 25075 = (70) 3. 7359 03403 (70) 3.8400 93943 

( 1)2.9512 70913 ( 1)2.9529 64612 + =( 1)2.9546 57341 

9.5500 58934 9.5537 12362 9.5573 62998 

5, 4325 60090 5. 4341 18707 5.4356 75984 

3.8726 08827 3.8734 97651 3. 8743 85661 
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23) 3. 4360 
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83818 
09760 
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3. 8893 
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26) 3. 6847 
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56396 
26410 
94373 
03520 
46615 
56754 
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94956 
54766 
59763 
78808 


890 
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69000 
24100 
59449 
12910 
33490 
88806 
64037 
71993 
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86778 
01716 
47252 
58728 
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01025 
17375 
10506 
87403 
05226 
36177 
32378 
43979 
45861 
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81200 
02417 
19006 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk Table 3.1 
876 877 878 879 
7 67376 7 69129 7 70884 7 72641 
6722 21376 6745 26133 6768 36152 6791 51439 
11)5, 8886 59254 11)5.9155 94186 11)5.9426 21415 11)5. 9697 41149 
14)5,.1584 65506 14)5,1879 76101 14)5,2176 21602 14)5. 2474 02470 
17) 4.5188 15784 17) 4.5498 55041 17) 4.5810 71767 17) 4, 6124 66771 
20) 3.9584 82626 20) 3.9902 22871 20) 4.0221 81011 20) 4. 0543 58292 
23)3.4676 30781 23)3.4994 25458 23)3.5314 74928 23) 3.5637 80938 
26) 3.0376 44564 26) 3, 0689 96127 26) 3.1006 34987 26) 3. 1325 63445 
29) 2.6609 76638 29) 2.6915 09603 29) 2.7223 57518 29) 2.7535 23268 
(70)4.1696 39882 (70)4.2853 88904 (70)4.4042 13682 (70) 4. 5261, 92303 
( 1)2,9597 29717 (_:1)2.9614 18579 = (_:1)2. 9631 06478 ( 1)2.9647 93416 
9.5682 98205 9.5719 37725 9.5755 74480 9.5792 08475 
5.4403 39803 5.4418 91747 5.4434 42365 5.4449 91658 
3, 8770 44816 3.8779 29583 3.8788 13542 3, 8796 96696 
881 882 883 884 
7 76161 7 77924 7 79689 7 81456 
6837 97841 6861 28968 6884 65387 6908 07104 
11) 6, 0242 58979 11) 6, 0516 57498 11) 6.0791 49367 11) 6.1067 34799 
14)5, 3073 72161 14)5. 3375 61913 14)5, 3678 88891 14) 5. 3983 53563 
17) 4.6757 94874 17)4. 7077 29607 17) 4.7398 45891 17) 4.7721 44549 
20)4,1193 75284 20) 4.1522 17514 20) 4.1852 83922 20) 4.2185 75782 
23)3.6291 69625 23)3. 6622 55847 23) 3.6956 05703 23) 3.7292 20991 
26) 3.1972 98440 26) 3.2301 09657 26) 3.2632 19836 26) 3.2966 31356 
29) 2. 8168 19925 29)2, 8489 56718 29) 2, 8814 23115 29) 2.9142 22119 
(70) 4.7799 32920 (70)4.9118 60716 (70)5.0472 74047 (70)5. 1862 60897 
( 1)2.9681 64416 ( 1)2.9698 48481 ( 1)2,9715 31592 ( 1)2.9732 13749 
5864 68204 9.5900 93948 5937 16954 5973 37224 
5.4480 86284 5.4496 31621 5.4511 75645 5.4527 18358 
3.8814 60596 3, 8823 41346 3, 8832 21296 3. 8841 00450 
886 887 888 889 
7 84996 7 86769 7 88544 7 90321 
6955 06456 6978 64103 7902 27072 7025 95369 
11)6.1621 87200 11)6.1900 54594 11) 6.2180 16399 11) 6, 2460 72830 
14)5,.4596 97859 14)5. 4905 78425 14)5.5215 98563 14)5.5527 58746 
17) 4, 8372 92303 17) 4, 8701 43063 17) 4.9031 79524 17) 4.9364 02525 
20) 4.2858 40981 20) 4. 3198 16896 20) 4.3540 23417 20) 4. 3884 61845 
23)3.7972 55109 23)3.8316 77587 23) 3. 8663 72794 23)3.9013 42580 
26) 3.3643 68027 26) 3.3986 98020 26) 3. 4333 39041 26) 3. 4682 93554 
29) 2.9808 30072 29) 3.0146 45144 29) 3.0488 05069 29) 3. 0833 12969 
(70)5.4753 17719 = (70)5.6255 74442 (70)5.7797 78281 (70)5. 9380 28303 
( 1)2.9765 75213) ( :1)2.9782 54522 ( :1)2.9799 32885 ( 1)2.9816 10303 
9.6045 69584 9.6081 81682 9.6117 91067 9.6153 97744 
5.4557 99862 5.4573 38658 5.4588 76153 5.4604 12350 
3.8858 56373 3.8867 33146 3.8876 09128 3.8884 84321 
891 892 893 894 
7 93881 7 95664 7 97449 7 99236 
7073 47971 7097 32288 7121 21957 7145 16984 
11) 6. 3024 70422 11) 6. 3308 12009 11) 6. 3592 49076 11) 6, 3877 81837 
14)5. 6155 01146 14)5, 6470 84312 14)5. 6788 09425 14)5. 7106 76962 
17) 5. 0034 11521 17)5.0371 99206 17)5.0711 76816 17)5,1053 45204 
20) 4, 4580 39665 20) 4.4931 81692 20) 4.5285 60897 20) 4.5641 78613 
23)3.9721 13342 23)4, 0079 18069 23)4.0440 04881 23) 4. 0803 75680 
26) 3.5391 52987 26) 3.5750 62918 26)3. 6112 96359 26)3. 6478 55858 
29) 3.1533 85312 29) 3.1889 56123 29) 3.2248 87648 29) 3.2611 83137 
(70) 6.2670 75070 (70)6.4380 82017 (70)6.6135 55666 (70) 6. 7936 07487 
( 1)2.9849 62311 ( 1)2.9866 36905 ( 1)2.9883 10559 ( 1)2. 9899 83278 
9.6226 02990 2 6262 01570 9.6297 97462 6333 90671 
5.4634 80860 5.4650 13179 5.4665 44210 5.4680 73955 
3.8902 32348 3.8911 05185 3.8919 77239 3.8928 48512 
896 897 898 899 
8 02816 8 04609 8 06404 8 08201 
7193 23136 7217 34273 7241 50792 7265 72699 
11) 6.4451 35299 11) 6, 4739 56429 11) 6.5028 74112 11) 6.5318 88564 
14)5. 7748 41228 14)5, 8071 38917 14) 5. 8395 80953 14) 5.8721 67819 
17)5,1742 57740 17)5, 2090 03608 17) 5, 2439 43696 17)5. 2790 78869 
20) 4.6361 34935 20) 4.6724 76237 20) 4.7090 61439 20) 4. 7458 91904 
23) 4.1539 76902 23)4.1912 11184 23)4. 2287 37172 23) 4.2665 56821 
26) 3.7219 63304 26) 3.7595 16432 26) 3.7974 05980 26) 3.8356 34582 
29) 3. 3348 79120 29) 3.3722 86240 29) 3.4100 70570 29) 3. 4482 35490 
{70)7.1679 04854 (70)7.3623 86846 (70)7.5619 20026 (70)7. 7666 29743 
{ 1)2.9933 25909 ( 1)2.9949 95826 ( 1)2,9966 64813 ( 1)2.9983 32870 
9.6405 69057 59.6441 54244 9.6477 36769 9.6513 16634 
5.4711 29599 5.4726 55504 5.4741 80133 5.4757 03489 
3.8945 88722 3.8954 57662 3, 8963 25828 3.8971 93220 
1 1 1 
n3[(-)3 nt[(-7)2 nb CP" 
3 3 3 
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59 


60 


ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS nk 


Table 3.1 
k 
1 900 901 
2 8 10000 8 11801 
3 7290 00000 7314 32701 
4 11) 6.5610 00000 11)6.5902 08636 
5 14)5..9049 00000 14) 5.9377 77981 
6 17)5. 3144 10000 17) 5. 3499 37961 
7 20) 4.7829 69000 (38 4. 8202 94103 
8 23) 4, 3046 72100 23) 4, 3430 84987 
9 26) 3.8742 04890 Aa 19573 
10 29) 3. 4867 84401 29) 3.5257 20735 
24 (70)7.9766 44308  (70)8,1920 95066 
1/2 ( 1)3.0000 00000 ( 1)3.0016 66204 
1/3 - 6548 93846 9.6584 68409 
1/4 5.4772 25575 5.4787 46393 
1/5 3.8980 59841 3, 8989 25692 
1 905 906 
2 8 19025 8 20836 
3 7412 17625 7436 77416 
4 11) 6.7080 19506 11) 6.7377 17389 
5 14) 6.0707 57653 14) 6.1043 71954 
6 17)5..4940 35676 17)5.5305 60991 
7 20)4.9721 02287 20)5.0106 88258 
8 23)4,4997 52570 23) 4.5396 83561 
9 26) 4.0722 76076 26)4,1129 53307 
10 29) 3. 6854 09848 29) 3, 7263 35696 
24 (70)9.1109 96943 (70)9. 3557 09844 
1/2 ( 1)3.0083 21791 ( 1)3.0099 83389 
1/3 9.6727 40271 9.6763 01663 
1/4 5.4848 17035 5.4863 31551 
5 3.9023 81426 3.9032 43449 
1 910 911 
2 8 28100 8 29921 
3 7535 71000 7560 58031 
4 11) 6.8574 96100 11) 6. 8876 88662 
5 14) 6.2403 2145) 14) 6.2746 84371 
6 17)5. 6786 92520 17) 5.7162 37462 
7 20)5,1676 10194 20)5, 2074 92328 
8 23)4. 7025 25276 23)4.7440 25511 
9 26) 4.2792 98001 26)4, 3218 07241 
10 29) 3.8941 61181  (29)3.9371 66396 
24 (71)1.0399 04400 = (71) 1. 0676 79852 
1/2 ( 1)3.0166 20626 ( 1)3,0182 77655 
1/3 .6905 21083 9.6940 69425 
1/4 5.4923 77104 5.4938 85378 
Y/5 3.9066 83951 3.9075 42186 
1 915 916 
2 8 37225 8 39056 
3 7660 60875 7685 75296 
4 11)7. 0094 57006 11)7.0401 49711 
5 14) 6.4136 53161 14) 6. 4487 77136 
6 17)5, 8684 92642 17) 5.9070 79856 
7 20)5, 3696 70767 20)5. 4108 85148 
8 23)4,9132 48752 23) 4.9563 70796 
9 26) 4. 4956 22608 26) 4.5400 35649 
10 29) 4.1134 94687 29) 4.1586 72654 
24 (71)1.1860 58902  (71)1.2175 62793 
1/2 ( 1)3.0248 96692 (_:1) 3.0265 49190 
1/3 . 7082 36884 9.7117 72294 
1/4 5.4999 06083 5.5014 08174 
1/5 3.9109 67606 3.9118 22089 
1 920 921 
2 8 46400 8 48241 
3 7786 88000 7812 29961 
4 11) 7.1639 29600 11)7.1951 27941 
5 14) 6.5908 15232 14) 6, 6267 12833 
6 17) 6. 0635 50013 17) 6.1032 02520 
7 20)5.5784 66012 20)5. 6210 49521 
8 23)5.1321 88731 23)5.1769 86608 
9 26)4.7216 13633 26) 4, 7680 04666 
10 29) 4. 3438 84542 29) 4. 3913 32298 
24 (71)1.3517 85726 = (71) 1. 3874 94035 
1/2 ( 1)3.0331 50178 = 1)3.0347 98181 
1/3 9.7258 88262 9.7294 10859 
1/4 5.5074 04268 5.5089 00236 
1/5 3.9152 32576 3.9160 83344 


“ry 


8 

7338 

11) 6, 6195 
14) 5.9708 
17)5, 3856 
20) 4, 8578 
23) 4. 3817 
26) 3.9523 
29) 3, 5650 


(70) 8. 4131 
( 1)3. 0033 


5, 4802 
3, 8997 


8 
7461 

11) 6. 7675 
14) 6, 1381 
17) 5, 5672 
20) 5. 0495 

23) 4.5799 

26) 4. 1539 

(29) 3. 7676 


(70) 9, 6067 

( 1)3.0116 
9.679 
5. 4878 
3.9041 


(72)2. 0961 


( 1)3,0199 
9. 6976 
5, 4953 
3. 9083 


8 

7710 
11)7.0709 
14) 6. 4840 
17) 5. 9458 
20) 5. 4523 
23) 4.9998 
26) 4, 5848 
29) 4. 2042 


(71) 1. 2498 


( 1) 3.0282 
9, 7153 
5, 5029 
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(71)4. 4692 57504 (71) 4.5815 
( 1)3.1096 62361 ( 1)3,1112 
9, 8887 67316 9. 8921 
5.5764 34668 5.5778 
3.9544 42771 3.9552 

972 
9 44784 9 
9183 30048 9211 
11)8.9261 68067 (11)8, 9629 
14) 8.6762 35361  (14)8. 7209 
17)8.4333 00771  (17)8. 4854 
20)8.1971 68349  (20)8. 2563 
237.9676 47635  (23)8. 0334 
26)7.7445 53501  (26)7,8165 
29)7.5277 06003  (29$7, 6055 
(71)5.0581 34323 (71)5,1845 
( 1)3.1176 91454 (:1)3,.1192 
©9057 81747 9091 
5.5836 29155 5. 5850 
3.9585 23732 3.9593 

1 

(-7)3 ni| (-7)2 
3 3 


953 954 
08209 9 10116 
23177 8682 50664 
35877 (11) 8.2831 12335 
59391 14)7.9020 88213 
03699 17) 7.5385 92155 
12425  (20)7.1918 16916 
69441 23) 6, 8609 93338 
96978 (266.5453 87645 
53820  (29)6,2442 99813 
12996 (71) 3. 2296 91146 
69808 ( 1)3.0886 89042 
12721 9. 8442 53565 
40574 5.5575 97541 
25580 3, 9437 52709 

958 959 
17764 9 19681 
17912 8819 74079 
07597 (11) 8. 4581 31418 
45478 (148.1113 48029 
41368 17)7,7787 82760 
71230 20) 7. 4598 52667 
37239 23) 7.1539 98708 
66675 26) 6. 8606 84761 
10874 29) 6.5793 96686 
55021 (71) 3. 6613 94899 
57508  ( 1)3.0967 72513 
92945 9. 8614 21813 
13977 5.5648 65240 
54307 3.9478 77983 

963 964 
27369 9 29296 
56347 8958 41344 
32622 (1 8.6359 10556 
27715 14) 8.3250 17776 
96389 17) 8.0253 17136 
03023 20) 7. 7364 05719 
28111 23) 7.4578 95113 
67671 26) 7.1894 10889 
32667 29) 6.9305 92097 
46699 = (71) 4.1480 96142 
24130 = (_:1)3.1048 34939 
13495 9, 8785 30490 
58964 5.5721 04575 
65831 3.9519 86085 

968 969 
37024 9 38961 
39232 9098 53209 
39766 (11)8. 8164 77595 
75293 14) 8.5431 66790 
01684 17)8, 2783 28619 
31230 20)8. 0217 00432 
85431 23) 7.7730 27719 
94697 26) 7.5320 63859 
98067 29) 7, 2985 69880 
09331 (71) 4. 6964 60232 
69837 ({_:1)3.1128 76483 
74886 9.8955 80110 
75794 5.5793 15803 
60312 3.9560 77177 

973 974 
46729 9 48676 
67317 9240 10424 
57994 11) 8.9998 61530 
58129 14) 8.7658 65130 
92259 17) 8.5379 52637 
83968 = (20) 8. 3159 65868 
61601 23) 8.0997 50755 
58138 26) 7. 8891 57236 
11068 © (29)7. 6840 39148 
15371 (71)5. 3139 19427 
94792 (_:1)3.1208 97307 
77627 9.9125 71181 
64719 5.5864 99178 
37908 3.9601 51415 


[99] 


OVONTUNSUMH TF 


“ 


24 


i) 


~ 


975 


9 50625 


26) 7. 9623 
(29)7. 7632 
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29) 8.1707 


(71) 6. 1578 


( 1)3.1304 
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5.5950 
3. 9650 


( 
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( 
He 5076 


(29) 8.5973 
(71) 6, 9577 
( 1)3.1384 

9497 


5. 6022 
3.9690 


59375 
78906 
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83010 
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18037 
55086 
96209 


15584 


98999 
62413 
32533 
64254 


980 
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92000 
81600 
07968 
23809 
55332 
30226 
77621 
28069 


03365 


95168 
83884 
82813 
18474 


985 
70225 
71625 
65506 
65024 
82548 
86310 
45015 
27840 
04423 


61406 


70965 
47896 
05785 
56179 


990 


9 80100 


9702 

(11)9. 6059 
14) 9.5099 

17) 9. 4148 
20) 9. 3206 
23) 9. 2274 
26) 9. 1351 

29) 9. 0438 


(71) 7. 8567 


( 1)3.1464 
9.9665 
5. 6093 
3.9730 


9 
9850 
11) 9. 8014 
14) 9. 7524 
17) 9. 7037 
20) 9. 6552 
23) 9. 6069 
26) 9. 5588 
29)9. 5111 


(71) 8. 8665 


( 1)3.1543 
9. 9833 
5. 6163 
3.9770 


99000 
60100 
00499 
01494 
53479 
46944 
72475 
20750 


81408 


26545 
54934 
01690 
77521 


995 
90025 
74875 
95006 
87531 
25094 
06468 
30436 
95784 
01305 


35105 


62059 
05478 
70767 
82648 
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976 977 978 
9 52576 9 54529 9 56484 
9297 14176 9325 74833 9354 41352 
11)9.0740 10358 (11)9.1112 56118 (11)9.1486 16423 
14) 8.8562 34109 (14)8.9016 97228 14)8.9473 46861 
17) 8.6436 84491 (17)8.6969 58191 (1738. 7505 05230 
20) 8.4362 36063 (208.4969 28153 (20)8.5579 94115 
23) 8.2337 66397  (23)8.3014 98806  (23)8, 3697 18245 
26) 8.0361 56004  (26)8.1105 64333  (26)8.1855 84443 
29) 7.8432 88260  (29)7.9240 21353 (298.0055 01586 
(71)5. 5820 74443 (71)5, 7209 68141 (71) 5. 8631 70383 
( 1)3.1240 99870 ( 1)3.1256 99922 ( 1)3,1272 99154 
9.9193 51328 9.9227 37928 9.9261 22218 
5.5893 64785 5.5907 95938 5.5922 25992 
3.9617 76427 3.9625 87934 3.9633 98776 
981 982 983 
9 62361 9 64324 9 66289 
9440 76141 9469 66168 9498 62087 
re 9.2613 86943 (11) 9.2992 07770 «=: (11) 9.3371 44315 
14)9,0854 20591 = (14)9.1318 22030 © (14)9.1784 12862 
(17)8.9127 97600 (17)8.9674 49233 (17) 9.0223 79843 
20)8, 7434 54446 (20)8.8060 35147 (2058. 8689 99386 
23)8.5773 28811  (23)8.6475 26515  (23)8,7182 26396 
26) 8.4143 59564 (26)8.4918 71037 (26)8.5700 16548 
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17)9. 1888 56930 (17)9.2449 14862 = (17)9. 3012 57495 
20)9.0602 12933 (20)9.1247 30969 (20)9.1896 42406 
23) 8.9333 69952  (23)9.0061 09466 (23)9. 0793 66697 
(26 8.8083 02773  (26)8.8890 30043  (26)8.9704 14296 
29)8. 6849 86534  (29)8.7734 72653 (2958. 8627 69325 
(71) 7.1292 84708  (71)7,3048 56083 (71) 7.4845 66822 
(1)3.1400 63694 ( 1)3.1416 55614 (_:1) 3.1432 46729 
9.9531 13846 9.9564 77521 9.9598 38925 
5. 6036 27123 5.6050 47381 5, 6064 66560 
3.9698 61752 3.9706 66671 3.9714 70939 
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11)9. 6448 30906 = (11) 9. 6838 19561 (11) 9. 7229 26304 
14)9.5580 27427 (14)9.6063 49004 = (14) 9. 6548 65820 
17)9.4720 05181 = (17)9.5294 98212 = (17) 9.5872 81759 
20)9. 3867 57134 (20)9. 4532 62227 (20) 9.5201 70787 
23)9, 3022 76320 (23)9.3776 36129  (23)9.4535 29591 
26)9.2185 55833  (26)9.3026 15040 (26)9. 3873 54884 
(29)9.1355 88830 (29)9.2281 94120 (29)9,3216 43400 
(71) 8.0494 77813 (71) 8.2466 98779 (71) 8. 4485 45822 
( 1)3.1480 15248 = (_:1)3.1496 03150 (_:1)3,1511 90251 
9699 09547 9.9732 61904 9.9766 12009 
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3.9738 79839 3.9746 81509 3.9754 82534 
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17)9. 7623 87238  (17)9,8213 44612 (17)9.8805 98402 
20) 9. 7233 37689 {36 9.7918 80578  (20)9.8608 37206 
23)9. 6844 44339 — (23)9. 7625 04937 (23)9.8411 15531 
26)9. 6457 06561 (26)9.7332 17422  (26)9.8214 33300 
29)9. 6071 23735  {29)9.7040 17769 (29)9. 8017 90434 
(71) 9. 0828 91413 (71) 9.3043 02025 (71) 9.5308 79767 
( 1)3.1559 46768 = (_:1)3..1575 30681 = (_:1)3.. 1591 13800 
9. 9866 48849 9.9899 89983 9.9933 28884 
5.6177 81384 5.6191 90939 5.6205 99434 
3.9778 81740 3.9786 80191 3.9794 78001 
1 1 
(-6)1 n3| (-7)3 ni{(-7)1 
3 3 3 
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9527 
11)9. 3751 
14)9. 2251 
17}9, 0775 
20) 8. 9323 
23) 8. 7894 
26) 8. 6488 
29) 8.5104 


(71) 6. 7901 
( 1)3.1368 
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5, 6007 
3, 9682 


9 

9673 

(11) 9. 5672 
14) 9. 4619 

17) 9, 3578 

20) 9, 2549 

23)9,1531 

26) 9. 0524 

29) 8. 9528 


(71) 7. 6685 


( 1)3,1448 
9. 9631 
5.6078 
3.9722 


17) 9. 6453 
20) 9. 5874 
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29)9, 4159 


(71) 8. 6551 
( 1)3.1527 
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9 

9970 
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13739 
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26728 
35867 
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93666 
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989 
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44799 
60206 
83144 
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37039 
98061 
84662 
74555 
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88036 
07784 
51373 
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59943 
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43502 
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82913 
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99900 
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sin z,cosz, z=0(.001)1.6, 23D 
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sin z, cosa, x=107"(10-")10-*"!, n=10(—1)4, 25D 
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Table 4.9. Circular Tangents, Cotangents, Secants and Cosecants for Page 
Radian Arguments (0<7<1.6)...... a 186 
tan z, cot x, sec z,cscz, xt=0(.01)1.6, 7 to 9D 
z3—cotz, cscr—z', z=0(.01).5, 8D 


Table 4.10. Circular Sines and Cosines to Tenths of a Degree (0°<@<90°) . 189 
sin 6, cos 8, 6=0°(.1°)90°, 15D 


Table 4.11. Circular Tangents, Cotangents, Secants and Cosecants to 
Five Tenths of a Degree (0°<0<90°). ..........2-., 198 
tan 6, cot 6, 6=0°(.5°)90°, 15D 
sec 6, csc 8, 0=0°(.5°)90°, 8D 


Table 4.12. Circular Functions for the Argument 5 az (0<2z<1).... 200 
. T T us vi T 
sin a cos 5% tan ra cot 5% sec rae esc 5% z=0(.01)1, 20D 
Table 4.13. Harmonic Analysis. .........2.2.. 6a hers a) Oe 


sin Per, cos ort, r=1(1)[s/2], seven 


r=1(1)[(s—1)/2], 8 odd 
s=3(1)25, 10D 


Table 4.14. Inverse Circular Sines and Tangents (0<z7<1). ..... . 203 
arcsin z, arctan z, 2#=0(.001)1, 12D 
f(z) =[2(1—2)]“4[24—arcsin xz], 2=.95(.001)1, 12D 


Table 4.15. Hyperbolic Functions (0<r<10)..... 
sinh z, cosh z, z=0(.01)2, 9D, z=2(.1)10, 9D 
tanh z, cothz, x=0(.01)2, 8D, 7D, zx=2(.1)10, 10D 


Table 4.16. Exponential and Hyperbolic Functions for the Argument rz 
COD a x el ie wk ae hk Meta es META! Bede WS se Heras dina 219 
e***, sinh rz, cosh wz, tanh wz, x=0(.01)1, 10D 


Table 4.17. Inverse Hyperbolic Functions (0<a<o)......2... 221 
arcsinh z, arctanh z, +z=0(.01)1, 9D 
arcsinh z, (arccosh x)/(22—1)', 2=1(.01)2, 9D, 8D 
arcsinh s—In z, arccosh z—Inz, 2 '=.5(—.01)0, 10D 


Table 4.18. Roots x, of cos 2, cosh 4,=+1, n=1(1)5, 7D... ... 223 
Table 4.19. Roots z, of tanz,=At,  (—> <A<O, 1<A<e)..... 224 
—\=0(.05)1, n=1(1)9, 5D 
“= —1(.05)1, n=1(1)9, 5D 
Table 4.20. Roots z, of cot z,=At,z (OSAS@O) 2... 2. ee ee 225 


A=0(.05)1, nm=1(1)9, 5D 
M1=1(—.05)0, n=1(1)9, 5D 


The author acknowledges the assistance of Lois K. Cherwinski and Elizabeth F. Godefroy 
in the preparation and checking of the tables. 


4, Elementary Transcendental Functions 


Logarithmic, Exponential, Circular and Hyperbolic Functions 


Mathematical Properties 


4.1. Logarithmic Function 


Integral Representation 


In z= 


* dt 
4.1.1 Fi £ 


iy 


Figures 4.1. Branch cut for In z and 2. 


(a not an integer or zero.) 


where the path of integration does not pass 
through the origin or cross the negative real 
axis. In z is a single-valued function, regular in 
the z-plane cut along the negative real axis, rea] 
when z is positive. 


z=2+iy=re’, 


4.1.2 In z=Inr+70 (—2r<0<7n). 


4.1.3 r=(z2+y%)t, z=rcosé, y=r sin 8, 


6=arctan 4. 
Zz 


The general logarithmic function is the many- 
valued function Ln z defined by 


_tdt 
Ln e= | ry 


where the path does not pass through the origin. 


4.1.4 


4.1.5 

Ln (re*®) =In (re#) + 2kei=ln r+7(0+2k2), 
k being an arbitrary integer. In zis said to be the 
principal branch of Ln 2. 


Logarithmic Identities 


4.1.6 Ln (2,22) = Ln 2,+Ln 22. 


(i.e., every value of Ln (2,2) is one of the values 


of Ln 24,+Ln 2.) 


4.1.7 In (4,22) =I1n 2,4+1n z 
(—r<arg 2, +arg 2.<7) 
4.1.8 Ln S=Ln 2,;—Lm 22 
2 
4.1.9 In “=In 2,—In 2, 
22 
(—r<arg 2;—arg 22.<7) 
4.1.10 La 2"=n Ln 2 (n integer) 
4.1.11 In z"=n In z 
(n integer, —x<narg z<7m) 
Special Values (see chapter 1) 
4.1.12 In 1=0 
4.1.13 In 0=— @ 
4.1.14 In (—1)=77 
4.1.15 In (+4) =+401 
4.1.16 In e=1, eis the real number such that 


‘dt 
—=1 
i t 


4.1.17 e=lim 147) =2.71828 18284... 
No nN 
(see 4.2.21) 

Logarithms to General Base 

4.1.18 log, z=In 2/ln a 
_logyz 

4.1.19 log, a = 
4.1.20 logs Oi 3 
4.1.21 log, z=In z 
4.1.22 logiy z=In z/In 10=logy e In z 


=(.43429 44819...)Inz 
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4.1.23 In z=In 10 logy z= (2.30258 50929...) login z 
(log, z=In z, called natural, Napierian, or hyper- 
bolic logarithms; log,) z, called common or Briggs 
logarithms.) 


Series Expansions 


4.1.24 In (1+2)=2—322+425— 
(jz]<1 and z#—1) 
4.1.25 
re Gre clare ariere nn 
(Bz>3) 
4.1.26 
In e=(2—1)—43(z—1)?++3(2-1}85— 
(Jz—1|<1, 20) 
4.1.27 
z—1 z—1 
Meee (3 (F)+ 3() ae ] 
(Az>0, 20) 


4.1.28 In (5 =2(E+gatzat---) 
(j2z|>1, z2#+1) 


4.1.29 
In (2+a)=In a+2 [ (secs) +3 (=5:) 


+5 (555) +. : | 


(a>0, Be>—a¥z) 


Limiting Values 


4.1.30 lim z~* In z=0 
Fe 0d 
(a constant, Ba>0) 
4.1.31 lim z* In z=0 
z-0 
(a constant, Za>0) 
4.1.32 
lim ae —In m)=y (Euler’s constant) 
Mo faik 


=.57721 56649. . 
(see chapters 1, 6 and 23) 


Inequalities 
4.1.33 om <In (1+2)<z _ 
(z>—-1, 20) 
4.1.34 a<—lIn (l—2)< = 
(x<1, 20) 


4.1.35 [In (I—2)|< “ (0<2<.5828) 
4.1.36 Inz<a—-1 (x>0) 
4.1.37 In z<n(x/"—1) for any positive n 
| (2>0) 
4.1.38 [In (1+z2)]<—In (1—|z]) (Jz]<1) 
Continued Fractions 
4.1.39 
z 2 42 42 Q92 
In +275 a4 SF BEEF 
(z in the plane cut from —1 to — «) 
4.1.40 
In (#)-3 a2t Se 22 Oz 
1—z — 7 
(z in the cut ae of Figure 4.7.) 
Polynomial Approximations 2 
4.1.41 


1 —— 
10— Sv 


logio tx=ayt+agt®+e(x), t=(x—1)/(z+1) 
|e(x)| <6 10-4 


a= .86304 a3= .36415 
1 
v10— 


logig L=ayt +agt?+-agt'-+-a7t? +agt® + (x) 
t=(z—1)/(z+1) 
Je(x)|<10-” 
a= .86859 1718 


d3= .28933 5524 
a= 17752 2071 


@7= .09437 6476 
A= .19133 7714 


4.1.43 
In (1+2)=a12+a)2?+a3r'+a,2*+a5x2' +(x) 
le(x)| <1 10-5 


0<zr<1 


a= .99949 556 
d,== — .49190 896 
A3== .28947 478 


Q4= — .13606 275 
as= .03215 845 


2 The approximations 4.1.41 to 4.1.44 are from C. Hast- 
ings, Jr., Soup Serco for digital computers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission). 
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oe OSzS1 4.1.52 2 =n In z 
In (1+ a) =a12+a2?+ 032° + a,2*+a525+ agr® 4.1.53 
+a7x" + agr?+ (x) 
In 2+1)'|}dz=z In 2?+1)*]—(z?+1)3 
Risse fin e+ @e1y [2+(2-£1)!]—(e+1) 
a= .99999 64239 a= . 16765 40711 4.1.54 
Q),= —. 49987 41238 d= —. 09532 93897 grt 
z= .3317990258  a,;= .03608 84937 f 2" In [2-+(22+1)#}Jde=—— In [2 +(22+1)4] 
d4=—. 24073 38084  a,=—. 00645 35442 n+ 
n+l 
Approximation in Terms of Chebyshev Polynomials ? <4 CES dz (n¥— 1) 
4.1.45 OSz51 Definite Integrals 
T,,*(z) =cos n§, cos 6=2x—1 (see chapter 22 1 
ae \ Ptor 22) | gas f 1 dt=—n6 
2 o + 
In (i+x)=>) A,T,,*(z) 
n=0 tint 
4.1.56 a dt=—x*/12 
n A, n An git 
0 .37645 2813 6 —. 00000 8503 = dt ; 
1.34314 5750 7 .00000 1250 4.1.57 f Inga t@) (see 5.1.3) 
2 —. 02943 7252 8 —. 00000 0188 
3.00336 7089 9 .00000 0029 4.2. E Gal Funeti 
4 —.00043 3276 10 —. 00000 0004 iain meanest 
5 .00005 9471 11 .00000 0001 Series Expansion 
4.2.1 
Differentiation Formulas 2. 2 23 ) 
d 1 e’=exp z=1+qptaitait see (2=a2+1y) 
4.1.46 < In z=- age ae (ics 
dz e where e is the real number defined in 4.1.16 
a —(—1)"-'(n —1)le—” Fundamental Properties 
4.1.47 a In 2=(—1)*"!(n—LD)!e 


4,2.2 Ln (exp z)=2+2kai (k any integer) 
4.2.3 In (exp z)=2 (—7#<%2< 7) 


Integration Formulas 


nee J Got ' 4.2.4 exp (In z)=exp (Ln z)=z 

4.1.49 fin 2dze=zln z—2 4.2.5 ¢ exp z=exp 2 

4.1.50 Definition of General Powers 

J en ee oe = iRpe: aris 4.2.6 If N=a’, then z=Log, N 
4.2.7 a*?=exp (2 In a) 


(n¥—1, n integer) 


4.1.51 4.2.8 Ifa=|a|exp (i arga) (—mr<arg a<zn) 
z*+! (In 2)” 4.2.9 |a*|=|a)"ev 8° 


fe (In 2)” aaa oT ae Paar feaa 2)"— dz 
(n¥—1) 


4.2.10 arg (a*)=y In [a|+2 arg a 


4.2.11 
Ln a?=zlna_ for one of the values of Ln a’ 


3 The approximation 4.1.45 is from C. W. Clenshaw i +t] 
qolnomiel epprox mations to elementary functions, 4.2.12 In a?=a In a (a real and P ositive) 
ath. Tables Aids Comp. 8, 143-147 (1954) (with per- 
mission) ip ? ( ) ¢ pe 4.2.18 \e?| = e* 
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4.2.14 
4.2.15 
4.2.16 a7b?=(ab)? 


arg (e?)=y 


a71g2= q*tt22 


(—x<arg a+arg b<7) 


Special Values (see chapter 1) 


4.2.22 e€=2.71828 18284 .. 
4.2.23 e&=1 

4.2.24 e° =a 

4.2.25 e~°=0 

4.2.26 ett = —] 

4.2.27 pre zt 

4.2.28 e—1 (k any integer) 


Exponential Inequalities 


If x is real and different from zero 


z 
e -*<1—a<e* 


4.2.29 (2<1) 
4.2.30 é>1+z 
Figure 4.2. Logarithmic and exponential functions. | 4.2.31 e< =z @&<) 
z -2 
Periodic Property — 4.2.32 Tpe< Ge )<z (2>-1) 
4.2.17 er kerkt — (k any integer) 4.2.33 r<(e—-N< — (2<1) 
Exponential Identities - 
itz = 
4.2.18 etiet= ete 4.2.34 1+z>e (z>—1) 
4.2.19  (e%t)"#= e717 (—3<I2,<n) | 4.2.35 e>1+5, (>0, 2>0) | 
The restriction (—r<.%2 <7) can be removed a\y | 
if z is an integer. 4.2.36 e>(1 aa >ettv (4>0, y>0) 
Limiting Values au x 2 
‘aan 4.2.37 e*<1—5 (0<2< 1.5936) 
lim 2%e~*=0 (larg 2|<4x—e<(42, a constant) ; 5 
oo 4.2.38 dlal<le*—1<Gle|_ (0<al<1) 
, z\"_, 
bea Tir 142) a 4.2.39  |e?—1)<e'!—1<|zle"*! (all z) 
et 2 2 2 2 2 2 Pa 
4.2.40 é a a 1+ a— 3+ 3— 5+ o—' (lel< ) | 
2 22 2 2 2 2 ~ | 
high 2b eee (lel<@) | 
= 2 BAB 22/4-15 22/4.35 22/4 (4n?—1) | 
qs ie Ie ee ee 
n ! 
4.2.41 2 niz 2 (n+1)z 22 (n+2)z2 32 Wales) 


(For e,(2) see 6.5.11) 


een) GI) @F2)— (nt3)+ @4)—= (nt8)+ @+6)— 


Bee 2s a 
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4.2.42 


2a @+l1a?+4a4+9 
z—a+ 32+ 52+ 7et °° 


1 
2a arctan — 
e cee 


(z in the cut plane of Figure 4.4.) 


Polynomial Approximations ‘ 


4.2.43 0<2<In 2=.693... 
e-7=1+a,2¢+a22?+ (x) 
le(x)|<3X10~° 
@,=— .9664 a.=.3536 
4.2.44 0<2<In2 
e~7=1+4,2-+a292+a32°+-a42'+ (x) 
| le(2)| <3 10-8 
a= — .99986 84 d@3=— .15953 32 
d= 4982926 a= .0293641 
4.2.45 0<z<In2 
e677 = 144,24 a_2?-+-a32°-+a,z'+a52° 
+agr®+a72"+ (2x) 


Je(x)|<210-” 
a= — .99999 99995 a;= — .00830 13598 


do= .4999999206 a= 0013298820 
d;=—.1666653019  a,=—.00014 13161 
Qi= .04165 73475 

4.2.46 ® 0<2<1 


107=(1+4,2+-a,2?+-a323+-a,2")?+ €(2) 
le(x)|<7X10-* 


a,=1.14991 96 a3==.20800 30 
Q@,:= .67743 23 A4= .12680 89 
4.2.47 0<2<1 
107= (1+ a,7+a,22 + a,2°+ a2*+as525 
+agx® + a72’)? +-€(x) 


le(x) | <5 X 10-8 
a,=1. 15129 277603 a;=. 01742 111988 


a2= . 66273 088429 as=. 00255 491796 
Q3= . 25439 357484 a7;=. 00093 264267 
d4== .07295 173666 


4 The epprommnatcn: 4.2.43 to 4.2.45 are from B. Carl- 
son, M. Goldstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory LA—1943, Los Alamos, 
N. Mex., 1955 (with permission). 

5 The approximations 4.2.46 to 4.2.47 are from C. Hast- 
ings, Jr., Approximations for digital computers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission). 


Approximations in Terms of Chebyshev Polynomials ° 


4.2.48 0<z2<1 
Tk(x)=cos n6, cos 6=2x—1 (see chapter 22) 
=>) A,T*(2) et" A,T*(2) 
n=0 n=0 
nN A, Nn A, 
0 1. 75338 7654 0 . 64503 5270 
I . 85039 1654 1 —.31284 1606 
2 . 10520 8694 2 . 038870 4116 
3 . 00872 2105 3 —. 00320 8683 
4 . 00054 3437 4 . 00019 9919 
5 . 00002 7115 5 —.00000 9975 
6 . 00000 1128 6 . 00000 0415 
7 . 00000 0040 7 —.00000 0015 
8 . 00000 0001 
Differentiation Formulas 
d 2 gz 
4.2.49 dz € =e 
d” 2 a RAZ 
4.2.50 dz" efv¥—a"e 
4.2.51 us a=a’ Ina 
dz 
d a__ a—1 
4.2.52 res 2°=az 
4.2.53 a 2?=(1-+In z)z* 
dz 
Integration Formulas 
4.2.54 fetde=erya 
4.2.55 


e2 


J anede= [(az)"—n(az)"-!+-n(n—1) (az)"~? 
+...4+(—1)*" naz) +(—D™!] (n>=0) 
4.2.56 
e2? e°? a e** 
pm G ata J gd @>) 
(See chapters 5, 7 and 29 for other integrals 
involving exponential functions.) 


4.3. Circular Functions 


Definitions 
: t2__p—t . 
4.3.1 sin 2=—5- (z=2+1y) 
a 
tz —12 
4.3.2 cos ga te 


6 The approximations 4.2.48 are from C. W. Clenshaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per- 
mission). 
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sin 2 4.3.17 cos (2, +2,)=cos Z, cos 2.—Si i 
4.3.3 rae gat (2, +22) 1 COS 2.—sin 2, sin 2, 


4.3.18 tan (2,-+2,)—=10R 2t tan 2 


4.3.4 esc z= - 1—tan 2, tan 2, 
sin 2 
‘ 4.3.19 cot (21+ a) Se at 
4.3.5 sec z= €OU Z2-+-COU 2 
cos Z 
Half-Angle Formulas 
1 
a2 cot tne 4.3.20 sin gaa ( °\} 


Periodic Properties 


2_ , (i+cos z\t 
4.3.21 cos g— (522) 


4.3.7 sin (2+2kr)=sin z (k any integer) 
4.3.8 cos (2+2km)=cos 2 gaa-aas 2-4. (15008 2\}_1—cosz__ sing 
4,3.9 tan (¢+kr)=tan z 2 1+cos z sinz 1+cosz 


The ambiguity in sign may be resolved with the 
aid of a diagram. 


Transformation of Trigonometric Integrals 


If tan sme then 


; 22 1-2 2 
4.3.23 sin UST cos WT gt a dz 
Multiple-Angle Formulas 
3 : 2 tan 2 
4.3.24 sin 22=2 sin 2 cos a= 7 fants 
4.3.25 cos 2z2=2 cos? z—1=1—2 sin’ 2 
cos? 2—sin? z= 1 tan? 2 
1+tan? z- 
2 tan 2 2 cot 2 2 


43.26 tan 22-7 tanta” cot? 2—1 cot e—tan 2 


4.3.27 sin 32=3 sin z—4 sin? z 


Figure 4.3. Circular functions. 4.3.28 cos 32=—3 cos 2-++4 cos? 2 


Relations Between Circular Functions ; ? F 
4.3.29 sin 42=8 cos’ z sin z—4 cos zsin z 


4.3.10 sin? zg+cos? z=1 
4.3.30 cos 42=8 cost z—8 cos? z+1 
4.3.11 sec? z—tan® z=1 
Products of Sines and Cosines 
4.3.12 ese? z—cot? z=1 


4.3.31 2sin 2, sin 2=cos (2:— 2.)—cos (21+ 22) 
Negative Angle Formulas 
4.3.32 2 cos 2 cos 2.=cos (2:— 22) + cos (2: +22) 


4.3.13 sin (—2)=—sin 2 
4.3.14 cos (—2)=cos 2 4.3.33 2sin 2: cos 2,.=sin (2:—22) +sin (21 +22) 
4.3.15 tan (—z)=—tan z Addition and Subtraction of Two Circular Functions 


4.3.34 
sin 2:-+sin z.=2 sin (25*) cos (25%) 


Addition Formulas 


4.3.16 sin (2,+2,)=sin 2 cos 22+cos 2; sin 2, 
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4.3.35 4.3.41 
sin 21—sin 2.—2 cos (A5*) sin (258 cos? z,— cos? z2=—sin (2; +22) sin (2:— 2) 
4.3.36 
cos 2;+c0s 22=2 cos (4) cos (25%) 4.3.42 
eae cos? 2;—sin? 2.=cos (21-+ 22) COs (21— 2) 
_ oe ag ae [21 ea) ef Ate 
COS 21—COS Z22=—2 sin (25% ) sin CS , 4.3.43 
4.3.38 Signs of the Circular Functions 
sin (21 2») in the Four Quadrants 
tan z;+tan 2.=—_———_—- 
COS 2; COS 2, 
4.3.39 Quadrant | sin cos tan 
: esc sec cot 
cot 2: t+cot gpx Sun (22 1) 
sin 2, SiN 2, 
Relations Between Squares of Sines and Cosines 7 AG Be 
a. 2s 
4.3.40 III rate = fs 
IV - ale = 


sin? 2;—sin? z,.=sin (2:+ 2) sin (2:— 22) 


4.3.44 
Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0<@< a , any integer) 


9 548 +0 40 Qke+0 
Ssin__-.-__- —sin 6 cos @ sin 6 —cos 6 +sin 6 
— COS__.---- cos 6 sin 6 —cos 6 +sin 6 -++cos @ 
tanesseuu. —tan 6 Fcot 6 st+tan @ Fcot 6 +tan 6 
CSC 52-2552 —cse 0 +sec 0 Fese @ —sec 6 +esc 6 
SQC. nu sec 6 Fesc 6 —sec 6 +ese 6 +sec 8 
cot.._---. —cot @ + tan é +cot @ tan 6 +cot é 
4.3.45 Relations Between Circular (or Inverse Circular) Functions 
sin 7=a cos t=a tan z=a csc L=4a sec 2=a cot z=a 
sin %____._ a (1—a?)} a(1+a?)-+ a7 a—'(a?—1)3 (1+a*)-} 
cOS £_____- (1—a?)! a (i+a’)73 a(a?—1)3 a a(1+a?)-? 
tan v..__-- a(1—a?)-? a—(1—a?)} a (a?—1)7# (a?—1)3 a 
c8¢ 2. __--- a7 (i1—a’)3 a—1(1+a?)} a a(a?—1)73 (1+a?)} 
sec 2... -_- (1—a?)-# a” (1+a?)} a(a?—1)-? a a—(1+a?)# 
cot to 22 a—(1—a?)! a(1—a*)-? a” (a?—1)3 (a?—1)-3 a 


(o<e<2) Illustration: If sin z=a, cot z=a7!(1—a’)# 


arcsec a=arccot (a?—1)7! 
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4.3.46 Circular Functions for Certain Angles Euler’s Formula 
2 pitty — pz Sal 
0 n/12 7/6 x/4 7/3 4.3.47 e*’=e e* (cos y+7 sin y) 
0° 15° 30° 45° 60° De Moivre’s Theorem 
4.3.48 (cos z+7 sin z)"=cos vzt+7 sin vz 
sin 0 2 (¥3—1) | 1/2 .| 72/2 3/2 (—7<#z<r unless v is an integer) 
fi Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12) 
cos | 1 | 3 (v8+1) | ¥3/2 | 2/2 | 1/2 4.3.49 sin z=—i sinh iz 
tan. | 0 | Sa48 3/3 1 B 4.3.50 cos z=cosh iz 
4.3.51 tan z=—7 tanh 7z 
esc | » | ¥2(v3+1) | 2 V2 23/3 , 
Bus saa’ lag 4.3.52 ese 2=7 esch 72 
sec 1 2(y¥3—1 243/38 2 2 
) 4.3.53 sec z=sech iz 
cot | @ | 2+3 v3 1 73/3 4.3.54 cot 2=1 coth iz 
Circular Functions in Terms of Real and Imaginary 
54/12 1/2 77/12 27/3 Parts 
° ie} ° 
45 a0 106 120 4.3.55 sin z=sin z cosh y+? cos x sinh y 
4.3.56 cos z=cos x cosh y—7 sin z sinh y 
2, V2, : ue 
sin | = (¥3+1) | 1 | (W341) | 3/2 sin 22+ sinh 2y 
4 4 4.3.57 tan z=——~———___* 
cos 2z+cosh 2y 
cos v2 (y¥3—1) | 0 —2 (v3—1) | —1/2 sin 2x—7 sinh 2y 
4 4 4.3.58 cot a RTT TS 
4— cos 2x 
tan | 2+-+3 wo | —(2++3) —3 Modulus and Phase (Argument) of Circular Functions 


ese | ¥2(¥3—-1) | 1 | ¥2(v3—1) 23/3 4.3.59  |sin z|=(sin? 2+sinh? y)! 
see | 3(V¥3+1) | o | —y2(y3+1) | —2 =[} (cosh 2y—cos 2z)]}* 
cot | 2—73 0 | —(2—¥73) —3/3 


4.3.60 arg sin z=arctan (cot z tanh y) 
_ 4.3.61 |cos z|=(cos? z2+sinh? y)* 
=[4 (cosh 2y+cos 22)]* 


32/4 52/6 114/12 7 
135° 150° 165° 180° | 4.3.62 arg cos z=—arctan (tan x tanh y) 
osh 2y—cos 22\t 
= 4.3.63 |tan 2l=( ee) 
sin | V2/2.—‘| 1/2 4 ep ay.: ||0 cosh ae 
B 4.3.64 arg tan z=arctan (ae 
—V2, = 
cos —V2/2 | —y3/2 —* (¥34+1)| —-1 
vai va) 4 ern Series Expansions 
4.3.65 
tn =|-1 |. | -@-va) |o tes 
: 228 2 
esc 2 2 V2(V¥3+1) s sin 2=2—a teat (lel<~) 
sec 4 | BY8 BBQs) | 1 4.3.66 


4 6 
cot —1 —3 — (24-3) os ta emt Hart ae leis) 
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4.3.67 


1727 
tan z= pase ee, 


i os 1)"- 1gan (gon 1) Bo, 


Gn)! oo ar 


(iel<$) 


4.3.68 


oT al oy. 8h. oe 
ese 2=) +6 +360? ti51907 7°: 


—-1)"-1 an— 1 Bon aa 
ey genm ly (lzl<m) 
4.3.69 
612° 
sec z=14— Sette. 
(— 1) "Hon nm = 
tea ('41<§) 
4.3.70 
ee Se ae se 
z 3 45 945 
—1)"2~-1922n 
ee ye, (\2|<m) 
4.3.71 
: 1 ng2n-1 Bo 
re ee 
4.3.72 
2 (—1)72?*-1(2?"—1) Bon» 1 
In cos = 3 AE ee (lz|<4) 
4.3.73 
tan 2 (—1)"7129"(2?""!—1) Bon on 
In = manyt 
(lzl<37) 


where B, and £, are the Bernoulli and Euler 
numbers (see chapter 23). 


Limiting Values 


sin 2 


4.3.74 lim =! 
2-0 z 

4.3.75 Tn ORs 
20 x 

4.3.76 lim n sin 2=2 
ne n 

4.3.77 lim n tan =z 
n->0 n 

4.3.78 


lim cos 2=1 
NIO2 nN 


w+ 


Inequalities 
sin 2_ 2 v v 
4.3.80 sin r<z<tan x (o<z<} 
4.3.81 cos pean 7<1 (0<2<m) 
sin rz 
4.3.82 ™<(i—2) <4 (0<a<1) 
4.3.83 [sinh y|<|sin 2|<cosh y 
4.3.84 lsinh y|<|cos 2|<cosh y 
4.3.85 |ese 2|<eschly| 
4.3.86 |cos 2| <cosh| | 
4.3.87 |sin 2|<sinh]2| 
4.3.88 |cosz|< 2, |sin al<plel (j2|<1) 
Infinite Products 
ia 
4.3.89 sin 2=2 Bu — je) 
= 42? 
4.3.90 cos z= TT yd, 
Expansion in Partial Fractions 
4.3.91 cot e=i42e Paes a 
(2%0,+7,4+27,...) 
Bt CJ 
4.3.92 csc? z= ea Gea GE 
(2#0,+7,+27,...) 
@ k 
4.3.93 csc gushags >A = 
z kai 2 
ae ae) | 
Continued Fractions 
z 2% 2g 2 T 
4.3.94 tan CSTs po ye: eG finn) 
4.3.95 
barrie tan 2 (1—a?*) tan? 2 (4—a?) tan? z 
an a= 
(9—a?) tan? z 


ree (es BAEK ou a2 Ene) 
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Polynomial! Approximations ’ 


4.3.96 0S2<5 
$0 7 4 aya? aya +e(a) 
\e(x)|<210-4 
o=— .16605 a,=.00761 
4.3.97 O<z = 
sin x 
= 1+ ag? + a4yx*+-agr® + asx? +- air! + €(x) 
\e(x)|<210-9 
a.= — .16666 66664 adg= .00000 27526 


a= .00833 33315 y= —.00000 00239 


ag= — .00019 84090 | 
4.3.98 O<z< 


cos =1-+ a:7?+ a42*+ € (2) 
le(z)|<9X10-* 


a,= — .49670 a,= .03705 


4.3.99 O<r< 


Nia 


cos 2=1+4,2?+a,2*+ agr®+agr?+ayox!?+ €(z) 
le(x)|<2X10~° 
d2= — .49999 99963 ag= .00002 47609 
a,= .04166 66418 Q&i9p= — .00000 02605 
ag= — .00138 88397 


0<2<" 


4.3.100 Z 


ental +azzr?+a,r*+ (2x) 


le(x)}<1X1073 


a,= .31755 d= .20330 


7 “on The appr approximations 4.3.96 to 4.3.103 are from B. Carl- 
son, M Coldeteli. Rational approximation of functions, 
Los Alamos Scientific Laboratory LA-1943, Los Alamos, 
N. Mex., 1955 (with permission). 


4.3.101 O0<zr< 


13) 


tan x 


=1 + aor? +ayr*+agr?+agr?+ajz" 


+ a2? +e (x) 


[e(a)| <2 10-8 


a2=.33333 14036 
G,= .13339 23995 
ag= .05337 40603 


dg = .02456 50893 
Aip= .00290 05250 
@i2= .00951 68091 


4,3.102 0<2< 
* x cot r=1+a,2?+a,2*+ € (2x) 
|e (x)|<3X1075 
Q2= — .832867 Q4= — .024369 
43.103 0<z< i 


x cot L=1+ aox? + ayr*+agr®+ agz? +t ayoz!?+ €(z) 
le(x)|<410- 


9= — 33333 33410 
Q4= — .02222 20287 
ag= — .00211 77168 


ag= — .00020 78504 
@ip= — .00002 62619 


Approximations in Terms of Chebyshev Polynomials ° 


4.3.104 —l<r<l 


T* (x)=cos n6, cos 0=2z—1 (see chapter 22) 


cos) o 
sin }rz=2 >) A,T*(2’) cos 3rz= >) A, T*(z’) 
n=0 n=0 


n A, n A, 

0 1.27627 8962 0 47200 1216 
1 —,28526 1569 1 —.49940 3258 
2 .00911 8016 2 .02799 2080 
3 —.00013 6587 3 —.00059 6695 
4 00000 1185 4 .00000 6704 
5 —.00000 0007 5 —.00000 0047 


* The approximations 4.3.104 are from C. W. Clenshaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per- 
mission). 

*See page 1. 
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Differentiation Formulas 


4.3.105 a sin 2=cos 2 
dz 
d : 
4.3.106 = cos z=—sin z 
dz 
d 2 
4.3.107 = tan z=sec’ z 
dz 
d 
4.3.108 = csc 2=—csc 2 cot 2 
dz 
d 
4.3.109 — sec z=sec z tan 2 
dz 
d 
4.3.110 — cot z=— csc? z 
dz 
4.3.011 ee sin z=sin (e+30r) 
dz” 2 
A801. 22 ons eos (2+30r) 
. dz” 2 
Integration Formulas 
4.3.113 fin zdz=—cosz 
4.3.114 feos zdz=sinz 


4.3.115 ftan zdz=—In cosz=In sec z 


4.3.116 
1—cos 2 


Zz 1 
f esc zdz=In tan 570 (ese z—cot 2)=5 Ins eae 


43.117 
f sec zdz=In (secz+tanz)=Intan (3+3)= gd! (z) 
=Inverse Gudermannian Function 


gd 2=2 arctan oF 


4.3.118 feot zdz=In sin z=—In ese z 
4.3.119 
fe sin zdz—=— 2" cos tn [ze cos 2dz 


4.3.120 
sin 2 sin 2 COs 2 
[ee Set grid (n>1) 


Zz . 
4.3.121 agqen-e cot 2+In sin 2 


4.3.122 
fz=- —zcosz2 1 
sin*z (n—1)sin"-'z (n—1) (n—2) sin*~? z 
(n—2) 2 dz 
+1) sin*~2 zg (n>2) 
4.3.123 


fz cos zdz=2" sin z—n fo sin 2dz 


4.3.124 ; 
cos 2 cos 2 _l sin 2 
f 2” d age ganid2 (n>1) 
Zz 
4.3.125 fz 7 tem? tan z-+In cos z 
4.3.126 
fe edz zsinz 1 
cos"z (n—1)cos*=!z (n—1) (n—2) cos*-2z 
(n—2) zdz 
Th) cos"~2 z (n>2) 
4,.3.127 
f — 2 sin™*! z cos*~!z 
sin” 2 cos* z dz—=—____———_ 
m+n 
+ ees sin™ z cos"? 2dz 
___sin™7! z cos**? z 
m+n 
+a sin”-? 2 cos" zdz 
(m#—n) 
4.3.128 
f dz = 1 
sin” zcos*z (n—1) sin™~! z cos"~! z 
4 min—2 dz 
n—1 sin” z cos"~? z 
(n>1) 
See eee 
~ (m—1) sin®™~! z cos"=! z 
# m+n—2 dz 
m—1 J sin™-? 2 cos" z 
(m>1) 
n-l 
4.3.129 feant2de—"% = =] : — ftant* 2dz (n#¥1) 
ar 


4.3.130 f cot*zdz—=— = f cot"-2 2dz (nx1) 
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4.3.13] 2 
lee el ama Gt doen 
a+bsine (a—berorn (Bah 
bed @ tan (Z)+5— (ay 
=-————.. Jn |§ — ms _ 
(b2?—a?)* den (2)+5+ 0'—a"! 
(6? >a?) 
eee Sng 1+sin 2 a sen (G+ +5) 
4.3.133 
de , (a—b) tan 5 
Saxe cone (at—onye tetany (a> 8") 


1 (b—a) tan st (b?—a?)? 


Se 
2 g2\4 
(ba) (b—a) tan = (b?—a?)} 
(b?>a?) 
dz Z 
4.3.134 feqrten 3 
dz zZ 
4.3.135 ons p= eot 5 
4.3.136 


fer sin bz ema (a sin bz—b cos bz) 


4.3.137 
fe cos bz dz=——,, (a cos bz+5 sin bz) 
a?+6? 


4.3.138 
82 gi yn-1l 
fe sin” bz den (a sin bz—nb cos bz) 
pee 2 
ee e* sin*~? bz dz 
4,3.139 
n—-1l 
fe cos” bz den Se (a cos bz-++nb sin bz) 
eed a | e* cos"~? bz dz 
Definite Integrals 
4.3.140 f “in mé sin nt dt=0 
0 


(mn, mand n integers) 


f, cos mt cos nt dt=0 


4.3.141 f “sin? nt at= { "cos: nt dt=" 
0 0 2 
(nan integer, 0) 

43.142 pe uu mm dt=5 (m>0) 
0 

=0 (m=0) 

T 

=—~5  (m<0) 

4.3.143 f cos atone Ut dt=In (b/a) 
0 


4.3.144 f sin ?? a= { cos 2 dt=3/% 
0 0 2V2 


4.3.145 
Te r/2 = 
if In sin ¢ at={ In cos t dt=—= In 2 
0 0 2 


f cos mt dian e-™ 
0 


4,3.146 rer ts 


(See chapters 5 and 7 for other integrals involv- 
ing circular functions.) 

(See [5.3] for Fourier transforms.) 
4.3.147 


Formulas for Solution of Plane Right Triangles 


If A, B and C are the vertices (C the right 
angle), and a,b and c the sides opposite respectively, 


1 

sin A=- | 
1 

as ae Ts A 
a 1 

‘en A=F— cot A 


versine A=vers A=1—cos A 
coversine A=covers A=1—sin A 
haversine A=hav A=} vers A 


exsecant A=exsec A=sec A—1 
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4.3.148 
Formulas for Solution of Plane Triangles 


In a ‘angle with angles A, B and C and sides 
opposite a, 6 and ¢ respectively, 


sn A snB snC 


c+ ba 
2be 


a=b cos C+e cos B 
a+b_ tan 3(A+B) 


cos A= 


—b tan 3(A—B) 
_be sons A =[s(s—a)(s—b)(s—ce)} 
oes 
4.3.149 


Formulas for Solution of Spherical Triangles 


If A, B and C are the three angles and a, b and 
c the opposite sides, 


sin.A_sinB_sinC 
sna sind sine 


cos a=cos b cos c-+sin b sin ¢ cos A 


__008 b cos (¢+6) 
cos 6 


where tan 6=tan b cos A 


cos A=—cos B cos C+sin B sin C cos a 


*See page UL. 


4.4. Inverse Circular Functions 


Definitions 
4.4.1 
arcsin =|" eae (2=2+1y) 
yee (or) | 
4.4.2 
arccos e={ a" a— anim —aresin Z 
4.4.3 
* 


arctan =|" itt 


The path of integration must not cross the 
real axis in the case of 4.4.1 and 4.4.2 and the 
imaginary axis in the case of 4.4.3 except possibly 
inside the unit circle. Each function is single- 
valued and regular in the z-plane cut along the 
real axis from — © to —1 and +1 to + o in the case 
of 4.4.1 and 4.4.2 and along the imaginary axis 
from i to i@ and —i to —7© in the case of 4.4.3. 

Inverse circular functions are also written 
arcsin z=sin™' z, arccos z=cos 2, arctan z 
=tan“'z,... 

When =] <2x<1, arcsin x and arccos z are 
real and 


4.4.4 —4}x<arcsin 2< jr, 0<arccos x<x 

4.4.5 t te=+% z R220 
4, arctan 2-+arccot z= 3 R2<0" 

4.4.6 arcesc z=arcesin 1/z 

4.4.7 aresec 2=arccos 1/z 

4.4.8 arccot z=arctan 1/z 

4.4.9 arcsec 2+arccsc z=} 


(see 4.3.45) 


arcsin z and 
arccosz 


arccot 2 


arccsc z and 
arcsec z 


Freurs 4.4. Branch cuts for inverse circular 
Sunctions. 
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Fundamental Property 


The general solutions of the equations 


sin {=z 
cos t=z 
tan ¢=2 


are respectively 


4.4.10 ¢=Arcsin z=(—1)* arcsin 2+kr 
4.4.11 t=Arccos z= -+arecos 2+2kr 
4.4.12 


t=Arctan z=arctan z+kr (22? —1) 
where é is an arbitrary integer. 


4.4.13 Interval containing principal value 


y Zpositive <x negative 
or zero 
arcsinzand arctanz O<y<2/2 —2x/2<y<0 
*arccos rand arcsecx O<y<7/2 al[2<y<ar 
‘arccot x and arcescxz O<y<a/2 —2/2<y<0 


y 


of Narccos x 3.0 
a La 


—— orcsin x 
~---- OFccos x 
—-— arctan 


Leo ee arcsec x 
—-— arccot x 


Figure 4.5. Inverse circular functions. 


Functions of Negative Arguments 


4.4.14 aresin (—z2)=—arcsin 2 
4.4.15 arccos (—z)=*—arccos z 
4.4.16 arctan (—2)=—arctan 2 
4.4.17 arecsc (—2)=—arccse 2 
4.4.18 arcsec (—z)=ma—aresec 2 
4.4.19 arccot (—z)=—arccot 2 


Relation to Inverse Hyperbolic Functions (see 4.6.14 to 


4.4.20 Arcsin z=—z7 Aresinh zz 
4.4.21 Arecos z= +7 Arecosh 2 
4,4,22 Arctan z=—7iArctanhiz (#a#—1) 


*See page II. 


4.4.23 Arcese z=7 Arcesch 72 

4.4.24 Aresec z= +7 Arcsech z 

4.4.25 Arceot 2=7 Arccoth iz 

Logarithmic Representations 

4.4.26 Arcsin z=—i Ln [(1—2*)!+iz] (2?<1) 

4.4.27 Arccos z=—i Ln [z+7(1—2*)#]  (a?<1) 
l-t2 7 t+2 

4.4.28 Arctan =F Lion idea 3 Ln eae 

(x real) 
2 t-te 
4.4.29 Arcese z=—i Ln [= (a> 1) 
ae 

4.4.30 Arcsec z=—i Ln — (x?>1) 
at) ty, x74 

4.4.31 Arccot r=5 ae a +) ag Ln =) 


(x real) 


Addition and Subtraction of Two Inverse Circular 
Functions 


4.4.32 
Arcsin 2,;+ Arcsin 2, 


=Aresin [2:(1—22)#+ 22(1—2?)}] 
4.4.33 


Arccos 2: + Arccos 2 
= Arccos { 2122 [(1—23) (1—23)]}} 


4.4.34 
= 2122 
Arctan z+ Arctan 2.=Arctan leas. ae) 
4.4.35 


Arcsin 2:+.Arccos 2, 
=Aresin { 212,+[(1—2?) (1—23)]}} 


= Arccos [22(1—2?)?F 21(1—23)$] 
4.4.36 


Arctan 2:;+Arccot 2, 
=Arctan (2225*)—arceo t (2s aaF 21 


ZF 21 Z12,+1 
Inverse Circular Functions in Terms of Real and 
Imaginary Parts 
4.4.37 


Arcsin z=kr+(—1)* arcsin 8 


+(—1)% In [a+(e?—1)4] 
4.4.38 


Arccos z=2kr+ {arccos B—# In [a+-(a?—1)4]} 
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4.4.39 
2xn 
Arctan 2=kr-+4# arctan (Ge) 


1 

+iin Een (2? —1) 

where é is an integer or zero and 
a=$l(e+1)'+ 944 (e—1+ vB 
b=3l(e+1P?+y}l—zl@—1)+y'}} 


Series Expansions 


4.4.40 

arcsin 2=2+5-5 sates alae ae a 2.4.6.7 1° ..  (f2/<1) 

4.4.41 

aresin (1—2)=5—(22)8 [1 + >> SEE 2* 
(|z|<2) 

4.4.42 


2 gb og? 
arctan geo et . (2|<1 and 224—1) 
1 
2 


te5- site. .(J2[>1 and 2? #—1) 


ae 
42 


=al? +3 Bigataa sa) | 
(2? —1) 


Continued Fractions 


2 422 Oz? 162? 
4.4.4 me 2 Be 2" 102" 
e MNT ae se Oa 


(z in the cut plane of Figure 4.4.) 


4.4.44 arcsin 22 1-22? 1-22? 3-42? 3.42? 
vi-z 1— 3—- 5— 7— 9 
(z in the cut plane of Figure 4.4.) 
Polynomial Approximations ° 
4.4.45 0<2<1 


arcsin t= 5— (1—2)#(a)+ayr+ayx?+ agr*) +-€(z) 


le(x)| <<5X1078 


M= 1.57072 88 
a= —.21211 44 


a= .07426 10 
a3== — .01872 93 


® The approximations 4.4.45 to 4.4.47 are from C. Hast- 
ings, Jr., Approximations for digital computers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission). 


4.4.46 0<7<1l 


aresin 15 (1—2)* (Go tare +a.x? +4323 
+ aye*+-asz°+agx°+a72") +€(2) 
je(x)| <2 10-8 


Q= 1.57079 63050 .03089 18810 
a= —.21459 88016 as=—.01708 81256 
@.= .08897 89874 @g= .00667 00901 


Qs= — .05017 43046 @7= — .00126 24911 
4.4.47 —1l<zr<l 


arctan 2=@,%+ 4323+ a5x°+-a7zx" + apx® + €(2) 


‘le(x)|<107-5 
a= .99986 60 Q,= — .08513 30 
a3= — .33029 95 Q@= .02083 51 
a= .18014 10 
4.4.48 1 —l<2<1 
arctan = Ty gat ela) 
je(x)| <5X107% 
4.4.49 1 0<z<l 
arctan 21 +3) nyt™* +e (x) 


le(x)| <2 1078 


Q2,= — 33333 14528 
d= .19993 55085 
Qg= — .14208 89944 
.10656 26393 


Ayp= — .07528 96400 
Q2= .04290 96138 
@4= —.01616 57367 


dg= Qig—= .00286 62257 


10 The approximation 4.4.48 is from C. Hastings, Jr., 
Note 148, Math. Tables Aids Comp. 6, 68 (1953) (with 
permission). 

1! The approximation 4.4.49 is from B. Carlson, M. Gold- 
stein, Rational approximation of functions, Los Alamos 
Scientific Laboratory LA-1943, Los Alamos, N. Mex., 
1955 (with permission). 
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Approximations in Terms of Chebyshev Polynomials ” 


4.4.50 —l<zr<l 


T*(z)=cosn6, cos é=2x—1 (see chapter 22) 


arctan z=2 >) A,J*(z*) 
n=0 


n A n A. 

0 . 88137 3587 6 . 00000 3821 
1 —.10589 2925 7 —.00000 0570 
2 .01113 5843 8 . 00000 0086 
3 —.00138 1195 9 —.00000 0013 
4 .00018 5743 10 . 00000 0002 
5 —.00002 6215 


“For 2 >1, use arctan r=47—arctan (1/2) 
—3y2<2<4y2 


aresin z=z >) A,T*(22*) 
n=0 


4.4.5) 


O<2<}y2 


arccos s=491—Zz > A, T* (22?) 
n=0 


n A, n A, 

0 1. 05123 1959 5 . 00000 5881 
1 . 05494 6487 6 . 00000 0777 
2 . 00408 0631 7 . 00000 0107 
3 . 00040 7890 8 . 00000 0015 
4 . 00004 6985 9 .00000 0002 


For 42<z<1, use arcsin z=arccos(1—2?)#, are- 
cos =arcsin (1—2*)}. 


Differentiation Formulas 


Ley ee Ne 
4,452 qq aresin z= (1—2?) 
4.4.53 = arccos 2=—(1—2?)-+ 
Bed. dz 
d 1 
4.4.54 dz arctan a Te 
d —] 
4.4.55 ae arccot aT 428 
d 1 
4.4.56 dz arcsec 27 (e—I1)8 


13 The approximations 4.4.50 to 4.4.51 are from C. W. 
Clenshaw, 
functions, Math. Tables Aids Comp. 8 
(with permission). 

*See page Il. 


, 1438-147 (1954) 


Polynomial eppromuatons to elementary 


ee 
2(z2—1)! 


Integration Formulas 


4.4.57 a arcese z=— 
dz 


4.4.58 Jaresin 2 dz=z arcsin 2+(1—2?)} 
4.4.59 f arccos 2 dz=z arccos z—(1—z?)! 


4.4.60 f arctan 2 dz=z arctan z—41n (1+2?) 


4.4.61 
[arcese 2 dz=z arccese 2+ In [2+(2?—1)4 


0<arccsc 2<G 


—F<areese 2<0 
4.4.62 
f arcsec z dz=z arcsec z¥l1n [z+(z?—1)4] 


0< arcsec 2<G 


<aresec Z<r 


4.4.63 
farccot 2 dz=z arccot 2+$ In (1+2?) 


4.4.64 
ul i 2 (1—22)t 
fe aresin z dz= gg) aresin 245 (1—2?) 
4.4.65 
- d gett gttt 3 
fe arcsin z ee | arcsin z— pear Sam mi 
(n¥—1) 


4.4.66 
fe arccos Zz ae—($—7 7) arccos 2-5 (1—2*)! 


4.4.67 
gntl 
fe arccos 2 dene arccos +o 7 Sa= dz 
(n¥#—1) 
4.4.68 
fe arctan z dex} (1+2?) arctan 2—5 


4.4.69 
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n+l 


Z 
[e arctan 2 dz=—— arctan z— 


4.4.70 


4.4.71 


: gttl 
2” arccot 2 dz=——— 


4.5.1 


4.5.2 


4.5.3 
4.5.4 
4.5.5 
4.5.6 


n+1 si 


grt 
ga” 
(n¥%—1}) 


fe arccot Z dex; (1+<2*) arccot 2+5 


arccot 2+-——— 


n+1 <i 


4.5. Hyperbolic Functions 
Definitions 


5 e* 
sinh z= 


_ e+e? 

cosh 7 

tanh z=sinh 2z/cosh 2 
esch z=1/sinh 2 


sech 2=1/cosh z 


coth z=1/tanh z 


ght 
ita —— dz 


(n¥—1) 


(2e=2-+1y) 


Fieurs 4.6. Hyperbolic functions. 


Relation to Circular Functions (see 4.3.49 to 4.3.54) 


Hyperbolic formulas can be derived from 


trigonometric identities by replacing 2 by zz 


4.5.7 


sinh z= —?7 sin 72 


4.5.8 cosh 2=cos iz 
4.5.9 tanh z= —1 tan iz 
4.5.10 esch 2=1 esc iz 
4.5.11 sech z=sec 7z 
4.5.12 coth z=2 cot tz 
Periodic Properties 
4.5.13 sinh (2+2krt)=sinh 2 
(k any integer) 
4.5.14 cosh (2+2k2t)=cosh z 
4.5.15 tanh (2+krt)=tanh 2 
Relations Between Hyperbolic Functions 

4.5.16 cosh? z—sinh? z=1 
4.5.17 tanh? z+sech? z=1 
4.5.18 coth? z—csch? z=1 
4.5.19 cosh z2+sinh z=e? 
4.5.20 cosh z—sinh z=e7* 

Negative Angle Formulas 
4.5.21 sinh (—2)=—sinh z 
4.5.22 cosh (—z)=cosh z 
4.5.23 tanh (—2z)=—tanh z 


Addition Formulas 
4.5.24 sinh (2,+2,)=sinh 2, cosh 2, 
+eosh 2, sinh 2, 
4.5.25 cosh (2,+2:)=cosh 2, cosh 2, 
+sinh 2, sinh 2, 
4.5.26 tanh (2,+2)=(tanh 2,+tanh 2)/ 
(1-++tanh 2; tanh 2) 
4.5.27  coth (z2,+2)=(coth 2, coth 2.+1)/ 
(coth 2.-+coth 2) 
Half-Angle Formulas 


4.5.28 
inh z_.(sosh 2=1) 
ee eae 
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4.5.29 4.5.44 
z_(cosh 2+1\3 cosh z;— cosh z,=2 sinh (25%) sinh (25) 
cosh Coa Cer 9 2 
4.5.30 4.5.45 
tanh z,+tanh gpo— stab (21-F22)_ 
an ea ee z—1\3 __cosh z—1___sinh2 cosh 2, cosh 22 
cosh 2+1 sinh 2 cosh 2+1 2+1 4.5.46 
‘ inh 
Multiple-Angle Formulas coth z,-+coth z pe ete 
4.5.31 sinh 22=2 sinh z cosh atone Relations Between Squares of Hyperbolic Sines and 
1—tanh’ z Cosines of 
4.5.32 h 2z2=2 cosh? z—1=2 sinh? z+1 oe 
see” SEED Bees e CORN erate Pau Bi sinh? 2,—sinh? z,=sinh (2;+2;) sinh (2,—2s) 
=cosh? g-++ sinh? z =cosh? 2,—cosh? 2, 
4.5.48 
7 2 2 pes an 
4.5.33 tanh 95.2 tanh e: sinh? z,+cosh? z.=cosh (+22) cosh (2,— ze) 
1+tanh? z =cosh? z,-++sinh? 2, 
4.5.34 sinh 3z=3 sinh 2+4 sinh’ z Hyperbolic Functions in pore of Real and Imaginary 
arts 
4.5.35 cosh 3z=—8 cosh 2+4 cosh? z (c=2+iy) 


4.5.36 sinh 42=4 sinh’ z cosh 2+4 cosh’ z sinh 2 | 4.5.49 sinh z=sinh zcos y+ cosh zsin y 


4.5.37 cosh 42=cosh* z+ 6 sinh? z cosh? z+sinh‘z | 4.5.50 cosh z=cosh xz cos y+? sinh z sin y 


Products of Hyperbolic Sines and Cosines 4.5.51 tanh nh Bett sin 2 
4.5.38 2 sinh 2, sinh z,.=cosh (2,+22) y 


sinh 27—7 sin 2y 


—cosh (2;—2,) | 4.5.52 coth cosh 2z—cos 2y 


4.5.39 2 cosh 2, cosh z.=cosh (2+ 22) De Moivre’s Theorem 
+-cosh (2;— 22) 4.5.53 (cosh 2+sinh z)"=cosh nz+sinh nz 


z : Modulus and Phase (Argument) of Hyperbolic 
4.5.40 2 sinh 2, cosh 2.=sinh (2,;-+ 2.) erictaus : ve 
+sinh (2,—2,) | 4.5.54 |sinh 2|= (sinh? z+sin? y)+ 


=[%(cosh 2x—cos 2y)]}* 
Addition and Subtraction of Two Hyperbolic Functions 


4.5.55 arg sinh z=arctan (coth z tan y) 


4.5.41 
sinh 2,+sinh 2.=2 sinh (25) cosh (25) 4.5.56 \cosh z|= (sinh? z+ cos? y)# 
=[4(cosh 22-+-cos 2y)]é 
4.5.42 4.5.57 arg cosh z=arctan (tanh z tan y) 


sinh z;—sinh 2:=2 cosh (244+) sinh (252) 


(oben Ze 00820) 
4.5.58 |tanh |= (Se 2z2+c0s 2y 


4.5.43 
cosh 2;-++cosh 2,2 cosh (25) cosh (25) 4.5.59 arg tanh z=arctan ( _ 2y ) 


sinh 27 
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions 
sinh z=a cosh =a tanh z=a esch z=a sech s=u coth z=a 
sinh z____4| @ (a?—1)3 a(i—a?)-} a” a—'(1—a*)? —1)73 
cosh #.._-. (i+a?)! a (1—a’)-3 a-'(1+a?)} a” a(a?—1)73 
tanh 2.._.- a(1+a?)-? a” (a?—1)3 a (1+a’)73 (1—a’)} a” 
esch #.____ a” (a?—1)7? a—'(1—a?)$ a a(1—a’)-3 (a?—1)3 
sech r__.__ (1+a?)-3 a7! (1—a?)} a(i+-a?)~3 a a—(a?—1)} 
coth z__.__ a (a?+1)# a(a?—1)73 a” (1+a?)} (1—a’)73 a 
Illustration: If sinh z=a, coth z=a7'(a?+1)! 
arcsech a=arccoth (1—a?)-? 
4.5.61 Special Values of the Hyperbolic Functions | 4.5.66 
aaa gE 2. 5 61 E, 
sech 2=1—S +55 these +... tay et 
Z od eee ee We es 2'24~ 720 (2n)! 
2 2 T 
Pia lie, Uber baci alae (Il<§ 
sinh 2_______ 0 a 0 —1 roy 4.5.67 
h z 2 2" Bon gona 
cosh 2______- 1 0 —1 |0 cS Oe, e+e ast aag?— Gant (2n)! ats 
tanh z_____- 0 | ot Jo —o; }1 (<n 
where B, and £, are the nth Bernoulli and Euler 
(sch 2.22222. a a Sa id a 0 numbers, see chapter 23. 
sech 2__.___- 1 co —1 © 0 Infinite Products 
coth 2___.__- o |0 © 0 1 Bs es ee a ) 
4.5.68 sinh 2=2 pL ( +723 
Series Expansions = 42° | 
wee 4.5.69 cosh z ao [tare 
oe = emeta tay tayt ae (lel< =) Continued Fraction 
2? at 26 ae Je sine Sit 
4.5.63 cosh 2=ltatgqtet wee (f2|<C@) 4.5.70 tanh 2 T- 84-56 7 
Ws. e 
(2 #z itnri) 
4.5.64 tanh z= yee 5 7 aa 7 
3 15” 315 : he 
7 gen(gen DB Differentiation Formulas 
Wa 2n gen-l 
Se (2n)! ant 4.5.71 a sinh z=cosh z 
z dz 
(la< : ; 
4.5.65 4.5.72 ie cosh z=sinh z 
esch gmt eget 24+. 
360 “Ta Tai 4.5.73 a tanh z=sech? z 
_2(2"-? —1) Ba, gen} 
(2n)! a 4.5.74 ad esch z=—csch 2 coth z 
(ele) - dz a 


*See page 11. 
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ad sech z=—sech z tanh 2 


4.5.75 rp 

d 
4.5.76 — coth z=—csch? 2 

dz 

Integration Formulas 

4.5.77 [sinh zdz=cosh 2 
4.5.78 f ah ede ahs 
4.5.79 f tank zdz=Iln cosh 2 
4.5.80 fesch zdz=lIn tanh 5 
4.5.81 [sect 2dz=arctan (sinh 2) 
4.5.82 feoth zdz=lIn sinh 2 
4.5.83 


fz sinh zdz=2" cosh z—n [ee cosh 2dz 


4.5.84 
fz cosh zdz=2" sinh z—n [2m sinh 2 dz 


4.5.85 
f sinh z cosh" zdz= 


sinh™*! zg cosh*~! 2 


1 

mtn 
at f sinh» 2 cosh*~? zdz 
m+n 


sinh™~! z cosh**! zg 


1 
m+n 
M1 | inhm-2 2 cosh" 2 dz 
m+n 

(m-+-n0) 


dz =] 1 
4.5.86 iF ™2 cosh" 2 m—1sinh”—! z cosh*~! 2 


aie me ae 
sinh™- : Z ae 
= 
~ m—1 sinh”~! z cosh"~! z 


(m #1) 


nn dz 
= mon | sinh” z cosh"~? 2 (n#1) 


4.5.87 
f tank" 2dz=— eon = et f tank 2dz 
(n¥#1) 
4.5.88 
fcoth 2dz=— eoth” oe com + | cothe? 2dz 


(n#¥1) 


(See chapters 5 and 7 for other integrals in- 
volving hyperbolic functions.) 


4.6. Inverse Hyperbolic Functions 


Definitions 
4.6.1 arcsinh z= pa (g=2+ty) 
be (epee. ene 
= dt 
4.6.2 arccosh z= f @—1 
4.6.3 arctanh z=" a 
9 l-# 


The paths of integration must not cross the fol- 
lowing cuts. 


4.6.1 imaginary axis from —io to —i andi 
to i 
4.6.2 real axis from —@ to +1 


4.6.3 real axis from —o to —1 and +1 to 
+ 


Inverse hyperbolic functions are also written 
sinh~! z, arsinh z, <r sinh 2, etc. 


4.6.4 arcesch z=arcsinh 1/2 
4.6.5 arcsech z=arccosh 1/z 
4.6.6 arccoth z=arctanh 1/z 


} 0 +1 
bad} 


arcsinh 2 arctanh z 


arccsch z arcsech z arccoth z 


Ficure 4.7. Branch cuts for inverse hyperbolic 
functions. 
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4.6.7 
(see 4.5.60) 


arctanh z=arccoth 2+ 3x7 
(according as .~z20) 
Fundamental Property 


The general solutions of the equations 


z=sinh t 
z=cosh t 
zg=tanht 


are respectively 


4.6.8 ¢t=Arcsinh z=(—1)* aresinh z+kai 
4.6.9  t=Arccosh z= +arccosh 2+ 2kqi 
4.6.10 ¢=Arctanh z=arctanh z+hkai 
(k, integer) 
Functions of Negative Arguments 
4.6.11 aresinh (—z)=-—arcesinh z 
*4.6.12 arccosh (— z)=7t—arccosh 2 
4.6.13 arctanh (—2)=—arctanh 2 


Relation to Inverse Circular Functions (see 4.4.20 to 
4.4.25) 


Hyperbolic identities can be derived from trig- 
onometric identities by replacing 2 by zz. 


4.6.14 Arcsinh z= —i Arcsin 7z 
4.6.15 Arccosh z= +7 Arccos 2 
4.6.16 Arctanh 2=—17 Arctan iz 
4.6.17 Arcesch z=7 Arcesc 7z 
4.6.18 Arcsech z= +7 Aresec z 
4.6.19 Arccoth z=7 Arccot iz 
Logarithmic Representations 
4.6.20 aresinh r=In [z+ (2?+1)}] 
4.6.21 arccosh z=In [x+(z?—1)}] (2>1) 
4.6.22 arctanh z=} In a (0<2?<1) 
4.6.23 arecesch z=In [A+(A41) ] (x0) 
4.6.24 arcsech x=In [E+(G- 1)'] (0<zx<1) 


x+1 


4.6.25 arccoth 2=5 In > (22>1) 


—1 


LST ee re. OPEC CN 


~— 
arccoih KN 
arcsinh x 
N \ 18 000ttt arccoshx 
[ —-— orctanh x 
—-— arcesche 


orcsinh « 
orcsech x 


\b-s0 — -- orccoth x 


Figure 4.8. Inverse hyperbolic functions. 


Addition and Subtraction of Two Inverse Hyperbolic 
Functions 


4.6.26 
Arcsinh 2,+Arcsinh 22 


=Arcsinh [2,(1-+22)!+ 2.(1+22)!] 


4.6.27 
Arccosh 2;+Arccosh 2, 


=Arccosh { 2,22+[(27?—1)(23—1)]}} 


4.6.28 


Arctanh z,tArctanh 2.=Arctanh (7: +22 ) 
142,22 


4.6.29 

Arcsinh z,+Arccosh 22 
=Aresinh { 2,2.+[(1+2?)(z3—1)}}} 
=Arccosh [22(1-+27)!+ 2:(23—1)}] 


4.6.30 


Arctanh 2,+Arccoth 2.=Arctanh (fees! 


— Zot 2) 
=Arccoth (25% -) 


*See page 1. 
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Series Expansions 


4.6.31 
= 1 1-3 55 
arcsinh z= 2-9-3 +s a5 Z5? 
1-3-5 , 
a ST i 
(Jal<1) 
1 1-3 
=In 22+5 985740 4a 
1-3-5 
+3 4-6. 62° 
(lz|>1) 
4.6.32 
1 1-3 
arccosh z=I]n 2z— EE ee Oa E. 
1-85 
2-4-6- 62° 
(lal>1) | 
ee. Bt 
4.6.33 arctanh e=etetetet wee (lel) 
4.6.34 arccoth e=itgatpetaat -- 
(l2|>1) 


Continued Fractions 


2 2 42? 92? 


4.6.35 arctanh = 3-5-7— °°" 


(z in the cut plane of Figure 4.7.) 


4.6.36 
aresinh z_ 2 «1-227 1. 2273+ 423-42? 
vit+2 14+ 38+ 54+ 7+ 9+ 
Differentiation Formulas 
4.6.37 £ arcsinh z=(1+2?)-? 
4.6.38 @ arccosh z=(z?—1)7? 
a dz 
4.6.39 © arctanh z=(1—2?)~! 
dz 
1 
4.6.40 dz arcesch z= 7a+e) 
(according as #z=0) 
d 1 
4.6.41 dz arcsech z= F- 2(1—2")8 


*See page 11. 
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d 
4.6.42 aa arccoth z=(1—2?)-! 
Integration Formulas 


4.6.43 feresint 2dz=z2 arcsinh z—(1+2?)! 


4.6.44 farceosh 2dz=z arccosh z—(z?—1)! 
4.6.45 farctanh2 dz=z arctanh 2+31n (1—2?) 
4.6.46 farcesch 2 dz=z arcesch z+ arcsinh z 
(according as #z=0) 
4,6.47 faresech 2 dz=z arcsech z+arcsin 2 
4.6.48 f arccoth z dz=z arccoth z+} In (z2—1) 
4.6.49 
2 
fe arcsinh 2dz=~” ~_ arcsinh 2— 5 (2?+1)3 
4.6.50 
f m h d a h wali grt! 
2" aresinh zdz=— a aan 2a] asa dz 
(n¥—1) 
4.6.51 
227-1 2 
2 arccosh z dz= Z arccosh 2-4 (2— 1)3 
4.6.52 
- h gnti h 1 gti eet is 
fe arccos ede= 7 arceosh2—" > @=i! 
(n¥—1) 
4.6.53 
2—] 2 
fz arctanh 2 dz= 5 arctanh 2+5 
4.6.54 
i grt h grt Asie 
fe arctanh z de= arctanh z— aa jon”? 
(n#—1) 
4.6.55 


a aneeah z 5 (1+2)4 


fe arcesch 2 dz=~ 3 


(according as #z=0) 
4.6.56 


‘. h d grt 
fe arcescn 2 eee 


areesch 2+ 


(n#—1) 


* 


* 


* 


1 2” 
restt @+iyi * 


* 
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2 
aOST fe arcsech 2 de=s arcsech 25 (1—2?)4 
(according as #220) 

4.6.58 
. hzd ajeke r beta [aide 
2" arcsech 2 dz" arcsec ati JG) 
(n¥%—1) 
Numerical 
4.7. Use and Extension of the Tables 


Note: In the examples given it is assumed that 
the arguments are exact. 


Example 1. Computation of Common Logarithms. 


To compute common logarithms, the number 
must be expressed in the form z-10%, (1<2<10, 
—o<g<o). The common logarithm of z-10¢ 
consists of an integral part which is called the 
characteristic and a decimal part which is called 
the mantissa. Table 4.1 gives the common 
logarithm of z. : 


x 2-10? login 2-10 | 


.009836 9.836-10-? 3.99281 85=(—2.00718 15) 
.09836 9.836-1072 2.99281 85=(—1.00718 15) 


.9836 9.836-10-! 1.99281 85=(—0.00718 15) 
9.836 9.836-10° 0.99281 85 
98.36 9.836-10' 1.99281 85 
983.6 9.836-10? 2.99281 85 


Interpolation in Table 4.1 between 983 and 984 
gives .99281 85 as the mantissa of 9836. 

Note that 3.99281 85= —3+.99281 85. When 
q 1s negative the common logarithm can be 
expressed in the alternative forms 


logis (.009836) =3.99281 85=7.99281 85-10 
= —2.00718 15. 


The last form is convenient for conversion from 
common logarithms to natural logarithms. 

The inverse of logiyz is called the antilogarithm 
of z, and is written antilog z or log-' z. The 
logarithm of the reciprocal of a number is called 
the cologarithm, written colog. 


*See page H. 
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4.6.59 
22-1 


fe arccoth 2 dz= arccoth e+5 


4.6.60 


Surecoth cass arto ee | 
fe arccoth z dz=——~ arccot eto fan e 


(n#%—1) 
Methods 


Example 2. 


Compute z~*/* for z=9.19826 to 10D using the 
Table of Common Logarithms. 

From Table 4.1, four-point Lagrangian interpola- 
tion gives logy (9.19826) =.96370 56812. Then, 


i logio (x) = — .72277 92609 =9.27722 07391 —10. 


Linear inverse interpolation in Table 4.1 yields 


antilog (1.27722) =.18933. For 10 place accuracy 
subtabulation with 4-point Lagrangian inter- 
polants produces the table 


N logio N A a? 


18933 .27721 94350 2 29379 
.18934 27724 23729 2 29366 —18 
.18935 .27726 53095 


By linear inverse interpolation 
2-4/4 18933 05685. 
Example 3. 


Convert logiy z to In x for z=.009836. 

Using 4.1.23 and Table 4.1, In (.009836)= 
In 10 logic (.009836) =2.30258 5093 (— 2.00718 15) 
= —4,62170 62. 


Example 4. 


Compute In z for r=.00278 to 6D. 

Using 4.1.7, 4.1.11 and Table 4.2, In (.00278)= 
In (.278-1072)=In (.278)—2 In 10=—5.885304. 

Linear interpolation between z=.002 and 
z=.003 would give In(.00278)=—5.898. To 
obtain 5 decimal place accuracy with linear 
interpolation it is necessary that z>.175. 


Example 5. 


Compute In z for r=1131.718 to 8D. 
Using 4.1.7, 4.1.11 and Table 4.2 


1131.718 
1131 1131) 


_, 1131.718 ; 
=In i131 +In 1.131 +]n 10 


=In (1.00063 4836) +1n 1.131+3 In 10. 


In 1131.718=In 
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Then from 4.1.24 

In 1131.718=(.00063 4836)—}(.00063 4836)? 

+1n 1.131+3 In 10=.00063 4836—.00000 0202 
+.12310 2197+6.90775 5279=7.03149 211. 


Example 6. 
Compute In z working with 16D for 
z= 1.38967 12458 179231. 


Since =1.00048 32583 282384—1-+a, using 


a: 
1.389 
4.1.24 and Table 4.2 we compute successively 


a= .00048 32583 282384 


a 
a 1167 693059 
a 76199 
a 376 
a‘ 
oe 136 
In (1-+a)= .00048 31415 965388 
In 1.389 = .32858 40637 722067 
In z= 32906 72053 687455. 


Example 7. 


Compute the principal value of In (+2+37). 
From 4.1.2, 4.1.3 and Tables 4.2 and 4.14. 


In (2+3i)=5 In (22-43%) +4 arctan 5 


= 1.282475 +-1(.982794) 
«ll F 3 
In (—2+31)=5 In 1847 x—arctan 5) 


=1.282475-+-7(2.158799) 


In (—2—38)=5 In 13+-4 (—r-+aretan 5) 
= 1,282475—i(2.158799) 


In (Q-3i)=5 In 138+2 (—arctan 5) 
=1,282475—2(.982794). 


Example 8. 


Compute (.227)-* to 7D. 
Using 4.2.7 and Tables 4.2 and 4.4, 


(.227):=e- 1n (227) == ¢*60(— 1.48280 5262) 


= ¢7 1.0218 6631 35946 60. 


Example 9. 
Compute e785 © to 7S, 
Using 4.2.18 and Table 4.4, 


o'- 90728 69 4.9,,.08728 69 


=e"'e 


Linear interpolation S aed e728 69 — 1.10217 6 
with an error of 1X 10- 


oe 90728 69 — (134.28978) (1.10217 67) = 148.0111. 
Example 10. 
Compute e* to 18D for 


x= .86725 13489 24685 12693. 


Let a=z—.867. Using 4.2.1, compute succes 
sively 


1.00000 00000 00000 00000 


a= .00025 13489 24685 12693 
a 
a 315 88140 97019 
a 
3 2646 54842 
at 
a7 16630 
e*=1.00025 13805 15472 81184 
e-*7—=2.37976 08513 29496 863 from Table 4. 


ete: *°’—¢7=2.38035 90768 39006 089. 
Example 11. 
are e to 7S. 
Let n=——— 
Then 
exp z=exp Cen In 10) —exp [(n+d) In 10] 


ie TT and d=the decimal part of ——~ ii 


=exp (In 10") exp (dln 10) 
=10" exp (d In 10) 
From Table 4.4 


e*8—exp (os 6 In 10) exp (281.42282 42 In 10) 


=10*! exp (.42282 42 In 10) =10%! exp .97358 8 
= 10**! (2.647428) = (281)2.647428. 
Example 12. 


pad te e~* for z=.75 using the expansion 0 
Chebyshev polynomials. 
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Following the procedure in [4.3] we have from 
4.2.48 


7 
e~*= DIA, Ti (a) 
where T¥(z) are the Chebyshev polynomials 
defined in chapter 22. Assuming bs=b,=0 we 
generate b,, k=7,6,5,...0 from the recurrence 


relation 
p= (40—2)bp41— barat Ay 


k b 
7 — .00000 0015 
6 .00000 0400 
5 — .00000 9560 
4 .00018 9959 
3 — .00300 9164 
2 .03550 4993 
1 — .27432 7449 
0 .33520 2828 


since f(r) =b)— (2z—1)b,, 


e~- == 33520 2828—(.5)(—.27432 7449) 
=.47236 6553. 


Example 13. 
Express 38°42’32’’ in radians to 6D. 


1°=.01745 32925 19943 29577 r 
1’=.00029 08882 08665 72159 62r 
1’’=,00000 48481 36811 09535 9936 r 


Therefore 
38°=.66322 51 r 


42’=.01221 73r 
32’7=.00015 51 r 
38°42/32’ = .675598 r. 


Example 14. 


Express t=1.6789 radians in degrees, minutes 
and seconds to the nearest tenth of a second. 

From Table 1.1 giving the mathematical con- 
stants we have 


° 
1 pa tO =57.29577 95130°... 


1.6789 r=96.19388° 
.19388° X 60= 11.633’ 
633’ X 60=38.0” 
1.6789 r=96°11/38.0". 


*See page 11. 


Example 15. 


Compute sin z and cos x for z=2.317 to 7D. 
From 4.3.44 and Table 4.6 


sin (2.317)=sin (r—2.317)=sin (.82459 2654) 
= 73427 12 
cos (2.317)=cos (—2.317)=— cos (.82459 2654) 
=—.67885 60. 


Linear interpolation for z=.82459 2654 gives an 
error of 9X 107°. 


Example 16. 


Compute sin z for z=12.867 to 8D. 
From 4.3.16 and Tables 4.6 and 4.8 


sin (12.867) =sin 12 cos .867-+cos 12 sin .867 
=,29612 142. 


The method of reduction to an angle in the first 
quadrant which was given in Example 15 may 
also be used. 


Example 17. 
Compute sin z to 19D for 


z= .86725 13489 24685 12693. 


Let a=.867, From 4.3.16 
Table 4.6 


B=zr— «a. and 


sin (a-+8)=sin a cos 8+ cos a sin B 
sin a=.76239 10208 07866 22598 
cos a=.64711 66288 94312 75010 


With the series expansions for sin 8 and cos B we 
compute successively 


1.00000 00000 00000 00000 


—— 315 88140 97019 
Bt 
v- . 16630 
cos B= .99999 99684 11859 19611 
B= 00025 13489 24685 12693 
o eereeen 2646 54842 
31 
P, 
al 1 
sin B= 00025 13489 22038 57852 


sin a cos B=.76239 09967 25351 31308 
cos a sin B=.00016 26520 67105 82436 


sin z=.76255 36487 92457 1374 
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This procedure is equivalent to interpolation with 
Taylor’s formula 3.6.4. 


Example 18. 


In the plane triangle ABC, a=123, B=29°16’, 
c= 321; find A, b. 


b?=a?+ce?—2ac cos B=(123)?+ (321)? 
—2(123) (321) cos 29°16’ 


b=221.99934 00 


asin B_ (123)(.48887 50196) 
hb 221.99934 00 o/ 08S du18 


A=15°42'56.469’’. 


sin A= 


Example 19. 


In the plane triangle ABC, a=4, b=7, c=9, 
find A, B, and C. 


21 p29? 
ian +6 a _81+49— 16114 


2be 2-7-9 126 
A= .43997 5954=25°12’31.6’’ 
sin A=,.42591 7709 


~a5==.90476 1905 


din Bat (42601 7709), B=.84106 8670 
— 48°11'22.9"” 
ain Cm A TO), C=1.86054 803 


=106°36'5.6’’ 


where the supplementary an, nee must be chosen for 
C. Asacheck we get A+ B+ C=180°00’.1’’. 


Example 20. 


Compute cot x for r=.4589 to 6D. 
Since z<.5, using Table 4.9 with interpolation 


1 
we find 4539 ~ Cot(-4589) = 
cot (.4589) =2.179124— 


in (a '—cot 2), 


.155159. Therefore 
.155159=2.023965. 


Example 21. 
Compute arcsin z for z=.99511. 


For z>.95, using Table 4.14 with interpolation 
in the auxiliary function f(x) we find 


arcsin 1=5— [2(1—z)]* f(z) 


arcsin (. 99511) =5—[2(.00489) }3f(.9951 1) 


=1.57079 6327—(.09889 388252) 
(1.00040 7951) 
=1.47186 2100. 


Example 22. 


Compute arctan 20 and arccot 20 to 9D. 
Using 4.4.5, 4.4.8, and Table 4.14 * 


arctan 20= =F arctan 1/20=1.52083 7931 


arccot 20=5—arctan 20=arctan .05=.04995 8396. 


Example 23. 
Express z=3+97 in polar form. 


z=zt+iy=re, wherer=(2?+y")}, 


é=arctan U4 2nk, k is an integer. 
r= (3?+9?)!= ¥90=9.486833 


For k=0, 


é=arctan 9/3=arctan 3=1.24904 58. 
Thus 3+97=9.486833 exp (1.24904 582). 


Example 24. 


Compute arctan xz for r=1/3 to 12D. 
From 4.4.34 and 4.4.42 we have 


arctan z=arctan (2%-+A) 


=arctan xo +arctan 


Sa 
1+2oh+23 


=arctan tH <kta)- Aca) ee 


We have 

2= 5.33333 33333 33 so that h=.00033 33333 33 
and, from Table 4.14, arctan x=arctan .333 
=,32145 05244 03. 
.00030 00300 03 we get 


Since 1+ah+a2 
arctan z= .32145 05244 03-+.00030 00300 03 
— .00000 00000 09 
== .32175 05543 97. 


If z is given in the form b/a it is convenient to 
use 4.4.34 in the form 


b b—az, 
arctan ~=arctan 2o-+arctan a. 


at+bz 


In the present example we get 


1 1 
arctan z=arctan . .333-arctan 3333 


*See page I. 
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Example 25. 


Compute arcsec 2.8 to 5D. 
Using 4.3.45 and Table 4.14 


. (22?—1)3 
arcsec 2—=aresin “—~— 


[(2.8)?—1]} 
2.8 
=aresin .93404 97735 


= 1.20559 
or using 4.3.45 and Table 4.14 


aresec 2.8=arcsin 


arcsec z=arctan (2?—1)? 
arcsec 2.8=arctan 2.61533 9366 


="— arctan .38235 95564, 


2 
from 4.4.3 and 4.4.8 
= 1.570796 — .365207 


=1.20559. 


Example 26. 


Compute arctanh x for r=.96035 to 6D. 
From 4.6.22 and Table 4.2 


1.96035 


1+.96035_, 5 
03965 


1—.96035 ? 
=1 In 49.44136 191 
=3(3.90078 7359) =1.950394. 


arctanh .96035=3 In 


Example 27. 


Compute arccosh x for r=1.5368 to 6D. 
Using Table 4.17 


arccosh z__arccosh 1.5368 
(z?—1)*  [(1.5368)?—1]? 


arccosh 1.5368 = (.852346) (1.361754)? 
= (.852346) (1.166942) 
=.994638. 


=.852346 


Example 28. 


Compute arccosh x for r=31.2 to 5D. 
Using Tables 4.2 and 4.17 with 1/r=1/31.2 
= .08205 128205 


arccosh 31.2—In 31.2=.692886 
arccosh 31.2=.692886+ 3.440418 =4.13330. 
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COMMON LOGARITHMS Table 4.1 


2 logio x L logio x z logio x Pa logio x z logio x 


100 90000 00000 150 17609 1259) 200 30102 99957 250 39794 00087 300 47712 12547 
101 00432 13738 151 17897 69473 20) 30319 60574 251 39967 37215 301 47856 64956 
102 00860 01718 152 18184 35879 202 30535 13694 252 40140 05408 302 48000 69430 
103) 01283 72247) «9153 =18469 14308 203 30749 60379 253 40312 05212 303 48144 26285 
104 01703 33393 154 18752 07208 204 30963 01674 254 40483 37166 304 48287 35836 


105 02118 92991 155 19033 16982 205 31175 38611 255 40654 01804 305 48429 98393 
106 02530 58653 156 19312 45984 206 31386 72204 256 40823 99653 306 48572 14265 
107) 02938 37777) «96.157. 19589 96524 §=9207) «31597 03455 257 40993 31233 307 48713 83755 
108 03342 37555 158 19865 70870 208 31806 33350 258 41161 97060 308 48855 07165 
109 03742 64979 «159 «20139 71243 =. 209 32014 62861 259 41329 97641 309 48995 84794 


110 + =04139 26852 160 20411 99827 210 32221 92947 260 41497 33480 310 49136 16938 
lll =: 04532 29788 161 20682 58760 211 32428 24553 261 41664 05073 311 49276 03890 
112 = 04921 80227) =162 20951 50145 212 32633 58609 262 41830 12913 312 49415 45940 
113° 05307 84435 163 21218 76044 213 32837 96034 263 41995 57485 313 49554 43375 
114 05690 48513 164 21484 38480 214 33041 37733 264 42160 39269 314 49692 96481 


115 06069 78404 165 21748 39442 215 33243 84599 265 42324 58739 315 49831 05538 
116 =06445 79892 166 22010 80880 216 33445 37512 266 42488 16366 316 49968 70826 
117) = 06818 58617 167 22271 64711 217 +33645 97338 267 42651 12614 317 50105 92622 
118 §=07188 20073 168 22530 92817 218 33845 64936 268 42813 47940 318 50242 71200 
119 07554 69614 169 22788 67046 219 34044 41148 269 42975 22800 319 50379 06831 


120 07918 12460 170 23044 89214 220 34242 26808 270 43136 37642 320 50514 99783 
121 08278 53703 171 23299 61104 221 34439 22737 271 43296 92909 321 50650 50324 
122 08635 98307 172 23552 84469 222 34635 29745 272 86943456 89040 9869322 «450785 58717 
123 08990 51114 173 23804 61031 223 34830 48630 273 43616 26470 323 50920 25223 
124 09342 16852 174 24054 92483 224 35024 80183 274 43775 05628 324 51054 50102 


125 09691 00130 175 24303 80487 225 35218 25181 275 43933 26938 325 51188 33610 
126 10037 05451 176 24551 26678 226 35410 84391 276 44090 90821 326 51321 76001 
127 10380 37210 177 24797 32664 227 35602 58572 277 4424797691 327 51454 77527 
128 10720 99696 178 25042 00023 228 35793 48470 278 44404 47959 328 51587 38437 
129 11058 97103 179 25285 30310 229 35983 54823 279 44560 42033 329 51719 58979 


130 11394 33523 180 25527 25051 230 36172 78360 280 44715 80313 330 51851 39399 
131 11727 12957) =181 25767 85749 = 2231S 36361 19799 281 39S 444870 63199 «= 331 = 51982 79938 
132 12057 39312 182 26007 13880 232 36548 79849 282 45024 91083 332 52113 80837 
133 12385 16410 183 26245 10897 233 36735 59210 283 45178 64355 333 52244 42335 
134 12710 47984 184 26481 78230 234 36921 58574 284 45331 83400 334 52374 64668 


135 13033 37685 185 2671717284 235 37106 78623 285 45484 48600 335 52504 48070 
136 13353 89084 186 26951 29442 236 37291 20030 286 45636 60331 336 52633 92774 
137 13672 05672 187 27184 16065 237 37474 83460 287 45788 18967 337 52762 99009 
138 = =©13987 90864 188 27415 78493 238 37657 69571 288 45939 24878 338 52891 67003 
139 14301 48003 189 27646 18042 239 37839 79009 289 46089 78428 339 53019 96982 


140 14612 80357 190 27875 36010 240 38021 12417 290 46239 79979 340 53147 89170 
141 14921 91127 191 28103 33672 241 38201 70426 291 46389 29890 341 53275 43790 
142 15228 83444 192 28330 12287 242 38381 53660 292 46538 28514 342 53402 61061 
143 15533 60375 193 28555 73090 243 38560 62736 293 46686 76204 343 53529 41200 
144 15836 24921 194 28780 17299 244 38738 98263 294 46834 73304 344 53655 84426 


145 16136 80022 195 29003 46114 245 38916 60844 295 46982 20160 345 53781 90951 
146 16435 28558 196 29225 60714 246 39093 51071 296 4712917111 346 53907 60988 
14716731 73347 #197 29446 62262 247 39269 69533 297 47275 64493 347 54032 94748 
148 =17026 17154 198 29666 51903 248 39445 16808 298 47421 62641 348 54157 92439 
149 17318 62684 199 29885 30764 249 39619 93471 299 47567 11883 349 54282 54270 


150 17609 12591 200 30102 99957 250 39794 00087 300 47712 12547 350 54406 80444 
(—6)6 [‘e? (-6)1 (-1)9 ee 
[S"] | a] Had "| 

For use of common logarithms see Examples 1-3. For 100<r<185 interpolate in the range 

1000<2<1350. Compiled from A. J. Thompson, Standard table of logarithms to twenty decimal 


places, Tracts for Computers, No. 22. Cambridge Univ. Press, Cambridge, England, 1952 (with 
permission). 
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Table 4.1 

Y logio x 
350 54406 80444 
351 54530 71165 
352 54654 26635 
353 54777 47054 
354 54900 32620 
355 55022 83531 
356 55144 99980 
357 55266 82161 
358 55388 30266 
359 55509 44486 
360 55630 25008 
361 55750 72019 
362 55870 85705 
363 55990 66250 
364 56110 13836 
365 56229 28645 
366 56348 10854 
367 56466 60643 
368 56584 78187 
369 56702 63662 
370 56820 17241 
371 56937 39096 
372 57054 29399 
373 57170 88318 
374 57287 16022 
375 57403 12677 
376 57518 78449 
377 57634 13502 
378 57749 17998 
379 57863 92100 
380 57978 35966 
381 58092 49757 
382 58206 33629 
383 58319 87740 
384 58433 12244 
385 58546 07295 
386 58658 73047 
387 58771 09650 
388 58883 17256 
389 58994 96013 
390 59106 46070 
391 59217 67574 
392 59328 60670 
393 59439 25504 
394 59549 62218 
395 59659 70956 
396 §=59769 51859 
397 =59879 05068 
398 59988 30721 
399 60097 28957 
400 60205 99913 


(P] 
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logio x 


60205 
60314 
60422 
60530 
60638 


60745 
60852 
60959 
61066 
61172 


61278 
61384 
61489 
61595 
61700 


61804. 
61909 
62013 
62117 
62221 


62324 
62428 
62531 
62634 
62736 


62838 
62940 
63042 
63144 
63245 


63346 
63447 
63548 
63648 
63748 


63848 
63948 
64048 
64147 
64246 


64345 
64443 
64542 
64640 
64738 


64836 
64933 
65030 
65127 
65224 


65321 


99913 
43726 
60531 
50461 
13651 


50232 
60336 
44092 
01631 
33080 


38567 
18219 
72160 


00517" 


03411 


80967 
33306 
60550 
62818 
40230 


92904 
20958 
24510 
03674 
58566 


89301 
95991 
78750 
37690 
72922 


84556 
72702 
37468 
78964 
97295 


92570 
64893 
14370 
41105 
45202 


26765 
85895 
22693 
37262 
29701 


00110 
48587 
75231 
80140 
63410 


25138 


[2 


x 


logio x 


65321 
65417 
65513 
65609 
65705 


65801 
65896 
65991 
66086 
66181 


66275 
66370 
66464 
66558 
66651 


66745 
66838 
66931 
67024 
67117 


67209 
67302 
67394 
67486 
67577 


67669 
67760 
67851 
67942 
68033 


68124 
68214 
68304 
68394 
68484 


68574 
68663 
68752 
68841 
68930 


69019 
69108 
69196 
69284 
69372 


69460 
69548 
69635 
69722 
69810 


69897 


25138 
65419 
84348 
82020 
58529 


13967 
48427 
62001 
54780 
26855 


78317 
09254 
19756 
09910 
79806 


29529 
59167 
68806 
58531 
28427 


78579 
09071 
19986 
11407 
83417 


36096 
69527 
83790 
78966 
55134 


12374 
50764 
70382 
71308 
53616 


17386 
62693 
89612 
98220 
88591 


60800 
14921 
51028 
69193 
69489 


51989 
16765 
63887 
93428 
05456 


00043 


(24 
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69897 
69983 
70070 
70156 
70243 


70329 
70415 
70500 
70586 
70671 


70757 
70842 
70926 
71011 
71096 


71180 
71264 
71349 
71432 
71516 


71600 
71683 
71767 
71850 
71933 


72015 
72098 
72181 
72263 
72345 


72427 
72509 
72591 
72672 
72754 


72835 
72916 
72997 
73078 
73158 


73239 
73319 
73399 
73479 
73559 


73639 
73719 
73798 
73878 
73957 


74036 


00043 
77259 
37171 
79851 
05364 


13781 
05168 
79593 
37123 
77823 


01761 
09001 
99610 
73651 
31190 


72290 
97016 
05431 
97597 
73578 


33436 
77233 


05030 


16889 
12870 


93034 
57442 
06152 
39225 
56720 


58696 
45211 
16323 
72090 
12570 


37820 
47897 
42857 
22757 
87652 


37598 
72651 
92865 
98296 
88997 


65023 
26427 
73263 
05585 
23445 


26895 


(4 


logio x 


74036 
74115 
74193 
74272 
74350 


74429 
74507 
74585 
74663 
74741 


74818 
74896 
74973 
75050 
75127 


75204 
75281 
75358 
75434 
75511 


75587 
75663 
15739 
75815 
75891 


75966 
76042 
76117 
76192 
76267 


76342 
76417 
76492 
76566 
76641 


76715 
76789 
76863 
76937 
77031 


77085 
77158 
77232 
77305 
77378 


77451 
77524 
77597 
77670 
77742 


77815 


26895 
15989 
90777 
51313 
97647 


29831 
47916 
51952 
41989 
18079 


80270 
28613 
63156 
83949 
91040 


84478 
64312 
30589 
83357 
22664 


48557 
61082 
60288 
46220 
18924 


78447 
24834 
58132 
78384 
85637 


79936 
61324 
29846 
85548 
28471 


58661 
76160 
81012 
73261 
52948 


20116 
74809 
17067 
46934 
64450 


69657 
62597 
43311 
11840 
68224 


12504 


(24 
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77815 
77887 
77959 
78031 
78103 


78175 
78247 
78318 
78390 
78461 


78532 
78604 
78675 
78746 
78816 


78887 
78958 
79028 
79098 
79169 


79239 
79309 
79379 
79448 
79518 


79588 
79657 
79726 
79795 
79865 


79934 
80002 
80071 
80140 
80208 


80277 
80345 
80413 
80482 
80550 


80617 
80685 
80753 
80821 
80888 


80955 
81023 
81090 
81157 
81224 


81291 


12504 
44720 
64913 
73121 
69386 


53747 
26242 
86911 
35793 
72926 


98350 
12102 
14221 
04745 
83711 


51158 
07122 
51640 
84751 
06490 


16895 
16002 
03847 
80467 
45897 


00173 
43332 
75408 
96437 
06454 


05495 
93592 
70783 
37100 
92579 


37253 
71156 
94323 
06787 
08582 


99740 
80295 
50281 
09729 
58674 


97146 
25180 
42807 
50059 
46968 


33566 


a 
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81291 
81358 
81424 
81491 
81557 


81624 
81690 
81756 
81822 
81888 


81954 
82020 
82085 
82151 
82216 


82282 
82347 
82412 
82477 
82542 


82607 
82672 
82736 


‘82801 


82865 


82930 
82994 
83058 
83122 
83186 


83250 
83314 
83378 
83442 
83505 


83569 
83632 
83695 
83758 
83821 


83884 
83947 
84010 
84073 
84135 


84198 
84260 
84323 
84385 
84447 


84509 


33566 
09886 
75957 
31813 
77483 


13000 
38394 
53696 
58936 
54146 


39355 
14595 
79894 
35284 
80794 


16453 
42292 
58339 
64625 
61178 


48027 
25202 
92731 
50642 
98965 


37728 
66959 
86687 
96939 
97743 


89127 
71119 
43747 
07037 
61017 


05715 
41157 
67371 
843B2 
92219 


90907 
80474 
60945 
32346 
94705 


48046 
92396 
27781 
54226 
71757 


80400 


(O" 
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84509 
84571 
84633 
84695 
84757 


84818 
84880 
84941 
85003 
85064 


85125 
85186 
85247 
85308 
85369 


85430 
85491 
85551 
85612 
85672 


85733 
85793 
85853 
85913 
85973 


86033 
86093 
86153 
86213 
86272 


86332 
86391 
86451 
86510 
86569 


86628 
86687 
86746 
86805 
86864 


86923 
86981 
87040 
87098 
87157 


87215 
87273 
87332 
87390 
87448 


87506 


80400 
80180 
71121 
53250 
26591 


91170 
47011 
94138 
32577 
62352 


83487 
96007 
99936 
95299 
82118 


60418 
30223 
91557 
44442 
88904 


24964 
52647 
71976 
82973 
85662 


80066 
66207 
44109 
13793 
75283 


28601 
73770 
10811 
39746 
60599 


73391 
78143 
74879 
63618 
44384 


17197 
82080 
39053 
88138 
29355 


62727 
88275 
06018 
15979 
18177 


12634 


(Pr 
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87506 
87563 
87621 
87679 
87737 


87794 
87852 
87909 
87966 
88024 


88081 
88138 
88195 
88252 
88309 


88366 
88422 
88479 
88536 
88592 


88649 
88705 
88761 
88€17 
88874 


88930 
88986 
89042 
89097 
89153 


89209 
89265 
89320 
89376 
89431 


89486 
89542 
89597 
89652 
89707 


89762 
89817 
89872 
89927 
89982 


90036 
90091 
90145 
90200 
90254 


90308 


12634 
99370 
78406 
49762 
13459 


69516 
17955 
58795 
92056 
17759 


35923 
46568 
49713 
45380 
33586 


14352 
87696 
53639 
12200 
63398 


07252 
43781 
73003 
94939 
09607 


17025 
17213 
10188 
95970 
74577 


46027 
10339 
67531 
17621 
60627 


96567 
25460 
47324 
62175 
70032 


70913 
64835 
51816 
31873 
05024 


71287 
30677 
83214 
28914 
67793 


99870 


Pr 
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90308 
90363 
90417 
90471 
90525 


90579 
90633 
90687 
90741 
90794 


90848 
90902 
90955 
91009 
91062 


91115 
91169 
91222 
91275 
91328 


91381 
91434 
91487 
91539 
91592 


91645 
91698 
91750 
91803 
91855 


91907 
91960 
92012 
92064 
92116 


92168 
92220 
92272 
92324 
92376 


92427 
92479 
92531 
92582 
92634 


92685 
92737 
92788 
92839 
92890 


92941 


99870 
25161 
43683 
55453 
60487 


58804 
50418 
35347 
13608 
85216 


50189 
08542 
60292 
05456 
44049 


76087 
01588 
20565 
33037 
39018 


38524 
31571 
18175 
98352 
72117 


39485 
00473 
55096 
03368 
45306 


80924 
10238 
33263 
50014 
60506 


64755 
62774 
54580 
40186 
19608 


92861 
59958 
20915 
75746 
24466 


67089 
03630 
34103 
58523 
76902 


89257 


cP 


97 


98 


Table 4.1 
x logio x 
850 92941 ery 
851 92992 95601 
852 93043 95948 
853 93094 90312 
854 93145 78707 
855 93196 61147 
856 93247 37647 
857 93298 08219 
858 93348 72878 
859 93399 31638 
860 93449 84512 
861 93500 31515 
862 93550 72658 
863 93601 07957 
864 93651 37425 
865 93701 61075 
866 93751 78920 
867 93801 90975 
868 93851 97252 
869 93901 97764 
870 93951 92526 
871 94001 81550 
872 94051 64849 
873 94101 42437 
874 94151 14326 
875 94200 80530 
876 94250 41062 
877 94299 95934 
878 94349 45159 
879 94398 88751 
880 94448 26722 
881 94497 59084 
882 94546 85851 
883 94596 07036 
884 94645 22650 
885 94694 32707 
886 94743 37219 
887 94792 36198 
888 94841 29658 
889 94890 17610 
890 94939 00066 
891 94987 77040 
892 95036 48544 
893 95085 14589 
894 95133 75188 
895 95182 30353 
896 95230 80097 
897 95279 24430 
898 95327 63367 
899 95375 96917 
900 95424 25094 
ea 
4 


x 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


COMMON LOGARITHMS 


logio « 


95424 25094 
95472 47910 
95520 65375 
95568 77503 
95616 84305 


95664 85792 
95712 81977 
95760 72871 
95808 58485 
95856 38832 


95904 13923 
95951 83770 
95999 48383 
96047 07775 
96094 61957 


96142 10941 
96189 54737 
96236 93357 
96284 26812 
96331 55114 


96378 78273 
96425 96302 
96473 09211 
96520 17010 
96567 19712 


96614 17327 
96661 09867 
96707 97341 
96754 79762 
96801 57140 


96848 29486 
96894 96810 
96941 59124 
96988 16437 
97034 68762 


97081 16109 
97127 58487 
97173 95909 
97220 28384 
97266 55923 


97312 78536 
97358 96234 
97405 09028 
97451 16927 
97497 19943 


97543 18085 
97589 11364 
97634 99790 
97680 83373 
97726 62124 


97772 36053 
ey 


logio x 


97772 
97818 
97863 
97909 
97954 


98000 
98045 
98091 
98136 
98181 


98227 
98272 
98317 
98362 
98407 


98452 
98497 
98542 
98587 
98632 


98677 
98721 
98766 
98811 
98855 


98900 
98944 
98989 
99033 
99078 


99122 
99166 
99211 
99255 
99299 


99343 
99387 
99431 
99475 
99519 


99563 
99607 
99651 
99694 
99738 


99782 
99825 
99869 
99913 
99956 


00000 


36053 
05169 
69484 
29006 
83747 


33716 
78923 
19378 
55091 
86072 


12330 
33877 
50720 
62871 
70339 


73133 
71264 
64741 
53573 
37771 


17343 
92299 
62649 
28403 
89569 


46157 
98177 
45637 
88548 
26918 


60757 
90074 
14878 
35178 
50984 


62305 
69149 
71527 
69446 
62916 


51946 
36545 
16722 
92485 
63844 


30807 
93384 
51583 
05413 
54882 


00000 


ee 


logio z 


00000 
00043 
00086 
00130 
00173 


00216 
00259 
00302 
00346 
00389 


00432 
00475 
00518 
00560 
00603 


00646 
00689 
00732 
00774 
00817 


00860 
00902 
00945 
00987 
01029 


01072 
01114 
01157 
01199 
01241 


01283 
01325 
01367 
01410 
01452 


01494 
01535 
01577 
01619 
01661 


01703 
01745 
01786 
01828 
01870 


01911 
01953 
01994 
02036 
02077 


02118 


00000 
40775 
77215 
09330 
37128 


60618 
79807 
94706 
05321 
11662 


13738 
11556 
05125 
94454 
79550 


60422 
37079 
09529 
77780 
41840 


01718 
57421 
08958 
56337 
99566 


38654 
73608 
04436 
31147 
53748 


72247 
86653 
96973 
03215 
05388 


03498 
97554 
87564 
73535 
55476 


33393 
07295 
77190 
43084 
04987 


62904 
16845 
66817 
12826 
54882 


92991 


F4 


logio x 


02118 92991 
02160 27160 
02201 57398 
02242 83712 
02284 06109 


02325 24596 
02366 39182 
02407 49873 
02448 56677 
02489 59601 


02530 58653 
02571 53839 
02612 45167 
02653 32645 
02694 16280 


02734 96078 
02775 72047 
02816 44194 
02857 12527 
02897 77052 


02938 37777 
02978 94708 
03019 47854 
03059 97220 
03100 42814 


03140 84643 
03181 22713 
03221 57033 
03261 87609 
03302 14447 


03342 37555 
03382 56940 
03422 72608 
03462 84566 
03502 92822 


03542 97382 
03582 98253 
03622 95441 
03662 88954 
03702 78798 


03742 64979 
03782 47506 
03822 26384 
03862 01619 
03901 73220 


03941 41192 
03981 05541 
04020 66276 
04060 23401 
04099 76924 


04139 26852 
P 


logio « 


04139 
04178 
04218 
04257 
04296 


04336 
04375 
04414 
04453 
04493 


04532 
04571 
04610 
04649 
04688 


04727 
04766 
04805 
04844 
04883 


04921 
04960 
04999 
05037 
05076 


05115 
05153 
05192 
05230 
05269 


05307 
05346 
05384 
05422 
05461 


05499 
05537 
05576 
05614 
05652 


05690 
05728 
05766 
05804 
05842 


05880 
05918 
05956 
05994 
06032 


06069 


26852 
73190 
15945 
55124 
90734 


22780 
51270 
76209 
97604 
15461 


29788 
40589 
47872 
51643 
51908 


48674 
41946 
31731 
18036 
00865 


80227 
56126 
28569 
97563 
63112 


25224 
83905 
39160 
90996 
39419 


84435 
26049 
64269 
99099 
30546 


58615 
83314 
04647 
22621 
37241 


48513 
56444 
61039 
62304 
60245 


54867 
46176 
34179 
18881 
00287 


78404 


iy 


x 


1150 
1151 
1152 
1153 
1154 


1155 
1156 
1157 
1158 
1159 


1160 
1161 
1162 
1163 
1164 


1165 
1166 
1167 
1168 
1169 


1170 
1171 
1172 
1173 
1174 


1175 
1176 
1177 
1178 
1179 


1180 
1181 
1182 
1183 
1184 


1185 
1186 
1187 
1188 
1189 


1190 
1191 
1192 
1193 
1194 


1195 
1196 
1197 
1198 
1199 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


COMMON LOGARITHMS 


logio x 


06069 
06107 
06145 
06182 
06220 


06258 
06295 
06333 
06370 
06408 


06445 
06483 
06520 
06557 
06595 


06632 
06669 
06707 
06744 
06781 


06818 
06855 
06892 
06929 
06966 


07003 
07040 
07077 
07114 
07151 


07188 
07224 
07261 
07298 
07335 


07371 
07408 
07445 
07481 
07518 


07554 
07591 
07627 
07664 
07700 


07736 
07773 
07809 
07845 
07881 


07918 


78404 
53236 
24791 
93073 
58088 


19842 
78341 
33590 
85594 
34360 


79892 
22197 
61281 
97147 
29803 


59254 
85504 
08560 
28428 
45112 


58617 
68951 
76117 
80121 
80969 


78666 
73217 
64628 
52905 
38051 


20073 
98976 
74765 
47446 
17024 


83503 
46890 
07190 
64406 
18546 


69614 
17615 
62554 
04437 
43268 


79053 
11797 
41504 
68181 
91831 


12460 


cr 


Vv 


1200 
1201 
1202 
1203 
1204 


1205 
1206 
1207 
1208 
1209 


1210 
1211 
1212 
1213 
1214 


1215 
1216 
1217 
1218 
1219 


1220 
1221 
1222 
1223 
1224 


1225 
1226 
1227 
1228 
1229 


1230 
1231 
1232 
1233 
1234 


1235 
1236 
1237 
1238 
1239 


1240 
1241 
1242 
1243 
1244 


1245 
1246 
1247 
1248 
1249 


1250 


logio x 


07918 
07954 
07990 
08026 
08062 


08098 
08134 
08170 
08206 
08242 


08278 
08314 
08350 
08386 
08421 


08457 
08493 
08529 
08564 
08600 


08635 
08671 
08707 
08742 
08778 


08813 
08849 
08884 
08919 
08955 


08990 
09025 
09061 
09096 
09131 


09166 
09201 
09236 
09272 
09307 


09342 
09377 
09412 
09447 
09482 


09516 
09551 
09586 
09621 
09656 


09691 


12460 
30074 
44677 
56273 
64869 


70469 
73078 
72701 
69343 
63009 


53703 
41431 
26198 
08009 
86867 


62779 
35749 
05782 
72883 
37056 


98307 
56639 
12059 
64570 
14178 


60887 
04702 
45627 
83668 
18829 


51114 
80529 
07078 
30766 
51597 


69576 
84708 
96996 
06447 
13064 


16852 
17815 
15958 
11286 
03804 


93514 
80423 
64535 
45853 
24384 


00130 


ee 


x 


1250 
1251 
1252 
1253 
1254 


1255 
1256 
1257 
1258 
1259 


1260 
1261 
1262 
1263 
1264 


1265 
1266 
1267 
1268 
1269 


1270 
1271 
1272 
1273 
1274 


1275 
1276 
1277 
1278 
1279 


1280 
1281 
1282 
1283 
1284 


1285 
1286 
1287 
1288 
1289 


1290 
1291 
1292 
1293 
1294 


1295 
1296 
1297 
1298 
1299 


1300 


logio x 


09691 
09725 
09760 
09795 
09829 


09864 
09898 
09933 
09968 
10002 


10037 
10071 
10105 
10140 
10174 


10209 
10243 
10277 
10311 
10346 


10380 
10414 
10448 
10482 
10516 


10551 
10585 
10619 
10653 
10687 


10720 
10754 
10788 
10822 
10856 


10890 
10924 
10957 
10991 
11025 


11058 
11092 
11126 
11159 
11193 


11226 
11260 
11293 
11327 
11360 


11394 


00130 
73097 
43289 
10710 
75365 


37258 
96394 
52777 
06411 
57301 


05451 
50866 
93549 
33506 
70739 


05255 
37057 
66149 
92535 
16221 


37210 
55506 
71113 
84037 
94280 


01848 
06744 
08973 
08538 
05445 


99696 
91297 
80252 
66564 
50237 


31277 
09686 
85469 
58630 
29174 


97103 
62423 
25137 
85249 
42763 


97684 
50015 
99761 
46925 
91511 


33523 


cr 


x 


1300 
1301 
1302 
1303 
1304 


1305 
1306 
1307 
1308 
1309 


1310 
1311 
1312 
1313 
1314 


1315 
1316 
1317 
1318 
1319 


1320 
1321 
1322 
1323 
1324 


1325 
1326 
1327 
1328 
1329 


1330 
1331 
1332 
1333 
1334 


1335 
1336 
1337 
1338 
1339 


1340 
1341 
1342 
1343 
1344 


1345 
1346 
1347 
1348 
1349 


1350 


99 


Table 4.1 


logio x 


11394 
11427 
11461 
11494 
11527 


11561 
11594 
11627 
11660 
11693 


11727 
11760 
11793 
11826 
11859 


11892 
11925 
11958 
11991 
12024 


12057 
12090 
12123 
12155 
12188 


12221 
12254 
12287 
12319 
12352 


12385 
12417 
12450 
12483 
12515 


12548 
12580 
12613 
12645 
12678 


12710 
12742 
12775 
12807 
12839 


12872 
12904 
12936 
12968 
13001 


13033 


33523 
72966 
09842 
44157 
75914 


05117 
31769 
55876 
77440 
96466 


12957 
26917 
38350 
47261 
53652 


57528 
58893 
57750 
54103 
47955 


39312 
28176 
14551 
98442 
79851 


58783 
35241 
09229 
80750 
49809 


16410 
80555 
42248 
01494 
58296 


12657 
64581 
14073 
61134 
05770 


47984 
87779 
25158 
60127 
92687 


22843 
50599 
75957 
98922 
19497 


37685 


4 


100 


Table 4.2 
w 

0. 000 

0.001 -6.90775 
0.002 -6. 21460 
0.003 -5,80914 
0.004 -5,52146 
0.005 -5. 29831 
0,006 -5,11599 
0.007 -4. 96184 
0,008 -4, 82831 
0.009 -4, 71053 
0,010 -4, 60517 
0,011 -4,50986 
0,012 -4, 42284 
0.013 -4, 34280 
0.014 -4, 26869 
0,015 -4.19970 
0.016 -4,13516 
0.017 -4,07454 
0.018 -4,01738 
0.019 -3, 96331 
0,020 ~3,91202 
0.021 -3, 86323 
0.022 -3,81671 
0.023 ~-3.77226 
0.024 ~-3. 72970 
0.025 -3, 68887 
0.026 -3,. 64965 
0,027 -3.61191 
0.028 -3,.57555 
0.029 -3,54045 
0,030 -3.50655 
0.031 -3.47376 
0,032 -3, 44201 
0.033 -3, 41124 
0.034 -3, 38139 
0.035 -3, 35240 
0.036 -3.32423 
0.037 -3. 29683 
0.038 -3.27016 
0.039 -3.24419 
0.040 ~3.21887 
0.041 -3,19418 
0,042 -3,17008 
0.043 -3.14655 
0.044 -3.12356 
0.045 -3,10109 
0.046 -3.07911 
0,047 -3.05760 
0.048 -3, 03655 
0.049 -3, 01593 
0.050 -2,99573 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


821371 
221917 
140274 
622464 


480367 
540821 
268237 
023011 
459177 


880914 
837665 
941367 
206003 
668784 


799270 
423558 
259210 
859724 
156966 


281461 
587141 
238212 
529874 
341914 


139363 
606550 
778080 
069331 
956630 


199817 
969908 
824105 
156568 
659757 


927234 
260271 
379126 
557513 
524906 


682007 
778292 
987687 
885746 
638759 


118173 
930421 
720785 
742461 
715104 


539910 


NATURAL LOGARITHMS 


x In 2 
0.050 ~-2.99573 22735 
0.051 -2.97592 96462 
0.052 -2.95651 15604 
0.053 -~-2.93746 33654 
0.054 -2,91877 12324 
0.055 -2.90042 20937 
0.056 ~-2,88240 35882 
0.057 ~-2.86470 40111 
0.058 -2,84731 22684 
0.059 ~-2, 83021 78350 
0.060 -2. 81341 07167 
0.061 ~2.79688 14148 
0.062 -2.78062 08939 
0.063 -2.76462 05525 
0.064 -2. 74887 21956 
0.065 -2,. 73336 80090 
0.066 -2.71810 05369 
0.067 -2, 70306 26595 
0.068 -2.68824 75738 
0.069 -2.67364 87743 
0.070 -2,65926 00369 
0.071 -2.64507 54019 
0.072 -2,63108 91599 
0.073 -2.61729 58378 
0.074 -2.60369 01857 
0.075 ~2,59026 71654 
0.076 -2.57702 19386 
0.077 -2.56394 98571 
0.078 -2,55104 64522 
0.079 -2,53830 74265 
0.080 -2.52572 86443 
0.081 -2.51330 61243 
0.082 -2.50103 60317 
0.083 -2. 48891 46711 
0.084 -2.47693 84801 
0.085 -2.46510 40224 
0.086 -2. 45340 79827 
0.087 ~-2. 44184 71603 
0.088 -2.43041 84645 
0.089 -2,41911 89092 
0.090 -2. 40794 56086 
0.091 -2.39689 57724 
0.092 -2.38596 67019 
0.093 -2.37515 57858 
0.094 -2. 36446 04967 
0.095 -2.35387 83873 
0.096 -2. 34340 70875 
0.097 ~2. 33304 43004 
0.098 -2.32278 78003 
0.099 -2, 31263 54288 
0.100 -2, 30258 50929 

a 
12 


For use of natural logarithms see Examples 4—7. 


In 10=2.80258 50929 940457 


539910 
578113 
007097 
300152 
178627 


496661 
469878 
475869 
357177 
764176 


600364 
088258 
370455 
906044 
224652 


864999 
557115 
911710 
060304 
848777 


327781 
408216 
660817 
337459 
779673 


458266 
958060 
284532 
925453 
151156 


082554 
096983 
178839 
855391 
388234 


918206 
286293 
275533 
039306 
499972 


518720 
652870 
330967 
288811 
121332 


815962 
143008 
787542 
115651 
475471 


940457 


~2, 30258 
-2, 29263 
-2, 28278 
~2. 27302 
~2, 26336 


~2, 25379 
-2, 24431 
~2, 23492 
-2, 22562 
-2, 21640 


-2, 20727 
~-2, 19822 
-2.18925 
~2, 18036 
~-2.17155 


~2, 16282 
-2,15416 
-2. 14558 
-2.13707 
~2, 12863 


-2, 12026 
-2,11196 
-2, 10373 
-2, 09557 
-2, 08747 


-2, 07944 
-2,07147 
-2. 06356 
~2, 05572 
~2, 04794 


-2, 04022 
-2. 03255 
-2, 02495 
-2, 01740 
-2, 00991 


-2, 00248 
-1, 99510 
-1. 98777 
-1, 98050 
-1. 97328 


-1, 96611 
-1. 95899 
-1. 95192 
-1. 94491 
~1, 93794 


~1. 93102 
~1. 92414 
-1. 91732 
~1,91054 
~1. 90380 


~1, 89711 


In 2 


50929 
47621 
24656 
62907 
43798 


49288 
61848 
64445 
40518 
73967 


49131 
50776 
64076 
74602 
68305 


31506 
50878 
13441 
06545 
17858 


35362 
47333 
42342 
09236 
37133 


15416 
33720 
81925 
50150 
28746 


08285 
79557 
33563 
61507 
54790 


05005 
03932 
43531 
15938 
13458 


28563 
53886 
82213 
06487 
19794 


15365 
86572 
26922 
30052 
89730 


99848 


940457 
408776 
978660 
525013 
407644 


246137 
700699 
202309 
579174 
529934 


897208 
698029 
870425 
697965 
876416 


188870 
757724 
843809 
164723 
706077 


000911 
853960 
488805 
097196 
771002 


798359 
306591 
235458 
625199 
204649 


265546 
809855 
957662 
603833 
312257 


437076 
460850 
540121 
249324 
514453 


728328 
039688 
808763 
222298 
061364 


615627 
738006 
034008 
180220 
366779 


858813 


oP 


-1. 89711 
-1. 89047 
-1, 88387 
-1. 87731 
-1. 87080 


~1. 86433 
-1. 85789 
-1. 85150 
~1. 84516 
-1. 83885 


-1. 83258 
-1, 82635 
~1, 82015 
~1, 81400 
~1. 80788 


~1. 80180 
-1. 79576 
-1. 78976 
-1. 78379 
-1.77785 


-1. 77195 
~1, 76609 
-1. 76026 
~-1. 75446 


. ~1, 74869 


~1,. 74296 
-1. 73727 
-1. 73160 
-1. 72597 
-1. 72036 


-1. 71479 
-1. 70925 
~1. 70374 
~1. 69826 
-1, 69281 


-1. 68739 
~1, 68200 
-1, 67664 
-1. 67131 
-1. 66600 


~1, 66073 
-1. 65548 
-1. 65025 
-1. 64506 
~1, 63989 


-1, 63475 
-1. 62964 
~1, 62455 
~1, 61948 
-1. 61445 


-1. 60943 


In x 


99848 
54421 
47581 
73575 
26765 


01620 
92717 
94736 
02459 
10767 


14637 
09139 
89437 
50781 
88511 


98050 
74906 
14665 
12995 
65640 


68419 
17224 
08021 
36844 
99797 


93050 
12839 
55464 
17286 
94731 


84280 
82477 
85919 
91261 
95213 


94539 
86052 
66621 
33161 
82639 


12068 
18509 
99069 
50900 
71199 


57204 
06197 
15502 
82482 
04542 


79124 
( 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


858813 
672127 
358607 
897016 
685079 


628904 
326000 
338290 
551702 
619055 


483101 
976741 
497530 
753747 
579386 


815564 
255938 
653819 
788781 
590636 


318753 
794772 
686840 
843581 
676080 


586230 
439853 
083079 
900519 


"413821 


919267 
163113 
053417 
407161 
731514 


038122 
689358 
275504 
521878 
224947 


216509 
355072 
543555 
772515 
188089 


183903 
516198 
441485 
876018 
576447 


341004 


NATURAL LOGARITHMS 


x In x 


0,200 ~-1, 60943 79124 
0.201 -1.60445 03709 
0.202 -1.59948 75815 
0.203 ~-1.59454 92999 
0.204 -1.58963 52851 


0.205 -1,.58474 52998 
0.206 -1.57987 91101 
0.207 -1.57503 64857 
0.208 -1.57021 71992 
0.209 -1.56542 10270 


0.210 ~-1.56064 77482 
0.211 ~-1.55589 71455 
0.212 -1.55116 90043 
0.213 -1.54646 31132 
0.214 ~1.54177 92639 


0.215 -1.53711 72508 
0.216 -1.53247 68712 
0.217 -1.52785 79254 
0.218 -1,.52326 02161 
0.219 -1.51868 35491 


0.220 -1.51412 77326 
0.221 -1.50959 25774 
0.222 -1.50507 78971 
0.223 -1.50058 35075 
0.224 -1.49610 92271 


0.225 -1.49165 48767 
0.226 -1.48722 02797 
0.227 ~1. 48280 52615 
0.228 -1.47840 96500 


0.229 -1.47403 32754. 


0.230 ~1.46967 59700 
0.231 -1.46533 75684 
0,232 ~1.46101 79073 
0.233 ~1.45671 68254 
0.234 -1. 45243 41636 


0.235 ~-1.44816 97648 
6.236 -1.44392 34739 
0.237 -1.43969 51378 
0.238 -1.43548 46053 
0.239 -1.43129 17270 


0.240 -1.42711 63556 
0.241 -1.42295 83454 
0.242 -1. 41881 75528 
0.243 ~1.41469 38356 
0.244 -1.41058 70536 


0.245 -1. 40649 70684 
0.246 ~1.40242 37430 
0.247 -1. 39836 69423 
0.248 -1,39432 65328 
0.249 -1.39030 23825 


0.250 -1.38629 43611 


cP 


341004 
230613 
809323 
403497 
379207 


437289 
925560 
167680 
808191 
173260 


646684 
060706 
101246 
727119 
602856 


544743 
979720 
416775 
930480 
656362 


297755 
643842 
098576 
220183 
270972 


777169 
098512 
007344 
276963 
278974 


589417 
603435 
158271 
164365 
244356 


379781 
565270 
470059 
106624 
506264 


401457 
914821 
254507 
415886 
889352 


374101 
497742 
541599 
171549 
174294 


198906 


In 10=2.30258 50929 940457 


-1. 38629 
~1. 38230 
-1. 37832 
-1. 37436 
-1. 37042 


-1. 36649 
-1. 36257 
~1. 35867 
~1, 35479 
-1. 35092 


-1. 34707 


-1. 34323 
-1. 33941 
-1. 33560 
-1. 33180 


~1, 32802 
~1, 32425 
-1. 32050 
-1. 31676 
~1, 31304 


-1. 30933 
-1. 30563 
-1. 30195 
-1. 29828 
-1. 29462 


-1, 29098 
~1, 28735 
~1, 28373 
-1, 28013 
-1. 27654 


~1, 27296 
-1, 26940 
-1, 26584 
-1, 26230 
-1, 25878 


-1, 25526 
-1. 25176 
-1, 24827 
-1, 24479 
-1. 24132 


-1. 23787 
-1, 23443 
-1. 23100 
~1, 22758 
~1, 22417 


-1, 22077 
~1, 21739 
~1. 21402 
-1. 21066 
-1, 20731 


~1, 20397 


Table 4.2 


In x 


43611 
23398 
61914 
57902 
10119 


17338 
78345 
91940 
56940 
72172 


36479 
48716 
07752 
12468 
61758 


54529 
89702 
66205 
82984 
38993 


33199 
64581 
32126 
34837 
71725 


41813 
44132 
77727 
41652 
34971 


56758 
06096 
82080 
83813 
10408 


60987 
34681 
30632 
47988 
85908 


43560 
20118 
14767 
26699 
55116 


99226 
58246 
31401 
17924 
17055 


28043 
"] 


198906 
503532 
707137 
546168 
636005 


237109 
025746 
869173 
605196 
825993 


666093 
594436 
210402 
043725 
358209 


959148 
004380 
818875 
712804 
802979 


837623 
024362 
861397 
971773 
940668 


155658 
649871 
947986 
915000 
607714 


128874 
483913 
440235 
388994 
209310 


134865 
622845 
225159 
461911 
697049 


016173 
106445 
138553 
650697 
434554 


423172 
580767 
794374 
767326 
914506 


259360 


101 


102 
Table 4.2 


In x 


0.300 -1,20397 28043 
0,301 -1.20064 50142 
0.302 -1.19732 82616 
0.303 -1,19402 24734 
0.304 -1.19072 75775 


0.305 -1.18744 35023 
0.306 -1,18417 01770 
0.307 -1.18090 75313 
0.308 -1,17765 54960 
0.309 -1.17441 40020 


0.310 -1.17118 29815 
0.311 -1.16796 23668 
0.312 -1.16475 20911 
0.313 -1.16155 20884 
0.314 -~1.15836 22930 


0.315 -1,.15518 26401 


0.316 -1.15201 


30653 


0.317 -1.14885 35051 
0.318 -1.14570 38962 
0.319 -1.14256 41761 


0.320 -1.13943 42831 


0.321 -1.13631 


41558 


0.322 -1.13320 37334 


0.323 -1.13010 
0.324 -1.12701 


29557 
17631 


0.325 -1.12393 00966 
0,326 -1.12085 78976 


0.327 ~-1.11779 


51080 


0.328 -1,.11474 16705 


0.329 -1,11169 


75282 


0.330 -1.10866 26245 
0,331 ~1.10563 69036 


0.332 -1.10262 
0,333 -1.09961 
0.334 -1. 09661 


03100 
27890 
42860 


0.335 -1.09362 47471 
0.336 -1.09064 41190 
0.337 -1.08767 23486 
0.338 -1.08470 93834 
0.339 -1,08175 51716 


0.340 -1.07880 96613 
0.341 -1,07587 28016 
0.342 -1.07294 45419 
0.343 -1.07002 48318 


0.344 -1, 06711 


36216 


0.345 -1.06421 08619 
0.346 -1.06131 65039 
0.347 -1.05843 04990 
0.348 -1.05555 27992 
0.349 -1.05268 33567 


0.350 -1.04982 21244 


*See page I. 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


259360 
332613 
072674 
727679 
759154 


747254 
297563 
949399 
085626 
843916 


029451 
029029 
726547 
419838 
738837 


565040 
952249 
048564 
019602 
972925 


883648 
521212 
377287 
594805 
898077 


523996 
154294 
848837 
979933 
167652 


216111 
050742 
656485 
016932 
054366 


570706 
189328 
297753 
991183 
016868 


719300 
986203 
195319 
161971 
087387 


507773 
244128 
352779 
076627 
797099 


986777 


NATURAL LOGARITHMS 


r In 2 


0.350 -1.04982 21244 
0.351 -1.04696 90555 
0.352 -1.04412 41033 
0.353 ~1.04128 72220 
0.354 -1.03845 83658 


0.355 ~1.03563 74895 
0.356 -1.03282 45481 
0.357 ~-1.03001 94972 
0.358 -1.02722 22925 
0.359 -1,02443 28904 


0.360 -1,02165 12475 
0.361 -1.01887 73206 
0.362 -1.01611 10671 
0.363 -1.01335 24447 
0.364 -1.01060 14113 


0.365 -1.00785 79253 
0.366 -1.00512 19455 
0.367 -1.00239 34309 
0.368 -0.99967 23408 
0.369 -0.99695 86349 


0.370 -0.99425 22733 
0.371 -0.99155 32163 
0.372 -0.98886 14247 
0.373 -0,98617 68593 
0.374 -0.98349 94815 


0.375 -0.98082 92530 
0.376 -0.97816 61355 
0.377 ~-0.97551 00915 
0.378 -0.97286 10833 
0.379 -0.97021 90738 


0.380 -0.96758 40262 
0.381 -0.96495 59038 
0.382 -0.96233 46703 
0.383 -0.95972 02898 
0.384 -0,95711 27263 


0.385 -0.95451 19446 
0.386 -0.95191 79095 
0.387 -0.94933 05859 
0.388 -0.94674 99393 
0.389 -0.94417 59353 


0.390 -0.94160 85398 
0.391 -0.93904 77189 
0.392 -0.93649 34391 
0.393 -0.93394 56671 
0.394 -0.93140 43696 


0.395 -0.92886 95140 
0.396 -0.92634 10677 
0.397 -0.92381 89982 
0.398 ~0.92130 32736 
0.399 -0.91879 38620 


0.400 -0,91629 07318 


P 


In 10= 2.30258 50929 940457 


986777 
162712 
840400 
488403 
483626 


067213 
301066 
024980 
814367 
938582 


319814 
492561 
563660 
172863 
453964 


996455 
807708 
275668 
132061 
416099 


438669 
747019 
089905 
383215 
676051 


117262 
922425 
341263 
625494 
997107 


617056 
554361 
755619 
014911 
944102 


943528 
173062 
523552 
588636 
636908 


584449 
967713 
916745 
128758 
842032 


810152 
276565 
949466 
976993 
922736 


741551 


~0. 91629 
~0, 91379 
-0. 91130 
~0, 90881 
-0. 90634 


-0. 90386 
-0, 90140 
-0, 89894 
-0, 89648 
~0. 89404 


-0, 89159 
~0, 88916 
~-0, 88673 
~0. 88430 
-0, 88188 


-0, 87947 
~0. 87707 
-0. 87466 
-0, 87227 
-0. 86988 


-0. 86750 
-0, 86512 
-0, 86274 
-0. 86038 
~0, 85802 


-0, 85566 
~0. 85331 
-0, 85097 
-0. 84863 
-0, 84629 


-0, 84397 
-0. 84164 
~0. 83932 
-0. 83701 
-0. 83471 


-0. 83240 
-0, 83011 
-0, 82782 
-0, 82553 
-0. 82325 


-0. 82098 
-0, 81871 
-0. 81644 
-0, 81418 
~0, 81193 


-0. 80968 
-0, 80743 
-0, 80519 
~0, 80296 
-0. 80073 


-0. 79850 


In x 


07318 
38516 
31903 
87170 
04010 


82118 
21193 
20935 
81045 
01229 


81192 
20644 
19296 
76860 
93051 


67587 
00187 
90572 
38464 
43590 


05677 
24452 
99649 
30999 
18237 


61100 
59327 
12657 
20834 
83600 


00702 
71888 
96907 
75509 
07448 


92478 
30356 
20838 
63686 
58659 


05520 
04035 
53969 
55089 
07165 


09968 
63269 
66843 
20465 
23912 


76962 


741551 
755679 
631160 
354541 
209870 


755979 
804044 
395421 
779754 
393353 


837836 
859024 
326107 
211043 
568227 


514388 
208738 
833356 
573807 
599993 


047231 
997556 
461252 
358591 
501793 


577202 
127666 
535125 
003403 
541201 


945289 
783893 
380267 
796472 
817322 


934530 
331027 
865469 
056909 
069657 


698302 
352911 
044389 
370014 
499123 


158968 
620730 
685682 
671519 
398828 


177716 


“Tr 


Inz 


-0. 79850 76962 
-0, 79628 79394 
-0, 79407 30991 
-0,79186 31534 
-0. 78965 80809 


-0. 78745 78600 
-0. 78526 24694 
-0. 78307 18880 
-0. 78088 60948 
-0. 77870 50689 


-0.77652 87894 
~0. 77435 72359 
-0. 77219 03879 
-0. 77002 82248 
-0. 76787 07267 


-0. 76571 78733 
-0. 76356 96448 
-0, 76142 60213 
-0. 75928 69830 
-0. 75715 25105 


-0.75502 25842 
-0, 75289 71849 
~0, 75077 62933 
-0. 74865 98904 
-0. 74654 79572 


-0.74444 04749 
-0. 74233 74247 
-0, 74023 87880 
-0. 73814 45464 
-0, 73605 46815 


-0. 73396 91750 
~0. 73188 80088 
-0, 72981 11649 
~0. 72773 86253 
-0, 72567 03722 


-0. 72360 63880 
-0. 72154 66550 
-0. 71949 11558 
~0. 71743 98731 
-0. 71539 27895 


~0. 71334 98878 
-0, 71131 11511 
-0. 70927 65624 
-0. 70724 61049 
-0. 70521 97617 


-0, 70319 75164 
-0. 70117 93522 
-0.69916 52528 
-0. 69715 52019 
-0. 69514 91832 


-0, 69314 71805 


P4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


177716 
794587 
499059 
991030 
407891 


311866 
677510 
879324 
679521 
215919 


989964 
854885 
003982 
959030 
558818 


947807 
564912 
132397 
644903 
358577 


780328 
657193 
965817 
902041 
870606 


474958 
507170 
937958 
906811 
712218 


802004 
763759 
315367 
295644 
655053 


446539 
816433 
995473 
289899 
072650 


774648 
876165 
898289 
394469 
942145 


134468 
572096 
855083 
574841 
306184 


599453 


NATURAL LOGARITHMS 


0.500 -0. 69314 
0.501 -0. 69114 
0.502 -0. 68915 
0.503 -0, 68716 
0.504 -0, 68517 


0.505 -0, 68319 
0.506 -0. 68121 
0.507 -0, 67924 
0.508 -0,.67727 
0.509 -0. 67530 


0.510 -0. 67334 
0.511 -0, 67138 
0.512 -0, 66943 
0.513 -0, 66747 
0.514 -0. 66553 


0.515 ~-0. 66358 
0.516 -0, 66164 
0.517 -0.65971 
0.518 -0, 65778 
0.519 -0. 65585 


0.520 -0, 65392 
0.522 -0. 65200 
0.522 -0, 65008 
0.523 -0. 64817 
0.524 -0, 64626 


0.525 -0, 64435 
0.526 -0, 64245 
0.527 -0.64055 
0.528 -0,. 63865 
0.529 -0. 63676 


0.530 -0, 63487 
0.531 -0, 63299 
0.532 -0, 63111 
0.533 ~-0. 62923 
0.534 -0.62735 


0.535 -0. 62548 
0.536 -0, 62362 
0.537 -~0.62175 
0.538 -0, 61989 
0.539 -0, 61803 


0.540 -0, 61618 
0.541 ~-0, 61433 
0.542 -0,61248 
0.543 -0. 61064 
0.544 -0, 60880 


0.545 -0, 60696 
0.546 -0,60513 
0.547 -0, 60330 
0.548 -0.60147 
0.549 -0.59965 


0.550 -0.59783 


In 10=2.80258 50929 940457 


Ina 


71805 599453 
91778 972723 
51592 904079 
51088 823978 
90109 107684 


68497 067772 
86096 946715 
42753 909539 
38314 036552 
72624 316143 


45532 637656 
56887 784326 
06539 426293 
94338 113675 
20135 269719 


83783 184009 
85135 005743 
24044 737079 
00367 226540 
13958 162484 


64674 066640 
52372 287701 
76910 994983 
38149 172142 
35946 610949 


70163 905133 
40662 444272 
47304 407747 
89952 758756 
68471 238377 


82724 359695 
32577 401982 
17896 404927 
38548 162925 
94400 219422 


85320 861305 
11179 113351 
71844 732724 
67188 203526 
97080 731399 


61394 238170 
60001 356555 
92775 424908 
59590 482016 
60321 261944 


94843 188930 
63032 372320 
64765 601558 
99920 341215 
68374 726064 


70007 556204 


2" 


-0, 59783 
-0. 59602 
~0, 59420 
-0. 59239 
-0. 59059 


~0, 58878 
-0. 58698 
-0, 58519 
~0. 58339 
-0. 58160 


-0, 57981 
-0, 57803 
~0, 57625 
~0, 57447 
-0. 57270 


-0, 57092 
~0. 56916 
-0. 56739 
-0, 56563 
-0, 56387 


-0, 56211 
-0. 56036 
-0. 55861 
-0. 55686 
-0, 55512 


-0, 55338 
~0. 55164 
-0. 54991 
-0, 54818 
-0. 54645 


-0. 54472 
-0, 54300 
~0, 54128 
~0, 53956 
-0. 53785 


~0. 53614 
~0, 53443 
-0, 53273 
-0, 53102 
-0, 52932 


-0. 52763 
~0, 52593 
-0, 52424 
~0, 52256 
-0. 52087 


-0, 51919 
-0. 51751 
-0, 51583 
-0, 51416 
-0. 51249 


-0, 51082 


Table 4.2 


In x 


70007 
04698 
72327 
72774 
05922 


71652 
69847 
00390 
63166 
58058 


84952 
43734 
34290 
56508 
10274 


95478 
12007 
59752 
38602 
48448 


89181 
60693 
62876 
95622 
58826 


52381 
76182 
30124 
14103 
28014 


71754 
45221 
48312 
80926 
42961 


34317 
54894 
04591 
83310 
90953 


27420 
92615 
86440 
08799 
59596 


38734 
46119 
81655 
45250 
36808 


56237 


556204 
292226 
050417 
598023 
348532 


357025 
315547 
548530 
008261 
270379 


529421 
594407 
884460 
424467 
840782 


356961 
789541 
543850 
609857 
558061 


535412 
261268 
023392 
673975 
625706 


847866 
862458 
740375 
097596 
091418 


416720 
302258 
506992 
316447 
539100 


502806 
051244 
540406 
835101 
305503 


823719 
760389 
981314 
844116 
194921 


365073 
167873 
895350 
315053 
666877 


659907 


(or 


103 


104 


Table 4.2 
zr In z 
0.600 -0.51082 56237 
0.601 -~0.50916 03444 
0.602 -0.50749 78336 
0.603 -0.50583 80822 
0.604 -0.50418 10810 
0.605 -0.50252 68209 
0.606 -0.50087 52929 
0.607 -0.49922 64879 
0.608 -0.49758 03970 
0.609 -0.49593 70112 
0.610 -0.49429 63218 
0.611 -0.49265 83198 
0.612 -0,.49102 29964 
0.613 -0. 48939 03430 
0.614 -0.48776 03508 
0.615 -0,.48613 30111 
0.616 -0.48450 83154 
0.617 -0. 48288 62550 
0.618 -0.48126 68215 
0.619 -0.47965 00062 
0.620 -0.47803 58009 
0.621 -0,47642 41970 
0.622 -0.47481 51862 
0.623 -0.47320 87601 
0.624 -0.47160 49106 
0.625 -0,47000 36292 
0.626 -0.46840 49078 
0.627 -0,46680 87383 
0.628 -0. 46521 51125 
0.629 -0. 46362 40222 
0.630 -0.46203 54595 
0.631 -0. 46044 94164 
0.632 -0.45886 58848 
0.633 -0.45728 48568 
0.634 -0.45570 63245 
0.635 ~+~0.45413 02800 
0.636 -0.45255 67156 
0.637 -0.45098 56234 
0.638 -0.44941 69956 
0.639 -0.44785 08246 
0.640 -0.44628 71026 
0.641 -0.44472 58220 
0.642 -0. 44316 69752 
0.643 ~-0.44161 05547 
0.644 -0.44005 65528 
0.645 -0.43850 49621 
0.646 -0. 43695 57751 
0.647 -0.43540 89844 
0.648 ~-0. 43386 45826 
0.649 -0. 43232 25622 
0.650 -0, 43078 29160 
e"] 
6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


659907 
469295 
733160 
549516 
473221 


512956 
128226 
226388 
159700 
722400 


147801 
105417 
698110 
459257 
349946 


756192 
486173 
767492 
244463 
975409 


429998 
486583 
429576 
946839 
127094 


457356 
820385 
492164 
139384 
816965 


965587 
409239 
352796 
379609 
449111 


894454 
420149 
099737 
373472 
046022 


284195 
614670 
921759 
445177 
777834 


863646 
995352 
812365 
298624 
780471 


924543 


NATURAL LOGARITHMS 


0.650 -0. 43078 
0.651 -0, 42924 
0.652 -0. 42771 
0.653 -0, 42617 
0.654 -0. 42464 


0.655 -0. 42312 
0.656 ~0, 42159 
0.657 -0. 42007 
0.658 -0, 41855 
0.659 -0, 41703 


0.660 -0, 41551 
0,661 -0. 41400 
0.662 -0. 41248 
0.663 -0. 41098 
0.664 -0, 40947 


0.665 -0, 40796 
0.666 -0, 40646 
0.667 -0, 40496 
0.668 -0, 40346 
0.669 -0.40197 


0.670 -0. 40047 
0.671 -0, 39898 
0.672 -0,.39749 
0.673 -0, 39600 
0.674 -0. 39452 


0.675 -0. 39304 
0.676 -0,39156 
0.677 -0. 39008 
0.678 -0, 38860 
0.679 -0, 38713 


0,680 -0, 38566 
0,681 -0, 38419 
0,682 -0, 38272 
0.683 -0. 38126 
0.684 -0, 37979 


0.685 ~-0, 37833 
0.686 -0. 37687 
0.687 -0, 37542 
0.688 -0. 37396 
0.689 -0. 37251 


0.690 -0. 37106 
0.691 -0, 36961 
0.692 -0, 36816 
0.693 -0. 36672 
0.694 -0. 36528 


0.695 -0, 36384 
0.696 -0, 36240 
0.697 -0, 36096 
0.698 -0, 35953 
0.699 -0, 35810 


0.700 -0,35667 


In 10=2.80258 50929 940457 


In z 


29160 924543 
56367 735678 
07170 554841 
81497 057060 
79275 249384 


00433 468851 
44900 380480 
12604 975265 
03476 568199 
17444 796298 


54439 616658 
14391 304508 
97230 451288 
02887 962745 
31295 057032 


82383 262829 
56084 417479 
52330 665133 
71054 454913 
12188 539086 


75665 971253 
61420 104553 
69384 589875 
99493 374092 
51680 698300 


25881 096072 
22029 391730 
40060 698621 
79910 417415 
41514 234409 


24808 119847 
29728 326247 
56211 386750 
04194 113470 
73613 595866 


64407 199118 
76512 562518 
09867 597877 
64410 487934 
40079 684785 


36813 908320 
54552 144672 
93233 644675 
52797 922338 
33184 753326 


34334 173449 
56186 477174 
98682 216132 
61762 197646 
45367 483268 


49439 387324 


2 


-0, 35667 
-0, 35524 
-0, 35382 
-0, 35239 
-0, 35097 


~0, 34955 
-0, 34814 
-0. 34672 
-0, 34531 
-0. 34389 


-0, 34249 
-0. 34108 
~0. 33967 
~0, 33827 
-0, 33687 


-0, 33547 
-0. 33407 
-0, 33267 
~0. 33128 
-0, 32989 


-0, 32850 
-0. 32711 
-0. 32573 
-0, 32434 
-0. 32296 


~0, 32158 
-0. 32020 
-0, 31882 
-0, 31745 
-0, 31608 


-0, 31471 
-0. 31334 
~0, 31197 
-0. 31060 
-0. 30924 


~0. 30788 
-0, 30652 
-0. 30516 
-0, 30381 
-0, 30245 


-0, 30110 
-0, 29975 
-0, 29840 
-0, 29705 
-0, 29571 


~0, 29437 
-0, 29302 
-0, 29169 
-0, 29035 
-0, 28901 


-0, 28768 


In z 


49439 
73919 
18749 
83871 
69228 


74761 
00414 
46130 
11852 
97524 


3089 
8491 
73675 
38585 
23166 


27362 
51120 
94383 
57099 
39212 


40669 
61416 
01400 
60568 
38865 


36241 
52641 
88014 
42307 
15469 


07448 
18192 
47650 
95770 
62503 


47797 
51602 
73867 
14543 
73580 


50927 
46536 
60358 
92342 
42441 


10606 
96787 
00938 
23010 
62954 


20724 


387324 
475470 
563259 
714721 
240947 


698684 
888950 
855643 
884173 
500096 


467759 
788962 
701613 
678411 
425527 


881294 
214914 
825167 


339129 - 


610904 


720361 
971880 
893108 
233724 
964207 


274623 
573410 
486177 
854511 
734789 


397002 
323585 
208255 
954856 
676215 


693004 
532608 
928004 
816646 
339353 


839216 
860502 
147566 
643779 
490452 


025775 
783762 
493197 
076598 
649176 


517809 


(3 


In x 


-0, 28768 20724 


~0, 28634 
-0. 28501 
-0, 28369 
-0, 28236 


-0, 28103 
-0, 27971 
-0, 27839 
-0, 27707 
-0, 27575 


-0, 27443 
-0, 27312 
-0. 27180 
-0. 27049 
~0, 26918 


-0, 26787 
~0, 26657 
~0. 26526 
-0. 26396 
-0. 26266 


-0, 26136 
-0. 26006 
-0, 25877 
-0, 25747 
-0, 25618 


-0. 25489 
-0, 25360 
~0. 25231 
-0, 25102 


96272 
89550 
00511 
29109 


75297 
39028 
20255 
18933 
35015 


68457 
19211 
87232 
72476 
74898 


94451 
31092 
84776 
55458 
43094 


47641 
69054 
07289 
62303 
34053 


22496 
27587 
49286 
87548 


-0, 24974 42331 


~0, 24846 
-0. 24718 
-0. 24590 
-0. 24462 
-0. 24334 


-0, 24207 
~0. 24079 
-0, 23952 
-0, 23825 


13592 
01291 
05384 
25829 
62586 


15611 
84865 
70305 
71891 


-0. 23698 89581 


-0, 23572 
-0. 23445 
-0, 23319 
~0, 23193 
-0. 23067 


-0. 22941 
~0, 22815 
-0, 22690 
-0, 22564 
-0. 22439 


-0. 22314 


23335 
73112 
38871 
20573 
18177 


31643 
60931 
06001 
66815 
43332 


35513 
[D2 
6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


517809 
180023 
322973 
822435 
741810 


331123 
026041 
446883 
397654 
865071 


017603 
204512 
954908 
976800 
156166 


556012 
415458 
148809 
344649 
764931 


344075 
188076 
573609 
947151 
924099 


287901 
989183 
144896 
037454 
113888 


984996 
424511 
368260 
913340 
317292 


997286 
529305 
647338 
242579 
362628 


210699 
144832 
677112 
472891 
350013 


278052 
377540 
919220 
323283 
158624 


142098 


NATURAL LOGARITHMS 


L In x 
0.800 -0.22314 35513 
0.801 -0,. 22189 43319 
0.802 -0.22064 66711 
0,803 -0.21940 05650 
0.804 -0.21815 60098 
0.805 -0.21691 30015 
0.806 ~-0.21567 15364 
0.807 ~-0.21443 16107 
0.808 -0.21319 32204 
0.809 -0,21195 63619 
0.810 -0.21072 10313 
0.811 ~-0,20948 72248 
0.812 -0,20825 49388 
0.813 -0.20702 41694 
0.814 -0.20579 49129 
0.815 -0.20456 71657 
0.816 -0.20334 09240 
0.817 -0.20211 61841 
0.818 -0.20089 29423 
0.819 -0.19967 11951 
0.820 -0,19845 09387 
0.821 -0.19723 21695 
0.822 -0.19601 48839 
0.823 -0.19479 90783 
0.824 -0.19358 47490 
0.825 -0.19237 18926 
0.826 -0.19116 05054 
0.827 -0.18995 05839 
0.828 -0.18874 21245 
0.829 -0.18753 51238 
0.830 ~-0.18632 95781 
0.831 -0.18512 54841 
0.832 -0.18392 28381 
0.833 -0.18272 16368 
0.834 -0.18152 18766 
0.835 -0,18032 35541 
0.836 -0.17912 66658 
0.837 -0.17793 12084 
0.838 -0.17673 71785 
0.839 -0.17554 45725 
0.840 -0.17435 33871 
0.841 -0.17316 36190 
0.842 ~-0.17197 52647 
0.843 -0.17078 83209 
0.844 ~-0.16960 27843 
0.845 -0.16841 86516 
0.846 -0.16723 59193 
0.847 -0.16605 45843 
0.848 -0.16487 46431 
0.849 -0.16369 60926 
0.850 -0.16251 89294 

[a 
6 


142098 
137778 
156226 
353754 
031707 


635737 
755088 
121883 
610417 
236454 


156526 
667241 
204591 
343265 
795968 


412743 
180300 
221342 
793900 
290676 


238383 
297088 
259571 
050672 
726654 


474561 
611590 
584457 
968774 
468421 


914934 
266889 
609285 
152944 
233903 


312816 
974354 
926617 
000540 
149309 


447778 
091890 
398103 
802816 
861799 


249632 
759138 
300827 
902340 
707897 


977749 


In 10=2.380258 50929 940457 


-0, 16251 
-0, 16134 
-0, 16016 
-0, 15899 
-0, 15782 


-0, 15665 
~0, 15548 
-0, 15431 
~0, 15315 
-0, 15198 


-0, 15082 
~0, 14966 
-0, 14850 
-0, 14734 
-0, 14618 


~0, 14502 
-0, 14387 
-0, 14271 
-0, 14156 
~0, 14041 


-0,13926 
-0, 13811 
-0. 13696 
-0, 13581 
~0, 13467 


-0, 13353 
~0, 13238 
-0, 13124 
~0, 13010 
-0.12897 


-0, 12783 
-0, 12669 
-0, 12556 
~0. 12443 
-0, 12329 


-0, 12216 
-0, 12103 
-0,11991 
~0, 11878 
-0, 11765 


-0, 11653 
~0, 11541 
-0. 11428 
-0. 11316 
-0,11204 


-0.11093 
~0. 10981 
~0, 10869 
-0. 10758 
~0, 10647 


~0,. 10536 


105 


Table 4.2 


In zx 


89294 
31504 
87521 
57314 
40851 


38100 
49028 
73603 
11794 
63569 


28897 
07745 
00083 
05878 
25101 


57720 
03704 
63022 
35643 
21537 


20673 
33021 
58550 
97231 
49033 


13926 
91880 
82866 
86853 
03812 


33715 
76530 
32229 
00783 
82163 


76339 
83283 
02966 
35359 
80434 


38162 
08515 
91464 
86981 
95038 


15607 
48660 
94169 
52106 
22445 


05156 


977749 
087629 
528213 
904579 
935672 


453768 
403950 
843573 
941748 
978817 


345836 
544063 
184440 
987091 
780814 


502577 
197019 
015952 
217869 
167450 


335076 
296343 
731574 
425348 
266016 


245226 
457456 
099540 
470204 
969601 


098849 
459575 
753457 
781770 
444936 


742075 
770561 
725576 
899670 
682325 


559515 
113277 
021277 
056380 
086229 


072817 
072066 
233409 
799374 
105168 


578263 


106 


Table 4.2 
x In x 

0.900 -0,10536 05156 
0.901 -0.10425 00213 
0.902 -0.10314 07589 
0.903 -0,10203 27255 
0.904 -0.10092 59185 
0.905 -0.09982 03352 
0.906 -0.09871 59729 
0.907 -0.09761 28288 
0.908 -0,09651 09003 
0.909 -0.09541 01848 
0.910 -0.09431 06794 
0.911 -0.09321 23817 
0.912 -0,09211 52889 
0.913 -0.09101 93983 
0.914 -0.08992 47075 
0.915 -0.08883 12137 
0.916 -6.08773 89143 
0.917 -0.08664 78067 
0.918 -0.08555 78883 
0.919 -0.08446 91566 
0.920 -0.08338 16089 
0.921 -0.08229 52427 
0.922 -0.08121 00554 
0.923 -0,08012 60444 
0.924 -0.07904 32073 
0.925 -0.07796 15414 
0.926 -0.07688 10443 
0.927 -0.07580 17134 
0.928 -0.07472 35461 
0.929 -0.07364 65401 
0.930 -0.07257 06928 
0.931 -0.07149 60017 
0.932 -0.07042 24642 
0.933 -0.06935 00781 
0.934 -0.06827 88407 
0.935 -0.06720 87496 
0.936 -0,06613 98025 
0.937 -~0.06507 19967 
0.938 -0.06400 53299 
0.939 -0.06293 97997 
0.940 -0.06187 54037 
0.941 -0.06081 21393 
0.942 -0.05975 00044 
0.943 -0, 05868 89963 
0.944 -0.05762 91128 
0.945 -0.05657 03514 
0.946 -0,05551 27099 
0.947 -0.05445 61857 
0.948 -0.05340 07767 
0.949 -0.05234 64803 
0.950 -0.05129 32943 


(2 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


578263 
737991 
195134 
651516 
899606 


822109 
391577 
670004 
808438 
046582 


712413 
221787 
078057 
871686 
279870 


066157 
080068 
256722 
616466 
264500 


390511 
268302 
255432 
792849 
404529 


697119 
359577 
162819 
959365 
682985 


348354 
050700 
965459 
347932 
532944 


934501 
045450 
437149 
759124 
738741 


180875 
967574 
057740 
486796 
366364 


883943 
302588 
960588 
271152 
722092 


875505 


NATURAL LOGARITHMS 


0.950 -0,05129 
0.951 ~-0, 05024 
0.952 ~-0.04919 
0.953 -0, 04814 
0.954 -0.04709 


0.955 -~0.04604 
0.956 -0, 04499 
0.957 -0. 04395 
0.958 -0. 04290 
0,959 -0.04186 


0.960 -0.04082 
0.961 -0.03978 
0.962 -0,03874 
0.963 -0.03770 
0.964 -0,03666 


0.965 -0,03562 
0.966 ~-0. 03459 
0.967 -0. 03355 
0.968 -0.03252 
0.969 -0.03149 


0.970 -0. 03045 
0.971 -0.02942 
0.972 -0.02839 
0.973 -0, 02737 
0.974 -0.02634 


0.975 -0.02531 
0.976 -0.02429 
0.977 -0.02326 
0.978 -0,02224 
0.979 ~-0.02122 


0.980 -0, 02020 
0.981 -0,01918 
0.982 -0.01816 
0.983 -0.01714 
0.984 -0,01612 


0.985 -0,01511 
0.986 -0.01409 
0.987 -0.01308 
0.988 -0,01207 
0.989 -0.01106 


0.990 -0.01005 
0.991 -0.00904 
0.992 -0.00803 
0.993 -0. 00702 
0.994 -0.00601 


0.995 -0.00501 
0.996 -0.00400 
0.997 -0.00300 
0.998 -0.00200 
0.999 -0.00100 


1,000 0.00000 


In 10= 2.80258 50929 940457 


In « 


32943 875505 
12164 367467 
02441 907717 
03753 279349 
16075 338505 


39385 014068 
73659 307358 
18875 291828 
75010 112765 
42040 986988 


19945 202551 
08700 118446 
08283 164306 
18671 840115 
39843 715914 


71776 431511 
14447 696191 
67835 288427 
31917 055600 
06670 913708 


92074 847085 
88106 908121 
94745 216980 
11967 961320 
39753 396020 


78079 842899 
26925 690446 
86269 393543 
56089 473197 
36364 516267 


27073 175194 
28194 167740 
39706 276712 
61588 349705 
93819 298836 


36378 100482 
89243 795016 
52395 486555 
25812 342692 
09473 594249 


03358 535014 
07446 521491 
21716 972643 
46149 369645 
80723 255630 


25418 235443 
80213 975388 
45090 202987 
20026 706731 
05003 335835 


00000 000000 


(oy 


0. 00000 
0, 00099 
0. 00199 
0. 00299 
0, 00399 


0. 00498 
0. 00598 


In x 


00000 
95003 
80026 
55089 
20212 


75415 
20716 


0.00697 56137 


0, 00796 
0. 00895 


0. 00995 
0. 01093 
0. 01192 
0.01291 
0. 01390 


0. 01488 
0.01587 
0. 01685 
0. 01783 
0. 01882 


0. 01980 
0. 02078 
0.02176 
0. 02273 
0. 02371 


0. 02469 
0. 02566 
0. 02664 
0. 02761 
0. 02858 


0. 02955 
0. 03052 
0. 03149 


81696 
97413 


03308 
99400 
85708 
62252 
29051 


86124 
33491 
71170 
99181 
17542 


26272 
25391 
14917 
94869 
65266 


26125 
77467 
19309 
51670 
74568 


88022 
92050 
86670 


0.03246 71901 


0. 03343 
0. 03440 


47760 
14267 


0.03536 71438 


0. 03633 
0, 03729 
0. 03825 


0.03922 
0.04018 
0. 04114 
0. 04210 
0. 04305 


0.04401 
0. 04497 
0, 04592 
0. 04688 
0. 04783 


0. 04879 


19292 
57847 
87121 


07131 
17896 
19433 
11760 
94894 


68854 
33656 
89318 
35858 
73294 


01641 


i 


000000 
330835 
626731 
797985 
695375 


110391 
775475 
364252 
491769 
714719 


531681 
383344 
652738 
665463 
689914 


937507 
562901 
664229 
283310 
405878 


961797 
825285 
815127 
694894 
173160 


903715 
485778 
464212 
329734 
519126 


415444 
348229 
593710 
375015 
862374 


173324 
372913 
473903 
436969 
170903 


532813 
328318 
311752 
186354 
604470 


167743 
427312 
883998 
988504 
141601 


694320 


0. 04879 
0. 04974 
0, 05069 
0. 05164 
0.05259 


0.05354 
0. 05448 
0. 05543 
0. 05638 
0. 05732 


0. 05826 
0.05921 
0.06015 
0. 06109 
0. 06203 


0. 06297 
0.06391 
0. 06485 
0. 06578 
0. 06672 


0.06765 
0. 06859 
0. 06952 
0.07045 
0.07138 


0. 07232 
0.07325 
0. 07417 
0.07510 
0. 07603 


0.07696 
0. 07788 
0. 07881 
0. 07973 
0. 08065 


0. 08157 
0. 08250 
0. 08342 
0. 08434 
0. 08525 


0. 08617 
0. 08709 
0. 08801 
0. 08892 
0. 08984 


0.09075 
0. 09166 
0. 09257 
0. 09349 
0. 09440 


0, 09531 


In x 


01641 
20918 
31143 
32331 
24501 


07669 
81852 
47068 
03334 
50666 


89081 
18596 
39228 
50993 
53909 


47991 
33257 
09723 
77405 
36320 


86484 
27914 
60626 
84636 
99960 


06615 
04617 
93981 
74724 
46862 


10411 
65386 
11804 
49680 
79030 


99869 
12215 
16081 
11484 
98439 


76962 
47068 
08773 
62091 
07039 


43632 
71885 
91812 
03430 
06754 


01798 


re 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


694320 
948141 
155181 
518384 
191706 


280298 
840697 
881006 
361076 
192694 


239758 
318461 
197471 
598109 
194526 


613884 
436528 
196163 
380031 
429082 


738148 
656117 
486102 
485614 
866729 


796261 
395927 
742515 
868054 
759976 


361283 
570712 
242898 
188536 
174545 


924229 
117437 
390724 
337509 
508234 


410523 
509338 
227133 
944015 
997895 


684641 
258238 
930932 
873389 
214843 


043249 


NATURAL LOGARITHMS 


1.100 0.09531 
1,101 0.09621 
1,102 0.09712 
1,103 0.09803 
1.104 0.09893 


1.105 0.09984 
1.106 0.10074 
1.107 0.10165 
1.108 0.10255 
1,109 = =0.. 10345 


1,110 0.10436 
1.111 0.10526 
1.112 0.10616 
1.113 0.10705 
1.114 =©0.10795 


1,115 0.10885 
1.116 0.10975 
1.117 0.11064 
1.118 0.11154 
1.119 = (0.11243 


1.120 0.11332 
1.121 0.11422 
1.122 0.11511 
1.123 0.11600 
1.124 0.11689 


1.125 0.11778 
1.126 0.11867 
1.127 0.11955 
1.128 0.12044 
1.129 0.12133 


1.130 0,12221 
1.131 0.12310 
1,132 0.12398 
1.133 0.12486 
1.134 0.12575 


1.135 0.12663 
1.136 0.12751 
1.137 0.12839 
1,138 0.12927 
1.139 = =0.13015 


1.140 0.13102 
1.141 0.13190 
1.142 0.13278 
1.143 0.13365 
1.144 0.13453 


1.145 0.13540 
1.146 0.13627 
1147 = 0.13714 
1.148 0.13802 
1.149 0.13889 


1.150 0.13976 


In 10=2.80258 50929 940457 


In x 


01798 043249 
88577 405429 
67107 307227 
37402 713654 
99478 549036 


53349 697161 
99031 001431 
36537 264998 
65883 250921 
87083 682300 


00153 242428 
05106 574929 
01958 283906 
90722 934078 
71415 050923 


44049 120821 
08639 591192 
65200 870637 
13747 329074 
54293 297882 


86853 070032 
11440 900229 
28071 005046 
36757 563061 
37514 714993 


30356 563835 
15297 174986 
92350 576392 
61530 758672 
22851 675250 


76327 242492 
21971 339834 
59797 809912 
89820 458693 
12053 055603 


26509 333660 
33202 989596 
32147 683990 
23357 041392 
06844 650451 


82624 064041 
50708 799386 
11112 338185 
63848 126736 
08929 576062 


46370 062030 
76182 925478 
98381 472336 
12978 973747 
19988 666186 


19423 751587 


ra 


0. 13976 
0, 14063 
0. 14149 
0, 14236 
0. 14323 


0. 14410 
0. 14496 
0. 14583 
0. 14669 
0.14755 


0. 14842 
0. 14928 
0.15014 
0. 15100 
0. 15186 


0.15272 
0.15357 
0. 15443 
0.15529 
0.15614 


0.15700 


* 0.15785 


0.15871 


0.15956 


0. 16041 


0. 16126 
0.16211 
0. 16296 
0.16381 
0. 16466 


0.16551 
0. 16636 
0. 16720 
0, 16805 
0. 16889 


0, 16974 
0.17058 
0.17142 
0.17227 
0.17311 


0.17395 
0.17479 
0. 17563 
0. 17647 
0, 17730 


0.17814 
0.17898 
0.17981 
0. 18065 
0. 18148 


0. 18232 


107 


Table 4.2 


Inez 


19423 
11297 
95622 
72412 
41680 


03439 
57702 
04482 
43791 
75643 


00051 
17027 
26584 
28735 
23493 


10870 
90879 
63533 
28844 
86824 


37488 
80846 
16911 
45696 
67214 


81475 
88494 
88282 
80852 
66215 


44384 
15372 
79189 
35849 
85364 


27745 
63005 
91156 
12209 
26177 


33071 
32903 
25686 
11431 
90149 


61853 
26555 
84265 
34996 
78760 


15567 


751587 
397456 
736995 
869220 
859078 


737569 
501857 
115395 
508035 
576147 


182733 
157544 
297195 
365274 
092461 


176639 
283006 
044189 
060353 
899314 


096648 
155803 
548209 
713384 
059047 


961223 
764352 
781397 
293950 
552339 


775734 
152253 
839065 
962497 
618139 


870945 
755337 
275310 
404532 
086448 


234380 
731631 
431580 
157791 
704103 


834740 
284400 
758361 
932576 
453772 


939546 


cy 
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Table 4.2 
£ In x 
1. 200 0.18232 15567 
1.201 0.18315 45430 
1, 202 0. 18398 68361 
1.203 0.18481 84369 
1, 204 0.18564 93468 
1.205 0.18647 95669 
1.206 0.18730 90983 
1. 207 0.18813 79421 
1.208 0.18896 60995 
1, 209 0.18979 35716 
1,210 0.19062 03596 
1.211 0.19144 64645 
1.212 0.19227 18876 
1,213 0.19309 66299 
1.214 0.19392 06926 
1,215 0.19474 40767 
1,216 0.19556 67835 
1,217 0.19638 88140 
1.218 0.19721 01692 
1.219 0.19803 08504 
1. 220 0.19885 08587 
1,221 0.19967 01951 
1, 222 0.20048 88607 
1, 223 0.20130 68567 
1,224 0, 20212 41840 
1,225 0. 20294. 08439 
1. 226 0.20375 68375 
1.227 0.20457 21657 
1, 228 0.20538 68297 
1, 229 0.20620 08305 
1. 230 0.20701 41693 
1,231 0.20782 68472 
1. 232 0.20863 88651 
1, 233 0.20945 02241 
1.234 0.21026 09254 
1.235 0.21107 09700 
1. 236 0.21188 03590 
1. 237 0.21268 90934 
1. 238 0. 21349 71742 
1. 239 0.21430 46026 
1. 240 0.21511 13796 
1,241 0.21591 75062 
1. 242 0.21672 29835 
1. 243 0.21752 78125 
1, 244 0. 21833 19943 
1,245 0.21913 55299 
1. 246 0.21993 84203 
1. 247 0.22074 06666 
1.248 0.22154 22699 
1, 249 0.22234 32311 
1. 250 0. 22314 35513 
S| 
6 


ELEMENTARY TRANSCENDENTAL 


939546 
978465 
130158 
925418 
866293 


426183 
049937 
153944 
126232 
326556 


086497 
709552 
471227 
619131 
373065 


925118 
439753 
053901 
877053 
991345 


451652 
285676 
494036 
050353 
901343 


966903 
140197 
287744 
249507 
838978 


843261 
023165 
113280 
822072 
831961 


799405 
354990 
103508 
624044 
470054 


169455 
224702 
112870 
285741 
169877 


166709 
652614 
978994 
472359 
434406 


142098 


NATURAL LOGARITHMS 


1.250 0.22314 
1.251 0,22394 
1.252 0.22474 
1.253 0.22554 
1.254 0.22633 


1,255 0.22713 
1,256 0.22793 
1.257 90, 22872 
1.258 0.22952 
1.259 0. 23031 


1.260 0.23111 
1,261 0.23190 
1,262 0.23269 
1.263 0.23348 
1.264 0, 23428 


1,265 0.23507 
1,266 0.23586 
1,267 0.23665 
1,268 0.23744 
1.269 0.23822 


1.270 0.23901 
1.271 0.23980 
1.272 0.24059 
1.273 0, 24137 
1.274 0.24216 


1275 0.24294 
1.276 0.24373 
1277 0.24451 
1.278 0.24529 
1.279 0.24607 


1.280 0.24686 
1,281 0.24764 
1.282 0.24842 
1.283 0.24920 
1.284 0.24998 


1.285 0.25075 
1.286 0, 25153 
1,287 0, 25231 
1.288 0.25309 
1.289 0.25386 


1.290 0.25464 
1.291 0.25541 
1.292 0.25619 
1.293 0.25696 
1.294 0.25773 


1.295 0.25851 
1.296 0.25928 
1.297 0.26005 
1,298 0.26082 
1.299 0.26159 


1.300 0.26236 


In x 


35513 142098 
32314 847741 
22726 779068 
06759 139312 
84422 107290 


55725 837472 
20680 460069 
79296 081104 
31582 782488 
77550 622101 


17209 633866 
50569 827825 
77641 190214 
98433 683541 
12957 246657 


21221 794836 
23237 219844 
19013 390020 
08560 150342 
91887 322506 


69004 704999 
39922 073170 
04649 179304 
63195 752695 
15571 499716 


61786 103895 
01849 225981 
35770 504022 
63559 553431 
85225 967056 


00779 315258 
10229 145972 
13584 984783 
10856 334994 
02052 677694 


87183 471831 
66258 154276 
39286 139896 
06276 821619 
67239 570503 


22183 735807 
71118 645054 
14053 604101 
50997 897204 
81960 787088 


06951 515011 
25979 300830 
39053 343068 
46182 818983 
47376 884625 


42644 674911 


2 


In 10=2.80258 50929 940457 


FUNCTIONS 


0. 26236 
0. 26313 
0. 26390 
0. 26466 
0. 26543 


0. 26620 
0. 26696 
0. 26773 
0, 26849 
0. 26926 


0, 27002 
0.27079 
0.27155 
0. 27231 
0. 27307 


0, 27383 
0. 27459 
0, 27535 
0.27611 
0. 27687 


0, 27763 
0. 27838 
0.27914 
0. 27990 
0, 28065 


0. 28141 
0. 28216 
0. 28292 
0, 28367 
0. 28442 


0. 28517 
0. 28593 
0. 28668 
0. 28743 
0, 28818 


0. 28893 
0, 28968 
0. 29042 
0.29117 
0. 29192 


0. 29266 
0. 29341 
0. 29416 
0. 29490 
0. 29565 


0. 29639 
0. 29713 
0. 29787 
0. 29862 
0. 29936 


0. 30010 


In « 


42644 
31995 
15437 
92981 
64635 


30407 
90308 
44346 
92530 
34869 


71372 
02047 
26905 
45953 
59200 


66656 
68329 
64227 
54360 
38737 


17365 
90255 
57414 
18851 
74575 


24594 
68917 
07553 
40510 
67797 


89422 
05394 
15721 
20411 
19474 


12918 
00751 
82981 
59617 
30667 


96139 
56042 
10385 
59175 
02421 


40130 
72312 
98974 
20124 
35772 


45924 


674911 
303682 
863775 
427081 
044612 


746567 
542393 
420849 
350070 
277629 


130602 
815628 
218973 
206591 
624188 


297279 
031255 
611440 
803155 
351775 


982795 
401883 
294945 
328186 
148165 


381855 
636708 
500705 
542421 
311083 


336624 
129746 
181974 
965716 
934320 


522129 
144540 
198061 
060367 
090355 


628200 
995415 
494901 
411005 
009578 


538024 
225361 
282269 
901153 
256188 


503381 


ey 


0. 30010 
0. 30084 
0. 30158 
0. 30232 
0. 30306 


0. 30380 
0. 30453 
0. 30527 
0. 30601 
0. 30674 


0. 30748 
0. 30821 
0. 30895 
0. 30968 
0. 31042 


0. 31115 
0. 31188 
0. 31261 
0. 31334 
0. 31408 


0. 31481 
0. 31554 
0. 31626 
0. 31699 
0. 31772 


0. 31845 
0. 31918 
0. 31990 
0. 32063 
0. 32135 


0. 32208 
0. 32280 
0. 32353 
0. 32425 
0. 32497 


0. 32570 
0. 32642 
0. 32714 
0. 32786 
0. 32858 


0, 32930 
0. 33002 
0. 33074 
0. 33145 
0. 33217 


0, 33289 
0. 33361 
0. 33432 
0. 33504 
0. 33575 


0. 33647 


ey 


In z 


45924 
50589 
49776 
43491 
31744 


14543 
91895 
63808 
30291 
91351 


46997 
97236 
42077 
81527 
15594 


44286 
67611 
85577 
98192 
05463 


07398 
04005 
95293 
81267 
61938 


37311 
07395 
72197 
31725 
85988 


34991 
78744 
17253 
50526 
78571 


01396 
19007 
31413 
38620 
40637 


37471 
29129 
15619 
96947 
73123 


44152 
10043 
70802 
26438 
76956 


22366 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


503381 
780618 
207723 
886510 
900833 


316642 
182038 
527321 
365044 
690067 


479606 
693290 
273206 
143956 
212704 


369231 
485983 
418125 
003587 
063118 


400335 
801773 
036935 
858340 
001576 


185346 
111519 
465178 
914668 
111648 


691133 
271551 
454782 
826212 
954778 


393018 
677115 
326945 
846128 
722067 


426004 
413059 
122279 
976686 
383321 


733290 
401807 
748248 
116185 
833441 


212129 


NATURAL LOGARITHMS 


x In x 


1.400 0.33647 22366 
1,401 0.33718 62673 
1.402 0.33789 97886 
1.403 0.33861 28011 
1.404 0,33932 53056 


1.405 0, 34003 73027 
1.406 0.34074 87933 
1.407 0.34145 97781 
1,408 0.34217 02577 
1.409 0.34288 02329 


1.410 0.34358 97043 
1.411 0.34429 86728 
1.412 0.34500 71390 
1.413 0.34571 51037 
1.414 0.34642 25674 


1.415 0.34712 95310 
1.416 0, 34783 59952 
1.417 = 0. 34854 19607 
1418 0.34924 74281 
1.419 0.34995 23981 


1.420 0.35065 68716 
1.421 0.35136 08491 
1.422 0.35206 43313 
1.423 0.35276 73191 
1424 0.35346 98129 


1.425 0.35417 18137 
1.426 0.35487 33219 
1.427 0.35557 43384 
1,428 0.35627 48639 
1.429 0.35697 48989 


1.430 0.35767 44442 
1.431 0, 35837 35005 
1.432 0.35907 20685 
1.433 0.35977 01488 
1.434 0.36046 77421 


1.435 0,36116 48492 
1.436 0.36186 14706 
1.437 0.36255 76070 
1.438 0.36325 32592 
1.439 0.36394 84279 


1.440 0.36464 31135 
1,441 0. 36533 73170 
1.442 0.36603 10388 
1.443 0,36672 42797 
1.444 0.36741 70404 


1.445 0, 36810 93215 
1.446 0,36880 11237 
1.447 0.36949 24476 
1.448 0.37018 32939 
1.449 0.37087 36633 


1.450 0.37156 35564 


(?"] 


In 10= 2.80258 50929 940457 


212129 
548700 
123983 
203239 
036194 


857091 
884732 
322520 
358507 
165432 


900769 
706770 
710503 
023904 
743810 


952009 
715280 
085434 
099358 
779056 


131694 
149636 
810491 
077153 
897840 


206138 
921042 
946994 
173926 
477304 


718159 
743139 
384539 
460348 
774286 


115844 
260324 
968879 
988549 
052308 


879093 
173850 
627573 
917338 
706345 


643955 
365729 
493468 
635246 
385453 


324830 


0. 37156 
0. 37225 
0. 37294 
0. 37363 
0. 37431 


0. 37500 
0. 37569 
0. 37637 
0. 37706 
0.37775 


0. 37843 
0. 37912 
0. 37980 
0. 38048 
0. 38117 


0. 38185 
0, 38253 
0. 38321 
0. 38390 
0. 38458 


0. 38526 
0. 38594 
0. 38662 
0. 38730 
0, 38797 


0. 38865 
0. 38933 
0. 39001 
0. 39068 
0. 39136 


0. 39204 
0. 39271 
0, 39339 
0. 39406 
0. 39474 


0. 39541 
0. 39608 
0, 39676 
0. 39743 
0. 39810 


0. 39877 
0. 39944 
0, 40011 
0. 40078 
0. 40145 


0. 40212 
0. 40279 
0. 40346 
0. 40413 
0. 40479 


0. 40546 
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Table 4.2 


In x 


35564 
29739 
19164 
03845 
83791 


59006 
29497 
95272 
56335 
12695 


64357 
11327 
53613 
91220 
24155 


52424 
76034 
94991 
09301 
18971 


24007 
24416 
20203 
11374 
97937 


79897 
57261 
30035 
98225 
61837 


20877 
75352 
25268 
70631 
11447 


47722 
79462 
06674 
29364 
47537 


61199 
70357 
75017 
75185 
70867 


62068 
48795 
31054 
08850 
82191 


51081 


324830 
020508 
026043 
881459 
113276 


234558 
744942 
130678 
864664 
406486 


202451 
685624 
275868 
379873 
391198 


690306 
644597 
608447 
923238 
917403 


906449 
193005 
066845 
804932 
671449 


917831 
782808 
492427 
260100 
286627 


760237 
856617 
738951 
557950 
451887 


546629 
955674 
780180 
109001 
018719 


573678 
826014 
815691 
570533 
106256 


426497 
522855 
374913 
950277 
204607 


081644 


ge 


110 


Table 4.2 
x 

1, 500 0. 40546 
1.501 0. 40613 
1. 502 0. 40679 
1,503 0. 40746 
1.504 0. 40812 
1.505 0. 40879 
1.506 0, 40945 
1, 507 0. 41012 
1.508 0.41078 
1,509 0. 41144 
1.510 0. 41210 
1.511 0. 41277 
1.512 0.41343 
1.513 0.41409 
1.514 0.41475 
1.515 0.41541 
1.516 0.41607 
1.517 0, 41673 
1.518 0.41739 
1.519 0, 41805 
1.520 0.41871 
1.521 0.41936 
1.522 0.42002 
1.523 0.42068 
1.524 0,42133 
1.525 0.42199 
1.526 0.42264 
1.527 0.42330 
1.528 0.42395 
1,529 0.42461 
1.530 0.42526 
1.531 0.42592 
1.532 0.42657 
1.533 0.42722 
1.534 0.42787 
1.535 0. 42853 
1. 536 0. 42918 
1.537 0.42983 
1. 538 0. 43048 
1.539 0. 43113 
1.540 0. 43178 
1.541 0. 43243 
1. 542 0. 43308 
1.543 0. 43372 
1.544 0. 43437 
1.545 0.43502 
1.546 0.43567 
1.547 0. 43631 
1.548 0, 43696 
1.549 0. 43760 
1. 550 0. 43825 


In z 


51081 
15526 
75533 
31107 
82255 


28982 
71293 
09196 
42695 
71797 


96508 
16832 
32777 
44348 
51550 


54389 
52872 
47003 
36789 
22236 


03348 
80132 
52594 
20739 
84572 


44100 
99328 
50262 
96907 
39269 


77354 
1N.66 
40713 
65998 
87029 


03810 
16347 
24645 
28710 
28548 


24164 
15563 
02751 
85733 
64516 


39103 
09501 
75715 
37751 
95614 


49309 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


081644 
513249 
419430 
708374 
276481 


008391 
777018 
443584 
857643 
857118 


268330 
906025 
573413 
062189 
152570 


613325 
201799 
663952 
734382 
136358 


581850 
771558 
394941 
130248 
644545 


593749 
622653 
364954 
443287 
469252 


043441 
755467 
183996 
896771 
450644 


391605 
254804 
564588 
834522 
567422 


255378 
379787 
411377 
810238 
025844 


497088 
652302 
909291 
675354 
347316 


311553 


re 


NATURAL LOGARITHMS 


L In x 
1,550 0. 43825 49309 
1,551 0. 43889 98841 
1.552 0. 43954 44217 
1,553 0.44018 85441 
1,554 0. 44083 22519 
1,555 0.44147 55456 
1.556 0.44211 84257 
1.557 0. 44276 08928 
1.558 0. 44340 29474 
1, 559 0. 44404 45900 
1.560 0.44468 58212 
1,561 0. 44532 66415 
1. 562 0. 44596 70514 
1. 563 0. 44660 70514 
1,564 0.44724 66421 
1.565 0.44788 58239 
1.566 0.44852 45975 
1.567 0.44916 29633 
1.568 0. 44980 09219 
1.569 0. 45043 84737 
1.570 0.45107 56193 
1.571 0.45171 23592 
1.572 0. 45234 86940 
1.573 0. 45298 46240 
1.574 0. 45362 01499 
1.575 0. 45425 52722 
1.576 0. 45488 99914 
1.577 0.45552 43079 
1.578 0.45615 82224 
1.579 0.45679 17352 
1.580 0.45742 48470 
1.581 0.45805 75582 
1. 582 0.45868 98693 
1.583 0. 45932 17808 
1.584 0. 45995 32933 
1.585 0. 46058 44073 
1. 586 0.46121 51232 
1. 587 0. 46184 54415 
1. 588 0. 46247 53628 
1.589 0. 46310 48875 
1.590 0. 46373 40162 
1.591 0. 46436 27493 
1,592 0. 46499 10874 
1. 593 0. 46561 90309 
1.594 0. 46624 65803 
1.595 0.46687 37362 
1.596 0. 46750 04990 
1.597 0.46812 68692 
1.598 0. 46875 28473 
1,599 0. 46937 84338 
1. 600 0.47000 36292 

(-8) | 
5 


In 10=2.80258 50929 940457 


311553 
944018 
610270 
665500 
454557 


311975 
561999 
518613 
485565 
756395 


614457 
332950 
174942 
393396 
231193 


921165 
686114 
738838 
282161 
508955 


602167 
734841 
070148 
761408 
952115 


775964 
356874 
809013 
236825 
735050 


388754 
273350 
454621 
988751 
922341 


292439 
126562 
442720 
249440 
545789 


321402 
556498 
221913 
279115 
680233 


368079 
276170 
328754 
440829 
518172 


457356 


0. 47000 
0. 47062 
0. 47125 
0. 47187 
0. 47250 


0. 47312 
0. 47374 
0. 47436 
0. 47499 
0. 47561 


0. 47623 
0. 47685 
0. 47747 
0. 47809 
0. 47871 


0. 47933 
0. 47995 
0. 48057 
0. 48119 
0. 48180 


0. 48242 
0. 48304 
0, 48365 
0. 48427 
0. 48489 


0. 48550 
0. 48612 
0. 48673 
0, 48735 
0. 48796 


0. 48858 
0. 48919 
0. 48980 
0. 49041 
0. 49103 


0. 49164 
0. 49225 
0. 49286 
0. 49347 
0. 49408 


0. 49469 
0. 49530 
0. 49591 
0. 49652 
0. 49713 


0. 49774 
0. 49834 
0. 49895 
0. 49956 
0. 50016 


0.50077 


In x 


36292 
84340 
28486 
68736 
05094 


37565 
66155 
90867 
11707 
28680 


41789 
51041 
56440 
57991 
55698 


49566 
39600 
25805 
08186 
86746 


61492 
32427 
99556 
62885 
22417 


78157 
30111 
78282 
22675 
63296 


00148 
33236 
62565 
88139 
09964 


28043 
42381 
52983 
59854 
62997 


62418 
58121 
50110 
38390 
22966 


03842 
81022 
54511 
24314 
90435 


52879 


457356 
145776 
461675 
274159 
443228 


819792 
245699 
553755 
567746 
102462 


963716 
948373 
844365 
430718 
477571 


746199 
989036 
949698 
362999 
954981 


442927 
535391 
932212 
324542 
394862 


817008 
256188 
369007 
803486 
199081 


186710 
388768 
419153 
883281 
378111 


492167 
805553 
889979 
308777 
616926 


361071 
079538 
302365 
551310 
339882 


173352 
548781 
955033 
872800 
774619 


124892 


(F 


In zx 


0.50077 52879 
0.50138 11649 
0.50198 66750 
0.50259 18188 
0.50319 65966 


0.50380 10088 
0.50440 50559 
0.50500 87384 
0.50561 20567 
0.50621 50112 


0.50681 76023 
0.50741 98306 
0.50802 16964 
0.50862 32002 
0.50922 43423 


0.50982 51234 
0.51042 55437 
0.51102 56037 
0.51162 53039 
0.51222 46446 


0.51282 36264 
0.51342 22496 
0.51402 05146 
0.51461 84220 
0.51521 59720 


0.51581 31652 
0.51641 00020 
0.51700 64828 
0.51760 26080 
0.51819 83780 


0.51879 37934 
0.51938 88544 
0.51998 35615 
0.52057 79152 
0.52117 19158 


0.52176 55638 
0.52235 88595 
0.52295 18035 
0.52354 43961 
0.52413 66378 


0.52472 85289 
0.52532 00699 
0.52591 12611 
0.52650 21031 
0.52709 25962 


0.52768 27408 
0.52827 25373 
0.52886 19862 
0.52945 10878 
0.53003 98426 


0.53062 82510 


(P 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


124892 
379910 
987863 
388871 
014996 


290262 
630679 
444259 
131032 
083074 


684519 
311578 
332564 
107906 
990168 


324071 
446509 
686569 
365550 
796980 


286637 
132567 
625099 
046869 
672836 


770298 
598913 
410718 
450144 
954038 


151676 
264786 
507563 
086690 
201350 


043250 
796637 
638312 
737654 
256630 


349821 
164432 
840315 
509983 
298627 


324136 
697113 
520893 
891556 
897950 


621704 


NATURAL LOGARIT 


x In x 


1.700 0.53062 82510 
1.701 0.53121 63134 
1.702 0.53180 40301 
1,703 0.53239 14016 
1.704 0.53297 84284 


1,705 0.53356 51107 
1.706 0.53415 14490 
1.707 0.53473 74438 
1.708 0.53532 30953 
1.709 0.53590 84041 


1.710 0.53649 33705 
1.711 0.53707 79949 
1.712 0.53766 22777 
1.713 0.53824 62193 
1.714 0.53882 98201 


1.715 0.53941 30806 
1.716 0.53999 60010 
1.717 0.54057 85819 
1.718 0.54116 08235 
1.719 0.54174 27264 


1,720 0.54232 42908 
1,721 0.54290 55172 
1.722 0.54348 64060 
1.723 0.54406 69575 
1.724 0.54464 71722 


1.725 0.54522 70504 
1.726 0.54580 65926 
1.727 0.54638 57991 
1.728 0.54696 46703 
1.729 0.54754 32067 


1.730 0.54812 14085 
1.731 0.54869 92761 
1.732 0.54927 68101 
1.733 0.54985 40107 
1.734 0.55043 08783 


1.735 0.55100 74133 
1.736 0.55158 36162 
1.737 0.55215 94872 
1.738 0.55273 50268 
1.739 0.55331 02353 


1.740 0.55388 51132 
1.741 0.55445 96607 
1.742 0.55503 38784 
1.743 «0.55560 77665 
1.744 0.55618 13254 


1.745 0.55675 45556 
1,746 0.55732 74574 
1.747 0.55790 00311 
1.748 0.55847 22772 
1.749 0.55904 41960 


1.750 0.55961 57879 


a 


In 10=2.30258 50929 940457 


HMS 


621704 
137247 
511824 
805512 
071240 


354801 
694874 
123036 
663781 
334538 


145685 
100564 
195504 
419829 
755880 


179032 
657705 
153385 
620636 
007122 


253617 
294024 
055391 
457926 
415014 


833231 
612362 
645415 
818639 
011534 


096876 
940722 
402434 
334690 
583501 


988225 
381584 
589679 
432003 
721460 


264377 
860520 
303111 
378839 
867879 


543905 
174105 
519195 
333437 
364650 


354227 


0. 55961 
0. 56018 
0.56075 
0. 56132 
0. 56189 


0. 56246 
0. 56303 
0. 56360 
0. 56417 
0. 56474 


0. 56531 
0. 56588 
0. 56644 
0.56701 
0. 56758 


0. 56815 
0. 56871 
0. 56928 
0. 56984 
0.57041 


0.57097 
0.57154 
0.57210 
0. 57267 
0. 57323 


0. 57380 
0. 57436 
0.57492 
0. 57548 
0. 57605 


0. 57661 
0.57717 
0.57773 
0. 57829 
0. 57885 


0.57941 
0.57997 
0. 58053 
0. 58109 
0. 58165 


0. 58221 
0.58277 
0. 58333 
0. 58389 
0. 58444 


0. 58500 
0. 58556 
0, 58611 
0. 58667 
0. 58723 


0. 58778 


Table 4.2 


In z 


57879 354227 
70533 037148 
79925 141997 
86059 390974 
88939 499913 


88569 178291 
84952 129249 
78092 049601 
67992 629853 
54657 554211 


38090 500604 
18295 140691 
95275 139878 
69034 157332 
39575 845996 


06903 852601 
71021 817683 
31933 375593 
89642 154517 
44151 776482 


95465 857378 
43588 006965 
88521 828892 
30270 920708 
68838 873877 


04229 273791 
36445 699783 
65491 725143 
91370 917128 
14086 836981 


33643 039938 
50043 075246 
63290 486176 
73388 810034 
80341 578176 


84152 316024 
84824 543073 
82361 772910 
76767 513224 
68045 265821 


56198 526636 
41230 785747 
23145 527387 
01946 229958 
77636 366044 


50219 402422 
19698 800079 
86078 014220 
49360 494285 
09549 683961 


66649 021190 


7 


111 


112 


Table 4.2 

£ In x 
1, 800 0.58778 66649 
1, 801 0.58834 20661 
1, 802 0.58889 71591 
1. 803 0.58945 19442 
1, 804 0.59000 64216 
1. 805 0.59056 05917 
1. 806 0.59111 44549 
1. 807 0.59166 80116 
1. 808 0.59222 12619 
1, 809 0.59277 42064 
1. 810 0.59332 68452 
1. 811 0.59387 91789 
1. 812 0.59443 12076 
1.813 0.59498 29317 
1, 814 0.59553 43516 
1.815 0.59608 54677 
1. 816 0.59663 62801 
1. 817 0.59718 67894 
1. 818 0.59773 69957 
1,819 0.59828 68995 
1. 820 0.59883 65010 
1. 821 0.59938 58007 
1. 822 0.59993 47988 
1. 823 0.60048 34956 
1, 824 0.60103 18916 
1. 825 0.60157 99870 
1. 826 0.60212 77821 
1. 827 0.60267 52773 
1. 828 0. 60322 24730 
1. 829 0.60376 93694 
1. 830 0.60431 59668 
1, 831 0.60486 22656 
1. 832 0.60540 82662 
1, 833 0.60595 39688 
1. 834 0. 60649 93738 
1, 835 0.60704 44815 
1. 836 0.60758 92921 
1. 837 0.60813 38062 
1. 838 0.60867 80239 
1. 839 0.60922 19456 
1. 840 0.60976 55716 
1. 841 0.61030 89022 
1. 842 0.61085 19378 
1, 843 0.61139 46786 
1. 844 0.61193 71251 
1. 845 0.61247 92774 
1. 846 0.61302 11360 
1. 847 0.61356 27012 
1. 848 0.61410 39732 
1. 849 0. 61464 49524 
1. 850 0.61518 56390 


cr 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


021190 
938190 
861462 
211802 
404319 


848442 
947937 
100914 
699848 
131581 


777344 
012763 
207876 
727140 
929449 


168141 
791016 
140341 
552871 
359852 


887040 
454709 
377666 
965260 
521396 


344548 
727767 
958697 
319583 
087286 


533296 
923737 
519385 
575680 
342731 


065336 
982987 
329886 
334953 
221840 


208943 
509408 
331151 
876862 
344021 


924905 
806604 
171029 
194924 
049878 


902335 


NATURAL LOGARITHMS 


x Ina 
1. 850 0.61518 56390 
1, 851 0.61572 60335 
1, 852 0. 61626 61362 
1, 853 0.61680 59473 
1,854 0.61734 54671 
1, 855 0, 61788 46960 
1, 856 0. 61842 36343 
1, 857 0.61896 22823 
1, 858 0.61950 06403 
1, 859 0.62003 87087 
1.860 0.62057 64877 
1, 861 0.62111 39776 
1, 862 0.62165 11788 
1.863 0.62218 80916 
1, 864 0.62272 47162 
1. 865 0. 62326 10530 
1.866 0.62379 71024 
1.867 0.62433 28645 
1, 868 0.62486 83398 
1. 869 0.62540 35284 
1.870 0.62593 84308 
1. 871 0.62647 30472 
1.872 0.62700 73780 
1, 873 0. 62754 14234 
1, 874 0. 62807 51838 
1. 875 0.62860 86594 
1.876 0.62914 18505 
1, 877 0.62967 47576 
1.878 0.63020 73807 
1, 879 0. 63073 97204 
1. 880 0.63127 17768 
1, 881 0.63180 35503 
1, 882 0. 63233 50411 
1, 883 0. 63286 62496 
1. 884 0. 63339 71761 
1, 885 0. 63392 78208 
1, 886 0.63445 81842 
1, 887 0. 63498 82663 
1,888 0.63551 80677 
1, 889 0. 63604 75885 
1, 890 0. 63657 68290 
1, 891 0.63710 57896 
1. 892 0. 63763 44706 
1, 893 0.63816 28722 
1.894 0.63869 09947 
1, 895 0. 63921 88385 
1.896 0.63974 64038 
1.897 0.64027 36909 
1.898 0.64080 07001 
1, 899 0. 64132 74318 
1,900 0.64185 38861 

94) 
5 


In 10=2.30258 50929 940457 


902335 
913605 
239876 
032227 
436634 


593985 
640088 
705687 
916468 
393070 


251099 
601137 
548753 
194514 
633994 


957789 
251521 
595856 
066509 
734258 


664953 
919526 
554003 
619515 
162304 


223741 
840329 
043718 
860712 
313283 


418578 
188933 
631879 
750154 
541713 


999741 
112658 
864132 
233089 
193725 


715510 
763204 
296865 
271858 
638865 


343897 
328301 
528772 
877361 
301488 


723948 


0. 64185 
0, 64238 
0. 64290 
0. 64343 
0. 64395 


0. 64448 
0. 64500 
0. 64553 
0. 64605 
0. 64657 


0. 64710 
0. 64762 
0, 64814 
0. 64867 
0, 64919 


0. 64971 
0. 65023 
0. 65076 
0. 65128 
0. 65180 


0. 65232 
0. 65284 
0. 65336 
0. 65388 
0. 65440 


0. 65492 
0. 65544 
0. 65596 
0. 65648 
0. 65700 


0. 65752 
0. 65803 
0. 65855 
0. 65907 
0. 65959 


0. 66010 
0. 66062 
0. 66114 
0. 66165 
0. 66217 


0. 66268 
0. 66320 
0. 66371 
0. 66423 
0. 66474 


0, 66526 
0. 66577 
0. 66628 
0. 66680 
0. 66731 


0. 66782 


In z 


38861 723948 
00635 062921 
59641 231986 
15883 140124 
69363 691736 


20085 786643 
68052 320104 
13266 182820 
55730 260948 
95447 436106 


32420 585385 
66652 581360 
98146 292095 
26904 581158 
52930 307625 


76226 326093 
96795 486688 
14640 635074 
29764 612465 
42170 255629 


51860 396902 
58837 864196 
63105 481007 
64666 066427 
63522 435147 


59677 397475 
53133 759338 
43894 322293 
31961 883539 
17339 235920 


00029 167942 
80034 463774 
57357 903263 
32002 261938 
03970 311026 


73264 817451 
39888 543853 
03844 248588 
65134 685745 
23762 605148 


79730 752368 
33041 868732 
83698 691332 
31703 953030 
77060 382473 


19770 704096 
59837 638133 
97263 900626 
32052 203434 
64205 254238 


93725 756554 


[PF 


1.950 0, 66782 
1.951 0.66834 
1.952 0.66885 
1.953 0.66936 
1.954 0.66987 


1.955 0.67039 
1.956 0.67090 
1.957 90. 67141 
1.958 0.67192 
1.959 0.67243 


1.960 0.67294 
1.961 0.67345 
1.962 0.67396 
1.963 0.67447 
1.964 0.67498 


1.965 0.67549 
1.966 0.67600 
1.967 0.67650 
1,968 0.67701 
1.969 0.67752 


1.970 0.67803 
1.971 0.67854 
1.972 0.67904 
1.973 0.67955 
1.974 0.68006 


1.975 0, 68056 
1.976 0.68107 
1977 0.68158 
1.978 0, 68208 
1.979 0, 68259 


1,980 0.68309 
1,981 0.68360 
1,982 0.68410 
1,983 0.68461 
1.984 0.68511 


1.985 0, 68561 
1.986 0, 68612 
1.987 0.68662 
1.988 0.68712 
1.989 0, 68763 


1.990 0. 68813 
1,991 0, 68863 
1.992 0.68913 
1,993 0.68964 
1.994 0.69014 


1,995 0.69064 
1.996 §=©0.69114 
1.997 0,69164 
1.998 0.69214 
1.999 0.69264 


2.000 0.69314 


In z 


93725 
20616 
44879 
66518 
85536 


01934 
15716 
26884 
35441 
41389 


44732 
45472 
43611 
39152 
32099 


22453 
10217 
95394 
77986 
57996 


35427 
10281 
82561 
52270 
19410 


83983 
45993 
05441 
62332 
16666 


68447 
17677 
64359 
08495 
50088 


89141 
25656 
59635 
91082 
19998 


46387 
70250 
91591 
10412 
26715 


40503 
51778 
60544 
66802 
70555 


71805 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


756554 
409742 
909007 
945419 
205910 


373291 
126256 
139392 
083186 
624037 


424259 
142092 
431713 
943240 
322741 


212246 
249748 
069220 
300617 
569885 


498971 
705832 
804437 
404783 
112898 


530852 
256761 
884799 
005204 
204287 


064439 
164139 
077962 
376589 
626811 


391537 
229808 
696798 
343823 
718351 


364010 
820592 
624065 
306577 
396466 


418268 
892722 
336782 
263618 
182630 


599453 


[PI 


For z>2.1 see Example 5. 


NATURAL LOGARITHMS 


0. 69314 
0. 69364 
0. 69414 
0. 69464 
0. 69514 


0. 69564 
0. 69614 
0. 69664 
0, 69713 
0. 69763 


0. 69813 
0. 69863 
0. 69912 
0. 69962 
0. 70012 


0. 70061 
0.70111 
0. 70161 
0. 70210 
0. 70260 


0. 70309 
0. 70359 
0. 70408 
0. 70458 
0. 70507 


0. 70556 
0. 70606 
0. 70655 
0. 70705 
0.70754 


0. 70803 
0. 70852 
0. 70902 
0. 70951 
0. 71000 


0. 71049 
0. 71098 
0.71147 
0. 71196 
0. 71245 


0. 71294 
0. 71343 
0. 71392 
0.71441 
0. 71490 


0. 71539 
0. 71588 
0. 71637 
0. 71686 
0.71735 


0. 71783 


In x 


71805 
70556 
66808 
60566 
51832 


40607 
26895 
10698 
92018 
70858 


47220 
21107 
92522 
61466 
27942 


91953 
53502 
12589 
69219 
23393 


75114 
24384 
71205 
15581 
57514 


97005 
34058 
68674 
00857 
30608 


57930 
82825 
05297 
25346 
42976 


58188 
70986 
81372 
89348 
94915 


98078 
98838 
97197 
93158 
86723 


77894 
66675 
53066 
37071 
18692 


97931 


599453 
015964 
930288 
836812 
226184 


585325 
397438 
142011 
294828 
327974 


709844 
905150 
374928 
576544 
963706 


986463 
091222 
720747 
314172 
307004 


131134 
214840 
982797 
856084 
252191 


585025 
264916 
698630 
289367 
436777 


536960 
982476 
162355 
462096 
263682 


945583 
882763 
446688 
005331 
923181 


561250 
277077 
424738 
354850 
414580 


947651 
294347 
791525 
772614 
567627 


503168 


[2] 


In 10= 2.30258 50929 940457 


113 


Table 4.2 


In x 


0. 71783 97931 
0.71832 74790 
0.71881 49273 
0.71930 21380 
0.71978 91115 


0.72027 58479 
0.72076 23475 
0.72124 86106 
0.72173 46374 
0.72222 04280 


0.72270 59828 
0.72319 13019 
0.72367 63855 
0.72416 12340 
0. 72464 58476 


0.72513 02264 
0.72561 43706 
0.72609 82806 
0.72658 19566 
0.72706 53987 


0.72754 86072 
0. 72803 15824 
0.72851 43243 
0.72899 68334 
0.72947 91098 


0.72996 11536 
0.73044 29653 
0.73092 45448 
0.73140 58926 
0.73188 70088 


0. 73236 78937 
0.73284 85474 
0.73332 89701 
0. 73380 91622 
0. 73428 91238 


0.73476 88552 
0.73524 83565 
0.73572 76280 
0.73620 66700 
0.73668 54825 


0.73716 40659 
0. 73764 24204 
0.73812 05462 
0.73859 84434 
0.73907 61124 


0.73955 35533 
0. 74003 07664 
0.74050 77519 
0. 74098 45099 
0.74146 10408 


0.74193 73447 


503168 
902436 
085231 
367965 
063665 


481979 
929187 
708201 
118579 
456524 


014897 
083220 
947682 
891148 
193163 


129961 
974468 
996312 
461827 
634060 


772777 
134471 
972366 
536425 
073356 


826616 
036422 
939753 
770357 
758759 


132266 
114974 
927771 
788349 
911205 


507648 
785807 
950637 
203923 
744287 


767196 
464965 
026765 
638627 
483451 


741011 
587957 
197829 
741054 
384959 


293773 
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10 0.00000 
10 0.00000 
10 0.00000 
10 =0. 00000 
10 0.00000 
10 0.00000 
10 0.00000 
10 0.00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 


OONAMHBWNe- SOONAUIPWNHEe B& 
ra) 
So 


0. 00000 
0. 00000 
9. 00000 
0. 00000 
0. 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0, 00000 
0. 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


0, 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


RADIX TABLE OF NATURAL LOGARITHMS 


— 


n 


00000 
00001 
00002 
00003 
00004 
00005 
00006 
00007 
00008 


00009 
00019 
00029 
00039 
00049 
00059 
00069 
00079 
00089 


00099 
00199 
00299 
00399 
00499 
00599 
00699 
00799 
00899 


00999 
01999 
02999 
03999 
04999 
05999 
06999 
07999 
08999 


09999 
19999 
29999 
39999 
49999 
59999 
69999 
79999 
89999 


(1+210-”) 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99998 
99998 
99997 
99996 
99995 


99995 
99980 
99955 
99920 
99875 
99820 
99755 
99680 
99595 


99500 
98000 
95500 
92000 
87500 
82000 
75500 
68000 
59500 


99999 
99998 
99995 
99992 
99987 
99982 
99975 
99968 
99959 


99950 
99800 
99550 
99200 
98750 
98200 
97550 
96800 
95950 


95000 
80000 
55000 
20000 
75000 
20000 
55000 
80000 
95000 


00000 
00000 
00000 
00002 
00004 
00007 
00011 
00017 
00024 


00033 
00266 
00899 
02133 
04166 
07199 
11433 
17066 
24299 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 


00000 
00000 
00000 
00000 
00000 
00001 
00001 
00002 
00002 


00003 
00027 
00090 
00213 
00417 
00720 
01143 
01707 
02430 


03333 
26667 
90000 
13333 
16667 
20000 
43333 
06666 
29998 


33331 
66627 
99798 
32693 
65104 
96760 
27331 
56427 
83598 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0.90000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0, 00000 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


0, 00000 
0. 00000 
0, 00000 
0. 00000 
0.00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


For n>10, In (1£210-*) = x]0-"—5 2210-2 to 25D. 


—In (—2z10-*) 


00001 00000 
00002 00000 
00003 00000 
00004 00000 
00005 00000 
00006 00000 
00007 00000 
00008 00000 
00009 00000 


00010 00000 
00020 00000 
00030 00000 
00040 00000 
00050 00000 
00060 00000 
00070 00000 
00080 00000 
00090 00000 


00100 00000 
00200 00000 
00300 00000 
00400 00000 
00500 00001 
00600 00001 
00700 00002 
00800 00003 
00900 00004 


01000 00005 
02000 00020 
03000 00045 
04000 00080 
05000 00125 
06000 00180 
07000 00245 
08000 00320 
09000 00405 


10000 00500 
20000 02000 
30000 04500 
40000 08000 
50000 12500 
60000 18000 
70000 24500 
80000 32000 
90000 40500 


00000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 


00050 
00200 
00450 
00800 
01250 
01800 
02450 
03200 
04050 


05000 
20000 
45000 
80000 
25000 
80000 
45000 
20000 
05000 


00000 
00000 
00000 
00002 
00004 
00007 
00011 
00017 
00024 


00033 
00266 
00900 
02133 
04166 
07200 
11433 
17066 
24300 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 


00000 
00000 
00000 
00000 
00000 
00001 
00001 
00002 
00002 


00003 
00027 
00090 
00213 
00417 
00720 
01143 
01707 
02430 


03333 
26667 
90000 
13333 
16667 
20000 
43334 
06668 
30002 


33336 
66707 
00203 
33973 
68229 
03240 
39336 
76907 
16403 


8 


La OONTOOPWNME OONTOPWNE OONDUHDWNH SOONAOPWN-E SOONKDUBPWDHe 
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0, 00000 
0. 00001 
0. 00002 
0. 00003 
0. 00004 
0.00005 
0. 00006 
0. 00007 
0. 00008 


0. 00009 
0. 00019 
0.00029 
0. 00039 
0, 00049 
0, 00059 
0.00069 
0.00079 
0. 00089 


0. 00099 
0.00199 
0.00299 
0, 00399 
0. 00498 
0. 00598 
0. 00697 
0.00796 
0. 00895 


0. 00995 
0. 01980 
0.02955 
0. 03922 
0. 04879 
0.05826 
0. 06765 
0.07696 
0.08617 


0.09531 
0.18232 
0. 26236 
0. 33647 
0. 40546 
0. 47000 
0.53062 
0.58778 
0. 64185 


0. 69314 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


RADIX TABLE OF NATURAL LOGARITHMS 


In (1+210-7) 


99999 
99998 
99995 
99992 
99987 
99982 
99975 
99968 
99959 


99950 
99800 
99550 
99200 
98750 
98200 
97551 
96801 
95952 


95003 
80026 
55089 
20212 
75415 
20716 
56137 
81696 
97413 


03308 
26272 
88022 
07131 
01641 
89081 
86484 
10411 
76962 


01798 
15567 
42644 
22366 
51081 
36292 
82510 
66649 
38861 


71805 


50000 
00002 
50008 
00021 
50041 
00071 
50114 
00170 
50242 


00333 
02666 
08997 
21326 
41651 
71967 
14273 
70564 
42836 


33083 
62673 
79798 
69537 
11039 
77547 
36425 
49176 
71471 


53168 
96179 
41544 
53281 
69432 
23975 
73814 
36128 
41052 


04324 
93954 
67491 
21212 
08164 
45735 
62170 
02119 
72394 


59945 


33333 
66662 
99979 
33269 
66510 
99676 
32733 
65642 
98359 


30833 
26673 
97548 
93538 
04791 
61554 
34192 
33215 
09300 


53316 
05601 
47881 
45299 
07361 
46378 
24209 
87351 
90444 


08284 
71302 
40273 
29626 
00306 
77552 
80526 
32498 
33234 


86004 
62621 
05203 
93050 
38197 
55365 
39623 
00818 
77599 


30941 


08334 
66673 
75049 
33538 
42292 
01555 
11695 
73220 
86809 


53332 
06560 
58785 
06509 
40636 
42280 
112369 
90059 
94948 


68094 
82538 
16106 
90751 
21022 
20189 
95222 
07973 
31465 


82154 
60291 
26194 
92009 
53744 
57184 
84159 
42170 
13335 


39521 
17180 
54960 
45934 
80131 
09370 
15432 
97311 
10360 


72321 


0. 00001 
0. 00002 
0. 00003 
0. 00004 
0. 00005 
0. 00006 
0. 00007 
0. 00008 
0, 00009 


0. 00010 
0. 00020 
0. 00030 
0. 00040 
0. 00050 
0.00060 
0. 00070 
0. 00080 
0. 00090 


0. 00100 
0. 00200 
0. 00300 
0. 00400 
0.00501 
0. 00601 
0.00702 
0. 00803 
0. 00904 


0.01005 
0. 02020 
0. 03045 
0. 04082 
0.05129 
0. 06187 
0.07257 
0. 08338 
0. 09431 


0. 10536 
0. 22314 
0. 35667 
0.51082 
0. 69314 
0.91629 
1.20397 
1. 60943 
2. 30258 
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Table 4.3 


—In (1—210-”) 


00000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 


00050 
00200 
00450 
00800 
01250 
01800 
02451 
03201 
04052 


05003 
20026 
45090 
80213 
25418 
80723 
46149 
21716 
07446 


03358 
27073 
92074 
19945 
32943 
54037 
06928 
16089 
06794 


05156 
35513 
49439 
56237 
71805 
07318 
28043 
79124 
50929 


0 


50000 
00002 
50009 
00021 
50041 
00072 
50114 
00170 
50243 


00333 
02667 
09002 
21339 
41682 
72032 
14393 
70769 
43164 


33583 
70673 
20298 
97538 
23544 
25563 
36964 
97264 
52149 


53501 
17519 
84708 
20255 
87550 
18087 
34835 
39051 
71241 


57826 
14209 
38732 
65990 
59945 
74155 
25935 
34100 
94045 


33333 
66670 
00020 
33397 
66822 
00324 
33933 
67690 
01640 


35833 
06673 
02548 
73538 
29791 
41555 
39196 
13224 
14318 


53350 
07735 
72181 
81834 
28204 
01620 
45987 
25903 
06220 


44118 
44840 
54591 
12955 
53342 
47179 
43071 
05839 
32687 


30122 
75576 
37891 
68320 
30941 
06518 
99262 
37460 
68401 


58334 
66673 
25049 
33538 
92292 
01555 
61695 
73221 
36811 


53335 
06773 
61215 
20162 
92719 
97800 
69533 
63873 
66419 


01430 
16511 
32509 
87927 
30937 
19350 
41123 
86494 
55241 


35489 
80453 
92613 
45771 
61961 
78001 
15733 
47658 
71427 


75010 
62951 
26387 
55141 
72321 
35272 
27462 
07593 
79915 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.4. 
v 
0. 000 1, 00000 
0. 001 1, 00100 
0, 002 1, 00200 
0, 003 1. 00300 
0. 004 1, 00400 
0, 005 1. 00501 
0, 006 1, 00601 
0. 007 1. 00702 
0. 008 1. 00803 
0. 009 1, 00904 
0. 010 1.01005 
0,011 1.01106 
0. 012 1, 01207 
0. 013 1. 01308 
0.014 1, 01409 
0,015 1, 01511 
0. 016 1.01612 
0, 017 1.01714 
0,018 1.01816 
0,019 1. 01918 
0, 020 1.02020 
0,021 1, 02122 
0. 022 1, 02224 
0, 023 1. 02326 
0. 024 1.02429 
0. 025 1.02531 
0. 026 1. 02634 
0. 027 1. 02736 
0. 028 1, 02839 
0.029 1, 02942 
0. 030 1, 03045 
0. 031 1, 03148 
0. 032 1, 03251 
0. 033 1. 03355 
0.034 1. 03458 
0. 035 1. 03561 
0. 036 1. 03665 
0. 037 1. 03769 
0. 038 1. 03873 
0. 039 1.03977 
0. 040 1, 04081 
0. 041 1.04185 
0. 042 1. 04289 
0. 043 1, 04393 
0. 044 1. 04498 
0.045 1, 04602 
0. 046 1.04707 
0. 047 1, 04812 
0. 048 1.04917 
0,049 1, 05022 
0. 050 1, 05127 


For use and extension of the table see Examples 8-11. 


See Table 7.1 for values of fee 


EXPONENTIAL FUNCTION 


ex 


00000 
05001 
20013 
45045 
80106 


25208 
80360 
45572 
20855 
06217 


01670 
07224 
22888 
48673 
84589 


30646 
86854 
53223 
29763 
16486 


13400 
20516 
37844 
65395 
03178 


51205 
09484 
78027 
56844 
45944 


45339 
55038 
75053 
05392 
46067 


97087 
58464 
30208 
12328 
04836 


07741 
21055 
44787 
78948 
23548 


78599 
44109 
20090 
06553 
03507 


10963 


00000 
66708 
34000 
03377 
77341 


59401 
54064 
66848 
04273 
73867 


84168 
44719 
66077 
59809 
38492 


15718 
06094 
25240 
89793 
17408 


26755 
37528 
70438 
47217 
90621 


24428 
73442 
63489 
21425 
75130 


53516 
86522 
05118 
41305 
28117 


99623 
90923 
38157 
78497 
50157 


92388 
45479 
50763 
50612 
88443 


08716 
56937 
79655 
24470 
40028 


76024 


000 
342 
267 
026 
872 


063 
865 
555 
431 
814 


058 
556 
754 
158 
345 


979 
822 
748 
761 
011 


810 
653 
235 
475 
534 


841 
115 
392 
045 
820 


856 
716 
420 
472 
894 


260 
727 
074 
733 
831 


227 
549 
238 
586 
7719 


943 
184 
638 
516 
148 


040 


* and Table 26.1 for ~- e 2 


V20 


1, 00000 
0. 99900 
0. 99800 
0. 99700 
0. 99600 


0.99501 
0.99401 
0. 99302 
0. 99203 
0. 99104 


0. 99004 
0. 98906 
0. 98807 
0. 98708 
0. 98609 


0.98511 
0. 98412 
0. 98314 
0. 98216 
0. 98117 


0.98019 
0.97921 
0. 97824 
0. 97726 
0. 97628 


0. 97530 
0.97433 
0. 97336 
0. 97238 
0.97141 


0.97044 
0. 96947 
0. 96850 
0. 96753 
0. 96657 


0. 96560 
0. 96464 
0. 96367 
0. 96271 
0.96175 


0. 96078 
0, 95982 
0. 95886 
0.95791 
0. 95695 


0. 95599 
0. 95504 
0. 95408 
0. 95313 
0.95218 


0. 95122 


2 
2 


eer 


00000 
04998 
19986 
44955 
79893 


24791 
79640 
44429 
19148 
03787 


98337 
02787 
17128 
41350 
75442 


19396 
73200 
36846 
10323 
93622 


86733 
89645 
02350 
24837 
57097 


99120 
50896 
12415 
83668 
64644 


55335 
55730 
65820 
85595 
15046 


54162 
02934 
61353 
29408 
07091 


94391 
91299 
97805 
13900 
39574 


74818 
19621 
73975 
37870 
11296 


94245 


00000 
33374 
67333 
03372 
43991 


92682 
53935 
33235 
37060 
72883 


49168 
75368 
61930 
20287 
62861 


03062 
55285 
34909 
58300 
42806 


06755 
69459 
51210 
73277 
57909 


28332 
08749 
24336 
01246 
66604 


48508 
76025 
79197 
89032 
37506 


57566 
83123 
49053 
91199 
46366 


52323 
47798 
72484 
67030 
73046 


33099 
90714 
90371 
77504 
98504 


00714 


ea 


000 
992 
067 
976 
472 


313 
265 
105 
630 
662 


054 
698 
540 
583 
903 


661 
115 
635 
718 
006 


302 
588 
045 
073 
314 


669 
328 
791 
891 
825 


177 
948 
585 
009 
651 


478 
030 
452 
529 
723 


209 
914 
552 
669 
678 


907 
635 
141 
745 
853 


009 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1.05127 
1, 05232 
1. 05337 
1.05442 
1. 05548 


1. 05654 
1.05759 
1, 05865 
1.05971 
1. 06077 


1, 06183 
1, 06289 
1. 06396 
1, 06502 
1, 06609 


1. 06715 
1, 06822 
1. 06929 
1, 07036 
1. 07143 


1.07250 
1, 07358 
1.07465 
1.07573 
1. 07680 


1.07788 
1, 07896 
1. 08004 
1, 08112 
1, 08220 


1. 08328 
1, 08437 
1.08545 
1. 08654 
1, 08762 


1, 08871 
1. 08980 
1. 09089 
1.09198 
1. 09308 


1.09417 
1. 09526 
1, 09636 
1. 09746 
1.09855 


1. 09965 
1.10075 
1.10186 
1.10296 
1.10406 


1.10517 


EXPONENTIAL FUNCTION 


e 


10963 76024 
28932 83203 
57425 13364 
96451 19355 
46021 55080 


06146 75494 
76837 36611 
58103 95500 
49957 10287 
52407 40159 


65465 45359 
89141 87195 
23447 28033 
68392 31305 
23987 .61505 


90243 84192 
67171 65993 
54781 74600 
53084 78774 
62091 48346 


81812 54216 
12258 68357 
53440 63813 
05369 14703 
68054 96219 


41508 84631 
25741 57283 
20763 92600 
26586 70083 
43220 70314 


70676 74958 
08965 66760 
58098 29549 
18085 48238 
88938 08826 


70666 98398 
63283 05128 
66797 18277 
81220 28197 
06563 26330 


42837 05210 
90052 58465 
48220 80816 
17352 68081 
97459 17173 


88551 26102 
90639 93978 
03736 21010 
27851 08507 
62995 58881 


09180 75647 


cy 


0.95122 
0. 95027 
0. 94932 
0. 94838 
'0. 94743 


0. 94648 
0. 94553 
0. 94459 
0. 94364 
0. 94270 


0. 94176 
0. 94082 
0. 93988 
0. 93894 
0. 93800 


0. 93706 
0. 93613 
0. 93519 
0.93426 
0. 93332 


0. 93239 
0. 93146 
0. 93053 
0. 92960 
0. 92867 


0.92774 
0. 92681 
0. 92588 
0.92496 
0. 92403 


0. 92311 
0. 92219 
0. 92127 
0, 92035 
0.91943 


0.91851 
0.91759 
0, 91667 
0. 91576 
0. 91484 


0. 91393 
0. 91301 
0. 91210 
0.91119 
0. 91028 


0. 90937 
0. 90846 
0. 90755 
0. 90664 
0. 90574 


0. 90483 


22844 
42312 
70956 
08767 
55735 


11852 
77108 
51495 
35002 
27622 


29344 
40160 
60061 
89037 
27080 


74180 


Table 4.4 


00714 
32426 
42889 
82298 
01798 


53483 
90396 
66523 
36798 
57099 


84248 
76009 
91088 
89133 
30729 


77403 
91618 
36776 
77213 
78201 


05948 
27592 
11205 
25792 
41287 


28552 
59382 
06495 
43539 
45086 


86635 
44608 
96348 
20124 
95124 


01457 
20150 
33152 
23325 
74452 


71228 
99265 
45090 
96140 
40766 


68231 
68706 
33272 
53920 
23548 


35959 


(r 


117 


118 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1.10517 
1, 10627 
1. 10738 
1, 10849 
1. 10960 


1.11071 
1, 11182 
1.11293 
1.11404 
1.11516 


1.11627 
1.11739 
1.11851 
1.11963 
1.12075 


1, 12187 
1.12299 
1.12411 
1.12524 
1.12636 


1.12749 
1, 12862 
1.12975 
1.13088 
1.13201 


1.13314 
1.13428 
1.13541 
1.13655 
1.13769 


1, 13882 
1, 13996 
1.14110 
1.14224 
1.14339 


1.14453 
1.14568 
1.14682 
1, 14797 
1.14912 


1.15027 
1.15142 
1.15257 
1.15372 
1.15488 


1, 15603 
1.15719 
1.15835 
1.15951 
1, 16067 


1. 16183 


EXPONENTIAL FUNCTION 


e 


09180 75647 
66417 63423 
34717 27933 
14090 76007 
04549 15582 


06103 55705 
18765 06530 
42544 79325 
77453 86467 
23503 41447 


80704 58871 
49068 54458 
28606 45045 
19329 48585 
21248 84153 


34375 71938 
58721 33254 
94296 90536 
41113 67342 
99182 88352 


68515 79375 
49123 67343 
41017 80318 
44209 47489 
58709 99175 


84530 66826 
21682 83024 
70177 81486 
30026 97060 
01241 65731 


83833 24621 
77813 11990 
83192 67235 
99983 30894 
28196 44646 


67843 51314 
18935 94861 
81485 20398 
55502 74178 
41000 03605 


37988 57227 
46479 84744 
66485 37004 
98016 66010 
41085 24913 


95702 68021 
61880 50796 
39630 29855 
28963 62973 
29892 09085 


42427 28283 


(Py 


0. 90483 
0. 90393 
0. 90302 
0. 90212 
0. 90122 


0. 90032 
0. 89942 
0. 89852 
0. 89762 
0. 89673 


0. 89583 
0. 89493 
0. 89404 
0. 89315 
0. 89225 


0. 89136 
0. 89047 
0. 88958 
0. 88869 
0. 88780 


0. 88692 
0. 88603 
0. 88514 
0. 88426 
0. 88337 


0. 88249 
0. 88161 
0. 88073 
0. 87985 
0. 87897 


0. 87809 
0. 87721 
0. 87634 
0. 87546 
0. 87459 


0. 87371 
0. 87284 
0. 87197 
0. 87109 
0. 87022 


0. 86935 
0. 86848 
0. 86762 
0. 86675 
0. 86588 


0. 86502 
0. 86415 
0. 86329 
0. 86243 
0. 86156 


0. 86070 


e72 


74180 35959 
30328 85864 
95516 68876 
69734 81516 
52974 21204 


45225 86265 
46480 75924 
56729 90305 
75964 30434 
04174 98235 


41352 96528 
87489 29031 
42575 00357 
06601 16015 
79558 82408 


61439 06831 
52232 97472 
51931 63411 
60526 14617 
78007 61950 


04367 17157 
39595 92875 
83685 02627 
36625 60820 
98408 82750 


69025 84595 
48467 83416 
36725 97156 
33791 44643 
39655 45583 


54309 20561 
77743 91043 
09950 79373 
50921 08771 
00646 03334 


59116 88034 
26324 88719 
02261 32109 
86917 45798 
80284 58251 


82353 98805 
93116 97667 
12564 85914 
40688 95488 
77480 59205 


22931 10741 
77031 84642 
39774 16319 
11149 42045 
91148 98958 


79764 25057 


icy 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1. 16183 
1, 16299 
1, 16416 
1. 16532 
1. 16649 


1, 16765 
1. 16882 
1, 16999 
1.17116 
1, 17233 


1.17351 
1.17468 
1.17586 
1.17703 
1.17821 


1.17939 
1, 18057 
1.18175 
1.18293 
1, 18412 


1. 18530 
1.18649 
1.18767 
1. 18886 
1.19005 


1.19124 
1.19243 
1.19363 
1.19482 
1.19602 


1.19721 
1.19841 
1.19961 
1. 20081 
1, 20201 


1, 20321 
1. 20442 
1. 20562 
1, 20683 
1. 20804 


1. 20924 
1.21045 
1, 21167 
1, 21288 
1. 21409 


1, 21531 
1.21652 
1.21774 
1, 21896 
1. 22018 


1, 22140 


EXPONENTIAL FUNCTION 


er 


42427 
66580 
02364 
49789 
08867 


79611 
62030 
56139 
61947 
79466 


08709 
49688 
02413 
66896 
43150 


31187 
31017 
42653 
66106 
01389 


48513 
07490 
78332 
61050 
55658 


62166 
80586 
10931 
53212 
07441 


73631 
51792 
41938 
44080 
58230 


84401 
22603 
72850 
35153 
09524 


95976 
94520 
05169 
27935 
62829 


09864 
69053 
40407 
23938 
19658 


27581 


28283 
81820 
32112 
42737 
78439 


05125 
89869 
00913 
07669 
80717 


91810 
13871 
20999 
88467 
92722 


11390 


23276 | 


08361 
47810 
23969 


20365 
21711 
13905 
84032 
20362 


12358 
50669 
27138 
34800 
67883 


21810 
93199 
79868 
80830 
96301 


27695 
77629 
49924 
49605 
82901 


57251 
81299 
64900 
19119 
56233 


89730 
34316 
05908 
21642 
99872 


60169 


re 


0. 86070 
0. 85984 
0. 85898 
0, 85812 
0. 85727 


0. 85641 
0. 85555 
0. 85470 
0. 85384 
0. 85299 


0. 85214 
0. 85129 
0. 85044 
0. 84959 
0. 84874 


0. 84789 
0. 84704 
0. 84619 
0. 84535 
0. 84450 


0. 84366 
0, 84282 
0. 84197 
0. 84113 
0.84029 


0. 83945 
0. 83861 
0. 83777 
0. 83694 
0, 83610 


0. 83527 
0. 83443 
0. 83360 
0. 83276 
0. 83193 


0. 83110 
0. 83027 
0. 82944 
0. 82861 
0. 82778 


0. 82695 
0. 82613 
0. 82530 
0. 82448 
0. 82365 


0. 82283 
0. 82201 
0. 82119 
0. 82036 
0. 81954 


0. 81873 


ez 


79764 
76986 
82807 
97218 
20210 


51774 
91903 
40588 
97819 
63589 


37889 
20711 
12045 
11884 
20218 


37040 
62341 
96113 
38346 
89033 


48165 
15734 
91731 
76148 
68976 


70207 
79833 
97845 
24234 
58993 


02114 
53586 
13404 
81557 
58038 


42838 
35949 
37363 
47072 
65066 


91339 
25881 
68684 
19741 
79042 


46580 
22346 
06333 
98531 
98933 


07530 


Table 4.4 


25057 
59205 
41123 
11393 
11457 


83613 
71018 
17685 
68481 
69131 


66211 
07151 
40232 
14590 
80206 


87915 
89399 
37188 
84658 
86034 


96383 
71619 
68499 
44623 
58431 


69207 
37074 
22993 
88768 
97035 


11272 
95789 
15735 
37090 
26671 


52125 
81932 
85403 
32680 
94733 


43362 
51193 
91682 
39108 
68576 


56018 
78186 
12657 
37831 
32925 


77981 


Pr 


119 


120 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1.22140 
1. 22262 
1, 22384 
1. 22507 
1.22629 


1. 22752 
1, 22875 
1, 22998 
1, 23121 
1, 23244 


1. 23367 
1, 23491 
1, 23614 
1, 23738 
1, 23862 


1, 23986 
1, 24110 
1.24234 
1. 24358 
1. 24483 


1, 24607 
1. 24732 
1, 24857 
1.24982 
1.25107 


1. 25232 
1, 25357 
1, 25482 
1, 25608 
1.25734 


1, 25860 
1. 25985 
1, 26111 
1, 26238 
1. 26364 


1, 26490 
1. 26617 
1, 26744 
1. 26870 
1.26997 


1.27124 
1.27252 
1.27379 
1, 27506 
1. 27634 


1. 27762 
1. 27889 
1, 28017 
1, 28145 
1, 28274 


1. 28402 


EXPONENTIAL FUNCTION 


ez 


27581 
47718 
80081 
24682 
81534 


50649 
32039 
25717 
31695 
49985 


80599 
23550 
78850 
46512 
26547 


18969 
23790 
41021 
70676 
12766 


67305 
34305 
13778 
05737 
10194 


27161 
56652 
98679 
53254 
20390 


00099 
92394 
97288 
14793 
44922 


87687 
43101 
11177 
91928 
85365 


91503 
10353 
41928 
86241 
43304 


13132 
95735 
91127 
99321 
20330 


54166 


60169 
23327 
11358 
47499 
56210 


63177 
95312 
80752 
48867 
30254 


56743 
61394 
78503 
43600 
93452 


66061 
00671 
37764 
19061 
87531 


87380 
64064 
64283 
35983 
28362 


91864 
78186 
40279 
32344 
09839 


29477 
49231 
28329 
27261 
07777 


32891 
66879 
75283 
24910 
83836 


21404 
08229 
16194 
18459 
89454 


04886 
41738 
78269 
94021 
69811 


87741 


7 


0. 81873 
0. 81791 
0. 81709 
0. 81627 
0, 81546 


0. 81464 
0. 81383 
0. 81301 
0, 81220 
0. 81139 


0. 81058 
0. 80977 
0, 80896 
0. 80815 
0. 80734 


0, 80654 
0. 80573 
0. 80492 
0. 80412 
0. 80332 


0. 80251 
0.80171 
0. 80091 
0..80011 
0. 79931 


0. 79851 
0.79771 
0. 79692 
0. 79612 
0. 79532 


0. 79453 
0. 79373 
0. 79294 
0.79215 
0. 79136 


0. 79057 
0. 78978 
0. 78899 
0. 78820 
0. 78741 


0. 78662 
0. 78584 
0. 78505 
0. 78427 
0. 78348 


0. 78270 
0. 78192 
0. 78114 
0. 78035 
0.77957 


0. 77880 


e-z 


07530 
24315 
49279 
82414 
23711 


73164 
30762 
96499 
70367 
52356 


42459 
40668 
46975 
61372 
83850 


14401 
53018 
99693 
54416 
17181 


87979 
66802 
53643 
48492 
51343 


62187 
81016 
07822 
42598 
85335 


36025 
94660 
61233 
35735 
18158 


08496 
06739 
12880 
26910 
48823 


78610 
16263 
61775 
15137 
76342 


45382 
22249 
06935 
99432 
99733 


07830 


77981 
53859 
42236 
25609 
87292 


11414 
82920 
87570 
11939 
43411 


70187 
81276 
66499 
16488 
22681 


77326 
73479 
05001 
66559 
53626 


62478 
90195 
34659 
94554 
69365 


59377 
65674 
90139 
35453 
05093 


03334 
35242 
06683 
24314 
95583 


28735 
32802 
17609 
93770 
72687 


66553 
88345 
51829 
71556 
62862 


41868 
25477 
31376 
78034 
84700 


71404 


7 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1, 28402 
1, 28531 
1, 28659 
1, 28788 
1. 28917 


1. 29046 
1.29175 
1. 29304 
1, 29433 
1, 29563 


1. 29693 
1. 29822 
1, 29952 
1. 30082 
1. 30212 


1, 30343 
1, 30473 
1, 30604 
1. 30734 
1. 30865 


1. 30996 
1. 31127 
1, 31258 
1. 31390 
1. 31521 


1. 31653 
1, 31784 
1. 31916 
1, 32048 
1.32180 


1, 32312 
1. 32445 
1, 32577 
1. 32710 
1. 32843 


1, 32976 
1. 33109 
1, 33242 
1.33375 
1, 33509 


1. 33642 
1. 33776 
1. 33910 
1. 34044 
1. 34178 


1, 34312 
1. 34447 
1, 34581 
1. 34716 
1. 34850 


1, 34985 


EXPONENTIAL FUNCTION 


er 


54166 
00843 
60372 
32768 
18042 


16208 
27279 
51267 
88186 
38048 


00866 
76654 
65424 
67189 
81963 


09757 
50586 
04463 
71400 
51410 


44507 
50703 
70013 
02448 
48022 


06748 
78640 
63710 
61972 
73438 


98123 
36039 
87199 
51618 
29307 


20281 
24552 
42134 
73041 
17285 


74880 
45839 
30176 
27904 
39036 


63586 
01568 
52994 
17878 
96234 


88075 


87741 
31195 
84840 
34630 
67804 


72889 
39703 
59353 
24237 
28048 


65771 
33689 
29381 
51724 
00894 


78368 
86927 
30654 
14936 
46466 


33247 
84587 
11108 
24739 
38724 


67621 
27303 
34958 
09095 
69539 


37436 
35257 
86792 
17157 
52794 


21473 
52291 
75675 
23384 
28508 


25472 
50035 
39293 
31681 
66971 


86276 
32052 
48097 
79554 
72910 


76003 


7" 


484 
317 


0. 77880 
0. 77802 
0. 77724 
0.77646 
0. 77569 


0. 77491 
0.77414 
0. 77336 
0.77259 
0. 77182 


0.77105 
0. 77028 
0. 76951 
0. 76874 
0. 76797 


0. 76720 
0. 76643 
0. 76567 
0. 76490 
0. 76414 


0. 76337 
0. 76261 
0. 76185 
0. 76109 
0. 76033 


0. 75957 
0. 75881 
0. 75805 
0. 75729 
0. 75653 


0. 75578 
0. 75502 
0.75427 
0. 75351 
0. 75276 


0. 75201 
0. 75126 
0. 75051 
0. 74976 
0. 74901 


0. 74826 
0. 74751 
0. 74676 
0. 74602 
0. 74527 


0. 74453 
0. 74378 
0. 74304 
0. 74230 
0. 74155 


0. 74081 


Table 4.4 


e-z 


07830 71404 
23715 58957 
47380 68946 
78818 23737 
18020 46476 


64979 61080 
19687 92248 
82137 65449 
52321 06928 
30230 43703 


15858 03566 
09196 15079 
10237 07575 
18973 11160 
35396 56706 


59499 75855 
91275 01019 
30714 65373 
77811 02864 
32556 48198 


94943 36853 
64964 05065 
42610 89837 
27876 28934 
20752 60882 


21232 24968 
29307 61241 
44971 10508 
68215 14335 
99032 15047 


37414 55725 
83354 80208 
36845 33088 
97878 59717 
66447 06196 


42543 19382 
26159 46886 
17288 37067 
15922 39041 
22054 02669 


35675 78565 
56780 18091 
85359 73357 
21406 97221 
64914 43288 


15874 65909 
74280 20179 
40123 61939 
13397 47774 
94094 35010 


82206 81717 


(7 


868 
312 


121 


122 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1, 34985 
1, 35120 
1. 35256 
1, 35391 
1, 35526 


1, 35662 
1, 35798 
1, 35934 
1. 36070 
1. 36206 


1. 36342 
1. 36478 
1, 36615 
1. 36752 
1. 36888 


1, 37025 
1. 37163 
1, 37300 
1. 37437 
1.37575 


1.37712 
1, 37850 
1. 37988 
1. 38126 
1. 38264 


1. 38403 
1.38541 
1. 38680 
1. 38818 
1.38957 


1. 39096 
1, 39235 
1, 39375 
1, 39514 
1. 39654 


1, 39794 
1. 39933 
1, 40073 
1, 40214 
1, 40354 


1. 40494 
1. 40635 
1. 40776 
1. 40916 
1. 41057 


1, 41198 
1, 41340 
1. 41481 
1. 41623 
1. 41764 


1. 41906 


EXPONENTIAL FUNCTION 


er 


88075 76003 
93415 38015 
12267 09482 
44644 42288 
90560 89671 


50030 06224 
23065 47892 
09680 71980 
09889 37150 
23705 03421 


51141 32177 
92211 86161 
46930 29479 
15310 27605 
97365 47375 


93109 56996 
02556 26042 
25719 25458 
62612 27561 
13249 06039 


77643 35957 
55808 93753 
47759 57246 
53509 05630 
73071 19479 


06459 80751 
53688 72784 
14771 80302 
89722 89412 
78555 87610 


81284 63780 
97923 08194 
28485 12516 
72984 69803 
31435 74505 


03852 22467 
90248 10930 
90637 38535 
05034 05320 
33452 12726 


75905 63593 
32408 62169 
02975 14102 
87619 26450 
86355 07678 


99196 67659 
26158 17677 
67253 70428 
22497 40023 
91903 41986 


75485 93257 


ca 


0. 74081 
0. 74007 
0. 73933 
0. 73859 
0. 73786 


0. 73712 
0. 73638 
0. 73565 
0. 73491 
0. 73418 


0. 73344 
0. 73271 
0. 73198 
0. 73124 
0. 73051 


0. 72978 
0. 72905 
0. 72833 
0. 72760 
0. 72687 


0. 72614 
0. 72542 
0. 72469 
0. 72397 
0. 72325 


0. 72252 
0. 72180 
0. 72108 
0. 72036 
0. 71964 


0. 71892 
0. 71820 
0. 71748 
0.71677 
0. 71605 


0. 71533 
0. 71462 
0. 71390 
0. 71319 
0. 71248 


0. 71177 
0. 71105 
0. 71034 
0. 70963 
0. 70892 


0. 70822 
0.70751 
0. 70680 
0. 70609 
0. 70539 


0. 70468 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1. 41906 
1, 42048 
1. 42190 
1, 42333 
1. 42475 


1, 42618 
1, 42760 
1. 42903 
1. 43046 
1, 43189 


1, 43332 
1, 43476 
1. 43619 
1. 43763 
1, 43907 


1, 44051 
1. 44195 
1. 44339 
1, 44484 
1. 44628 


1.44773 
1. 44918 
1, 45063 
1, 45208 
1. 45353 


1. 45499 
1, 45644 
1. 45790 
1. 45936 
1. 46082 


1, 46228 
1, 46374 
1. 46521 
1. 46667 
1. 46814 


1, 46961 
1, 47108 
1. 47255 
1. 47402 
1. 47550 


1. 47698 
1.47845 
1, 47993 
1. 48141 
1. 48290 


1. 48438 
1. 48586 
1, 48735 
1, 48884 
1, 49033 


1. 49182 


EXPONENTIAL FUNCTION 


e 


75485 
73259 
85237 
11434 
51864 


06542 
75482 
58698 
56204 
68015 


94145 
34608 
89419 
58592 
42141 


40081 
52426 
79191 
20389 
76036 


46146 
30733 
29812 
43398 
71504 


14146 
71337 
43093 
29428 
30357 


45894 
76054 
20851 
80300 
54416 


43214 
46708 
64912 
97842 
45513 


07938 
85134 
77114 
83893 
05486 


41909 
93175 


93257 
12195 
18577 
33601 
79888 


81480 
63844 
53876 
79897 
71658 


60340 
78555 
60351 
41209 
58046 


49217 
54516 
15177 
73879 
74739 


63324 
86644 
93158 
32775 
56852 


18201 
71086 
71225 
75796 
43431 


34224 
09728 
32959 
68398 
81989 


41144 
14743 
73135 
88141 
33054 


82642 
13147 
02288 
29264 
74753 


20914 
51389 
51306 
07277 
07402 


41270 


0. 70468 
0. 70398 
0. 70328 
0. 70257 
0. 70187 


0.70117 
0. 70047 
0. 69977 
0. 69907 
0. 69837 


0. 69767 
0. 69697 
0. 69628 
0. 69558 
0. 69489 


0, 69419 
0. 69350 
0. 69280 
0. 69211 
0. 69142 


0. 69073 
0. 69004 
0. 68935 
0. 68866 
0. 68797 


0. 68728 
0. 68660 
0. 68591 
0. 68523 
0. 68454 


0. 68386 
0. 68317 
0. 68249 
0. 68181 
0. 68113 


0. 68045 
0. 67977 
0. 67909 
0. 67841 
0. 67773 


0. 67705 
0. 67638 
0. 67570 
0. 67502 
0. 67435 


0. 67368 
0. 67300 
0. 67233 
0. 67166 
0. 67099 


0. 67032 


e—% 


80897 
37538 
01219 
71933 
49673 


34432 
26202 
24977 
30750 
43513 


63260 
89984 
23678 
64334 
11947 


66508 
28012 
96450 
71816 
54104 


43306 
39415 
42425 
52328 
69118 


92787 
23330 
60738 
05006 
56126 


14092 
78896 
50532 
28992 
14271 


06362 
05256 
10949 
23432 
42700 


68744 
01560 
41139 
87475 
40562 


00392 
66959 
40256 
20276 
07013 


00460 
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18713 
55620 
76340 
77241 
55394 


08572 
35252 
34611 
06525 
51573 


71031 
66872 
41770 
99095 
42910 


77978 
09755 
44391 
88730 
50308 


37354 
58789 
24222 
43955 
28979 


90972 
42301 
96020 
65870 
66278 


12355 
19899 
05390 
85990 
79547 


04587 
80321 
26636 
64104 
13971 


98164 
39289 
60626 
86133 
40444 


48867 
37386 
32657 
62009 
53445 


35639 


bead 


123 


124 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1, 49182 
1.49331 
1.49481 
1. 49630 
1. 49780 


1. 49930 
1. 50080 
1. 50230 
1, 50380 
1.50531 


1. 50681 
1. 50832 
1.50983 
1.51134 
1.51285 


1, 51437 
1.51588 
1.51740 
1. 51892 
1.52044 


1.52196 
1.52348 
1.52500 
1, 52653 
1, 52806 


1.52959 
1, 53112 
1.53265 
1, 53418 
1, 53572 


1, 53725 
1.53879 
1, 54033 
1, 54187 
1.54341 


1, 54496 
1. 54650 
1.54805 
1.54960 
1.55115 


1.55270 
1, 55426 
1, 55581 
1.55737 
1, 55893 


1.56049 
1, 56205 
1.56361 
1.56517 
1. 56674 


1, 56831 


EXPONENTIAL FUNCTION 


318 
030 
686 
585 
840 


870 
898 
452 
860 
754 


578 
082 
838 
742 
526 


265 
894 
718 
927 
115 


796 
926 
422 
685 
126 


690 
382 
802 
666 
347 


402 
110 
008 
428 
038 


384 
427 
096 
826 
108 


042 
879 
580 
367 
277 


719 
035 
055 
663 
356 


811 


0. 67032 
0. 66965 
0. 66898 
0. 66831 
0. 66764 


0. 66697 
0. 66631 
0. 66564 
0. 66497 
0. 66431 


0, 66365 
0. 66298 
0. 66232 
0. 66166 
0. 66100 


0. 66034 
0. 65968 
0. 65902 
0. 65836 
0. 65770 


0. 65704 
0. 65639 
0. 65573 
0. 65507 
0. 65442 


0. 65376 
0. 65311 
0. 65246 
0. 65181 
0, 65115 


0. 65050 
0. 64985 
0. 64920 
0. 64856 
0. 64791 


0. 64726 
0. 64661 
0. 64597 
0. 64532 
0. 64468 


0. 64403 
0. 64339 
0. 64274 
0. 64210 
0. 64146 


0. 64082 
0. 64018 
0. 63954 
0. 63890 
0. 63826 


0. 63762 


et 


00460 
00610 
07456 
20993 
41212 


68108 
01674 
41903 
88788 
42323 


02501 
69316 
42760 
22828 
09512 


02807 
02704 
09199 
22284 
41952 


68198 
01014 
40393 
86331 
38819 


97851 
63421 
35522 
14147 
99291 


90947 
89107 
93766 
04918 
22554 


46670 
77259 
14314 
57828 
07796 


64210 
27065 
96354 
72070 
54208 


42760 
37720 
39082 
46840 
60986 


81516 


35639 
37934 
90346 
23560 
68928 


58474 
24886 
01521 
22401 
22216 


36319 
00727 
52122 
27848 
65912 


04982 
84389 
44120 
24827 
67816 


15056 
09171 
93441 
11806 
08858 


29847 
20675 
27900 
98731 
81032 


23316 
74749 
85147 
04976 
85350 


78034 
35439 
10624 
57294 
29801 


83141 
72956 
55531 
87795 
27319 


32318 
61647 
74800 
31916 
93768 


21773 


ie 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1. 56831 
1, 56988 
1.57145 
1, 57302 
1, 57459 


1.57617 
1.57775 
1, 57932 
1. 58090 
1. 58249 


1. 58407 
1.58565 
1, 58724 
1, 58883 
1. 59042 


1, 59201 
1. 59360 
1.59520 
1.59679 
1. 59839 


1.59999 
1. 60159 
1, 60319 
1, 60480 
1. 60640 


1. 60801 
1, 60962 
1, 61123 
1, 61284 
1, 61445 


1, 61607 
1, 61769 
1. 61930 
1, 62092 
1, 62255 


1. 62417 
1.62579 
1. 62742 
1. 62905 
1. 63068 


1, 63231 
1. 63394 
1. 63558 
1. 63722 
1. 63885 


1. 64049 
1. 64213 
1. 64378 
1, 64542 
1, 64707 


1. 64872 


EXPONENTIAL FUNCTION 


er 


21854 
12820 
19485 
41865 
79974 


33830 
03447 
88842 
90030 
07027 


39849 
88512 
53032 
33424 
29704 


41888 
69993 
14034 
74026 
49987 


41932 
49876 
73837 
13829 
69870 


41974 
30159 
34440 
54833 
91355 


44021 
12849 
97853 
99050 
16456 


50088 
99962 
66093 
48499 
47196 


62199 
93526 
41192 
05213 
85607 


82390 
95578 
25187 
71234 
33735 


12707 


90168 
93202 
77649 
14175 
75018 


33991 
66477 
49440 
61419 
82533 


94481 
80547 
25595 
16080 
40039 


87101 
48484 
17000 
87052 
54640 


17360 
74406 
26574 
76258 
27460 


85782 
58436 
54240 
83623 
58623 


92893 
01700 
01927 
12074 
52261 


44229 
11341 
78585 
72574 
21548 


55378 
05565 
05239 
89170 
93758 


57044 
18705 
20061 
04072 
15345 


00128 


( 


0. 63762 
0. 63699 
0. 63635 
0. 63571 
0. 63508 


0. 63444 
0. 63381 
0. 63318 
0. 63254 
0, 63191 


0. 63128 
0, 63065 
0. 63002 
0. 62939 
0. 62876 


0. 62813 
0. 62750 
0. 62688 
0. 62625 
0, 62562 


0. 62500 
0. 62437 
0. 62375 
0. 62313 
0. 62250 


0. 62188 
0, 62126 
0. 62064 
0. 62002 
0. 61940 


0. 61878 
0. 61816 
0. 61754 
0. 61692 
0. 61631 


0, 61569 
0. 61508 
0. 61446 
0. 61385 
0, 61323 


0. 61262 
0. 61201 
0. 61140 
0. 61079 
0. 61018 


0. 60957 
0. 60896 
0, 60835 
0. 60774 
0. 60713 


0. 60653 


Table 4.4 


e-t 


81516 21773 
08421 77982 
41697 25087 
81336 26414 
27332 45928 


79679 48228 
38370 98549 
03400 62759 
74762 07363 
52448 99495 


36455 06925 
26773 98054 
23399 41912 
26325 08162 
35544 67098 


51051 89640 
72840 47340 
00904 12377 
35236 57555 
75831 56310 


22682 82700 
75784 11411 
35129 17752 
00711 77657 
72525 67686 


50564 65020 
34822 47461 
25292 93437 
21969 81993 
24846 92799 


33918 06140 
49177 02925 
70617 64680 
98233 73547 
32019 12289 


71967 64285 
18073 13528 
70329 44630 
28730 42817 
93269 93927 


63941 84416 
40740 01349 
23658 32408 
12690 65884 
07830 90679 


09072 96309 
16410 72896 
29838 11176 
49349 02490 
74937 38789 


06597 12633 


a 


125 


126 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1. 64872 
1, 65037 
1. 65202 
1, 65367 
1, 65532 


1, 65698 
1. 65864 
1. 66030 
1. 66196 
1, 66362 


1. 66529 
1, 66695 
1. 66862 
1, 67029 
1. 67196 


1, 67363 
1. 67531 
1. 67698 
1. 67866 
1. 68034 


1, 68202 
1. 68371 
1. 68539 
1. 68708 
1, 68876 


1.69045 
1.69215 
1, 69384 
1, 69553 
1, 69723 


1. 69893 
1. 70063 
1, 70233 
1. 70403 
1, 70574 


1. 70744 
1.70915 
1, 71086 
1, 71257 
1.71429 


1. 71600 
1.71772 
1.71944 
1. 72116 
1. 72288 


1. 72460 
1. 72633 
1. 72806 
1. 72978 
1. 73152 


1. 73325 


EXPONENTIAL FUNCTION 


e 


12707 00128 
08166 06319 
20128 83464 
48611 82760 
93631 57054 


55204 60850 
33347 50305 
28076 83232 
39409 19105 
67361 19058 


11949 45886 
73190 64047 
51101 39666 
45698 40535 
56998 36112 


85017 97529 
29773 97587 
91283 10762 
69562 13205 
64627 82744 


76496 98886 
05186 42818 
50712 97408 
13093 47211 
92344 78463 


88483 79091 
01527 38708 
31492 48618 
78396 01819 
42254 93001 


23086 18550 
20906 76549 
35733 66781 
67583 90727 
16474 51574 


82422 54211 
65445 05232 
65559 12940 
82781 87347 
17130 40175 


68621 84858 
37273 36547 
23102 12106 
26125 30118 
46360 10887 


83823 76435 
38533 50509 
10506 58581 
99760 27847 
06311 87233 


30178 67395 


ce 


147 
214 


0, 60653 
0. 60592 
0. 60531 
0. 60471 
0, 60410 


0. 60350 
0. 60290 
0. 60229 
0. 60169 
0. 60109 


0, 60049 
0. 59989 
0. 59929 
0, 59869 
0. 59809 


0. 59750 
0. 59690 
0. 59630 
0.59571 
0.59511 


0. 59452 
0. 59392 
0. 59333 
0. 59273 
0. 59214 


0.59155 
0. 59096 
0. 59037 
0. 58978 
0. 58919 


0. 58860 
0. 58801 
0. 58742 
0. 58684 
0. 58625 


0. 58566 
0. 58508 
0. 58449 
0. 58391 
0. 58333 


0. 58274 
0. 58216 
0. 58158 
0. 58100 
0. 58042 


0. 57984 
0. 57926 
0. 57868 
0. 57810 
0.57752 


0. 57694 


e~7z 


06597 
44322 
88106 
37943 
93828 


55754 
23715 
97704 
T7717 
63747 


55788 
53833 
57878 
67916 
83940 


05946 
33926 
67876 
07789 
53658 


05479 
63245 
26951 
96589 
72156 


53643 
41046 
34359 
33576 
38690 


49696 
66589 
89361 
18008 
52523 


92901 
39135 
91221 
49151 
12920 


82523 
57953 
39205 
26273 
19151 


17833 
22313 
32586 
48646 
70487 


98103 


12633 
17187 
46224 
94122 
55864 


27040 
03842 
83065 
62109 
38975 


12265 
81185 
45538 
05729 
62761 


18237 
74358 
33920 
00321 
77550 


70194 
83436 
23052 
95412 
07481 


66815 
81562 
60463 
12850 
48643 


78355 
13085 
64523 
44946 
67219 


44793 
91706 
22582 
52628 
97638 


73989 
98641 
89137 
63601 
40742 


39846 
80782 
83997 
70519 
61954 


80486 


ce 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1, 73325 
1. 73498 
1. 73672 
1. 73846 
1. 74019 


1. 74194 
1. 74368 
1. 74542 
1.74717 
1, 74892 


1. 75067 
1, 75242 
1.75417 
1. 75593 
1. 75768 


1. 75944 
1.76120 
1.76297 
1. 76473 
1. 76649 


1. 76826 
1. 77003 
1, 77180 
1.77357 
1.77535 


1.77713 
1. 77890 
1, 78068 
1. 78246 
1, 78425 


1. 78603 
1, 78782 
1. 78961 
1. 79140 
1.79319 


1.79499 
1, 79678 
1, 79858 
1. 80038 
1, 80218 


1. 80398 
1, 80579 
1. 80760 
1. 80940 
1.81121 


1, 81303 
1. 81484 
1, 81666 
1. 81847 
1. 82029 


1.82211 


EXPONENTIAL FUNCTION 


e 


30178 67395 
71378 00719 
29927 21325 
05843 65069 
99144 69542 


09847 74075 
37970 19737 
83529 49342 
46543 07446 
27028 40349 


25002 96101 
40484 24499 
73489 77091 
24037 07179 
92143 69816 


77827 21815 
81105 21742 
01995 29927 
40515 08459 
96682 21189 


70514 33735 
62029 13479 
71244 29574 
98177 52941 
42846 56273 


05269 14038 
85463 02478 
83445 99612 
99235 85240 
32850 40940 


84307 50073 
53624 97786 
40820 71010 
45912 58466 
68918 50662 


09856 39900 
68744 20272 
45599 87669 
40441 39776 
53286 76077 


84153 97856 
33061 08202 
00026 12004 
85067 15959 
88202 28572 


09449 60156 
48827 22836 
06353 30550 
82045 99051 
75923 45908 


88003 90508 


ee 


0. 57694 
0. 57637 
0.57579 
0.57522 
0. 57464 


0.57407 
0, 57349 
0. 57292 
0. 57235 
0.57178 


0.57120 
0. 57063 
0.57006 
0. 56949 
0. 56892 


0. 56836 
0. 56779 
0. 56722 
0. 56665 
0. 56609 


0. 56552 
0. 56496 


. 0.56439 


0. 56383 
0. 56326 


0. 56270 
0. 56214 
0. 56158 
0. 56101 
0. 56045 


0. 55989 
0. 55933 
0. 55877 
0, 55822 
0. 55766 


0. 55710 
0. 55654 
0.55599 


~ 0.55543 


0. 55488 


0, 55432 
0. 55377 
0. 55321 
0. 55266 
0. 55211 


0.55156 
0.55101 
0. 55046 
0. 54991 
0. 54936 


0. 54881 


e-t 


98103 
31489 
70638 
15546 
66205 


22611 
84758 
52640 
26251 
05586 


90638 
81402 
77873 
80045 
87911 


01467 
20706 
45624 
76213 
12469 


54386 
01959 
55181 
14047 
78551 


48688 
24451 
05837 
92838 
85449 


83665 
87480 
96888 
11884 
32463 


58618 
90344 
27635 
70486 
18892 


72847 
32345 
97380 
67948 
44043 


25658 
12789 
05431 
03577 
07222 


16360 
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80486 695 
48877 132 
90464 548 
29163 839 
89465 693 


96436 024 
75715 391 
53518 425 
56633 257 
12420 941 


48814 886 
94320 280 
78013 522 
29541 648 
79121 761 


57540 464 
96153 288 
26884 125 
82224 657 
95233 792 


99537 097 
29326 229 
19358 370 
04955 664 
22004 648 


06955 693 
96822 437 
29181 224 
42170 538 
74490 445 


65402 033 
54726 843 
82846 320 
90701 245 
19791 179 


12173 905 
10464 868 
57836 621 
98018 264 
75294 892 


34507 035 
21050 107 
80873 848 
60481 771 
06930 610 


67829 766 
91340 753 
26176 649 
21601 542 
27429 984 


94026 433 


7 


127 


128 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1, 82211 
1, 82394 
1, 82576 
1, 82759 
1. 82942 


1. 83125 
1. 83308 
1. 83491 
1, 83675 
1. 83859 


1, 84043 
1. 84227 
1, 84411 
1, 84596 
1. 84780 


1, 84965 
1. 85150 
1, 85335 
1, 85521 
1, 85707 


1, 85892 
1, 86078 
1. 86264 
1, 86451 
1. 86637 


1, 86824 
1. 87011 
1, 87198 
1. 87385 
1. 87573 


1. 87761 
1, 87948 
1. 88136 
1, 88325 
1, 88513 


1, 88702 
1. 88891 
1. 89079 
1, 89269 
1. 89458 


1. 89648 
1, 89837 
1, 90027 
1.90217 
1. 90408 


1. 90598 
1. 90789 
1, 90980 
1.91171 
1. 91362 


1.91554 


EXPONENTIAL FUNCTION 


ex 


88003 
18305 
66846 
33645 
18719 


22088 
43770 
83782 
42143 
18872 


13987 
27507 
59448 
09832 
78674 


65995 
71812 
96145 
39011 
00429 


80418 
78996 
96182 
31995 
86452 


59574 
51378 
61883 
91108 
39072 


05792 
91289 
95581 
18687 
60625 


21414 
01074 
99623 
17079 
53463 


08793 
83087 
76365 
88646 
19949 


70292 
39696 
28178 
35758 
62456 


08290 


90508 
54062 
59597 
31970 
97859 


85773 
26048 
50853 
94189 
91893 


81637 
02933 
97134 
07433 
78869 


58327 
94538 
38085 
41401 
58772 


46342 
62108 
65928 
19523 
86472 


32222 
24085 
31242 
24743 
77511 


64343 
61910 
48763 
05331 
13924 


58737 
25849 
03226 
80722 
50084 


04951 
40855 
55225 
47391 
18580 


71922 
12453 
47112 
84748 
36119 


13896 


P4 


ez 


0.54881 16360 
0.54826 30987 
0.54771 51097 
0.54716 76683 
0.54662 07741 


0.54607 44266 
0.54552 86251 
0.54498 33692 
0.54443 86582 
0.54389 44917 


0.54335 08690 
0.54280 77897 
0.54226 52533 
0.54172 32591 
0.54118 18066 


0.54064 08953 
0.54010 05246 
0.53956 06940 
0.53902 14030 
0.53848 26510 


0.53794 44375 
0.53740 67620 
0.53686 96238 
0. 53633 30226 
0.53579 69576 


0.53526 14285 
0.53472 64346 
0.53419 19754 
0.53365 80505 
0.53312 46591 


0. 53259 18010 
0.53205 94754 
0.53152 76818 
0.53099 64198 
0.53046 56888 


0.52993 54883 
0.52940 58177 
0.52887 66765 
0. 52834 80641 
0.52781 99802 


0.52729 24240 
0.52676 53951 
0.52623 88930 
0.52571 29172 
0.52518 74670 


0.52466 25421 
0.52413 81418 
0.52361 42656 
0.52309 09131 
0.52256 80836 


0.52204 57767 


94026 
72304 
13727 
70305 
94597 


39709 
59293 
07547 
39217 
09589 


74499 
90323 
13983 
02946 
15202 


09316 
44370 
79994 
76357 
94167 


94674 
39663 
91459 
12924 
67456 


18990 
31997 
71484 
02990 
92592 


06897 
13047 
78717 
72114 
61974 


17568 
08694 
05682 
79390 
01207 


43048 
77357 
77105 
15790 
67436 


06592 
08335 
48263 
02500 
47694 


61016 


[oe 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


1.91554 
1.91745 
1.91937 
1.92129 
1. 92321 


1. 92514 
1. 92706 
1. 92899 
1, 93092 
1. 93285 


1, 93479 
1. 93672 
1, 93866 
1. 94060 
1. 94254 


1, 94449 
1.94643 
1. 94838 
1. 95033 
1. 95228 


1. 95423 
1.95619 
1, 95814 
1. 96010 
1. 96206 


1. 96403 
1.96599 
1. 96796 
1.96993 
1.97190 


1, 97387 
1.97585 
1, 97782 
1.97980 
1.98178 


1. 98377 
1.98575 
1.98774 
1. 98973 
1, 99172 


1.99371 
1.99571 
1.99770 
1.99970 
2. 00170 


2. 00370 
2.00571 
2. 00772 
2, 00972 
2. 01173 


2.01375 


EXPONENTIAL FUNCTION 


er 


08290 
73279 
57443 
60800 
83371 


25173 
86227 
66552 
66167 
85091 


23344 
80944 
57912 
54266 
70027 


05213 
59844 
33939 
27518 
40601 


73206 
25354 
97063 
88354 
99246 


29759 
79912 
49726 
39218 
48411 


77322 
25972 
94380 
82567 
90552 


18355 
65995 
33493 
20869 
28142 


55332 
02459 
69544 
56605 
63663 


90739 
37852 
05021 
92268 
99613 


27074 


13896 
32661 
08913 
61070 
09468 


76362 
85934 
64290 
39462 
41411 


02031 
55146 
36517 
83841 
36754 


36830 
27591 
54498 
64961 
08339 


35939 
01023 
58805 
66457 
83108 


69847 
89725 
07759 
90929 
08185 


30447 
30606 
83526 
66049 
56994 


37159 
89326 
98257 
50703 
35403 


43082 
66461 
00252 
41163 
87902 


41175 
03688 
80153 
77288 
03818 


70476 


( 


0.52204 
0.52152 
0. 52100 
0. 52048 
0.51996 


0. 51944 
0.51892 
0. 51840 
0.51788 
0.51736 


0.51685 
0. 51633 
0.51581 
0. 51530 
0.51478 


0.51427 
0.51375 
0. 51324 
0.51273 
0.51222 


0.51170 
0.51119 
0.51068 
0.51017 
0.50966 


0.50915 
0. 50864 
0, 50813 
0. 50763 
0.50712 


0. 50661 
0.50611 
0.50560 
0.50509 
0. 50459 


0, 50409 
0. 50358 
0. 50308 
0. 50258 
0. 50207 


0. 50157 
0.50107 
0.50057 
0. 50007 
0. 49957 


0. 49907 
0. 49857 
0. 49807 
0.49757 
0. 49708 


0. 49658 


e7-t 


57767 
39919 
27286 
19862 
17644 


20625 
28801 
42166 
60715 
84443 


13344 
47414 
86648 
31039 
80584 


35277 
95112 
60085 
30190 
05423 


85777 
71249 
61833 
57524 
58316 


64206 
75186 
91254 
12402 
38627 


69923 
06285 
47709 
94188 
45719 


02295 
63913 
30566 
©2250 
. 38960 


60690 
47437 
39194 
35956 
37720 


44479 
56229 
72965 
94682 
21374 


53037 


Table 4.4 


61016 
20157 
03334 
89283 
57261 


87048 
58940 
53755 
52831 
38021 


91699 
96754 
36594 
95141 
56836 


06631 
29998 
12918 
41890 
03924 


86542 
77781 
66187 
40820 
91247 


07549 
80313 
00639 
60132 
50908 


65589 
97305 
39691 
86890 
33551 


74825 
06371 
24350 
25428 
06773 


66055 
01448 
11627 
95767 
53544 


85135 
91216 
72961 
32044 
70637 


91409 


[f | 


129 


130 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2.01375 
2.01576 
2.01778 
2. 01980 
2, 02182 


2. 02384 
2, 02587 
2. 02789 
2. 02992 
2.03195 


2. 03399 
2. 03602 
2. 03806 
2. 04010 
2, 04214 


2.04418 
2, 04623 
2. 04827 
2.05032 
2, 05237 


2.05443 
2. 05648 
2, 05854 
2. 06060 
2. 06266 


2. 06473 
2, 06679 
2. 06886 
2, 07093 
2. 07300 


2.07508 
2.07715 
2. 07923 
2. 08131 
2. 08339 


2. 08548 
2, 08756 
2. 08965 
2.09174 
2. 09384 


2.09593 
2. 09803 
2.10013 
2.10223 
2.10433 


2.10644 
2.10854 
2.11065 
2.11277 
2.11488 


2.11700 


EXPONENTIAL FUNCTION 


er 


27074 
74673 
42430 
30365 
38498 


66849 
15438 
84286 
73414 
82840 


12586 
62672 
33118 
23945 
35173 


66822 
18913 
91467 
84503 
98043 


32106 
86714 
61886 
57644 
74008 


10999 
68637 
46943 
45938 
65642 


06076 
67261 
49218 
51967 
75529 


19925 
85175 
71302 
78325 
06265 


55144 
24983 
15801 
27621 
60464 


14349 
89299 
85335 
02477 
40747 


00166 


70476 
90010 
77179 
48759 
23544 


22347 
68004 
85374 
01341 
44819 


46750 
40109 
59906 
43184 
29026 


58556 
74939 
23384 
51146 
07529 


43887 
13628 
72211 
77154 
88034 


66486 
76210 
82971 
54598 
60992 


74122 
68033 
18844 
04749 
06025 


05027 
86196 
36056 
43220 
98392 


94364 
26026 
90360 
86450 
15478 


80727 
87586 
43551 
58226 
43325 


12674 


( 


0. 49658 
0. 49608 
0. 49559 
0. 49509 
0. 49460 


0. 49410 
0. 49361 
0. 49312 
0. 49262 
0. 49213 


0. 49164 
0. 49115 
0. 49066 
0.49017 
0, 48968 


0. 48919 
0. 48870 
0. 48821 
0. 48772 
0. 48723 


0. 48675 
0. 48626 
0. 48577 
0. 48529 
0. 48480 


0. 48432 
0. 48384 
0. 48335 
0. 48287 
0. 48239 


0. 48190 
0. 48142 
0. 48094 
0. 48046 
0. 47998 


0. 47950 
0. 47902 
0.47854 
0. 47806 
0. 47759 


0.47711 
0. 47663 
0. 47616 
0. 47568 
0. 47520 


0.47473 
0. 47425 
0. 47378 
0. 47331 
0. 47283 


0. 47236 


e7= 


53037 
89666 
31256 
77802 
29299 


85742 
47126 
13446 
84698 
60875 


41974 
27990 
18916 
14750 
15485 


21117 
31641 
47053 
67346 
92516 


22559 
57469 
97243 
41873 
91357 


45689 
04864 
68878 
37725 
11401 


89900 
73219 
61352 
54295 
52042 


54589 
61931 
74064 
90982 
12680 


39155 
70400 
06412 
47186 
92716 


42999 
98029 
57801 
22312 
91555 


65527 


91409 
97526 
92651 
80943 
67056 


56141 
53841 
66295 
00135 
62485 


60965 
03682 
99240 


56730 


85736 


96331 
99079 
05032 
25731 
73205 


59971 
99034 
03884 
88500 
67343 


55362 
67990 
21146 
31229 
15125 


90202 
74309 
85778 
43422 
66536 


74894 
88751 
28841 
16377 
73052 


21034 
82972 
81989 
41687 
86144 


39912 
28019 
75969 
09739 
55779 


41014 


P 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2.11700 
2.11911 
2.12123 
2.12336 
2.12548 


2.12761 
2.12974 
2. 13187 
2. 13400 
2.13613 


2.13827 
2.14041 
2.14255 
2.14470 
2.14684 


2.14899 
2.15114 
2.15329 
2.15545 
2.15760 


2.15976 
2.16192 
2.16409 
2.16625 
2. 16842 


2.17059 
2.17276 
2.17493 
2.17711 
2.17929 


2.18147 
2.18365 
2.18583 
2. 18802 
2.19021 


2.19240 
2.19460 
2.19679 
2.19899 
2.20119 


2. 20339 
2.20560 
2, 20780 
2. 21001 
2. 21222 


2.21444 
2. 21665 
2, 21887 
2. 22109 
2, 22331 


2.22554 


EXPONENTIAL FUNCTION 


0. 47236 
0. 47189 
0. 47142 
0. 47095 
0. 47048 


0. 47001 
0. 46954 
0. 46907 
0. 46860 
0. 46813 


0. 46766 
0. 46719 
0. 46673 
0. 46626 
0. 46579 


0. 46533 
0. 46486 
0. 46440 
0. 46394 
0. 46347 


0. 46301 
0. 46255 
0. 46208 
0. 46162 
0. 46116 


0. 46070 
0. 46024 
0. 45978 
0. 45932 
0. 45886 


0. 45840 
0. 45794 
0. 45749 
0. 45703 
0. 45657 


0. 45611 
0. 45566 
0. 45520 
0. 45475 
0. 45429 


0. 45384 
0. 45339 
0. 45293 
0. 45248 
0. 45203 


0. 45158 
0. 45112 
0. 45067 
0. 45022 
0. 44977 


0. 44932 


e-z 


65527 
44222 
27637 
15766 
08604 


06147 
08390 
15328 
26958 
43273 


64270 
89943 
20288 
55301 
94976 


39309 
88296 
41931 
00210 
63129 


30683 
02866 
79675 
61105 
47152 


37809 
33074 
32942 
37407 
46465 


60113 
78344 
01154 
28540 
60496 


97017 
38100 
83740 
33931 
88670 


47952 
11773 
80127 
53011 
30420 


12349 
98794 
89750 
85213 
85178 


89641 


Table 4.4 


41014 
92841 
39130 
08222 
28930 


30537 
42799 
95938 
20650 
48096 


09909 
38187 
65499 
24879 
49828 


74313 
32768 
60091 
91646 
63261 


11228 
72301 
83700 
83104 
08658 


98965 
93092 
30565 
51370 
95954 


05223 
20542 
83733 
37077 
23314 


85639 
67703 
13615 
67940 
75695 


82355 
33849 
76557 
57316 
23414 


22592 
03042 
13409 
02789 
20727 


17221 


es 


131 


132 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2. 22554 
2.22776 
2. 22999 
2. 23222 
2. 23446 


2. 23669 
2. 23893 
2.24117 
2.24341 
2. 24566 


2. 24790 
2.25015 
2. 25240 
2. 25466 
2.25691 


2.25917 
2. 26143 
2. 26369 
2. 26596 
2. 26823 


2, 27049 
2.27277 
2.27504 
2.27732 
2.27960 


2. 28188 
2. 28416 
2. 28644 
2. 28873 
2.29102 


2. 29331 
2.29561 
2.29790 
2. 30020 
2. 30251 


2. 30481 
2. 30712 
2. 30942 
2, 31173 
2. 31405 


2. 31636 
2. 31868 
2. 32100 
2. 32332 
2. 32565 


2. 32797 
2. 33030 
2. 33263 
2, 33497 
2. 33730 


2. 33964 


EXPONENTIAL FUNCTION 


er 


09284 
75825 
64644 
75762 
09202 


64988 
43140 
43681 
66635 
12022 


79866 
70189 
83014 
18363 
76258 


56723 
59779 
85450 
33758 
04725 


98375 
14729 
53812 
15645 
00251 


07653 
37874 
90936 
66863 
65678 


87402 
32060 
99674 
90267 
03862 


40482 
00151 
82890 
88724 
17676 


69767 
45023 
43465 
65117 
10003 


78145 
69567 
84292 
22343 
83745 


68519 


92467 
62440 
00181 
34573 
96726 


19986 
39932 
94378 
23379 
69230 


76471 
91886 
64507 
45618 
88752 


49701 
86510 
59486 
31195 
66470 


32405 
98368 
35993 
19188 
24138 


29303 
15424 
65522 
64904 
01164 


64182 
46132 
41479 
46985 
61709 


87012 
26555 
86305 
74537 
01834 


81091 
27518 
58641 
94304 
56672 


70234 
61805 
60527 
97872 
07647 


25990 


er 


0. 44932 
0. 44887 
0. 44843 
0. 44798 
0. 44753 


0. 44708 
0. 44664 
0. 44619 
0. 44574 
0. 44530 


0. 44485 
0. 44441 
0. 44396 
0, 44352 
0. 44308 


0. 44263 
0. 44219 
0. 44175 
0.44131 
0. 44087 


0. 44043 
0. 43999 
0. 43955 
0.43911 
0. 43867 


0. 43823 
0. 43779 
0. 43735 
0. 43692 
0. 43648 


0. 43604 
0. 43561 
0. 43517 
0. 43474 
0. 43430 


0. 43387 
0. 43344 
0. 43300 
0. 43257 
0. 43214 


0. 43171 
0. 43127 
0. 43084 
0. 43041 
0. 42998 


0. 42955 
0. 42912 
0. 42869 
0. 42827 
0. 42784 


0. 42741 


ez 


89641 
98597 
12042 
29971 
52381 


79265 
10621 
46442 
86726 
31467 


80662 
34305 
92392 
54918 
21880 


93273 
69092 
49333 
33992 
23064 


16545 
14429 
16714 
23395 
34466 


49924 
69765 
93983 
22575 
55537 


92863 
34549 
80592 
30987 
85729 


44814 
08238 
75996 
48084 
24498 


05234 
90286 
79652 
73326 
71304 


73582 
80155 
91020 
06172 
25606 


49319 


17221 
42716 
48109 
84743 
04412 


59356 
02264 
86271 
64960 
92358 


22941 
11626 
13780 
85209 
82167 


61351 
79898 
95392 
65856 
49756 


05999 
93933 
73347 
04469 
47967 


64949 
16959 
65982 
T4441 
05193 


21535 
87200 
66356 
23608 
23995 


32990 
16504 
40877 
72886 
79740 


29079 
88978 
27942 
14906 
19239 


10739 
59632 
36577 
12659 
59395 


48726 


ia 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2. 33964 
2. 34198 
2. 34433 
2. 34667 
2. 34902 


2. 35137 
2. 35372 
2. 35608 
2. 35843 
2. 36079 


2. 36316 
2. 36552 
2. 36789 
2. 37026 
2. 37263 


2. 37500 
2. 37738 
2. 37976 
2. 38214 
2. 38452 


2. 38691 
2. 38929 
2. 39168 
2. 39408 
2. 39647 


2. 39887 
2. 40127 
2. 40367 
2. 40608 
2. 40849 


2. 41089 
2. 41331 
2. 41572 
2. 41814 
2. 42056 


2. 42298 
2. 42540 
2. 42783 
2. 43026 
2. 43269 


2. 43512 
2. 43756 
2. 44000 
2. 44244 
2. 44488 


2. 44733 
2. 44978 
2. 45223 
2. 45468 
2.45714 


2. 45960 


EXPONENTIAL FUNCTION 


eF 


68519 25990 
76689 91381 
08280 44636 
63314 28914 
41814 89719 


43805 74901 
69310 34660 
18352 21547 
90954 90464 
87141 98674 


06937 05794 
50363 73806 
17445 67050 
08206 52237 
22669 98442 


60859 77111 
22799 62065 
08513 29496 
18024 57978 
51357 28460 


08535 24276 
89582 31145 
94522 37171 
23379 32849 
76177 11065 


52939 67097 
53690 98624 
78455 05720 
27255 90861 
00117 58929 


97064 17209 
18119 75397 
63308 45597 
32654 42330 
26181 82530 


43914 85550 
85877 73163 
52094 69565 
42590 01380 
57387 97656 


96512 89874 
59989 11946 
47841 00220 
60092 93481 
96769 32956 


57894 62311 
43493 27659 
53589 77561 
88208 63026 
47374 37516 


31111 56949 


ce 


937 
538 
295 
459 
607 


997 
911 
002 
656 
336 


948 
196 
946 


0. 42741 
0. 42698 
0. 42656 
0. 42613 
0. 42570 


0. 42528 
0. 42485 
0. 42443 
0. 42400 
0. 42358 


0. 42316 
0. 42273 
0. 42231 
0. 42189 
0. 42147 


0. 42105 
0. 42063 
0. 42021 
0. 41979 
0. 41937 


0. 41895 
0. 41853 
0. 41811 
0. 41769 
0. 41727 


0. 41686 
0. 41644 
0. 41602 
0. 41561 
0.41519 


0. 41478 
0. 41436 
0. 41395 
0. 41354 
0. 41312 


0. 41271 
0. 41230 
0. 41188 
0. 41147 
0. 41106 


0. 41065 
0. 41024 
0. 40983 
0. 40942 
0. 40901 


0. 40860 
0. 40819 
0. 40779 
0. 40738 
0. 40697 


0, 40656 


e-7 


49319 
77306 
09563 
46085 
86869 


31910 
81204 
34746 
92533 
54560 


20823 
91317 
66039 
44983 
28147 


15526 
07115 
02910 
02908 
07103 


15492 
28071 
44834 
65779 
90901 


20196 
53660 
91288 
33076 
79020 


29116 
83360 
41748 
04276 
70938 


41732 
16653 
95698 
78861 
66139 


57527 
53022 
52620 
56315 
64106 


75986 
91952 
12001 
36127 
64327 


96597 


Table 4.4 


48726 
53025 
45091 
98148 
85850 


82274 
61924 
99730 
71047 
51652 


17748 
45962 
13343 
97363 
75917 


27321 
30312 
64050 
08114 
42503 


47638 
04358 
93919 
97998 
98691 


78508 
20380 
07652 
24088 
53866 


81581 
92242 
71274 
04515 
78218 


79049 
94088 
10827 
17170 
01433 


52345 
59044 
11078 
98410 
11406 


40848 
77922 
14226 
41763 
52948 


40599 


4 


133 


134 


Table 4.4 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2. 45960 
2. 46206 
2. 46452 
2. 46699 
2. 46946 


2. 47193 
2. 47440 
2. 47688 
2. 47935 
2. 48183 


2, 48432 
2. 48680 
2. 48929 
2.49178 
2, 49427 


2.49677 
2. 49927 
2.50177 
2.50427 
2. 50678 


2.50929 
2.51180 
2.51431 
2. 51682 
2.51934 


2.52186 
2. 52439 
2.52691 
2.52944 
2.53197 


2.53450 
2.53704 
2.53958 
2.54212 
2.54466 


2.54721 
2.54976 
2.55231 
2, 55486 
2.55742 


2.55998 
2.56254 
2.56510 
2.56767 
2.57024 


2.57281 
2.57538 
2.57796 
2.58054 
2.58312 


2.58570 


EXPONENTIAL FUNCTION 


e 


31111 
39444 
72398 
29997 
12266 


19230 
50913 
07340 
88536 
94525 


25333 
80984 
61504 
66916 
97246 


52519 
32759 
37992 
68243 
23537 


03899 
09353 
39926 
95642 
76526 


82603 
13899 
70439 
52249 
59352 


91776 
49544 
32683 
41218 
75174 


34577 
19452 
29824 
65720 
27164 


14183 
26801 


18511 


33785 
74788 
41544 
34079 
52420 


96593 


56949 
79698 
66597 
80940 
88490 


57471 
58582 
64990 
52339 
98748 


84816 
93625 
10739 
24212 
24583 


04888 
60652 
89900 
93156 
73445 


36297 
89748 
44344 
13141 
11713 


58147 
73052 
79557 
03317 
72513 


17854 
72585 
72481 
55857 
63568 


39007 
28117 
79384 
43847 
75094 


29271 
65080 
43782 
29203 
87732 


88326 
02513 
04393 
70643 
80516 


15846 


4 


0. 40656 
0. 40616 
0. 40575 
0. 40535 
0. 40494 


0. 40454 
0. 40413 
0. 40373 
0. 40333 
0. 40292 


0. 40252 
0. 40212 
0. 40171 
0.40131 
0. 40091 


0. 40051 
0. 40011 
0. 39971 
0. 39931 
0. 39891 


0. 39851 
0. 39812 
0. 39772 
0. 39732 
0. 39692 


0. 39653 
0. 39613 
0. 39573 
0.39534 
0. 39494 


0. 39455 
0. 39415 
0. 39376 
0. 39337 
0. 39297 


0. 39258 
0. 39219 
0. 39180 
0. 39140 
0. 39101 


0. 39062 
0. 39023 
0. 38984 
0. 38945 
0. 38906 


0. 38867 
0. 38829 
0. 38790 
0, 38751 
0. 38712 


0. 38674 


ez 


96597 40599 
32932 97943 
73330 18615 
17784 96654 
66293 26504 


18851 03018 
75454 21451 
36098 77463 
00780 67118 
69495 86885 


42240 33635 
19010 04643 
99800 97586 
84609 10541 
73430 41992 


66260 90818 
63096 56304 
63933 38134 
68767 36389 
77594 51555 


90410 84514 
07212 36546 
27995 09334 
52755 04954 
81488 25882 


14190 74992 
50858 55555 
91487 71236 
36074 26099 
84614 24603 


37103 71601 


93538 72342. 


53915 32469 
18229 58022 
86477 55429 


58655 31518 
34758 93504 
14784 49000 
98728 06006 
86585 72918 


78353 58521 
74027 71991 
73604 22897 
77079 21196 
84448 77236 


95709 01753 
10856 05872 
29886 01110 
52794 99369 
79579 12940 


10234 54501 


Bee 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


2.58570 
2. 58829 
2.59088 
2.59347 
2.59607 


2. 59867 
2.60127 
2. 60387 
2. 60647 
2. 60908 


2. 61169 
2. 61430 
2, 61692 
2.61954 
2. 62216 


2.62478 
2.62741 
2. 63004 
2. 63267 
2. 63530 


2. 63794 
2. 64058 
2. 64322 
2. 64587 
2. 64851 


2.65116 
2. 65381 
2. 65647 
2. 65913 
2. 66179 


2. 66445 
2. 66712 
2. 66979 
2. 67246 
2.67513 


2.67781 
2. 68049 
2. 68317 
2. 68585 
2. 68854 


2.69123 
2. 69392 
2. 69662 
2. 69932 
2.70202 


2, 70472 
2. 70743 
2.71013 
2.71285 
2.71556 


2.71828 
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er 


96593 
66622 
62535 
84356 
32112 


05829 
05532 
31248 
83003 
60823 


64734 
94761 
50932 
33272 
41807 


76564 
37569 
24848 
38428 
78334 


44593 
37232 
56276 
01753 
73689 


72109 
97042 
48512 
26548 
31174 


62419 
20308 
04868 
16127 
54109 


18844 
10356 
28673 
73822 
45830 


44723 
70528 
23273 
02984 
09688 


43412 
04184 
92030 
06977 
49053 


18284 


15846 
61051 
03133 
31686 
38890 


19521 
70952 
93153 
88696 
62757 


23117 
80169 
46914 
38971 
74573 


74575 
62452 
64304 
08861 
27480 


54152 
25503 
80798 
61940 
13478 


82606 
19166 
75651 
07209 
71643 


29417 
43654 
80145 
07345 
96380 


21049 
57826 
85862 
86989 
45722 


49262 
87498 
53013 
41079 
49668 


79452 
33802 
18796 
43219 
18566 


59045 


(4 


0. 38674 
0. 38635 
0. 38596 
0. 38558 
0. 38519 


0. 38481 
0. 38442 
0. 38404 
0. 38365 
0. 38327 


0. 38289 
0. 38251 
0. 38212 
Q. 38174 
0. 38136 


0. 38098 
0. 38060 
0, 38022 
0. 37984 
0.37946 


0. 37908 
0. 37870 
0. 37832 
0. 37794 
0. 37756 


0.37719 
0. 37681 
0. 37643 
0. 37606 
0. 37568 


0. 37531 
0. 37493 
0. 37456 
0. 37418 
0. 37381 


0. 37343 
0. 37306 
0. 37269 
0. 37232 
0. 37194 


0. 37157 
0. 37120 
0. 37083 
0. 37046 
0. 37009 


0. 36972 
0. 36935 
0. 36898 
0. 36861 
0. 36824 


0. 36787 


ez 


10234 
447157 
83143 
25389 
71491 


21445 
75247 
32893 
94380 
59703 


28859 
01844 
78654 
59286 
43734 


31997 
24069 
19947 
19628 
23107 


30381 
41445 
56296 
74931 
97345 


23535 
53497 
87227 
24721 
65976 


10988 
59753 
12267 
68527 
28529 


92269 
59743 
30948 
05880 
84535 


66910 
53000 
42802 
36313 
33529 


34445 
39058 
47366 
59363 
75046 


94411 
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54501 
37117 
74242 
79713 
67755 


52978 
50378 
75335 
43613 
71361 


75112 
71780 
78665 
13447 
94189 


39337 
67716 
98534 
51378 
46217 


03398 
43649 
88076 
58165 
75777 


63156 
42920 
38065 
71965 
68367 


51399 
45561 
75729 
67156 
45466 


36660 
67113 
63571 
53155 
63358 


22045 
57455 
98195 
73247 
11961 


44058 
99632 
09141 
03418 
13662 


71442 
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Table 4.4 EXPONENTIAL FUNCTION 

x e e-= 
0.0 1,00000 00000 00000 1.00000 00000 00000 00000 
0.1 1.10517 09180 75648 0.90483 74180 35959 57316 
0.2 1,22140 27581 60170 0. 81873 07530 7798] 85867 
0.3 1. 34985 88075 76003 0. 74081 82206 81717 86607 
0.4 1.49182 46976 41270 0.67032 00460 35639 30074 
0.5 1, 64872 12707 00128 0. 60653 06597 12633 42360 
0.6 1.82211 88003 90509 0.54881 16360 94026 43263 
0.7 2.01375 27074 70477 0.49658 53037 91409 51470 
0.8 2.22554 09284 92468 0. 44932 89641 17221 59143 
0.9 2.45960 31111 56950 0.40656 96597 40599 11188 
1.0 2.71828 18284 59045 0. 36787 94411 71442 32160 
1.1 3.00416 60239 46433 0. 33287 10836 98079 55329 
12 3.32011 69227 36547 0, 30119 42119 12202 09664 
1.3 3. 66929 66676 19244 0.27253 17930 34012 60312 
1.4 4.05519 99668 44675 0. 24659 69639 41606 47694 
15 4.48168 90703 38065 0.22313 01601 48429 82893 
1.6 4. 95303 24243 95115 0.20189 65179 94655 40849 
1.7 5. 47394 73917 27200 0.18268 35240 52734 65022 
1.8 6.04964 74644 12946 0.16529 88882 21586 53830 
1.9 6. 68589 44422 79269 0.14956 86192 22635 05264 
2.0 7.38905 60989 30650 0.13533 52832 36612 69189 
2.1 8.16616 99125 67650 0.12245 64282 52981 91022 
2.2 9.02501 34994 34121 0.11080 31583 62333 88333 
2.3 9.97418 24548 14721 0.10025 88437 22803 73373 
2.4 11, 02317 63806 41602 0.09071 79532 89412 50338 
2.5 12, 18249 39607 03473 0.08208 49986 23898 79517 
2.6 13. 46373 80350 01690 0.07427 35782 14333 88043 
2.7 14, 87973 17248 72834 0.06720 55127 39749 76513 
2.8 16. 44464 67710 97050 0.06081 00626 25217 96500 
2.9 18.17414 53694 43061 0.05502 32200 56407 22903 
3.0 20.08553 69231 87668 0. 04978 70683 67863 94298 
3.1 22.19795 12814 41633 0.04504 92023 93557 80607 
3.2 24. 53253 01971 09349 0.04076 22039 78366 21517 
3.3 27.11263 89206 57887 0.03688 31674 01240 00545 
3.4 29. 96410 00473 97013 0.03337 32699 60326 07948 
3.5 33.11545 19586 92314 0.03019 73834 22318 50074 
3.6 36. 59823 44436 77988 0.02732 37224 47292 56080 
3.7 40. 44730 43600 67391 0.02472 35264 70339 39120 
3.8 44, 70118 44933 00823 0.02237 07718 56165 59578 
3.9 49. 40244 91055 30174 0.02024 19114 45804 38847 
4.0 54.59815 00332 44239 0.01831 56388 88734 18029 
4.1 60. 34028 75973 61969 0.01657 26754 01761 24754 
4.2 66, 68633 10409 25142 0.01499 55768 20477 70621 
4.3 73.69979 36995 95797 0.01356 85590 12200 93176 
4.4 81. 45086 86649 68117 0.01227 73399 03068 44118 
4.5 90.01713 13005 21814 0.01110 89965 38242 30650 
4.6 99. 48431 56419 33809 0.01005 18357 44633 58164 
4.7 109, 94717 24521 23499 0.00909 52771 01695 81709 
4.8 121.51041 75187 34881 0.00822 97470 49020 02884 
4.9 134. 28977 96849 35485 0.00744 65830 70924 34052 

0 148, 41315 91025 76603 0.00673 79469 99085 46710 


om C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine 
to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 
Government Printing Office, Washington, D.C., 1921 (with permission) for e-7, $2.4. 
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EXPONENTIAL FUNCTION Table 4.4 

er e-t 
148, 41315 91025 77 0.00673 79469 99085 46710 
164, 02190 72999 02 0.00609 1465 65515 63611 
181, 27224 18751 51 0.00551 65644 20760 77242 
200, 33680 99747 92 0.00499 15939 06910 21621 
221. 40641 62041 87 0.00451 65809 42612 66798 
244, 69193 22642 20 0.00408 67714 38464 06699 
270. 42640 74261 53 0.00369 78637 16482 93082 
298, 86740 09670 60 0.00334 59654 57471 27277 
330. 29955 99096 49 0.00302 75547 45375 81475 
365. 03746 78653 29 0.00273 94448 18768 36923 
403, 42879 34927 35 0.00247 87521 76666 35842 
445. 85777 00825 17 0.00224 28677 19485 80247 
492. 74904 10932 56 0.00202 94306 36295 73436 
544.57191 01259 29 0.00183 63047 77028 90683 
601, 84503 78720 82 0.00166 15572 73173 93450 
665. 14163 30443 62 0.00150 34391 92977 57245 
735. 09518 92419 73 0.00136 03680 37547 89342 
812, 40582 51675 43 0.00123 09119 02673 48118 
897. 84729 16504 18 0.00111 37751 47844 80308 
992, 27471 56050 26 0.00100 77854 29048 51076 
1096, 63315 84284 59 0.00091 18819 65554 51621 
1211. 96707 44925 77 0.00082 51049 23265 90427 
1339. 43076 43944 18 0.00074 65858 08376 67937 
1480, 29992 75845 45 0.00067 55387 75193 84424 
1635, 98442 99959 27 0.00061 12527 61129 57256 
1808. 04241 44560 63 0.00055 30843 70147 83358 
1998, 19589 51041 18 0.00050 04514 33440 61070 
2208. 34799 18872 09 0.00045 28271 82886 79706 
2440. 60197 76244 99 0.00040 97349 78979 78671 
2697, 28232 82685 09 0.00037 07435 40459 08837 
2980. 95798 70417 28 0.00033 54626 27902 51184 
3294. 46807 52838 41 0.00030 35391 38078 86666 
3640. 95030 73323 55 0.00027 46535 69972 14233 
4023, 87239 38223 10 0.00024 85168 27107 95202 
4447, 06674 76998 56 0.00022 48673 24178 84827 
4914, 76884 02991 34 0.00020 34683 69010 64417 
5431. 65959 13629 80 0.00018 41057 93667 57912 
6002, 91221 72610 22 0.00016 65858 10987 63341 
6634, 24400 62778 85 0.00015 07330 75095 47660 
7331. 97353 91559 93 0.00013 63889 26482 01145 
8103. 08392 75753 84 0.00012 34098 04086 67955 
8955. 29270 34825 12 0.00011 16658 08490 11474 
9897.12905 87439 16 0.00010 10394 01837 09335 
10938. 01920 81651 84 0.00009 14242 31478 17334 
12088. 38073 02169 84 0.00008 27240 65556 63226 
13359, 72682 96618 72 0.00007 48518 29887 70059 
14764, 78156 55772 73 0.00006 77287 36490 85387 
16317, 60719 80154 32 0.00006 12834 95053 22210 
18033, 74492 78285 11 0.00005 54515 99432 17698 
19930, 37043 82302 89 0.00005 01746 82056 17530 
22026, 46579 48067 17 0.00004 53999 29762 48485 
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1. 00000 
2. 71828 
7. 38905 
2. 00855 
5. 45981 


1. 48413 
4. 03428 
1, 09663 
2. 98095 
8. 10308 


2, 20264 
5. 98741 
1, 62754 
4. 42413 
1, 20260 


3. 26901 
8, 88611 
2.41549 
6. 56599 
1. 78482 


4, 85165 
1. 31881 
3. 58491 
9. 74480 
2. 64891 


7. 20048 
1.95729 
5. 32048 
1. 44625 
3. 93133 


1, 06864 
2. 90488 
7. 89629 
2. 14643 
5, 83461 


15) 1.58601 
15) 4, 31123 
16) 1.17191 
16) 3. 18559 
16) 8. 65934 


17) 2. 35385 
17) 6. 39843 
18) 1, 73927 
18) 4. 72783 
19) 1. 28516 


19) 3. 49342 
19) 9. 49611 
20) 2, 58131 
20) 7. 01673 
21) 1. 90734 


(21) 5.18470 
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MNES 
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00000 
18284 
60989 
36923 
50033 


15910 
79349 
31584 
79870 
39275 


65794 
41715 
79141 
39200 
42841 


73724 
05205 
52753 
69137 
30096 


19540 
57344 
28461 
34462 
22129 


99337 
60942 
24060 
70642 
42971 


74581 
49665 
60182 
57978 
74252 


34523 
15471 
42372 
31757 
00423 


26683 
49353 
49415 
94682 
00114 


71057 
94206 
28861 
59120 
65724 


55285 


00000 
59045 
30650 
18766 
14423 


25766 
27351 
28458 
41728 
75384 


80671 
19781 
90039 
89205 
64776 


72110 
07872 
57529 
33051 
31872 


97902 
83214 
31591 
48902 
84347 


38587 
88387 
17986 
91475 
44042 


52446 
24742 
68069 
59160 
74548 


13430 
15195 
80261 
11375 
99374 


70199 
00549 
20501 
29346 
35930 


48509 
02448 
90067 
97631 
95099 


87072 


1, 00000 
3. 67879 
1, 35335 
4. 97870 
1. 83156 


6. 73794 
2. 47875 
9. 11881 
3. 35462 
1.23409 


4, 53999 
1. 67017 
6.14421 
2. 26032 
8. 31528 


3, 05902 
1.12535 
4. 13993 
1.52299 
5. 60279 


- He 


I 
NE HO 


ON NE een es 
tie | 
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0 OO] ~l 


ae ee er et 


7. 58256 
2. 78946 
1, 02618 
3. 77513 


-11) 1. 38879 
5. 10908 
1. 87952 
6. 91440 


2.54366 


~14) 9. 35762 
—14) 3. 44247 
1.26641 
4, 65888 


1.71390 


16) 6. 30511 
2. 31952 
8. 53304 


3.13913 
1, 15482 


5. 74952 
2.11513 
7. 78113 


2. 86251 
1. 05306 
3. 87399 
1, 42516 
5. 24288 


(-22) 1. 92874 


—18) 4, 24835 
~18) 1. 56288 


e7z 


00000 
44117 
28323 
68367 
38888 


69990 
21766 
96555 
62790 
80408 


29762 
00790 
23533 
94069 
71910 


32050 
17471 
77187 
79744 
64375 


36224 
04279 
80928 
79631 
45442 


43864 
90280 
88165 
01069 
56473 


29688 
71084 
65549 
61451 
84315 


67601 
28302 
76257 
27920 
24173 


42552 
21893 
22642 
10375 
22411 


85805 
17357 
76286 
40827 
56633 


98479 


00000 
14423 
66126 
86394 
73418 


85467 
66358 
45162 
25118 
66795 


48485 
24565 
28209 
81054 
35678 


18257 
92591 
85166 
71262 
37267 


38557 
11906 
68924 
70189 
79097 


96402 
63324 
39083 
40203 
76922 


40174 
69976 
09417 
03397 
42012 


46989 
43569 
44065 
48029 
01578 


91588 
34988 
93559 
91080 
33796 


49393 
55381 
87187 
40935 
63463 


63917 
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50 21) 5.18470 
51 22) 1. 40934 
52 22) 3, 83100 
53 23) 1. 04137 
54 23) 2. 83075 
55 23) 7. 69478 
56 24) 2.09165 
57 24) 5, 68571 
58 25) 1.54553 
59 25) 4, 20121 
60 26) 1. 14200 
61 26) 3, 10429 
62 26) 8. 43835 
63 27) 2. 29378 
64 27) 6.23514 
65 28) 1. 69488 
66 28) 4. 60718 
67 29) 1. 25236 
68 29) 3, 40427 
69 29) 9. 25378 
70 30) 2. 51543 
71 30) 6. 83767 
72 31) 1. 85867 
73 31) 5. 05239 
74 32) 1. 37338 
75 32) 3. 73324 
76 33) 1. 01480 
77 33) 2, 75851 
78 33) 7. 49841 
79 34) 2, 03828 
80 34) 5. 54062 
81 35) 1. 50609 
82 35) 4. 09399 
83 36) 1.11286 
84 36) 3. 02507 
85 36) 8. 22301 
86 37) 2. 23524 
87 37) 6. 07603 
88 38) 1. 65163 
89 38) 4, 48961 
90 39) 1. 22040 
91 39) 3, 31740 
92 39) 9. 01762 
93 40) 2. 45124 
94 40) 6. 66317 
95 41) 1.81123 
96 41) 4, 92345 
97 42) 1, 33833 
98 42) 3, 63797 
99 42) 9, 88903 
100 (43) 2. 68811 


For |z|>100 see Example 11. 


EXPONENTIAL FUNCTION 


87072 
26938 
16576 
02908 
74693 


42017 
12996 
35932 
90103 
90514 


15684 
01919 
41454 
69609 
11616 


10333 
31291 
42213 
31740 
87787 


19167 
62743 
84127 
76104 
40176 


99001 
13888 
23170 
90120 
12668 


93510 
85030 
27454 
91759 
01142 


22913 
34715 
56872 
94001 
74345 


17840 
35742 
34298 
20085 
10895 


89023 
12058 
04269 
08804 
46946 


16135 


—22) 1.92874 
7, 09547 
2. 61027 
9. 60268 


3. 53262 


—24) 1. 29958 
4. 78089 
1. 75879 
6. 47023 


2. 38026 


—27) 8. 75651 
3, 22134 
1, 18506 
4. 35961 


1, 60381 


-29) 5. 90009 
2.17052 
7. 98490 
2. 93748 


1, 08063 


: 

; 

; 

E 3.97544 
Ee 
: 

: 

: 

: 

: 


1.97925 
7. 28129 


—33) 2. 67863 
9. 85415 
3. 62514 


1, 33361 
4.90609 


1, 80485 
6. 63967 
2. 44260 
8. 98582 
3. 30570 


—37) 1, 21609 
4.47377 
1, 64581 
6. 05460 
2. 22736 


—40) 8.19401 
—40) 3. 01440 
—40) 1. 10893 
~41) 4. 07955 
—41)1. 50078 


—42) 5. 52108 
—42) 2. 03109 
43) 7. 47197 
—43) 2. 74878 
—43) 1. 01122 


(—44) 3, 72007 


14250 
28838 
22024 
49256 
64086 


07626 
02859 
48642 
00000 
08905 


05415 
20113 
42456 
21117 
92777 


97359 
62272 
61600 
98779 
01783 


69618 
46861 
09191 
48155 
47306 


13878 
71995 
07377 
59440 
06267 


92992 
93061 
14310 
18954 
35617 


26239 
87850 
90193 
86671 
57627 


22770 
26627 
23373 
50079 
14926 


59760 
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63917 
84704 
67704 
08676 
00807 


07503 
85469 
24311 
45460 
94400 


96520 
92516 
33981 
63080 
48637 


97061 
03639 
86978 
10802 
07278 


08646 
51230 
21138 
46904 
21643 


08077 
11258 
43559 
02261 
49280 


45415 
80734 
40527 
49380 
60734 


52825 
81120 
82273 
01185 
95743 


90515 
65374 
12136 
77560 
07394 


28532 
34810 
42990 
10214 
10448 


20835 
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Table 4.5 RADIX TABLE OF THE EXPONENTIAL FUNCTION 


n erlo- ” e—210-n 


10 1.00000 00001 00000 00000 50000 0.99999 99999 090000 00000 50000 
10 1,00000 00002 00000 00002 00000 0.99999 99998 00000 00002 00000 
10 1,00000 00003 00000 00004 50000 0.99999 99997 00000 00004 50000 
10 1.00000 00004 00000 00008 00000 0.99999 99996 00000 00008 00000 
10 =1,00000 00005 00000 00012 50000 0.99999 99995 00000 00012 50000 
10 1.00000 00006 00000 00018 00000 0.99999 99994 00000 00018 00000 
10 1.00000 00007 00000 00024 50000 0.99999 99993 00000 00024 50000 
10 1.00000 00008 00000 00032 00000 0.99999 99992 00000 00032 00000 
10 1.00000 00009 00000 00040 50000 0.99999 99991 00000 00040 50000 


1.00000 00010 00000 00050 00000 0.99999 99990 00000 00050 00000 
1.00000 00020 00000 00200 00000 0.99999 99980 00000 00200 00000 
1.00000 00030 00000 00450 00000 0.99999 99970 00000 00450 00000 
1.00000 00040 00000 00800 00000 0.99999 99960 00000 00800 00000 
1.00000 00050 00000 01250 00000 0.99999 99950 00000 01250 00000 
1.00000 00060 00000 01800 00000 0.99999 99940 00000 01800 00000 
1.00000 00070 00000 02450 00001 0.99999 99930 00000 02449 99999 
1.00000 00080 00000 03200 00001 0.99999 99920 00000 03199 99999 
1.00000 00090 00000 04050 00001 0.99999 99910 00000 04049 99999 


1.00000 00100 00000 05000 00002 0.99999 99900 00000 04999 99998 
1.00000 00200 00000 20000 00013 0.99999 99800 00000 19999 99987 
1.00000 00300 00000 45000 00045 0.99999 99700 00000 44999 99955 
1.00000 00400 00000 80000 00107 0.99999 99600 00000 79999 99893 
1.00000 00500 00001 25000 00208 0.99999 99500 00001 24999 99792 
1.00000 00600 00001 80000 00360 0.99999 99400 00001 79999 99640 
1.00000 00700 00002 45000 00572 0.99999 99300 00002 44999 99428 
1.00000 00800 00003 20000 00853 0.99999 99200 00003 19999 99147 
1.00000 00900 00004 05000 01215 0.99999 99100 00004 04999 98785 


1,00000 01000 00005 00000 01667 0.99999 99000 00004 99999 98333 
1.00000 02000 00020 00000 13333 0.99999 98000 00019 99999 86667 
1.00000 03000 00045 00000 45000 0.99999 97000 00044 99999 55000 
1.00000 04000 00080 00001 06667 0.99999 96000 00079 99998 93333 
1.00000 05000 00125 00002 08333 0.99999 95000 00124 99997 91667 
1.00000 06000 00180 00003 60000 0.99999 94000 00179 99996 40000 
1.00000 07000 00245 00005 71667 0.99999 93000 00244 99994 28333 
1.00000 08000 00320 00008 53334 0.99999 92000 00319 99991 46667 
1.00000 09000 00405 00012 15000 0.99999 91000 00404 99987 85000 


1.00000 10000 00500 00016 66667 0.99999 90000 00499 99983 33334 
1.00000 20000 02000 00133 33340 0.99999 80000 01999 99866 66673 
1.00000 30000 04500 00450 00034 0.99999 70000 04499 99550 00034 
1.00000 40000 08000 01066 66773 0.99999 60000 07999 98933 33440 
1.00000 50000 12500 02083 33594 0.99999 50000 12499 97916 66927 
1.00000 60000 18000 03600 00540 0.99999 40000 17999 96400 00540 
1.00000 70000 24500 05716 67667 0.99999 30000 24499 94283 34334 
1.00000 80000 32000 08533 35040 0.99999 20000 31999 91466 68373 
1.00000 90000 40500 12150 02734 0.99999 10000 40499 87850 02734 


For n>10, e#710~"=1 4210 "+3 2210” to 25D. 
Compiled from C. E. Van Orstrand, Tables of the exponential function and of the circular sine 
and cosine to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth 
Memoir. U.S. Government Printing Office, Washington, D.C., 1921 (with permission). 
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1, 00001 
1, 00002 
1. 00003 
1, 00004 
1, 00005 
1. 00006 
1. 00007 
1, 00008 
1. 00009 


1, 00010 
1, 00020 
1. 00030 
1, 00040 
1, 00050 
1. 00060 
1, 00070 
1. 00080 
1. 00090 


1, 00100 
1. 00200 
1, 00300 
1. 00400 
1. 00501 
1. 00601 
1, 00702 
1, 00803 
1. 00904 


1.01005 
1. 02020 
1. 03045 
1, 04081 
1, 05127 
1. 06183 
1. 07250 
1. 08328 
1.09417 


1, 10517 
1, 22140 
1. 34985 
1. 49182 
1, 64872 
1, 82211 
2. 01375 
2, 22554 
2. 45960 


2. 71828 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


RADIX TABLE OF THE EXPONENTIAL FUNCTION Table 4.5 


00000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 


00050 
00200 
00450 
00800 
01250 
01800 
02450 
03200 
04051 


05001 
20013 
45045 
80106 
25208 
80360 
45572 
20855 
06217 


01670 
13400 
45339 
07741 
10963 
65465 
81812: 
70676 
42837 


09180 
27581 
88075 
46976 
12707 
88003 
27074 
09284 
31111 


18284 


e710- n 


50000 
00001 
50004 
00010 
50020 
00036 
50057 
00085 
50121 


00166 
01333 
04500 
10667 
20835 
36005 
57176 
85350 
21527 


66708 
34000 
03377 
77341 
59401 
54064 
66848 
04273 
73867 


84168 
26755 
53516 
92388 
76024 
45359 
54216 
74958 
05210 


75647 
60169 
76003 
41270 
00128 
90508 
70476 
92467 
56949 


59045 


16666 
33334 
50003 
66677 
83359 
00054 
16766 
33504 
50273 


67083 
40000 
33752 
73341 
93776 
40064 
67223 
40273 
34242 


34166 
26675 
02601 
87235 
06338 
86485 
55523 
43117 
81406 


05754 
81016 
85561 
22675 
03969 
62222 
47905 
55443 
35787 


62481 
83392 
10398 
31782 
14684 
97487 
52162 
60457 
66380 


23536 


70833 
00000 
37502 
33342 
37526 
00065 
70973 
00273 
37992 


34167 
26668 
02510 
86724 
04384 
80648 
40801 
10308 
14882 


80558 
55810 
29341 
88080 
35662 
55845 
16000 
20736 
25705 


21655 
01439 
24400 
70448 
75176 
46849 
31039 
59878 
28976 


17078 
10720 
37443 
48530 
86508 
53677 
45494 
95375 
01266 


02875 


0.99999 00000 
0.99998 00001 
0.99997 00004 
0.99996 00007 
0.99995 00012 
0.99994 00017 
0.99993 00024 
0.99992 00031 
0.99991 00040 


0.99990 00049 
0.99980 00199 
0.99970 00449 
0.99960 00799 
0.99950 01249 
0.99940 01799 
0.99930 02449 
0.99920 03199 
0.99910 04048 


0.99900 04998 
0.99800 19986 
0.99700 44955 
0.99600 79893 
0.99501 24791 
0.99401 79640 
0.99302 44429 
0.99203 19148 
0.99104 03787 


0.99004 98337 
0.98019 86733 
0.97044 55335 
0.96078 94391 
0.95122 94245 
0.94176 45335 
0.93239 38199 
0.92311 63463 
0.91393 11852 


0.90483 74180 
0. 81873 07530 
0.74081 82206 
0.67032 00460 
0.60653 06597 
0.54881 16360 
0.49658 53037 
0.44932 89641 
0.40656 96597 


e—710-n 


49999 
99998 
49995 
99989 
49979 
99964 
49942 
99914 
49878 


99833 
98666 
95500 
89334 
79169 
64005 
42843 
14683 
78527 


33374 
67333 
03372 
43991 
92682 
53935 
33235 
37060 
72883 


49168 
06755 
48508 
52323 
00714 
84248 
05948 
86635 
71228 


35959 
77981 
81717 
35639 
12633 
94026 
91409 
17221 
40599 


0. 36787 94411 71442 


141 


83333 37500 
66667 33333 
50003 37498 
33343 99991 
16692 70807 
00053 99935 
83433 37360 
66837 33060 
50273 37008 


33749 99167 
73333 06668 
33747 97510 
39991 46724 
27057 29384 
39935 20648 
33609 95801 
73060 30307 
33257 99880 


99166 80554 
06675 55302 
97601 20662 
47235 23064 
31335 25642 
26474 44988 
10490 47970 
63033 98697 
66216 45648 


05357 39060 
30222 08141 
17693 25284 
20943 92107 
00909 14253 
70953 71528 
22885 79726 
78291 07598 
18674 73535 


57316 42491 
85866 99355 
86606 68738 
30074 44329 
42360 37995 
43262 84589 
51470 48001 
59143 01024 
11188 34542 


32159 55238 


142 ELEMENTARY TRANSCENDENTAL FUNCTIONS 
Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin z cos z 


0, 000 0.00000 00000 00000 00000 000 1.00000 00000 00000 00000 000 
0, 001 0.00099 99998 33333 34166 667 0. 99999 95000 00041 66666 528 
0. 002 0.00199 99986 66666 93333 331 0.99999 80000 00666 66657 778 
0. 003 0. 00299 99955 00002 02499 957 0.99999 55000 03374 99898 750 
0. 004 0. 00399 99893 33341 86666 342 0.99999 20000 10666 66097 778 


0. 005 0.00499 99791 66692 70831 783 0.99998 75000 26041 64496 529 
0. 006 0.00599 99640 00064 79994 446 0.99998 20000 53999 93520 004 
0, 007 0.00699 99428 33473 39150 327 0.99997 55001 00041 50326 542 
0. 008 0.00799 99146 66939 73291 723 0.99996 80001 70666 30257 819 
0, 009 0.00899 98785 00492 07405 100 0.99995 95002 73374 26188 857 


0, 010 0.00999 98333 34166 66468 254 0.99995 00004 16665 27778 026 
0.011 0.01099 97781 68008 75446 684 0.99993 95006 10039 20617 059 
0. 012 0.01199 97120 02073 59289 053 0.99992 80008 63995 85281 066 
0. 033 0.01299 96338 36427 42921 659 0.99991 55011 90034 96278 551 
0.014 0.01399 95426 71148 51241 801 0.99990 20016 00656 20901 438 


0.015 0.01499 94375 06328 09109 944 0.99988 75021 09359 17975 106 
0. 016 0.01599 93173 42071 41340 585 0.99987 20027 30643 36508 430 
0.017 0.01699 91811 78498 72691 726 0.99985 55034 80008 14243 829 
0. 018 0.01799 90280 15746 27852 832 0.99983 80043 73952 76107 331 
0.019 0, 01899 88568 53967 31431 205 0.99981 95054 29976 32558 650 


0, 020 0.01999 86666 93333 07936 649 0.99980 00066 66577 77841 270 
0.021 0.02099 84565 34033 81764 335 0.99977 95081 03255 88132 556 
0. 022 0.02199 82253 76279 77175 771 0.99975 80097 60509 19593 878 
0, 023 0. 02299 79722 20302 18277 769 0.99973 55116 59836 06320 750 
0, 024 0.02399 76960 66354 28999 311 0.99971 20138 23734 58193 002 


0.025 0. 02499 73959 14712 33066 217 0.99968 75162 75702 58624 967 
0. 026 0.02599 70707 65676 53973 517 0.99966 20190 40237 62215 698 
0. 027 0.02699 67196 19572 14955 411 0.99963 55221 42836 92299 214 
0, 028 0.02799 63414 76750 38952 746 0.99960 80256 09997 38394 779 
0, 029 0.02899 59353 37589 48577 881 0.99957 95294 69215 53557 207 


0. 030 0.02999 55002 02495 66076 853 0.99955 00337 48987 51627 216 
0. 031 0. 03099 50350 71904 13288 752 0.99951 95384 78809 04381 810 
0. 032 0.03199 45389 46280 11602 188 0.99948 80436 89175 38584 710 
0. 033 0.03299 40108 26119 81908 762 0.99945 55494 11581 32936 824 
0. 034 0.03399 34497 11951 44553 435 0. 99942 20556 78521 14926 773 


0.035 0.03499 28546 04336 19281 702 0.99938 75625 23488 57581 460 
0, 036 0.03599 22245 03869 25183 461 0.99935 20699 80976 76116 700 
0.037 0.03699 15584 11180 80633 489 0.99931 55780 86478 24487 902 
0, 038 0.03799 08553 26937 03228 414 0.99927 80868 76484 91840 819 
0. 039 0.03899 01142 51841 09720 085 0.99923 95963 88487 98862 358 


0. 040 0.03998 93341 86634 15945 255 0.99920 01066 60977 94031 457 
0. 041 0.04098 85141 32096 36751 449 0.99915 96177 33444 49770 040 
0. 042 0.04198 76530 89047 85918 946 0.99911 81296 46376 58494 043 
0. 043 0.04298 67500 58349 76078 755 0.99907 56424 41262 28564 524 
0, 044 0. 04398 58040 40905 18626 492 0.99903 21561 60588 80138 853 


0, 045 0.04498 48140 37660 23632 066 0.99898 76708 47842 40921 992 
0, 046 0.04598 37790 49604 99745 054 0.99894 21865 47508 41817 869 
0. 047 0.04698 26980 77774 54095 689 0. 99889 57033 05071 12480 849 
0. 048 0.04798 15701 23249 92191 340 0. 99884 82211 67013 76767 299 
0, 049 0. 04898 03941 87159 17808 403 0.99879 97401 80818 48087 272 


0, 050 0.04997 91692 70678 32879 487 0.99875 02603 94966 24656 287 

a ca 

7 7 

For conversion from degrees to radians see Example 13. 
For use and extension of the table see Examples 15-17. 
From C. E. Van Orstrand, Tables of the exponential function and of the.cir- 
cular sine and cosine to radian arguments, Memoirs of the National Academy of 
Sciences, vol. 14, Fifth Memoir. U.S. Government Printing Office, Washington, 
D.C., 1921 (with permission). Known errors have been corrected. 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 04997 
0. 05097 
0. 05197 
0. 05297 
0. 05397 


0.05497 
0. 05597 
0. 05696 
0. 05796 
0. 05896 


0. 05996 
0. 06096 
0. 06196 
0, 06295 
0. 06395 


0. 06495 
0. 06595 
0. 06694 
0. 06794 
0. 06894 


0. 06994 
0. 07094 
0. 07193 
0. 07293 
0. 07393 


0. 07492 
0. 07592 
0. 07692 
0. 07792 
0. 07891 


0.07991 
0. 08091 
0.08190 
0. 08290 
0. 08390 


0. 08489 
0. 08589 
0. 08689 
0. 08788 
0. 08888 


0. 08987 
0. 09087 
0. 09187 
0. 09286 
0. 09386 


0. 09485 
0. 09585 
0. 09684 
0. 09784 
0. 09883 


0. 09983 


91692 
78943 
65685 
51906 
37598 


22750 
07352 
91395 
74868 
57761 


40064 
21768 
02863 
83337 
63182 


42388 
20944 
98840 
76067 
52615 


28473 
03632 
78081 
51811 
24811 


97072 
68584 
39337 
09320 
78524 


46939 
14555 
81362 
47349 
12508 


76828 
40298 
02910 
64653 
25516 


85491 
44568 
02735 
59984 
16304 


71686 
26119 
79593 
32099 
83627 


34166 


cr 


sin x 


70678 
75032 
01496 
51396 
26109 


27067 
55755 
13712 
02534 
23875 


79444 
71012 
00408 
69523 
80309 


34782 
35022 
83173 
81445 
32117 


37532 
00106 
22323 
06738 
55977 


72742 
59805 
20017 
56301 
71660 


69172 
51998 
23374 
86621 
45140 


02416 
62015 
27592 
02885 
91720 


98011 
25760 
79059 
62093 
79136 


34557 
32817 
78472 
76177 
30679 


46828 


32879 
37375 
29184 
03981 
55099 


73387 
47070 
61601 
99503 
40214 


59919 
31380 
23757 
02430 
28803 


60114 
49232 
44449 
89264 
22165 


76397 
79734 
54229 
15974 
74838 


34208 
90718 
33972 
46257 
02252 


68730 
04247 
58826 
73635 
80655 


02338 
51260 
29764 
29594 
31524 


04969 
07600 
84943 
69966 
82662 


29625 
03609 
83083 
31775 
98210 


15230 


0. 99875 


02603 


0.99869 97818 


0. 99864 
0. 99859 
0. 99854 


0. 99848 
0. 99843 
0. 99837 
0. 99831 
0. 99826 


0. 99820 
0.99814 
0. 99807 
0. 99801 
0. 99795 


0.99788 
0. 99782 
0.99775 
0.99768 
0. 99762 


0.99755 
0. 99748 
0. 99740 
0. 99733 
0. 99726 


0. 99718 
0.99711 
0. 99703 
0. 99695 
0. 99688 


0. 99680 
0.99672 
0. 99663 
0.99655 
0. 99647 


0. 99638 
0. 99630 
0. 99621 
0. 99613 
0. 99604 


0.99595 
0. 99586 
0.99577 
0. 99567 
0. 99558 


0. 99549 
0. 99539 
0.99529 
0.99520 
0. 99510 


0. 99500 


83046 
58287 
23542 


78812 
24097 
59397 
84714 
00048 


05399 
00768 
86156 
61562 
26989 


82436 
27904 
63395 
88907 
04443 


10002 
05586 
91195 
66830 
32492 


88181 
33898 
69644 
95419 
11225 


17063 
12932 
98834 
74769 
40739 


96745 
42786 
78864 
04980 
21135 


27330 
23565 
09841 
86159 
52521 


08927 
55378 
91875 
18419 
35011 


41652 


cos z 


94966 
58936 
23208 
39259 
59564 


37598 
27834 
85743 
67796 
31461 


35204 
38490 
01782 
86542 
55229 


71301 
99211 
04415 
53362 
13501 


53279 
42140 
50526 
49875 
12624 


12207 
23055 
20596 
81256 
82457 


02619 
21157 
18485 
76013 
76147 


02290 


38841 
71197 
85750 
69887 


11994 
01450 
28634 
84916 
62665 


55245 
57015 
63330 
70541 
75992 


78025 


Table 


24656 
84647 
81242 
37585 
41634 


40913 
37163 
80900 
65862 
23365 


16554 
34561 
86552 
95687 
92968 


10999 
77634 
09538 
05636 
40472 


57462 
62048 
14757 
24157 
39707 


44522 
48023 
78496 
75551 
82476 


38497 
70937 
87272 
67091 
53953 


47151 
93367 
78234 
17797 
49872 


25309 
99152 
21703 
29482 
36090 


22976 
30094 
46473 
00679 
51179 


76609 


Pr 


4.6 


287 
237 
407 
623 
531 


005 
704 
770 
676 
235 


766 
437 
769 
334 
628 


144 
635 
592 
926 
866 


091 
084 
726 
139 
717 


7714 
568 
785 
417 
279 


771 
933 
823 
212 
598 


570 
506 
626 
412 
388 


284 
586 
483 
217 
844 


426 
649 
881 
686 
796 


556 


143 


144 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 09983 
0. 10082 
0. 10182 
0.10281 
0.10381 


0. 10480 
0. 10580 
0.10679 
0.10779 
0. 10878 


0. 10977 
0.11077 
0.11176 
0.11275 
0.11375 


0.11474 
0.11574 
0.11673 
0. 11772 
0.11871 


0.11971 
0. 12070 
0.12169 
0. 12269 
0. 12368 


0.12467 
0.12566 
0.12665 
0.12765 
0. 12864 


0. 12963 
0.13062 
0.13161 
0. 13260 
0. 13359 


0. 13459 
0. 13558 
0. 13657 
0. 13756 
0.13855 


0.13954 
0. 14053 
0.14152 
0.14251 
0. 14350 


0.14449 
0. 14548 
0. 14647 
0. 14746 
0. 14844 


0.14943 


34166 
83707 
32239 
79754 
26240 


71688 
16088 
59430 
01704 
42900 


83008 
22018 
59921 
96706 
32364 


66883 
00256 
3247] 
63519 
93389 


22072 
49559 
75838 
00900 
24735 


47333 
68685 
88780 
07608 
25160 


41426 
56395 
70058 
82404 
93425 


03110 
11448 
18431 
24048 
28290 


31146 
32607 
32662 
31302 
28517 


24297 
18632 
11512 
02927 
92868 


81324 


sin z 


46828 
29567 
83945 
15107 
28302 


28882 
22302 
14121 
10007 
15731 


37174 
80326 
51285 
56261 
01575 


93663 
39072 
44465 
16621 
62434 


88919 
03206 
12547 
24315 
46003 


85227 
49729 
47372 
86148 
74174 


19694 
31083 
16843 
85608 
46144 


07348 
78252 
68023 
85962 
41508 


44236 
03861 
30237 
33359 
23362 


10526 
05272 
18167 
59922 
41398 


73599 


[a] 


15230 
99512 
51074 
52769 
69768 


49043 
18823 
88052 
45835 
60869 


80866 
31964 
18131 
20553 
97013 


81259 
82361 
84055 
44080 
93496 


35996 
47206 
73970 
33626 
13267 


68995 
25157 
73569 
72735 
47043 


85954 
43179 
35844 
43632 
07929 


30938 
74799 
60677 
67852 
32784 


48171 
61995 
76542 
47427 
82584 


41263 
32992 
16543 
98870 
34041 


22149 


0. 99500 
0. 99490 
0. 99480 
0. 99470 
0.99459 


0. 99449 
0. 99438 
0.99428 
0. 99417 
0. 99406 


0. 99395 
0.99384 
0. 99373 
0. 99362 
0. 99350 


0. 99339 
0. 99327 
0.99316 
0. 99304 
0. 99292 


0. 99280 
0. 99268 
0. 99256 
0.99244 
0. 99232. 


0.99219 
0. 99207 
0.99194 
0.99181 
0.99169 


0. 99156 
0.99143 
0. 99130 
0.99116 
0. 99103 


0. 99090 
0. 99076 
0. 99063 
0.99049 
0. 99035 


0. 99021 
0. 99007 
0. 98993 
0. 98979 
0. 98964 


0, 98950 
0. 98936 
0. 98921 
0. 98906 
0. 98892 


0. 98877 


41652 
38343 
25085 
01879 
68726 


25627 
72583 
09595 
36665 
53792 


60979 
58226 
45535 
22907 
90342 


47843 
95409 
33043 
60744 
78516 


86358 
84272 
72259 
50321 
18458 


76672 
24964 
63335 
91787 
10320 


18937 
17638 
06424 
85298 
54260 


13312 
62454 
01689 
31018 
50441 


59962 
59580 
49297 
29115 
99035 


59058 
09187 
49421 
79764 
00216 


10779 


cos x 


78025 
75976 
70176 
61949 
53618 


48497 
50896 
66120 
00466 
61230 


56696 
96148 
89860 
49101 
86134 


14215 
47595 
01517 
92218 
36926 


53866 
62252 
82294 
35193 
43142 


29329 
17930 
34118 
04055 
54896 


14788 
12868 
79267 
45107 
42499 


04547 
65348 
59985 
24535 
96067 


12637 
13293 
38073 
28007 
25111 


72394 
13854 
94478 
60241 
58111 


36042 


Pa 


76609 
65937 
08533 
84132 
52703 


44220 
48325 
03900 
88538 
07909 


85035 
49459 
26316 
25308 
29576 


84471 
86235 
70568 
01110 
57814 


25224 
80653 
82259 
57029 
88655 


05314 
67355 
54873 
55198 
50278 


03959 
49177 
75039 
13813 
27814 


96193 
01628 
16913 
91451 
37644 


17189 
27270 
86655 
21689 
52197 


77275 
60997 
18007 
99027 
76256 


28673 


556 
840 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 
z sin r COS 
0.150 0.14943 81324 73599 22149 773 0.98877 10779 36042 28673 
0.151 0.15042 68286 67680 08215 725 0.98862 11454 42977 27245 
0.152 0.15141 53744 34944 81070 532 0. 98847 02243 28849 20028 
0.153 0.15240 37687 86847 72225 604 0.98831 83147 44579 17178 
0.154 0.15339 20107 34994 54727 267 0.98816 54168 42076 75856 
0.155 0.15438 00992 91143 41996 190 0.98801 15307 74239 85038 
0.156 0.15536 80334 67205 86651 555 0.98785 66566 94954 50224 
0.157 0.15635 58122 75247 79319 902 0.98770 07947 59094 78054 
0.158 0.15734 34347 27490 47428 529 0.98754 39451 22522 60814 
0.159 0.15833 08998 36311 53983 354 0.98738 61079 42087 60855 
0.160 0.15931 82066 14245 96331 146 0.98722 72833 75626 94904 
0.161 0.16030 53540 73987 04906 020 0.98706 74715 81965 18284 
0. 162 0.16129 23412 28387 41960 095 0.98690 66727 20914 09029 
0.163 0.16227 91670 90460 00278 226 0.98674 48869 53272 51905 
0, 164 0.16326 58306 73379 01876 705 0.98658 21144 40826 22328 
0.165 0.16425 23309 90480 96685 825 0.98641 83553 46347 70185 
0. 166 0.16523 86670 55265 61216 228 0.98625 36098 33596 03560 
0.167 0.16622 48378 81396 97208 916 0.98608 78780 67316 72356 
0.168 0.16721 08424 82704 30268 843 0.98592 11602 13241 51818 
0.169 0.16819 66798 73183 08481 981 0.98575 34564 38088 25966 
0.170 0.16918 23490 66996 01015 762 0.98558 47669 09560 70917 
0.171 0.17016 78490 78473 96702 805 0.98541 50917 96348 38117 
0.172 0.17115 31789 22117 02607 812 0.98524 44312 68126 37476 
0.173 0.17213 83376 12595 42577 560 0.98507 27854 95555 20391 
0.174 0.17312 33241 64750 55773 865 0.98490 01546 50280 62691 
0.175 0.17410 81375 93595 95189 433 0.98472 65389 04933 47463 
0.176 0.17509 27769 14318 26146 505 0.98455 19384 33129 47797 
0.177 0.17607 72411 42278 24778 176 0.98437 63534 09469 09416 
0.178 0.17706 15292 93011 76492 317 0.98419 97840 09537 33225 
0.179 0.17804 56403 82230 74417 975 0.98402 22304 09903 57745 
0.180 0.17902 95734 25824 17834 180 0.98384 36927 88121 41459 
0. 181 0.18003 33274 39859 10581 029 0.98366 41713 22728 45058 
0. 182 0.18099 69014 40581 59452 980 0.98348 36661 93246 13586 
0. 183 0.18198 02944 44417 72574 233 0.98330 21775 80179 58485 
0.184 0.18296 35054 67974 57756 116 0.98311 97056 65017 39552 
0. 185 0.18394 65335 28041 20836 370 0.98293 62506 30231 46781 
0.186 0.18492 93776 41589 64000 231 0.98275 18126 59276 82121 
0. 187 0.18591 20368 25775 84083 224 0.98256 63919 36591 41132 
0.188 0.18689 45100 97940 70855 554 0.98237 99886 47595 94537 
0. 189 0.18787 67964 75611 05288 013 0.98219 26029 78693 69683 
0.190 0.18885 88949 76500 57799 285 0.98200 42351 17270 31896 
0,191 0.18984 08046 18510 86484 571 0.98181 48852 51693 65751 
0.192 0.19082 25244 19732 35325 424 0.98162 45535 71313 56228 
0. 193 0.19180 40533 98445 32380 691 0.98143 32402 66461 69777 
0. 194 0.19278 53905 73120 87958 485 0.98124 09455 28451 35290 
0.195 0.19376 65349 62421 92769 058 0.98104 76695 49577 24965 
0.196 0.19474 74855 85204 16058 510 0.98085 34125 23115 35080 
0.197 0.19572 82414 60517 03723 204 0.98065 81746 43322 66661 
0.198 0.19670 88016 07604 76404 820 0.98046 19561 05437 06062 
0.199 0.19768 91650 45907 27565 917 0.98026 47571 05677 05434 
0. 200 0.19866 93307 95061 21545 941 0.98006 65778 41241 63112 


a 


ra 


4.6 


498 
283 
611 
614 
382 


006 
794 
663 
736 
150 


095 
099 
574 
638 
234 


554 
791 
233 
712 
434 


193 
998 
124 
598 
158 


670 
052 
699 
443 
046 


272 
522 
083 
974 
448 


122 
799 
959 
971 
022 


788 
875 
034 
178 
214 


723 
479 
867 
170 
796 


420 


145 


146 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 19866 
0.19964 
0. 20062 
0. 20160 
0. 20258 


0. 20356 
0. 20454 
0, 20552 
0. 20650 
0. 20748 


0. 20845 
0. 20943 
0. 21041 
0. 21139 
0. 21237 


0. 21334 
0. 21432 
0. 21530 
0, 21627 
0.21725 


0. 21822 
0. 21920 
0. 22018 
0. 22115 
0, 22213 


0. 22310 
0. 22408 
0. 22505 
0. 22602 
0. 22700 


0. 22797 
0. 22895 
0. 22992 
0. 23089 
0. 23187 


0. 23284 
0. 23381 
0. 23478 
0. 23575 
0. 23673 


0. 23770 
0. 23867 
0. 23964 
0. 24061 
0. 24158 


0. 24255 
0, 24352 
0. 24449 
0. 24546 
0. 24643 


0. 24740 


93307 
92978 
90653 
86321 
79972 


71599 
61189 
48734 
34224 
17648 


98998 
78263 
55434 
30501 
03453 


74283 
42978 
09530 
73930 
36166 


96230 
54112 
09802 
63290 
14566 


63621 
10445 
55028 
97360 
37433 


75235 
10757 
43990 
74924 
03549 


29855 
53832 
75472 
94763 
11697 


26264 
38453 
48256 
55663 
60663 


63247 
63406 
61130 
56408 
49232 


39592 


sin x 


95061 
74900 
05459 
06969 
99863 


04777 
42549 
34218 
01031 
64439 


46099 
67877 
51846 
20289 
95699 


00782 
58454 
91846 
24303 
79385 


80869 
52747 
19233 
04757 
33970 


31745 
23176 
33582 
88504 
13708 


35188 
79163 
72082 
40621 
11686 


12416 
70180 
12580 
67453 
62868 


27134 
88793 
76627 
19655 
47136 


88572 
73702 
32513 
95231 
92328 


54522 


a 


7 


21545 
91597 
37903 
25571 
82615 


97905 
19110 
50612 
51399 
32944 


57060 
33732 
18932 
12409 
55467 


28707 
49764 
71012 
77249 
83368 


31995 
91115 
51671 
25146 
41115 


44782 
94494 
59230 
16071 
47642 


39540 
77732 
45933 
22962 
80075 


78273 
65586 
74343 
18405 
90384 


58836 
65429 
22091 
08131 
67335 


05043 
85196 
27365 
03750 
36159 


92959 


0. 98006 
0. 97986 
0. 97966 
0. 97946 
0.97926 


0. 97906 
0. 97885 
0. 97865 
0. 97844 
0. 97823 


0. 97803 
0.97782 
0.97761 
0.97740 
0.97718 


0.97697 
0. 97676 
0.97654 
0. 97633 
0.97611 


0. 97589 
0.97567 
0.97545 
0.97523 
0.97501 


0.97479 
0.97457 
0. 97434 
0.97412 
0. 97389 


0. 97366 
0. 97343 
0. 97320 
0.97297 
0.97274 


0.97251 
0.97228 
0.97204 
0.97181 
0.97157 


0. 97133 
0. 97109 
0. 97086 
0. 97062 
0. 97037 


0.97013 
0. 96989 
0. 96965 
0. 96940 
0. 96915 


0. 96891 


65778 
74185 
72793 
61604 
40621 


09845 
69278 
18923 
58781 
88855 


09147 
19658 
20391 
11348 
92531 


63942 
25583 
77456 
19564 
51909 


74493 
87317 
90385 
83699 
67259 


41070 
05133 
59450 
04024 
38856 


63950 
79306 
84929 
80819 
66980 


43413 
10121 
67106 
14371 
51917 


79748 
97865 
06272 
04970 
93961 


73249 
42836 
02723 
52914 
93411 


24217 


cos <= 


41241 
10310 
12041 
46575 
15030 


19505 
63076 
49802 
84716 
73834 


24148 
43628 
41225 
26863 
11448 


06862 
25963 
82586 
91546 
68630 


30605 
95212 
81168 
08167 
96877 


68943 
46983 
54590 
16334 
57756 


05374 
86678 
30133 
65176 
22218 


32643 
28807 
44041 
12644 
69892 


52029 
96272 
40809 
24800 
88375 


72635 
19650 
72463 
75084 
72494 


10644 


(Ph 


63112 
03887 
59192 
47187 
52742 


07327 
68803 
01113 
53874 
41879 


24491 
84946 
09554 
66806 
86380 


38054 
10511 
90059 
39246 
75378 


48940 
21920 
46034 
40857 
71849 


28292 
01125 
60681 
34326 
84008 


83696 
96733 
53085 
26494 
11536 


00578 
60642 
10166 
95675 
68349 


60492 
61916 
96210 
96928 
83670 


38069 
79682 
41782 
47054 
83195 


78414 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 24740 
0. 24837 
0. 24934 
0. 25030 
0. 25127 


0. 25224 
0.25321 
0.25418 
0. 25514 
0. 25611 


0. 25708 
0. 25804 
0. 25901 
0. 25997 
0. 26094 


0. 26190 
0. 26287 
0. 26383 
0. 26480 
0. 26576 


0. 26673 
0. 26769 
0. 26865 
0. 26962 
0.27058 


0.27154 
0.27250 
0. 27347 
0.27443 
0. 27539 


0. 27635 
0.27731 
0. 27827 
0. 27923 
0. 28019 


0. 28115 
0. 28211 
0, 28307 
0. 28403 
0. 28499 


0. 28595 
0. 28691 
0. 28786 
0. 28882 
0. 28978 


0. 29073 
0. 29169 
0. 29265 
0. 29360 
0. 29456 


0. 29552 


39592 
27478 
12879 
95788 
76193 


54086 
29456 
02294 
72590 
40335 


05518 
68131 
28163 
85606 
40448 


92681 
42295 
89280 
33627 
75325 


14366 
50740 
84437 
15447 
43761 


69369 
92262 
12429 
29862 
44551 


56485 
65656 
72054 
75669 
76492 


74512 
69722 
62110 
51667 
38384 


22251 
03258 
81396 
56656 
29027 


98501 
65067 
28716 
89439 
47225 


02066 


sin x 


54522 92959 
12778 86007 
98307 67549 
42569 27105 
77272 88317 


34378 05782 
46095 61854 
44888 63424 
63473 38674 
34820 33804 


92155 09735 
68959 38788 
98972 01336 
16189 82426 
54868 68386 


49524 43392 
34933 86023 
46135 65779 
18431 39579 
87386 48230 


88831 12873 
58861 31394 
33839 74821 
50396 83684 
45431 64354 


56112 85351 
19879 73627 
74443 10825 
57786 29507 
08166 09350 


64113 73331 
64435 83865 
48215 38926 
54812 68142 
23866 28856 


95294 02165 
09293 88922 
06345 05725 
27208 80861 
12929 50237 


04835 53268 
44540 28750 
73943 10698 
35230 24153 
70875 80965 


23642 75547 
36583 80597 
53042 42792 
16653 78457 
71345 69198 


61339 57510 


ca 


0. 96891 
0. 96866 
0. 96841 
0. 96816 
0. 96791 


0. 96766 
0. 96741 
0.96715 
0. 96690 
0. 96664 


0. 96638 
0. 96613 
0. 96587 
0. 96561 
0. 96535 


0. 96509 
0. 96483 
0. 96456 
0. 96430 
0. 96403 


0. 96377 
0. 96350 
0. 96323 
0. 96296 
0. 96269 


0. 96242 
0.96215 
0. 96188 
0. 96160 
0. 96133 


0.96105 
0. 96077 
0. 96050 
0. 96022 
0. 95994 


0. 95966 
0. 95938 
0, 95909 
0. 95881 
0. 95852 


0. 95824 
0.95795 
0.95767 
0. 95738 
0.95709 


0. 95680 
0.95651 
0.95621 
0. 95592 
0, 95563 


0.95533 


24217 
45333 
56762 
58508 
50572 


32956 
05664 
68698 
22061 
65754 


99781 
24144 
38845 
43888 
39275 


25008 
01091 
67525 
24313 
71458 


08963 
36830 
55063 
63662 
62633 


51976 
31695 
01792 
62271 
13133 


54383 
86021 
08052 
20478 
23302 


16526 
00154 
74188 
38630 
93485 


38755 
74442 
00549 
17080 
24037 


21423 


cos z 


10644 
36453 
97810 
43570 
23561 


88575 
90374 
81687 
16211 
48609 


34513 
30519 
94190 
84058 
59618 


81330 
10622 
09885 
42476 
72716 


65890 
88248 
07004 
90334 
07377 


28237 
23980 
66634 
29189 
85596 


10770 
80586 
71880 
62449 
31050 


57401 
22179 
07021 
94525 
68245 


12697 
13353 
56644 
29961 
21649 


21013 
18315 
04772 
72560 
14809 


25606 


[ 


Table 4.6 


78414 
76838 
13822 
91154 
52178 


56805 
56434 
68781 
52599 
82314 


22555 
02595 
90687 
68308 
04309 


28964 
07924 
16072 
11288 
08109 


51301 
89328 
47727 
02389 
52736 


94814 
94278 
59286 
13299 
67778 


94792 
99523 
92684 
62830 
48581 


10746 
04351 
50572 
08568 
47227 


16807 
20481 
85799 
36036 
61457 


90483 
60759 
90127 


47507 . 


23678 
01964 


147 


148 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0.29552 
0.29647 
0.29743 
0. 29838 
0. 29933 


0. 30029 
0. 30124 
0. 30220 
0. 30315 
0. 30410 


0. 30505 
0. 30601 
0, 30696 
0. 30791 
0, 30886 


0. 30981 
0. 31076 
0. 31171 
0. 31266 
0. 31361 


0. 31456 
0. 31551 
0. 31646 
0. 31741 
0. 31836 


0. 31930 
0. 32025 
0. 32120 
0. 32215 
0. 32309 


0. 32404 
0. 32498 
0. 32593 
0. 32687 
0. 32782 


0. 32876 
0. 32971 
0. 33065 
0. 33160 
0. 33254 


0. 33348 
0, 33442 
0. 33537 
0. 33631 
0. 33725 


0. 33819 
0. 33913 
0. 34007 
0. 34101 
0. 34195 


0. 34289 


sin z 


02066 61339 
53952 31151 
02873 25592 
48819 89771 
91782 69093 


31752 09261 
68718 56279 
02672 56451 
33604 56380 
61505 02974 


86364 43443 
08173 25301 
26921 96367 
42601 04767 
55200 98932 


64712 27602 
71125 39828 
74430 84966 
74619 12688 
71680 72974 


65606 16117 
56385 92727 
44010 53724 
28470 50346 
09756 34148 


87858 57000 
62767 71094 
34474 28937 
02968 83360 
68241 87512 


30283 94868 
89085 59222 
44637 34694 
96929 75730 
45953 37100 


91698 73903 
34156 41562 
73316 95834 
09170 92801 
41708 88879 


70921 40814 
96799 05684 
19332 40903 
38512 04216 
54328 53706 


66772 47791 
75834 45227 
81505 05108 
83774 86866 
82634 50276 


78074 55451 
cm 
7 


57510 
42357 
74716 
53102 
19051 


52585 
67635 
07447 
39950 
53093 


50156 
45030 
57464 
08284 
14579 


84860 
14184 
79252 
33468 
01977 


76666 
11130 
15619 
51938 
28330 


94315 
35507 
68391 
35077 
98012 


34670 
32199 
82047 
74545 
93468 


10553 
79990 
32882 
71669 
64517 


39678 
79816 
16300 
23460 
12813 


27257 
35228 
24823 
97891 
64093 


34918 


0. 95533 
0. 95504 
0.95474 
0. 95444 
0.95414 


0. 95384 
0. 95354 
0. 95324 
0. 95294 
0. 95263 


0. 95233 
0. 95202 
0.95172 
0.95141 
0. 95110 


0. 95079 
0. 95048 
0.95017 
0. 94986 
0. 94954 


0. 94923 
0. 94892 
0. 94860 
0. 94828 
0. 94796 


0. 94765 
0. 94733 
0.94701 
0. 94668 
0. 94636 


0. 94604 
0.94571 
0. 94539 
0. 94506 
0.94473 


0.94441 
0. 94408 
0. 94375 
0.94341 
0. 94308 


0.94275 
0, 94242 
0. 94208 
0.94174 
0.94141 


0.94107 
0. 94073 
0. 94039 
0. 94005 
0.93971 


0. 93937 


64891 
04912 
35384 
56308 
67687 


69525 
61825 
44589 
17820 
81523 


35698 
80351 
15483 
41098 
57199 


63789 
60870 
48447 
26523 
95099 


54180 
03769 
43869 
74482 
95613 


07264 
09438 
02139 
85370 
59134 


23435 
78275 
23658 
59587 
86065 


03096 
10683 
08829 
97537 
76811 


46655 
07071 
58062 
99633 
31786 


54526 
67854 
71775 
66292 
51409 


27128 


cos xz 


25606 
99993 
33968 
24485 
69450 


67727 
19130 
24430 
85350 
04568 


85713 
33367 
53066 
51295 
35494 


14053 
96311 
92562 
14047 
72959 


82440 
56583 
10427 
59963 
22130 


14815 
56853 
68025 
69063 
81642 


28386 
32866 
19598 
14042 
42606 


32643 
12448 
11264 
59275 
87612 


28346 
14493 
80011 
59801 
89707 


06513 
47944 
52668 
60293 
11367 


47378 


01964 
28826 
84359 
52692 
92289 


06164 
11990 
12121 
63513 
47552 


39784 
79558 
39561 
95271 
94302 


25664 
88923 
63269 
76481 
73811 


86757 
01754 
28762 
69764 
87164 


72098 
12639 
61918 
06147 
32541 


97152 
92611 
15765 
35228 
58837 


01006 
49997 
35085 
93637 
38092 


22850 
11062 
41330 
94311 
59229 


00285 
22986 
40365 
39119 
45650 


92003 


7 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 34289 
0. 34383 
0. 34477 
0. 34571 
0. 34665 


0. 34759 
0. 34852 
0. 34946 
0. 35040 
0. 35133 


0. 35227 
0. 35320 
0. 35414 
0. 35508 
0. 35601 


0. 35694 
0. 35788 
0. 35881 
0. 35975 
0. 36068 


0. 36161 
0. 36254 
0. 36347 
0. 36441 
0. 36534 


0. 36627 
0, 36720 
0. 36813 
0. 36906 
0. 36999 


0. 37092 
0. 37184 
0.37277 
0. 37370 
0. 37463 


0. 37555 
0. 37648 
0. 37741 
0. 37833 
0. 37926 


0. 38018 
0. 38111 
0. 38203 
0. 38296 
0. 38388 


0. 38480 
0. 38573 
0. 38665 
0. 38757 
0. 38849 


0. 38941 


sin x 


78074 5545] 
70085 62847 
58658 33263 
43783 27841 
25451 98071 


03652 35784 
78377 73161 
49617 82729 
17363 27364 
81604 70292 


42332 75089 
99538 05683 
53211 26351 
03343 01729 
49923 96801 


92944 76911 
32396 07756 
68268 55391 
00552 86229 
29239 67042 


54319 64961 
75783 47479 
93621 82448 
07825 38085 
18384 82970 


25290 86047 
28534 16625 
28105 44381 
23995 39357 
16194 71964 


04694 12982 
89484 33562 
70556 05224 
47899 99862 
21506 89741 


91367 47501 
57472 46155 
19812 59093 
78378 60081 
33161 23263 


84151 23161 
31339 34675 
74716 33087 
14272 94059 
49999 93636 


81888 08245 
09928 14697 
34110 90188 
54427 12300 
70867 59002 


83423 08650 


cr 


34918 
17681 
09467 
91058 
20819 


28543 
09276 
17091 
58840 
87868 


97684 
15610 
96384 
15734 
63913 


39203 
41380 
65142 
93504 
91160 


97803 
21412 
31502 
52343 
56131 


56137 
99809 
61843 
37211 
34164 


67184 
49909 
88020 
72083 
70366 


21610 
27762 
46681 
84790 
89706 


42823 
51860 
43373 
55222 
29011 


02477 
01854 
34186 
79611 
83601 


49166 


0. 93937 
0. 93902 
0. 93868 
0. 93833 
0. 93799 


0. 93764 
0.93729 
0. 93694 
0. 93659 
0. 93624 


0. 93589 
0. 93554 
0.93519 
0. 93483 
0. 93448 


0.93412 
0. 93376 
0. 93340 
0. 93304 
0. 93268 


0. 93232 
0. 93196 
0. 93160 
0. 93123 
0. 93087 


0. 93050 
0. 93014 
0.92977 
0. 92940 
0.92903 


0. 92866 
0. 92829 
0.92792 
0.92754 
0.92717 


0. 92679 
0. 92642 
0. 92604 
0. 92566 
0. 92528 


0.92490 
0.92452 
0.92414 
0. 92376 
0.92338 


0. 92299 
0.92261 
0.92222 
0. 92183 
0. 92144 


0. 22106 


27128 
93454 
50389 
97937 
36103 


64888 
84296 
94332 
94998 
86299 


68236 
40815 
04038 
57910 
02433 


37611 
63448 
79948 
87113 
84948 


73456 
52640 
22505 
83054 
34291 


76219 
08841 
32163 
46186 
50916 


46355 
32508 
09378 
76968 
35283 


84326 
24101 
54613 
75863 
87857 


90598 
84090 
68337 
43342 
09109 


65643 
12947 
51025 
79880 
99517 


09940 


cos Zz 


47378 
10755 
44865 
94014 
03447 


19349 
88839 
59978 
81762 
04124 


77934 
54999 
88060 
30795 
37816 


64673 
67846 
04751 
33740 
14096 


06034 
70704 
70188 
67499 
26582 


12314 
90501 
27881 
92123 
51824 


76510 
36638 
03592 
49686 
48161 


73184 
99852 
04187 
63138 
54580 


57313 
51063 
16481 
35142 
89547 


63117 
40199 
06064 
46904 
49832 


02885 


ie 


Table 4.6 


92003 
81724 
55613 
57391 
99266 


27409 
87337 
89202 
72980 
73578 


85835 
29438 
13742 
02492 
78462 


07984 
05404 
97425 
87371 
19348 


42320 
74082 
65151 
62553 
73524 


29114 
47704 
98417 
64451 
06312 


24949 
24806 
76777 
81063 
29943 


70454 
66966 
63679 
47019 
07941 


04145 
22192 
39537 
86457 
07898 


25225 
97879 
84939 
06602 
05558 


08279 


149 


150 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 38941 
0. 39033 
0. 39125 
0. 39217 
0. 39309 


0. 39401 
0. 39493 
0. 39585 
0. 39677 
0. 39769 


0. 39860 
0. 39952 
0. 40044 
0. 40135 
0. 40227 


0. 40318 
0. 40410 
0. 40501 
0. 40593 
0. 40684 


0. 40776 
0. 40867 
0. 40958 
0. 41049 
0. 41140 


0. 41232 
0. 41323 
0. 41414 
0. 41505 
0. 41596 


0. 41687 
0.41777 
0. 41868 
0. 41959 
0. 42050 


0. 42141 
0, 42231 
0. 42322 
0. 42412 
0. 42503 


0.42593 
0. 42684 
0. 42774 
0. 42865 
0. 42955 


0. 43045 
0. 43136 
0. 43226 
0. 43316 
0. 43406 


0. 43496 


83423 
92084 
96842 
97687 
94611 


87603 
76656 
61759 
42903 
20080 


93279 
62493 
27711 
88925 
46126 


99303 
48449 
93554 
34608 
71603 


04530 
33379 
58142 
78808 
95370 


07817 
16141 
20333 
20384 
16283 


08024 
95595 
78989 
58196 
33207 


04013 
70605 
32974 
91110 
45005 


94650 
40036 
81153 
17992 
50545 


78803 
02755 
22395 
37711 
48696 


55341 


(P 


sin x 


08650 
39988 
32150 
64660 
17434 


70780 
05398 
02384 
43226 
09812 


84422 
49738 
88838 
85200 
22702 


85626 
58653 
26869 
75762 
91229 


59570 
67491 
02108 
50946 
01936 


43424 
64165 
53326 
00488 
95646 


29210 
92007 
75279 
70687 
70310 


66648 
52619 
21565 
67248 
83856 


65999 
08712 
07458 
58123 
57025 


00908 
86947 
12746 
76342 
76203 


11230 


49166 
29019 
17700 
43663 
61324 


43071 
71230 
29995 
97324 
36782 


89359 
65238 
35528 
23958 
98524 


63109 
49047 
06660 
96747 
82037 


18597 
47203 
84671 
15143 
81337 


75749 
31825 
15081 
14189 
32014 


76621 
52231 
50136 
39579 
58584 


04753 
26011 
11315 
81323 
79016 


60276 
84433 
04751 
58891 
59317 


83666 
65073 
82453 
50745 
11100 


21042 


0. 92106 
0. 92067 
0, 92028 
0. 91988 
0.91949 


0.91910 
0. 91870 
0. 91831 
0.91791 
0.91751 


0. 91712 
0.91672 
0. 91632 
0.91592 
0.91551 


0.91511 
0.91471 
0. 91430 
0. 91390 
0. 91349 


0. 91308 
0. 91268 
0.91227 


0, 91186 


0.91145 


0. 91103 
0. 91062 
0. 91021 
0. 90979 
0. 90938 


0. 90896 
0. 90854 
0. 90813 
0.90771 
0. 90729 


0. 90687 
0. 90644 
0. 90602 
0. 90560 
0.90517 


0. 90475 
0. 90432 
0. 90389 
0. 90346 
0. 90304 


0. 90261 
0. 90217 
0.90174 
0. 90131 
0. 90088 


0.90044 710 


09940 
11151 
03157 
85959 
59563 


23971 
79189 
25219 
62067 
89735 


08228 
17549 
17704 
08695 
90527 


63204 
26730 
81109 
26344 
62441 


89403 
07233 
15937 
15518 
05981 


87329 
59567 
22698 
76727 
21659 


57496 
84244 
01906 
10488 
09991 


00422 
81785 
54083 
17320 
71502 


16632 
52714 
79753 
97753 
06718 


06653 
97562 
79449 
52319 
16175 


23 


cos x 


02885 
95020 
16118 
56976 
09315 


65774 
19913 
66209 
00060 
17781 


16605 
94682 
51081 
85785 
99696 


94631 
73322 
39416 
97475 
52975 


12308 
82776 
72597 
90901 
47728 


54033 
21681 
63449 
93022 
24998 


74885 
59097 
94960 
00709 
95484 


99336 
33221 
19003 
79452 
38245 


19963 
50093 
55027 
62061 
99394 


96132 
82279 
88745 
47341 
90780 


52676 


08279 
86221 
16919 
45007 
43137 


72800 
45073 
81253 
73416 
44875 


10547 
37232 
03796 
61266 
92832 


73753 
31180 
03880 
01872 
65972 


27243 
66357 
72866 
04379 
45647 


67564 
86066 
20950 
54591 
90577 


12247 
41143 
95366 
47844 
84510 


62385 
67577 
73181 
97096 
59747 


41716 
41286 
31889 
19473 
99766 


15457 
13291 
01061 
04523 
24210 


92166 


cn 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 43496 
0. 43586 
0. 43676 
0. 43766 
0. 43856 


0. 43946 
0. 44036 
0. 44125 
0.44215 
0. 44305 


0. 44394 
0. 44484 
0. 44573 
0. 44663 
0. 44752 


0. 44842 
0. 44931 
0. 45020 
0. 45110 
0. 45199 


0. 45288 
0, 45377 
0. 45466 
0. 45555 
0. 45644 


0. 45733 
0. 45822 
0, 45911 
0. 46000 
0. 46089 


0. 46177 
0. 46266 
0. 46355 
0. 46443 
0. 46532 


0. 46620 
0. 46709 
0. 46797 
0. 46886 
0. 46974 


0. 47062 
0. 47150 
0. 47238 
0. 47327 
0. 47415 


0. 47503 
0. 47591 
0. 47679 
0. 47766 
0. 47854 


0. 47942 


55341 
57635 
55571 
49140 
38331 


23138 
03549 
79557 
51152 
18326 


81069 
39373 
93228 
42626 
87558 


28014 
63986 
95465 
22442 
44907 


62853 
76270 
85149 
89482 
89259 


84471 
75110 
61167 
42633 
19498 


91755 
59394 
22406 
80783 
34515 


83594 
28011 
67757 
02823 
33201 


58881 
79855 
96114 
07649 
14451 


16512 
13823 
06374 
94157 
77164 


55386 


ca 


sin x 


11230 
80759 
84561 
22842 
96246 


05853 
53183 
40194 
69287 
43301 


65519 
39668 
69916 
60878 
17615 


45634 
50888 
39782 
19166 
96343 


79068 
75545 
94432 
44843 
36343 


78955 
83158 
59888 
20540 
76967 


41482 
26861 
46338 
13613 
42849 


48672 
46175 
50915 
78918 
46678 


71158 
69788 
60472 
61583 
91970 


70950 
18319 
54345 
99774 
75827 


04203 


21042 
44573 
42243 
61170 
25020 


23944 
04468 
59344 
17350 
33053 


76524 
23010 
42563 
89618 
92537 


43101 
85958 
08029 
27868 
84976 


29070 
09309 
63474 
07100 
22566 


48139 
66969 
96047 
75103 
55473 


88913 
16364 
56679 
95295 
72867 


73849 
15033 
34040 
77761 
90760 


03618 
21242 
11121 
91533 
19709 


79950 
71693 
97532 
51191 
05452 


00027 


0. 90044 
0. 90001 
0. 89957 
Q. 89913 
0, 89870 


0. 89826 
0. 89782 
0. 89738 
0. 89693 
0. 89649 


0. 89605 
0. 89560 
0.89516 
0. 89471 
0. 89426 


0. 89382 
0, 89337 
0. 89292 
0. 89247 
0. 89202 


0. 89156 
0. 89111 
0. 89066 
0. 89020 
0. 88974 


0. 88929 
0. 88883 
0. 88837 
0. 88791 
0. 88745 


0. 88699 
0. 88653 
0. 88606 
0. 88560 
0. 88514 


0. 88467 
0. 88420 
0. 88374 
0. 88327 
0. 88280 


0. 88233 
0. 88186 
0. 88138 
0. 88091 
0. 88044 


0. 87996 
0. 87949 
0. 87901 
0. 87853 
0. 87806 


0. 87758 


71023 
16866 
53709 
81556 
00412 


10281 
11168 
03076 
86010 
59975 


24975 
81014 
28097 
66229 
95414 


15656 
26959 
29329 
22770 
07286 


82881 
49562 
07330 
56193 
96153 


27216 
49386 
62667 
67065 
62583 


49227 
27001 
95910 
55958 
07150 


49491 
82984 
07636 
23450 
30432 


28586 
17916 
98427 
70125 
33014 


87098 
32382 
68872 
96571 
15485 


25618 


cos x 


52676 
67546 
70803 
98765 
88646 


78561 
07522 
15441 
43127 
32287 


25525 
66339 
99127 
69179 
22683 


06720 
69266 
59190 
26256 
21120 


95328 
01323 
92437 
22891 
47800 


23168 
05888 
53744 
25407 
80438 


79284 
83281 
54652 
56506 
52837 


08528 
89343 
61933 
93833 
53462 


10121 
33995 
96151 
68537 
23984 


36204 
79786 
30204 
63808 
57828 


90372 


Table 


92166 
28580 
98337 
67474 
59552 


11933 
31966 
53089 
90836 
98759 


24253 
64298 
21110 
57699 
53342 


58962 
52423 
93730 
80142 
01196 


93645 
96296 
04773 
26178 
33674 


20970 
56721 
38842 
48723 
05369 


19439 
47206 
44417 
20075 
90129 


31072 
33453 
55301 
75463 
46844 


49570 
44058 
23994 
69230 
98588 


22574 
96012 
70581 
47270 
28743 


71611 


(Pi 


4.6 


151 


152 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 47942 
0. 48030 
0. 48117 
0. 48205 
0. 48293 


0. 48380 
0. 48468 
0. 48555 
0. 48643 
0. 48730 


0. 48817 
0. 48904 
0. 48992 
0. 49079 
0. 49166 


0. 49253 
0. 49340 
0. 49427 
0. 49514 
0. 49601 


0. 49688 
0. 49774 
0. 49861 
0. 49948 
0. 50034 


0.50121 
0. 50207 
0.50294 
0. 50380 
0. 50467 


0. 50553 
0. 50639 
0.50725 
0.50811 
0. 50898 


0. 50984 
0.51070 
0.51156 
0. 51241 
0.51327 


0. 51413 
0.51499 
0.51585 
0. 51670 
0.51756 


0.51841 
0.51927 
0. 52012 
0. 52098 
0. 52183 


0. 52268 


sin z 


55386 04203 
28813 07080 
97437 07116 
61249 27448 
20240 91696 


74403 23960 
23727 48823 
68204 91355 
07826 77106 
42584 32116 


72468 82907 
97471 56492 
17583 80371 
32796 82532 
43101 91455 


48490 36108 
48953 45953 
44482 50944 
35068 81528 
20703 68647 


01378 43736 
77084 38729 
47812 86055 
13555 18641 
74302 69914 


30046 73797 
80778 64718 
26489 77603 
67171 47881 
02815 11483 


33412 04846 
58953 64911 
79431 29121 
94836 35431 
05160 22300 


10394 28695 
10529 94093 
05558 58481 
95471 62356 
80260 46726 


59916 53113 
34431 23551 
03796 00588 
68002 27290 
27041 47234 


80905 04516 
29584 43752 
73071 10073 
11356 49129 
44432 07094 


72289 30659 


"| 


00027 
29394 
30578 
70881 
35573 


15529 
94818 
38243 
78840 
05316 


49450 
73435 
57187 
85582 
35667 


63810 
92799 
98899 
98859 
36861 


71433 
62299 
57189 
78596 
10484 


84942 
68796 
50161 
24954 
83349 


96181 
01306 
89905 
92741 
66364 


79260 
97962 
73096 
25387 
31605 


10467 
08484 
85758 
01726 
00855 


98283 
65410 
15436 
88849 
38858 


16778 


0. 87758 
0. 87710 
0. 87662 
0. 87614 
0. 87565 


0. 87517 
0. 87469 
0. 87420 
0. 87371 
0. 87323 


0. 87274 
0. 87225 
0. 87176 
0. 87127 
0. 87078 


0. 87029 
0. 86979 
0. 86930 
0. 86881 
0, 86831 


0. 86781 
0, 86732 
0. 86682 
0. 86632 
0. 86582 


0. 86532 
0. 86482 
0. 86431 
0. 86381 
0. 86331 


0. 86280 
0, 86230 
0. 86179 
0, 86128 
0. 86077 


0. 86026 
0. 85975 
0. 85924 
0. 85873 
0. 85822 


0. 85770 
0. 85719 
0. 85667 
0, 85616 
0. 85564 


0. 85512 
0. 85460 
0. 85408 
0. 85356 
0. 85304 


0. 85252 


25618 
26976 
19562 
03383 
78441 


44744 
02294 
51098 
91160 
22484 


45076 
58941 
64083 
60507 
48219 


27222 
97523 
59126 
12036 
56258 


91796 
18657 
36844 
46363 
47218 


39416 
22960 
97856 
64109 
21723 


70705 
11058 
42788 
65901 
80400 


86292 
83581 
72273 
52372 
23884 


86813 
41166 
86946 
24160 
52812 


72907 
84452 
87450 
81907 
67829 


45220 


cos z& 


90372 
40428 
87859 
13407 
98689 


26201 
79311 
42264 
00180 
39053 


45751 
08013 
14454 
54560 
18687 


98065 
84793 
71841 
53049 
23126 


77649 
13065 
26688 
16698 
82144 


22941 
39868 
34571 
09560 
68210 


14761 
54312 
92829 
37140 
94932 


74755 
86021 
39001 
44824 
15482 


63824 
03555 
49241 
16304 
21022 


80530 
12819 
36734 
71975 
39096 


59505 


71611 
38630 
50795 
39357 
97748 


33418 
19588 
46912 
75052 
84166 


26310 
76750 
85187 
26898 
53787 


45347 
59540 
83584 
84660 
60524 


90038 
83614 
33565 
64378 
82893 


28399 
22644 
19753 
56071 
99902 


01180 
41041 
81312 
13920 
10201 


70140 
71507 
18926 
92837 
98393 


14253 
41303 
51282 
35326 
52425 


77799 
51181 
25018 
12587 
36027 


74280 


P] 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 52268 
0. 52353 
0. 52439 
0.52524 
0. 52609 


0.52694 
0.52779 
0. 52864 
0.52949 
0. 53033 


0.53118 
0. 53203 
0.53287 
0, 53372 
0.53457 


0.53541 
0.53626 
0.53710 
0.53794 
0. 53878 


0. 53963 
0.54047 
0.54131 
0.54215 
0, 54299 


0. 54383 
0.54467 
0.54551 
0. 54634 
0.54718 


0.54802 
0, 54886 
0.54969 
0.55053 
0.55136 


0. 55219 
0. 55303 
0. 55386 
0. 55469 
0. 55552 


0.55636 
0.55719 
0.55802 
0. 55885 
0. 55968 


0. 56050 
0. 56133 
0.56216 
0. 56299 


72289 
94919 
12314 
24465 
31364 


33002 
29370 
20460 
06264 
86773 


61979 
31872 
96446 
55691 
09598 


58160 
01367 
39212 
71686 
98780 


20487 
36797 
47702 
53195 
53266 


47906 
37109 
20865 
99165 
72002 


39367 
01252 
57649 
08548 
53942 


93823 
28181 
57009 
80299 
98041 


10229 
16852 
17904 
13375 
03258 


87544 
66226 
39293 
06739 


0. 56382 68555 


0. 56464 


24733 


sin x 


30659 
67038 
63969 
69712 
33053 


03301 
30292 
64391 
56488 
58002 


20883 
97610 
41195 
05179 
43639 


11183 
62956 
54637 
42441 
83121 


33969 
52812 
98021 
28505 
03714 


83642 
28825 
00342 
59818 
69423 


91873 
90432 
28912 
71672 
83624 


30227 
77494 
91989 
40829 
91685 


12783 
72905 
41388 
88127 
83575 


98744 
05205 
75090 
81092 
96468 


95035 


eee 


16778 
57359 
64065 
94301 
44585 


35674 
97627 
54824 
10933 
33815 


40385 
81418 
26300 
47726 
06347 


35362 
25057 
07291 
39926 
91211 


24099 
80524 
65614 
31859 
63213 


59158 
18694 
24296 
25797 
24232 


55618 
74682 
38538 
90300 
42652 


61353 
48692 
26889 
21434 
44380 


77572 
55827 
50056 
50327 
48880 


23078 
18307 
30821 
90525 
43709 


35720 


0. 85252 
0. 85200 
0.85147 
0. 85095 
0. 85042 


0. 84990 
0. 84937 
0. 84884 
0. 84831 
0. 84778 


0. 84725 
0. 84672 
0. 84619 
0, 84565 
0. 84512 


0. 84458 
0. 84405 
0. 84351 
0. 84297 
0. 84244 


0. 84190 
0. 84136 
0. 84082 
0. 84027 
0. 83973 


0. 83919 
0. 83864 
0. 83810 
0. 83755 
0. 83701 


0. 83646 
0. 83591 
0. 83536 
0. 83481 
0, 83426 


0. 83371 
0. 83315 
0. 83260 
0. 83205 
0. 83149 


0. 83094 
0. 83038 
0. 82982 
0, 82926 
0. 82870 


0. 82814 
0. 82758 
0. 82702 
0. 82646 
0. 82589 


0. 82533 


cos x 


45220 59505 
14086 55464 
74432 50084 
26263 67333 
69585 32026 


04402 69831 
30721 07267 
48545 71701 
57881 91352 
58734 95285 


51110 13416 
35012 76506 
10448 16165 
77421] 64850 
35938 55863 


86004 23353 
27624 02313 
60803 28580 
85547 38838 
01861 70611 


09751 62268 
09222 53020 
00279 82920 
82928 92863 
57175 24582 


23024 20654 
80481 24493 
29551 80354 
70241 33330 
02555 29351 


26499 15186 
42078 38442 
49298 47559 
48164 91816 
38683 21326 


20858 87037 
94697 40732 
60204 35026 
17385 23370 
66245 60044 


06791 00163 
39026 99672 
62959 15348 
78593 04797 
85934 26455 


84988 39590 
75761 04294 
58257 81491 
32484 32932 
98446 21193 


56149 09678 


cP 


Table 


74280 
10953 
82092 
23867 
20180 


50182 
35704 
88608 
58049 
77652 


12609 
06683 
29136 
21564 
44654 


24855 
00958 
70603 
36691 
53715 


74013 
93925 
99876 
14368 
41893 


14757 
38825 
39176 
05683 
38499 


93465 
27434 
43511 
36205 
36508 


56877 
36143 
84331 
27399 
51895 


49524 
61643 
23660 
09361 
75147 


04193 
50517 
82974 
29164 
19254 


29724 


153 


154 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR 


0. 56464 
0. 56546 
0. 56629 
0.56711 
0.56793 


0. 56876 
0. 56958 
0.57040 
0.57122 
0.57204 


0. 57286 
0.57368 
0.57450 
0.57532 
0.57614 


0.57695 
0.57777 
0.57859 
0.57940 
0. 58022 


0. 58103 
0.58184 
0. 58266 
0. 58347 
0. 58428 


0.58509 
0. 58590 
0. 58671 
0. 58752 
0. 58833 


0.58914 
0.58995 
0.59075 
0.59156 
0. 59237 


0.59317 
0.59398 
0. 59478 
0.59559 
0. 59639 


0.59719 
0.59799 
0.59879 
0.59959 
0. 60039 


0.60119 
0. 60199 
0. 60279 
0. 60359 
0. 60439 


0.60518 


24733 
75265 
20142 
59356 
92899 


20762 
42938 
59418 
70194 
75257 


74601 
68215 
56093 
38225 
14604 


85222 
50071 
09141 
62426 
09916 


51605 
87483 
17542 
41775 
60174 


72729 
79433 
80279 
75257 
64359 


47579 
24907 
96335 
61856 
21462 


75143 
22893 
64703 
00565 
30471 


54413 
72383 
84374 
90376 
90382 


84385 
72375 
54345 
30288 
00194 


64057 


SINES AND COSINES FOR RADIAN ARGUMENTS 


sin x 


95035 35720 
51175 93580 
39837 08553 
36531 18642 
17336 91043 


58900 04538 
38434 31827 
33722 21808 
23115 81800 
85537 59705 


00481 26119 
48012 56380 
08770 12563 
63966 25415 
95387 76236 


85396 78697 
16931 60606 
73507 45614 
39217 34861 
98732 88572 


37305 07584 
40765 14825 
95525 36729 
88579 84595 
07505 35888 


40462 15480 
76194 76836 
04032 83139 
13891 88356 
96274 18246 


42269 51311 
43555 99690 
92400 89983 
81661 44033 
04785 59635 


55812 91193 
29375 30315 
20697 86352 
25599 66873 
40494 58084 


62392 05188 
88897 92681 
18215 24594 
49145 04673 
81087 16496 


14041 03535 
48606 49156 
85984 56561 
27978 28662 
76993 47908 


36039 56037 


om 


0. 82533 
0.82477 
0. 82420 
0. 82363 
0. 82307 


0. 82250 
0. 82193 
0. 82136 
0. 82079 
0. 82022 


0. 81964 
0. 81907 
0. 81850 
0.81792 
0. 81734 


0. 81677 
0. 81619 
0.81561 
0. 81503 
0. 81445 


0. 81387 
0. 81329 
0.81271 
0, 81213 
0. 81154 


0. 21096 
0. 81037 
0. 80979 
0. 80920 
0. 80861 


0. 80802 
0. 80743 
0. 80684 
0.80625 
0, 80566 


0. 80507 
0. 80447 
0. 80388 
0. 80328 
0. 80269 


0, 80209 
0. 80149 
0. 80089 
0. 80030 
0. 79970 


0. 79909 
0. 79849 
0. 79789 
0.79729 
0. 79668 


0. 79608 


56149 
05598 
46800 
79760 
04483 


20976 
29243 
29292 
21127 
04753 


80178 
47406 
06443 
57296 
99969 


34469 
60800 
78970 
88984 
90847 


84566 
70146 
47593 
16913 
78111 


31195 
76168 
13038 
41809 
62489 


75083 
79596 
76035 
64405 
44713 


16964 
81165 
37320 
85437 
25521 


57578 
81614 
97636 
05648 
05657 


97669 
81690 
57726 
25783 
85868 


37985 


cos £& 


09678 
62617 
45065 
22901 
62830 


32380 
99900 
34564 
06368 
86127 


45479 
56882 
93612 
29766 
40259 


00822 
88007 
79180 
52524 
87037 


62533 
59641 
59801 
45270 
99116 


05217 
48267 
13768 
88032 
58182 


12151 
38679 
27315 
68414 
53140 


73462 
22155 
92798 
79775 
78276 


84292 
94617 
06847 
19380 
31415 


42951 
54786 
68519 
86546 
12061 


49055 


29724 
27022 
11146 
59135 
68484 


00471 
23403 
55786 
09403 
32317 


51790 
17114 
42372 
49108 
08915 


85945 
79339 
65565 
40689 
62551 


92868 
39252 
97147 
91684 
19458 


90218 
68483 
15067 
28536 
86569 


87252 
90282 
58094 
96904 
97676 


77004 
17917 
10598 
93030 
91556 


61358 
26862 
22056 
30729 
26635 


13571 
65377 
65855 
48612 
36819 


82891 


ae 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 60518 
0, 60598 
0. 60677 
0. 60757 
0. 60836 


0.60915 
0. 60995 
0. 61074 
0. 61153 
0. 61232 


0.61311 
0. 61390 
0. 61469 
0. 61548 
0. 61627 


0.61705 
0. 61784 
0. 61863 
0. 61941 
0. 62020 


0. 62098 
0. 62176 
0.62255 
0. 62333 
0. 62411 


0. 62489 
0. 62567 
0. 62645 
0. 62723 
0. 62801 


0. 62879 
0, 62957 
0. 63034 
0, 63112 
0. 63189 


0. 63267 
0. 63344 
0. 63422 
0. 63499 
0. 63576 


0. 63653 
0, 63730 
0. 63807 
0. 63884 
0. 63961 


0. 64038 
0. 64115 
0. 64192 
0. 64268 
0. 64345 


0. 64421 


64057 
21868 


sin z 


36039 
08730 


73618 99284 


19302 
58909 


92433 
19865 
41198 
56423 
65533 


68519 
65375 
56091 
40660 
19075 


91327 


12527 
53891 


29414 
45745 
10140 
30466 
15201 


73433 
14865 
49810 
89197 
44570 


28086 


57408 52521 


17311 
71027 
18550 


59870 
94980 
23873 


31267 
78333 
08348 


36559 
78835 
51665 


46540 72160 
62974 58052 


73167 
77111 
T4797 
66220 
51370 


30240 
02822 


27699 
00082 
94805 
32101 
32827 


18468 
11138 


69108 33578 


29091 
82762 


30115 
71140 
05832 
34181 


09159 
61884 


16386 
97929 
32410 
46361 


56180 66947 


71822 


21967 


81098 39859 


84001 
80523 
70657 


49694 
81182 
64670 


54395 31146 


31729 
02651 
67154 
25230 


76872 


12236 
40207 
47966 
69063 


37691 


ca 


56037 
33782 
80505 
93778 
48897 


78343 
51174 
52364 
62074 
34867 


78861 
34819 
55178 
83019 
30974 


60071 
58518 
20428 
24475 
12498 


68035 
94799 
95092 
48154 
88456 


83921 
14094 
48239 
23383 
22288 


51370 
18547 
11028 
73043 
83499 


33585 
04308 
43963 
45549 
24110 


94023 
46216 
25323 
06781 
73855 


94603 
98782 
54680 
45892 
48031 


05367 


0. 79608 
0. 79547 
0. 79487 
0. 79426 
0. 79365 


0.79304 
0.79243 
0. 79182 
0.79121 
0. 79060 


0. 78999 
0. 78937 
0. 78876 
0. 78814 
0. 78753 


0. 78691 
0. 78629 
0. 78568 
0. 78506 
0. 78444 


0. 78382 
0. 78320 
0. 78257 
0. 78195 
0. 78133 


0. 78070 
0. 78008 
0.77945 
0. 77882 
0. 77820 


0.77757 
0. 77694 
0. 77631 
0. 77568 
0.77505 


0.77441 
0. 77378 
0.77315 
0.77251 
0. 77188 


0.77124 
0. 77060 
0. 76997 
0. 76933 
0. 76869 


0. 76805 
0. 76741 
0. 76677 
0. 76612 
0. 76548 


0. 76484 


37985 
82142 
18343 
46596 
66907 


79281 
83724 
80243 
68843 
49532 


22314 
87197 
44186 
93287 
34506 


67851 
93326 
10938 
20693 
22598 


16658 
02880 
81270 
51835 
14579 


69511 
16635 
55959 
87488 
11228 


27187 
35370 
35783 
28434 
13327 


90470 
59869 
21530 
75460 
21664 


60149 
90922 
13989 
29357 
37030 


37017 
29324 
13956 
90921 
60224 


21872 


cos z 


49055 
02318 
77432 
80778 
19531 


01659 
35925 
31885 
99886 
51069 


97365 
51494 
26970 
38093 
99953 


28428 
40184 
52672 
84132 
53587 


80849 
86510 
91948 
19324 
91581 


32446 
66425 
18805 
15655 
83820 


50927 
45381 
96362 
33829 
88518 


91938 
76376 
74891 
21318 
50263 


97106 
97998 
89862 
10392 
98049 


92068 
32449 
59961 
16142 
43294 


84488 


4 


Table 4.6 


82891 
08089 
42041 
62180 
33114 


45900 
57253 
28666 
65458 
55734 


09278 
96354 
86436 
86857 
81380 


68686 
00789 
21368 
04022 
90446 


28530 
10376 
10240 
22393 
98907 


87358 
68455 
93590 
22308 
59699 


93718 
32416 
41105 
79438 
38411 


77293 
60473 
94232 
63436 
68154 


60197 
79579 
90904 
19670 
88505 


53315 
39366 
77279 
38958 
73431 


42625 


155 


156 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0.64421 
0. 64498 
0. 64574 
0. 64650 
0. 64727 


0. 64803 
0. 64879 
0. 64955 
0. 65031 
0. 65107 


0. 65183 
0. 65259 
0. 65334 
0. 65410 
0. 65486 


0. 65561 
0, 65637 
0.65712 
0. 65787 
0. 65863 


0. 65938 
0. 66013 
0. 66088 
0. 66163 
0. 66238 


0. 66313 
0. 66388 
0. 66463 
0. 66537 
0. 66612 


0. 66686 
0. 66761 
0. 66835 
0. 66910 
0. 66984 


0. 67058 
0. 67132 
0. 67206 
0. 67280 
0, 67354 


0. 67428 
0. 67502 
0.67576 
0. 67650 
0. 67723 


0.67797 
0. 67870 
0. 67944 
0. 68017 
0. 68090 


0. 68163 


76872 
22071 
60821 
93113 
18940 


38295 
51169 
57555 
57446 
50833 


37710 
18068 
91900 
59199 
19957 


74166 
21820 
62909 
97427 
25366 


46719 
61478 
69636 
71185 
66117 


54426 
36103 
11142 
79534 
41272 


96350 
44758 
86490 
21539 
49897 


71556 
86509 
94749 
96269 
91060 


79116 
60429 
34991 
02796 
63836 


18104 
65592 
06293 
40199 
67304 


87600 


sin x 


37691 
88685 
57525 
80337 
93892 


35607 
43546 
56422 
13597 
55081 


21536 
54275 
95261 
87111 
73096 


97140 
03821 
38376 
46694 
75324 


71473 
83004 
58443 
46973 
98439 


63349 
92872 
38839 
53748 
90759 


03697 
47057 
75996 
46342 
14589 


37903 
74117 
81736 
19936 
48565 


28145 
19868 
85605 
87900 
89971 


55714 
49704 
37191 
84105 
57056 


23334 


(Pe 


05367 
07414 
65445 
88940 
61979 


19561 
23864 


40438- 


14335 
46169 


68121 
19866 
24450 
64083 
55888 


27566 
93009 
27837 
44880 
69585 


15361 
58862 
15198 
13079 
69907 


66778 
23443 
73184 
37633 
01524 


87373 
30099 
51573 
35102 
99849 


75177 
74942 
71700 
70863 
84779 


06748 
84968 
96417 
20669 
13633 


81235 
53032 
55745 
86745 
87450 


16673 


0. 76484 
0. 76419 
0. 76355 
0. 76290 
0, 76225 


0. 76161 
0. 76096 
0. 76031 
0. 75966 
0. 75901 


0, 75836 
0.75770 
0. 75705 
0. 75640 
0. 75574 


0. 75509 
0. 75443 
0. 75378 
0.75312 
0.75246 


0. 75180 
0.75114 
0. 75048 
0. 74982 
0. 74916 


0. 74849 
0. 74783 
0. 74717 
0. 74650 
0. 74584 


0.74517 
0. 74450 
0. 74383 
0. 74317 
0.74250 


0. 74183 
0. 74115 
0. 74048 
0. 73981 
0.73914 


0. 73846 
0, 73779 
0. 73711 
0.73644 
0.73576 


0. 73508 
0. 73440 
0. 73373 
0. 73305 
0. 73237 


0. 73168 


21872 
75872 
22230 
60953 
92046 


15517 
31372 
39617 
40259 
33304 


18759 
96631 
66925 
29649 
84809 


32412 
72463 
04970 
29939 
47378 


57291 
59686 
54570 
41949 
21830 


94219 
59123 
16549 
66503 
08992 


44023 
71602 
91736 
04431 
09695 


07534 
97954 
80963 
56567 
24772 


85587 
39016 
85068 
23749 
55065 


79023 
95631 
04894 
06821 
01416 


88688 


cos Zz 


84488 42625 
83558 57055 
85105 11442 
34492 20253 
77847 53166 


62061 70453 
34787 58298 
44439 64022 
40193 31253 
71984 34997 


90508 16654 
47219 18942 
94330 20755 
84811 71940 
72391 28003 


11552 84730 
57536 12745 
66335 91983 
94701 46092 
00135 76755 


40894 97944 
75987 70091 
65174 34189 
68966 45814 
48626 09078 


66165 10497 
84344 52795 
66673 88624 
77410 54215 
81559 02955 


44870 38879 
33841 50102 
15714 42167 
58475 71321 
30855 77713 


02328 18528 
43109 01033 
24156 15559 
17168 68402 
94586 14660 


29587 90979 
96092 48243 
68756 84181 
22975 75897 
34881 12335 


81341 26664 
39960 28591 
89077 36602 
07766 10125 
75833 81627 


73820 88631 


oF 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 68163 
0. 68237 
0. 68310 
0. 68383 
0. 68456 


0. 68528 
0. 68601 
0. 68674 
0. 68747 
0, 68819 


0. 68892 
0. 68964 
0. 69036 
0. 69109 
0.69181 


0. 69253 
0. 69325 
0. 69397 
0. 69469 
0.69541 


0. 69613 
0. 69685 
0. 69756 
0. 69828 
0. 69900 


0. 69971 
0. 70043 
0. 70114 
0, 70185 
0. 70256 


0. 70327 
0. 70398 
0. 70469 
0. 70540 
0. 70611 


0. 70682 
0. 70753 
0. 70823 
0. 70894 
0. 70964 


0. 71035 
0.71105 
0.71175 
0.71246 
0. 71316 


0. 71386 
0. 71456 
0.71526 
0. 71596 
0. 71665 


0. 71735 


87600 
01079 
07735 
07559 
00545 


86686 
65974 
38401 
03962 
62647 


14451 
59365 
97383 
28497 
52700 


69985 
80345 
83772 
80259 
69800 


52386 
28011 
96667 
58347 
13045 


60753 
01464 
35170 
61865 
8154] 


94192 
99809 
98387 
89918 
74395 


51811 
22158 
85430 
41620 
90720 


32724 
67624 
95414 
16086 
29633 


36049 
35326 
27458 
12436 
90256 


60908 


sin x 


23334 
50908 
08431 
65237 
91345 


57454 
34953 
95911 
13086 
59922 


10551 
39792 
23154 
36835 
57724 


63401 
32137 
42896 
75335 
09807 


27356 
09725 
39351 
99368 
73609 


46603 
03580 
30469 
13900 
41203 


00410 
80256 
70180 
60324 
41535 


05365 
44073 
50625 
18692 
42656 


17607 
39345 
04380 
09933 
53937 


35036 
52590 
06672 
98066 
28277 


99522 


a 


16673 
23885 
22423 
62625 
04892 


92691 
25484 
31587 
40963 
57950 


33914 
39835 
38826 
58582 
63761 


28295 
07631 
10903 
73038 
26789 


74701 
61005 
43442 
65024 
25718 


54062 
78713 
99923 
60948 
19385 


18436 
58108 
66337 
70046 
66131 


92374 
98290 
15901 
30436 
50970 


80981 
88841 
78239 
58529 
15005 


79112 
98579 
07482 
96241 
81536 


76162 


0. 73168 
0. 73100 
0. 73032 
0. 72964 
0. 72895 


0. 72827 
0. 72758 
0. 72689 
0. 72621 
0.72552 


0. 72483 
0.72414 
0. 72345 
0. 72276 
0. 72207 


0. 72138 
0. 72068 
0. 71999 
0. 71930 
0. 71860 


0.71791 
0.71721 
0.71651 
0. 71581 
0.71512 


0. 71442 
0. 71372 
0. 71302 
0. 71231 
0.71161 


0.71091 
0, 71020 
0. 70950 
0. 70880 
0. 70809 


0. 70738 
0. 70668 
0. 70597 
0. 70526 
0.70455 


0. 70384 
0, 70313 
0. 70242 
0.70171 
0. 70099 


0, 70028 
0. 69957 
0. 69885 
0. 69814 
0. 69742 


0. 69670 


88688 
68643 
41288 
06630 
64676 


15431 
58904 
95102 
24030 
45696 


60107 
67269 
67190 
59877 
45336 


23574 
94598 
58415 
15033 
64457 


06696 
41755 
69642 
90364 
03928 


10340 
09608 
01739 
86740 
64618 


35380 
99032 
55582 
05038 
47405 


82691 
10904 
32049 
46135 
53168 


53156 
46105 
32023 
10917 
82793 


47660 
05524 
56392 
00271 
37169 


67093 


fee 


cos xz 


73820 
83000 
85375 
63683 
01388 


82687 
92503 
16489 
41026 
53220 


40905 
92639 
97707 
46116 
28598 


36606 
62317 
98627 
39157 
78243 


10943 
33033 
41008 
32078 
04171 


55931 
86716 
96600 
86370 
57525 


12277 
53550 
84980 
10910 
36395 


67199 
09793 
71355 
59771 
83632 


52236 
75582 
64376 
30026 
84643 


41039 
12728 
13922 
59535 
65179 


47165 
7 
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88631 
05659 
76111 
44059 
85978 


42395 
49472 
70515 
27404 
31961 


17233 
68715 
55489 
61298 
15545 


24219 
00753 
96800 
32949 
29362 


36337 
64806 
16757 
15581 
36356 


36051 
83660 
90273 
39059 
15198 


35721 
79296 
15931 
36614 
82877 


76290 
47885 
67509 
73107 
99934 


09691 
19602 
31409 
60306 
63792 


70466 
08742 
35499 
64661 
95703 


42092. 


157 


158 
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0.71735 
0. 71805 
0. 71874 
0. 71944 
0. 72013 


0. 72083 
Q. 72152 
0. 72221 
0. 72290 
0. 72359 


0. 72428 
0. 72497 
0. 72566 
0. 72635 
0. 72703 


0.72772 
0, 72841 
0. 72909 
0.72977 
0. 73046 


0. 73114 
0. 73182 
0. 73250 
0. 73318 
0. 73386 


0. 73454 
0. 73522 
0. 73590 
0. 73658 
0. 73725 


0. 73793 
0. 73860 
0. 73927 
0. 73995 
0. 74062 


0. 74129 
0. 74196 
0. 74263 
0. 74330 
0. 74397 


0. 74464 
0. 74531 
0. 74597 
0. 74664 
0. 74730 


0. 74797 
0. 74863 
0. 74929 
0. 74995 
0. 75062 


0. 75128 


60908 
24388 
80686 
29797 
71714 


06429 
33937 
54228 
67298 
73139 


71743 
63105 
47217 
24072 
93664 


55985 
11030 
58790 
99259 
32430 


58297 
76852 
88089 
92001 
8858] 


77822 
59718 
34261 
01446 
61264 


13711 
58777 
96458 
26746 
49635 


65117 
73186 
73836 
67059 
52849 


31199 
02103 
65554 
21545 
70070 


11121 
44693 
70779 
89371 
00464 


04051 


sin x 


99522 
14736 
77571 
92397 
64303 


99098 
03310 
84188 
49704 
08550 


70142 
44620 
42849 
76416 
57636 


99550 
15926 
21260 
30776 
60427 


26895 
47595 
40670 
24998 
20187 


46578 
25249 
78008 
27404 
96715 


09962 
91899 
68020 
64557 
08481 


27503 
50074 
05390 
23383 
34732 


70859 
63927 
46848 
53275 
17609 


74999 
61339 
13273 
68190 
64233 


40292 


a 


76162 
58803 
43741 
50488 
73354 


50932 
35522 
62476 
19472 
15721 


51092 
85175 
06266 
00277 
19583 


51786 
88414 
93542 
72343 
39565 


87938 
56503 
98872 
51414 
01366 


54873 
04953 
99391 
08557 
93150 


71872 
89026 
82039 
48913 
15603 


03320 
95758 
06248 
44844 
85324 


32125 
87199 
16798 
18184 
86260 


80133 
89598 
01550 
66317 
63922 


70271 


0. 69670 
0. 69598 
0. 69527 
0. 69455 
0. 69383 


0. 69311 
0. 69239 
0. 69166 
0. 69094 
0. 69022 


0. 68949 
0. 68877 
0. 68804 
0, 68732 
0. 68659 


0. 68586 
0. 68514 
0. 68441 
0. 68368 
0. 68295 


0. 68222 
0. 68148 
0. 68075 
0. 68002 
0. 67929 


0.67855 
0. 67782 
0. 67708 
0. 67635 
0. 67561 


0. 67487 
0. 67413 
0. 67339 
0.67265 
0. 67191 


0.67117 
0. 67043 
0. 66969 
0. 66895 
0. 66820 


0. 66746 
0. 66671 
0. 66597 
0. 66522 
0. 66447 


0. 66373 
0. 66298 
0. 66223 
0. 66148 
0. 66073 


0. 65998 


67093 
90050 
06047 
15091 
17189 


12350 
00579 
81884 
56273 
23752 


84329 
38011 
84805 
24719 
57759 


83934 
03250 
15714 
21335 
20118 


12072 
97204 
75521 
47030 
11740 


69656 
20786 
65139 
02720 
33538 


57600 
74913 
85485 
89323 
86434 


76826 
60506 
37482 
07761 
71351 


28258 
78491 
22056 
58962 
89216 


12824 
29796 
40137 
43857 
40961 


31458 


cos x 


47165 
22499 
08886 
24727 
89116 


21844 
43394 
74945 
38365 
56214 


51747 
48903 
72316 
47306 
99881 


56737 
45257 
93509 
30246 
84907 


87613 
69169 
61060 
95457 
05207 


23839 
85563 
25264 
78508 
81536 


71267 
85293 
61885 
39984 
59207 


59842 
82850 
69864 
63185 
05786 


41308 
14059 
69016 
51824 
08791 


86891 
33764 
97713 
27703 
73363 


84982 


[ 


7 


42092 
59652 
74871 
13123 
26831 


23558 
94027 
40074 
02528 
89026 


01754 
65129 
53394 
18165 
15892 


35262 
24529 
18772 
67094 
59742 


55166 
07005 
91008 
31885 
30088 


88530 
39229 
69888 
50409 
59331 


10211 
77928 
24928 
27394 
01352 


28712 
83235 
56439 
83438 
68708 


11792 
32935 
98654 
47240 
14192 


57589 
83391 
70674 
96802 
62530 


17039 


el 
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0.75128 
0. 75194 
0. 75259 
0. 75325 
0. 75391 


0.75457 
0. 75522 
0. 75588 
0. 75653 
0.75718 


0. 75784 
0. 75849 
0. 75914 
0.75979 
0. 76044 


0. 76109 
0. 76174 
0. 76239 
0. 76303 
0. 76368 


0. 76432 
0. 76497 
0. 76561 
0. 76625 
0. 76690 


0. 76754 
0. 76818 
0. 76882 
0. 76946 
0. 77010 


0. 77073 
0. 77137 
0. 77201 
0. 77264 
0. 77328 


0. 77391 
0. 77454 
0. 77518 
0. 77581 
0. 77644 


0.77707 
0.77770 
0. 77832 
0. 77895 
0. 77958 


0. 78020 
0. 78083 
0. 78145 
0. 78208 
0. 78270 


0. 78332 


, sin z 


04051 
00125 
88679 
69708 
43204 


09161 
67572 
18431 
61731 
97466 


25628 
46213 
59212 
64620 
62430 


52636 
35230 
10208 
77561 
37284 


89370 
33813 
70606 
99742 
21217 


35022 
41152 
39600 
30359 
13424 


88788 
56445 
16388 
68611 
13107 


49871 
78895 
00174 
13701 
19470 


17475 
07709 
90165 
64839 
31723 


90811 
42097 
85575 
21238 
45080 


69096 


40292 
36009 
91775 
48737 
48790 


34586 
49528 
37776 
44244 
14602 


95276 
33451 
771068 
74826 
76186 


31366 
91346 
07866 
33429 
21299 


25505 
00837 
02852 
87869 
12977 


36027 
15638 
11198 
82862 
91555 


98969 
67568 
60587 
42032 
76680 


30081 
68560 
59214 
69915 
69310 


26823 
12654 
97778 
53950 
53704 


70350 
77980 
51465 
66458 
99392 


27483 


ry 


70271 
23260 
88815 
26849 
57151 


25193 
67867 
79144 
75659 
62217 


97229 
58068 
06350 
53141 
24087 


24465 
04168 
22598 
13500 
49706 


07814 
32779 
02438 
91953 
38182 


03963 
42337 
60682 
84773 
22769 


29120 
68399 
79051 
37074 
19618 


68504 
53673 
36552 
33343 
78237 


86549 
17776 
38577 
85676 
28683 


32846 
21716 
39740 
14771 
20508 


38846 


0. 65998 
0, 65923 
0. 65847 
0. 65772 
0. 65697 


0. 65621 
0. 65546 
0. 65470 
0. 65395 
0. 65319 


0. 65243 
0. 65167 
0. 65092 
0. 65016 
0. 64940 


0. 64864 
0. 64787 
0.64711 
0. 64635 
0. 64559 


0. 64482 
0. 64406 
0. 64329 
0. 64253 
0. 64176 


0. 64099 
0. 64022 
0. 63946 
0. 63869 
0. 63792 


0. 63715 
0. 63638 
0. 63560 
0. 63483 
0. 63406 


0. 63328 
0. 63251 
0. 63174 
0. 63096 
0. 63018 


0. 62941 
0. 62863 
0. 62785 
0. 62707 
0. 62629 


0.62551 
0. 62473 
0. 62395 
0. 62317 
0. 62239 


0. 62160 


cos x 


31458 
15356 
92661 
63381 
27524 


85097 
36108 
80564 
18474 
49843 


74681 
92995 
04791 
10079 
08865 


01156 
86962 
66288 
39144 
05536 


65472 
18960 
66007 
06621 
40810 


68581 
89942 
04901 
13466 
15643 


11441 
00868 
83931 
60638 
30997 


95014 
52699 
04059 
49102 
87834 


20265 
46402 
66252 
79824 
87125 


88163 
82946 
71482 
53778 
29842 


99682 


84982 
13509 
10556 
28392 
19944 


38799 
39199 
76042 
04884 
81933 


64051 
08756 
74216 
19251 
03332 


86580 
29767 
94312 
42282 
36391 


40001 
17117 
32390 
51117 
39234 


63325 
90610 
88955 
26862 
73477 


98580 
72592 
66570 
52208 
01835 


88415 
85546 
67460 
09021 
85724 


73696 
49694 
91105 
75942 
82849 


91096 
80578 
31818 
25961 
44779 


70664 
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17039 
82909 
81024 
55410 
98010 


73388 
43373 
91635 
48193 
13861 


84627 
75966 
47091 
25131 
29254 


94718 
96858 
75010 
56369 
79782 


19477 
08727 
63447 
05733 
87329 


13035 
64049 
21244 
88380 
15258 


20801 
16079 
27264 
18529 
14874 


24894 
63485 
74481 
53235 
69127 


88020 
94643 
14919 
38222 
39581 


01810 
37587 
11458 
61790 
22654 


45648 


ee 


159 


160 
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0. 78332 
0. 78394 
0. 78456 
0. 78518 
0. 78580 


0. 78642 
0. 78704 
0. 78765 
0. 78827 
0. 78888 


0. 78950 
0. 79011 
0. 79072 
0. 79134 
0. 79195 


0. 79256 
0. 79317 
0. 79378 
0. 79438 
0. 79499 


0. 79560 
0. 79620 
0. 79681 
0.79741 
0. 79801 


0. 79862 
0. 79922 
0. 79982 
0. 80042 
0. 80102 


0. 80161 
0, 80221 
0. 80281 
0. 80340 
0. 80400 


0, 80459 
0. 80519 
0. 80578 
0. 80637 
0. 80696 


0. 80755 
0. 80814 
0. 80873 
0. 80932 
0. 80991 


0, 81049 
0, 81108 
0. 81166 
0. 81225 
0. 81283 


0. 81341 


sin x 


69096 27483 
81278 28730 
85620 81914 
82117 66602 
70762 63143 


51549 52674 
24472 17115 
89524 39174 
46700 02347 
95992 90915 


37396 89950 
70905 85311 
96513 63647 
14214 12398 
24001 19793 


25868 74854 
19810 67394 
05820 88020 
83893 28129 
54021 79915 


16200 36366 
70422 91262 
16683 39183 
54975 75501 
85293 96389 


07631 98814 
21983 80542 
28343 40138 
26704 76967 
17061 91191 


99408 83777 
73739 56488 
40048 11892 
98328 53358 
48574 85059 


90781 11969 
24941 39867 
51049 75339 
69100 25773 
79086 99364 


81004 05114 
74845 52830 
60605 53130 
38278 17436 
07857 57982 


69337 87809 
22713 20770 
67977 71528 
05125 55555 
34150 89138 


55047 89373 


ry 


38846 
22159 
55501 
18722 
48518 


00391 
10540 
57664 
24696 
60447 


41187 
32130 
48850 
18619 
41660 


52325 
80192 
11086 
48016 
72036 


03026 
60393 
23692 
93169 
50226 


17797 
20660 
45653 
01823 
80485 


15208 
41719 
57726 
82661 
17341 


03555 
83565 
59525 
52827 
63359 


28687 
83153 
16899 
34799 
15321 


69300 
98639 
54920 
97938 
54154 


75068 


138 
796 


0, 62160 
0. 62082 
0. 62004 
0. 61925 
0. 61847 


0. 61768 
0, 61689 
0.61611 
0.61532 
0. 61453 


0, 61374 
0. 61295 
0. 61216 
0, 61137 
0, 61058 


0. 60979 
0. 60899 
0, 60820 
0, 60741 
0. 60661 


0. 60582 
0, 60502 
0. 60422 
0. 60343 
0. 60263 


0. 60183 
0. 60103 
0. 60023 
0. 59943 
0. 59863 


0.59783 
0.59703 
0. 59622 
0.59542 
0. 59462 


0.59381 
0.59301 
0.59220 
0.59140 
0.59059 


0. 58978 
0. 58898 
0. 58817 
0. 58736 
0, 58655 


0.58574 
0. 58493 
0. 58412 
0. 58330 
0. 58249 


0. 58168 


99682 
63306 
20722 
71938 
16961 


55799 
88460 
14953 
35284 
49462 


57494 
59390 
55155 
44799 
28329 


05754 
77080 
42317 
01471 
54552 


01566 
42522 
77428 
06291 
29120 


45923 
56708 
61482 
60254 
53031 


39822 
20635 
95478 
64358 
27284 


84263 
35305 
80416 
19605 
52881 


80250 
01721 
17303 
27003 
30829 


28790 
20893 
07147 
87560 
62139 


30894 


cos x 


70664 
86633 
76323 
23992 
14519 


33401 
66755 
01314 
24430 
24068 


88811 
07856 
71013 
68705 
91968 


32450 
82406 
34706 
82824 
20845 


43462 
45973 
24282 
74899 
94936 


82112 
34746 
51758 
32673 
77612 


87298 
63051 
06791 
21032 
08887 


74063 
20863 
54181 
79507 
02922 


31098 
71298 
31375 
19770 
45514 


18224 
48104 
45944 
23117 
91583 


63883 


45648 
21658 
02558 
22842 
21204 


62045 
56924 
85952 
19111 
37523 


54652 
37447 
27423 
61677 
93848 


15011 
74518 
00764 
21909 
86522 


84179 
65991 
65074 
16960 
79945 


55377 
07885 
85549 
40005 
46494 


23849 
54424 
03960 
41397 
58618 


90139 
32740 
65034 
66977 
39319 


22996 
18462 
04967 
59766 
77276 


88177 
78446 
08339 
31310 
12874 


49416 


ry 
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0. 81341 
0. 81399 
0, 81457 
0. 81515 
0. 81573 


0. 81631 
0, 81689 
0. 81746 
0. 81804 
0. 81861 


0. 81919 
0. 81976 
0. 82033 
0. 82090 
0. 82147 


0. 82204 
0. 82261 
0, 82318 
0. 82375 
0. 82432 


0. 82488 
0. 82545 
0. 82601 
0. 82657 
0. 82714 


0. 82770 
0. 82826 
0. 82882 
0. 82938 
0. 82993 


0, 83049 
0. 83105 
0. 83160 
0. 83216 
0. 83271 


0. 83327 
0, 83382 
0. 83437 
0. 83492 
0. 83547 


0. 83602 
0. 83657 
0. 83712 
0. 83766 
0, 83821 


0. 83875 
0. 83930 
0. 83984 
0. 84038 
0. 84093 


0. 84147 


55047 
67810 
72433 
68910 
57236 


37404 
09409 
73245 
28907 
76388 


15683 
46785 
69691 
84393 
90886 


89164 
79221 
61053 
34652 
00014 


57133 
06003 
46618 
78974 
03063 


18881 
26422 
25681 
16651 
99327 


73704 
39776 
97538 
46983 
88107 


20904 
45368 
61493 
69275 
68708 


59786 
42503 
16855 
82835 
40439 


89661 
30495 
62937 
86979 
02618 


09848 


sin z 


89373 
74171 
62256 
73166 
27252 


45683 
50441 
64327 
10956 
14762 


00998 
95734 
25859 
19084 
03938 


09771 
66757 
05889 
58985 
58683 


38450 
32571 
76161 
05158 
56326 


67257 
76369 
22907 
46947 
89390 


91970 
97248 
48619 
90304 
67360 


25676 
11970 
73796 
59543 
18432 


00520 
56699 
38697 
99079 
91248 


69442 
88741 
05059 
75154 
56621 


07896 


cD 


75068 
95507 
91835 
40081 
73984 


42959 
69980 
09381 
04577 
45701 


27163 
05121 
54877 
28189 
10495 


78067 
55069 
70544 
15315 
98799 


05747 
52898 
45547 
34034 
70155 


63479 
37592 
86257 
29486 
69534 


46808 
95697 
00310 
50142 
95650 


03744 
13205 
90007 
82563 
76889 


51678 
33299 
50701 
90248 
50455 


96654 
15567 
69798 
52241 
40408 


50665 


0.58168 
0. 58086 
0, 58005 
0.57924 
0.57842 


0.57760 
0.57679 
0.57597 
0.57515 
0. 57433 


0.57351 
0.57270 
0.57188 
0.57105 
0.57023 


0. 56941 
0. 56859 
0.56777 
0. 56694 
0. 56612 


0. 56529 
0. 56447 
0. 56364 
0. 56282 
0.56199 


0.56116 
0. 56034 
0.55951 
0. 55868 
0.55785 


0.55702 
0.55619 
0. 55536 
0, 55452 
0.55369 


0. 55286 
0.55202 
0.55119 
0.55036 
0. 54952 


0. 54868 
0.54785 
0.54701 
0.54617 
0.54534 


0. 54450 
0. 54366 
0. 54282 
0.54198 
0.54114 


0. 54030 


30894 
93832 
50961 
02290 
47826 


87578 
21554 
49762 
72210 
88907 


99860 
05078 
04569 
98342 
86403 


68763 
45428 
16407 
81708 
41340 


95311 
43629 
86302 
23338 
54747 


80535 
00712 
15285 
24263 
27654 


25467 
17710 
04390 
85517 
61099 


31144 
95660 
54656 
08140 
56120 


98605 
35603 
67123 
93173 
13760 


28894 
38584 
42836 
41661 
35065 


23058 


cos x 


63883 49416 
53142 86928 
73067 39704 
37944 08966 
62640 01435 


62601 47846 
53853 21403 
52997 56176 
77213 65441 
44256 59961 


72456 66212 
80718 44551 
88520 07322 
15912 36911 
83518 03741 


12530 84208 
24714 78562 
42403 28733 
88498 36093 
86469 79171 


60354 31303 
34754 78229 
34839 35633 
86340 66624 
15554 99167 


49341 43450 
15121 09200 
40876 22937 
55149 45183 
87042 87601 


66217 30087 
22891 37806 
87840 78167 
92397 37748 
68448 39160 


48435 57861 
65354 38911 
52753 13672 
44732 16453 
75943 01100 


81587 57534 
97417 28224 
59732 24618 
05380 43512 
71756 83362 


96802 60547 
19004 25576 
77392 79237 
11542 88693 
61572 03531 


68139 71740 


a 


4.6 


161 


162 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 84147 
0. 84201 
0. 84254 
0. 84308 
0. 84362 


0. 84416 
0. 84469 
0. 84523 
0. 84576 
0. 84629 


0. 84683 
0. 84736 
0. 84789 
0. 84842 
0. 84895 


0. 84948 
0. 85000 
0. 85053 
0. 85105 
0. 85158 


0. 85210 
0. 85263 
0. 85315 
0, 85367 
0. 85419 


0. 85471 
0. 85523 
0. 85575 
0. 85626 
0, 85678 


0.85729 
0. 85781 
0. 85832 
0. 85883 
0, 85935 


0. 85986 
0. 86037 
0. 86088 
0. 86139 
0. 86189 


0, 86240 
0. 86291 
0. 86341 
0. 86391 
0. 86442 


0. 86492 
0. 86542 
0. 86592 
0. 86642 
0. 86692 


0. 86742 


09848 
08662 
99057 
81026 
54565 


19667 
76327 
24541 
64302 
95605 


18446 
32818 
38716 
36136 
25071 


05517 
77468 
40919 
95865 
42300 


80219 
09617 
30489 
42829 
46633 


41894 
28609 
06771 
76375 
37417 


89891 
33792 
69115 
95855 
14006 


23564 
24523 
16879 
00625 
75758 


42272 
00162 
49422 
90049 
22036 


45379 
60073 
66112 
63493 
52209 


32255 


sin x 


07896 
88256 
57821 
77549 
09246 


15556 
59970 
06821 
21289 
69397 


18015 
34859 
88491 
48323 
84612 


68464 
71835 
67530 
29204 
31363 


49362 
59411 
38569 
64749 
16717 


74093 
17351 
27819 
87681 
79977 


88603 
98311 
94711 
64271 
94317 


73034 
89466 
33518 
95953 
68397 


43338 
14123 
74964 
20934 
47972 


52878 
33318 
87822 
15788 
17477 


94016 


ea 


50665 
92390 
22046 
97169 
30271 


42661 
18177 
56844 
28431 
25943 


19012 


07211 
73284 
36290 
04660 


29173 
55845 
78730 
92646 
45804 


92361 
44882 
26719 
24308 
39374 


41057 
17949 
30046 
60616 
67982 


37214 
31744 
44887 
51283 
58248 


57043 
74054 
21889 
50385 
97536 


40328 
45486 
20150 
62441 
11963 


00206 
00866 


80077: 


46561 
01685 


89438 


0. 54030 
0. 53946 
0, 53861 
0.53777 
0, 53693 


0. 53608 
0.53524 
0. 53439 
0.53355 
0. 53270 


0. 53186 
0.53101 
0. 53016 
0.52931 
0. 52846 


0.52761 
0.52677 
0.52591 
0.52506 
0, 52421 


0. 52336 
0.52251 
0.52166 
0.52080 
0.51995 


0.51909 
0, 51824 
0. 51738 
0. 51653 
0.51567 


6, 51481 
0.51396 
0.51310 
0.51224 
0, 51138 


0, 51052 
0. 50966 
0. 50880 
0.50794 
0.50708 


0. 50622 
0.50535 
0.50449 
0. 50363 
0. 50276 


0.50190 
0.50103 
0.50017 
0. 49930 
0, 49843 


0. 49757 


23058 
05648 
82844 
54653 
21084 


82147 
37848 
88197 
33202 
72871 


07213 
36237 
59950 
78362 
91481 


99315 
01873 
99163 
91194 
77974 


59512 
35816 
06896 
72758 
33413 


88868 
39132 
84213 
24121 
58864 


88449 
12887 
32184 
46351 
55396 


59326 
58151 
51880 
40520 
24082 


02572 
76000 
44374 
07704 
65997 


19263 
67509 
10745 
48980 
82221 


10478 


cos x 


68139 71740 
72446 55654 
16233 47828 
41780 86864 
91907 73184 


09970 84748 
39863 92716 
26016 77062 
13394 42130 
47496 32136 


74355 46620 
40537 55841 
93140 16121 
79791 85137 
48651 37156 


48406 78219 
28274 61274 
37999 01253 
27850 90098 
48627 11734 


51649 56988 
88764 38461 
12341 05336 
75271 58150 
30969 63497 


33369 68691 
36926 16373 
96612 59061 
67920 73657 
06859 75899 


69955 34753 
14248 86768 
97296 50370 
77168 40101 
12447 80821 


62230 21842 
86122 51023 
44242 08807 
97216 02209 
06180 18757 


32778 40373 
39161 57213 
87986 81451 
42416 61010 
66117 93250 


23261 38600 
78520 34140 
97070 07134 
44586 88513 
87247 26307 


91726 99029 


(7 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 
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0. 86742 
0. 86792 
0, 86841 
0, 86891 
0. 86940 


0. 86990 
0. 87039 
0. 87088 
0. 87137 
0. 87186 


0. 87235 
0. 87284 
0. 87333 
0. 87381 
0. 87430 


0. 87478 
0. 87527 
0, 87575 
0. 87623 
0. 87671 


0. 87720 
0. 87768 
0. 87815 
0. 87863 
0. 87911 


0. 87959 
0. 88006 
0. 88053 
0. 88101 
0. 88148 


0. 88195 
0. 88242 
0. 88289 
0. 88336 
0. 88383 


0. 88430 
0. 88476 
0.-88523 
0. 88570 
0. 88616 


0. 88662 
0. 88708 
0. 88755 
0. 88801 
0, 88846 


0. 88892 
0. 88938 
0. 88984 
0. 89029 
0. 89075 


0. 89120 


32255 
03628 
66321 
20330 
65651 


02276 
30203 
49427 
59941 
61741 


54823 
39181 
14811 
81707 
39866 


89281 
29948 
61863 
85020 
99415 


05042 
01898 
89976 
69274 
39784 


01504 
54428 
98551 
33868 
60376 


78068 
86941 
86990 
78210 
60596 


34144 
98849 
54706 
01710 
39858 


69144 
89564 
01113 
03786 
97579 


82488 
58507 
25633 
83860 
33184 


73600 


sin z 


94016 
47403 
80499 
97035 
01611 


99694 
97621 
02601 
22711 
66899 


44986 
67663 
46494 
93918 
23243 


48654 
85211 
48845 
56366 
25458 


74681 
23473 
92149 
01900 
74797 


33788 
02703 
06248 
70011 
20461 


84947 
91699 
69831 
49337 
61096 


36869 
09301 
11921 
79145 
46272 


49487 
25861 
13352 
50807 
77956 


35422 
64713 
08227 
09252 
11966 


61435 


7" 


89438 
46316 
51123 
74685 
29477 


19162 
88046 
70443 
39954 
58660 


26228 
28925 
88556 
11299 
36468 


85179 
08932 
38105 
30362 
18969 


61030 
85627 
41877 
46904 
33716 


98997 
50816 
56244 
88879 
76291 


47373 
79609 
46247 
63390 
36998 


09797 
08104 
88562 
84791 
53940 


23160 
35990 
98641 
26207 
88779 


57470 
50354 
78315 
90807 
21527 


33995 


0. 49757 
0. 49670 
0. 49583 
0. 49496 
0. 49409 


0. 49322 
0. 49235 
0. 49148 
0. 49061 
0. 48974 


0, 48887 
0. 48799 
0. 48712 
0. 48625 
0. 48537 


0. 48450 
0. 48362 
0. 48275 
0. 48187 
0. 48100 


0. 48012 
0. 47924 
0. 47836 
0.47749 
0.47661 


0.47573 
0. 47485 
0. 47397 
0. 47309 
0.47221 


0. 47132 
0. 47044 
0. 46956 
0. 46868 
0. 46779 


0. 46691 
0. 46602 
0. 46514 
0. 46425 
0. 46337 


0. 46248 
0. 46159 
0. 46071 
0. 45982 
0. 45893 


0. 45804 
0.45715 
0. 45626 
0. 45537 
0. 45448 


0. 45359 


10478 
33760 
52074 
65430 
73836 


77302 
75835 
69444 
58139 
41927 


20818 
94820 
63943 
28194 
87582 


42117 
91807 
36660 
76686 
11893 


42290 
67886 
88689 
04709 
15953 


22432 
24153 
21126 
13359 
00861 


83641 
61708 
35070 
03737 
67717 


27019 
81651 
31624 
76945 
17623 


53668 
85088 
11892 
34089 
51687 


64697 
73125 
76983 
76277 
71018 


61214 


cos Zz 


91726 99029 
25200 29002 
55338 95651 
50311 48726 
78782 21490 


09910 43854 
13349 55459 
59246 18707 
18239 31756 
61459 41446 


60527 56191 
87554 58818 
15140 19351 
16372 07757 
64825 06632 


34560 23847 
00124 05142 
36547 46667 
19345 07484 
24514 22014 


28534 12436 
08365 01039 
41447 22529 
05700 36282 
79522 38551 


41788 74632 
71851 50968 
49538 47223 
55152 28292 
69469 56273 


73740 02391 
49685 58871 
79499 50767 
45845 47743 
31856 75803 


21135 28984 
97750 80991 
46239 96791 
51605 44159 
99315 05181 


75300 87702 
65958 36738 
58145 45833 
39181 68372 
96847 28855 


19382 34113 
95485 84487 
14314 84956 
65483 56224 
39062 45757 


25577 38777 


P 


163 


164 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR 


0. 89120 
0. 89166 
0. 89211 
0. 89256 
0. 89301 


0. 89346 
0. 89391 
0. 89436 
0. 89480 
0. 89525 


0. 89569 
0. 89614 
0. 89658 
0. 89702 
0. 89747 


0, 89791 
0, 89835 
0. 89878 
0, 89922 
0. 89966 


0. 90010 
0. 90053 
0. 90097 
0. 90140 
0. 90183 


0. 90226 
0. 90269 
0. 90312 
0.90355 
0. 90398 


0. 90441 
0. 90483 
0. 90526 
0. 90568 
0. 90611 


0. 90653 
0. 90695 
0. 90737 
0. 90779 
0. 90821 


0. 90863 
0. 90905 
0. 90946 
0. 90988 
0. 91029 


0. 91071 
0. 91112 
0. 91153 
0. 91194 
0. 91235 


0. 91276 


73600 
05105 
27692 
41359 
46100 


41911 
28787 
06724 
75718 
35763 


86856 
28992 
62167 
86375 
01614 


07877 
05162 
93463 
72776 
43097 


04421 
56744 
00062 
34371 
59665 


75940 
83194 
81420 
70615 
50774 


21893 
83969 
36996 
80970 
15887 


41744 
58534 
66256 
64903 
54473 


34961 
06362 
68673 
21889 
66006 


01020 
26927 
43723 
51403 
49965 


39402 


SINES AND COSINES FOR RADIAN ARGUMENTS 


sin z 


61435 33995 
03618 67046 
85365 80240 
54417 99171 
59408 60693 


49863 58063 
76201 85981 
89735 85553 
42671 89157 
88110 65223 


80047 62924 
73373 56775 
23874 91147 
88234 24683 
24030 74633 


89740 61099 
44737 51180 
49293 03041 
64577 09884 
52658 43829 


76504 99711 
99984 38780 
87864 32313 
05813 05144 
20399 79088 


99095 16291 
10271 62482 
23203 90131 
08069 41527 
35948 71758 


78825 91603 
09589 10334 
02030 78425 
30848 30177 
71644 26245 


00926 96078 
96110 80269 
35516 72815 
98372 63281 
64813 78880 


15883 26459 
33532 34395 
00620 94400 
00918 03234 
19102 04326 


40761 29314 
52394 39475 
41410 67087 
96130 56676 
05786 06195 


60521 08094 


ry 


0. 45359 
0. 45270 
0. 45181 
0. 45092 
0. 45002 


0. 44913 
0. 44824 
0. 44734 
0. 44645 
0. 44555 


0. 44466 
0. 44376 
0. 44286 
0. 44197 
0. 44107 


0. 44017 
0. 43927 
0. 43838 
0. 43748 
0. 43658 


0. 43568 
0. 43478 
0. 43388 
0. 43298 
0. 43207 


0. 43117 
0. 43027 
0. 42937 
0. 42846 
0. 42756 


0. 42665 
0. 42575 
0. 42485 
0. 42394 
0. 42303 


0. 42213 
0. 42122 
0, 42031 
0. 41941 
0. 41850 


0. 41759 
0. 41668 
0. 41577 
0. 41486 
0. 41395 


0. 41304 
0. 41213 
0. 41122 
0. 41031 
0. 40940 


0. 40848 


61214 
46874 
28007 
04621 
76727 


44332 
07446 
66077 
20235 
69929 


15167 
55958 
92312 
24237 
51742 


74837 
93529 
07829 
17745 
23287 


24462 
21281 
13752 
01884 
85686 


65167 
40337 
11204 
77777 
40066 


98079 
51825 
01314 
46554 
87555 


24325 
56874 
85211 
09345 
29285 


45039 
56618 
64029 
67283 
66389 


61354 
52190 
38904 
21505 
00004 


74408 


cos z 


25577 
16008 
01790 
74808 
27402 


52361 
42924 
92780 
96065 
47363 


41706 
74570 
41874 
39984 
65707 


16293 
89431 
83253 
96329 
27666 


76712 
43347 
27890 
31095 
54146 


98666 
66704 
60745 
83700 
38914 


30157 
61627 
37950 
64178 
45785 


88672 
99161 
83998 
50349 
05800 


58358 
16446 
88907 
85000 
14400 


87194 
13888 
05397 
73050 
28587 


84157 


ie 


38777 
69206 
30573 
86868 
83352 


57327 
48852 
11424 
22607 
94616 


84864 
06453 
38633 
37201 
44874 


01603 
54849 
69812 
39623 
95482 


16761 
41055 
74199 
00232 
91323 


17655 
57257 
05806 
86372 
59134 


31037 
65422 
91605 
14410 
23669 


03673 
42580 
41784 
25243 
48758 


09217 
53794 
89108 
90333 
10281 


88428 
59906 
64456 
55331 
08169 


29815 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0, 91276 
0.91317 
0.91357 
0. 91398 
0. 91439 


0.91479 
0.91519 
0. 91560 
0. 91600 
0. 91640 


0. 91680 
0. 91720 
0.91759 
0.91799 
0. 91839 


0. 91878 
0.91918 
0. 91957 
0.91996 
0. 92035 


0. 92075 
0.92114 
0. 92152 
0.92191 
0. 92230 


0.92268 
0. 92307 
0.92345 
0. 92384 
0. 92422 


0. 92460 
0. 92498 
0. 92536 
0.92574 
0. 92612 


0.92649 
0. 92687 
0. 92724 
0. 92762 
0. 92799 


0. 92836 
0. 92874 
0.92911 
0. 92947 
0. 92984 


0. 93021 
0. 93058 
0. 93094 
0. 93131 
0. 93167 


0. 93203 


39402 
19712 
90890 
52933 
05835 


49594 
84204 
09663 
25966 
33109 


31087 
19898 
99536 
69999 
31282 


83380 
26291 
60010 
84533 
99857 


05977 
02889 
90590 
69076 
38343 


98386 
49203 
90789 
23140 
46253 


60124 
64748 
60123 
46244 
23108 


90710 
49047 
98116 
37912 
68432 


89672 
01628 
04297 
97675 
81758 


56542 
22025 
78201 
25068 
62622 


90859 


sin z 


60521 
51391 
70367 
10330 
65075 


29314 
98669 
69679 
39800 
07401 


71766 
33100 
92520 
52063 
14682 


84250 
65556 
64310 
87139 
41592 


36135 
80158 
83968 
58796 
16793 


71033 
35510 
25145 
55777 
44173 


08020 
65932 
37446 
43024 
04056 


42853 
82657 
47634 
62876 
54404 


49166 
75038 
60825 
36260 
32004 


79650 
11719 
61664 
63866 
53638 


67226 


08094 
90306 
57146 
30107 
88579 


10465 
12711 
91743 
63815 
05261 


92661 
42911 
53200 
40902 
83374 


57652 
80075 
45798 
68222 
18336 


63957 
08886 
31967 
26061 
36915 


01956 
88974 
34733 
83468 
25312 


34610 
08156 
03329 
76141 
19188 


99516 
96383 
38942 
43819 
52606 


69260 
97404 
77546 
24192 
62877 


67095 
95146 
26876 
00337 
48349 


34967 


ry 


0. 40848 
0. 40757 
0. 40666 
0. 40574 
0, 40483 


0. 40391 
0. 40300 
0. 40208 
0. 40117 
0. 40025 


0. 39933 
0. 39842 
0. 39750 
0. 39658 
0. 39566 


0. 39475 
0. 39383 
0. 39291 
0, 39199 
0. 39107 


0.39015 
0. 38923 
0. 38830 
0. 38738 
0. 38646 


0. 38554 
0. 38462 
0. 38369 
0. 38277 
0. 38184 


0. 38092 
0. 38000 
0. 37907 
0. 37814 
0. 37722 


0. 37629 
0. 37537 
0. 37444 
0. 37351 
0. 37258 


0.37165 
0, 37073 
0. 36980 
0. 36887 
0. 36794 


0. 36701 
0. 36608 
0. 36515 
0. 36422 
0. 36328 


0. 36235 


74408 
44728 
10972 
73149 
31269 


85341 
35373 
81375 
23357 
61326 


95294 
25267 
51257 
73271 
91320 


05412 
15556 
21762 
24039 
22396 


16843 
07387 
94040 
76809 
55705 


30736 
01911 
69240 
32733 
92397 


48243 
00280 
48517 
92963 
33627 


70520 
03649 
33025 
58656 
80552 


98722 
13176 
23922 
30970 
34330 


34010 
30020 
22369 
11066 
96122 


77544 


cos Zz 


84157 
52320 
46045 
78706 
64086 


16372 
50159 
80441 
22620 
92496 


06273 
80553 
32340 
79035 
38435 


28737 
68530 
76800 
72926 
76682 


08230 
88126 
37316 
77135 
29304 


15936 
59525 
82956 
09495 
62792 


66881 
46178 
25478 
29958 
85174 


17058 
51921 
16451 
37709 
43133 


60532 
18091 
44362 
68273 
19116 


26558 
20629 
31729 
90622 
28438 


76673 


(m4 


Table 4.6 


29815 
67107 
15621 
28372 
24481 


97790 
25449 
76456 
20152 
34689 


15445 
83402 
93491 
42889 
79278 


09066 
05567 
17146 
75312 
02789 


21533 
60718 
64679 
00821 
67479 


01753 
87293 
62048 
25982 
48743 


77302 
43547 
71840 
86542 
19493 


17454 
49518 
14476 
48149 
30684 


93806 
28040 
89893 
08995 
95213 


45714 
52004 
06923 
11604 
82399 


57763 


165 


166 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 93203 
0. 93240 
0. 93276 
0. 93312 
0. 93348 


0. 93383 
0. 93419 
0.93455 
0. 93490 
0. 93526 


0. 93561 
0, 93596 
0. 93632 
0. 93667 
0. 93702 


0. 93736 
0.93771 
0. 93806 
0, 93841 
0. 93875 


0. 93909 
0, 93944 
0. 93978 
0.94012 
0. 94046 


0. 94080 
0. 94114 
0. 94148 
0. 94181 
0. 94215 


0. 94248 
0. 94282 
0. 94315 
0. 94348 
0. 94381 


0. 94414 
0. 94447 
0. 94480 
0. 94513 
0, 94545 


0. 94578 
0. 94610 
0. 94643 
0. 94675 
0. 94707 


0. 94739 
0.94771 
0. 94803 
0. 94835 
0. 94866 


0. 94898 


90859 
09776 
19369 
19634 
10568 


92167 
64427 
27346 
80919 
25144 


60015 
85530 
01686 
08478 
05904 


93960 
72642 
41946 
01870 
52410 


93563 
25324 
47691 
60660 
64228 


58391 
43146 
18490 
84419 
40930 


88019 
25683 
53919 
72724 
82093 


82025 
72515 
53560 
25157 
87303 


39994 
83227 
17000 
41308 
56148 


s 


67226 
‘41805 
15485 
27305 
17240 


26196 
96013 
69465 
90260 
03041 


53385 
87806 
53752 
99608 
74693 


29266 
14521 
82590 
86543 
80386 


19067 
58470 
55418 
67676 
53946 


73872 
88036 
57965 
46123 
15917 


31697 
58754 
63320 
12574 
74633 


18562 
14367 
32999 
46354 
27272 


49538 
87884 
17986 
16467 
60895 


61518 29788 


57414 
43832 
20770 
88225 


46193 


02608 
59766 
82619 
53474 


55586 


Py 


in x 


34967 
91853 
54567 
98748 
76215 


50966 
35090 
24584 
35070 
37431 


93341 
90713 
79041 
04663 
45913 


48199 
58969 
62598 
15169 
79170 


58093 
30937 
86621 
58302 
57600 


08723 
82507 
30357 
18091 
59701 


51002 
03206 
76390 
12870 
70486 


55790 
57139 
77695 
68328 
60431 


98628 
73405 
53628 
18984 
92311 


71844 
63367 
12259 
35461 
53335 


21434 


0. 36235 
0, 36142 
0. 36049 
0. 35956 
0. 35862 


0. 35769 
0. 35675 
0. 35582 
0. 35488 
0. 35395 


0. 35301 
0. 35208 
0. 35114 
0.35021 
0. 34927 


0. 34833 
0. 34739 
0, 34646 
0. 34552 
0. 34458 


0. 34364 
0. 34270 
0. 34176 
0. 34082 
0. 33988 


0. 33894 
0. 33800 
0. 33706 
0. 33612 
0. 33518 


0, 33423 
0. 33329 
0. 33235 
0. 33140 
0. 33046 


0. 32952 
0, 32857 
0. 32763 
0. 32668 
0, 32574 


0. 32479 
0. 32385 
0. 32290 
0. 32195 
0.32101 


0. 32006 
0. 31911 
0. 31816 
0. 31721 
0. 31627 


0. 31532 


77544 
55343 
29528 
00108 
67092 


30490 
90310 
46564 
99259 
48405 


94012 
36088 
74644 
09688 
41230 


69279 
93845 
14937 
32564 
46736 


57463 
64752 
68615 
69060 
66097 


59735 
49983 
36852 
20349 
00486 


77271 
50713 
20823 
87608 
51080 


11247 
68119 
21705 
72015 
19058 


62844 
03381 
40681 
74751 
05601 


33242 
57681 
78930 
96997 
11891 


23623 


cos x 


76673 
67184 
32190 
04273 
16376 


01799 
94203 
27606 
36382 
55261 


19330 
64027 
25144 
38826 
41568 


70217 
61966 
54360 
85289 
92990 


16047 
93385 
64277 
68336 
45517 


36117 
80771 
20455 
96483 
50503 


24502 
60802 
02059 
91261 
71729 


87117 
81408 
98914 
84277 
82466 


38776 
98828 
08569 
14269 
62521 


00239 
74660 
33339 
24152 
95292 


95268 


57763 
05108 
27614 
71008 
30309 


56527 
63341 
33727 
26557 
83165 


33870 
04470 
22698 
24640 
61124 


04069 
52800 
40329 
39601 
69704 


02047 
66500 
57501 
40132 
56153 


30011 
74807 
98234 
08479 
20093 


59823 
72418 
26391 
19759 
85740 


98424 
78405 
98386 
88743 
43066 


23657 
67007 
89227 
91456 
65238 


97855 
77643 
99262 
68947 
09714 


66544 


ess 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 94898 
0. 94929 
0. 94961 
0. 94992 
0. 95023 


0. 95054 
0, 95085 
0. 95116 
0.95147 
0. 95178 


0. 95209 
0, 95239 
0. 95270 
0. 95300 
0, 95330 


0. 95360 
0. 95390 
0. 95420 
0. 95450 
0. 95480 


0.95510 
0. 95539 
0, 95569 
0. 95598 
0. 95627 


0.95657 
0. 95686 
0.95715 
0. 95744 
0.95772 


0. 95801 
0. 95830 
0. 95858 
0. 95887 
0.95915 


0.95943 
0. 95971 
0.95999 
0. 96027 
0. 96055 


0. 96083 
0.96111 
0. 96138 
0. 96166 
0. 96193 


0. 96220 
0. 96248 
0.96275 
0. 96302 
0. 96329 


0. 96355 


46193 
94671 
33656 
63145 
83135 


93623 
94605 
86078 
68040 
40486 


03415 
56824 
00708 
35065 
59892 


75186 
80944 
77163 
63840 
40972 


08555 
66588 
15067 
53989 
83351 


03150 
13383 
14048 
05142 
86661 


58602 
20964 
73742 
16935 
50539 


74551 
88969 
93790 
89011 
74629 


50642 
17046 
73839 
21018 
58580 


86523 
04845 
13541 
12610 
02048 


81854 


sin x 


55586 
73157 
91340 
96237 
74899 


15326 
06469 
38232 
01466 
87975 


90515 
02793 
19468 
36151 
49407 


56753 
56660 
48552 
32808 
10759 


84692 
57849 
34427 
19578 
19409 


40985 
92326 
82408 
21166 
19488 


89224 
43180 
95120 
59764 
52796 


90853 
91535 
73400 
55966 
59710 


06072 
17450 
17203 
29652 
80080 


94730 
00807 
26481 
00880 
54098 


17192 


gp 


21434 
62180 
96439 
75008 
10006 


06166 
92038 
51091 
52726 
83188 


76385 
44617 
09200 
31003 
40886 


70045 
80258 
94039 
24694 
06289 


23509 
41432 
35209 
19640 
78657 


94719 
78102 
96095 
02109 
64678 


96370 
82604 
10371 
96853 
17957 


36739 
31748 
25260 
11427 
84322 


65890 
33810 
49249 
84528 
50693 


24982 
78203 
02013 
36103 
95282 


96470 


0. 31532 
0. 31437 
0. 31342 
0. 31247 
0. 31152 


0. 31057 
0. 30962 
0. 30867 
0.30772 
0. 30676 


0. 30581 
0. 30486 
0. 30391 
0. 30295 
0. 30200 


0. 30105 
0. 30009 
0. 29914 
0. 29819 
0. 29723 


0. 29628 
0. 29532 
0. 29437 
0, 29341 


0, 29245 


0, 29150 
0. 29054 
0. 28958 
0. 28863 
0. 28767 


0. 28671 
0. 28575 
0, 28479 
0. 28383 
0. 28288 


0. 28192 
0. 28096 
0. 28000 
0. 27904 
0. 27808 


0. 27712 
0. 27615 
0.27519 
0. 27423 
0. 27327 


0.27231 
0. 27135 
0. 27038 
0. 26942 
0. 26846 


0. 26749 


23623 
32202 
37637 
39938 
39114 


35175 
28130 
17989 
04761 
88456 


69083 
46652 
21173 
92654 
61106 


26538 
88959 
48379 
04808 
58254 


08729 
56240 
00799 
42413 
81094 


16850 
49691 
79626 
06666 
30819 


52096 
70505 
86057 
98761 
08626 


15663 
19881 
21288 
19896 
15714 


08750 
99015 
86519 
71271 
53280 


32557 
09111 
82951 
54087 
22529 


88286 


cos x 


95268 
72909 
77355 
58064 
64805 


47660 
57024 
43600 
58403 
52756 


78289 
86939 
30948 
62866 
35544 


02136 
16100 
31192 
01472 
81295 


25318 
88493 
26068 
93588 
46891 


42108 
35665 
84278 
44951 
74982 


31955 
73742 
58503 
44681 
91007 


56494 
00438 
82417 
62291 
00198 


56557 
92064 
67693 
44692 
84588 


49177 
00534 
01003 
13198 
00008 


24587 


Table 


66544 
11534 
49010 
20615 
10363 


49664 
22311 
69445 
94485 
68021 


32688 
08001 
95158 
81822 
46859 


65060 
11818 
67791 
23518 
84019 


73355 
39166 
57175 
35661 
19906 


96613 
98290 
07609 
61732 
56616 


51277 
72036 
16730 
58895 
51923 


33192 
28157 
54428 
25809 
56310 


64138 
75651 
29289 
79480 
00512 


90379 
74605 
10035 
88600 
41057 


40699 


a 


4.6 


167 


168 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 96355 
0. 96382 
0. 96409 
0. 96435 
0. 96462 


0. 96488 
0. 96514 
0. 96540 
0. 96566 
0. 96592 


0. 96618 
0. 96644 
0. 96669 
0. 96695 
0. 96720 


0. 96746 
0.96771 
0. 96796 
0. 96821 
0. 96846 


0. 96871 
0. 96896 
0. 96920 
0. 96945 
0. 96970 


0. 96994 
0.97018 
0. 97042 
0. 97066 
0. 97090 


0.97114 
0. 97138 
0.97162 
0.97185 
0. 97209 


0. 97232 
0.97256 
0.97279 
0. 97302 
0.97325 


0. 97348 
0.97371 
0. 97394 
0. 97416 
0. 97439 


0.97461 
0. 97483 
0. 97506 
0. 97528 
0.97550 


0.97572 


81854 
52024 
12556 
63446 
04694 


36295 
58247 
70548 
73195 
66185 


49516 
23185 
87189 
41527 
86195 


21191 
46512 
62156 
68121 
64403 


51001 
27911 
95132 
52661 
00495 


38632 
67070 
85806 
94838 
94163 


83779 
63683 
33874 
94348 
45104 


86138 
17450 
39036 
50894 
53021 


45416 
28077 
01000 
64184 
17626 


61324 
95276 
19479 
33932 
38633 


33578 


sin x 


17192 
22181 
02048 
90740 
23167 


35205 
63694 
46439 
22209 
30740 


12734 
09856 
64740 
20986 
23159 


16794 
48390 
65416 
16306 
50465 


18265 
71045 
61115 
41752 
67204 


92687 
74387 
69462 
36036 
33208 


21044 
60583 
13835 
43780 
14372 


90534 
38163 
24129 
16271 
83406 


95319 
22772 
37498 
12205 
20575 


37264 
37901 
99092 
98416 
14428 


26659 
ea 
7 


96470 
85589 
36927 


53009 
56266 


26036- 


56221 
81411 


02916 
14689 
29162 
02983 
62656 


30085 
48019 
05402 
62628 
76697 


26273 
36648 
04608 
23202 
06414 


13740 
74662 
13034 
71365 
35004 


56233 
78261 
59117 
95451 
46235 


56369 
80187 
04871 
73757 
09557 


37478 
08238 
20994 
46167 
48173 


08052 
46006 
43832 
67265 
88217 


06926 


0. 26749 
0. 26653 
0. 26557 
0. 26460 
0, 26364 


0. 26267 
0. 26171 
0. 26074 
0. 25978 
0, 25881 


0.25785 
Q. 25688 
0.25591 
0, 25495 
0. 25398 


0. 25301 
0. 25204 
0.25108 
0.25011 
0, 24914 


0. 24817 
0. 24720 
0. 24623 
0. 24526 
0. 24429 


0. 24332 
0. 24235 
0. 24138 
0.24041 
0. 23944 


0. 23847 
0. 23750 
0, 23653 
0.23556 
0. 23458 


0. 23361 
0. 23264 
0. 23167 
0. 23069 
0. 22972 


0, 22875 
0. 22777 
0. 22680 
0. 22583 
0. 22485 


0. 22388 
0. 22290 
0. 22193 
0. 22095 
0. 21998 


0. 21900 


88286 
51368 
11785 
69546 
24661 


77140 
26992 
74227 
18854 
60883 


00325 
37188 
71482 
03217 
32402 


59047 
83163 
04758 
23842 
40425 


54516 
66126 
75263 
81939 
86161 


87941 
87287 
84210 
78719 
70824 


60534 
47859 
32810 
15395 
95624 


73508 
49055 
22276 
93180 
61778 


28078 
92090 
53825 
13291 
70500 


25459 
78180 
28672 
76944 
23007 


66870 


cos x 


24587 
50360 
41018 
60519 
73088 


43213 
35646 
15401 
47755 
98246 


32669 
17082 
17797 
01385 
34673 


84742 
18927 
04816 
10251 
03323 


52372 
25991 
93018 
22539 
83886 


46638 
80615 
55885 
42753 
11769 


33723 
79643 
20797 
28690 
75063 


31892 
71391 
66003 
88407 
11512 


08459 


52617 
17584 
77188 
05482 


76744 
65480 
46415 
94502 
84913 


93041 


40699 
07039 
09469 
70890 
71318 


51456 
16255 
38427 
61955 
05556 


66133 
22194 
37244 
63156 
43517 


16937 
20348 
92269 
76046 
23067 


95957 
71738 
44974 


30889 


68450 


23445 
91516 
01181 
16828 
41682 


20751 
43748 
47988 
21258 
04672 


95492 
49935 
85946 
85958 
99624 


46523 
18849 
84074 
87585 
55305 


96286 
05279 
65290 
50100 
26774 


58142 


cu 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 
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0.97572 
0.97594 
0.97615 
0. 97637 
0. 97659 


0. 97680 
0.97701 
0. 97723 
0.97744 
0.97765 


0. 97786 
0. 97807 
0. 97828 
0. 97848 
0. 97869 


0. 97889 
0. 97910 


0. 97930 


0.97950 
0.97970 


0.97990 
0. 98010 
0. 98030 
0. 98050 
0. 98069 


0. 98089 
0. 98108 
0. 98128 
0. 98147 
0. 98166 


0. 98185 
0. 98204 
0. 98223 
0. 98241 
0. 98260 


0. 98278 
0. 98297 
0. 98315 
0. 98333 
0. 98352 


0. 98370 
0. 98388 
0. 98405 
0. 98423 
0. 98441 


0. 98458 
0. 98476 
0. 98493 
0. 98510 
0. 98527 


0. 98544 


sin x 


33578 26659 
18766 15612 
94194 62771 
59861 50591 
15764 62506 


61901 82927 
98270 97238 
24869 91804 
41696 53965 
48748 72037 


46024 35316 
33521 34074 
11237 59561 
79171 04006 
37319 60615 


85681 23574 
24253 88047 
53035 50175 
72024 07082 
81217 56868 


80613 98614 
70211 32380 
50007 59206 
20000 81114 
80189 01103 


30570 23155 
71142 52232 
01903 94276 
22852 56212 
33986 45944 


35303 72359 
26802 45326 
08480 75694 
80336 75296 
42368 56947 


94574 34442 
36952 22562 
69500 37068 
92216 94707 
05100 13205 


08148 11276 
01359 08614 
84731 25898 
58262 84790 
21952 07939 


75797 18974 
19796 42512 
53948 04152 
78250 30479 
92701 49063 


97299 88460 


cB 


06926 
73996 
12353 
39095 
87244 


27405 
89325 
83352 
21803 
40225 


18567 
02249 
23135 
20406 
61343 


61999 
07786 
73954 
45982 
39862 


22288 
30754 
93540 
49613 
68424 


69608 
42586 
66065 
27452 
42153 


72787 
48298 
82965 
95320 
26961 


61276 
42059 
92032 
31273 
95537 


54484 
29809 
13274 
84637 
29485 


56974 
17462 
20048 
50013 
86162 


18065 94 


0. 21900 
0. 21803 
0.21705 
0. 21607 
0.21510 


0.21412 
0, 21314 
0.21217 
0.21119 
0.21021 


0, 20923 
0. 20826 
0, 20728 
0. 20630 
0.20532 


0. 20434 
0. 20336 
0. 20238 
0. 20140 
0. 20042 


0.19944 
0. 19846 
0.19748 
0.19650 
0.19552 


0.19454 
0. 19356 
0.19258 
0.19160 
0.19062 


0.18964 
0. 18865 
0. 18767 
0. 18669 
0. 18571 


0. 18472 
0.18374 
0.18276 
0. 18178 
0.18079 


0.17981 
0.17882 
0.17784 
0. 17686 
0.17587 


0.17489 
0.17390 
0.17292 
0.17193 
0.17095 


0.16996 


66870 
08543 
48036 
85358 
20520 


53530 
84399 
13137 
39753 
64257 


86658 
06968 
25195 
41349 
55440 


67477 
77471 
85432 
91369 
95291 


97209 
97133 
95072 
91036 
85036 


77079 
67178 
55340 
41577 
25898 


08312 
88831 
67462 
44217 
19105 


92135 
63319 
32665 
00183 
65884 


29776 
91871 
52177 
10704 
67464 


22464 
75715 
27228 
77011 
25074 


71429 


cos Zz 


93041 
94501 
65124 
80961 
18281 


53567 
63517 
25046 
15278 
11553 


91419 
32637 
13175 
11211 
05130 


73521 
95182 
49113 
14517 
70801 


97572 
74640 
82010 
99890 
08682 


88987 
21600 
87511 
67905 
44156 


97834 
10696 
64691 
41955 
24813 


95776 
37540 
32988 
65185 
17379 


72999 
15656 
29142 
97424 
04651 


35146 
73409 
04115 
12112 
82423 


00240 
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58142 
05261 
29854 
96725 
76154 


46271 
95410 
24434 
49048 
02083 


35767 
23964 
64404 
80880 
25435 


80524 
61151 
16990 
34489 
38946 


96568 
16515 
52911 
06852 


28380 


18444 
30840 
74132 
13553 
72884 


36320 
50314 
25395 
37980 
32156 


21451 
90577 
97169 
73489 
28124 


47659 
98336 
27690 
66173 
28756 


16514 
18192 
11759 
65937 
41718 


93861 


a 


169 


0 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0. 98544 
0. 98561 
0. 98578 
0. 98595 
0. 98612 


0. 98628 
0. 98645 
0. 98661 
0. 98677 
0. 98693 


0. 98710 
0. 98725 
0. 98741 
0.98757 
0. 98773 


0. 98788 
0. 98804 
0. 98819 
0. 98834 
0. 98850 


0. 98865 
0. 98880 
0. 98895 
0. 98909 
0. 98924 


0. 98939 
0. 98953 
0. 98967 
0. 98982 
0. 98996 


0. 99010 
0. 99024 
0. 99038 
0. 99052 
0. 99065 


0. 99079 
0. 99092 
0. 99106 
0.99119 
0. 99132 


0.99145 
0.99158 
0.99171 
0.99184 
0.99197 


0. 99209 
0. 99222 
0.99234 
0.99247 
0. 99259 


0.99271 


97299 
92043 
76931 
51961 
17131 


72440 
17886 
53468 
79184 
95031 


01010 
97117 
83352 
59712 
26197 


82805 
29533 
66381 
93348 
10430 


17628 
14939 
02362 
79896 
47539 


05289 
53145 
91106 
19171 
37337 


45603 
43968 
32431 
10990 
79644 


38391 
87230 
26160 
55180 
74287 


83481 
82761 
72125 
51571 
21099 


80708 
30395 
70160 
00002 
19919 


29910 


sin x 


88460 
78208 
48834 
31850 
59751 


66021 
85129 
52531 
04669 
78970 


13850 
48711 
23943 
80922 
62012 


10565 
70919 
88402 
09330 
81005 


51719 
70753 
88375 
55844 
25405 


50295 
84738 
83949 
04132 
02480 


37177 
67397 
53301 
56046 
37773 


61619 
91709 
93157 
32073 
75552 


91686 
49554 
19229 
71773 
79243 


14686 
52141 
66639 
34203 
31850 


37588 


18065 
63203 
84013 
04837 
28769 


54406 
92502 
82515 
09070 
18307 


34142 
74427 
67004 
65672 
66048 


21328 
57953 
91177 
40532 
45199 


79273 
66940 
97544 
40562 
60478 


31560 
52533 
61159 
48716 
74376 


79485 
01748 
89307 
14729 
88889 


74754 
01072 
75959 
00385 
81565 


46252 
53923 
09874 
78212 
94748 


79795 
50856 
35228 
82494 
76923 


49766 


7 


0.16996 
0.16898 
0.16799 
0.16701 
0. 16602 


0. 16503 
0. 16405 
0.16306 
0. 16207 
0. 16109 


0.16010 
0.15911 
0.15812 
0.15714 
0.15615 


0.15516 
0.15417 
0.15319 
0.15220 
0.15121 


0, 15022 
0. 14923 
0. 14824 
0.14725 
0. 14626 


0.14528 
0. 14429 
0. 14330 
0.14231 
0.14132 


0.14033 
0.13934 
0. 13835 
0.13736 
0. 13637 


0. 13537 
0. 13438 
0. 13339 
0. 13240 
0. 13141 


0. 13042 
0. 12943 
0.12844 
0.12744 
0.12645 


0. 12546 
0.12447 
0. 12348 
0.12248 
0.12149 


0. 12050 


71429 
16083 
59048 
00332 
39947 


77901 
14205 
48869 
81902 
13314 


43115 
71315 
97924 
22952 
46408 


68303 
88646 
07447 
24716 
40463 


54699 
67432 
78672 
88430 
96716 


03538 
08908 
12835 
15329 
16400 


16058 
14312 
11173 
06651 
00755 


93495 
84881 
74924 
63632 
51017 


37087 
21853 
05325 
87512 
68425 


48073 
26467 
03616 
79530 
54219 


27693 


cos z 


00240 
50929 
20024 
93227 
56412 


95615 
97042 
47062 
32209 
39179 


54831 
66184 
60420 
24876 
47050 


14596 
15325 
37202 
68347 
97033 


11685 
00880 
53344 
57953 
03732 


79851 
75628 
80526 
84153 
76259 


46736 
85619 
83083 
29440 
15144 


30784 
67086 
14910 
65254 
09245 


38145 
43347 
16375 
48881 
32647 


59580 
21717 
11217 
20366 
41572 


67366 


a 


93861 
72373 
23971 
93533 
25523 


65404 
61039 
64065 
31258 
25882 


19016 
90869 
32080 
44997 
44945 


61477 
39606 
41027 
45317 
51126 


77348 
64281 
74765 
95314 
37224 


37675 
60810 
98807 
72928 
34563 


66253 
82699 
31761 
95441 
90849 


71160 
26554 
85143 
13887 
19491 


49297 
92153 
79275 
85098 
28105 


71654 
24785 
43017 
29130 
33939 


57053 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0.99271 
0. 99283 
0.99295 
0. 99307 
0. 99318 


0. 99330 
0. 99341 
0. 99353 
0. 99364 
0. 99375 


0. 99386 
0.99397 
0. 99408 
0.99419 
0. 99430 


0. 99440 
0. 99451 
0. 99461 
0. 99472 
0. 99482 


0. 99492 
0. 99502 
0.99512 
0. 99522 
0. 99531 


0. 99541 
0.99551 
0.99560 
0. 99569 
0. 99578 


0. 99588 
0. 99597 
0. 99606 
0. 99614 
0. 99623 


0. 99632 
0. 99640 
0. 99649 
0. 99657 
0. 99665 


0. 99673 
0. 99681 
0. 99689 
0. 99697 
0. 99705 


0. 99712 
0. 99720 
0. 99727 
0. 99735 
0. 99742 


0.99749 


29910 
29974 
20109 
00315 
70591 


30934 
81345 
21821 
52362 
72967 


83634 
84362 
75150 
55998 
26904 


87866 
38885 
79958 
11085 
32265 


43497 
44780 
36112 
17493 
88922 


50398 
01919 
43486 
75096 
96749 


08445 
10182 
01959 
83775 
55630 


17522 
69452 
11417 
43417 
65452 


77520 
79621 
71753 
53917 
26110 


88334 
40586 
82865 
15173 
37506 


49866 


sin z 


37588 
30417 
90332 
98319 
36356 


87418 
35468 
65467 
63366 
16112 


11644 
38896 
87794 
49260 
15209 


78550 
33187 
74019 
96938 
98831 


77580 
32063 
62150 
68709 
53602 


19685 
70812 
11829 
48581 
87906 


37640 
06611 
04648 
42571 
32200 


86349 
18829 
44446 
79005 
39305 


43143 
09312 
57602 
08799 
84688 


08049 
02660 
93295 
05727 
66724 


04054 


ca 


49766 
91459 
63717 
11543 
75120 


01619 
56903 
37123 
80232 
77380 


84228 
32148 
39331 
21797 
04300 


31137 
76860 
56879 
37979 
48727 


89785 
44122 
87122 
96604 
62729 


97818 
46063 
93145 
75747 
90969 


05648 
65569 
04588 
53643 
49677 


44454 
13277 
63607 
43586 
50450 


38855 
29093 
15215 
73054 
68141 


63530 
27521 
41279 
06360 
52131 


43094 


0.12050 
0.11950 
0.11851 
0.11752 
0.11653 


0.11553 
0.11454 
0.11355 
0.11255 
0.11156 


0.11056 
0.10957 
0.10858 
0.10758 
0.10659 


0.10559 
0.10460 
0. 10361 
0.10261 
0, 10162 


0. 10062 
0. 09963 
0. 09863 
0.09764 
0. 09664 


0. 09564 
0.09465 
0. 09365 
0. 09266 
0. 09166 


0. 09067 
0. 08967 
0. 08867 
0. 08768 
0. 08668 


0. 08569 
0, 08469 
0. 08369 
0. 08270 
0. 08170 


0. 08070 
0. 07971 
0. 07871 
0.07771 
0.07672 


0.07572 
0. 07472 
0. 07372 
0. 07273 
0.07173 


0. 07073 


27693 
99962 
71037 
40925 
09639 


77188 
43581 
08828 
72940 
35927 


97798 
58563 
18232 
76816 
34324 


90765 
46151 
00491 
53795 
06072 


57333 
07588 
56847 
05119 
52415 


98745 
44118 
88544 
32034 
74598 


16244 
56984 
96827 
35783 
73863 


11075 
47431 
82940 
17612 
51456 


84484 
16705 
48128 
78764 
08624 


37716 
66050 
93638 
20488 
46611 


72016 


cos zx 


67366 
90401 
03450 
99404 
71276 


12194 
15402 
74262 
82249 
32951 


20069 
37417 
78917 
38604 
10617 


89208 
68730 
43646 
08521 
58026 


86931 
90112 
62542 
99295 
95545 


46561 
47711 
94456 
82355 
07058 


64309 
49943 
59886 
90154 
36851 


96168 
64385 
37866 
13060 
86499 


54800 
14659 
62854 
96243 
11762 


06424 
77322 
21620 
36561 
19459 


67702 


Table 4.6 


57053 
47620 
05063 
79804 
73971 


42103 
91829 
84551 
36104 
17410 


55117 
32232 
88737 
22199 
88365 


01747 
36201 
25487 
63826 
06440 


70090 
33595 
38345 
88804 
53005 


63028 
15478 
71943 
59452 
70920 


65577 
69400 
75526 
44661 
05477 


55002 
59004 
52356 
39407 
94334 


61486 
55729 
62770 
39483 
14220 


87121 
30411 
88691 
79219 
92192 


91008 


a 


171 


172 


Table 4.6 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


0.99749 
0.99756 
0. 99763 
0.99770 
0. 99776 


0. 99783 
0.99790 
0. 99796 
0. 99802 
0. 99809 


0.99815 
0. 99821 
0. 99827 
0. 99833 
0. 99838 


0. 99844 
0. 99849 
0. 99855 
0. 99860 
0. 99865 


0. 99871 
0. 99876 
0. 99880 
0. 99885 
0. 99890 


0.99895 
0. 99899 
0. 99904 
0.99908 
0.99912 


0.99916 
0.99920 
0. 99924 
0. 99928 
0. 99932 


0. 99935 
0. 99939 
0. 99942 
0. 99946 
0. 99949 


0.99952 
0.99955 
0. 99958 
0. 99961 
0. 99964 


0. 99966 
0. 99969 
0. 99971 
0. 99974 
0.99976 


0. 99978 


sin z 


49866 
52250 
44659 
27091 
99547 


62024 
14524 
57044 
89585 
12145 


24724 
27322 
19938 
02571 
75221 


37887 
90569 
33265 
65976 
88701 


01439 
04190 
96954 
79730 
52517 


15314 
68123 
10941 
43769 
66606 


79452 
82306 
75169 
58038 
30915 


93799 
46689 
89585 
22486 
45393 


58306 
61222 
54144 
37069 
09999 


72932 
25868 
68807 
01749 
24694 


37641 


04054 
46480 
23765 
66667 
06942 


77346 
11631 
44547 
11841 
50260 


97548 
92446 
74695 
85033 
65198 


57923 
06943 
56990 
53793 
44081 


75583 
97023 
58128 
09621 
03224 


91658 
28645 
68902 
68148 
83100 


71476 
91989 
04354 
69286 
48498 


04701 
01607 
03928 
77374 
88654 


05479 
96555 
31593 
81300 
17383 


12550 
40506 
75959 
94615 
73179 


89356 


co 


43094 
86109 
37519 
10173 
80349 


94581 
76379 
32859 
61264 
55394 


11924 
36636 
50542 
95912 
42198 


91859 
86092 
10456 
00399 
46683 


00717 
79776 
72136 
42098 
34913 


81616 
03749 
17990 
40684 
92265 


01592 
10170 
76285 
79026 
22220 


38256 
91817 
83506 
53376 
84360 


05600 
95674 
85726 
62497 
71251 


18609 
75272 
78656 
35418 
23886 


96389 


0. 07073 
0. 06973 
0. 06874 
0. 06774 
0. 06674 


0. 06574 
0. 06475 
0. 06375 
0, 06275 
0. 06175 


0. 06075 
0. 05976 
0. 05876 
0. 05776 
0. 05676 


0.05576 
0. 05476 
0. 05377 
0.05277 
0.05177 


0. 05077 
0, 04977 
0. 04877 
0. 04777 
0. 04677 


0. 04578 
0. 04478 
0. 04378 
0. 04278 
0. 04178 


0. 04078 
0, 03978 
0. 03878 
0. 03778 
0. 03678 


0. 03578 
0. 03478 
0. 03378 
0. 03279 
0.03179 


0. 03079 
0. 02979 
0. 02879 
0. 02779 
0. 02679 


0. 02579 
0. 02479 
0. 02379 
0. 02279 
0. 02179 


0. 02079 


72016 
96714 
20715 
44028 
66664 


88633 
09943 
30607 
50633 
70031 


88812 
06985 
24560 
41548 
57959 


73801 
89086 
03823 
18023 
31695 


44849 
57495 
69644 
81305 
92488 


03203 
13460 
23270 
32642 
41586 


50112 
58230 
65951 
73283 
80238 


86825 
93054 
98935 
04478 
09693 


14590 
19180 
23471 
27475 
31200 


34658 
37858 
40810 
43524 
46010 


48278 


cos z 


67702 
78750 
50131 
79447 
64365 


02623 
92023 
30434 
15789 
46086 


19385 
33809 
87538 
78816 
05945 


67282 
61243 
86301 
40981 
23862 


33579 
68814 
28305 
10835 
15238 


40397 
85239 
48738 
29915 
27830 


41591 
70343 
13276 
69617 
38633 


19628 
11943 
14956 
28078 
50755 


82466 
22720 
71058 
27051 
90300 


60430 
37097 
19980 
08784 
03238 


03092 


a 


91008 
12531 
67342 
39990 
89231 


48257 
24928 
01988 
37280 
63952 


90658 
01748 
57464 
94113 
24248 


36836 
97425 
48297 
08625 
74620 


19672 
94487 
27218 
23593 
67036 


18782 
17991 
81854 
05695 
63073 


05868 
64380 
47406 
42326 
15178 


10734 
52566 
43115 
63750 
74831 


15762 
05041 
40314 
98418 
35423 


86673 
66826 
69885 
69229 
17647 


47364 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 
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1.550 0. 99978 
1.551 0. 99980 
1,552 0, 99982 
1, 553 0. 99984 
1.554 0. 99985 


1,555 0. 99987 
1,556 0. 99989 
1.557 0. 99990 
1, 558 0.99991 
1.559 0. 99993 


1. 560 0.99994 
1, 561 0. 99995 
1, 562 0. 99996 
1, 563 0. 99996 
1. 564 0. 99997 


1. 565 0. 99998 
1. 566 0. 99998 
1. 567 0. 99999 
1. 568 0. 99999 
1. 569 0. 99999 


1,570 0. 99999 
1.571 0. 99999 
1.572 0. 99999 
1.573 0. 99999 
1.574 0. 99999 


1.575 0.99999 
1.576 0. 99998 
1.577 0. 99998 
1.578 0.99997 
1.579 0. 99996 


1.580 0. 99995 
1.581 0. 99994 
1,582 0. 99993 
1, 583 0. 99992 
1. 584 0.99991 


1.585 0. 99989 
1. 586 0. 99988 
1, 587 0. 99986 
1, 588 0. 99985 
1.589 0. 99983 


1,590 0.99981 
1,591 0.99979 
1.592 0.99977 
1.593 0. 99975 
1, 594 0. 99973 


1,595 0. 99970 
1.596 0. 99968 
1,597 0. 99965 
1,598 0. 99963 
1.599 0. 99960 


1, 600 0. 99957 


37641 
40591 
33542 
16495 
89450 


52406 
05363 
48321 
81281 
04241 


17202 
20163 
13125 
96087 
69050 


32013 
84976 
27939 
60902 
83866 


96829 
99792 
92755 
75719 
48682 


11645 
64609 
07572 
40536 
63500 


76464 
79429 
72395 
55361 
28327 


91295 
44263 
87233 
20204 
43177 


56151 
59127 
52105 
35085 
08068 


71054 
24042 
67033 
00029 
23027 


36030 


sin z 
89356 
21853 
50374 
55624 
19308 


24131 
53795 
93007 
27470 
43888 


29966 
74406 
66914 
98192 
59945 


44876 
46689 
60087 
80775 
05456 


31834 
58612 
85495 
13185 
43386 


78803 
23138 
81096 
58379 
61693 


98740 
78223 
09847 
04315 
73330 


29595 
86814 
59691 
63927 
16226 


34290 
36823 
43527 
75103 
53254 


00681 
41086 
99171 
00635 
72179 


96389 
81488 
86102 
97539 
85428 


03543 
91538 
76575 
74851 
93030 


29574 
75969 
17856 
36062 
07529 


06142 
03461 
69348 
72499 
80873 


62021 
83315 
12082 
15626 
61164 


15654 
45523 
16298 
92137 
35254 


05255 
58361 
46545 
16554 
08844 


56407 
83504 
04289 
21344 
24106 


87198 
68657 
08066 
24582 
14867 


50917 
77790 
11241 
35248 
99440 


41505 16434 


For r>1.6 see Example 16. 


571.57079 63267 94896 61923 182 


Py 


0. 02079 
0. 01979 
0. 01879 
0. 01779 
0. 01679 


0.01579 
0. 01479 
0, 01379 
0. 01279 
0.01179 


0, 01079 
0. 00979 
0. 00879 
0, 00779 
0. 00679 


0. 00579 
0. 00479 
0. 00379 
0. 00279 
0. 00179 


+0. 00079 
-0, 00020 
-0, 00120 
-0, 00220 
~0. 00320 


-0. 00420 
-0, 00520 
-0. 00620 
-0, 00720 
-0. 00820 


-0. 00920 
-0, 01020, 
-0. 01120 
-0, 01220 
-0, 01320 


~0, 01420 
-0. 01520 
-0. 01620 
-0. 01720 
-0. 01820 


-0. 01920 
-0, 02020 
-0. 02120 
-0. 02220 
-0. 02320 


-0. 02420 
-0. 02520 
-0. 02620 
-0, 02720 
-0. 02819 


~0, 02919 


48278 
50338 
52200 
53874 
55370 


56698 
57869 
58891 
59775 
60532 


61170 
61701 
62133 
62478 
62744 


62943 
63084 
63176 
63231 
63258 


63267 
36732 
36729 
36714 
36677 


36608 
36497 
36334 
36109 
35811 


35432 
34961 
34388 
33702 
32895 


31956 
30874 
29641 
28245 
26678 


24929 
22987 
20843 
18488 
15910 


13101 
10049 
06745 
03180 
99342 


95223 


cos z 


03092 
08120 
18116 
32894 
52286 


76142 
04329 
36731 
73245 
13782 


58267 
06636 
58835 
14822 
74562 


38028 
05200 
76064 
50611 
28835 


10733 
03695 
14450 
21533 
24944 


24688 
20771 
13205 
02006 
87197 


68808 
46876 
21448 
92583 
60348 


24825 
86108 
44304 
99538 
51948 


01692 
48945 
93900 
36773 
77799 


17236 
55365 
92491 
28945 
65082 


01288 


47364 
70061 
76905 
38564 
05229 


06628 
52043 
30323 
09896 
38778 


44582 
34527 
95443 
93777 
75597 


66597 
72096 
77045 
46023 
23243 


32548 
22583 
59042 
14087 
45343 


30802 
68822 
78129 
97812 
87324 


26480 
15451 
74764 
45294 
88260 


85219 
38055 
68973 
20485 
55400 


56809 
28070 
92788 
94801 
98151 


87068 
65939 
59282 
11714 
87922 


72620 


4 


7=3,.14159 26535 89793 23846 264 


391 
827 


173 


174 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.7 


10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 
10 0. 00000 


0. 00000 
0. 00000 
0, 00000 
0, 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 
0, 00000 


0. 00000 
0. 00000 
0. 00000 
0, 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0, 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 
0, 00000 
0, 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 


0, 00000 
0, 00001 
0, 00002 
0, 00003 
0, 00004 
0. 00005 
0, 00006 
0. 00007 
0. 00008 


0, 00009 
0. 00019 
0. 00029 
0. 00039 
0, 00049 
0, 00059 
0. 00069 
0. 00079 
0. 00089 


0, 00099 


KH OONTOUBWNHH OONTUAWNH OCONOUEUNR ODN EWN OCONDUEBWNH OCDNRUNAWNH woMOUNTOUAUNH + 


w PPPHPHHLALLPH UUVMUVMOUNIWN DOOD OSDSO SN ss DAD OMNBDMODMWOHO OKODDOWODOOOLD 


RADIX TABLE OF CIRCULAR SINES AND COSINES 


sin 110-* 


00001 
00002 
00003 
00004 
00005 
00006 
00007 
00008 
00009 


00010 
00020 
00030 
00040 
00050 
00060 
00069 
00079 
00089 


00099 
00199 
00299 
00399 
00499 
00599 
00699 
00799 
00899 


00999 
01999 
02999 
03999 
04999 
05999 
06999 
07999 
08999 


09999 
19999 
29999 
39999 
49999. 
59999 
69999 
79999 
89999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99998 


99998 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99998 
99995 
99989 
99979 
99964 
99942 
99914 
99878 


99833 
98666 
95500 
89333 
79166 
64000 
42833 
14666 
78500 


33333 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99998 
99997 
99996 
99994 
99991 
99987 


99983 
99866 
99550 
98933 
97916 
96400 
94283 
91466 
87850 


83333 
66666 
50000 
33333 
16666 
00000 
83333 
66666 
50000 


33333 
66666 
00002 
33341 
66692 
00064 
33473 
66939 
00492 


34166 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 
99999 
99999 
99999 


99998 
99987 
99955 
99893 
99792 
99640 
99428 
99147 
98785 


98333 
86667 
55000 
93333 
91667 
40000 
28333 
46667 
85000 


33333 
66667 
00000 
33333 
66667 
00000 
33333 
66667 
00000 


33333 
66667 
00002 
33342 
66693 
00065 
33473 
66940 
00492 


34167 
93333 
02500 
86667 
70833 
80000 
39167 
73333 
07499 


66665 


0.99999 
0.99999 
0, 99999 
0.99999 
0. 99999 
0. 99999 
0. 99999 
0.99999 
0. 99999 


0.99999 
0. 99999 
0. 99999 
0. 99999 
0.99999 
0.99999 
0.99999 
0.99999 
0. 99999 


0. 99999 
0.99999 
0. 99999 
0.99999 
0.99999 
0.99999 
0. 99999 
0, 99999 
0. 99999 


0. 99999 
0. 99999 
0. 99999 
0.99999 
0.99999 
0. 99999 
0. 99999 
0. 99999 
0. 99999 


0. 99999 
0.99999 
0. 99999 
0. 99999 
0. 99999 
0. 99999 
0. 99999 
0. 99999 
0, 99999 


0. 99999 
0, 99999 
0. 99999 
0.99999 
0.99999 
6. 99999 
0. 99999 
0.99999 
0. 99999 


0.99999 
* 99999 
0. 99999 
0.99999 
0. 99999 
0. 99999 
0.99999 
0. 99999 
0. 99999 


0, 99999 


For » >10, sin +10-"=.r10—"; cos x10—"=1 =5 2210—2n; to 25D. 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99998 
99995 
99992 
99987 
99982 
99975 
99968 
99959 


99950 
99800 
99550 
99200 
98750 
98200 
97550 
96800 
95950 


95000 


cos 210-7 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99998 
99998 
99997 
99996 
99995 


99995 
99980 
99955 
99920 
99875 
99820 
99755 
99680 
99595 


99500 
98000 
95500 
92000 
87500 
82000 
75500 
68000 
59500 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 


00000 
00000 
00000 
00001 
00002 
00005 
00010 
00017 
00027 


00041 


99999 
99998 
99995 
99992 
99987 
99982 
99975 
99968 
99959 


99950 
99800 
99550 
99200 
98750 
98200 
97550 
96800 
95950 


95000 
80000 
55000 
20000 
75000 
20000 
55000 
80000 
95000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00003 
00010 
00026 
00054 
00100 
00170 
00273 


00416 
06666 
33749 
06666 
60416 
39999 
00416 
06666 
33749 


66666 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
000c0 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


00000 
00007 
00034 
00107 
00260 
00540 
01000 
01707 
02734 


04167 
66667 
37500 
66667 
04167 
00000 
04167 
66667 
37500 


66667 
66666 
99990 
66610 
66450 
99352 
65033 
63026 
92619 


52778 


From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine to 
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 
Government Printing Office, Washington, D.C., 1921 (with permission). 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


OOnrwn PWNMEHO B& 


50 


0, 00000 
+0. 84147 
+0, 90929 
+0. 14112 
~0. 75680 


-0. 95892 
-0. 27941 
+0, 65698 
+0. 98935 
+0. 41211 


~0. 54402 
-0. 99999 
~0. 53657 
+0, 42016 
+0. 99060 


+0, 65028 
-0, 28790 
~0, 96139 
-0. 75098 
+0. 14987 


+0, 91294 
+0. 83665 
~0. 00885 
-0. 84622 
-0, 90557 


-0, 13235 
+0, 76255 
+0. 95637 
+0. 27090 
-0, 66363 


-0. 98803 
-0. 40403 
+0, 55142 
+0. 99991 
+0. 52908 


-0. 42818 
-0. 99177 
-0. 64353 
+0. 29636 
+0, 96379 


+0. 74511 
-0. 15862 
-0. 91652 
-0. 83177 
+0. 01770 


+0. 85090 
+0, 90178 
+0, 12357 
-0. 76825 
-0, 95375 


-0, 26237 


00000 
09848 
74268 
00080 
24953 


42746 
54981 
65987 
82466 
84852 


11108 
02065 
29180 
70368 
73556 


78401 
33166 
74918 
72467 
72096 


52507 
56385 
13092 
04041 
83620 


17500 
84504 
59284 
57883 
38842 


16240 
76453 
66812 
18601 
26861 


26694 
88534 
81333 
85787 
53862 


31604 
26688 
15479 
47426 
19251 


35245 
83476 
31227 
46613 
26527 


48537 


sin x 


00000 
07896 
25681 
59867 
07928 


63138 
98925 
18789 
23381 
41756 


89369 
50703 
00434 
26640 
94870 


57116 
65065 
79556 
71676 
62952 


27627 
36056 
90403 
75170 
06623 


977173 
79602 
04503 
07869 
12967 


92861 
23065 
41690 
07267 
20023 


96151 
43115 
56999 
09385 
84087 


79348 
04708 
15633 
28598 
05413 


34118 
48809 
45224 
23666 
59471 


03928 


00000 
50665 
69539 
22210 
25137 


46889 
87281 
09039 
77780 
56975 


81340 
45705 
97166 
92186 
30787 


86582 
29478 
85726 
10375 
32975 


65437 
03186 
87592 
63524 
84513 


02890 
73751 
01343 
01998 
50215 


78998 
00604 
55066 
14572 
82083 


00440 
73683 
46068 
31739 
75326 


78698 
98710 
78589 
28820 
57780 


42486 
18503 
00406 
79904 
81836 


78591 


000 
250 


439 


1. 00000 
+0. 54030 
-0. 41614 
-0, 98999 
-0. 65364 


+0. 28366 
+0. 96017 
+0. 75390 
-0. 14550 
-0. 91113 


-0. 83907 
+0, 00442 
+0. 84385 
+0. 90744 
+0. 13673 


-0. 75968 
~0. 95765 
-0. 27516 
+0. 66031 
+0. 98870 


+0, 40808 
-0, 54772 
-0. 99996 
-0, 53283 
+0, 42417 


+0, 99120 
+0. 64691 
-0, 29213 
-0, 96260 
-0. 74805 


+0. 15425 
+0, 91474 
+0. 83422 
-0, 01327 
-0. 84857 


-0. 90369 
-0. 12796 
+0. 76541 
+0. 95507 
+0, 26664 


-0. 66693 
-0. 98733 
-0. 39998 
+0. 55511 
+0. 99984 


+0, 52532 
-0. 43217 
-0. 99233 
-0. 64014 
+0. 30059 


+0, 96496 


00000 
23058 
68365 
24966 
36208 


21854 
02866 
22543 
00338 
02618 


15290 
56979 
39587 
67814 
72182 


79128 
94803 
33380 
67082 
46181 


20618 
92602 
08263 
30203 
90073 


28118 
93223 
88087 
58663 
75296 


14498 
23578 
33605 
67472 
02747 


22050 
36896 
40519 
36440 
29323 


80616 
92775 
53149 
33015 
33086 


19888 
79448 
54691 
43394 
25437 


60284 


COS & 


00000 
68139 
47142 
00445 
63611 


63226 
50366 
43304 
08613 
84676 


76452 
88050 
32492 
50196 
07833 


58821 
23384 
51596 
44080 
86669 


13391 
24268 
94637 
33397 
36996 


63473 
28640 
33836 
13566 
89000 


87584 
04531 
06510 
23059 
84605 


91506 
27404 
45343 
47294 
59937 


52261 
23826 
88351 
20625 
47691 


17729 
84778 
50928 
69199 
43637 


92113 


Table 4.8 


00000 
71740 
38699 
45727 
91463 


26446 
02054 
63814 
52586 
98836 


45225 
78574 
10465 
21385 
59424 


27384 
64189 
92222 
14481 
25289 


98606 
42138 
12645 
55521 
97593 


59808 
34272 
19337 
60197 
35176 


05071 
27896 
27221 
47891 
18659 


75984 
68102 
35649 
85758 
25152 


84438 
45822 
29395 
67704 
22006 


69604 
29495 
71827 
73131 
08368 


27406 


000 
094 


896 


From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine to 
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 
Government Printing Office, Washington, D.C., 1921 (with permission) for x<100. 
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Table 4.8 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


-0. 26237 
+0, 67022 
+0, 98662 
+0. 39592 
~0. 55878 


-0. 99975 
-0. 52155 
+0, 43616 
+0. 99287 
+0. 63673 


-0. 30481 
-0. 96611 
-0. 73918 
+0, 16735 
+0. 92002 


+0, 82682 
-0, 02655 
~0, 85551 
-0. 89792 
-0, 11478 


+0, 77389 
+0, 95105 
+0. 25382 
-0, 67677 
-0. 98514 


-0, 38778 
+0, 56610 
+0, 99952 
+0, 51397 
-0. 44411 


-0. 99388 
~0. 62988 
+0, 31322 
+0. 96836 
+0. 73319 


-0. 17607 
-0. 92345 
-0, 82181 
+0. 03539 
+0, 86006 


+0, 89399 
+0, 10598 
-0. 77946 
~0. 94828 
-0, 24525 


+0, 68326 
+0, 98358 
+0, 37960 
-0. 57338 
-0, 99920 


-0, 50636 


48537 
91758 
75920 
51501 
90488 


51733 
10020 
47552 
26480 
80071 


06211 
77700 
06966 
57003 
60381 


86794 
11540 
99789 
76806 
48137 


06815 
46532 
33627 
19568 
62604 


16354 
76368 
01585 
84559 
26687 


86539 
79942 
87824 
44611 
03200 


56199 
84470 
78366 
83027 
94058 


66636 
75117 
60696 
21412 
19854 


17147 
77454 
77390 
18719 
68341 


56411 


sin x 


03928 
43374 
40485 
81834 
51616 


58619 
86911 
47824 
84537 
39137 


02216 
08392 
49222 
02806 
96790 


90103 
23966 
75322 
89291 
83187 


57889 
54374 
62036 
87307 
68247 


09430 
98180 
80731 
87535 
07508 


23375 
74453 
33085 
00185 
73292 


48587 
04059 
30822 
33660 
12453 


00557 
51156 
15804 
69947 
67654 


36120 
34344 
7521 
0422 
86353 


09758 


78591 
73449 
29658 
18150 
24581 


83659 
88018 
95908 
11816 
88077 


70562 
94701 
86727 
92152 
68335 


46771 
79446 
25899 
26040 
22054 


09778 
63665 
27306 
62215 
37085 


43773 
32361 
24386 
21169 
36850 


18973 
87856 
15263 
40435 
16636 


07696 
80260 
54487 


68362 ! 


22683 


89051 
85002 
68855 
23213 
32522 


98369 
85760 
69648 
88494 
69443 


79365 


+0. 96496 
+0, 74215 
-0. 16299 
-0. 91828 
~0. 82930 


+0, 02212 
+0. 85322 
+0, 89986 


cos z 


60284 92113 
41968 13782 
07807 95705 
27862 12118 
98328 63150 


67562 61955 
01077 22584 
68269 69193 


+0,11918 01354 48819 


~0. 77108 


~0, 95241 
~0. 25810 
+0, 67350 
+0, 98589 
+0, 39185 


-0, 56245 
-0. 99964 
-0. 51776 
+0, 44014 
+0, 99339 


+0, 63331 
-0. 30902 
~-0, 96725 
-0. 73619 
+0.17171 


+0. 92175 
+0. 82433 
-0, 03097 
-0, 85780 
-0, 89597 


-0, 11038 
+0. 77668 
+0, 94967 
+0, 24954 
-0, 68002 


-0. 98437 
-0. 38369 
+0. 56975 
+0. 99937 
+0. 51017 


-0. 44807 
-0. 99436 
-0. 62644 
+0. 31742 
+0. 96945 


+0. 73017 
-0. 18043 
-0, 92514 
-0, 81928 
+0, 03982 


+0. 86231 


02229 75845 


29804 15156 
16359 38267 
71623 23586 
65815 82549 
72304 29550 


38512 38172 
74559 66349 
97997 89505 
30224 96040 
03797 22271 


92030 86299 
27281 66070 
05882 73882 
27182 27315 
73418 30777 


12697 24749 
13311 07557 
50317 31216 
30932 44987 
09467 90963 


72438 39047 
59820 21631 
76978 82543 
01179 73338 
34955 87338 


66433 94041 
84449 49741 
03342 65311 
32836 95124 
70449 41668 


36161 29170 
74609 28201 
44479 10339 
87015 19701 
93666 69987 


35609 94819 
04492 91083 
75365 96413 
82452 91459 
08803 93138 


88722 87683 


27406 
53946 
48100 
89119 
14772 


73456 
11396 
78650 
28543 
22938 


29269 
44570 
25288 
69743 
00516 


03106 
96483 
06565 
70593 
63756 


83233 
70291 
48729 
96016 
55609 


31639 
75991 
45752 
85540 
14833 


55811 
15768 
20471 
12437 
79542 


89491 
84477 
92000 
65698 
89902 


15236 
52610 
06880 
64974 
60380 


66479 
95011 
89170 
25267 
89816 


93410 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


sin xz 


-0. 50636 
+0, 45202 
+0. 99482 
+0. 62298 
-0, 32162 


-0. 97053 
-0. 72714 
+0, 18478 
+0. 92681 
+0. 81674 


-0. 04424 
-0, 86455 
-0, 88999 
-0. 09718 
+0, 78498 


+0, 94543 
+0. 23666 
~0, 68969 
-0, 98195 
-0. 37140 


+0. 58061 
+0, 99881 
+0. 49871 
-0. 45990 
-0, 99568 


-0. 61604 
+0. 32999 
+0, 97263 
+0, 72103 
-0. 19347 


-0. 93010 
-0. 81160 
+0. 05308 
+0. 86896 
+0, 88592 


+0. 08836 
-0. 79043 
-0. 94251 
-0. 22805 
+0, 69608 


+0, 98023 
+0, 36317 
-0. 58779 
-0. 99834 
-0, 49102 


+0. 46774 
+0. 99646 
+0, 60904 
-0. 33833 
-0. 97464 


-0. 71487 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


COs z 


+0. 86231 
+0, 89200 
+0, 10158 
~0. 78223 
-0. 94686 


-0. 24095 
+0, 68648 
+0. 98277 
+0. 37550 
~0. 57700 


-0. 99902 
-0. 50254 
+0, 45596 
+0, 99526 
+0, 61952 


-0. 32580 
-0. 97159 
-0. 72409 
+0, 18912 
+0, 92847 


+0, 81418 
-0. 04866 
-0. 86676 
-0. 88796 
-0. 09277 


+0, 78771 
+0, 94398 
+0, 23235 
-0, 69289 
-0. 98110 


-0. 36729 
+0, 58420 
+0. 99859 
+0, 49487 
~0. 46382 


-0. 99608 
-0. 61254 
+0, 33416 
+0, 97364 
+0. 71796 


~0. 19781 
-0, 93172 
~-0. 80900 
+0, 05750 
+0, 87114 


+0, 88386 
+0, 08395 
-0, 79313 
-0. 94102 
-0. 22374 


+0. 69925 


sin x 


-0. 71487 
+0, 20214 
+0. 93332 
+0. 80640 
-0. 06192 


-0. 87331 
-0, 88178 
-0. 07954 
+0. 79582 
+0. 93951 


+0. 21942 
-0. 70240 
-0. 97845 
-0, 35491 
+0, 59493 


+0, 99779 
+0. 48329 
-0. 47555 
~0. 99717 
-0, 60199 


+0. 34664 
+0, 97659 
+0. 70865 
~0. 21081 
~0. 93646 


-0. 80113 
+0, 07075 
+0, 87758 
+0. 87757 
+0, 07072 


-0. 80115 
-0. 93645 
-0, 21078 
+0, 70868 
+0, 97658 


+0. 34662 
-0, 60202 
~0. 99717 
-0, 47552 
+0. 48331 


+0. 99779 
+0, 59490 
-0, 35493 
-0. 97845 
~0. 70238 


+0. 21945 
+0. 93953 
+0, 79580 
~0. 07957 
-0, 88179 


~0. 87329 


Table 4.8 


cos x 


+0. 69925 
+0. 97935 
+0, 35904 
-0. 59136 
-0. 99808 


-0. 48716 
+0. 47165 
+0. 99683 
+0. 60552 
-0. 34249 


-0. 97562 
-0, 71177 
+0. 20648 
+0. 93490 
+0. 80377 


-0. 06633 
-0, 87545 
-0. 87968 
-0. 07513 
+0. 79849 


+0. 93799 
+0, 21510 
~0. 70555 
~-0. 97752 
-0. 35076 


+0. 59848 
+0, 99749 
+0. 47941 
~0. 47943 
-0. 99749 


-0, 59846 
+0, 35079 
+0. 97753 
+0. 70552 
-0, 21513 


-0. 93800 
-0, 79847 
+0. 07516 
+0. 87970 
+0, 87544 


+0, 06630 
-0, 80379 
-0. 93488 
-0. 20645 
+0. 71179 


+0. 97562 
+0. 34246 
-0. 60555 
-0. 99682 
-0, 47162 


+0. 48718 


177 


178 


Table 4.8 

x sin x 
200 -0, 87329 
201 -0, 06189 
202 +0. 80641 
203 +0. 93330 
204 +0, 20212 
205 -0. 71489 
206 -0, 97464 
207 -0. 33830 
208 +0, 60906 
209 +0. 99646 
210 +0. 46771 
211 -0. 49104 
212 -0. 99834 
213 -0.58777 
214 +0. 36319 
215 +0. 98024 
216 +0, 69605 
217 ~0. 22808 
218 -0, 94252 
219 ~0. 79041 
220 +0. 08839 
221 +0. 88593 
222 +0, 86895 
223 +0, 05305 
224 ~0, 81162 
225 -0. 93009 
226 ~0, 19344 
227 +0. 72105 
228 +0. 97262 
229 +0. 32996 
230 -0, 61606 
231 -0. 99568 
232 -0, 45987 
233 +0. 49873 
234 +0. 99881 
235 +0. 58058 
236 ~0. 37143 
237 ~0,. 98195 
238 -0. 68967 
239 +0. 23669 
240 +0. 94544 
241 +0. 78496 
242 -0, 09721 
243 ~0. 89000 
244 -0. 86453 
245 -0. 04421 
246 +0. 81676 
247 +0. 92680 
248 +0. 18475 
249 -0, 72716 
250 | -0.97052 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


cos z 


+0. 48718 
+0. 99808 
+0, 59134 
-0. 35907 
~0. 97936 


-0, 69922 
+0, 22377 
+0, 94103 
+0. 79311 
-0. 08398 


-0. 88387 
~0. 87113 
-0, 05747 
+0, 80902 
+0, 93171 


+0, 19778 
-0, 71798 
-0. 97364 
-0. 33413 
+0, 61257 


+0. 99608 
+0. 46380 
-0. 49489 
-0. 99859 
-0. 58418 


+0, 36731 
+0, 98111 
+0, 69287 
-0, 23238 
-0. 94399 


-0, 78769 
+0, 09280 
+0. 88798 
+0. 86675 
+0, 04863 


-0. 81419 
-0. 92846 
-0. 18909 
+0. 72411 
+0. 97158 


+0, 32578 
-0, 61954 
-0, 99526 
-0. 45594 
+0, 50257 


+0, 99902 
+0. 57697 
~0, 37553 
-0, 98278 
-0. 68646 


+0, 24098 


sin 


-0. 97052 
-0. 32159 
+0. 62301 
+0, 99482 
+0, 45199 


-0, 50639 
~0. 99920 
~0. 57335 
+0, 37963 
+0, 98359 


+0, 68323 
-0, 24528 
-0. 94829 
-0. 77944 
+0. 10601 


+0, 89401 
+0, 86005 
+0, 03536 
-0, 82183 
-0. 92344 


-0. 17604 
+0. 73321 
+0, 96835 
+0, 31320 
-0. 62991 


~0. 99388 
-0. 44408 
+0. 51400 
+0. 99952 
+0. 56608 


~0. 38780 
-0. 98515 
~0, 67674 
+0. 25385 
+0. 95106 


+0. 77387 
-0. 11481 
-0, 89794 
-0, 85550 
~0. 02652 


+0, 82684 
+0. 92001 
+0, 16732 
~0. 73920 
-0. 96610 


-0, 30478 
+0, 63676 
+0. 99286 
+0. 43613 
-0.52157 


-0.99975 


cos & 


+0. 24098 
+0. 94687 
+0, 78221 
-0. 10161 
-0. 89201 


-0. 86230 
-0. 03979 
+0, 81930 
+0, 92513 
+0, 18040 


-0. 73019 
-0. 96945 
-0. 31740 
+0. 62646 
+0, 99436 


+0. 44804 
-0. 51020 
-0. 99937 
-0, 56972 
+0. 38372 


+0, 98438 
+0. 68000 
-0. 24956 
-0. 94968 
-0. 77666 


+0, 11041 
+0. 89598 
+0, 85778 
+0. 03094 
-0, 82434 


-0. 92173 
~0. 17168 
+0. 73621 
+0. 96724 
+0. 30899 


~0, 63334 
-0. 99338 
-0. 44011 
+0,51779 
+0, 99964 


+0, 56242 
-0. 39188 
-0. 98590 
-0. 67348 
+0, 25813 


+0, 95242 
+0, 77106 
-0.11921 
~0, 89987 
~-0. 85320 


~0, 02209 
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


sin x 


~0. 99975 
-0. 55876 
+0. 39595 
+0. 98663 
+0. 67020 


-0. 26240 
-0. 95376 
-0. 76823 
+0. 12360 
+0. 90180 


+0. 85088 
+0, 01767 
-0. 83179 
-0. 91650 
-0. 15859 


+0. 74513 
+0. 96378 
+0, 29633 
-0. 64356 
-0.99177 


-0. 42815 
+0. 52910 
+0. 99991 
+0. 55140 
~0. 40406 


~0, 98803 
-0, 66361 
+0. 27093 
+0, 95638 
+0. 76253 


-0, 13238 
-0, 90559 
-0, 84620 
~0, 00882 
+0. 83667 


+0. 91293 
+0, 14984 
-0. 75100 
-0. 96138 
-0, 28787 


+0. 65031 
+0. 99060 
+0. 42013 
-0. 53659 
-0. 99999 


-0. 54399 
+0, 41214 
+0. 98936 
+0. 65696 
-0, 27944 


-0. 95893 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


cos z 


-0, 02209 
+0. 82932 
+0. 91827 
+0, 16296 
-0, 74217 


-0. 96495 
-0. 30056 
+0. 64016 
+0. 99233 
+0, 43215 


-0. 52534 
-0. 99984 
-0. 55508 
+0, 40001 
+0. 98734 


+0. 66691 
-0, 26667 
-0. 95508 
-0, 76539 
+0. 12799 


+0. 90370 
+0, 84855 
+0, 01324 
-0. 83423 
-0. 91473 


~-0. 15422 
+0. 74807 
+0. 96259 
+0. 29210 
-0, 64694 


-0. 99119 
-0. 42415 
+0, 53285 
+0. 99996 
+0, 54770 


-0, 40810 
-0, 98870 
-0, 66029 
+0. 27519 
+0, 95766 


+0. 75966 
~-0. 13676 
-0. 90745 
-0. 84383 
~0. 00439 


+0, 83908 
+0. 91111 
+0, 14547 
-0. 75392 
-0. 96016 


-0, 28363 


sin 


-0. 95893 
~0. 75678 
+0, 14114 
+0. 90930 
+0. 84145 


-0. 00003 
~0, 84148 
~0, 90928 
~0, 14109 
+0, 75682 


+0, 95891 
+0, 27938 
-0, 65700 
-0. 98935 
~0, 41209 


+0. 54404 
+0. 99999 
+0, 53654 
~0, 42019 
-0. 99061 


-0. 65026 
+0. 28793 
+0. 96140 
+0. 75096 
-0. 14990 


-0. 91295 
-0. 83663 
+0. 00888 
+0. 84623 
+0. 90556 


+0, 13232 
~0. 76257 
-0. 95636 
~0. 27087 
+0. 66365 


+0. 98802 
+0, 40401 
-0, 55145 
-0. 99991 
-0, 52905 


+0. 42820 
+0. 99178 
+0. 64351 
-0. 29639 
-0. 96380 


-0. 74509 
+0. 15865 
+0. 91653 
+0, 83175 
-0, 01773 


-0. 85091 


Table 4.8 


cos x 


~0. 28363 
+0. 65366 
+0. 98998 
+0, 41611 
-0, 54032 


-1. 00000 
-0. 54027 
+0. 41617 
+0. 98999 
+0, 65362 


~0. 28369 
-0. 96017 
-0, 75388 
+0. 14552 
+0. 91114 


+0, 83905 
~0, 00445 
-0, 84387 
-0, 90743 
-0. 13670 


+0, 75970 
+0, 95765 
+0, 27513 
-0, 66033 
-0. 98870 


-0, 40805 
+0, 54775 
+0. 99996 
+0, 53280 
~0. 42420 


-0. 99120 
-0, 64689 
+0, 29216 
+0. 96261 
+0, 74803 


-0, 15428 
~0, 91475 
-0. 83420 
+0, 01330 
+0, 84858 


+0, 90367 
+0, 12793 
-0. 76543 
-0. 95506 
-0, 26661 


+0, 66696 
+0. 98733 
+0, 39995 
-0. 55513 
-0. 99984 


~0. 52529 


179 


180 


Table 4.8 

x sin x 
400 -0, 85091 
401 -0. 90177 
402 -0, 12354 
403 +0. 76827 
404 +0. 95374 
405 +0. 26234 
406 -0. 67025 
407 -0. 98662 
408 -0, 39589 
409 +0. 55881 
410 +0. 99975 
411 +0, 52152 
412 -0. 43619 
413 -0, 99287 
414 -0, 63671 
415 +0. 30483 
416 +0. 96612 
417 +0, 73916 
418 -0,. 16738 
419 -0. 92003 
420 -0, 82681 
421 +0. 02658 
422 +0. 85553 
423 +0. 89791 
424 +0. 11475 
425 -0. 77390 
426 ~0. 95104 
427 -0, 25379 
428 +0. 67679 
429 +0. 98514 
430 +0. 38775 
431 -0, 56613 
432 -0. 99951 
433 -0, 51395 
434 +0. 44413 
435 +0. 99389 
436 +0. 62986 
437 -0, 31325 
438 ~0, 96837 
439 -0, 73316 
440 +0. 17610 
441 +0. 92347 
442 +0. 82180 
443 -0, 03542 
444 ~-0, 86008 
445 ~-0. 89398 
446 -0. 10595 
447 +0. 77948 
448 +0. 94827 
449 +0. 24522 
450 -0, 68328 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


cos © 


-0, 52529 
+0, 43220 
+0. 99233 
+0. 64012 
~0. 30062 


-0. 96497 
~0. 74213 
+0, 16302 
+0. 91829 
+0, 82929 


-0.02215 
~0, 85323 
-0. 89985 
-0, 11915 
+0. 77109 


+0, 95240 
+0, 25807 
~-0. 67352 
-0. 98589 
-0, 39182 


+0. 56247 
+0. 99964 
+0. 51774 
~0. 44017 
-0, 99339 


~0, 63329 
+0. 30905 
+0. 96725 
+0. 73617 
-0.17174 


-0. 92176 
~0. 82431 
+0, 03100 
+0. 85781 
+0. 89595 


+0. 11035 
-0. 77670 
-0. 94966 
-0. 24951 
+0. 68004 


+0, 98437 
+0. 38367 
-0. 56977 
-0. 99937 
-0.51015 


+0. 44810 
+0. 99437 
+0. 62642 
-0. 31745 
-0. 96946 


-0. 73015 


sin x 


-0. 68328 
-0, 98358 
-0. 37957 
+0. 57340 
+0, 99920 


+0. 50633 
~0,. 45205 
-0, 99482 
-0, 62296 
+0, 32165 


+0. 97054 
+0. 72712 
~0, 18481 
~0. 92682 
-0. 81672 


+0. 04427 
+0, 86456 
+0, 88998 
+0, 09715 
~0. 78499 


~0, 94542 
-0. 23663 
+0, 68971 
+0. 98194 
+0, 37137 


~0. 58063 
~0. 99881 
-0. 49868 
+0. 45993 
+0. 99568 


+0. 61601 
-0, 33001 
-0. 97263 
-0. 72101 
+0. 19350 


+0, 93011 
+0. 81158 
-0, 05311 
~0. 86898 
-0. 88591 


-0. 08833 
+0. 79045 
+0. 94250 
+0, 22802 
-0. 69610 


~0, 98023 
~0. 36314 
+0, 58781 
+0. 99834 
+0. 49099 


-0. 46777 


cos x 


-0, 73015 
+0, 18046 
+0, 92515 
+0, 81927 
-0, 03985 


-0, 86233 
-0, 89199 
~0. 10155 
+0, 78224 
+0. 94685 


+0, 24092 
-0. 68650 
~0, 98277 
-0, 37548 
+0. 57702 


+0. 99901 
+0. 50251 
-0. 45599 
-0. 99526 
~0. 61949 


+0, 32583 
+0. 97159 
+0. 72407 
~0. 18915 
-0, 92848 


-0, 81416 
+0. 04869 
+0. 86678 
+0. 88795 
+0. 09274 


-0, 78773 
-0. 94397 
-0, 23232 
+0. 69291 
+0. 98109 


+0. 36726 
0, 58423 
~0, 99858 
~0, 49484 
+0. 46385 


+0. 99609 
+0, 61252 
~0. 33419 
-0. 97365 
-0. 71794 


+0, 19784 
+0, 93173 
+0, 80899 
-0. 05753 
-0. 87116 


-0. 88384 
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sin x 


-0, 46777 
~0, 99647 
-0, 60902 
+0, 33836 
+0. 97465 


+0, 71485 
-0. 20217 
-0. 93333 
-0. 80638 
+0. 06195 


+0. 87332 
+0. 88177 
+0.07951 
~0. 79584 
-0. 93950 


~0, 21939 
+0, 70242 
+0, 97844 
+0, 35488 
-0. 59495 


-0. 99779 
-0, 48326 
+0. 47557 
+0. 99717 
+0. 60197 


-0. 34667 
~-0, 97659 
-0. 70863 
+0, 21084 
+0. 93647 


+0. 80111 
-0. 07078 
-0. 87760 
-0. 87756 
~0. 07069 


+0. 80117 
+0, 93644 
+0, 21075 
-0. 70870 
~0. 97657 


-0. 34659 
+0. 60204 
+0, 99716 
+0, 47549 
~0. 48334 


-0. 99780 
-0, 59488 
+0. 35496 
+0. 97846 
+0. 70236 


-0, 21948 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


cos x 


-0. 88384 
-0, 08392 
+0, 79315 
+0, 94101 
+0. 22371 


-0, 69927 
-0, 97934 
~0. 35901 
+0. 59139 
+0. 99807 


+0. 48713 
-0. 47167 
-0. 99683 
-0. 60550 
+0, 34252 


+0, 97563 
+0. 71175 
~0. 20651 
-0. 93491 
-0, 80375 


+0, 06636 
+0, 87547 
+0, 87967 
+0. 07510 
-0. 79851 


-0. 93798 
-0, 21507 
+0. 70557 
+0. 97752 
+0. 35074 


~0. 59850 
~0. 99749 
-0. 47938 
+0, 47946 
+0. 99749 


+0, 59843 
~0. 35082 
-0, 97753 


*-0, 70550 


+0, 21516 


+0. 93801 
+0. 79845 
-0. 07519 
~0. 87971 
-0, 87543 


-0, 06627 
+0, 80381 
+0, 93487 
+0. 20642 
-0, 71181 


-0. 97561 


927 
940 
478 
611 
157 


236 
850 
615 
399 
923 


502 
887 
339 
389 
310 


593 
358 
172 
110 
753 


701 
403 
426 
603 
433 


430 
583 
237 
059 
088 


837 
179 
586 
522 
818 


592 
557 
965 
828 
415 


565 
989 
621 
726 
032 


678 
133 
901 
324 
710 


608 


sin x 


~0, 21948 
-0. 93954 
-0. 79578 
+0. 07960 
+0, 88181 


+0, 87328 
+0. 06186 
-0. 80643 
~0, 93329 
-0. 20209 


+0. 71491 
+0. 97463 
+0. 33827 
-0. 60909 
~0. 99646 


~0, 46769 
+0. 49107 
+0, 99834 
+0, 58774 
-0, 36322 


-0. 98025 
-0. 69603 
+0, 22811 
+0, 94253 
+0, 79039 


-0, 08842 
-0,. 88595 
-0, 86893 
-0, 05302 
+0, 81163 


+0. 93008 
+0, 19341 
~0. 72107 
-0, 97261 
~0. 32993 


+0, 61608 
+0. 99568 
+0, 45984 
-0. 49876 
-0, 99881 


~0. 58056 
+0. 37146 
+0, 98196 
+0. 68965 
~0. 23671 


-0, 94545 
-0. 78494 
+0, 09724 
+0, 89002 
+0, 86452 


+0. 04418 


Table 4.8 


cos x 


-0, 97561 
-0. 34243 
+0, 60557 
+0. 99682 
+0. 47159 


-0. 48721 
-0. 99808 
-0, 59132 
+0, 35910 
+0. 97936 


+0, 69920 
-0, 22379 
~0, 94104 
-0. 79309 
+0, 08401 


+0, 88389 
+0. 87111 
+0, 05744 
-0. 80904 
~0. 93170 


-0. 19775 
+0. 71800 
+0, 97363 
+0, 33410 
-0, 61259 


-0. 99608 
-0, 46377 
+0. 49492 
+0. 99859 
+0. 58415 


-0, 36734 
-0, 98111 
-0, 69285 
+0, 23241 
+0. 94400 


+0, 78767 
-0, 09283 
-0, 88799 
-0, 86673 
-0. 04860 


+0, 81421 
+0. 92844 
+0, 18907 
-0. 72413 
-0, 97157 


-0. 32575 
+0. 61956 
+0. 99526 
+0. 45591 
-0, 50259 


-0, 99902 
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Table 4.8. CIRCULAR SEINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


x sin x cos x x sin x cos x 
600 +0. 04418 245 -0. 99902 348 650 +0. 30475 320 -0. 95243 136 
601 -0. 81677 739 -0.57695 294 651 -0. 63678 449 -0. 77104 183 
602 -0. 92679 586 +0, 37556 547 652 -0. 99286 546 +0, 11923 999 
603 -0, 18472 249 +0. 98279 072 653 -0. 43611 050 +0. 89989 312 
604 +0.72718 389 +0. 68644 271 654 +0,52160 244 +0. 85318 866 
605 +0.97052 075 -0, 24101 756 655 +0.99975 651 +0. 02206 648 
606 +0, 32156 532 -0, 94688 740 656 +0. 55873 905 -0, 82934 352 
607 -0. 62303 579 ~0. 78219 333 657 -0. 39598 051 -0. 91825 891 
608 ~0,. 99482 067 +0.10164 568 658 -0. 98663 742 -0. 16293 130 
609 -0, 45197 201 +0. 89203 212 659 -0. 67018 443 +0. 74219 460 
610 +0. 50641 763 +0. 86228 834 660 40. 26243 303 +0. 96495 021 
611 +0. 99920 923 +0,03976 064 661 +0, 95377 077 +0, 30053 504 
612 +0. 57333 248 ~-0. 81932 281 662 +0, 76821 607 ~-0. 64019 066 
613 -0. 37966 352 -0.92512 465 663 ~0. 12363 295 -0. 99232 802 
614 -0. 98359 862 -0,. 18037 115 664 -0.90181 440 -0, 43212 358 
615 ~0. 68321 769 +0, 73021 475 665 ~0, 85087 185 +0. 52537 329 
616 +0. 24531 043 +0. 96944 458 666 -0.01764 165 +0. 99984 437 
617 +0. 94830 128 +0. 31737 153 667 +0. 83180 821 +0.55506 315 
618 +0. 77942 830 -0, 62649 144 668 +0,91649 743 -0. 40004 057 
619 -0. 10604 746 -0, 99436 107 669 +0,15856 314 -0, 98734 884 
620 -0. 89402 368 -0. 44801 972 670 -0. 74515 337 -0, 66689 314 
621 -0. 86003 865 +0.51022 890 671 -0. 96377 931 +0. 26670 104 
622 -0.03533 805 +0. 99937 542 672 -0, 29631 100 +0.95509 151 
623 +0. 82185 218 +0,56970 079 673 +0. 64358 428 +0. 76537 525 
624 +0. 92343 531 -0. 38375 412 674 +0.99177 114 -0. 12802 348 
625 +0.17601 627 -0. 98438 726 675 +0. 42812 819 -0, 90371 802 
626 -0. 73323 132 - -0.67997 929 676 -0,52913 384 ~-0. 84853 838 
627 -0. 96834 941 +0. 24959 850 677 -0. 99991 266 ~-0. 01321 646 
628 -0. 31317 153 +0. 94969 658 678 -0. 55137 639 +0, 83425 660 
629 +0. 62993 482 +0. 77664 801 679 +0. 40409 279 +0. 91471 800 
630 +0. 99388 200 -0.11044 716 680 +0. 98804 092 +0.15419 188 
631 +0. 44405 865 -0. 89599 772 681 +0. 66358 878 -0. 74809 754 
632 -0. 51403 017 -0. 85777 210 682 -0. 27096 382 -0, 96258 953 
633 ~0. 99952 202 -0,03091 477 683 —0. 95639 354 -0, 29208 115 
634 -0. 56605 794 +0. 82436 546 684 -0. 76251 945 +0, 64696 529 
635 +0. 38783 721 +0.92172 789 685 +0. 13241 151 +0.99119 483 
636 +0.98515 661 +0.17165 795 686 +0. 90560 393 +0,42412 441 
637 +0.67672 757 -0. 73623 352 687 +0. 84618 828 -0. 53288 404 
638 -0. 25388 168 ~0. 96723 528 688 +0. 00879 102 -0. 99996 136 
639 -0. 95107 328 -0. 30896 539 689 -0. 83668 866 -0, 54767 882 
640 -0. 77385 250 +0. 63336 586 690 -0, 91292 065 +0, 40813 710 
641 +0. 11484 470 +0, 99338 346 691 -0. 14981 760 +0, 98871 365 
642 +0. 89795 421 +0. 44008 889 692 +0. 75102 706 +0. 66027 143 
643 +0, 85548 876 -0.51782 138 693 +0. 96138 090 -0. 27522 130 
644 +0. 02649 089 ~0. 99964 905 694 +0, 28784 558 ~-0,95767 684 
645 -0. 82686 259 -0. 56240 400 695 -0. 65033 364 -0. 75964 871 
646 -0.92000 241 +0. 39191 270 696 -0. 99059 911 +0, 13679 694 
647 -0. 16729 626 +0.98590 667 697 -0. 42011 233 +0. 90747 211 
648 +0. 73922 130 +0. 67346 260 698 +0, 53662 379 +0, 84382 161 
649 +0.96610 221 -0,. 25815 988 699 +0. 99999 047 +0.004,6 541 


650 +0. 30475 320 ~0. 95243 136 700 +0. 54397 052 ~0, 83910 433 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


sin x 


+0. 54397 
-0. 41217 
-0. 98936 
-0. 65694 
+0. 27947 


+0. 95894 
+0. 75676 
-0.14117 
-0. 90932 
-0. 84143 


+0, 00006 
+0. 84150 
+0. 90927 
+0. 14106 
-0. 75684 


-0. 95890 
~0, 27935 
+0. 65703 
+0, 98934 
+0. 41206 


-0. 54407 
-0. 99998 
-0. 53652 
+0. 42022 
+0. 99061 


+0. 65024 
~0. 28796 
-0, 96141 
-0. 75094 
+0. 14993 


+0. 91296 
+0. 83662 
-0, 00891 
-0. 84625 
-0. 90555 


-0. 13229 
+0. 76259 
+0. 95635 
+0. 27084 
~0. 66367 


-0. 98802 
-0. 40398 
+0. 55147 
+0. 99991 
+0. 52903 


-0. 42823 
-0.99178 
~0. 64349 
+0. 29642 
+0, 96381 


+0. 74507 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


cos & 


-0, 83910 
-0, 91110 
-0. 14544 
+0, 75394 
+0. 96015 


+0. 28360 
-0. 65368 
-0. 98998 
-0. 41609 
+0. 54035 


+1. 00000 
+0, 54025 
-0. 41620 
-0. 99000 
-0. 65359 


+0, 28372 
+0, 96018 
+0. 75386 
~0. 14555 
-0. 91115 


-0. 83903 
+0, 00448 
+0. 84388 
+0. 90742 
+0. 13667 


-0. 75972 
-0. 95764 
-0, 27510 
+0. 66036 
+0. 98869 


+0. 40802 
-0, 54777 
~0. 99996 
-0. 53278 
+0. 42423 


+0.99121 
+0, 64687 
-0, 29219 
-0. 96262 
-0. 74801 


+0, 15431 
+0. 91476 
+0. 83419 
-0. 01333 
-0. 84860 


~0. 90366 
-0, 12790 
+0. 76545 
+0. 95505 
+0, 26658 


~0. 66698 


sin x 


+0. 74507 
-0, 15868 
~0. 91654 
-0. 83174 
+0, 01776 


+0, 85093 
+0.90176 
+0. 12351 
-0, 76829 
-0. 95373 


~0. 26231 
+0. 67027 
+0. 98661 
+0. 39586 
-0. 55883 


-0. 99975 
~-0, 52149 
+0, 43621 
+0. 99287 
+0. 63669 


-0. 30486 
-0. 96613 
~0, 73914 
+0, 16741 
+0, 92004 


+0. 82679 
-0. 02661 
-0, 85555 
~0. 89790 
-0, 11472 


+0, 77392 
+0. 95103 
+0. 25376 
~0. 67681 
-0, 98513 


-0. 38772 
+0, 56615 
+0. 99951 
+0. 51392 
-0. 44416 


-0. 99389 
-0, 62984 
+0, 31328 
+0. 96837 
+0. 73314 


-0. 17613 
~0. 92348 
-0, 82178 
+0, 03545 
+0, 86010 


+0, 89396 


cos x 


-0. 66698 
-0, 98732 
~0, 39993 
+0. 55516 
+0, 99984 


+0, 52527 
-0. 43223 
-0, 99234 
-0. 64009 
+0. 30065 


+0, 96498 
+0. 74211 
-0, 16305 
-0. 91830 
~0, 82927 


+0, 02218 
+0, 85325 
+0, 89984 
+0, 11912 
-0. 77111 


-0, 95239 
-0. 25804 
+0, 67355 
+0, 98588 
+0, 39180 


-0. 56250 
-0. 99964 
-0. 51771 
+0. 44019 
+0, 99339 


+0. 63327 
-0. 30908 
-0. 96726 
-0. 73615 
+0.17177 


+0. 92177 
+0. 82429 
-0. 03103 
-0, 85783 
-0, 89594 


~0. 11032 
+0. 77672 
+0. 94965 
+0. 24948 
-0, 68006 


-0. 98436 
-0. 38364 
+0, 56979 
+0, 99937 
+0, 51012 


-0. 44812 


Table 4.8 


183 


184 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


965 
756 


Table 4.8 

x sin x 
800 +0. 89396 
801 +0. 10592 
802 ~0. 77950 
803 -0, 94826 
804 ~0, 24519 
805 +0. 68330 
806 +0. 98357 
807 +0. 37955 
808 -0, 57343 
809 -0. 99920 
810 -0. 50631 
811 +0. 45207 
812 +0. 99483 
813 +0. 62294 
814 -0, 32167 
815 ~0. 97054 
816 ~0. 72710 
817 +0, 18484 
818 +0, 92684 
819 +0, 81670 
820 -0. 04430 
821 -0, 86458 
822 -0. 88996 
823 -0. 09712 
824 +0. 78501 
825 +0, 94541 
826 +0. 23660 
827 -0, 68974 
828 ~0. 98194 
829 -0. 37134 
830 +0. 58066 
831 +0. 99881 
832 +0. 49866 
833 -0, 45995 
834 ~0. 99569 
835 -0. 61599 
836 +0, 33004 
837 +0. 97264 
838 +0, 72099 
839 -0, 19353 
840 -0, 93012 
841 -0. 81156 
842 +0. 05314 
843 +0, 86899 
844 +0, 88589 
845 +0. 08830 
846 ~0. 79047 
847 -0. 94249 
848 -0, 22799 
849 +0, 69612 
850 +0, 98022 


cos z 


~0. 44812 
-0. 99437 
-0. 62639 
+0, 31748 
+0, 96947 


+0, 73013 
-0. 18048 
~0. 92517 
-0. 81925 
+0. 03988 


+0. 86234 
+0. 89197 
+0. 10152 
-0. 78226 
-0. 94684 


~0. 24090 
+0. 68653 
+0. 98276 
+0. 37545 
-0. 57705 


-0. 99901 
-0. 50249 
+0. 45602 
+0. 99527 
+0, 61947 


-0. 32586 
~0. 97160 
-0. 72405 
+0. 18918 
+0. 92849 


+0, 81414 
~0. 04872 
-0. 86679 
-0. 88794 
-0, 09271 


+0. 78775 
+0, 94396 
+0, 23230 
-0. 69293 
-0, 98109 


~0. 36723 
+0. 58425 
+0. 99858 
+0. 49481 
~0, 46388 


-0. 99609 
-0. 61250 
+0, 33422 
+0. 97366 
+0. 71792 


-0. 19787 


sin x 


+0, 98022 
+0. 36311 
~0, 58784 
~0. 99834 
-0, 49096 


+0. 46779 
+0. 99647 
+0, 60899 
-0. 33839 
-0. 97466 


-0. 71483 
+0, 20220 
+0. 93334 
+0. 80636 
~0. 06198 


~0, 87334 
~0. 88175 
~0. 07948 
+0, 79586 
+0. 93949 


+0, 21936 
-0, 70245 
~0, 97843 
~0. 35485 
+0, 59498 


+0. 99779 
+0. 48323 
-0. 47560 
-0.99717 
~0, 60195 


+0. 34670 
+0. 97660 
+0. 70861 
-0, 21086 
~0. 93648 


~0, 80109 
+0. 07081 
+0. 87761 
+0, 87754 
+0. 07066 


-0, 80118 
~-0. 93643 
-0, 21072 
+0, 70872 
+0. 97657 


+0, 34656 
-0. 60207 
-0. 99716 
-0. 47547 
+0, 48337 


+0. 99780 


cos x 


-0. 19787 
~0. 93174 
~0. 80897 
+0. 05756 
+0. 87117 


+0. 88383 
+0, 08389 
-0, 79317 
~0. 94100 
-0, 22368 


+0. 69929 
+0. 97934 
+0. 35898 
-0. 59141 
-0. 99807 


-0. 48710 
+0. 47170 
+0. 99683 
+0. 60547 
-0. 34255 


-0. 97564 
-0. 71173 
+0, 20654 
+0. 93492 
+0. 80373 


-0. 06639 
-0. 87548 
-0. 87965 
-0. 07507 
+0. 79853 


+0, 93797 
+0. 21504 
-0, 70559 
~0.97751 
-0. 35071 


+0, 59853 
+0. 99748 
+0. 47935 
-0. 47949 
-0. 99750 


-0, 59841 
+0. 35085 
+0. 97754 
+0, 70548 
-0, 21519 


~0. 93802 
~0. 79844 
+0, 07522 
+0, 87973 
+0, 87541 


+0, 06624 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


x sin x 


900 +0. 99780 


901 +0. 59486 
902 ~0. 35499 
903 ~0. 97846 
904 ~0. 70234 


905 +0, 21951 
906 +0, 93955 


907 +0. 79576 
908 -0. 07963 
909 ~0. 88182 
910 -0. 87326 
911 -0, 06183 


912 +0. 80645 
913 +0. 93328 


914 +0, 20206 
915 -0. 71493 
916 -0. 97462 
917 -0. 33824 


918 +0, 60911 


919 +0. 99646 
920 +0. 46766 
921 ~0. 49110 
922 ~0, 99835 
923 ~0, 58772 


924 +0. 36325 


925 +0. 98025 
926 +0, 69601 


927 -0. 22814 
928 -0. 94254 
929 -0. 79037 


930 +0. 08845 
931 +0, 88596 
932 +0. 86892 


933 +0, 05299 
934 ~0. 81165 
935 ~-0. 93007 
936 -0. 19338 


937 +0. 72110 
938 +0. 97260 


939 +0. 32990 
940 -0. 61611 
941 -0. 99567 
942 -0. 45982 


943 +0. 49879 
944 +0, 99881 


945 +0. 58053 
946 -0. 37148 
947 ~0. 98196 
948 -0, 68963 


949 +0. 23674 
950 +0. 94546 


For z>1000 see Example 16. 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


327 
009 
472 
902 
341 


349 
070 
933 
869 
727 


792 
008 
406 
805 
131 


966 
841 
829 
575 
158 


523 
037 
056 
184 
562 


754 


520 
031 


479 


cos & 


+0. 06624 
~-0, 80382 
-0. 93486 
~0, 20639 
+0. 71183 


+0. 97560 
+0, 34240 
-0. 60559 
~0. 99682 
-0, 47157 


+0. 48724 
+0. 99808 
+0, 59129 
-0. 35912 
~0. 97937 


~0. 69918 
+0, 22382 
+0. 94105 
+0. 79308 
-0. 08404 


-0. 88390 
-0. 87110 
-0. 05741 
+0. 80906 
+0. 93168 


+0, 19772 
~0. 71802 
-0. 97362 
-0. 33408 
+0, 61261 


+0. 99607 
+0. 46374 
-0. 49495 
-0. 99859 
-0, 58413 


+0, 36737 
+0. 98112 
+0. 69283 
~0, 23244 
~0. 94401 


-0. 78765 
+0, 09286 
+0. 88801 
+0. 86672 
+0. 04857 


~0, 81423 
-0. 92843 
~0, 18904 
+0. 72415 
+0, 97157 


+0, 32572 


670 
926 


sin z 
+0. 94546 
+0. 78492 
-0. 09727 
-0, 89003 
-0. 86450 


-0. 04415 
+0. 81679 
+0. 92678 
+0, 18469 
-0, 72720 


-0.97051 
-0. 32153 
+0, 62305 
+0. 99481 
+0, 45194 


-0. 50644 
-0.99921 
-0. 57330 
+0, 37969 
+0, 98360 


+0, 68319 
-0. 24533 
~0, 94831 
-0. 77940 
+0. 10607 


+0. 89403 
+0. 86002 
+0, 03530 
-0, 82186 
-0. 92342 


-0. 17598 
+0, 73325 
+0. 96834 
+0, 31314 
-0. 62995 


-0, 99387 
-0. 44403 
+0. 51405 
+0. 99952 
+0. 56603 


-0. 38786 
-0. 98516 
-0. 67670 
+0. 25391 
+0. 95108 


+0, 77383 
-0. 11487 
~0. 89796 
-0. 85547 
-0, 02646 


+0. 82687 


479 
436 
191 
684 
600 


233 
478 
454 
287 
458 


349 
677 
937 
760 
512 


362 
043 
778 
140 
406 


568 
966 
0384 
942 
744 


718 
327 


cos x 


+0. 32572 
0. 61959 
-0. 99525 
-0. 45588 
+0, 50262 


+0. 99902 
+0. 57692 
-0, 37559 
-0. 98279 
~0, 68642 


+0. 24104 
+0. 94689 
+0, 78217 
-0. 10167 
-0, 89204 


-0, 86227 
-0, 03973 
+0. 81934 
+0, 92511 
+0. 18034 


-0. 73023 
-0. 96943 
~0. 31734 
+0, 62651 
+0. 99435 


+0. 44799 
-0. 51025 
-0. 99937 
-0, 56967 
+0. 38378 


+0, 98439 
+0. 67995 
-0, 24962 
-0. 94970 
-0. 77662 


+0, 11047 
+0, 89601 
+0. 85775 
+0. 03088 
-0. 82438 


-0, 92171 
-0. 17162 
+0. 73625 
+0. 96722 
+0, 30893 


~0, 63338 
-0. 99338 
-0, 44006 
+0, 51784 
+0. 99964 


+0, 56237 


Table 4.8 


431 
160 


185 


186 


Table 4.9 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS FOR RADIAN ARGUMENTS 


x 


0.00 
0.01 


tan x 


0.00000 
0.01000 
0.02000 
0.03000 
0.04002 


0.05004 
0.06007 
0.07011 
0.08017 
0.09024 


0.10033 
0.11044 
0.12057 
0.13073 
0.14092 


0.15113 
0.16137 
0.17165 
0.18196 
0.19231 


0.20271 
0.21314 
0.22361 
0.23414 
0.24471 


0.25534 
0.26602 
0.27675 
0.28755 
0.29841 


0.30933 
0.32032 
0.33138 
0.34252 
0.35373 


0.36502 
0.37640 
0.38786 
0.39941 
0.41105 


0.42279 
0.43463 
0.44657 
0.45862 
0.47078 


0.48505 
0.49544 
0.50796 
0.52061 
0.53338 


0.54630 


0000 


beg 


cot x 
oo 
99.99666 
49.99333 
33,32333 
24.98666 


19.98333 
16.64666 
14.26237 
12.47332 
11.08109 


9.96664 
9.05421 
8.29329 
7.64892 
7.09612 


6.61659 
6.19657 
5.82557 
5.49542 
5.19967 


4.93315 
4.69169 
4.47188 
4.27088 
4.08635 


3.91631 
3.75909 
3.61326 
3.47760 
3.35106 


3.23272 
3.12180 
3.01759 
2.91949 
2.82696 


2.73951 
2.65672 
2.57822 
2.50367 
2.43276 


2.36522 
2.30080 
2.23927 
2.18044 
2.12413 


2.07015 
2.01837 
1.96863 
1.92082 
1.87480 


1.83048 


sec z 


1.00000 
1.00005 
1.00020 
1.00045 
1,00080 


1.00125 
1.00180 
1,00245 
1.00320 
1.00406 


1.00502 
1.00608 
1.00724 
1.00850 
1.00988 


1.01135 
1.01293 
1.01462 
1.01642 
1.01832 


1.02033 
1.02246 
1.02469 
1.02704 
1.02950 


1.03208 
1.03477 
1.03759 
1.04052 
1.04357 


1.04675 
1.05005 
1.05347 
1.05703 
1.06072 


1.06454 
1.06849 
1.07258 
1.07681 
1.08118 


1.08570 
1.09036 
1,09518 
1.10015 
1.10527 


1.11055 
1.11600 
1.12161 
1.12740 
1.13335 


1.13949 


39 


[| 
4 

Compilation of tan x and cot z from National Bureau of Standards, Table of circular and hyperbolic tangents and cotan- 

gents for radian arguments, 2d printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission). 


CSC X 


Le) 
100.00166 
50.00333 
33.33833 
25.00666 


20,00833 
16.67667 
14.29738 
12,51334 
11.12612 


10,01668 
9.10926 
8.35336 
7.71401 
7.16624 


6.69173 
6.27674 
5.91078 
5.58566 
5.29495 


5.03348 
4.79708 
4.58232 
4.38639 
4.20693 


4.04197 
3.88983 
3.74908 
3.61852 
3.49708 


3.38386 
3.27805 
3.17897 
3.08600 
2.99861 


2.91632 
2.83869 
2.76536 
2.69599 
2.63027 


2.56793 
2.50872 
2.45242 
2.39882 
2.34775 


2.29903 
2.25251 
2.20805 
2.16553 
2.12483 


2.08582 


az-!—cotz 


0.00000 
0.00333 
0.00666 
0.01000 
0.01333 


0.01666 


0.02000 - 


0.02334 
0.02667 
0.03001 


0.03335 
0.03669 
0.04003 
0.04338 
0.04672 


0.05007 
0.05342 
0.05677 
0.06013 
0.06348 


0.06684 
0.07020 
0.07357 
0.07693 
0.08030 


0.08368 
0.08705 
0.09044 
0.09382 
0.09721 


0.10060 
0.10400 
0.10740 
0.11080 
0.11421 


0.11763 
0.12104 
0.12447 
0.12790 
0.13133 


0.13477 
0.13822 
0.14167 
0.14513 
0.14859 


0.15206 
0.15554 
0.15902 
0.16251 
0.16600 


0.16951 


kee 


ese s—2—! 


0.00000 
0.00166 
0.00333 
0.00500 
0.00666 


0.00833 
0.01000 
0.01167 
0.01334 


0:01501 © 


0.01668 
0.01835 
0.02003 
0.02170 
0.02338 


0.02506 
0.02674 
0.02842 
0.03011 
0.03180 


0.03348 
0.03518 
0.03687 
0.03857 
0.04027 


0.04197 
0.04367 
0.04538 
0.04709 
0.04881 


0.05053 
0.05225 
0.05397 
0.05570 
0.05744 


0.05917 
0.06091 
0.06266 
0.06441 
0.06617 


0.06793 
0.06969 
0.07146 
0.07324 
0.07502 


0.07681 
0.07860 
0.08040 
0.08220 
0.08401 


0.08582 
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*See page II. 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


tan x 


0.54630 
0.55935 
0.57256 
0.58591 
0.59942 


0.61310 
0.62694 
0.64096 
0.65516 
0.66955 


0.68413 
0.69891 
0.71390 
0.72911 
0.74454 


0.76020 
0.77610 
0.79225 
0.80866 
0.82533 


0.84228 
0.85952 
0.87706 
0.89491 
0.91308 


0.93159 
0.95045 
0.96966 
0.98926 
1.00924 


1.02963 
1.05045 
1.07171 
1.09343 
1.11563 


1.13833 
1.16155 
1.18532 
1.20966 
1.23459 


1.26015 
1.28636 
1.31326 
1.34087 
1.36923 


1.39838 
1.42835 
1.45920 
1.49095 
1.52367 


1.55740 


772 


“ee 


FOR RADIAN ARGUMENTS 


cot z 


1.83048 
1.78776 
1.74653 
1.70672 
1.66825 


1.63104 
1,59502 
1.56013 
1.52632 
1.49352 


1.46169 
1.43078 
1.40073 
1.37152 
1.34310 


1.31543 
1.28848 
1.26222 
1.23661 
1.21162 


1.18724 
1.16342 
1.14016 
1.11742 
1.09518 


1.07342 
1.05213 
1.03128 
1.01085 
0.99083 


0.97121 
0.95196 
0.93308 
0.92455 
0.89635 


0.87847 
0.86091 
0.84365 
0.82667 
0.80997 


0.79355 
0.77738 
0.76146 
0.74578 
0.73033 


0.71511 
0.70010 
0.68530 
0.67070 
0.65630 


0.64209 


772 
154 
626 
634 
255 


142 


471 
894 


262 
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sec x 


1.13949 
1.14581 
1.15231 
1.15900 
1.16589 


1.17298 
1.18028 
1.18778 
1.19551 
1.20345 


1.21162 
1.22003 
1.22868 
1.23758 
1.24673 


1.25614 
1.26583 
1.27580 
1.28605 
1.29660 


1.30745 
1.31863 
1.33013 
1.34196 
1.35415 


1.36670 
1.37962 
1.39293 
1.40664 
1.42076 


1.43532 
1.45032 
1.46580 
1.48175 
1.49821 


1.51519 
1.53271 
1.55080 
1.56948 
1.58878 


1.60872 
1.62933 
1.65065 
1.67270 
1.69552 


1.71914 
1.74361 
1.76897 
1.79525 
1.82252 


1.85081 


57 
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Table 4.9 


csc x 


2.08582 
2.04843 
2.01255 
1.97810 
1.94501 


1.91319 
1.88257 
1.85311 
1.82473 
1.79739 


1.77103 
1.74560 
1.72106 
1.69737 
1.67449 


1.65238 
1.63101 
1.61034 
1.59034 
1.57100 


1.55227 
1.53413 
1.51656 
1.49954 
1.48304 


1.46705 
1.45154 
1.43650 
1.42190 
1.40775 


1.39400 
1.38066 
1.36771 
1.35513 
1.34292 


1.33106 
1.31953 
1.30833 
1.29745 
1.28688 


1.27660 
1.26661 
1.25691 
1.24747 
1.23830 


1.22938 
1.22071 
1.21228 
1.20409 
1.19613 


1.18839 


51 


ee 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.9 
vr tan 7 
1.00 1.55740 
1,01 1.59220 
1.02 1.62813 
1.03 1.66524 
1.04 1.70361 
1.05 1.74331 
1,06 1.78442 
1,07 1.82702 
1,08 1.87121 
1,09 1.91709 
1,10 1.96475 
1,11 2.01433 
1,12 2.06595 
1.13 2.11975 
1,14 2.17587 
1,15 2.23449 
1.16 2.29579 
1,17 2.35998 
1.18 2.42726 
1.19 2.49789 
1.20 2.57215 
1,21 2.65032 
1,22 2.73275 
1.23 2.81981 
1.24 2.91192 
1.25 3.00956 
1.26 3.11326 
1.27 3.22363 
1.28 3.34135 
1.29 3.46720 
1,30 3.60210 
1,31 3.74708 
1.32 3.90334 
1.33 4.07230 
1.34 4.25561 
1,35 4.45522 
1.36 4.67344 
1.37 4.91305 
1.38 5.17743 
1.39 5.47068 
1,40 5.79788 
1,41 6.16535 
1.42 6.58111 
1.43 7.05546 
1.44 7.60182 
1,45 8.23809 
1.46 8.98860 
1.47 9.88737 
1.48 10.98337 
1.49 12,34985 
1.50 14.10141 
1.51 16.42809 
1,52 19,66952 
1.53 24.49841 
1.54 32.46113 
1,55 48,07848 
1,56 92.62049 
1.57 +1255.76559 
1,58 - 108,64920 
1.59 - 52,06696 
1,60 - 34,.23253 


For 2>1.6, use 4.3.4.4. 


FOR RADIAN ARGUMENTS 


cot xz 


0.64209 
0.62805 
0.61420 
0.60051 
0.58698 


0.57361 
0.56040 
0.54733 
0.53441 
0.52162 


0.50896 
0.49644 
0.48403 
0.47175 
0.45958 


0.44752 
0.43557 
0.42373 
0.41198 
0.40033 


0.38877 
0.37731 
0.36593 
0.35463 
0.34341 


0.33227 
0.32120 
0.31020 
0.29928 
0.28841 


0.27761 
0.26687 
0.25619 
0.24556 
0.23498 


0.22445 
0.21397 
0.20353 
0.19314 
0.18279 


0.17247 
0.16219 
0.15194 
0.14173 
0.13154 


0.12138 
0.12125 
0.10113 
0.09104 
0.08097 


0.07092 
0.06087 
0.05084 
0.04081 
0.03080 


0.02079 
0.01079 
+ 0,00079 
~ 0.00920 
- 0.01920 


~ 0.02921 


262 
942 
141 
260 
722 


970 
467 
693 
147 
342 


811 
096 
759 
371 
520 


802 
829 
221 
610 
638 
957 
227 
119 
310 
486 


342 
577 
899 
023 
670 


565 
440 
034 
088 
350 


572 
509 
922 
574 
234 


673 
663 
983 
413 
734 


732 
194 
908 
6660 
2601 


4844 
1343 
0061 
8975 
6066 


9325 
6746 
6327 
3933 
6034 


1978 


e 


sec x 


1.85081 
1.88019 
1.91070 
1.94243 
1.97542 


2.00976 
2.04552 
2.08279 
2.12166 
2.16223 


2.20460 
2.24890 
2.29524 
2.34378 
2.39466 


2.44805 
2.50413 
2.56310 
2.62518 
2.69063 


2.75970 
2.83270 
2.90997 
2.99188 
3.07885 


3.17135 
3.26993 
3.37517 
3.48778 
3.60853 


3.73833 
3.87822 
4.02940 
4.19329 
4.37153 


4.56607 
4.77923 
5.01379 
5.27312 
5.56133 


5.88349 
6.24592 
6.65666 
7.12597 
7.66731 


8.29856 
9.04406 
9.93781 
11,02880 
12,39027 


14.13683 
16,45849 
19,69493 
24,51881 
32,47653 


48.08888 
92.62589 
+1255,76598 
- 108.65380 
- 52,07657 


- 34.24713 


CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS 


CSC x 


1.18839 
1.18087 
1.17356 
1.16645 
1.15954 


1.15283 
1.14632 
1.13999 
1.13384 
1.12787 


1.12207 
1.11644 
1.11098 
1.10569 
1.10055 


1.09557 
1.09074 
1.08607 
1.08154 
1.07715 


1.07291 
1.06881 
1.06485 
1.06102 
1.05732 


1.05375 
1.05032 
1.04700 
1.04382 
1.04076 


1.03782 
1.03499 
1.03229 
1.02970 
1,02723 


1.02488 
1.02263 
1.02050 
1.01848 
1.01656 


1.01476 
1.01306 
1,01147 
1.00999 
1,00861 


1.00734 
1.00616 
1.00510 
1.00413 
1.00327 


1.00251 
1,00185 
1.00129 
1.00083 
1.00047 


1.00021 
1,00005 
1,00000 
1.00004 
1.00018 


1.00042 


ce 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 
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For conversion from radians to degrees see Example 14. 


*See page I. 


sin 6 


0.00000 00000 
0.00174 53283 
0.00349 06514 
0.00523 59638 
0. 00698 12602 


0.00872 65354 
0.01047 17841 
0. 01221 70008 
0.01396 21803 
0.01570 73173 


0.01745 24064 
0.01919 74423 
0. 02094 24198 
0.02268 73335 
0. 02443 21781 


0.02617 69483 
0.02792 16387 
0.02966 62440 
0.03141 07590 
0.03315 51783 


0.03489 94967 
0.03664 37087 
0. 03838 78090 
0.04013 17925 
0. 04187 56537 


0.04361 93873 
0.04536 29881 
0.04710 64507 
0. 04884 97697 
0.05059 29400 


0. 05233 59562 
0.05407 88129 
0.05582 15049 
0.05756 40269 
0.05930 63735 


0.06104 85395 
0.06279 05195 
0. 06453 23082 
0.06627 39004 
0. 06801 52906 


0.06975 64737 
0.07149 74443 
0.07323 81971 
0.07497 87268 
0.07671 90281 


0.07845 90957 
0.08019 89243 
0.08193 85086 
0.08367 78433 
0. 08541 69231 


0.08715 57427 
cos 6 


Pee 


00000 
65898 
15224 
31420 
97962 


98374 
16246 
35247 
39145 
11821 


37284 
99690 
83357 
72781 
52653 


07873 
23569 
85111 
78128 
88526 


02501 
06556 
87520 
32560 
29200 


65336 
29254 
09643 
95613 
76713 


42944 
84775 
93164 
59567 
75962 


34857 
29313 
52958 
00000 
65248 


44125 
32686 
27632 
26328 
26819 


27845 
28859 
30041 
32315 
37367 


47658 


1. 00000 
0. 99999 
0. 99999 
0. 99998 
0.99997 


0. 99996 
0. 99994 
0.99992 
0. 99990 
0. 99987 


0. 99984 
0.99981 
0.99978 
0.99974 
0. 99970 


0.99965 
0.99961 
0.99955 
0.99950 
C.99945 


0.99939 
0. 99932 
0. 99926 
0. 99919 
0. 99912 


0. 99904 
0. 99897 
0. 99888 
0. 99880 
0. 99871 


0. 99862 
0. 99853 
0. 99844 
0. 99834 
0. 99823 


0. 99813 
0. 99802 
0.99791 
0. 99780 
0.99768 


0.99756 
0.99744 
0.99731 


cos 6 


00000 
84769 
39076 
62922 
56307 


19230 
51693 
53696 
25240 
66324 


76951 
57121 
06834 
26093 
14897 


73249 
01150 
98601 
65603 
02159 


08270 
83937 
29164 
43951 
28300 


82215 
05697 
98749 
61373 
93571 


95347 
66703 
07641 
18166 
98279 


47984 
67284 
56182 
14682 
42788 


40502 
07829 
44772 


0.99718 51335 


0.99705 


0. 99691 
0.99677 
0. 99663 
0. 99649 
0. 99634 


0.99619 


27522 


73337 
88784 
73868 
28592 
52961 


46980 
sin @ 


(9 


00000 
13288 
57790 
47427 
05395 


64171 
65512 
60452 
09304 
81661 


56391 
21644 
74845 
22698 
81183 


75557 
40354 
19384 
65732 
41757 


19096 
78656 
10621 
14446 
98858 


81858 
90715 
61970 
41434 
84186 


54574 
26212 
81981 
14028 
23765 


21867 
28272 
72179 
92050 
35605 


59824 
30944 
24458 
25116 
26920 


33128 
56247 
18037 
49504 
90906 


91746 


Table 4.10 
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*See page I. 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


sin @ 


0.08715 57427 
0. 08889 42968 
0.09063 25801 
0.09237 05874 
0.09410 83133 


0.09584 57525 
0.09758 28997 
0.09931 97497 
0.10105 62971 
0.10279 25367 


0.10452 84632 
0.10626 40713 
0.10799 93557 
0.10973 43110 
0.11146 89322 


0.11320 32137 
0.11493 71504 
0.11667 07370 
0.11840 39683 
0.12013 68388 


0.12186 93434 
0.12360 14767 
0.12533 32335 
0.12706 46086 
0.12879 55965 


0.13052 61922 
0.13225 63902 
0.13398 61854 
0.13571 55724 
0.13744 45460 


0.13917 31009 
0.14090 12319 
0.14262 89337 
0.14435 62010 
0.14608 30285 


0.14780 94111 
0.14953 53434 
0.15126 08202 
0.15298 58362 
0.15471 03862 


0.15643 44650 
0.15815 80672 
0.15988 11876 
0.16160 38211 
0.16332 59622 


0.16504 76058 
0.16676 87467 
0.16848 93795 
0.17020 94991 
0.17192 91002 


0.17364 81776 
cos 6 


pie 


47658 
66442 
97780 
46562 
18514 


20224 
59149 
43639 
82946 
87247 


67653 
36233 
06023 
91045 
06325 


67907 
92867 
99333 
06501 
34647 


05147 
40493 
64304 
01350 
77563 


20052 
57122 
18292 
34304 
37147 


60065 
37583 
05512 
00973 
62412 


29611 
43710 
47219 
84038 
99468 


40231 
54484 
91835 
03361 
41622 


60678 
16102 
65003 
66033 
79410 


66930 


0.99619 
0, 99604 
0. 99588 
0.99572 
0.99556 


0.99539 
0. 99522 
0.99505 
0. 99488 
0.99470 


0.99452 
0. 99433 
0.99415 
0. 99396 
0.99376 


0.99357 
0. 99337 
0. 99317 
0. 99296 
0.99275 


0.99254 
0. 99233 
0.99211 
0.99189 
0.99167 


0.99144 
0.99121 
0.99098 
0.99074 
0. 99050 


0. 99026 
0. 99002 
0.98977 
0.98952 
0. 98927 


0. 98901 
0. 98875 
0. 98849 
0. 98822 
0.98795 


0. 98768 
0. 98741 
0. 98713 
0. 98685 
0. 98657 


0. 98628 
0. 98599 
0.98570 
0. 98540 
0.98510 


0. 98480 


cos 6 


46980 
10654 
43986 
46981 
19646 


61983 
73999 
55699 
07088 
28171 


18953 
79441 
09639 
09554 
79191 


18556 
27656 
06495 
55081 
73419 


61516 
19378 
47013 
44425 
11623 


48613 
55402 
31997 
78404 
94632 


80687 
36577 
62309 
57890 
23329 


58633 
63810 
38868 
83814 
98657 


83405 
38067 
62650 
57164 
21616 


56015 
60370 
34690 
78984 
93261 


77530 
sin 6 


91746 
10770 
15970 
84582 
03080 


67179 
81831 
61226 
28788 
17174 


68273 
33205 
72315 
55180 
60596 


76587 
00396 
38486 
06537 
29446 


41322 
85489 
14478 
90030 
83090 


73810 
51542 
14836 
71444 
38309 


41570 
16558 
07789 
68969 
62988 


61917 
47006 
08684 
46553 
69389 


95138 
50911 
72988 
06807 
06969 


37231 
70505 
88854 
83490 
54774 


12208 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


Pepe 


POM MN Rh 
. ° 


. 
w PWNHO OOnNaw PWNEH O OaOnN au 


ee eee ee ee ed el ed eel 


Ww WwWwWYw NNNNN 


*See page Il. 


0.17364 
0.17536 
0.17708 
0.17880 
0.18051 


0.18223 
0.18395 
0.18566 
0.18738 
0.18909 


0.19080 
0.19252 
0.19423 
0.19594 
0.19765 


0.19936 
0. 20107 
0, 20278 
0. 20449 
0, 20620 


0. 20791 
0. 20961 
0. 21132 
0, 21303 
0. 21473 


0. 21643 
0. 21814 
0, 21984 
0, 22154 
0. 22325 


0. 22495 
0. 22665 
0, 22835 
0, 23004 
0. 23174 


0, 23344 
0. 23514 
0. 23683 
0. 23853 
0. 24022 


0. 24192 
0. 24361 
0. 24530 
0. 24699 
0, 24868 


0, 25038 
0, 25206 
0. 25375 
0. 25544 
0. 25713 


0. 25881 


. ee 


sin 6 


81776 
67260 
47403 
22151 
91452 


55254 
13506 
66153 
13145 
54429 


89953 
19665 
43512 
61442 
73403 


79344 
79211 
72953 
60518 
41853 


16908 
85629 
47964 
03862 
53271 


96139 
32413 
62043 
84976 
01160 


10543 
13074 
08701 
97371 
79034 


53638 
21131 
81460 
34575 
80424 


18955 
50117 
73858 
90127 
98871 


00040 
93582 
79445 
57579 
27931 


90451 
cos @ 


5 


66930 
91987 
19583 
16350 
50560 


92147 
12720 
85577 
85725 
89891 


76545 
25907 
19972 
42518 
79126 


17197 
45965 
56512 
41790 
96630 


17759 
03822 
55389 
74977 
67063 


38103 
96543 
52838 
19467 
10951 


43865 
36855 
10656 
88104 
94157 


55905 
02590 
65619 
78581 
77264 


99668 
86023 
78803 
22743 
64855 


54441 
43114 
84806 
35791 
54696 


02521 


cos @ 


0.98480 77530 
0.98450 31799 
0.98419 56079 
0. 98388 50379 
0.98357 14708 


0. 98325 


49075 


0.98293 53491 


0, 98261 


27965 


0.98228 72507 
0.98195 87126 


0. 98162 


71834 


0.98129 26639 


0. 98095 


51553 


0.98061 46585 
0.98027 11746 


0. 97992 


47046 


0.97957 52495 


0.97922 


28106 


0.97886 73887 
0.97850 89851 


0.97814 


76007 


0.97778 32367 


0.97741 


58942 


0.97704 55744 


0.97667 


0. 97629 
0.97591 
0.97553 


22783 


60071 
67619 
45439 


0.97514 93543 


0.97476 


0.97437 
0.97397 
0.97357 
0.97317 
0.97277 


0.97236 
0.97196 
0.97154 
0.97113 
0.97071 


0.97029 
0. 96987 
0. 96944 
0. 96901 
0. 96858 


0. 96814 
0. 96770 
0. 96726 
0. 96682 
0. 96637 


0. 96592 


11941 


00647 
59672 
89028 
88727 
58782 


99203 
10005 
91199 
42799 
64815 


57262 
20152 
53498 
57314 
31611 


76403 
91704 
77527 
33886 
60793 


58262 
sin @ 


ea 


12208 
74437 
69242 
33542 
13386 


63955 
49554 
43615 
28689 
96444 


47664 
92245 
49192 
46613 
21722 


20830 
99344 
21766 
61685 
01778 


33806 
58606 
86096 
35264 
34168 


19933 
38747 
45857 
05563 
91222 


85235 
79052 
73160 
77088 
09397 


97677 
78546 
97646 
09636 
78191 


75996 
84747 
95139 
06870 
28631 


78108 
81971 
75877 
04459 
21329 


89068 
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80. 0° 
79.9 
79.8 
79.7 
79.6 


79.5 
79.4 
79.3 
79.2 
79,1 


79.0 
78.9 
78.8 
78.7 
78.6 


78.5 
78.4 


191 


192 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


0. 25881 
0. 26050 
0, 26218 
0, 26387 
0. 26555 


0. 26723 
0. 26891 
0. 27060 
0. 27228 
0. 27395 


0. 27563 
0. 27731 
0. 27899 
0. 28066 
0. 28234 


0. 28401 
0. 28568 
0. 28736 
0. 28903 
0. 29070 


0. 29237 
0. 29404 
0. 29570 
0. 29737 
0. 29904 


0. 30070 
0. 30236 
0. 30403 
0. 30569 
0. 30735 


0. 30901 
0. 31067 
0, 31233 
0. 31399 
0. 31564 


0, 31730 
0. 31895 
0. 32061 
0. 32226 
0. 32391 


0, 32556 
0. 32721 
0. 32886 
0. 33051 
0. 33216 


0. 33380 
0. 33545 
0. 33709 
0. 33873 
0. 34037 


0. 34202 


sin 6 


90451 02521 
45086 42648 
91786 40865 
30499 65373 
61174 86809 


83760 78257 
98206 15266 
04459 75864 
02470 40574 
92186 92432 


73558 16999 
46533 02378 
11060 39229 
67089 20788 
14568 42876 


53447 03923 
83674 04974 
05198 49712 
17969 44472 
21935 98252 


17047 22737 
03252 32304 
80500 44047 
48740 77786 
07922 56087 


57995 04273 
98907 50445 
30609 25490 
53049 63106 
66177 99807 


69943 74947 
64296 30732 
49185 12233 
24559 67405 
90369 47102 


46564 05092 
93092 98070 
29905 85676 
56952 30511 
74181 98149 


81544 57157 
78989 79104 
66467 38583 
43927 13223 
11318 83703 


68592 33771 
15697 50255 
52584 23082 
79202 45291 
95502 13050 


01433 25669 
cos @ 


ltd 


0. 96592 
0. 96547 
0. 96501 
0. 96455 
0, 96409 


0. 96363 
0. 96316 
0. 96269 
0. 96221 
0. 96174 


0. 96126 
0. 96077 
0. 96029 
0. 95980 
0. 95931 


0. 95881 
0. 95832 
0, 95782 
0.95731 
0. 95681 


0. 95630 
0.95579 
0.95527 
0. 95476 
0. 95424 


0.95371 
0. 95319 
0.95266 
0.95212 
0.95159 


0.95105 
0.95051 
0. 94997 
0. 94942 
0. 94887 


0. 94832 
0. 94776 
0. 94721 
0. 94664 
0. 94608 


0.94551 
0. 94494 
0. 94437 
0. 94380 
0. 94322 


0. 94264 
0.94205 
0. 94147 
0. 94088 
0. 94028 


0. 93969 


a 


cos 6 


58262 
26308 
64944 
74184 
54042 


04532 
25667 
17464 
79935 
13095 


16959 
91541 
36856 
52919 
39745 


97348 
25744 
24948 
94975 
35840 


47559 
30147 
83621 
07995 
03285 


69507 
06677 
14812 
93927 
44038 


65162 
57316 
20515 
54776 
60116 


36552 
84100 
02777 
92601 
53588 


85755 
89121 
63702 
09515 
26579 


14910 
74527 
05448 
07689 
81270 


26207 
sin. 6 


89068 
79225 
72311 
57798 
34110 


08623 
97658 
26479 
29285 
49211 


38319 
57594 
76943 
75187 
40058 


68193 
65133 
45315 
32067 
57607 


63035 
98330 
22344 
02797 
16277 


48227 
92947 
53586 
42139 
79438 


95154 
27784 
24653 
41904 
44497 


06199 
09586 
46029 
15696 
27545 


99317 
57531 
37481 
83229 
47601 


92178 
87297 
12038 
54225 
10419 


85908 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 
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0. 34202 
0. 34365 
0. 34529 
0. 34693 
0. 34857 


0. 35020 
0, 35184 
0. 35347 
0. 35510 
0. 35673 


0. 35836 
0. 35999 
0. 36162 
0. 36325 
0, 36487 


0. 36650 
0. 36812 
0. 36974 
0. 37136 
0. 37298 


0. 37460 
0. 37622 
0. 37784 
0. 37945 
0. 38107 


0. 38268 
0, 38429 
0. 38590 
0. 38751 
0. 38912 


0. 39073 
0. 39233 
0. 39394 
0. 39554 
0. 39714 


0. 39874 
0. 40034 
0. 40194 
0. 40354 
0. 40514 


0. 40673 
0. 40833 
0. 40992 
0. 41151 
0. 41310 


0. 41469 
0. 41628 
0. 41786 
0. 41945 
0. 42103 


0. 42261 


ea 


sin 6 


01433 
96945 
81989 
56515 
20473 


73812 
16484 
48437 
69624 
79993 


79495 
68081 
45700 
12304 
67843 


12267 
45526 
67572 
78355 
77825 


65934 
42631 
07868 
61595 
03763 


34323 
53226 
60423 
55864 
39501 


11284 
71166 
19095 
55025 
78906 


90689 
90325 
777166 
52963 
15867 


66430 
04603 
30338 
43586 
44298 


32426 
07922 
70738 
20824 
58133 


82617 

cos @ 

coy 
5 


25669 
85616 
98535 
73256 
21815 


59467 
04702 
79257 
08137 
19625 


45300 
20051 
82092 
72978 
37620 


24297 
84678 
73829 
50235 
75809 


15912 
39366 
18467 
29005 
50274 


65090 
59804 
24319 
52103 
40206 


89274 
03561 
90951 
62965 
34781 


25246 
56895 
55960 
52390 
79863 


75800 
81385 
41573 
05109 
24542 


56239 
60401 
01077 
46177 
67491 


40699 


0.93969 
0. 93909 
0. 93849 
0. 93788 
0. 93728 


0. 93667 
0. 93605 
0. 93544 
0. 93482 
0. 93420 


0. 93358 
0. 93295 
0. 93232 
0. 93169 
0. 93105 


0.93041 
0.92977 
0.92913 
0. 92848 
0. 92783 


0.92718 
0.92652 
0. 92587 
0. 92520 
0.92454 


0. 92387 
0. 92321 
0. 92253 
0. 92186 
0. 92118 


0. 92050 
0. 91982 
0.91913 
0. 91844 
0.91775 


0. 91706 
0. 91636 
0. 91566 
0.91495 
0.91425 


0. 91354 
0. 91283 
0.91212 
0. 91140 
0. 91068 


0. 90996 
0. 90923 
0. 90850 
0.90777 
0. 90704 


0. 90630 


(4 


cos 6 


26207 
42520 
30227 
89346 
19894 


21892 
95357 
40308 
56763 
44743 


04264 
35348 
38012 
12275 
58158 


75679 
64858 
25715 
58268 
62538 


38545 
86308 
05848 
97183 
60336 


95325 
02171 
80894 
31515 
54055 


48534 
14973 
53392 
63813 
46256 


00743 
27295 
25933 
96678 
39552 


54576 
41772 
01161 
32766 
36608 


12708 
61090 
81775 
74785 
40142 


77870 
sin 6 


85908 
94709 
59556 
11898 
91892 


48398 
38973 
29867 
96014 
21030 


97202 
25489 
15512 
85549 
62528 


82025 
88251 
34056 
80914 
98920 


66787 
71837 
09995 
85782 
12313 


11287 
12981 
56246 
88501 
65721 


52440 
21738 
55234 
43087 
83981 


85124 
62240 
39561 
49825 
34264 


42601 
33043 
72273 
35445 
06177 


76543 
47069 
26722 
32909 
91465 


36650 
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70. 0° 
69.9 
69.8 
69.7 
69. 6 


69.5 
69.4 
69.3 
69.2 
69.1 


69.0 


193 


194 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


sin 6 


0. 42261 82617 
0. 42419 94227 
0.42577 92915 
0.42735 78633 
0. 42893 51334 


0.43051 10968 
0. 43208 57488 
0. 43365 90845 
0. 43523 10993 
0, 43680 17883 


0. 43837 11467 
0. 43993 91698 
0. 44150 58527 
0. 44307 11908 
0. 44463 51791 


0.44619 78131 
0.44775 90878 
0. 44931 89986 
0. 45087 75406 
0.45243 47093 


0. 45399 04997 
0. 45554 49072 
0.45709 79270 
0. 45864 95544 
0.46019 97847 


0.46174 86132 
0. 46329 60351 
0. 46484 20457 
0. 46638 66403 
0. 46792 98142 


0. 46947 15627 
0.47101 18812 
0.47255 07648 
0.47408 82090 
0.47562 42090 


0.47715 87602 
0. 47869 18579 
0. 48022 34974 
0.48175 36741 
0.48328 23832 


0.48480 96202 
0. 48633 53804 
0.48785 96591 
0. 48938 24517 
0. 49090 37536 


0.49242 35601 
0. 49394 18665 
0. 49545 86684 
0.49697 39610 
0. 49848 77397 


0.50000 00000 
cos @ 


pies 


40699 
45390 
65073 
87192 
03146 


08295 
01982 
87544 
72328 
67702 


89077 
55915 
91745 
24180 
84927 


09809 
38770 
15897 
89431 
11783 


39547 
33516 
58694 
84315 
83852 


35034 
19862 
24620 
39891 
60573 


85891 
19410 
69054 
47116 
70275 


59608 
40607 
43189 
01715 
55002 


46337 
23490 
38733 
48846 
15141 


03467 
84231 
32408 
27555 
53830 


00000 


0. 90630 
0. 90556 
0. 90482 
0. 90408 
0. 90333 


0.90258 
0. 90183 
0. 90107 
0. 90031 
0. 89955 


0. 89879 
0. 89802 
0. 89725 
0. 89648 
0. 89571 


0. 89493 
0. 89415 
0. 89337 
0. 89258 
0. 89179 


0. 89100 
0. 89021 
0. 88941 
0. 88861 
0, 88781 


0. 88701 
0. 88620 
0. 88539 
0. 88458 
0. 88376 


0. 88294 
0. 88212 
0. 88130 
0. 88047 
0. 87964 


0. 87881 
0. 87798 
0.87714 
0. 87630 
0. 87546 


0. 87461 
0.87377 
0. 87292 
0. 87206 
0, 87121 


0. 87035 
0. 86949 
0. 86863 
0. 86776 
0. 86689 


0. 86602 


("4 


cos 6 


77870 
87990 
70524 
25496 
52928 


52843 
25264 
70213 
87714 
77789 


40462 
75757 
83696 
64303 
17602 


43616 
42368 
13883 
58184 
75296 


65241 
28046 
63732 
72326 
53851 


08331 


35792 
36257 
09752 
56300 


75928 
68660 
34520 
73535 
85728 


71126 
29754 
61637 
66800 
45270 


97071 
22230 
20772 
92724 
38111 


56959 
49295 
15144 
54533 
67489 


54037 


sin 6 


36650 
11140 
66020 
60778 
63301 


49861 
05114 
22092 
02194 
55180 


99167 
60616 
74328 
83441 
39413 


02025 
39368 
27838 
52125 
05214 


88368 
11127 
91298 
54949 
36401 


78222 
31215 
54416 
15084 
88693 


58927 
17668 


64992 


09162 
66617 


61965 
27981 
05589 
43864 
00018 


39396 
35465 
69810 
32121 
20189 


39900 
05219 
38191 
68928 
35603 


84439 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 
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0. 50000 
0.50151 
0.50301 
0.50452 
0. 50603 


0. 50753 
0. 50904 
0.51054 
0.51204 
0. 51354 


0, 51503 
0. 51653 
0. 51802 
0.51951 
0. 52100 


0.52249 
0. 52398 
0.52547 
0.52695 
0. 52843 


0. 53139 
0. 53287 
0, 53582 


0.53877 
0.54024 


0.54610 
0.54756 


0.57357 64363 


cos @ 


sal 


“| 


sin 6 


00000 
07371 
99466 
76238 
37641 


83629 
14157 
29179 
28648 
12520 


80749 
33288 
70093 
91118 
96318 


85647 
59059 
16510 
57954 
83347 


0.52991 92642 
85795 
62760 
0.53435 23493 
67949 


0.53729 96083 
07850 
03204 
0.54170 82102 
0.54317 44499 


0.54463 90350 
19610 
32234 
0.54902 28179 
0.55048 07400 


0.55193 69853 
0.55339 15492 
0.55484 44274 
0.55629 56155 
0.55774 51089 


0.55919 29034 
0.56063 89945 
0.56208 33778 
0.56352 60489 
0.56496 70034 


0.56640 62369 
0.56784 37450 
0.56927 95234 
0.57071 35676 
0.57214 58734 


5 


00000 
59457 
30235 
15019 
21164 


60704 
50371 
11606 
70572 
58170 


10054 
66642 
73130 
79509 
40576 


15949 
70079 
72268 
96678 
22347 


33205 
18083 
70730 
89826 
78997 


46824 
06863 
77655 
82740 
50671 


15027 
14429 
92550 
98132 
84996 


12058 
43344 
47999 
00305 
79690 


70747 
63242 
52131 
37571 
24938 


24833 
53101 
30844 
84432 
45516 


51046 


0. 86602 
0. 86515 
0. 86427 
0. 86339 
0. 86251 


0. 86162 
0. 86074 
0, 85985 
0. 85895 
0. 85806 


0. 85716 
0. 85626 
0. 85536 
0. 85445 
0. 85355 


0. 85264 
0. 85172 
0. 85081 
0. 84989 
0. 84897 


0. 84804 
0. 84712 
0. 84619 
0. 84526 
0. 84432 


0. 84339 
0. 84245 
0. 84151 
0. 84056 
0. 83961 


0. 83867 
0.83771 
0. 83676 
0, 83580 
0. 83484 


0, 83388 
0. 83292 
0. 83195 
0. 83098 
0. 83001 


0. 82903 
0. 82806 
0. 82708 
0. 82609 
0. 82511 


0. 82412 
0. 82313 
0. 82214 
0. 82114 
0. 82015 


-0. 81915 


cos @ 


54037 
14205 
48019 
55506 
36692 


91604 
20270 
22715 
98969 
49057 


73007 
70846 
42601 
88301 
07972 


01643 
69341 
11094 
26929 
16876 


80961 
19213 
31661 
18332 
79255 


14458 
23970 
07819 
66034 
98645 


05679 
87166 
43134 
73613 
78632 


58220 
12407 
41221 
44692 
22850 


75725 
03346 
05742 
82944 
34982 


61886 
63685 
40410 
92091 
18758 


20442 
sin @ 


84439 
69704 
53705 
06772 
07257 


41526 
03944 
96873 
30664 
23645 


02112 
00328 
60507 
32807 
75327 


54092 
43048 
24051 
86864 
29141 


56426 
82137 
27564 
21856 
02015 


12886 
07148 
45306 
95684 
34413 


45424 
20439 
58962 
68270 
63407 


67168 
10099 
30483 
74328 
95367 


55042 
22494 
74562 
95764 
78295 


22016 
34442 
30737 
33704 
73772 


88992 


re 
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196 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


0.57357 
0.57500 
0, 57643 
0.57785 
0.57928 


0. 58070 
0. 58212 
0. 58354 
0, 58495 
0. 58637 


0.58778 
0.58919 
0. 59060 
0.59201 
0.59341 


0. 59482 
0.59622 
0.59762 
0. 59902 
0, 60042 


0. 60181 
0. 60320 
0. 60459 
0. 60598 
0. 60737 


0, 60876 
0. 61014 
0. 61152 
0. 61290 
0. 61428 


0. 61566 
0. 61703 
0. 61840 
0. 61977 
0. 62114 


0, 62251 
0. 62387 
0. 62524 
0. 62660 
0. 62796 


0. 62932 
0. 63067 
0. 63202 
0. 63338 
0, 63473 


0. 63607 
0. 63742 
0, 63876 
0. 64010 
0. 64144 


0, 64278 


* es 


sin 6 


64363 
52520 
23161 
76243 
11723 


29557 
29701 
12113 
76749 
23567 


52522 
63573 
56676 
31787 
88866 


27867 
48749 
51469 
35985 
02253 


50231 
79877 
91148 
84002 
58397 


14290 
51639 
70401 
70536 
52000 


14753 
58751 
83953 
90317 
77802 


46366 
95967 
26563 
38113 
30576 


03910 
58074 
93026 
08726 
05132 


82202 
39897 
78175 
96994 
96315 


76096 
cos 6 


5 


51046 
43279 
69793 
83505 
42679 


10940 
57289 
56118 
87215 
35789 


92473 
53342 
19925 
99220 
03701 


51341 
65616 
75521 
15586 
25884 


52048 
45282 
62375 
65711 
23287 


08721 
01268 
85831 
52976 
98943 


25658 
40749 
57554 
95140 
78310 


37620 
09386 
35705 
64461 
49338 


49837 
31286 
64851 
27550 
02268 


77764 
48690 
15598 
84955 
69158 


86539 


0. 81915 
0.81814 
0. 81714 
0. 81613 
0. 81512 


0.81411 
0. 81310 
0. 81208 
0. 81106 
0. 81004 


0. 80901 
0. 80798 
0. 80696 
0. 80592 
0. 80489 


0. 80385 
0, 80281 
0. 80177 
0. 80073 
0. 79968 


0. 79863 
0.79758 
0. 79652 


0. 79547: 


0. 79441 


0. 79335 
0. 79228 
0. 79122 
0.79015 
0. 78908 


0. 78801 
0. 78693 
0. 78585 
0. 78477 
0. 78369 


0. 78260 
0. 78152 
0. 78043 
0. 77933 
0. 77824 


0.77714 
0. 77604 
0. 77494 
0. 77384 
0. 77273 


0. 77162 
0.77051 
0. 76939 
0. 76828 
0. 76716 


0. 76604 


cos @ 


20442 88992 
97174 25023 
48983 35129 
75900 80160 
77957 28554 


55183 56319 
07610 47028 
35268 91806 
38189 89327 
16404 45796 


69943 74947 
98838 98031 
03121 43802 
82822 48516 
37973 55914 


68606 17217 
74751 91115 
56442 43754 
13709 48733 
46584 87091 


55100 47293 
39288 25229 
99180 24196 
34808 54896 
46205 35418 


33402 91235 
96433 55191 
35329 67490 
50123 75690 
40848 34691 


07536 06722 
50219 61337 
68931 75402 
63705 33083 
34573 25840 


81568 52414 
04724 18819 
04073 38330 
79649 31474 
31485 26021 


59614 56971 
64070 66546 
44887 04180 
02097 26506 
35734 97351 


45833 87720 
32427 75789 
95550 46895 
35235 93523 
51518 15300 


44431 18978 
sin 6 


& ia 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


( 

40. 0° 0. 64278 
40.1 0. 64412 
40, 2 0. 64545 
40.3 0. 64678 
40.4 0. 64811 
40.5 0. 64944 
40. 6 0. 65077 
40.7 0. 65209 
40. 8 0. 65342 
40.9 0. 65474 
41.0 0, 65605 
41.1 0. 65737 
41,2 0, 65868 
41,3 0, 66000 
41.4 0, 66131 
41.5 0, 66262 
41.6 0. 66392 
41,7 0, 66523 
41,8 0, 66653 
41,9 0. 66783 
42.0 0. 66913 
42.1 0. 67042 
42.2 0. 67172 
42.3 0, 67301 
42,4 0, 67430 
42.5 0. 67559 
42.6 0. 67687 
42,7 0. 67815 
42.8 0. 67944 
42.9 0, 68072 
43.0 0. 68199 
43,1 0. 68327 
43,2 0, 68454 
43,3 0. 68581 
43,4 0. 68708 
43.5 0. 68835 
43,6 0, 68961 
43,7 0. 69088 
43,8 0, 69214 
43.9 0. 69340 
44,0 0. 69465 
44,1 0, 69591 
44,2 0. 69716 
44,3 0. 69841 
44,4 0. 69966 
44.5 0. 70090 
44.6 0. 70215 
44.7 0. 70339 
44,8 0. 70463 
44.9 0. 70587 
45.0 0. 70710 
90° — 6 


“| 


*See page i. 


sin 6 


76096 
36297 
76877 
97795 
99010 


80483 
42172 
84038 
06039 
08137 


90289 
52457 
94601 
16679 
18653 


00482 
62126 
03546 
24702 
25554 


06063 
66189 
05893 
25135 
23875 


02076 
59696 
96698 
13042 
08689 


83600 
37736 
71059 
83529 
75108 


45756 
95437 
24110 
31738 
18282 


83704 
27965 
51028 
52854 
33405 


92642 
30529 
47028 
42099 
15706 


67811 
cos 6 


5 


ae 


86539 
61387 
23951 
10460 
63131 


30184 
65851 
30392 
90105 
17340 


90507 
94096 
18680 
60937 
23652 


15737 
52242 
54361 
49452 
71047 


58858 
58799 
22990 
09773 
83723 


15660 
82661 
68071 
61517 
58918 


62499 
80799 
28689 
27376 
04423 


93754 
35670 
76858 
70407 
75813 


58997 
92314 
54565 
31006 
13365 


99851 
95162 
10504 
63595 
78681 


86548 


0. 76604 
0. 76492 
0. 76379 
0. 76266 
0. 76153 


0. 76040 
0. 75927 
0. 75813 
0. 75699 
0. 75585 


0. 75470 
0. 75356 
0. 75241 
0. 75126 
0. 75011 


0. 74895 
0. 74779 
0. 74663 
0. 74547 
0. 74431 


0. 74314 
0. 74197 
0. 74080 
0. 73963 
0. 73845 


0. 73727 
0. 73609 
0. 73491 
0. 73372 
0. 73254 


0. 73135 
0. 73016 
0. 72896 
0. 72777 
0. 72657 


0. 72537 
0. 72417 
0. 72296 
0.72176 
0. 72055 


0. 71933 
0. 71812 
0. 71691 
0. 71569 
0. 71447 


0. 71325 
0. 71202 
0. 71079 
0. 70957 
0. 70833 


0. 70710 


ga 


cos 6 


44431 
14009 
60286 
83296 
83075 


59656 
13073 
43361 
50556 
34691 


95802 
33923 
49088 
41335 
10696 


57207 
80904 
81822 
59996 
15462 


48254 
58409 
45962 
10949 
53406 


73368 
70871 
45951 
98645 
28987 


37016 
22766 
86274 
27576 
46709 


43710 
18614 
71459 
02280 
11116 


98003 
62977 
06076 
27337 
26796 


04491 
60459 
94738 
07365 
98377 


67811 
sin 6 


18978 
18432 
34642 
95688 
36737 


00031 
34881 
97652 
51756 
67640 


22772 
01638 
95724 
03511 
30460 


89002 
98532 
85391 
82862 
31154 


77394 
75616 
86750 
78610 
25884 


10124 
19734 
49960 
02876 
87379 


19170 
20752 
21412 
57210 
70976 


12288 
37468 
09568 
98362 
80330 


38651 
63189 
50483 
03736 
32803 


54182 
90996 
72992 
36521 
24529 


86548 


Table 4.10 


197 


198 


Table 4.11 
6 
0.0° 0.00000 
0.5 0. 00872 
1.0 0.01745 
1.5 0. 02618 
2.0 0.03492 
2.5 0. 04366 
3.0 0. 05240 
3.5 0. 06116 
4.0 0.06992 
4.5 0. 07870 
5.0 0.08748 
5.5 0. 09628 
6.0 0.10510 
6.5 0. 11393 
7.0 0.12278 
7.5 0.13165 
8.0 0.14054 
8.5 0. 14945 
9.0 0.15838 
9.5 0. 16734 
10.0 0. 17632 
10.5 0. 18533 
11.0 0.19438 
11.5 0.20345 
12,0 0.21255 
12.5 0. 22169 
13,0 0.23086 
13.5 0. 24007 
14.0 0.24932 
14.5 0. 25861 
15.0 0.26794 
15.5 0. 27732 
16. 0 0. 28674 
16.5 0.29621 
17.0 0. 30573 
17.5 0.31529 
18.0 0.32491 
18.5 0.33459 
19.0 0.34432 
19.5 0.35411 
20.0 0.36397 
20.5 0.37388 
21.0 0.38386 
21.5 0. 39391 
22.0 0.40402 
22.5 0.41421 
90° —8 


va 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS 
TO FIVE TENTHS OF A DEGREE 


tan 6 


00000 
68677 
50649 
59215 
07694 


09429 
77792 
26201 
68119 
17068 


86635 
90481 
42352 
56083 
45609 


24975 
08347 
10013 
44403 
26090 


69807 
90449 
03091 
22994 
65616 


46626 
81911 
87590 
80028 
75843 


91924 
45440 
53857 
34949 
06814 


87888 
96962 
53195 
76132 
85725 


02342 
46794 
40350 
04756 
62258 


35623 
cot 6 


00000 
90759 
28217 
69187 
91747 


08512 
83041 
50484 
43510 
24618 


25924 
97538 
65676 
01645 
02904 


87396 
02391 
49128 
24536 
81419 


08465 
31534 
37718 
23699 
70022 


42940 
25563 
80116 
43180 
55890 


31122 
59838 
58808 
62080 
58660 


78983 
32906 
02073 
89665 
30698 


66202 
84804 
35416 
14942 
35157 


73095 


114, 58865 
57. 28996 
38. 18845 
28. 63625 


22. 90376 
19, 08113 
16, 34985 
14, 30066 
12. 70620 


11, 43005 
10. 38539 
9. 51436 
8. 77688 
8. 14434 


7.59575 
7.11536 
6.69115 
6. 31375 
5.97576 


5.67128 
5. 39551 
5. 14455 
4.91515 
4, 70463 


4.51070 
4. 33147 
4.16529 
4.01078 
3, 86671 


3. 73205 
3. 60588 
3. 48741 
3. 37594 
3. 27085 


3.17159 
3. 07768 
2. 98868 
2. 90421 
2. 82391 


2. 74747 
2. 67462 
2. 60508 
2. 53864 
2. 47508 


2. 41421 


cot @ 
Le] 
01293 
16307 
92970 
32829 


55484 
66877 
54760 
62567 
47361 


23027 
70801 
44542 
73568 
64279 


41127 
97223 
62383 
15146 
43644 


18196 
71743 
40159 
70310 
01094 


85036 
58742 
97700 
09335 
30948 


08075 
35087 
44438 
34225 
26184 


48023 
35371 
49627 
08776 
28856 


74194 
14939 
90646 
78956 
68534 


35623 
tan 6 


09608 
59424 
25609 
15603 


31198 
28211 
99672 
11928 
74704 


61343 
38159 
22585 
69956 
74594 


25150 
84209 
17409 
75043 
33065 


17709 
19137 
70310 
71205 
78454 


62057 
84155 
90417 
35844 
98738 


68877 
60874 
40908 
91246 
84141 


63212 
75253 
42893 
75823 
00801 


54622 
26824 
93801 
64307 
16296 


73095 


sec 6 


1.00000 000 
1.00003 808 
1.00015 233 
1.00034 279 
1.00060 954 


1.00095 269 
1.00137 235 
1.00186 869 
1.00244 190 
1, 00309 220 


1.00381 984 
1.00462 509 
1.00550 828 
1.00646 973 
1.00750 983 


1.00862 896 
1.00982 757 
1.01110 613 
1.01246 513 
1.01390 510 


1.01542 661 
1.01703 027 
1, 01871 670 
1.02048 657 
1, 02234 059 


1.02427 951 
1.02630 411 
1.02841 519 
1.03061 363 
1.03290 031 


1.03527 618 
1.03774 221 
1.04029 944 
1, 04294 891 
1.04569 176 


1.04852 913 
1.05146 222 
1.05449 231 
1.05762 068 
1.06084 870 


1.06417 777 
1.06760 936 
1.07114 499 
1.07478 624 
1.07853 474 


1, 08239 220 
esc 8 


| 


esc @ 
oO 


114. 59301 
57. 29868 
38. 20155 
28. 65370 


22, 92558 
19, 10732 
16. 38040 
14, 33558 
12. 74549 


11. 47371 
10. 43343 
9. 56677 
8. 83367 
8. 20550 


7. 66129 
7.18529 
6. 76546 
6. 39245 
6. 05885 


5. 75877 
5. 48740 
5. 24084 
5.01585 
4. 80973 


4. 62022 
4. 44541 
4.28365 
4.13356 
3. 99392 


3. 86370 
3. 74197 
3. 62795 
3. 52093 
3. 42030 


3.32550 
3. 23606 
3.15154 
3. 07155 
2.99574 


2. 92380 
2. 85545 
2. 79042 
2. 72850 
2. 66946 


2, 61312 
sec @ 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS 
TO FIVE TENTHS OF A DEGREE 


0. 41421 
0. 42447 
0. 43481 
0. 44522 
0. 45572 


0. 46630 


tan @ 


35623 
48162 
23749 
86853 
62555 


76581 


0. 47697 55326 


0. 48773 
0. 49858 
0. 50952 


0. 52056 
0. 53170 
0. 54295 
0.55430 


0. 56577 


0.57735 
0. 58904 
0. 60086 
0. 61280 
0. 62486 


0. 63707 
0. 64940 
0. 66188 
0. 67450 
0. 68728 


0. 70020 
0. 71329 
0. 72654 
0. 73996 
0. 75355 


0. 76732 
0. 78128 
0. 79543 
0. 80978 
0. 82433 


0. 83909 
0. 85408 
0. 86928 
0. 88472 
0. 90040 


0. 91633 
0. 93251 
0. 94896 
0. 96568 
0. 98269 


1. 00000 


25885 
16080 
54494 


70505 
94316 
56996 
90514 
27781 


02691 
50164 
06190 
07881 
93519 


02608 
75931 
55611 
85168 
09586 


75382 
30678 
25280 
10750 
40501 


69879 
56265 
59166 
40331 
63858 


96311 
06854 
67378 
52645 
40442 


11740 
50861 
45667 
87748 
72631 


00000 
cot @ 


[| 


73095 
09604 
60933 
08536 
32584 


54998 
98160 
65861 
53431 
94429 


51746 
61479 
38437 
52769 
87770 


89626 
20551 
27560 
39932 
09327 


07493 
97510 
95691 
42426 
01613 


09710 
97005 
05361 
28487 
02794 


78960 
06717 
67828 
95007 
17495 


77280 
63466 
16226 
55944 
97840 


17423 
37661 
14880 
07074 
15690 


00000 


2.41421 
2. 35585 
2. 29984 
2. 24603 
2.19429 


2.14450 
2. 09654 
2. 05030 
2, 00568 
1. 96261 


1. 92098 
1, 88072 
1, 84177 
1. 80404 
1, 76749 


1. 73205 
1, 69766 
1. 66427 
1. 63185 
1, 60033 


1. 56968 
1. 53986 
1.51083 
1. 48256 
1. 45500 


1. 42814 
1, 40194 
1. 37638 
1. 35142 
1.32704 


1. 30322 
1.27994 
1.25717 
1.23489 
1.21309 


1.19175 
1.17084 
1.15036 
1.13029 
1.11061 


1, 09130 
1. 07236 
1, 05378 
1, 03553 
1. 01760 


1. 00000 


cot @ 


35623 
23658 
25472 
67739 
97311 


69205 
35990 
38415 
97082 
05055 


21269 
64653 
08860 
77552 
40162 


08075 
31193 
94823 
16871 
45290 


55771 
49638 
51936 
09685 
90286 


80067 
82944 
19204 
24379 
48216 


53728 
16321 
22989 
71565 
70040 


35925 
95661 
84072 
43863 
25148 


85010 
87100 
01252 
03137 
73929 


00000 
tan 6 


ioe 


73095 
23753 


36257 | 


04216 
65038 


09558 
88174 
79296 
59020 
05150 


71166 
46332 
33458 
71424 
42891 


68877 
26089 
50518 
28789 
41050 


17490 
14583 
14901 
12740 
72445 


42114 
76336 
71173 
45808 
20410 


41206 
93079 
18954 
35051 
92932 


94210 
12539 
21009 
61753 
29193 


69271 
24682 
80962 
90569 
72125 


00000 


sec 6 


1. 08239 
1, 08636 
1.09044 
1, 09463 
1, 09894 


1, 10337 
1, 10792 
1.11260 
1.11740 
1.12232 


1.12738 
1.13257 
1.13789 
1.14335 
1.14895 


1.15470 
1.16059 
1. 16663 
1.17282 
1.17917 


1, 18568 
1.19236 
1.19920 
1. 20621 
1.21340 


1.22077 
1, 22832 
1.23606 
1.24400 
1.25213 


1. 26047 
1.26901 
1.27777 
1.28675 
1.29596 


1, 30540 
1, 31508 
1. 32501 
1, 33519 
1. 34563 


1. 35634 
1, 36732 
1. 37859 
1. 39016 
1, 40203 


1.41421 
esc 6 


356 


(a 


esc @ 


2.61312 
2. 55930 
2.50784 
2. 45859 
2. 41142 


2. 36620 
2. 32282 
2.28117 
2, 24115 
2. 20268 


2.16568 
2.13005 
2.09573 
2. 06266 
2.03077 


2. 00000 
1.97029 
1.94160 
1. 91388 
1. 88707 


1. 86115 
1. 83607 
1. 81180 
1. 78829 
1.76551 


1. 74344 
1. 72205 
1, 70130 
1. 68117 
1, 66164 


1. 64267 
1. 62426 
1, 60638 
1.58901 
1.57213 


1, 55572 
1.53976 
1, 52425 
1, 50916 
1.49447 


1. 48018 
1. 46627 
1, 45273 
1. 43955 
1. 42671 


1.41421 
sec 6 


Table 4.11 
90°—¢@ 

593 67.5 
467 67.0 
285 66.5 
334 66. 0 
102 65.5 
158 65.0 
050 64.5 
203 64.0 
845 63.5 
926 63.0 
057 62.5 
447 62.0 
853 61.5 
534 61,0 
204 60.5 
000 60. 0 
441 59.5 
403 59.0 
086 58.5 
991 58.0 
900 57.5 
846 57.0 
103 56.5 
165 56.0 
728 55.5 
680 55.0 
082 54.5 
162 54.0 
299 53.5 
014 53.0 
963 52.5 
925 52.0 
793 51.5 
573 51.0 
369 50.5 
383 50.0 
904 49.5 
309 49.0 
050 48.5 
655 48. 0 
723 47.5 
919 47.0 
967 46.5 
654 46.0 
819 45.5 
356 45.0 

6 


ce 


199 


200 


Table 4.12 


R 
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Soo 
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e e e . e 
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oOoo°0o SOoeeo ecececoeoo 
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OoOoo°oe 
° e ° 


Qoo0eo eesesee 


Oo eoeoeeo 


0. 00000 
0, 01570 
0. 03141 
0. 04710 
0. 06279 


0. 07845 
0. 09410 
0. 10973 
0. 12533 
0. 14090 


0. 15643 
0.17192 
0. 18738 
0. 20278 
0. 21814 


0. 23344 
0. 24868 
0. 26387 
0. 27899 
0. 29404 


0, 30901 
0. 32391 
0. 33873 
0. 35347 
0. 36812 


0. 38268 
0. 39714 
0.41151 
0. 42577 
0. 43993 


0. 45399 
0. 46792 
0. 48175 
0. 49545 
0. 50904 


0. 52249 
0. 53582 
0. 54902 
0. 56208 
0. 57500 


0. 58778 
0. 60042 
0, 61290 
0. 62524 
0. 63742 


0. 64944 
0. 66131 
0. 67301 
0. 68454 
0. 69591 


0. 70710 


:, 7 
sim = 
5% 


00000 
73173 
07590 
64507 
05195 


90957 
83133 
43110 
32335 
12319 


44650 
91002 
13145 
72953 
32413 


53638 
98871 
30499 
11060 
03252 


69943 
74181 
79202 
48437 
45526 


34323 
78906 
43586 
92915 
91698 


04997 
98142 
36741 
86684 
14157 


85647 
67949 
28179 
33778 
52520 


52522 
02253 
70536 
26563 
39897 


80483 
18653 
25135 
71059 
27965 


67811 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


CIRCULAR FUNCTIONS FOR THE ARGUMENT 3 


00000 
11820 
78128 
09642 
29313 


27844 
18514 
91045 
64304 
37582 


40230 
79409 
85724 
56512 
96542 


55905 
64854 
65372 
39229 
32303 


74947 
98149 
45291 
79257 
84677 


65089 
34780 
05108 
65072 
55915 


39546 
60573 
01715 
32407 
50371 


15948 
78996 
98131 
52130 
43278 


92473 
25884 
52976 
35705 
48689 


30183 
23651 
09773 
28688 
92314 


86547 


cos 3% 


OP 


00000 
67575 
29384 
66090 
37607 


94503 
31847 
26802 
24537 
66116 


86901 
54661 
63054 
48344 
55202 


41177 
78824 
89696 
25185 
95777 


42410 
41440 
38122 
12472 
95915 


77173 
61375 
77405 
64886 
14083 


79156 
37723 
27498 
53805 
30028 


86499 
61827 
74352 
60010 
56590 


12917 
04976 
49336 
17290 
71017 


65572 
87657 
33872 
67373 
32549 


52440 


1.00000 
0. 99987 
0. 99950 
0. 99888 
0. 99802 


0. 99691 
0. 99556 
0. 99396 
0. 99211 
0. 99002 


0. 98768 
0. 98510 
0. 98228 
0.97922 
0.97591 


0. 97236 
0. 96858 
0. 96455 
0. 96029 
0. 95579 


0. 95105 
0. 94608 
0. 94088 
0.93544 
0.92977 


0. 92387 
0.91775 
0. 91140 
0. 90482 
0. 89802 


0. 89100 
0. 88376 
0. 87630 
0. 86863 
0. 86074 


0. 85264 
0. 84432 
0. 83580 
0. 82708 
0. 81814 


0. 80901 
0. 79968 
0. 79015 
0. 78043 
0. 77051 


0. 76040 
0. 75011 
0. 73963 
0. 72896 
0. 71812 


0. 70710 


Tr 

ge 
00000 00000 
66324 81660 
65603 65731 
98749 61969 
67284 28271 


73337 33127 
19646 03080 
09554 55179 
47013 14477 
36577 16557 


83405 95137 
93261 54773 
72507 28688 
28106 21765 
67619 38747 


99203 97676 
31611 28631 
74184 57798 
36856 76943 
30147 98330 


65162 95153 
53588 27545 
07689 54225 
40308 29867 
64858 88251 


95325 11286 
46256 83981 
32766 35445 
70524 66019 
75757 60615 


65241 88367 
56300 88693 
66800 43863 
15144 38191 
20270 03943 


01643 54092 
79255 02015 
73613 68270 
05742 74561 
97174 25023 


69943 74947 
46584 87090 
50123 75690 
04073 38329 
32427 75789 


59656 00030 
10696 30459 
10949 78609 
86274 21411 
62977 63188 


67811 86547 
sin = x 


[‘ 33) 
10 


cos 


00000 
59864 
55700 
97264 
56195 


97620 
01290 
68775 
83105 
56725 


72619 
91802 
68108 
78086 
39896 


60183 
11949 
09366 
07175 
12664 


57211 
31853 
47232 
32518 
40366 


75613 
14114 
24821 
52771 
63093 


86236 
42432 
58731 
24777 
63716 


22152 
07855 
25847 
82492 
43213 


42410 
53868 
36516 
73585 
23080 


93817 
54151 
69747 
52314 
83037 


52440 


0. 60000 
0.01570 
0. 03142 
0. 04715 
0. 06291 


0. 07870 
0.09452 
0. 11040 
0. 12632 
0. 14232 


0, 15838 
0.17452 
0.19076 
0. 20709 
0, 22352 


0. 24007 
0. 25675 
0.27356 
0. 29052 
0. 30764 


0. 32491 
0. 34237 
0. 36002 
0. 37786 
0. 39592 


0. 41421 
0. 43273 
0.45151 
0. 47056 
0. 48989 


0, 50952 
0. 52947 
0.54975 
0. 57038 
0.59139 


0. 61280 
0. 63461 
0. 65687 
0. 67959 
0. 70281 


0. 72654 
0. 75082 
0. 77567 
0. 80115 
0. 82727 


0. 85408 
0. 88161 
0. 90992 
0. 93906 
0. 96906 


1. 00000 


T 
tan 52 


00000 00000 
92553 23664 
62660 43351 
88028 77480 
46672 53649 


17068 24618 
78311 79282 
10278 15818 
93784 46108 
10757 02942 


44403 24536 
79388 94365 
02022 18566 
00444 27938 
64828 97149 


87590 80116 
63603 67726 
90430 82237 
68567 31916 
01696 59898 


96962 32906 
65257 28683 
21530 95756 
85117 75820 
80087 97721 


35623 73095 
86422 47425 
73130 86983 
42812 12251 
49450 22477 


54494 94428 
27451 82014 
46521 92770 
99296 73294 
83513 99471 


07881 39931 
92975 44148 
72224 01279 
92982 24526 
17712 40357 


25280 05360 
12380 38764 
95110 49613 
10705 58751 
19459 72475 


06854 63466 
85923 63189 
99881 77737 
25058 17492 
74171 93793 


00000 00000 
cot 52 


ae 


00000 
91632 
14782 
47448 
75722 


44806 
04901 
94497 
17478 
94229 


29384 
08461 
74856 
70402 
10184 


03926 
78332 
23655 
45432 
29067 


32615 
05965 
62634 
93670 
26049 


04880 
93197 
28945 
49308 
05270 


81051 
63252 
07429 
88698 
09817 


99664 
10071 
37691 
52184 
33761 


88589 
68575 
10378 
23382 
63403 


63752 
11465 
46579 
35255 
27618 


00000 


8 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 201 


CIRCULAR FUNCTIONS FOR THE ARGUMENT at Table 4.12 

7 v T 
cot 5% sec 5 2 CSC 5 x 1-z 
- 1.00000 00000 00000 00000 sa 1.00 


63. 65674 11628 71580 99500 1.00012 33827 39761 81169 63. 66459 53060 00564 58546 0.99 
31. 82051 59537 73958 03934 1.00049 36832 37144 42400 31.83622 52090 97622 95566 0.98 
21. 20494 87896 88751 52283 1.00111 13587 85243 76109 21.22851 50958 16816 17580 0.97 
15. 89454 48438 65303 44576 1.00197 71730 71142 10978 15.92597 11099 08654 59358 0.96 


12. 70620 47361 74704 64602 1.00309 21984 82825 50283 12.74549 48431 82374 28619 0.95 
10.57889 49934 05635 52417 1.00445 78193 57019 51480 10.62605 37962 83115 99865 0.94 
9.05788 66862 38928 19329 1.00607 57361 86291 90575 9.11292 00161 49841 72675 0.93 
7.91581 50883 05826 84427 1.00794 79708 09297 28943 7.97872 97555 59476 60149 0.92 
7.02636 62290 41380 19848 1.01007 68726 13784 19104 7.09717 00264 69225 38129 0.91 


6. 31375 15146 75043 09898 1.01246 51257 88002 93136 6.39245 32214 99661 54704 0.90 
5.72974 16467 24314 86192 1.01511 57576 62501 87437 5.81635 10329 24944 03199 0.89 
5.24218 35811 13176 73758 1.01803 21481 91042 38259 5.33671 14122 92458 78659 0.88 
4. 82881 73521 92759 97818 1.02121 80406 26567 47910 4.93127 53949 49859 96253 0.87 
4.47374 28292 11554 62415 1.02467 75534 55900 33566 4.58414 38570 27373 56913 0.86 


4.16529 97700 90417 20387 1.02841 51936 65208 54585 4,28365 75697 31185 03924 0.85 
3. 89474 28549 29859 33474 1.03243 58714 17339 88710 4,02107 22333 75967 50952 0.84 
3.65538 43546 52259 73004 1.03674 49162 32016 53065 3.78970 11465 59780 81919 0.83 
3.44202 25766 69218 62809 1.04134 80947 70681 14007 3.58434 36523 72161 57038 0.82 
3.25055 08012 99836 37634 1.04625 16303 39647 78848 3.40089 40753 61802 31848 0,81 


3.07768 35371 75253 40257 1.05146 22242 38267 21205 3.23606 79774 99789 69641 0.80 
2.92076 09892 98816 40048 1.05698 70790 93232 61183 3.08720 66268 08416 38088 0.79 
2.77760 68539 14974 88865 1.06283 39243 36113 96396 2.95213 47928 09339 97327 0.78 
2.64642 32102 86631 86514 1.06901 10439 98926 01199 2.82905 56388 91501 64260 0.77 
2.52571 16894 47304 99451 1.07552 73070 22247 78234 2.71647 18916 65871 74307 0.76 


2.41421 35623 73095 04880 1.08239 22002 92393 96880 2.61312 59297 52753 05571 0.75 
2.31086 36538 82410 63708 1.08961 58646 48705 30888 2.51795 36983 10349 34110 0.74 
2.21475 44978 13361 51875 1.09720 91341 29537 26252 2.43004 88648 55296 52041 0.73 
2.12510 81731 57202 76115 1.10518 35787 56399 59380 2.34863 46560 54351 86300 0.72 
2.04125 39671 21703 26026 1.11355 15511 90413 37268 2.27304 15214 61957 72361 0.71 


1.96261 05055 05150 58230 1.12232 62376 34360 80715 2.20268 92645 85266 62156 0.70 
1. 88867 13416 31067 67620 1.13152 17133 97749 42882 2.13707 26325 27611 85837 0.69 
1, 81899 32472 81066 27571 1.14115 30035 92241 17245 2.07574 96076 48793 05903 0.68 
1.75318 66324 72237 08332 1.15123 61494 81376 51287 2,01833 18280 89559 43676 0.67 
1.69090 76557 85011 24674 1.16178 82810 72765 98515 1.96447 66988 67248 48330 0.66 


1, 63185 16871 28789 61767 1.17282 76966 14008 94955 1.91388 08554 30942 72280 0.65 
1.57574 78599 68651 08688 1.18437 39497 36918 17500 1.86627 47167 00567 54120 0.64 
1,52235 45068 96131 24085 1.19644 79450 89806 17366 1.82141 79214 74081 38479 0.63 
1.47145 53158 19969 04283 1.20907 20434 06541 15436 1.77909 54854 79867 33350 0.62 
1.42285 60774 31870 59031 1.22227 01770 86068 14117 1.73911 45497 30640 74960 0,61 


1, 37638 19204 71173 53820 1.23606 79774 99789 69641 1.70130 16167 04079 86436 0.60 
1.33187 49515 02597 59439 1.25049 29154 09784 85573 1.66550 01910 65749 08074 0.59 
1.28919 22317 85066 67042 1.26557 44560 72090 15648 1.63156 87575 13749 73007 0.58 
1.24820 40363 53049 43751 1.28134 42308 20677 31999 1.59937 90408 68062 88301 0.57 
1.20879 23504 09609 13115 1.29783 62271 84727 12712 1.56881 45035 05365 75750 0.56 


1.17084 95661 12539 22520 1.31508 69998 90784 80424 1.53976 90432 22366 30748 0.55 
1.13427 73492 55405 46422 1.33313 59054 50172 40410 1.51214 58610 31226 40092 0.54 
1.09898 56505 36301 56382 1.35202 53634 40027 12805 1.48585 64735 81717 76608 0.53 
1.06489 18403 24791 86700 1.37180 11480 64918 28453 1.46081 98491 22513 12750 0.52 
1.03191 99492 80495 57182 1.39251 27141 49012 49662 1.43696 16493 57094 20394 0.51 


1.00000 00000 00000 00000 1.41421 35623 73095 04880 1.41421 35623 73095 04880 0.50 
tan52 ese 52 sec 52 x 


te 


202 
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Table 4.13 
. 2er 
r sin —— cos 
s=3 
1 0. 86602 54038 -0.50000 
2 
3=6 
1 0. 86602 54038 +0.50000 
2 0, 86602 54038 0.50000 
3 :0,00000 00000 -1. 00000 
4 
s=9 
1 0.64278 76097 0. 76604 
2 0.98480 77530 +0,.17364 
3 0. 86602 54038 -0.50000 
4 0. 34202 01433 -0, 93969 
5 
s=12 
1 0.50000 00000 0, 86602 
2 0. 86602 54038 0.50000 
3 1.00000 00000 +0. 00000 
4 0. 86602 54038 -0.50000 
5 0.50000 00000 -0. 86602 
6 0.00000 00000 -1, 00000 
7 
s=15 
1 0. 40673 66431 0. 91354 
2 0. 74314 48255 0. 66913 
3 0.95105 65163 +0.30901 
4 0.99452 18954 -0,10452 
5 0. 86602 54038 -0.50000 
6 0.58778 52523 -0, 80901 
7 0.20791 16908 -0.97814 
8 
s=18 
1 0. 34202 01433 0. 93969 
2 0. 64278 76097 0. 76604 
3 0. 86602 54038 0.50000 
4 0.98480 77530 +0.17364 
5 0.98480 77530 -0.17364 
6 0. 86602 54038 -0.50000 
7 0.64278 76097 -0, 76604 
8 0. 34202 01433 -0. 93969 
9 0.00000 00000 -1.00000 
10 
s=21 
1 0.29475 51744 0.95557 
2 0.56332 00580 0.82623 
3 0. 78183 14825 0.62348 
4 0. 93087 37486 0, 36534 
5 0.99720 37972 +0,07473 
6 0.97492 79122 ~0. 22252 
7 0, 86602 54038 -0,50000 
8 0.68017 27378 -0. 73305 
9 0. 43388 37391 -0.90096 
10 0.14904 22662 -0.98883 
ll 
a s=24 
1 0.25881 90451 0.96592 
2 0.50000 00000 0, 86602 
3 0.70710 67812 0.70710 
4 0, 86602 54038 0.50000 
5 0.96592 58263 0.25881 
6 1.00000 00000 +0, 00000 
7 0.96592 58263 -0, 25881 
8 0. 86602 54038 -0.50000 
9 0. 70710 67812 -0. 70710 
10 0.50000 00000 -0, 86602 
ll 0.25881 90451 -0. 96592 
12 0.00000 00000 -1. 00000 


er 
“3” 


00000 


00000 
00000 
00000 


44431 
81777 
00000 
26208 


54038 
00000 
00000 
00000 
54038 
00000 


54576 
06064 
69944 
84633 
00000 
69944 
76007 


26208 
44431] 
00000 
81777 
81777 
00000 
44431 
26208 
00000 


28058 
87743 
98019 
10244 
00936 
09340 
00000 
18718 
88679 
08262 


58263 
54038 
67812 
00000 
90451 
00000 
90451 
00000 
67812 
54038 
58263 
00000 


HARMONIC ANALYSIS 


. Qer 2Qer 
sin — cos — 
$ 8 
s=4 
1.00000 00000 +0.00000 00000 
0.00000 00000 -1. 00000 00000 
s=7 
0.78183 14824 +0,62348 98019 
0.97492 79122 -0,22252 09340 
0. 43388 37391 -0.90096 88679 
s=10 ~ 
0.58778 52523 0.80901 69944 
0.95105 65163 +0.30901 69944 
0.95105 65163 -0. 30901 69944 
0.58778 52523 -0. 80901 69944 
0.00000 00000 -1.00000 00000 
s=13 
0.46472 31720 0.88545 60257 
0.82298 38659 0.56806 47468 
0.99270 88741 +0,12053 66803 
0.93501 62427 -0, 35460 48871 
0.66312 26582 -0. 74851 07482 
0.23931 56643 -0.97094 18174 
s=16 
0.38268 34324 0.92387 95325 
0.70710 67812 0.70710 67812 
0.92387 95325 0, 38268 34324 
1.00000 00000 +0,00000 00000 
0.92387 95325 -0.38268 34324 
0.70710 67812 -0.70710 67812 
0. 38268 34324 -0.92387 95325 
0.00000 00000 -1.00000 00000 
s=19 
0. 32469 94692 0.94581 72417 
0.61421 27127 0. 78914 05094 
0.83716 64782 0.54694 81581 
0.96940 02659 +0.24548 54872 
0.99658 44930 -0,08257 93455 
0.91577 33266 -0.40169 54247 
0.73572 39107 -0.67728 15716 
0.47594 73930 -0.87947 37512 
0.16459 45903 -0,98636 13034 
s=22 
0.28173 25568 0.95949 29736 
0.54064 08174 0.84125 35328 
0.75574 95743 0.65486 07340 
0.90963 19953 0.41541 50130 
0.98982 14419 +0.14231 48383 
0.98982 14419 -0.14231 48383 
0.90963 19953 -0.41541 50130 
0.75574 95743 ~-0.65486 07340 
0.54064 08174 -0, 84125 35328 
0.28173 25568 ~-0,95949 29736 
0.00000 00000 -1,00000 00000 
s=25 
0.24868 98872 0.96858 31611 
0.48175 36741 0.87630 66801 
0, 68454 71059 0, 72896 86274 
0. 84432 79255 0.53582 67950 
0.95105 65163 0.30901 69944 
0.99802 67284 +0.06279 05196 
0.98228 72507 -0.18738 13146 
0.90482 70525 -0. 42577 92916 
0.77051 32428 -0.63742 39898 
0.58778 52523 -0.80901 69944 
0. 36812 45527 -0.92977 64859 
0.12533 32336 -0.99211 47013 


sin 


0.95105 
0. 58778 


0. 70710 
1. 00000 
0. 70710 
0. 00000 


0.54064 
0. 90963 
0. 98982 
0.75574 
0. 28173 


0. 43388 
0. 78183 
0.97492 
0.97492 
0. 78183 
0. 43388 
0. 00000 


0. 36124 
0. 67369 
0, 89516 
0.99573 
0. 96182 
0. 79801 
0, 52643 
0.18374 


0. 30901 
0. 58778 
0. 80901 
0.95105 
1. 00000 
0. 95105 
0. 80901 
0. 58778 
0. 30901 
0. 00000 


0. 26979 
0.51958 
0. 73083 
0, 88788 
0. 97908 
0. 99766 
0. 94226 
0. 81696 
0. 63108 
0. 39840 
0. 13616 


Qer 
A cos 
s=5 
65163 +0. 30901 
52523 -0,80901 
s=8 
67812 0.70710 
00000 +0, 00000 
67812 -0. 70710 
00000 -1.00000 
s=11 
08174 0.84125 
19953 +0, 41541 
14419 -0, 14231 
95743 -0, 65486 
25568 -0.95949 
s=14 
37391 0.90096 
14825 = 0, 62348 
79122 +=+0,22252 
79122) =-0, 22252 
14825 -0. 62348 
37391 -0. 90096 
00000 -1. 00000 
s=17 
16662 0. 93247 
56436 0. 73900 
32913 0, 44573 
41763 +0,09226 
56432 -0,27366 
72273 «=-0. 60263 
21629 =~0. 85021 
95178 -0. 98297 
s=20 
69944 0.95105 
52523 0.80901 
69944 ~=©0. 58778 
65163 0. 30901 
00000 +0,00000 
65163 -0. 30901 
69944 -0,58778 
52523 -0. 80901 
69944 -0.95105 
00000 -1, 00000 
s=23 
67711 0.96291 
39500 0.85441 
59643 = 0, 68255 
52184 0.46006 
40877 +0. 20345 
87692 -0, 06824 
09221 -0, 33487 
98930 -0.57668 
79443 -0. 77571 
10898 ~0,91721 
66491 ~0. 99068 


Qer 


69944 
69944 


67812 
00000 
67812 
00000 


35328 
50130 
48383 
07340 
29736 


88679 
98019 
09340 
09340 
98019 
88679 
00000 


22294 
89172 
83558 
83595 
29901 
46364 
71357 
30997 


65163 
69944 
52523 
69944 
00000 
69944 
52523 
69944 
65163 
00000 


72874 
94046 
31432 
50378 
60131 
24134 
96122 
03221 
12907 
13015 
59460 
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14 


x aresin « arctan x £ aresin x arctan x 
0.000 0.00000 00000 00 0.00000 00000 00 0.050 0.05002 08568 06 0.04995 83957 22 
0.001 0.00100 00001 67 0.00099 99996 67 0.051 0.05102 21344 17 0.05095 58518 77 
0.002 0.00200 00013 33 0.00199 99973 33 0.052 0.05202 34632 28 0.05195 32065 61 
0.003 0.00300 00045 00 0.00299 99910 00 0.053 0.05302 48442 51 0.05295 04578 05 
0.004 0.00400 00106 67 0.00399 99786 67 0.054 0.05402 62784 97 0.05394 76036 42 


0.005 0.00500 00208 34 0.00499 99583 34 0.055 0.05502 77669 81 0.05494 46421 07 
0.006 0.00600 00360 01 0.00599 99280 02 0.056 0.05602 93107 15 0.05594 15712 34 
0.007 0.00700 00571 68 0.00699 98856 70 0.057 0.05703 09107 14 0.05693 83890 60 
0.008 0.00800 00853 36 0.00799 98293 40 0.058 0.05803 25679 92 0.05793 50936 23 
0.009 0.00900 01215 04 0.00899 97570 12 0.059 0,05903 42835 64 0.05893 16829 64 


0.010 0.01000 01666 74 0.00999 96666 87 0.060 0.06003 60584 45 0.05992 81551 21 
0.011 0.01100 02218 45 0.01099 95563 66 0.061 0.06103 78936 52 0.06092 45081 38 
0.012 0.01200 02880 19 0.01199 94240 50 0.062 0.06203 97902 01 0.06192 07400 58 
0.013 0.01300 03661 95 0.01299 92677 41 0.063 0.06304 17491 09 0.06291 68489 26 
0.014 0.01400 04573 74 0.01399 90854 41 0.064 0.06404 37713 94 0.06391 28327 89 


0.015 0.01500 05625 57 0.01499 88751 52 0.065 0.06504 58580 75 0.06490 86896 93 
0.016 0.01600 06827 45 0.01599 86348 76 0.066 0.06604 80101 69 0.06590 44176 90 
0.017 0,01700 08189 40 0.01699 83626 17 0.067 0.06705 02286 97 0.06690 00148 29 
0.018 0.01800 09721 42 0.01799 80563 78 0.068 0.06805 25146 79 0.06789 54791 63 
0.019 0.01900 11433 52 0.01899 77141 62 0.069 0.06905 48691 36 0.06889 08087 46 


0.020 0.02000 13335 73 0.01999 73339 73 0.070 0.07005 72930 88 0.06988 60016 35 
0.021 0.02100 15438 06 0.02099 69138 17 0.071 0.07105 97875 58 0,07088 10558 85 
0.022 0.02200 17750 53 0,02199 64516 97 0.072 0.07206 23535 68 0.07187 59695 56 
0.023 0.02300 20283 16 0.02299 59456 20 0.073 0.07306 49921 42 0.07287 07407 09 
0.024 0.02400 23045 97 0.02399 53935 92 0.074 0.07406 77043 03 0.07386 53674 06 


0.025 0.02500 26048 99 0.02499 47936 19 0.075 0.07507 04910 77 0.07485 98477 11 
0.026 0,02600 29302 25 0.02599 41437 08 0.076 0.07607 33534 87 0.07585 41796 89 
0.027 0.02700 32815 77 0.02699 34418 68 0.077 0.07707 62925 62 0.07684 83614 08 
0.028 0,02800 36599 58 0.02799 26861 07 0.078 0.07807 93093 26 0.07784 23909 37 
0.029 0.02900 40663 72 0.02899 18744 33 0.079 0.07908 24048 07 0.07883 62663 48 


0.030 0.03000 45018 23 0.02999 10048 57 0.080 0.08008 55800 34 0.07982 99857 12 
0.031 0.03100 49673 15 0.03099 00753 89 0.081 0.08108 88360 35 0.08082 35471 05 
0.032 0.03200 54638 51 0.03198 90840 39 0.082 0.08209 21738 40 0.08181 69486 04 
0.033 0.03300 59924 37 0,03298 80288 21 0.083 0.08309 55944 79 0.08281 01882 86 
0.034 0.03400 65540 77 0.03398 69077 46 0.084 0.08409 90989 83 0.08380 32642 31 


0.035 0.03500 71497 75 0.03498 57188 29 0.085 0.08510 26883 84 0.08479 61745 23 
0.036 0.03600 77805 38 0.03598 44600 82 0.086 0.08610 63637 15 0.08578 89172 45 
0.037 0.03700 84473 72 0.03698 31295 22 0.087 0.08711 01260 09 0.08678 14904 84 
0.038 0.03800 91512 81 0.03798 17251 64 0.088 0.08811 39763 00 0.08777 38923 27 
0.039 0.03900 98932 73 0.03898 02450 25 0.089 0.08911 79156 23 0.08876 61208 65 


0.040 0.04001 06743 54 0.03997 86871 23 0.090 0.09012 19450 15 0,08975 81741 90 
0.041 0,04101 14955 31 0.04097 70494 77 0.091 0.09112 60655 11 0.09075 00503 96 
0.042 0.04201 23578 12 0.04197 53301 05 0.092 0.09213 02781 49 0.09174 17475 79 
0.043 0.04301 32622 04 0.04297 35270 30 0.093 0.09313 45839 68 0.09273 32638 38 
0.044 0.04401 42097 16 0.04397 16382 71 0.094 0.09413 89840 07 0.09372 45972 74 


0.045 0.04501 52013 56 0.04496 96618 52 0.095 0.09514 34793 06 0.09471 57459 88 
0.046 0.04601 62381 33 0.04596 75957 97 0.096 0.09614 80709 05 0.09570 67080 87 
0.047 0.04701 73210 57 0.04696 54381 30 0.097 0.09715 27598 48 0,09669 74816 76 
0.048 0.04801 84511 37 0.04796 31868 77 0.098 0,09815 75471 75 0.09768 80648 65 
0.049 0.04901 96293 83 0.04896 08400 65 0.099 0.09916 24339 32 0.09867 84557 66 


0.050 0.05002 08568 06 0.04995 83957 22 0.100 0.10016 74211 62 0.09966 86524 91 


(-9)6 (-8)1 -8)1 (—8)2 
wal va a" wal 
For use and extension of the table see Examples 21-25. For other inverse functions see 4.4 and 
4.3.45. 57 1.57079 68267 95 


Compilation of arcsin 2 from National Bureau of Standards, Table of arcsin z. Columbia Univ. 
Press, New York, N.Y., 1945 (with permission). 
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Table 4.14 
x arcsin x 

0.100 0.10016 74211 
0.101 0.10317 25099 
0.102 0.10217 77012 
0.103 0.10318 29961 
0.104 0.10418 83957 
0.105 0.10519 39010 
0.106 0.10619 95131 
0.107 0.10720 52329 
0.108 0.10821 10617 
0.109 0.10921 70003 
0.110 0.11022 30499 
0.111 0.11122 92116 
0.112 0.11223 54863 
0.113 0.11324 18752 
0.114 0.11424 83793 
0.115 0.11525 49996 
0.116 0.11626 17373 
0.117 0.11726 85933 
0.118 0.11827 55688 
0.119 0.11928 26648 
0.120 0.12028 98823 
0.121 0.12129 72225 
0.122 0.12230 46865 
0.123 0.12331 22751 
0.124 0.12431 99897 
0.125 0.12532 78311 
0.126 0.12633 58006 
0.127 0.12734 38990 
0.128 0.12835 21277 
0.129 0.12936 04875 
0.130 0.13036 89797 
0.131 0.13137 76052 
0.132 0.13238 63651 
0.133 0.13339 52606 
0.134 0.13440 42926 
0.135 0.13541 34624 
0.136 0.13642 27710 
0.137 0.13743 22194 
0.138 0.13844 18087 
0.139 0.13945 15401 
0.140 0.14046 14147 
0.141 0.14147 14334 
0.142 0.14248 15975 
0.143 0.14349 19079 
0.144 0.14450 23659 
0.145 0.14551 29725 
0.146 0.14652 37287 
0.147 0.14753 46358 
0.148 0.14854 56947 
0.149 0.14955 69067 
0.150 0.15056 82727 77 


ca 


arctan x 


0. 09966 
0.10065 
0. 10164 
0. 10263 
0. 10362 


0. 10461 
0. 10560 
0.10659 
0.10758 
0. 10857 


0.10955 
0.11054 
0.11153 
0.11252 
0.11350 


0.11449 
0.11548 
0.11647 
0.11745 
0.11844 


0.11942 
0.12041 
0.12140 
0. 12238 
0. 12337 


0.12435 
0. 12533 
0. 12632 
0. 12730 
0. 12829 


0.12927 
0. 13025 
0.13124 
0.13222 
0. 13320 


0.13418 
0.13517 
0.13615 
0.13713 
0.13811 


0. 13909 
0. 14007 
0.14105 
0. 14203 
0.14301 


0. 14399 
0. 14497 
0. 14595 
0. 14693 
0.14791 


0. 14888 


86524 
86531 
84558 
80587 
74599 


66576 
56498 
44346 
30103 
13750 


95267 
74637 
51840 
26859 
99674 


70267 
38620 
04714 
68531 
30052 


89260 
46135 
00659 
52814 
02582 


49945 
94884 
37381 
77418 
14977 


50040 
82588 
12605 
40070 
64968 


87279 
06986 
24071 
38516 
50303 


59414 
65832 
69539 
70518 
68749 


64217 
56902 
46789 
33858 
18093 


99476 0 


ia 


91 
58 
83 
89 
97 


= 
2 


z aresin 2 


0.150 0.15056 
0.151 0.15157 
0.152 0.15259 
0.153 0.15360 
0.154 0,15461 


0.155 0.15562 
0.156 0,15663 
0.157 0.15765 
0.158 0.15866 
0.159 0.15967 


0.160 0.16069 
0.161 0.16170 
0.162 0.16271 
0.163 0.16373 
0.164 0.16474 


0.165 0.16575 
0.166 0.16677 
0.167 0.16778 
0.168 0.16880 
0.169 0.16981 


0.170 0.17082 
0.171 0.17184 
0.172 0.17285 
0.173 =0.17387 
0.174 0.17489 


0.175 0.17590 
0.176 0.17692 
0.177 0.17793 
0.178 0.17895 
0.179 0.17996 


0.180 0.18098 
0.181 0, 18200 
0.182 0.18302 
0.183 0.18403 
0.184 0,18505 


0.185  0,18607 
0.186 0.18708 
0.187 0.18810 
0.188 0,18912 
0.189 0.19014 


0.190 0.19116 
0.191 0.19218 
0.192 0.19319 
0.193 0.19421 
0.194 0,19523 


6.195 0.19625 
0.196 0.19727 
0.197 0.19829 
0.198 0.19931 
0.199 0, 20033 


0.200 0.20135 


82727 
97940 
14716 
33066 
53001 


74533 
97672 
22431 
48819 
76848 


06529 
37874 
70893 
05599 
42001 


80113 
19943 
61505 
04810 
49868 


96691 
45290 
95678 
47864 
01862 


57681 
15334 
74832 
36187 
99410 


64512 
31505 
00402 
71212 
43949 


18623 
95246 
73830 
54387 
36928 


21465 
08009 
96574 
87169 
79808 


74501 
71261 
70100 
71030 
74061 


79207 


90 


eur 


1.57079 63267 95 


arctan x 


0.14888 99476 
0.14986 77989 
0.15084 53616 
0.15182 26338 
0.15279 96139 


0.15377 63001 
0.15475 26906 
0.15572 87838 
0.15670 45780 
0.15768 00713 


0.15865 52621 
0.15963 01487 
0.16060 47294 
0.16157 90024 
0.16255 29661 


0.16352 66188 
0.16449 99587 
0.16547 29841 
0.16644 56935 
0.16741 80850 


0.16839 01571 
0. 16936 19080 
0.17033 33360 
0.17130 44396 
0.17227 52169 


0.17324 56664 
0.17421 57864 
0.17518 55752 
0.17615 50312 
0.17712 41528 


0.17809 29382 
0.17906 13858 
0.18002 94941 
0.18099 72613 
0.18196 46859 


0.18293 17662 
0.18389 85005 
0.18486 48874 
0.18583 09250 
0.18679 66119 


0.18776 19465 
0.18872 69270 
0.18969 15520 
0.19065 58198 
0.19161 97288 


0.19258 32774 
0.19354 64641 
0.19450 92873 
0.19547 17453 
0.19643 38367 


0.19739 55598 


ia 


arcsin 


0. 20135 
0. 20237 
0. 20339 
0. 20442 
0. 20544 


0. 20646 
0. 20748 
0. 20850 
0. 20952 
0.21055 


0.21157 
0.21259 
0. 21362 
0. 21464 
0. 21566 


0. 21669 
0.21771 
0, 21874 
0. 21976 
0. 22078 


0. 22181 
0. 22283 
0. 22386 
0. 22489 
0. 22591 


0. 22694 
0. 22796 
0. 22899 
0. 23002 
0. 23105 


0. 23207 
0. 23310 
0. 23413 
0. 23516 
0. 23618 


0. 23721 
0. 23824 
0. 23927 
0. 24030 
0. 24133 


0. 24236 
0. 24339 
0. 24442 
0. 24545 
0. 24648 


0. 24751 
0. 24855 
0. 24958 
0. 25061 
0. 25164 


0. 25268 


79207 
86480 
95890 
07451 
21175 


37072 
55156 
75438 
97931 
22647 


49597 
78794 
10251 
43979 
79990 


18298 
58914 
01850 
47119 
94733 


44704 
97046 
51770 
08889 
68415 


30361 
94740 
61563 
30844 
02595 


76828 
53557 
32794 
14552 
98843 


85680 
75077 
67045 
61598 
58749 


58510 
60894 
65915 
73585 
83917 


96925 
12621 
31018 
52130 
75970 


02551 


ips 
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arctan x 


0.19739 
0.19835 
0.19931 
0. 20027 
0. 20123 


0. 20219 
0. 20315 
0. 2041) 
0. 20507 
0. 20603 


0. 20699 
0. 20794 
0. 20890 
0. 20986 
0. 21082 


0. 21177 
0. 21273 
0. 21368 
0. 21464 
0. 21559 


0.21655 
0. 21750 
0. 21845 
0. 21941 
0, 22036 


0. 22131 
0. 22226 
0, 22321 
0. 22416 
0. 22511 


0. 22606 
0. 22701 
0. 22796 
0. 22891 
0. 22986 


0. 23081 
0.23175 
0. 23270 
0. 23365 
0, 23459 


0. 23554 
0. 23649 
0. 23743 
0. 23837 
0. 23932 


0. 24026 
0. 24121 
0. 24215 
0. 24309 
0. 24403 


0. 24497 


55598 
69131 
78950 
85040 
87384 


85968 
80777 
71793 
59003 
42391 


21942 
97639 
69469 
37416 
01465 


61600 
17806 
70070 
18375 
62706 


03049 
39389 
71712 
00001 
24243 


44423 
60526 
72538 
80444 
84229 


83879 
79380 
70718 
57877 
40844 


19604 
94143 
64447 
30501 
92293 


49807 
03029 
51947 
96545 
36809 


72727 
04284 
31467 
54261 
72654 


86631 


Pe 


| 


x aresin x 


0.250 0,25268 
0.251 0.25371 
0.252 0.25474 
0.253 0.25577 
0.254 0.25681 


0.255 0.25784 
0.256 0.25888 
0.257 0.25991 
0.258 0.26095 
0.259 0.26198 


0.260 0.26302 
0.261 0.26405 
0.262 0.26509 
0.263 0.26613 
0.264 0.26716 


0.265 0.26820 
0.266 0, 26924 
0.267 0.27027 
0.268 0.27131 
0.269 0.27235 


0.270 0.27339 
Q.271 0.27443 
0.272 0.27547 
0.273 0,27651 
0.274 0.27754 


0.275 0.27858 
0.276 0.27962 
0.277 0, 28067 
0.278 0.28171 
0.279 0.28275 


0.280 0.28379 
0.281 0.28483 
0.282 0.28587 
0.283 0.28692 
0.284 0.28796 


0.285 0.28900 
0.286 0.29004 
0.287 0.29109 
0.288 0.29213 
0.289 0,29318 


0.290 0.29422 
0.291 0.29527 
0.292 0.29631 
0.293 0.29736 
0.294 0.29840 


0.295 0.29945 
0.296 0.30050 
0.297 0.30154 
0.298 0.30259 
0.299 0.30364 


0.300 0.30469 


02551 
31886 
63988 
98871 
36548 


77032 
20336 
66475 
15461 
67307 


22029 
79638 
40148 
03573 
69927 


39223 
11474 
86696 
64900 
46102 


30314 
17551 
07827 
01155 
97549 


97023 
99592 
05269 
14069 
26005 


41092 
59343 
80773 
05397 
33228 


64281 
98570 
36110 
76915 
20999 


68377 
19064 
73073 
30420 
91120 


55186 
22634 
93479 
67735 
45417 


26540 


ia 
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ar 


0. 24497 
0. 24591 
0. 24686 
0. 24780 
0. 24873 


0. 24967 
0. 25061 
0. 25155 
0. 25249 
0. 25343 


0. 25436 
0. 25530 
0. 25624 
0. 25717 
0. 25811 


0. 25904 
0. 25997 
0. 26091 
0. 26184 
0. 26277 


0. 26371 
0. 26464 
0. 26557 
0. 26650 
0. 26743 


0. 26836 
0. 26929 
0. 27022 
0.27115 
0. 27208 


0. 27300 
0. 27393 
0. 27486 
0. 27578 
0.27671 


0. 27763 
0. 27856 
0. 27948 
0. 28041 
0. 28133 


0, 28225 
0. 28317 
0. 28410 
0. 28502 
0. 28594 


0. 28686 
0. 28778 
0. 28870 
0. 28962 
0. 29053 


0. 29145 


(‘ 


Table 4.14 


ctan x 


86631 
96179 
01284 
01933 
98113 


89810 
77010 
59702 
37870 
11502 


80585 
45106 
05051 
60408 
11163 


57304 
98818 
35692 
67913 
95468 


18344 
36530 
50011 
58777 
62813 


62109 
56650 
46425 
31422 
11628 


87030 
57618 
23377 
84298 
40366 


91571 
37900 
79341 
15882 
47512 


74219 
95991 
12816 
24683 
31580 


33495 
30417 
22334 
09235 
91109 


67944 
—8)6 
4 


205 


206 


Table 4.14 


x aresin x 


0.300 0.30469 
0.301 0.30574 
0.302 0.30678 
0.303 0.30783 
0.304 0.30888 


0.305 0.30993 
0.306 0.31098 
0.307 0, 31203 
0.308 0.31309 
0.309 0.31414 


0.310 0.31519 
0.311 0.31624 
0.312 0.31729 
0.313 0.31835 
0.314 0.31940 


0.315 0.32045 
0.316 0.32151 
0.317 0.32256 
0.318  0,32361 
0.319 0, 32467 


0.320 0.32572 
0.321 0.32678 
0.322 0.32784 
0.323 0.32889 
0.324 0.32995 


0.325 0.33101 
0.326 0.33206 
0.327 0, 33312 
0.328  0,33418 
0.329 0.33524 


0.330 0.33630 
0.331 0.33736 
0.332 0.33842 
0.333 0.33948 
0.334 0.34054 


0.335 0.34160 
0.336  0,34266 
0.337 0.34372 
0.338 0.34479 
0.339 «0.34585 


0.340 0.34691 
0.341 0.34798 
0.342 0.34904 
0.343 0.35010 
0.344 0.35117 


0.345 0.35223 
0.346 0.35330 
0.347 0.35437 
0.348 0.35543 
0.349 0.35650 


0.350 0.35757 


26540 
11118 
99168 
90704 
85740 


84292 
86376 
92005 
01196 
13964 


30324 
50291 
73881 
01108 
31990 


66540 
04775 
46710 
92361 
41743 


94872 
51765 
12436 
76902 
45178 


17280 
93225 
73029 
56707 
44276 


35751 
31150 
30487 
33781 
41047 


52301 
67559 
86840 
10158 
37531 


68975 
04507 
44144 
87902 
35798 


87850 
44075 
04488 
69108 
37952 


11036 


eu 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arctan x 


0.29145 
0, 29237 
0. 29329 
0. 29420 
0. 29512 


0. 29603 
0. 29695 
0. 29786 
0. 29877 
0. 29969 


0. 30060 
0. 30151 
0. 30242 
0. 30334 
0. 30425 


0. 30516 
0. 30607 
0. 30697 
0. 30788 
0, 30879 


0. 30970 
0. 31060 
0.31151 
0, 31242 
0, 31332 


0. 31423 
0. 31513 
0. 31603 
0. 31694 
0. 31784 


0. 31874 
0. 31964 
0. 32055 
0. 32145 
0. 32235 


0. 32324 
0. 32414 
0. 32504 
0. 32594 
0. 32684 


0. 32773 
0, 32863 
0. 32953 
0. 33042 
0. 33131 


0. 33221 
0. 33310 
0. 33399 
0. 33489 
0. 33578 


0. 33667 


67944 
39729 
06453 
68104 
24672 


76144 
22511 
63761 
99883 
30866 


56700 
77373 
92875 
03195 
08322 


08246 
02955 
92441 
76691 
55696 


29445 
97928 
61134 
19053 
71675 


18990 
60988 
97658 
28991 
54976 


75604 
90864 
00747 
05244 
04343 


98036 
86313 
69164 
46580 
18551 


85067 
46120 
01700 
51797 
96403 


35507 
69101 
97176 
19722 
36731 


48193 


ry 


aresin © 


78 0.350 0.35757 11036 


0. 35863 88378 


47 0.352 0.35970 69995 
62 0.353 0.36077 55905 
09 0.354 0.36184 46125 


75 0.355 0.36291 40672 
55 0.356 0.36398 39564 
46 0.357 0.36505 42819 
52 0.358 0.36612 50454 
80 0.359 0.36719 62486 


42 0.360 0.36826 78934 
55 0.361 0.36933 99815 
41 0.362 0.37041 25147 
25 0.363 0.37148 54949 
38 0.364 0.37255 89237 


16 0.365 0.37363 28030 
99 0.366 0.37470 71347 
31 0.367 0.37578 19204 
62 0.368 0.37685 71621 
46 0.369 0.37793 28616 


42 0.370 0.37900 90206 
14 0.371 0.38008 56411 
29 0.372 0.38116 27249 
60 0.373 0.38224 02738 
84 0.374 0.38331 82897 


84 0.375 0.38439 67744 
47 0.376 0.38547 57299 
63 0.377 = 0.38655 51579 
30 0.378 0.38763 50604 
47 0.379 0, 38871 54393 


21 0.380 0.38979 62964 
60 0.381 0.39087 76337 
81 0.382 0.39195 94530 
03 0.383 0.39304 17563 
49 0.384 0.39412 45455 


48 0.385 0.39520 78225 
34 0.386 0.39629 15893 
46 0.387 0.39737 58477 
25 0.388 0.39846 05998 
19 0.389 0.39954 58474 


81 0.390 0.40063 15927 
66 0.391 0.40171 78374 
37 0.392 0.40280 45836 
60 0.393 0.40389 18333 
04 0.394 0.40497 95884 


47 0.395 0.40606 78510 
67 0.396 0.40715 66231 
49 0.397 0.40824 59066 
83 0.398 0.40933 57035 
63 0.399 0.41042 60160 


87 0.400 0.41151 68460 


= 
2 


=1.57079 63267 95 


ea 


arctan x 


0. 33667 
0. 33756 
0. 33845 
0. 33934 
0. 34023 


0. 34112 
0. 34200 
0. 34289 
0. 34378 
0. 34467 


0. 34555 
0. 34644 
0. 34732 
0. 34820 
0. 34909 


0. 34997 
0. 35085 
0, 35173 
0. 35261 
0, 35350 


0. 35437 
0, 35525 
0. 35613 
0, 35701 
0. 35789 


0. 35877 
0. 35964 
0. 36052 
0. 36139 
0. 36227 


0. 36314 
0. 36402 
0. 36489 
0. 36576 
0. 36663 


0. 36750 
0. 36837 
0. 36924 
0.37011 
0. 37098 


0. 37185 
0. 37272 
0. 37359 
0. 37445 
0. 37532 


0. 37618 
0. 37705 
0. 37791 
0. 37878 
0. 37964 


0. 38050 


48193 
54100 
54442 
49211 
38398 


21994 
99990 
72378 
39149 
00294 


55805 
05674 
49891 
88449 
21339 


48553 
70082 
85919 
96054 
00481 


99191 
92175 
79426 
60937 
36698 


06702 
70942 
29409 
82096 
28995 


70099 
05400 
34890 
58562 
76408 


88421 
94594 
94920 
89390 
77999 


60738 
37601 
08580 
73668 
32860 


86146 
33521 
74978 
10510 
40109 


63771 1 


ia 


aresin x 


0.41151 68460 
0.41260 81956 
0.41370 00668 
0.41479 24616 
0.41588 53822 


0.41697 88306 
0. 41807 28088 
0.41916 73190 
0. 42026 23632 
0.42135 79435 


0.42245 40621 
0. 42355 07211 
0. 42464 79225 
0.42574 56685 
0. 42684 39613 


0. 42794 28029 
0. 42904 21956 
0. 43014 21415 
0. 43124 26427 
0.43234 37015 


0. 43344 53200 
0. 43454 75005 
0.43565 02450 
0. 43675 35559 
0.43785 74353 


0. 43896 18856 
0. 44006 69088 
0.44117 25073 
0. 44227 86833 
0. 44338 54391 


0.44449 27769 
0.44560 06990 
0. 44670 92078 
0. 44781 83054 
0. 44892 79943 


0.45003 82767 
0.45114 91550 
0.45226 06314 
0. 45337 27084 
0. 45448 53882 


0.45559 86733 
0.45671 25661 
0.45782 70688 
0.45894 21838 
0.46005 79137 


0.46117 42608 
0. 46229 12275 
0. 46340 88162 
0. 46452 70294 
0. 46564 58695 


0. 46676 53390 


ey 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arctan x 


0. 38050 
0. 38136 
0. 38222 
0. 38308 
0. 38394 


0. 38480 
0. 38566 
0. 38652 
0. 38738 
0. 38824 


0. 38909 
0. 38995 
0. 39080 
0. 39166 
0. 39251 


0. 39337 
0. 39422 
0. 39507 
0. 39592 
0. 39677 


0. 39762 
0. 39847 
0. 39932 
0. 40017 
0. 40102 


0. 40187 
0. 40271 
0. 40356 
0. 40440 
0. 40525 


0. 40609 
0. 40694 
0. 40778 
0. 40862 
0. 40946 


0. 41031 
0. 41115 
0. 41199 
0. 41283 
0. 41366 


0. 41450 
0. 41534 
0. 41618 
0. 41701 
0, 41785 


0. 41868 
0. 41952 
0. 42035 
0. 42118 
0. 42202 


0. 42285 


63771 
81487 
93250 
99056 
98896 


92765 
80656 
62562 
38477 
08395 


72310 
30215 
82104 
27971 
67810 


01615 
29379 
51097 
66763 
76371 


79915 
77389 
68788 
54105 
33336 


06474 
73514 
34450 
89278 
37990 


80583 
17050 
47386 
71587 
89646 


01558 
07319 
06924 
00366 
87642 


68745 
43672 
12417 
74976 
31343 


81514 
25484 
63248 
94802 
20141 


39 


261 33 
ie 


arcsin x 


12 0.450 0.46676 53390 
02 0.451 0.46788 54404 
97 0.452 0.46900 61761 
39 0.453 0.47012 75486 
72 0.454 0.47124 95604 


46 0.455 0.47237 22141 
14 0.456 0.47349 55121 
34 0.457 0.47461 94570 
69 0.458 0.47574 40513 
85 0.459 0.47686 92976 


55 0.460 0.47799 51985 
54 0.461 0.47912 17564 
62 0.462 0.48024 89741 
64 0.463 0.48137 68540 
48 0.464 0.48250 53988 


09 0.465 0.48363 46112 
43 0.466 0.48476 44937 
52 0.467 0.48589 50489 
44 0.468 0.48702 62796 
29 0.469 0.48815 81884 


22 0.470 0.48929 07780 
43 0.471 0.49042 40510 
14 0.472 0.49155 80101 
66 0.473 0.49269 26582 
29 0.474 0.49382 79978 


40 0.475 0.49496 40317 
42 0.476 0.49610 07626 
79 0.477 0.49723 81934 
00 0.478 0.49837 63268 
60 0.479 0.49951 51655 


18 0.480 0.50065 47124 
34 0.481 0,50179 49702 
77 0.482 0.50293 59418 
18 0.483 0.50407 76300 
31 0.484 0,50522 00377 


96 0.485 0.50636 31676 
97 0.486 0,50750 70228 
22 0.487 0.50865 16060 
64 0.488 0.50979 69201 
17 0.489 0.51094 29681 


85 0.490 0,51208 97529 
70 0.491 0.51323 72774 
83 0.492 0.51438 55445 
36 0.493 0.51553 45573 
48 0.494 0.51668 43186 


38 0.495 0.51783 48316 
34 0.496 0.51898 60991 
66 0.497 0.52013 81242 
67 0.498 0.52129 09100 
75 0.499 0.52244 44594 


1.57079 63267 95 


0.500 0.52359 87755 


FF 


Table 4.14 


arctan x 


0. 42285 
0. 42368 
0. 42451 
0, 42534 
0. 42617 


0. 42700 
0. 42783 
0. 42865 
0. 42948 
0. 43031 


0. 43113 
0. 43196 
0. 43278 
0. 43361 
0. 43443 


0. 43525 
0. 43607 
0. 43690 
0. 43772 
0. 43854 


0. 43936 
0. 44017 
0. 44099 
0. 44181 
0. 44263 


0. 44344 
0. 44426 
0. 44507 
0. 44589 
0. 44670 


0. 44751 
0. 44833 
0. 44914 
0. 44995 
0. 45076 


0. 45157 
0. 45238 
0, 45319 
0. 45400 
0. 45480 


0. 45561 
0. 45642 
0. 45722 
0. 45803 
0. 45883 


0. 45963 
0. 46044 
0. 46124 
0. 46204 
0. 46284 


0. 46364 


39261 
52156 
58823 
59257 
53454 


41409 
23118 
98576 
67780 
30725 


87407 
37821 
81965 
19833 
51422 


76728 
95747 
08474 
14907 
15041 


08872 
96398 
77613 
52515 
21100 


83364 
39303 
88916 
32196 
69143 


99751 
24018 
41941 
53515 
58739 


57608 
50120 
36271 
16059 
89480 


56532 
17211 
71514 
19440 
60984 


96144 
24917 
47301 
63293 
72890 


76090 


iil 


208 


Table 4.14 


x aresin z 


0.500 0.52359 
0.501 0.52475 
0,502 0.52590 
0.503 0.52706 
0.504 0.52822 


0.505 0.52938 
0.506 0.53054 
0.507 0.53170 
0.508 0.53286 
0.509 0.53402 


0.510 0.53518 
0.511 0.53634 
0.512 0,53751 
0.513 0.53867 
0.514 0.53984 


0.515 0.54100 
0.516 0.54217 
0.517 0.54334 
0.518 0.54451 
0.519 0.54568 


0.520 0.54685 
0.521 0.54802 
0.522 0.54919 
0.523 0.55036 
0.524 0.55154 


0.525 0.55271 
0.526 0,55389 
0.527 0.55506 
0.528 0.55624 
0.529 0.55742 


0.530 0.55860 
0.531 0.55978 
0.532 0.56096 
0.533 0.56214 
0.534 0, 56332 


0.535 0.56450 
0.536 0.56569 
0.537 0.56687 
0.538 0.56806 
0.539 0.56924 


0.540 0.57043 
0.541 0.57162 
0.542 0.57281 
0.543 0.57400 
0.544 0.57519 


0.545 0.57638 
0.546 0.57758 
0.547 0.57877 
0.548 0.57997 
0.549 0.58116 


0.550 0.58236 


87755 
38615 
97203 
63552 
37691 


19653 
09468 
07169 
12787 
26354 


47902 
77464 
15071 
60756 
14552 


76492 
46608 
24935 
11504 
06350 


09506 
21007 
40885 
69176 
05913 


51130 
04864 
67148 
38017 
17507 


05653 
02490 
08055 
22382 
45509 


77471 
18305 
68047 
26734 
94404 


71094 
56840 
51680 
55653 
68796 


91147 
22745 
63628 
13835 
73406 


42378 


iil 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arctan z 


0. 46364 
0. 46444 
0. 46524 
0. 46604 
0. 46684 


0. 46763 
0. 46843 
0. 46923 
0. 47002 
0. 47082 


0.47161 
0. 47240 
0. 47320 
0. 47399 
0. 47478 


0. 47557 
0. 47636 
0. 47715 
0. 47794 
0. 47873 


0.47951 
0. 48030 
0. 48109 
0. 48187 
0. 48266 


0. 48344 
0. 48423 
0. 48501 
0. 48579 
0. 48657 


0. 48735 
0. 48813 
0. 48891 
0. 48969 
0. 49047 


0. 49125 
0. 49203 
0. 49280 
0. 49358 
0. 49435 


0. 49513 
0. 49590 
0. 49668 
0. 49745 
0. 49822 


0. 49899 
0. 49976 
0. 50053 
0. 50130 
0. 50207 


0. 50284 


el 


76090 
72889 
63286 
47278 
24863 


96037 
60799 
19147 
71077 
16589 


55678 
88344 
14584 
34396 
47777 


54727 
55242 
49320 
36961 
18161 


92919 
61234 
23102 
78523 
27495 


70015 
06083 
35696 
58854 
75554 


85795 
89575 
86893 
77747 
62137 


40060 
11515 
76502 
35018 
87062 


32634 
71732 
04355 
30502 
50171 


63362 
70074 
70305 
64056 
51324 


32109 


x arcsin x 


01 0.550 0.58236 
58 0.551 0.58356 
62 0.552 0.58476 
61 0.553 0.58596 
09 0.554 0.58716 


63 0.555 0.58836 
83 0.556 0.58956 
34 0.557 0.59076 
82 0.558 0.59197 
00 0.559 0.59317 


62 0.560 0.59438 
48 0.561 0.59559 
38 0.562 0.59680 
20 0.563 0.59801 
82 0.564 0.59922 


17 0.565 0.60043 
22 0.566 0.60164 
97 0.567 0.60285 
45 0.568 0.60407 
73 0.569 0.60528 


93 0.570 0.60650 


0. 60772 


64 0.572 0.60894 
54 0.573 0.61016 
12 0.574 0.61138 


67 0.575 0.61260 
50 0.576 0.61382 
94 0.577 0.61505 
40 0.578 0.61627 
29 0.579 0.61750 


05 0.580 0, 61872 
18 0.581 0.61995 
19 0.582 0.62118 
65 0.583 0.62241 
12 0.584 0, 62364 


25 0.585 0.62488 
68 0.586 0.62611 
10 0.587 0.62734 
23 0.588 0.62858 
83 0.589 0. 62982 


68 0.590 0.63105 
62 0.591 0.63229 
48 0.592 0.63353 
17 0.593 0, 63477 
59 0.594 0.63602 


71 0.595 0,63726 
50 0.596 0.63851 
98 0.597 0.63975 
22 0.598 0.64100 
28 0.599 0, 64225 


28 0.600 0, 64350 


ia 


v 


2 


=1.57079 63267 95 


42378 
20792 
08688 
06104 
13082 


29661 
55882 
91785 
37411 
92803 


58000 
33044 
17978 
12842 
17681 


32535 
57448 
92463 
37623 
92971 


58552 
34408 
20584 
17125 
24076 


41480 
69384 
07833 
56872 
16548 


86906 
67994 
59858 
62545 
76102 


00577 
36018 
82473 
39990 
08619 


88407 
79405 
81662 
95228 
20152 


56487 
04281 
63587 
34455 
16938 


11087 


arctan x 


0. 50284 
0. 50361 
0. 50437 
0.50514 
0. 50590 


0. 50667 
0. 50743 
0. 50820 
0. 50896 
0. 50972 


0.51048 
0.51124 
0.51200 
0.51276 
0. 51352 


0. 51428 
0.51504 
0. 51580 
0.51655 
0.51731 


0. 51806 
0. 51882 
0. 51957 
0. 52032 
0. 52108 


0. 52183 
0.52258 
0. 52333 
0. 52408 
0. 52483 


0. 52558 
0. 52633 
0. 52707 
0. 52782 
0. 52857 


0. 52931 
0. 53006 
0. 53080 
0.53154 
0. 53229 


0. 53303 
0.53377 
0. 53451 
0.53525 
0. 53599 


0. 53673 
0.53747 
0. 53821 


0. 53894- 


0. 53968 
0. 54041 


32109 
06410 
74226 
35557 
90402 


38759 
80629 
16011 
44903 
67306 


83219 
92641 
95572 
92011 
81958 


65412 
42374 
12842 
76817 
34297 


85284 
29776 
67774 
99277 
24285 


42798 
54815 
60338 
59366 
51898 


37935 
17477 
90524 
57076 
17134 


70697 
17765 
58340 
92420 
20007 


41101 
55702 
63811 
65427 
60552 


49185 
31328 
06980 
76143 
38817 


95002 


eg 


arcsin x 


0. 64350 11087 
0.64475 16956 
0. 64600 34595 
0.64725 64059 
0. 64851 05401 


0.64976 58674 
0.65102 23932 
0.65228 01230 
0.65353 90622 
0.65479 92163 


0.65606 05909 
0.65732 31915 
0.65858 70237 
0.65985 20931 
0.66111 84055 


0. 66238 59665 
0.66365 47818 
0.66492 48573 
0. 66619 61988 
0. 66746 88121 


0. 66874 27032 
0.67001 78778 
0.67129 43421 
0.67257 21020 
0.67385 11636 


0.67513 15329 
0.67641 32161 
0.67769 62193 
0. 67898 05488 
0. 68026 62108 


0.68155 32115 
0. 68284 15574 
0. 68413 12547 
0. 68542 23100 
0. 68671 47295 


0. 68800 85200 
0. 68930 36878 
0.69060 02396 
0.69189 81821 
0. 69319 75218 


0.69449 82656 
0.69580 04201 
0.69710 39923 
0.69840 89889 
0.69971 54169 


0.70102 32832 
0.70233 25948 
0. 70364 33589 
0.70495 55824 
0. 70626 92726 


0.70758 44367 


(PA 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arctan x 


0.54041 95002 
0.54115 44700 
0.54188 87910 
0.54262 24633 
0.54335 54871 


0.54408 78623 
0.54481 95892 
0.54555 06676 
0.54628 10978 
0.54701 08798 


0.54774 00137 
0.54846 84995 
0.54919 63375 
0.54992 35276 
0.55065 00699 


0.55137 59646 
0.55210 12118 
0.55282 58116 
0.55354 97640 
0.55427 30692 


0.55499 57273 
0.55571 77384 
0.55643 91026 
0.55715 98201 
0.55787 98910 


0.55859 93153 
0.55931 80932 
0.56003 62249 
0.56075 37105 
0.56147 05501 


0.56218 67439 
0.56290 22919 
0.56361 71943 
0. 56433 14513 
0.56504 50631 


0.56575 80297 
0.56647 03513 
0.56718 20281 
0.56789 30602 
0.56860 34478 


0.56931 31911 
0.57002 22901 
0.57073 07451 


0.57143 85562: 


0.57214 57237 


0.57285 22476 
0.57355 81282 
0.57426 33656 
0.57496 79600 
0.57567 19116 


0.57637 52205 


(Pe 


x arcsin x 


71 0.650 0.70758 
04 0.651 0, 70890 
15 0.652 0.71021 
69 0.653 0.71153 
37 0.654 0.71285 


92 0.655 0.71418 
10 0.656 0.71550 
70 0-657 0, 71683 
51 0.658 0.71815 
38 0.659 0.71948 


16 0.660 0.72081 
75 0.661 0.72215 
05 0.662 0,72348 
01 0.663 0.72481 
59 0.664 0.72615 


79 0.665 0.72749 
61 0.666 0.72883 
10 0.667 0.73017 
33 0.668 0.73151 
38 0.669 0.73286 


39 0.670 0.73420 
48 0.671 0.73555 
82 0.672 0.73690 
62 0.673 0.73825 
07 0.674 0.73961 


44 0.675 0.74096 
97 0.676 0.74232 
97 0.677 0.74367 
74 0.678 0.74503 
63 0.679 0.74639 


00 0.680 0.74776 
24 0.681 0.74912 
75 0.682 0.75049 
97 0.683 0.75186 
37 0.684 0.75323 


42 0.685 0.75460 
63 0.686 0.75597 
53 0.687 0.75735 
67 0.688 0.75872 
63 0.689 0.76010 


01 0.690 0.76148 
42 0.691 0.76287 
52 0.692 0.76425 
98 0.693 0.76564 
47 0.694 0.76703 


73 0.695 0.76841 
48 0.696 0. 76981 
48 0.697 0.77120 
51 0.698 0.77260 
38 0.699 0.77399 


91 0.700 0.77539 


ea 


5 = 1.57079 63267 95 


44367 
10818 
92154 
88447 
99773 


26204 
67817 
24688 
96892 
84506 


87608 
06276 
40587 
90622 
56459 


38180 
35864 
49593 
79449 
25515 


87874 
66610 
61807 
73551 
01927 


47022 
08922 
87716 
83492 
96338 


26346 
73605 
38206 
20242 
19805 


36988 
71885 
24592 
95204 
83816 


90527 
15434 
58636 
20231 
00322 


99008 
16391 
52574 
07661 
81757 


74966 


Table 4.14 


arctan z 


0. 57637 
0.57707 
0.57777 
0. 57848 
0.57918 


0. 57988 
0. 58058 
0. 58128 
0. 58197 
0. 58267 


0. 58337 
0. 58406 
0. 58476 
0, 58545 
0.58615 


0. 58684 
0. 58754 
0. 58823 
0, 58892 
0. 58961 


0. 59030 
0.59099 
0. 59168 
0. 59237 
0. 59306 


0. 59374 
0. 59443 
0.59512 
0. 59580 
0.59649 


0.59717 
0.59786 
0.59854 
0. 59922 
0. 59990 


0. 60058 
0. 60126 
0. 60194 
0. 60262 
0. 60330 


0. 60398 
0. 60466 
0. 60533 
0. 60601 
0. 60668 


0. 60736 
0. 60803 
0. 60870 
0. 60938 
0. 61005 


0. 61072 


[‘ 


52205 
78870 
99113 
12935 
20337 


21323 
15895 
04053 
85800 
61138 


30069 
92596 
48720 
98443 
41768 


78696 
09230 
33372 
51125 
62489 


67469 
66065 
58281 
44118 
23579 


96667 
63383 
23729 
77710 
25326 


66580 
01476 
30014 
52198 
68031 


77514 
80650 
77443 
67894 
52006 


29782 
01224 
66336 
25119 
T1577 


23712 
63528 
97025 
24209 
45081 


59643 
—8)8 
4 


209 


210 


Table 4.14 
x arcsin 2 

0.700 0.77539 74966 
0.701 0.77679 87394 
0.702 0.77820 19149 
0.703 0.77960 70339 
0.704 0.78101 41072 
0.705 0.78242 31458 
0.706 0.78383 41608 
0.707 0.78524 71633 
0.708 0.78666 21647 
0.709 0.78807 91762 
0.710 0.78949 82093 
0.711 0.79091 92755 
0.712 0.79234 23866 
0.713 0.79376 75542 
0.714 0.79519 47901 
0.715 0.79662 41065 
0.716 0.79805 55152 
0.717 0.79948 90285 
0.718 0.80092 46586 
0.719 0.80236 24179 
0.720 0.80380 23189 
0.721 0.80524 43742 
0.722 0.80668 85965 
0.723 0.80813 49986 
0.724 0.80958 35935 
0.725 0.81103 43942 
0.726 0.81248 74140 
0.727 0.81394 26660 
0.728 0.81540 01637 
0.729 0.81685 99207 
0.730 0.81832 19506 
0.731 0.81978 62672 
0.732 0.82125 28844 
0.733 0.82272 18163 
0.734 0.82419 30770 
0.735 0.82566 66809 
0.736 0.82714 26424 
0.737 0.82862 09761 
0.738 0.83010 16968 
0.739 0.83158 48191 
0.740 0.83307 03583 
0.741 0.83455 83294 
0.742 0.83604 87477 
0.743 0.83754 16286 
0.744 0.83903 69878 
0.745 0.84053 48410 
0.746 0, 84203 52041 
0.747 0.84353 80932 
0.748 0.84504 35244 
0.749 0.84655 15141 
0.750 0.84806 20789 


ares 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arctan x 


0. 61072 
0. 61139 
0. 61206 
0. 61273 
0. 61340 


0. 61407 
0. 61474 
0. 61540 
0. 61607 
0. 61674 


0. 61740 
0. 61807 
0. 61873 
0. 61939 
0. 62006 


0. 62072 
0. 62138 
0. 62204 
0. 62270 
0. 62336 


0. 62402 
0. 62468 
0. 62533 
0. 62599 
0. 62665 


0. 62730 
0. 62796 
0. 62861 
0. 62927 
0. 62992 


0. 63057 
0. 63122 
0. 63188 
0. 63253 
0. 63318 


0. 63383 
0. 63448 
0. 63512 
0. 63577 
0, 63642 


0, 63707 
0. 63771 
0. 63836 
0. 63900 
0. 63965 


0. 64029 
0. 64093 
0. 64157 
0. 64221 
0. 64286 


0. 64350 


59643 
67900 
69854 
65507 
54863 


37925 
14695 
85176 
49371 
07284 


58917 
04273 
43356 
76168 
02712 


22991 
37009 
44769 
46274 
41526 


30529 
13287 
89802 
60077 
24116 


81922 
33499 
78848 
17975 
50882 


77572 
98048 
12315 
20375 
22232 


17888 
07348 
90616 
67693 
38584 


03292 
61821 
14174 
60355 
00366 


34213 
61897 
83423 
98795 
08015 


11087 


tae 


arcsin 


0. 84806 
0. 84957 
0. 85109 
0. 85260 
0, 85413 


0. 85565 
0.85718 
0, 85870 
0. 86024 
0. 86177 


0. 86331 
0. 86485 
0, 86639 
0. 86794 
0. 86949 


0. 87104 
0. 87259 
0. 87415 
0. 87571 
0.87727 


0. 87884 
0. 88040 
0. 88198 
0. 88355 
0. 88513 


0, 88671 
0. 88829 
0. 88988 
0. 89147 
0. 89306 


0. 89466 
0. 89626 
0. 89786 
0. 89947 
0. 90108 


0. 90269 
0. 90431 
0. 90593 
0.90755 
0.90917 


0. 91080 
0. 91244 
0. 91407 
0.91571 
0.91736 


0.91900 
0. 92065 
0.92231 
0. 92396 
0. 92563 


0.92729 


20789 - 


52355 
10007 
93916 
04254 


41195 
04914 
95588 
13398 
58524 


31150 
31459 
59639 
15879 
00370 


13304 
54876 
25283 
24724 
53401 


11516 
99276 
16888 
64562 
42511 


50950 
90095 
60166 
61386 
93979 


58172 
54195 
82279 
42661 
35578 


61270 
19980 
11956 
37444 
96699 


89974 
17527 
79620 
76517 
08485 


75795 
78720 
17539 
92532 
03983 


52180 


r 


=1.57079 63267 95 


arctan x 


0. 64350 
0. 64414 
0. 64477 
0. 64541 
0. 64605 


0. 64669 
0, 64733 
0. 64796 
0. 64860 
0. 64923 


0. 64987 
0. 65050 
0. 65113 
0. 65176 
0. 65240 


0. 65303 
0. 65366 
0. 65429 
0. 65492 
0. 65555 


0. 65617 
0. 65680 


_ 0. 65743 


0. 65805 
0. 65868 


0. 65931 
0. 65993 
0. 66055 
0. 66118 
0. 66180 


0. 66242 
0. 66304 
0. 66366 
0. 66428 
0. 66490 


0. 66552 
0. 66614 
0. 66676 
0. 66738 
0. 66799 


0. 66861 
0. 66922 
0. 66984 
0. 67045 
0. 67107 


0. 67168 
0, 67229 
0. 67290 
0. 67352 
0. 67413 


0. 67474 


11087 
08016 
98804 
83456 
61974 


34363 
00626 
60767 
14789 
62697 


04494 
40183 
69769 
93255 
10645 


21942 
27151 
26276 
19320 
06286 


87179 
62003 
30762 
93459 
50098 


00683 
45218 
83707 
16154 
42563 


62938 
77282 
85600 
87896 
84174 


74437 
58690 
36936 
09181 
75427 


35679 
89941 
38217 
80511 
16827 


47170 
71543 
89950 
02397 
08886 


09422 


Gu 


arcsin x 


0. 92729 
0. 92896 
0. 93063 
0. 93231 
0. 93399 


0. 93567 
0. 93736 
0.93905 
0. 94074 
0. 94244 


0. 94415 
0. 94585 
0. 94757 
0. 94928 
0. 95100 


0. 95272 
0.95445 
0. 95618 
0. 95792 
0. 95966 


0. 96141 
0. 96316 
0. 96491 
0. 96667 
0. 96843 


0. 97020 
0. 97197 
0.97375 
0. 97553 
0.97731 


0. 97910 
0. 98090 
0. 98270 
0. 98450 
0. 98631 


0. 98813 
0. 98995 
0.99177 
0. 99360 
0. 99544 


0. 99728 
0.99912 
1. 00097 
1, 00283 
1. 00469 


1, 00656 
1, 00843 
1, 01031 
1, 01220 
1, 01408 


1, 01598 


52180 
37414 
59980 
20178 
18310 


54682 
29604 
43392 
96363 
88840 


21151 
93626 
06601 
60416 
55415 


91949 
70370 
91039 
54318 
60576 


10187 
03531 
40991 
22958 
49827 


21999 
39880 
03884 
14428 
71937 


76843 
29583 
30600 
80344 
79274 


27852 
26551 
75847 
76228 
28187 


32223 
88847 
98574 
61930 
79448 


51670 
79147 
62439 
02114 
98751 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 
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A 


arctan x 


0. 67474 
0. 67535 
0.67595 
0. 67656 
0, 67717 


0. 67778 
0. 67838 
0. 67899 
0. 67959 
0. 68020 


0. 68080 
0. 68141 
0. 68201 
0. 68261 
0. 68321 


0. 68382 
0. 68442 
0. 68502 
0. 68562 
0. 68621 


0. 68681 
0. 68741 
0. 68801 
0. 68860 
0. 68920 


0. 68980 
0. 69039 
0. 69098 
0. 69158 
0. 69217 


0. 69276 
0. 69335 
0. 69395 
0. 69454 
0. 69513 


0. 69572 
0. 69630 
0. 69689 
0. 69748 
0. 69807 


0. 69865 
0.69924 
0. 69983 
0. 70041 
0. 70100 


0.70158 
0. 70216 
0. 70274 
0. 70333 
0. 70391 


0. 70449 


09422 
04009 
92652 
75354 
52120 


22953 
87859 
46841 
99904 
47052 


88289 


23619 2 


53046 
76576 
94212 


05958 
11819 
11799 
05903 
94134 


76497 
52997 
23637 
88423 
47358 


00447 
47694 
89104 
24681 
54429 


78353 
96458 
08747 
15226 
15898 


10768 
99841 
83121 
60612 
32319 


98247 
58399 
12781 
61398 
04252 


41350 
72695 
98292 
18146 
32261 


40642 


ied 


rT 


NI 


x 


arcsin x 


0.850 1.01598 52938 
0.851 1.01788 65272 
0.852 1.01979 36361 
0.853 1.02170 66824 
0.854 1.02362 57289 


0.855 1.02555 08395 
0.856 1.02748 20794 
0.857 1.02941 95147 
0.858 1.03136 32127 
0.859 1.03331 32420 


0.860 1.03526 96724 
0.861 1.03723 25749 
0.862 1.03920 20218 
0.863 1.04117 80867 
0.864 1.04316 08445 


0.865 1.04515 03716 
0.866 1.04714 67458 
0.867 1.04915 00463 
0.868 1.05116 03538 
0.869 1.05317 77506 


0.870 1.05520 23205 
0.871 1.05723 41489 
0.872 1.05927 33231 
0.873 1.06131 99317 
0.874 1.06337 40653 


0.875 1.06543 58165 
0.876 1.06750 52793 
0.877 1.06958 25500 
0.878 1.07166 77266 
0.879 1.07376 09094 


0.880 1.07586 22004 
0.881 1.07797 17041 
0.882 1.08008 95270 
0.883 1.08221 57780 
0.884 1.08435 05681 


0.885 1.08649 40110 
0.886 1,08864 62227 
0.887 1.09080 73218 
0.888 1.09297 74295 
0.889 1.09515 66698 


0.890 1.09734 51695 
0.891 1.09954 30581 
0.892 1.10175 04685 
0.893 1.10396 75362 
0.894 1.10619 44002 


0.895 1.10843 12027 
0.896 1.11067 80894 
0.897 1.11293 52092 
0.898 1.11520 27151 
0.899 1.11748 07636 


1.11976 95149 


=1.57079 63267 95 


ry 


arctan x 


0. 70449 
0. 70507 
0. 70565 
0. 70623 
0. 70681 


0. 70738 
0. 70796 
0. 70854 
0. 70912 
0. 70969 


0. 71027 
0. 71084 
0. 71141 
0. 71199 
0. 71256 


0. 71313 
0. 71370 
0. 71428 
0. 71485 
0.71542 


0.71599 
0. 71656 
0.71712 
0. 71769 
0. 71826 


0. 71882 
0. 71939 
0. 71996 
0. 72052 
0. 72109 


0.72165 
0. 72221 
0. 72278 
0. 72334 
0. 72390 


0. 72446 
0. 72502 
0. 72558 
0. 72614 
0. 72670 


0. 72726 
0. 72782 
0. 72837 
0. 72893 
0. 72949 


0. 73004 
0. 73060 
0.73115 
0. 73170 
0. 73226 


0. 73281 


40642 
43293 
40219 
31425 
16914 


96692 
70764 
39133 
01805 
58784 


10074 
55681 
95609 
29862 
58446 


81365 
98623 
10225 
16176 
16481 


11144 
00169 
83563 
61329 
33471 


99996 
60907 
16208 
65906 
10005 


48508 
81422 
08750 
30498 
46670 


57272 
62307 
61780 
55697 
44062 


26879 
04155 
75893 
42098 
02775 


57928 
07564 
51686 
90299 
23408 


51017 


211 


Table 4.14 


212 


Table 4.14 

z aresin x 
0, 90 1.11976 95149 
0.901 1.12206 91337 
0.902 1.12437 97886 
0.903 1.12670 16524 
0.904 1.12903 49026 
0,905 1.13137 97213 
0.906 1.13373 62953 
0,907 1.13610 48166 
0.908 1,13848 54823 
0.909 1.14087 84946 
0.910 1,14328 40618 
0.911 1.14570 23976 
0,912 1.14813 37219 
0.9123 1.15057 82610 
0.914 1.15303 62474 
0.915 1.15550 79206 
0.916 1.15799 35274 
0.917 1.16049 33215 
0.918 1.16300 75647 
0.919 1.16553 65266 
0.920 1.16808 04852 
0.921 1.17063 97273 
0.922 1.17321 45487 
0.923 1.17580 52550 
0.924 1.17841 21615 
0.925 1.18103 55939 
0.926 1,18367 58892 
0.927 1.18633 33953 
0.928 1.18900 84725 
0.929 1.19170 14936 
0.930 1.19441 28444 
0.931 1.19714 29249 
0.932 1.19989 21492 
0.933 1,20266 09472 
0.934 1.20544 97647 
0.935 1.20825 90645 
0.936 1.21108 93272 
0.937 1.21394 10524 
0.938 1.21681 47598 
0.939 1.21971 09898 
0.940 1.22263 03055 
0.941 1.22557 32932 
0.942 1.22854 05645 
0.943 1.23153 27575 
0.944 1.23455 05382 
0.945 1.23759 46027 
0.946 1.24066 56791 
0.947 1.24376 45292 
0.948 1.24689 19509 
0.949 1.25004 87811 
0.950 1.25323 58975 


le 
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0. 73281 
0. 73336 
0. 73391 
0. 73447 
0. 73502 


0. 73557 


. 0.73612 


0. 73666 
0. 73721 
0. 73776 


0. 73831 
0. 73885 
0. 73940 
0. 73995 
0. 74049 


0. 74104 
0. 74158 
0. 74212 
0. 74267 
0. 74321 


0. 74375 
0. 74429 
0. 74483 
0. 74537 
0. 74591 


0. 74645 
0. 74699 
0. 74753 
0. 74807 
0. 74860 


0. 74914 
0. 74968 
0. 75021 
0.75075 
0. 75128 


0.75181 
0. 75235 
0. 75288 
0. 75341 
0. 75394 


0. 75448 
0.75501 
0. 75554 
0. 75607 
0. 75659 


0. 75712 
0.75765 
0. 75818 
0. 75871 
0. 75923 


0. 75976 


For arctan x, .>1 see Example 22. 


aresin «5 [2(1-2) Ef (2) 


a] 


INVERSE CIRCULAR SINES AND TANGENTS 
arctan x 


51017 
73133 
89759 
00900 
06562 


06748 
01464 
90715 
74506 
52841 


25725 
93163 
55160 
11721 
62850 


08553 
48835 
83700 
13153 
37199 


55842 
69089 
76944 
79411 
76495 


68203 
54537 
35503 
11107 
81353 


46246 
05790 
59991 
08855 
52384 


90586 
23463 
51022 
73268 
90205 


01838 
08172 
09212 
04964 
95431 


80619 
60534 
35179 
04559 
68681 


27548 
4 


i 
0. 950 
0.951 
0. 952 
0. 953 
0.954 


0.955 
0.956 
0.957 
0.958 
0.959 


0. 960 
0.961 
0. 962 
0. 963 
0.964 


0.965 
0. 966 
0.967 
0. 968 
0.969 


0.970 
0.971 
0.972 
0.973 
0.974 


0.975 
0.976 
0.977 
0.978 
0.979 


0. 980 
0.981 
0. 982 
0. 983 
0.984 


0. 985 
0. 986 
0. 987 
0.988 
0. 989 


0. 990 
0.991 
0.992 
0.993 
0.994 


0.995 
0. 996 
0.997 
0.998 
0.999 


1. 000 


aresin x arctan x 
1, 25323 58975 03 0.75976 27548 
1.25645 42223 06 0.76028 81166 
1.25970 47250 03 0.76082 29540 
1.26298 84259 28 0.76133 72674 
1.26630 64000 67 0.76186 10574 
1.26965 97812 42 0.76238 43244 
1.27304 97667 20 0.76290 70690 
1.27647 76222 92 0.76342 92916 
1.27994 46878 88 0.76395 09927 
1. 28345 23838 00 0.76447 21729 
1.28700 22175 87 0.76499 28327 
1.29059 57917 69 0.76551 29724 
1.29423 48124 14 0.76603 25927 
1.29792 10987 43 0.76655 16941 
1.30165 65939 20 0.76707 02769 
1.30544 33771 97 0.76758 83418 
1, 30928 36776 35 0.76810 58892 
1.31317 98896 52 0.76862 29196 
1.31713 45907 19 0.76913 94335 
1.32115 05615 54 0.76965 54315 
1, 32523 08092 80 0.77017 09140 
1. 32937 85940 93 0.77068 58815 
1, 33359 74601 02 0.77120 03345 
1.33789 12711 79 0.77171 42735 
1.34226 42528 47 0.77222 76990 
1.34672 10414 93 0.77274 06115 
1.35126 67425 45 0.77325 30116 
1.35590 69996 85 0.77376 48996 
1.36064 80777 70 0.77427 62761 
1. 36549 69629 42 0.77478 71417 
1, 37046 14844 72 0.77529 74968 
1.37555 04644 29 0.77580 73418 
1.38077 39033 32 0.77631 66774 
1, 38614 32129 70 0.77682 55040 
1.39167 15119 16 0.77733 38220 
1.39737 40056 99 0.77784 16321 
1. 40326 84832 96 0.77834 89347 
1, 40937 59766 46 0.77885 57303 
1.41572 16538 31 0.77936 20194 
1.42233 60557 98 0.77986 78024 
1.42925 68534 70 0.78037 30800 
1, 43653 14207 77 0.78087 78526 
1. 44422 07408 32 0.78138 21207 
1.45240 56012 67 0.78188 58848 
1.46119 69689 63 0.78238 91453 
1.47075 46131 83 0.78289 19029 
1, 48132 37665 90 0.78339 41580 
1. 49331 72818 71 0.78389 59111 
1.50754 02279 20 0.78439 71627 
1.52607 12396 26 0, 78489 79133 
1.57079 63267 95 0.78539 81633 

ci 
4 
57 1.57079 63267 95 


f(@) 


1. 00421 
1, 00412 
1. 00404 
1. 00395 
1, 00387 


1. 00378 
1. 00370 
1. 00361 
1. 00353 
1, 00344 


1, 00336 
1, 00327 
1, 00319 
1, 00310 
1, 00302 


1, 00293 
1, 00285 
1, 00277 
1, 00268 
1. 00260 


1, 00251 
1. 00243 
1. 00234 
1. 00226 
1. 00217 


1. 00209 
1, 00201 
1. 00192 
1, 00184 
1.00175 


1, 00167 
1. 00159 
1.00150 
1, 00142 
1. 00133 


1.00125 
1.00117 
1. 00108 
1. 00100 
1. 00091 


1, 00083 
1. 00075 
1, 00066 
1. 00058 
1.00050 


1. 00041 
1. 00033 
1, 00025 
1, 00016 
1, 00008 


00000 


42513 
90197 
38274 
86742 
35601 


84851 
34492 
84523 
34944 
85754 


36954 
88542 
40518 
92883 
45635 


98775 
52302 
06215 
60515 
15201 


70272 
25728 
81570 
37796 
94406 


51400 
08777 
66538 
24682 
83208 


42116 
01406 
61077 
21129 
81563 


42376 
03570 
65143 
27096 
89428 


52139 
15228 
78695 
42540 
06762 


71361 
36336 
01689 
67417 
33520 


ae 00 
a 
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0. 00000 
0. 01000 
0. 02000 
0. 03000 
0. 04001 


0. 05002 
0. 06003 
0. 07005 
0. 08008 
0. 09012 


0.10016 
0.11022 
0.12028 
0. 13036 
0.14045 


0. 15056 
0. 16068 
0. 17082 
0. 18097 
0.19114 


0, 20133 
0.21154 
0.22177 
0. 23203 
0. 24231 


0. 25261 
0. 26293 
0. 27329 
0. 28367 
0. 29408 


0. 30452 
0. 31498 
0. 32548 
0. 33602 
0. 34658 


0. 35718 
0. 36782 
0, 37850 
0. 38921 
0. 39996 


ee @ @ 
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0. 41075 
0. 42158 
0. 43245 
0. 44337 
0. 45433 


0. 46534 
0. 47639 
0. 48749 
0. 49864 
0. 50984 


0.52109 
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ry 

wi 
Oo 


i 


sinh z 


0000 
0167 
1333 
4500 
0668 


0836 
6006 
7181 
5361 
1549 


6750 
1968 
8207 
6476 
7782 


3133 


3541 
0017 


305 
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HYPERBOLIC FUNCTIONS 
cosh x 


1, 00000 
1, 00005 
1, 00020 
1, 00045 
1, 00080 


1.00125 
1. 00180 
1, 00245 
1. 00320 
1, 00405 


1, 00500 
1, 00605 
1.00720 
1, 00846 
1, 00981 


1, 01127 
1. 01282 
1.01448 
1. 01624 
1, 01810 


1, 02006 
1.02213 
1. 02429 
1, 02656 
1, 02893 


1, 03141 
1. 03399 
1. 03667 
1, 03945 
1. 04234 


1. 04533 
1. 04843 
1. 05163 
1, 05494 
1, 05835 


1, 06187 
1. 06550 
1, 06923 
1. 07307 
1.07701 


1. 08107 
1, 08523 
1. 08950 
1. 09388 
1. 09837 


1. 10297 
1.10767 
1.11249 
1.11742 
1, 12247 


0000 
0000 
0007 
0034 
0107 


0260 
0540 
1001 
1707 
2734 


4168 
6103 
8644 
1907 
6017 


1110 
7330 


1.12762 5965 


For coth z, x < .1 use 4.5.67. 
Compilation of tanh x and coth z from National Bureau of Standards, Table 


of circular and hyperbolic tangents and cotangents for radian arguments, 2d 
printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission). 


0.02999 
0. 03997 


0. 04995 
0. 05992 
0. 06988 
0.07982 
0. 08975 


0. 09966 
0.10955 
0.11942 
0.12927 
0. 13909 


0. 14888 
0. 15864 
0. 16838 
0.17808 
0. 18774 


0. 19737 
0. 20696 
0.21651 
0, 22602 
0. 23549 


0. 24491 
0. 25429 


0. 26362 + 
0. 27290- 


0. 28213 


0.29131 
0. 30043 
0. 30950 
0. 31852 
0. 32747 


0. 33637 
0. 34521 
0. 35399 
0. 36270 
0. 37136 


0. 37994 
0, 38847 
0. 39693 
0. 40532 
0. 41364 


0. 42189 
0. 43008 
0. 43819 
0. 44624 
0. 45421 


0. 46211 


4 


Table 4.15 


coth x 
f+ a) 


100, 00333 
50. 00666 
33. 34333 
25. 01333 


20. 01666 
16. 68666 
14, 30904 
12. 52665 
11. 14109 


10, 03331 
9.12754 
8. 37329 
7.73559 
7, 18946 


6.71659 
6. 30324 
5. 93891 
5, 61542 
5. 32633 


5. 06648 
4, 83169 
4.61855 
4, 42422 
4. 24636 


4, 08298 
3. 93243 
3. 79326 
3. 66427 
3.54440 


3. 43273 
3, 32848 
3, 23094 
3.13951 
3, 05364 


2.97286 
2. 89675 
2. 82492 
2.75704 
2. 69280 


2. 63193 
2.57418 
2. 51933 
2. 46717 
2. 41753 


2. 37023 
2. 32512 
2. 28206 
2. 24092 
2. 20159 


2. 16395 


213 


214 
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Table 4.15 
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0.52109 
0.53239 
0.54375 
0.55516 
0. 56662 


0.57815 
0. 58973 
0. 60137 
0. 61307 
0. 62483 


0. 63665 
0. 64854 
0. 66049 
0. 67250 
0. 68459 


0. 69674 
0. 70897 
0. 72126 
0. 73363 
0. 74606 


0. 75858 
0. 77117 
0. 78384 
0. 79658 
0. 80941 


0. 82231 
0. 83530 
0. 84837 
0, 86153 
0. 87477 


0. 88810 
0.90152 
0. 91503 
0. 92863 
0. 94232 


0.95611 
0. 96999 
0. 98397 
0. 99805 
1, 01223 


1, 02651 
1, 04089 
1, 05538 
1, 06997 
1, 08467 


1, 09948 
1.11440 
1.12943 
1.14457 
1. 15982 


1.17520 
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sinh x 


5305 
7808 
3551 
3669 
9305 


1604 
1718 
0806 
0032 
0565 


3582 
0265 
1802 
9389 
4228 


7526 
0500 
4371 
0370 
9732 


3702 
3531 
0477 
5809 
0799 


6732 
4897 
6593 
3127 
5815 


5982 
4960 
4092 
4727 
8227 


5960 
9306 
9652 
8397 
6949 


6726 
9155 
5674 
7734 
6791 


4318 
1794 
0711 
2572 
8891 


1 


HYPERBOLIC FUNCTIONS 


cosh x 


1, 12762 
1.13289 
1, 13827 
1.14376 
1.14937 


1.15510 
1. 16094 
1. 16689 
1.17296 
1.17915 


1.18546 
1.19189 
1.19843 
1. 20510 
1, 21188 


1.21879 
1, 22582 
1, 23297 
1, 24024 
1. 24764 


1.25516 
1. 26281 
1, 27059 
1.27849 
1. 28652 


1, 29468 
1, 30297 
1. 31138 
1. 31993 
1. 32862 


1. 33743 
1. 34638 
1, 35546 
1. 36468 
1. 37403 


1. 38353 
1, 39316 
1, 40293 
1, 41284 
1, 42289 


1. 43308 
1, 44342 
1. 45390 
1, 46453 
1. 47530 


1, 48622 
1, 49729 
1.50851 
1, 51988 
1.53140 


1. 54308 


ae, 


5965 
3387 
4099 
8639 
7557 


1414 
0782 
6245 
8399 
7850 


5218 
1134 
6240 
1190 
6652 


3303 
1834 
2949 
7362 
5801 


9006 
7728 
2733 
4799 
4715 


3285 
1324 
9661 
9138 
0611 


4946 
3026 
5746 
4013 
8750 


0892 
1388 
1201 
1309 
2702 


6385 
3379 
4716 
1444 
4627 


5341 
4680 
3749 
3670 
5582 


0635 


tanh x 


0.46211 716 
0. 46994 520 
0. 47770 001 
0. 48538 109 
0.49298 797 


0.50052 021 
0.50797 743 
0.51535 928 
0.52266 543 
0.52989 561 


0.53704 957 
0.54412 710 
0.55112 803 
0.55805 222 
0.56489 955 


0.57166 997 
0.57836 341 
0.58497 988 
0.59151 940 
0.59798 200 


0. 60436 778 
0.61067 683 
0.61690 930 
0. 62306 535 
0. 62914 516 


0.63514 895 
0.64107 696 
0. 64692 945 
0.65270 671 
0. 65840 904 


0, 66403 677 
0. 66959 026 
0.67506 987 
0. 68047 601 
0.68580 906 


0.69106 947 
0.69625 767 
0.70137 413 
0. 70641 932 
0.71139 373 


0.71629 787 
0.72113 225 
0.72589 742 
0.73059 390 
0.73522 225 


0. 73978 305 
0. 74427 687 
0. 74870 429 
0.75306 591 
0.75736 232 


0.76159 416 


a 


coth x 


2.16395 34 
2.12790 77 
2.09336 40 
2.06023 68 
2.02844 71 


1.99792 13 
1.96859 14 
1.94039 39 
1.91326 98 
1. 88716 42 


1. 86202 55 
1. 83780 59 
1.81446 04 
1.79194 70 
1.77022 62 


1. 74926 10 
1.72901 67 
1.70946 05 
1.69056 16 
1.67229 11 


1. 65462 16 
1.63752 73 
1.62098 38 
1.60496 81 
1.58945 83 


1.57443 38 
1.55987 51 
1.54576 36 
1.53208 17 
1.51881 27 


1.50594 07 
1. 49345 06 
1, 48132 81 
1.46955 95 
1. 45813 18 


1. 44703 25 
1.43624 99 
1.42577 26 
1.41558 98 
1. 40569 13 


1.39606 73 
1.38670 82 
1.37760 51 
1.36874 95 
1.36013 29 


1.35174 76 
1. 34358 60 
1.33564 08 
1.32790 50 
1. 32037 20 


1, 31303 53 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 215 


HYPERBOLIC FUNCTIONS Table 4.15 
sinh x cosh x tanh x eoth x 

1.17520 1194 1.54308 0635 0.76159 416 1, 31303 53 
1.19069 1018 1.55490 9997 0.76576 202 1. 30588 87 
1.20629 9912 1.56689 4852 0. 76986 654 1.29892 64 
1.22202 9437 1.57903 6398 0.77390 834 1.29214 27 
1. 23788 1166 1.59133 5848 0.77788 807 1.28553 20 
1.25385 6684 1, 60379 4434 0. 78180 636 1.27908 91 
1.26995 7589 1. 61641 3400 0.78566 386 1.27280 90 
1.28618 5491 1. 62919 .4009 0. 78946 122 1.26668 67 
1, 30254 2013 1. 64213 7538 0.79319 910 1.26071 75 
1.31902 8789 1.65524 5283 0.79687 814 1. 25489 70 
1.33564 7470 1, 66851 8554 0. 80049 902 1.24922 08 
1. 35239 9717 1, 68195 8678 0.80406 239 1. 24368 46 
1. 36928 7204 1. 69556 6999 0. 80756 892 1.23828 44 
1. 38631 1622 1.70934 4878 0.81101 926 1.23301 63 
1. 40347 4672 1. 72329 3694 0. 81441 409 1.22787 66 
1, 42077 8070 1.73741 4840 0.81775 408 1.22286 15 
1. 43822 3548 1.75170 9728 0. 82103 988 1.21796 76 
1.45581 2849 1.76617 9790 0.82427 217 1, 21319 15 
1.47354 7732 1.78082 6471 0.82745 161 1.20852 99 
1.49142 9972 1.79565 1236 0. 83057 887 1.20397 96 
1.50946 1355 1.81065 5567 0. 83365 461 1.19953 75 
1.52764 3687 1, 82584 0966 0. 83667 949 1.19520 08 
1.54597 8783 1. 84120 8950 0. 83965 418 1.19096 65 
1.56446 8479 1.85676 1057 0. 84257 933 -1.18683 19 
1.58311 4623 1. 87249 8841 0.84545 560 1.18279 42 
1.60191 9080 1. 88842 3877 0. 84828 364 1.17885 10 
1.62088 3730 1.90453 7757 0.85106 411 1.17499 96 
1. 64001 0470 1. 92084 2092 0. 85379 765 1.17123 77 


1. 65930 1213 1, 93733 8513 0.85648 492 1.16756 29 
1.67875 7886 1.95402 8669 0.85912 654 1.16397 29 


1, 69838 2437 1.97091 4230 0.86172 316 1.16046 55 
1.71817 6828 1.98799 6884 0.86427 541 1.15703 86 
1, 73814 3038 2.00527 8340 0. 86678 393 1.15369 01 
1. 75828 3063 2.02276 0324 0. 86924 933 1.15041 79 
1.77859 8918 2.04044 4587 0.87167 225 1.14722 02 


1.79909 2635 2.05833 2896 0.87405 329 1.14409 50 
1, 81976 6262 2.07642 7039 0. 87639 307 1.14104 05 
1. 84062 1868 2.09472 8828 0.87869 219 1.13805 50 
1.86166 1537 2.11324 0090 0.88095 127 1.13513 66 
1. 88288 7374 2.13196 2679 0. 88317 089 1.13228 37 


1.90430 1501 2.15089 8465 0. 88535 165 1.12949 47 
1.92590 6060 2.17004 9344 0.88749 413 1.12676 80 
1.94770 3212 2.18941 7229 0.88959 892 1.12410 21 
1.96969 5135 2.20900 4057 0.89166 660 1.12149 54 
1. 99188 4029 2.22881 1788 0. 89369 773 1.11894 66 
2.01427 2114 2. 24884 2402 0.89569 287 1.11645 41 
2. 03686 1627 2. 26909 7902 0.89765 260 1.11401 67 
2.05965 4828 2, 28958 0313 0.89957 745 1.11163 30 
2.08265 3996 2.31029 1685 0.90146 799 1.10930 17 
2.10586 1432 2. 33123 4087 0. 90332 474 1.10702 16 
2.12927 9455 2. 35240 9615 0.90514 1.10479 
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Table 4.15 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


sinh x 


2.12927 
2.15291 
2.17675 
2. 20082 
2. 22510 


2. 24961 
2. 27434 
2. 29930 
2. 32449 
2. 34991 


2. 37556 
2. 40146 
2. 42759 
2. 45397 
2. 48059 


2.50746 
2. 53458 
2. 56196 
2.58959 
2. 61748 


2. 64563 
2. 67404 
2. 70273 
2. 73168 
2. 76091 


2. 79041 
2. 82019 
2. 85026 
2. 88060 
2.91124 


2. 94217 
2. 97339 
3. 00491 
3, 03673 
3. 06886 


3, 10129 
3. 13403 
3. 16708 
3, 20045 
3, 23414 


3, 26816 
3. 30250 
3. 33717 
3. 37218 
3, 40752 


3. 44320 
3. 47923 
3.51560 
3, 55233 
3. 58941 


3. 62686 


9455 
0408 
6654 
0577 
4585 


1104 


ce) 


HYPERBOLIC FUNCTIONS 


cosh x 


2.35240 9615 
2. 37382 0386 
2.39546 8541 
2.41735 6245 
2. 43948 5686 


2.46185 9078 
2. 48447 8658 
2.50734 6688 
2.53046 5455 
2.55383 7270 


2.57746 4471 
2. 60134 9421 
2.62549 4508 
2.64990 2146 
2.67457 4777 


2.69951 4868 
2.72472 4912 
2.75020 7431 
2.77596 4974 
2.80200 0115 


2, 82831 5458 
2.85491 3635 
2, 88179 7306 
2.90896 9159 
2. 93643 1912 


2.96418 8310 
2.99224 1129 


' 3.02059 3175 


3.04924 7283 
3. 07820 6318 


3.10747 3176 
3.13705 0785 
3.16694 2100 
3.19715 0113 
3.22767 7844 


3. 25852 8344 
3.28970 4701 
3.32121 0031 
3.35304 7484 
3, 38522 0245 


3. 41773 1531 
3.45058 4593 
3. 48378 2716 
3, 51732 9220 
3.55122 7460 


3.58548 0826 
3. 62009 2743 
3.65506 6672 
3.69040 6111 
3.72611 4594 


3.76219 5 


al 


tanh x 


0. 90514 
0. 90693 
0. 90869 
0. 91042 
0.91212 


0. 91378 
0.91542 
0. 91702 
0. 91860 
0. 92014 


0. 92166 
0. 92316 
0. 92462 
0. 92606 
0. 92747 


0. 92885 
0. 93021 
0.93155 
0. 93286 
0. 93414 


0. 93540 
0. 93664 
0. 93786 
0. 93905 
0. 94022 


0. 94137 
0. 94250 
0. 94360 
0. 94469 
0.94576 


0. 94680 
0. 94783 
0. 94883 
0. 94982 
0. 95079 


0.95174 
0. 95267 
0. 95359 
0. 95449 
0. 95537 


0. 95623 
0. 95708 
0. 95791 
0. 95873 
0. 95953 


0. 96031 
0. 96108 
0. 96184 
0. 96258 
0. 96331 


0. 96402 


758 


eu 


coth x 


1.10479 14 
1.10260 99 
1.10047 60 
1. 09838 86 
1. 09634 65 


1, 09434 87 
1, 09239 42 
1.09048 19 
1, 08861 09 
1.08678 01 


1. 08498 87 
1. 08323 58 
1.08152 04 
1.07984 18 
1, 07819 90 


1.07659 13 
1.07501 78 
1.07347 77 
1.07197 04 
1. 07049 51 


1,06905 10 
1, 06763 75 
1.06625 38 
1, 06489 93 
1.06357 34 


1. 06227 53 
1.06100 46 
1.05976 05 
1, 05854 25 
1.05735 01 


1.05618 26 
1.05503 95 
1, 05392 02 
1.05282 43 
1.05175 13 


1.05070 05 
1, 04967 17 
1.04866 42 
1.04767 76 
1.04671 15 


1, 04576 53 
1, 04483 88 
1.04393 14 
1.04304 28 
1, 04217 25 


1, 04132 02 
1, 04048 55 
1, 03966 79 
1.03886 72 
1, 03808 29 


1, 03731 4 
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HYPERBOLIC FUNCTIONS Table 4.15 


sinh x cosh x tanh x coth x 


3, 62686 0408 3.76219 5691 0.96402 75801 1, 03731 47207 
4.02185 6742 4.14431 3170 0.97045 19366 1.03044 77350 
4.45710 5171 4.56790 8329 0.97574 31300 1.02485 98932 
4.93696 1806 5.03722 0649 0.98009 63963 1.02030 78022 
5. 46622 9214 5.55694 7167 0.98367 48577 1.01659 60756 


6.05020 4481 6.13228 9480 0.98661 42982 1.01356 73098 
6. 69473 2228 6.76900 5807 0.98902 74022 1.01109 43314 
7.40626 3106 7.47346 8619 0.99100 74537 1.00907 41460 
8.19191 8354 8.25272 8417 0.99263 15202 1.00742 31773 
9.05956 1075 9.11458 4295 0.99396 31674 1.00607 34973 


10, 01787 4927 10, 06766 1996 0.99505 47537 1.00496 98233 
11, 07645 1040 11.12150 0242 0.99594 93592 1.00406 71152 
12. 24588 3997 12, 28664 6201 0.99668 23978 1, 00332 86453 
13.53787 7877 13.57476 1044 0.99728 29601 1.00272 44423 
14, 96536 3389 14, 99873 6659 0.99777 49279 1, 00223 00341 


16. 54262 7288 16.57282 4671 0.99817 78976 1.00182 54285 
18, 28545 5361 18. 31277 9083 0.99850 79423 1.00149 42872 
20. 21129 0417 20. 23601 3943 0.99877 82413 1.00122 32532 
22. 33940 6861 22, 36177 7633 0.99899 95978 1.00100 14040 
24, 69110 3597 24. 71134 5508 0.99918 08657 1.00081 98059 


27, 28991 7197 27, 30823 2836 0.99932 92997 1.00067 11504 
30.16185 7461 30. 17843 0136 0.99945 08437 1.00054 94581 
33. 33566 7732 33.35066 3309 0.99955 03665 1.00044 98358 
36, 84311 2570 36, 85668 1129 0.99963 18562 1, 00036 82794 
40. 71929 5663 40. 73157 3002 0.99969 85793 1.00030 15116 


45, 00301 1152 45. 01412 0149 0.99975 32108 1.00024 68501 
49. 73713 1903 49. 74718 3739 0.99979 79416 1.00020 20992 
54. 96903 8588 54. 97813 3865 0.99983 45656 1.00016 54618 
60, 75109 3886 60. 75932 3633 0.99986 45517 1, 00013 54666 
67.14116 6551 67.14861 3134 0.99988 91030 1.00011 09093 


74, 20321 0578 74. 20994 8525 0.99990 92043 1.00009 08040 
82. 00790 5277 82,01400 2023 0.99992 56621 1.00007 43434 
90. 63336 2655 90. 63887 9220 0.99993 91369 1.00006 08668 
100.16590 9190 100.17090 0784 0.99995 01692 1, 00004 98333 
110, 70094 9812 110.70546 6393 0.99995 92018 1.00004 07998 


122, 34392 2746 122.34800 9518 0.99996 65972 1, 00003 34040 
135. 21135 4781 135.21505 2645 0.99997 26520 1.00002 73488 
149. 43202 7501 149. 43537 3466 0.99997 76093 1.00002 23912 
165.14826 6177 165,15129 3732 0.99998 16680 1.00001 83323 
182,51736 4210 182.52010 3655 0.99998 49910 1.00001 50092 


201. 71315 7370 201. 71563 6122 0.99998 77117 1.00001 22885 
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Table 4.15 HYPERBOLIC FUNCTIONS 
x sinh x cosh z tanh x coth x 

6.0 201. 71315 7370 201. 71563 6122 0.99998 77117 1.00001 22885 
6.1 222.92776 3607 222. 93000 6475 0.99998 99391 1.00001 00610 
6.2 246, 37350 5831 246. 37553 5262 0.99999 17629 1.00000 82372 
6.3 272. 28503 6911 272. 28687 3215 0.99999 32560 1.00000 67441 
6.4 300. 92168 8157 300. 92334 9715 0.99999 44785 1.00000 55216 
6.5 332.57006 4803 332.57156 8242 0.99999 54794 1.00000 45207 
6. 6 367. 54691 4437 367, 54827 4805 0.99999 62988 1.00000 37012 
6.7 406. 20229 7128 406. 20352 8040 0.99999 69697 1.00000 30303 
6. 8 448. 92308 8938 448, 92420 2713 0.99999 75190 1.00000 24810 
6.9 496. 13685 3910 496. 13786 1695 0.99999 79687 1.00000 20313 
7.0 548, 31612 3273 548. 31703 5155 0.99999 83369 1.00000 16631 
7.1 605. 98312 4694 605. 98394 9799 0.99999 86384 1.00000 13616 
7.2 669. 71500 8904 669. 71575 5490 0.99999 88852 1.00000 11148 
7.3 740. 14962 6023 740. 15030 1562 0.99999 90873 1.00000 09127 
7.4 817. 99190 9372 817. 99252 0624 0.99999 92527 1.00000 07473 
7.5 904. 02093 0686 904. 02148 3770 0.99999 93882 1.00000 06118 
7.6 999. 09769 7326 999. 09819 7778 0.99999 94991 1.00000 05009 
tad 1104. 17376 9530 1104. 17422 2357 0.99999 95899 1.00000 04101 
7.8 1220, 30078 3945 1220. 30119 3680 0.99999 96642 1.00000 03358 
7.9 1348. 64097 8762 1348, 64134 9506 0.99999 97251 1.00000 02749 
8.0 1490. 47882 5790 1490. 47916 1252 0.99999 97749 1.00000 02251 
8.1 1647. 23388 5872 1647. 23418 9411 0.99999 98157 1.00000 01843 
8.2 1820. 47501 6339 1820, 47529 0993 0.99999 98491 1.00000 01509 
8.3 2011. 93607 2653 2011. 93632 1170 0.99999 98765 1.00000 01235 
8.4 2223, 53326 1416 2223. 53348 6284 0.99999 98989 1.00000 01011 
8.5 2457. 38431 8415 2457. 38452 1884 0.99999 99172 1.00000 00828 
8.6 2715. 82970 3629 2715. 82988 7734 0.99999 99322 1.00000 00678 
8.7 3001. 45602 5338 3001. 45619 1923 0.99999 99445 1.00000 00555 
8.8 3317.12192 7772 3317.12207 8505 0.99999 99546 1.00000 00454 
8.9 3665. 98670 1384 3665. 98683 7772 0.99999 99628 1.00000 00372 
9.0 4051. 54190 2083 4051. 54202 5493 0.99999 99695 1.00000 00305 
ree 4477. 64629 5908 4477. 64640 7574 0.99999 99751 1.00000 00249 
9.2 4948. 56447 8852 4948. 56457 9892 0.99999 99796 1.00000 00204 
9.3 5469. 00955 8370 5469. 00964 9795 0.99999 99833 1.00000 00167 
9.4 6044, 19032 3746 6044. 19040 6471 0.99999 99863 1.00000 00137 
9.5 6679. 86337 7405 6679. 86345 2257 0.99999 99888 1.00000 00112 
9.6 7382. 39074 8924 7382, 39081 6653 0.99999 99908 1.00000 00092 
9.7 8158. 80356 8366 8158. 80362 9649 0.99999 99925 1.00000 00075 
9.8 9016. 87243 6188 9016. 87249 1640 0.99999 99939 1.00000 00061 
9.9 9965. 18519 4028 9965. 18524 4202 0.99999 99950 1.00000 00050 
10.0 11013. 23287 4703 11013..23292 0103 0. 99999 99959 1.00000 00041 


ee Ee 


For z>>0, sinh z~cosh a~t et, For 2z>10, tanh x~1—2e—2, coth z~1+2e—22 to 10D. 


*See page I. 


EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT xz 
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1. 00000 
1, 03191 
1. 06484 
1, 09883 
1.13390 


1. 17008 
1. 20743 
1. 24596 
1, 28573 
1. 32676 


1. 36910 
1, 41280 
1. 45789 
1.50441 
1.55243 


1. 60197 
1. 65310 
1. 70586 
1. 76030 
1, 81648 


1. 87445 
1.93427 
1.99601 
2.05971 
2.12544 


2.19328 
2. 26327 
2. 33550 
2. 41004 
2. 48696 


2. 56633 
2. 64823 
2, 73275 
2. 81996 
2. 90996 


3, 00283 
3, 09867 
3.19756 
3. 29961 
3. 40491 


3. 51358 
3. 62572 
3. 74143 
3. 86084 
3. 98405 


4.11120 
4. 24241 
4. 37780 
4, 51752 
4. 66170 


4. 81047 
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00000 
46153 
77733 
19803 
07803 


87875 
17210 
64399 
09795 
45892 


77706 
23184 
13610 
94029 
23694 


76513 
41518 
23348 
42750 
37088 


60876 
86325 
03910 
22948 
72203 


00507 
77398 
93782 
62616 
19609 


23952 
59064 
33366 
81081 
63054 


67606 
11407 
40381 
30643 
89460 


56243 
03579 
38283 
02496 
74810 


71429 
47373 
97717 
58864 
09873 


73810 


a | 
6 : 
Compiled from British Association for the Advancement of Science, Mathematical Tables, vol. I. Circular and 


hyperbolic functions, exponential, sine and cosine integrals, factorial function and allied functions, Hermitian 
probability functions, 3d ed. Cambridge Univ. Press, Cambridge, England, 1951 (with permission). Known 


errors have been corrected. 
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1. 00000 
0. 96907 
0. 93910 
0.91005 
0. 88191 


0. 85463 
0. 82820 
0. 80258 
0.77776 
0. 75371 


0. 73040 
0. 70781 
0. 68592 
0, 66470 
0. 64415 


0, 62422 
0. 60492 
0, 58621 
0. 56808 
0.55051 


0. 53348 
0.51698 
0. 50099 
0. 48550 
0. 47048 


0. 45593 
0. 44183 
0. 42817 
0. 41492 
0. 40209 


0. 38966 
0. 37760 
0. 36593 
0. 35461 
0. 34364 


0. 33301 
0. 32271 
0. 31273 
0. 30306 
0. 29369 


0. 28460 
0. 27580 
0. 26727 
0.25901 
0. 25100 


0. 24323 
0.23571 
0. 22842 
0. 22136 
0.21452 


0. 20787 


00000 
24263 
13674 
72407 
13783 


59992 
41813 
98355 
76792 
32120 


26910 
31080 
21659 
82576 
04440 


84336 
25628 
37756 
36059 
41583 


80911 
85988 
93958 
47001 
92177 


81278 
70677 
21192 
97945 
70227 


11374 
98638 
13069 
39395 
65907 


84355 
89833 
80681 
58385 
27474 


95433 
72607 
72113 
09757 
03946 


75614 
48138 
47266 
01040 
39731 


95764 


ica 


sinh xx 


0. 00000 
0. 03142 
0. 06287 
0. 09438 
0. 12599 


0.15772 
0. 18961 
0. 22168 
0. 25398 
0, 28652 


0. 31935 
0. 35249 
0. 38598 
0. 41985 
0. 45414 


0. 48887 
0. 52409 
0. 55982 
0.59611 
0. 63298 


0. 67048 
0. 70864 
0. 74750 
0. 78710 
0. 82747 


0. 86867 
0. 91072 
0. 95366 
0.99755 
1. 04243 


1, 08833 
1, 13531 
1, 18341 
1, 23267 
1, 28315 


1. 33490 
1, 38797 
1. 44241 
1, 49827 
1, 55561 


1. 61448 
1. 67495 
1. 73707 
1, 80091 
1. 86652 


1, 93398 
2. 00334 
2. 07469 
2. 14808 
2, 22359 


2. 30129 


00000 
10945 
32029 
73698 
47010 


63942 
37699 
83022 
16502 
56886 


25398 
46052 
45975 
55727 
09627 


46088 
07945 
42796 
03346 
47753 


39982 
50169 
54976 
37973 
90013 


09615 
03361 
86295 
82336 
24691 


56289 
30213 
10148 
70843 
98573 


91626 
60787 
29850 
36129 
30993 


80405 
65486 
83085 
46370 
85432 


47907 
99617 
25226 
28912 
35071 


89023 


ce 


cosh ar 


1. 00000 


1. 00049 
1. 00197 


1.00444 


1. 00790 


1. 01236 
1, 01781 
1. 02427 
1. 03174 
1, 04023 


1, 04975 
1, 06030 
1. 07190 
1, 08456 
1. 09829 


1.11310 
1.12901 
1.14603 
1.16419 
1, 18349 


1, 20397 
1, 22563 
1, 24850 
1, 27260 
1. 29796 


1. 32460 
1. 35255 
1, 38184 
1. 41248 
1. 44452 


1. 47799 
1, 51292 
1.54934 
1. 58729 
1. 62680 


1. 66792 
1. 71069 
1.75515 
1. 80133 
1. 84930 


1. 89909 
1, 95076 
2. 00435 
2. 05992 
2.11752 


2.17722 
2, 23906 
2. 30311 
2. 36944 
2. 43810 


2. 50917 


00000 
35208 
45704 
46105 
60793 


23933 
79512 
81377 
93294 
89006 


52308 
77132 
67634 
38303 
14067 


30425 
33573 
80552 
39405 
89335 


20893 
36157 
48934 
84975 
82190 


90893 
74038 
07487 
80280 
94918 


67663 
28851 
23218 
10238 
64481 


75980 
50620 
10531 
94514 
58467 


75838 
38093 
55198 
56127 
89378 


23522 
47756 
72491 
29952 
74802 


84787 


ire 


Table 4.16 
tanh «zr 


0. 00000 
0. 03140 
0. 06274 
0. 09396 
0.12500 


0. 15580 
0. 18629 
0. 21643 
0. 24616 
0. 27544 


0. 30421 
0. 33244 
0. 36009 
0. 38711 
0. 41349 


0. 43919 
0. 46420 
0. 48848 
0. 51203 
0. 53484 


0. 55689 
0.57818 
0. 59872 
0. 61849 
0. 63751 


0. 65579 
0. 67333 
0. 69014 
0. 70624 
0. 72164 


0. 73635 
0. 75041 
0. 76381 
0. 77659 
0. 78876 


0, 80033 
0. 81135 
0. 82181 
0, 83175 
0, 84118 


0. 85013 
0. 85861 
0. 86665 
0. 87426 
0. 88146 


0, 88828 
0, 89472 
0. 90081 
0. 90657 
0. 91201 


0, 91715 


00000 
55952 
93000 
97111 
63906 


03292 
43856 
36952 
60434 
21974 


61929 
55730 
15776 
92833 
76928 


97777 
24748 
66406 
69673 
18637 


33069 
66683 
05188 
64181 
86920 


42026 
21140 
36583 
19035 
15276 


85995 
03695 
50706 
17313 
00021 


99933 
21279 
70068 
52873 
75743 


43239 
57589 
17947 
19762 
54241 


07899 
62194 
93236 
71557 
61950 


23357 


oF 


219 


220 


Table 4.16 
x 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT xx 


ere 


ent 


0.50 4. 81047 73810 
0.51 4.96400 19160 
0.52 5.12242 61276 
0,53 5.28590 63869 
0, 54 5.45460 40558 


0.55 5. 62868 56460 
0. 56 5. 80832 29831 
0.57 5.99369 33767 
0.58 6, 18497 97951 
0. 59 6. 38237 10460 


0. 60 6.58606 19627 
0. 61 6.79625 35967 
0. 62 7.01315 34158 
0. 63 7.23697 55091 
0, 64 7. 46794 07985 


aOoooe ooo°oo oOoooe Soeeo Oo0oco oOooo°o oOoO000 
s0 10 50 10 10 9 OO 0 oaocwnnoc Go 00 CO OO CO aA SS aN SS RAXAD 
Oanawn BPWNH © ODANAH rWNE © OMNAW PWNHErO OOnAAUW 


osc # « ® #+4x« 


t 
e 

r=) 
So 


7.70627 72563 
7.95222 01304 
8.20601 21768 
8.46790 38986 
8.73815 37941 


9.01702 86109 
9. 30480 36103 
9.60176 28381 
9.90819 94054 
10. 22441 57779 


10.55072 40742 
10, 88744 63743 
11. 23491 50371 
11. 59347 30285 
11. 96347 42604 


12. 34528 39392 
12. 73927 89270 
13. 14584 81133 
13. 56539 27988 
13. 99832 70916 


14, 44507 83157 
14. 90608 74333 
15, 38180 94795 
15. 87271 40119 
16. 37928 55735 


16. 90202 41717 
17. 44144 57711 
17. 99808 28034 
18.57248 46925 
19, 16521 83968 


19. 77686 89693 
20. 40804 01345 
21,05935 48847 
21. 73145 60946 
22.42500 71560 


23. 14069 26328 


(F 


0. 20787 
0, 20145 
0.19521 
0.18918 
0. 18333 


0.17766 
0.17216 
0. 16684 
0. 16168 
0.15668 


0.15183 
0.14713 
0.14258 
0.13817 
0.13390 


0.12976 
0.12575 
0.12186 
0.11809 
0.11444 


0.11090 
0.10747 
0.10414 
0. 10092 
0. 09780 


0. 09478 
0. 09184 
0. 08900 
0. 08625 
0. 08358 


0. 08100 
0.07849 
0. 07606 
0.07371 
0. 07143 


0.06922 
0. 06708 
0.06501 
0. 06300 
0.06105 


0. 05916 
0.05733 
0.05556 
0. 05384 
0. 05217 


0. 05056 
0. 04900 
0. 04748 
0.04601 
0.04459 


0. 04321 


95764 
03654 
99944 
23136 
13637 


13694 
67343 
20350 
20156 
15832 


58020 
98890 
92093 
92710 
57214 


43423 
10461 
18713 
29793 
06500 


12784 
13709 
75422 
65114 
50993 


02248 
89025 
82388 
54299 
77587 


25922 
73785 
96451 
69955 
71077 


77313 
66855 
18571 
11981 
27239 


45113 
46965 
14735 
30919 
78557 


41212 
02956 
48354 
62446 
30738 


39183 


ial 


sinh «zx 


2. 30129 
2. 38127 
2. 46360 
2. 54836 
2. 63563 


2.72551 
2. 81807 
2. 91342 
3.01164 
3.11284 


3, 21711 
3.32455 
3. 43528 
3.54939 
3, 66701 


3. 78825 
3. 91323 
4, 04207 
4.17490 
4. 31185 


4, 45306 
4. 59866 
4. 74880 
4. 90363 
5. 06330 


5. 22797 
5. 39779 
5.57295 
5. 75360 
5. 93994 


6.13214 
6. 33039 
6. 53488 
6. 74583 
6. 96344 


7. 18792 
7. 41950 
7. 65839 
7. 90485 
8.15911 


8. 42142 
8. 69205 
8. 97126 
9. 25932 
9. 55652 


9. 86315 
10.17951 
10. 50593 
10, 84271 
11, 19020 


11. 54873 


[oe 


89023 
57753 
30666 
20366 
63461 


21383 
81244 
56709 
88897 
47314 


30804 
68538 
21032 
81191 
75386 


64570 
45422 
51527 
54597 
65720 


36663 
61197 
76480 
64470 
53393 


19247 
87359 
33992 
87993 
32508 


06735 
07743 
92341 
79017 
49919 


52922 
03739 
88112 
64069 
64248 


98302 
55373 
06650 
08003 
02706 


24240 
99195 
50247 
99250 
70411 


ye 


cosh rx 


2.50917 84787 
2.58272 61407 
2. 65882 30610 
2.73754 43503 
2.81896 77098 


2.90317 35077 
2.99024 48587 
3.08026 77058 
3.17333 09054 
3.26952 63146 


3. 36894 88823 
3.47169 67428 
3.57787 13125 
3, 68757 73901 
3. 80092 32600 


3.91802 07993 
4.03898 55883 
4.16393 70240 
4.29299 84390 
4.42629 72220 


4.56396 49447 
4.70613 74906 
4.85295 51901 
5.00456 29584 
5.16111 04386 


5. 32275 21495 
5. 48964 76384 
5. 66196 16379 
5. 83986 42292 
6. 02353 10095 


6, 21314 32657 
6. 40888 81528 
6.61095 88792 
6. 81955 48972 
7. 03488 20996 


7.25715 30235 
7. 48658 70594 
7.72341 06683 
7.96785 76050 
8.22016 91487 


8.48059 43415 
8. 74939 02338 
9.02682 21384 
9.31316 38922 
9. 60869 81263 


9.91371 65453 
10. 22852 02151 
10. 55341 98601 
10. 88873 61696 
11, 23480 01149 


11.59195 32755 


cy 


tanh a 


0.91715 
0. 92200 
0. 92657 
0. 93089 
0. 93496 


0. 93880 
0. 94242 
0. 94583 
0. 94904 
0. 95207 


0. 95493 
0.95761 
0. 96014 
0. 96252 
0. 96477 


0. 96688 
0. 96886 
0. 97073 
0.97249 
0.97414 


0.97570 
0.97716 
0. 97853 
0. 97983 
0. 98104 


0.98219 
0. 98326 
0. 98427 
0. 98522 
0. 98612 


0. 98696 
0. 98775 
0. 98849 
0. 98919 
0. 98984 


0. 99046 
0. 99103 
0. 99158 
0. 99209 
0.99257 


0. 99302 
0. 99344 
0. 99384 
0.99421 
0.99456 


0. 99489 
0. 99520 
0. 99550 
0.99577 
0. 99603 


0.99627 


23357 
08803 
65378 
34251 
50714 


44259 
38675 
52160 
97460 
82009 


08086 
72978 
69151 
84417 
02118 


01293 
56859 
39783 
17255 
52857 


06726 
35718 
93563 
31019 
96015 


33800 
87071 
96111 
98912 
31297 


27033 
17946 
34022 
03509 
53014 


07591 
90830 
24938 
30818 
28142 


35419 
70066 
48468 
86036 
97268 


95797 
94443 
05263 
39591 
08084 


20762 


Py 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 221 


INVERSE HYPERBOLIC FUNCTIONS Table 4.17 

aresinh x arctanh zx aresinh « arctanh x 
0.00000 0000 0.00000 0000 0.48121 1825 0.54930 6144 
0.00999 9833 0.01000 0333 0.49013 8161 0.56272 9769 
0.01999 8667 0.02000 2667 0.49902 8444 0.57633 9754 
0. 02999 5502 0.03000 9004 0.50788 2413 0.59014 5160 
0.03998 9341 0.04002 1353 0.51669 9824 0.60415 5603 


0.04997 9190 0.05004 1729 0.52548 0448 0. 61838 1313 
0.05996 4058 0.06007 2156 0.53422 4074 0. 63283 3186 
0.06994 2959 0.07011 4671 0.54293 0505 0.64752 2844 
0.07991 4912 0.08017 1325 0.55159 9562 0. 66246 2707 
0.08987 8941 0, 09024 4188 0.56023 1077 0.67766 6068 


0.09983 4079 0.10033 5347 0.56882 4899 0. 69314 7180 
0.10977 9366 0.11044 6915 0.57738 0892 0. 70892 1359 
0.11971 3851 0.12058 1028 0.58589 8932 0.72500 5087 
0.12963 6590 0.13073 9850 0.59437 8911 0.74141 6144 
0.13954 6654 0.14092 5576 0. 60282 0733 0. 75817 3745 


0.14944 3120 0.15114 0436 0.61122 4314 0.77529 8706 
0.15932 5080 0.16138 6696 0.61958 9584 0. 79281 3631 
0.16919 1636 0.17166 6663 0.62791 6485 0.81074 3125 
0.17904 1904 0.18198 2689 0. 63620 4970 0. 82911 4038 
0.18887 5015 0.19233 7169 0. 64445 5005 0.84795 5755 


0.19869 0110 0.20273 2554 0.65266 6566 0.86730 0527 
0.20848 6350 0.21317 1346 0. 66083 9641 0, 88718 3863 
0, 21826 2908 0, 22365 6109 0. 66897 4227 0.90764 4983 
0.22801 8972 0.23418 9466 0.67707 0332 0.92872 7364 
0, 23775 3749 0.24477 4112 0.68512 7974 0.95047 9381 


0.24746 6462 0.25541 2812 0. 69314 7181 0.97295 5074 
0.25715 6349 0.26610 8407 0.70112 7988 0.99621 5082 
0.26682 2667 0.27686 3823 0.70907 0441 1. 02032 7758 
0.27646 4691 0.28768 2072 0.71697 4594 1, 04537 0548 
0. 28608 1715 0.29856 6264 0.72484 0509 1.07143 1684 


0.29567 3048 0.30951 9604 0.73266 8256 1, 09861 2289 
0. 30523 8020 0.32054 5409 0. 74045 7912 1.12702 9026 
0. 31477 5980 0. 33164 7108 0. 74820 9563 1.15681 7465 
0.32428 6295 0. 34282 8254 0.75592 3300 1.18813 6404 
0.33376 8352 0. 35409 2528 0.76359 9222 1.22117 3518 


0. 34322 1555 0. 36544 3754 0.77123 7433 1.25615 2811 
0. 35264 5330 0. 37688 5901 0. 77883 8046 1.29334 4672 
0. 36203 9121 0. 38842 3100 0. 78640 1177 1.33307 9629 
0.37140 2391 0.40005 9650 0.79392 6950 1.37576 7657 
0. 38073 4624 0.41180 0034 0. 80141 5491 1.42192 5871 


0. 39003 5320 0. 42364 8930 0.80886 6936 1. 47221 9490 
0. 39930 4001 0.43561 1223 0.81628 1421 1.52752 4425 
0. 40854 0208 0. 44769 2023 0. 82365 9091 1, 58902 6915 
0. 41774 3500 0.45989 6681 0.83100 0091 1. 65839 0020 
0. 42691 3454 0.47223 0804 0. 83830 4575 1.73804 9345 


0. 43604 9669 0. 48470 0279 0.84557 2697 1. 83178 0823 
0. 44515 1759 0. 49731 1288 0.85280 4617 1,94591 0149 
0. 45421 9359 0.51007 0337 0.86000 0498 2.09229 5720 
0. 46325 2120 0.52298 4278 0.86716 0507 2.29755 9925 
0.47224 9713 0.53606 0337 0.87428 4812 2.64665 2412 


0. "C6 1825 0. aaa an 1, 00 0. aval 0 
fel. Le Pal 
For use of the table see Examples 26-28. 
Qo(z) (Legendre Function—Second Kind)=arctanh z(|z|<1) 
=arecoth 2(|z|>1) 
Compiled from Harvard Computation Laboratory, Tables of inverse hyperbolic 
functions. Harvard Univ. Press, Cambridge, Mass., 1949 (with permission). 
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Table 4.17 INVERSE HYPERBOLIC FUNCTIONS 
arccosh x arecosh x 
x aresinh x (22—1)8 aresinh x (22—1)# 


0. 88137 3587 1.00000 000 
0.88842 7007 0.99667 995 
0. 89544 5249 0.99338 621 
0.90242 8496 0.99011 848 
0.90937 6928 0. 98687 641 


0.91629 0732 0. 98365 968 
0.92317 0094 0.98046 798 
0.93001 5204 0.97730 099 
0. 93682 6251 0.97415 841 
0.94360 3429 0.97103 994 


0. 95034 6930 0.96794 529 
0.95705 6950 0.96487 415 
0. 96373 3684 0. 96182 625 
0.97037 7331 0.95880 131 
0.97698 8088 0.95579 904 


0.98356 6154 0.95281 918 
0.99011 1729 0.94986 146 
0.99662 5013 0.94692 561 
1.00310 6208 0.94401 139 
1.00955 5514 0.94111 853 


1.01597 3134 0. 93824 678 
1, 02235 9270 0. 93539 589 
1, 02871 4123 0.93256 563 
1.03503 7896 0.92975 576 
1. 04133 0792 0.92696 604 


1.04759 3013 0.92419 624 
1, 05382 4760 0.92144 613 
1.06002 6237 0.91871 550 
1,06619 7645 0.91600 411 
1, 07233 9185 0. 91331 175 


1.07845 1059 0.91063 821 
1, 08453 3467 0.90798 328 
1.09058 6610 0.90534 676 
1. 09661 0688 0.90272 843 
1.10260 5899 0.90012 810 


1.10857 2442 0. 89754 557 
1.11451 0515 0. 89498 064 
1.12042 0317 0. 89243 313 
1.12630 2042 0. 88990 284 
1.13215 5887 0. 88738 959 


1.13798 2046 0. 88489 320 
1.14378 0715 0, 88241 348 
1.14955 2086 0. 87995 026 
1.15529 6351 0.87750 336 
1.16101 3703 0.87507 261 


1.16670 4331 0.87265 784 
1.17236 8425 0.87025 888 
1.17800 6174 0. 86787 557 
1, 18361 7765 0.86550 774 


1.19476 3217 0. 86081 788 
1, 20029 7449 0. 85849 554 
1, 20580 6263 0.85618 806 
1.21128 9840 0. 85389 528 
1.21674 8362 0.85161 706 


1.22218 2008 0. 84935 324 
1, 22759 0958 0. 84710 368 
1, 23297 5390 0. 84486 823 
1. 23833 5478 0. 84264 676 
1.24367 1400 0. 84043 913 


1.24898 3328 0. 83824 520 
1.25427 1436 0. 83606 483 
1. 25953 5895 0. 83389 788 
1.26477 6877 0. 83174 424 
1, 26999 4549 0.82960 376 


1.27518 9081 0.82747 632 
1. 28036 0639 0. 82536 179 
1.28550 9389 0. 82326 005 
1.29063 5495 0. 82117 097 
1.29573 9120 0. 81909 443 


1, 30082 0427 0. 81703 032 
1. 30587 9576 0. 81497 850 
1.31091 6727 0. 81293 888 
1.31593 2038 0, 81091 132 
1, 32092 5666 0. 80889 572 


1.32589 7767 0. 80689 197 
1. 33084 8496 0. 80489 994 
1.33577 8006 0. 80291 954 
1. 34068 6450 0. 80095 066 
1.34557 3978 0. 79899 318 


1, 35044 0740 0.79704 701 
1, 35528 6886 0.79511 203 
1, 36011 2562 0.79318 816 
1, 36491 7914 0.79127 527 
1. 36970 3089 0. 78937 328 


1. 37446 8228 0. 78748 209 
1.37921 3477 0. 78560 160 
1.38393 8975 0.78373 170 
1.38864 4863 0.78187 231 
1. 39333 1280 0. 78002 334 


1.39799 8365 0.77818 468 
1. 40264 6254 0.77635 625 
1.40727 5083 0.77453 796 
1.41188 4987 0.77272 971 
1.41647 6099 0. 77093 142 


1.42104 8552 0.76914 300 
1.42560 2476 0.76736 437 
1.43013 8002 0.76559 544 
1. 43465 5259 0. 76383 612 
1.18920 3384 0. 86315 523 1.43915 4374 0. 76208 633 


1.19476 3217 0. 86081 788 1. 44363 5475 0. 76034 600 
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INVERSE HYPERBOLIC FUNCTIONS Table 4.17 


aresinh z—In x arecosh x—In x <i> zo! arcsinh z—In x arceosh z—In x <1> 


0.75048 82946 0, 62381 07164 2 0. 25 0.70841 81861 0.67714 27078 4 
0. 74839 16011 0.62685 90940 2 0, 24 0.70724 57326 0.67842 57947 4 
0. 74632 48341 0.62981 77884 2 0. 23 0. 70611 72820 0.67965 18411 4 
0.74428 85962 0.63268 90778 2 0, 22 0. 70503 32895 0. 68082 14660 2) 
0.74228 34908 0. 63547 51194 2 0, 21 0. 70399 41963 0, 68193 52541 5 
0. 74031 01215 0.63817 79566 2 0. 20 0. 70300 04288 0. 68299 37571 5 
0. 73836 90921 0. 64079 95268 2 0.19 0. 70205 23983 0. 68399 74947 5 
0.73646 10057 0. 64334 16670 2 0,18 0.70115 05002 0.68494 69555 6 
0.73458 64641 0.64580 61207 2 0.17 0.70029 51134 0. 68584 25981 6 
0.73274 60676 0.64819 45429 2 0.16 0. 69948 66000 0. 68668 48518 6 
0. 73094 04245 0.65050 85051 3 0.15 0.69872 53043 0.68747 41175 7 
0.72917 01001 0.65274 95004 3 9.14 0.69801 15527 0. 68821 07683 7 
0.72743 57167 0.65491 89477 3 0.13 0.69734 56533 0. 68889 51504 8 
0.72573 78524 0.65701 81952 3 0,12 0.69672 78946 0.68952 75836 8 
0.72407 70912 0.65904 85249 3 9,11 0.69615 85462 0.69010 83616 9 
0.72245 40117 0. 66101 11555 3 0. 10 0. 69563 78573 0. 69063 77531 10 
0.72086 91873 0.66290 72458 3 0.09 0.69516 60572 0.69111 60018 11 
0.71932 31846 0.66473 78974 3 0. 08 0.69474 33542 0.69154 33269 13 
0.71781 65636 0.66650 41577 3 0.07 0. 69436 99357 0.69191 99235 14 
0. 71634 98766 0. 66820 70226 3 0, 06 0.69404 59680 0. 69224 59631 17 
0.71492 36678 0. 66984 74382 3 0. 05 0.69377 15954 0, 69252 15938 20 
0.71353 84725 0.67142 63038 3 0.04 0.69354 69408 0.69274 69403 25 
0.71219 48165 0.67294 44732 4 0, 03 0, 69337 21047 0.69292 21046 33 
0.71089 32154 0.67440 27575 4 0. 02 0, 69324 71656 0, 69304 71656 50 
0.70963 41742 (0.67580 19258 4 0. 01 0.69317 21796 0, 69312 21796 100 
0.70841 81861 0.67714 27078 4 0, 00 0.69314 71806 0. 69314 71806 ~ 
(-6)5 (e) (28) * [(-6)7 
5 6 5 5 
<«>=nearest integer to .r. 
ROOTS «x,, OF cos x, cosh x,=1 Table 4.18 
n Xn 
1 4.73004 07 
2 7.85320 46 
3 10. 99560 78 
4 14.13716 55 
5 17.27875 96 


For #25, eu=4 [2n+1]= 


ROOTS x, OF cos x, cosh x,=—1 
n Xn 


1. 87510 41 
4.69409 11 
7.85475 74 
10. 99554 07 
14,13716 84 


WI Bw rr 


For n>b, rn=s [2n-1]« 


*See page I. 


1.00 


4.19 


71 
3.14159 
2.99304 
2.86277 
2.75032 
2.65366 


2.57043 
2.49840 
2.43566 
2.38064 
2.33208 


2.28893 
2.25037 
2.21571 
2.18440 
2.15598 


2.13008 
2.10638 
2.08460 
2.06453 
2.04597 


2.02876 


Z1 
2.02876 
2,01194 
1.99465 
1.97687 
1.95857 


1.93974 
1.92035 
1.90036 
1.87976 
1.85852 


1.83660 
1.81396 
1.79058 
1.76641 
1.74140 


1.71551 
1,68868 
1.66087 
1,63199 
1.60200 


1.57080 
1.53830 
1,50442 
1.46904 
1.43203 


1.39325 
1.35252 
1,30965 
1.26440 
1.21649 


1.16556 
1.11118 
1,05279 
0.98966 
0.92079 


0.84473 
0.75931 
0.66086 
0.54228 
0.38537 


0.00000 


2 
6.28319 
5.99209 
5.76056 
5.58578 
5.45435 


5.35403 
5.27587 
5.21370 
5.16331 
5.12176 


5.08698 
5.05750 
5.03222 
5.01031 
4.99116 


4.97428 
4.95930 
4.94592 
4.93389 
4.92303 


4.91318 


x2 
4.91318 
4,90375 
4.89425 
4.88468 
4.87504 


4.86534 
4.85557 
4.84573 
4.83583 
4.82587 


4.81584 
4.80575 
4.79561 
4.78540 
4.77513 


4.76481 
4.75443 
4.74400 
4.73351 
4.72298 


4.71239 
4.70176 
4.69108 
4.68035 
4.66958 


4.65878 
4.64793 
4.63705 
4.62614 
4.61519 


4.60422 
4.59321 
4.58219 
4.57114 
4.56007 


4.54899 
4.53789 
4.52678 
4.51566 
4.50454 


4.49341 


73 
9.42478 
9.00185 
8.70831 
8.51805 
8.39135 


8.30293 
8.23845 
8.18965 
8.15156 
8.12108 


8.09616 
8.07544 
8.05794 
8.04298 
8.03004 


8.01875 
8.00881 
7.99999 
7.99212 
7.98505 


7.97867 


3 
7.97867 
7.97258 
7.96648 
7.96036 
7.95422 


7.94807 
7.94189 
7.93571 
7.92950 
7.92329 


7.91705 
7.91080 
7.90454 
7.89827 
7.89198 


7.88567 
7.87936 
7.87303 
7.86669 
7.86034 


7.85398 
7.84761 
7.84123 
7.83484 
7.82844 


7.82203 
7.81562 
7,80919 
7.80276 
7.79633 


7.78988 
7.78344 
7.77698 
7.77053 
7.76407 


7.75760 
7.75114 
7.74467 
7.73820 
7.73172 


7.72525 


For a=0, see jj. 8 of Table 10.6. 


ROOTS X21 OF tan Xn = AXn 


24 
12,56637 
12.02503 
11,70268 
11.52018 
11,40863 


11.33482 
11.28284 
11,24440 
11.21491 
11.19159 


11,17271 
11,15712 
11.14403 
11.13289 
11.12330 


11,11496 
11,10764 
11,10116 
11,09538 
11.09021 


11.08554 


+04 
11,08554 
11,08110 
11.07665 
11.07219 
11.06773 


11.06326 
11.05879 
11.05431 
11.04982 
11.04533 


11.04083 
1103633 
11,03182 
11,02730 
11,02278 


11.01826 
11,01373 
11,00920 
11.00466 
11,00012 


10.99557 
10.99102 
10,98647 
10,98192 
10.97736 


10.97279 
10.96823 
10.96366 
10.95909 
10,95452 


10.94994 
10,94537 
10.94079 
10,93621 
10.93163 


10.92704 
10,92246 
10.91788 
10.91329 
10,90871 


10.90412 


7% 
15.70796 
15,06247 
1473347 
14,56638 
14.46987 


14.40797 
14.36517 
14,33391 
14.31012 
14,29142 


14.27635 
14,26395 
14.25357 
14,24475 
14.23717 


14,23059 
14,22482 
14.21971 
14.21517 
14.21110 


14.20744 


5 
14.20744 
14,20395 
14.20046 
14,19697 
14.19347 


14.18997 
14.18647 
14.18296 
14.17946 
14,17594 


14.17243 
14.16892 
14.16540 
14.16188 
14.15835 


14,15483 
14.15130 
14,14777 
14.14424 
14,14070 


14,13717 
14.13363 
14.13009 
14.12655 
14.12301 


14.11946 
14.11592 
14,11237 
14,10882 
14,10527 


14.10172 
14,09817 
14.09462 
14,09107 
14,08752 


14.08396 
14.08041 
14.07686 
14.07330 
14,06975 


14,06619 


v6 
18,84956 
1811361 
17.79083 
17.64009 
17,55621 


17.50343 
17.46732 
17.44113 
17,.42129 
17.40574 


17.39324 
17.38298 
17.37439 
17.36711 
17.36086 


17.35543 
17.35068 
17,34648 
17.34274 
17,33939 


17.33638 


zw 
17.33638 
17.33351 
17.33064 
17.32777 
17.32490 


17.32203 
17.31915 
17.31628 
17.31340 
17.31052 


17,30764 
17.30476 
17.30187 
17,29899 
17.29610 


17.29321 
17.29033 
17,.28744 
17.28454 
17.28165 


17.27875 
17.27586 
17.27297 
17.27007 
17.26718 


17,26428 
17.26138 
17.25848 
17,25558 
17,25268 


17.24978 
17.24688 
17.24398 
17.24108 
17,23817 


17.23527 
17,23237 
17.22946 
17.22656 
17.22366 


17.22075 
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2X7 
21.99115 
21.17717 
20.86724 
20.73148 
20.65782 


20.61203 
20,58092 
20.55844 
20.54146 
20.52818 


20.51752 
20.50877 
20.50147 
20.49528 
20.48996 


20.48535 
20.48131 
20.47774 
20.47457 
20.47172 


20.46917 


XT 
20.46917 
20,46673 
20.46430 
20.46187 
20,45943 


20,.45700 
20.45456 
20,45212 
20.44968 
20.44724 


20.44480 
20.44236 
20.43992 
20.43748 
20.43503 


20,43259 
20,43014 
20.42769 
20.42525 
20.42280 


20.42035 
20.41790 
20.41545 
20.41300 
20.41055 


20.40810 
20.40565 
20.40320 
20.40075 
20.39829 


20.39584 
20.39339 
20.39094 
20.38848 
20.38603 


20.38357 
20.38112 
20.37867 
20.37621 
20.37376 


20.37130 


v8 
25.13274 
24.25156 
23.95737 
23.83468 
23.76928 


23.72894 
23.70166 
23.68201 
23.66719 
23.65561 


23.64632 
23.63871 
23.63235 
23.62697 
23.62235 


23.61834 
23.61483 
23.61173 
23.60897 
23.60651 


23.60428 


zB 
23.60428 
23.60217 
23.60006 
23,59795 
23.59584 


23.59372 
23.59161 
23.58949 
23.58738 
23.58526 


23.58314 
23.58102 
23.57891 
23.57679 
23.57467 


23.57255 
23.57043 
23.56831 
23.56619 
23.56407 


23.56194 
23.55982 
23.55770 
23.55558 
23.55345 


23,55133 
23,54921 
23.54708 
23.54496 
23,54283 


23,54071 
23.53858 
23.53646 
23.53433 
23,53221 


23,53008 
23.52796 
23,52583 
23,.52370 
23.52158 


23.51945 


<a>=nearest integer to x. 


x9 
28.27433 
27.33519 
27.05755 
26.94607 
26.88740 


26,85142 
26.82716 
26,80971 
26.79656 
26.78631 


26.77809 
26.77135 
26.76572 
26. 76096 
26.75688 


26.75333 
26.75023 
26.74749 
26.74506 
26.74288 


26.74092 


zg 
26.74092 
26.73905 
26.73718 
26.73532 
26.73345 


26.73159 
26.72972 
26.72785 
26.72598 
26.72411 


26.72225 
26.72038 
26.71851 
26.71664 
26.71477 


26.71290 
26.71102 
26.70915 
26.70728 
26.70541 


26,70354 
26.70166 
26.69979 
26,69792 
26,.69604 


26,69417 
26.69230 
26.69042 
26.68855 
26,68668 


26,68480 
26.68293 
26,68105 
26.67918 
2667730 


26.67543 
26,67355 
26.67168 
26.66980 
26,66793 


26.66605 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


eT %2 73 
1.57080 4.71239 7.85398 
1.49613 4.49148 7.49541 
1.42887 4.30580 7.22811 
1.36835 4.15504 7.04126 
1.31384 4,03357 6.90960 


1.26459 3.93516 6.81401 
1.21995 3.85460 6.74233 
1.17933 3.78784 6.68698 
1.14223 3.73184 6.64312 
1.10820 3.68433 6.60761 


1.07687 3.64360 6,57833 
1.04794 3.60834 6.55380 
1.02111 3.57756 6.53297 
0.99617 3.55048 6.51508 
0.97291 3.52649 6.49954 


0.95116 3.50509 6.48593 
0.93076 3.48590 6.47392 
0.91158 3.46859 6.46324 
0.89352 3.45292 6.45368 
0.87647 3.43865 6.44508 


1,00 0.86033 3.42562 6.43730 


ooo°o°o oo0o0°o geceoso ooo°o°o 
~0 10 00 OO ~ SAO &PwWWP NEE OO ~ 
WMomown OuWowneo MoOoMmow OMnoONne 


rat Xi x2 x3 


1.00 0.86033 3.42562 6.43730 
0.95 0.84426 3.41306 6.42987 
0.90 0.82740 3.40034 6,42241 
0.85 0.80968 3.38744 6.41492 
0.80 0.79103 3.37438 6.40740 


0.75 0.77136 3.36113 6.39984 
0.70 0.75056 3.34772 6.39226 
0.65 0.72851 3.33413 6,38464 
0.60 0.70507 3.32037 6.37700 
0.55 0.68006 3.30643 6.36932 


0.50 0.65327 3.29231 6.36162 
0.45 0.62444 3.27802 6.35389 
0.40 0.59324 3.26355 6.34613 
0.35 0.55922 3.24891 6.33835 
0.30 0.52179 3.23409 6.33054 


0.25 0.48009 3.21910 6.32270 
0.20 0.43284 3.20393 6.31485 
0.15 0.37788 3.18860 6.30696 
0.10 0.31105 3.17310 6.29906 
0.05 0.22176 3.15743 6.29113 


0.00 0.00000 3.14159 6.28319 


en 


ROOTS xn OF cot xn=)dxn 


%4 
10,99557 
10.51167 
10.20026 
10,01222 

9.89275 


9.81188 
9.75407 
9.71092 
9.67758 
9.65109 


9.62956 
9.61173 
9.59673 
9.58394 
9.57292 


9.56331 
9.55486 
9.54738 
9.54072 
9.53473 


9.52933 


TA 


9.52933 
9.52419 
9.51904 
9.51388 
9.50871 


9.50353 
9.49834 
9.49314 
9.48793 
9.48271 


9.47749 
9.47225 
9.46700 
9.46175 
9.45649 


9.45122 
9.44595 
9.44067 
9.43538 
9.43008 


9.42478 


vs 
14,13717 
13.54198 
13.21418 
13.03901 
12,93522 


12.86775 
12.82073 
12,78621 
12.75985 
12.73907 


12.72230 
12,70847 
12,.69689 
12,68704 
12.67857 


12.67121 
12,66475 
12,.65904 
12,65395 
12,64939 


12,64529 


v5 


12.64529 
12.64138 
12.63747 
12,63355 
12.62963 


12.62570 
12,62177 
12,61784 
12.61390 
12,60996 


12,60601 
12.60206 
12,59811 
12,59415 
12,59019 


12,58623 
12,58226 
12.57829 
12.57432 
12,57035 


12.56637 


[? ¥] Ge 


7%; 
17.27876 
16.58639 
16.25936 
16.10053 
16.01066 


15.95363 
15.91443 
15,88591 
15.86426 
15,84728 


15.83361 
15.82237 
15.81297 
15.80500 
15.79814 


15.79219 
15.78698 
15,78237 
15.77827 
15.77459 


15.77128 


z6 


15.77128 
15.76814 
15,76499 
15.76184 
15.75868 


15.75553 
15.75237 
15.74921 
15.74605 
15.74288 


15.73972 
15.73655 
15.73338 
15.73021 
15.72704 


15.72386 
15.72068 
15.71751 
15,71433 
15.71114 


15.70796 


v7 
20.42035 
19.64394 
19,32703 
19.18401 
19.10552 


19.05645 
19,02302 
18.99882 
18.98052 
18.96619 


18.95468 
18.94523 
18.93734 
18,93065 
18.92490 


18.91991 
18.91554 
18.91168 
18,90825 
18.90518 


18.90241 


7 


18.90241 
18.89978 
18.89715 
18.89451 
18.89188 


18,88924 
18,88660 
18,88396 
18,88132 
18.87868 


18.87604 
18.87339 
18.87075 
18,86810 
18.86546 


18,86281 
18,.86016 
18.85751 
18.85486 
18,85221 


18.84956 


Table 4.20 


+8 
23.56194 
22.71311 
22,41085 
22.28187 
22.21256 


22.16965 
22.14058 
22.11960 
22,10377 
22,09140 


22,08147 
22,07333 
22.06653 
22,06077 
22,05583 


22,05154 
22,04778 
22.04447 
22,04151 
22.03887 


22.03650 


28 


22,03650 
22,.03424 
22.03197 
22.02971 
22.02745 


22.02519 
22.02292 
22.02066 
22,.01839 
22.01612 


22.01386 
22,01159 
22,00932 
22.00705 
22.00478 


22.00251 
22.00024 
21.99797 
21.99569 
21.99342 


21.99115 


ty 
26.70354 
25.79232 
25.50638 
25.38952 
25.32765 


25.28961 
25.26392 
25.24544 
25.23150 
25.22062 


25.21190 
25.20475 
25.19878 
25.19373 
25.18939 


25.18563 
25.18234 
25.17943 
25.17684 
25.17453 


25.17245 


79 


25.17245 
25.17047 
25.16848 
25.16650 
25.16452 


25.16254 
25.16055 
25.15857 
25.15659 
25.15460 


25.15262 
25.15063 
25.14864 
25.14666 
25.14467 


25.14268 
25.14070 
25.13871 
25.13672 
2513473 


25.13274 


Ch) ee a 


<A> =nearest integer to A. 


For A-) > .20, the maximum error in linear interpolation is (— 4)7; five-point interpolation gives 5D. 


For A7! = .20, 


eel fee nearer ae 


1 
Vy lL 6x 360X 


*See page I. 
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3. Exponential Integral and Related Functions 
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Table 5.1. Sine, Cosine and Exponential Integrals (0<2<10)... . 
zSi(z), «2 {Ci(z)—h 2— ] 
x [Ei(z)—In z—y], <7 [£, (x) +In x+y], z=0(.01).5, 10S 
Si(z), Ci(z), 10D; Ei(z), E(x), 9D;x2=.5(.01)2 
Si(z), Ci(z), 10D; 2e~* Ei(z), ze? F(x), 9D; x=2(.1)10 


Table 5.2. Sine, Cosine and Exponential Integrals for Large Arguments 
COS ie eas wee ae Hee Gop eee Ae hore eae ins 
af(z), 9D;2’g(z), 7D; xe"Ei(z), 8D; 2e*E,(x), 10D 
f(@z)=—si(z) cos r+ Ci(x) sin x, g(x)=—si(x) sin z—Ci(z) cos x 
a= .1(—.005)0 


Table 5.3. Sine and Cosine Integrals for Arguments rz (O<r<10).. . 


Si(rz), Cin(rz), z=0(.1)10, 7D 


Table 5.4. Exponential Integrals H,(r) (Q<a2<2)......2..24. 
EF, (z)—2 In «, E, (x), n=3, 4, 10, 20, z=0(.01).5 
E, (a), n=2, 3, 4, 10, 20, x=.5(.01)2, 7D 


Table 5.5. Exponential Integrals #,,(x) for Large Arguments (2<14< @). 
(2-+-n)eE, (x), n=2, 3,4, 10,20, 2 =.5(—.05).1(—.01)0, 5D 


Table 5.6. Exponential Integral for Complex Arguments (|2|<(29) 
2e°H, (2), 2=t-+4y, x= —19(1)20, y=0(1)20, 6D 


Table 5.7. Exponential Integral for Small Complex Arguments (|2|/<<5) . 
e?E, (2), 2=a+iy, z= —4(.5)—2, y=0(.2)1, 6D 
E,(2)+In 2, z=a-+iy, z= —2(.5)2.5, y=0(.2)1, 6D 
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5. Exponential Integral and Related Functions 


Mathematical Properties 


5.1. Exponential Integral 


Definitions 


511 E(2= f “dt (ang 2l<n) 


5.1.2 Bi@=—f" e a—f ; © at (2>0) 
5.1.3 li(x =f aE ay. “Gi 
5.14 
E,(2)={- cw dt — (n=0,1,2,.. 5 Pe>0) 
1 
5.1.5 


ax()= t"e~*dt (n=0,1,2,...; Bz>0) 
1 


1 
5.1.6 pate)= [ t"e-**dt @=05172) 625) 
-1 


In 5.1.1 it is assumed that the path of integration 
excludes the origin and does not cross the negative 
real axis. 

Analytic continuation of the functions in 5.1.1, 
5.1.2, and 5.1.4 for n>0 yields multi-valued func- 
tions with branch points at z=0 and z=o;3 
They are single-valued functions in the z-plane 
cut along the negative real axis.* The function 
li(z), the logarithmic integral, has an additional 
branch point at z=1. 


Interrelations 
5.1.7 
E,(—2+10)=—Ei(2) Fiz, 
—Ei(z)=3[E,(—2+20)+ 2, (—2z—710)] = (x>0) 
3 Some authors [5.14], [5.16] use the entire function 
fi (1—e-‘)dt/t as the basic function and denote it by 
Ein(z). We have Bin(z) = #,(z)+1n z+y. 
‘ Various authors define the integral fi (et/t)dt in the 


z-plane cut along the positive real axis and denote it also 
by Ei(z). For z=z>0 additional notations such as Bi(z) 
(e.g., in [5.10], [5.25]), #*(x) (in [5.2]), Ei*(x) (in [5.6]) are 
then used to designate the principal value of the integral. 
Correspondingly, H,(z) is often denoted by — Ei(—z). 
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Explicit Expressions for a,(z) and 8,(2) 


5.1.8  a_(z)=nle*1e-* (te+o4 ete +5) 
5.1.9 

2 2g” 
By, (2) =nle-"—!{ @? [—-2+5)— sts +H(-1)* 5 


2 EL) 
—e* (te+5+... +5} 


Fieure 5.1. y=Ei(z) and y=E,(z). 


fe) 2 4 & 8 1.0 12 1.4 1.6 


Fieure 5.2. y=£,(2) 
n=0, 1, 2,3, 5, 10 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


n=O n=t ns2 ne3 n=4 n*5 ne6 


KG 


re) 
Figures 5.3. y=an(zr) 
n=0(1)6 
y 
15 
n=0 
10 nz2 
nid 
5 
oO 
-5 
-t0 
“15 
Fieure 5.4. y=8,(2) 
n=0, 1, 2, 5, 10, 15 
Series Expansions 
5.1.10 Ei(z)= vast) ‘al (x>0) 
5.1.11 
By(2)=—y—In 2-35 Vang al<n) 
5.1.12 
_ (—2)"" , (— z)™ 
E,(2)= mot —In 2+9(n)]— Ey aa 1m n+iyml 
(larg 2|<m) 
n-~-l 
VO=—7, V)=—7t SDI) 


y=.57721 56649 . . . is Euler’s constant. 
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Symmetry Relation 


5.1.13 E,,(@)=E, (2) 
Recurrence Relations 
5.1.14 
Enis (2) =< [e“*—2E(2)] (n=1,2,3,. ..) 
5.1.15 2a, (2) =e7?+Nan_1 (2) (n=1,2,3,...) 
5.1.16 
2Bn(2)=(—1)"e*—e-*+n8,-1(2)  (n=1,2,3,...) 


Inequalities [5.8], [5.4] 
5.1.17 


2 By(2)<Ensi@)<Eq (2) (2>0;n=1,2,3, ..) 


5.1.18 


Ex@)<Enr@)Ean@)  (#>0;n=1,2,3,...) 


5.1.19 


neh (z) <———~ (x>0; n=1,2,3,...) 


<a 1 


5.1.20 
bin (1+2)<eB@)<in(itz) — @>0) 
5.1.21 


df E,(2) 7 jes 
elm |>e @oina2.2.3..9 


Continued Fraction 


5.1.22 
2 

E@=e"( PAS...) (arg <n) 
Special Values 

5.1.23 E,0)=—5 (n>1) 

5.1.24 B,(2)=— 
e-* 2s 

5.1.25 a(z)=— Bo(2)=— sinh z 


230 


Derivatives 


5.1.26 2Eal2)_ 
dz 


—E,-1(2) (n=1,2, 3,.. ) 


5.1.27 
fe )= Zale B)) 


VOD! (oa3,2,8,..) 


Definite and Indefinite Integrals 


(For more extensive tables of integrals see 
{5.3}, [5.6], [5.11], [5.12], [5.13]. For integrals 
involving £,(z) see [5.9].) 


5.1.28 f. ° — dt=e® E,(ab) 
5.1.29 
a i dt=e-E,(—iab)  (a>0,b>0) 
5.1.30 
-t—1b tat ¢ — @% b 
f, Phe t=e”E, (ab) (a>0, b>0) 
5.1.31 
f. : ame e''dt— e-“>(—Fi(ab)-+én) 
(a>0, b>0) 
5.1.32 f ee ene 
j 0 t a 
5.1.33 f ” F2()dt=2 In 2 
0 
5.1.34 
f ” oot FE (t)dt= 
0 
S a (2))"""in (+ a)+55 coe 2 Gay 


5.1.35 
f een Ut at n—arctan ? + SE, (—a+7b) 
0 
(a>0,6>0) 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


5.1.36 
1 pat gy 
f. win Ht de —arctan ? +92, (a+b) 


(a>0,0 real) 
5.1.37 


1 gat(y — bt 1 . 
f e*(— 008 6f) dt=5 In (a +5) +Ei@) 


+R2E,(—a+ib) (a>0,6 real) 
5.1.38 


I g-at({ — bt 1 b 
f ee hos OH) dt=5 In ( +5) —E,(a) 
+ PRE, (a+ib) (a>0,6 real) 
5.1.39 i eee 
0 


~ dt=E,(e)+in 2+7 


re es —Inz-y — («>0) 
5.1.41 
tz 

lee drm [e-°F, (—a—iz) — e*H, (a—iz)] 
+const. 

5.1.42 

{#5 dz=—} [e~*EH, (—a—iz)+ °F, (a—iz)]} 
+const. 

5.1.43 


Jee rae dz=—* J (e“#,(—2z+%a))+const. (¢4>0) 


5.1.44 

f#5e =) =— #(e*H,(—xz+1a))+const. (a>0) 
Relation to Incomplete Gamma Function (see 6.5) 

5.1.45 E,(2)=2" "T(1—n, 2) 

5.1.46 a,(2)=27* "T(n+1, 2) 


5.1.47 6,(2)=2°"* "[[(a+1, —2)—T(n+1, 2)] 


Relation to Spherical Bessel Functions (see 10.2) 


5.1.48 ao(2) 4/2 Kile), pole) =a) 12) 


5.1.49 ai(2)=4/ 2 Kanl2), pile) =—4)™ Irate) 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Number-Theoretic Significance of li (*) 


(Assuming Riemann’s hypothesis that all non- 
real zeros of ¢(z) have a real part of 3) 


5.1.50 li (x) —2(x)=O(vz In z) 


x(x) is the number of primes less than or equal 
to z. 


(tr @ ) 


y 


200 


[SO 


100 


50 


ce) 200 400 600 800 


1000 


Figure 5.5. y=li(z) and y=x(z) 


Asymptotic Expansion 
5.1 ° 51 


E,(2)~ e124 Me _ nie or Jord} 


(larg 2|<$) 
Representation of E(x) for Large n 
9.1.52 
2 
E.(@)= mee +t era 
4 6a? 8ne+n’) 
ae 


—.36n-"< R(n, *)<(14+5 


+R(n, 2)} 
aaa)™' 9 


Polynomial and Rational Approximations ® 
5.1.53. O<z<1 


E,(z@)+In 2=a)+ 12+ a2? + apr? + a,2*+ age’ + €(z) 
[e(x)|<2 107? 

5 The approximation 5.1.53 is from E. E. Allen, Note 
169, MTAC 8, 240 (1954); approximations 5.1.54 and 
5.1.56 are from C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955; 
approximation 5.1.55 is from C. Hastings, Jr., Note 143, 
MTAC 7, 68 (1953) (with permission). 
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a3= .05519 968 
d4= — .00976 004 
ads= .00107 857 


@y= — .57721 566 
a= .99999 193 
Q@,= —.24991 055 


5.1.54 l<z<o 
z _ e+az+ae 

xe" Ey (x) “e+ eer a (x) 
Je(x)|<5X 10-5 


Q=2.334733 6, =3.330657 
@,= .250621 bs= 1.681534 


‘ _v+artas 
ze E(x) =e rath (x) 
le(x)|<10-” 


a,= 4.03640 6, =5.03637 
ad2= 1.15198 b2.=4.19160 


1<r<o 


z*+a,2°+a.2°+a,0-+a, 

x'+6,2°-+b.2?-+ bsr-+ by 
Je(x)|<2 107° 

@,= 8.57332 87401 6,= 9.57332 23454 


d,2=18.05901 69730  6,=25.63295 61486 
d3= 8.63476 08925  6,=21.09965 30827 


5.1.56 


ze7E, (x) = +e (zx) 


G&= .26777 37343 b,= 3.95849 69228 
5.2. Sine and Cosine Integrals 
Definitions 
5.2.1 Si(z)= f sn as 
5.2.2 ° 
Ci(e)=7-+ln 2+ ie coset dt (larg 2l<z) 
5.2.37 Shi(z)= f amt as 
0 

5.2.47 


Chi(z)=y+ln 2+ f cosh tT ae (larg el<z) 


6 Some authors [5.14], [5.16] use the entire function 
Ja—cos t)dt/t as the basic function and denote it by 
0 


Cin(z). We have 
Cin(z) = —Ci(z)+In z+. 


7The notations Sih(z) =f sinh ¢ dt/t, 
Cinh(z) = [/"(cosh t—1)dt/t have also been proposed [5.14.] 
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5.2.5 si(z)=Si(z)—5 
Auxiliary Functions 
5.2.6 f(2)=Ci(z) sin z—si(z) cos 2 
5.2.7 g(z)= —Ci(z) cos z—si(z) sin z 
Sine and Cosine Integrals in Terms of Auxiliary 
Functions 
5.2.8 Si(z) =5- f(z) cos 2—g(z) sin 2 
5.2.9 Ci(z)=f(z) sin z—g(z) cos 2 


Integral Representations 


T 


2 
5.2.10 si()=— [ e—7°8! eos (z sin t)dt 
0 


Ci(z) +E, (2) = f. * ¢-# 008! sin (2 sin t)dt 


5.2.11 

5.2.12 f(2)= -{- ont fe {, ga dt (#e>0) 
ze 

5.2.13 g(2)= t= { ey (Pz>0) 


y=Si(z) and y=Ci(z) 


Figure 5.6. 


Series Expansions 


o (— 1)*g*"t! 
5.2.14 Sil)=23 Gat antiyl 
5.2.15 Si()=7 5) Ji (3) 


*See page I. 


5.2.16 Ci(z)=y+In 2+>) (=1)"2™ 
ae 2n(2n)! 
5.2.17 Sh eee 
sae = =>) t (2n+1)(2n+1)! 
. - -) gan 
5.2.18 Chi (2) =y+In 2+ 24 anny! 
Symmetry Relations 
5.2.19 Si(—2)=—Si(z), Si@)=Si(z) 
5.2.20 


Ci(— 2) =Ci(z)—ir 
Ci(Z)=Ci(z) 


(O<arg 2<7) 


Relation to Exponential Integral 


5.2.21 

Si(e)=5,[Ei)—Ex(—ie) 45 (larg 2l<F) 
5.2.22 Si(iz)=$(Ei(a)+E,(2)]_ (e>0) 
5.2.23 

Ci(e)=—} [E(iz) +E(—iz)] (larg 2<3) 
5.2.24 Ci(iz) =} [Ei(z)—E,(x)]+i= — (x>0) 


Value at Infinity 


5.2.25 lim Si(z)= = 


r@ 
Integrals 


(For more extensive tables of integrals see 
[5.3], [5.6], [5.11], [5.12], [5.13].) 


5.2.26 {3s 
5.2.27 { 


5.2.28 f * 6-etCi (t)dt——2 In (14.22) 
0 2a 


sin t 


—— dt=—si (2) (larg 2|<7) 


cost dt=—Ci (2) 


(larg 2|<7) 

(#a>0)* 
ee ys 1 

5.2.29 f e~* sl ()dt=—— arctan @ (#a>0) 
0 


5.2.30 if cos t Ci (oae=f" sin tsi (t)dt=—F 
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5.2.31 f C# (t)dt= f si? (ndt=% 
0 0 

5.2.32" f ” Ci (t) si ()dt=In 2 
0 

5.2.33 


1(1—e~") cos bt ,,_ 1 a? , 
f. me") 008 Of dt=5 In (1+%) +i (6) 


+RE,(a+ib) (a real, 6>0) 


Asymptotic Expansions 


5.2.34 
1 2! 4! 6! 
H)~ZO-Bt goat) eng ai<e) 
5.2.39 


1 1 5! 7! 
g(z) ~a(1 345 —-St. : :) (jarg 2|<7) 


Rational Approximations ® 


5.2.36 l1<2r<o 
_l ae) 
ler (reno Ane 
le(x)|<2X 10-4 
a,= 7.241163 b, = 9.068580 
@2= 2.463936 be=7.157433 


5.2.37 


g(z)= 


l1<r<om 


1 f2*+a,2?+a, 
aap hareh) te) 


le()|<10-* 


@,=7.547478 
d2= 1.564072 


5.2.38 


6, =12.723684 
b,==15.723606 


l<rCo 
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a1 (ibaa + aot! + ast? + ay 
f(a) => : b,2°+ boa*+ b3x?-+ ame 


le(x)| <5 X 1077 


a= 38.027264 
02, 265.187033 
@3=335.677320 
@,= 38.102495 


1= 40.021433 
bp=322.624911 
b;=570.236280 
b,= 157.105423 


5.2.39 I<z<o 
_1 (t§+a,2°+a,2*+as2? +a, 
ga)=3 Sport ere ts ©) 


|e(x)!<3X107 


Q= 42.242855 bi= 48.196927 


a,=302.757865 
a3;=352.018498 
a= 21.821899 


bo= 482.485984 
b3=1114.978885 
bs= 449.690326 


Numerical Methods 


5.3. Use and Extension of the Tables 


Example 1. Compute Ci (.25) to 5D. 
From Tables 5.1 and 4.2 we have 


Ci (.25) — In(.25)—y_ 
(.25)? ~ 


Ci (.25) = (.25)?(—.249350) + (— 1.38629) 
+.577216= — .82466. 


— 249350, 


Example 2. Compute Ei (8) to 5S. 

From Table 5.1 we have ze~7Ei (x) =1.18185 for 
z=8. From Table 4.4, e®=2.98096X10°. Thus 
Ei (8) =440.38. 


*See page Il. 

8 From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 


Example 3. Compute Si (20) to 5D. 


Since 1/20=.05 from Table 5.2 we find 
f(20) =.049757, g(20) =.002464. From Table 4.8, 
sin 20=.912945, cos 20=.408082. Using 5.2.8 


Si(20) =5—f(20) cos 20—g(20) sin 20 
= 1.570796 —.022555=1.54824. 


Example 4. Compute E,(x), n=1(1)N, to 5S 
for x=1.275, N=10. 

If zx is less than about five, the recurrence 
relation 5.1.14 can be used in increasing order of n 
without serious loss of accuracy. 

By quadratic interpolation in Table 5.1 we get 
E,(1.275)=.1408099, and from Table 4.4, 1?” 
=.2794310. The recurrence formula 5.1.14 then 
yields 
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EXPONENTIAL INTEGRAL’ 


n £, (1.275) E, (1.275) 
1 .1408099 6 .0430168 
2 .0998984 7 .0374307 
3 .0760303 8 .0331009 
4 .0608307 9 .0296534 
5 .0504679 10 .0268469 


Interpolating directly in Table 5.4 for n=10 
we get £,o(1.275)=.0268470 as a check. 

Example 5. Compute £,(z), n=1(1)N, to 5S 
for z=10, N=10. 

If, as in this example, z is appreciably larger 
than five and N<z, then the recurrence relation 
5.1.14 may be safely used in decreasing order of 
n((5.5]). From Table 5.5 for z7'=.1 we get 
(a+ 10)e7Eio(x) = 1.02436 so that Hy(10) =2.32529 


X10-* Using this as the initial value we obtain 
column (2). 
105Z,(10) 108, (10) 

n (1) (2) 
1 .41570 41570 
2 .38300 38302 
3 .35500 35488 
4 .33000 33041 
5 .31000 30898 
6 .28800 .29005 
7 27667 27325 
8 .25333 25822 
9 25084 24472 
10 22573 23253 


From Table 5.2 we get xe*E,(r)=.915633 so 
that £,(10)=4.15697 X107° as a check. Forward 
recurrence starting with £,(10)=4.1570x107° 
yields the values in column (1). The underlined 
figures are in error. 

Example 6. Compute £,(z), n=1(1)N, to 5S 
for r=12.3, N=20. 

If N is appreciably larger than x, and x appre- 
ciably larger than five, then the recurrence rela- 
tion 5.1.14 should be used in the backward direc- 
tion to generate #,,(x) for n<m, and in the forward 
direction to generate £,(z) for n>, where 
M=(2). 

From 5.1.52, with n=12, z=12.3, we have 


12.3 : 
Ey9(2) = Sq (1+ .02032— .00043 —.00001) 
= 1.91038 1077. 


Using the recurrence relation 5.1.14, as indicated, 
we get 


AND RELATED FUNCTIONS 


n 10°H,,(12.3) 10°#, (12.3) n 


12 . 191038 - 191038 12 
11 . 199213 . 183498 13 
10 . 208098 . 176516 14 
9 . 217793 . 170042 15 
8 . 228406 . 164015 16 
7 . 240073 . 158397 17 
6 . 252951 . 153144 18 
5 . 267234 . 148226 19 
4 . 283155 . 143608 20 
3 . 300998 

2 . 3821117 

1 . 843953 


From Tables 5.2 and 5.5 we find £, (12.3) =.343953 

10-8, Hyo(12.3) =.143609 X 10-8 as a check. 
Example 7. Compute a,(2) to 6S for n=1(1)5. 
The recurrence formula 5.1.15 can be used for 

all «>0 in increasing order of n without loss of 


accuracy. From 5.1.25 we have an(2)=5 e? 


= .0676676, so we get 
an(2) 
.0676676 
-101501 
.169169 
.321421 
-710510 
1.84394 


Independent calculation with 5.1.8 yields the 
same result for a;(2). 

The functions a (x) and a;(z) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. 

Example 8. Compute 6,(z), n=0(1)N to 6S 
for z=1, N=5. 

Use the recurrence relation 5.1.16 in increasing 
order of n if 

z>.368N-+.184 In N+.821 

and in decreasing order of n otherwise [5.5]. 

From 5.1.9 with n=5 we get 85(1)=—.324297 
correctly rounded to 6D. Using the recurrence 
formula 5.1.16 in decreasing order of n and 
carrying 9D we get the values in column (2). 


aArPRwWNH OSs 


8,(1) Bx(1) 
n (1) (2) 
0 2.35040 2 2.35040 2389 
1 —.73575 9269. —.73575 8880 
2 .87888 3849 87888 4629 
3 —.44950 9722 — 44950 7383 
4 .55236 3499 55237 2854 
5 —.382434 3774 — .32429 7 


Using forward recurrence instead, starting with 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Bo(1)=2 sinh 1=2.350402 and again carrying 9D, 
we obtain column (1). The underlined figures 
are in error. The above shows that three signifi- 
cant figures are lost in forward recurrence, whereas 
about three significant figures are gained in back- 
ward recurrence! 


An alternative procedure is to start with an 
arbitrary value for n sufficiently large (see also 


[5.1]). To illustrate, starting with the value 
zero at n=11 we get 
n Bx(1) n Bx(1) 
11 0. 5 — 324297 
10 280560 4 552373 
9 — .206984 3 — 449507 
8 319908 2 878885 
7 — .253812 1 — .735759 
6 404621 0 2.350402 


The functions §)(z) and 6,(z) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. 
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with Az=z—%=.2578—.10577.. Thus with 5.1.27 
we get 
k Sf (29) /kt (Az) *f (29) /k! 
0 . 059898 —. 1078957 . 059898 —. 1078957 
1 . 008174 +. 0127957 - 003460 +. 0024352 
2 —. 001859 +.0001557 —.000094 +. 0001102 
3 . 000088 —. 000212: —.000003 —. 000004: 
f(2)=.063261 —.1053542 
e~?#=,031510 —.0220757 
E,(2)=—.000332 —.0047162 


Repeating the calculation with 2—3+6i and 
Az=.2578-+ .89437 we get the same result. 

An alternative procedure is to perform bivariate 
interpolation in the real and imaginary parts of 
ze*E, (2). 


Example 10. Compute £,(z) for z=—4.2 


Example 9. Compute £,(2) for 2=3.2578 | +4.192.73. 
+6.89437. ; . Using the formula at the bottom of Table 5.6 
From Table 5.6 we have for 2=2+1y=3+72 
ek, (2) oe 711093 
ape (2) = .934958-+.095598i, —3.784225-+ 12.74 
: .278518 .010889 
eof, (2p) — .059898 — . 1078952. +=7790572412.77 + 2.09004 12.71 
From Taylor’s formula with f(z)=e7H,(z) we have =— .0184106— .07366982 
E,(2) = — 1.87133 —4.705401. 
H)=fler+d2)=f(20) + a 
+) (gy. 
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Table 5.1 SINE, COSINE AND EXPONENTIAL INTEGRALS 
z 2 !Si(z) z~{Ci(z) —In 2-4] z—'(Ei(z) —In z—4] z— E(x) +1n +7] 

0.00 1.00000 00000 -0. 25000 00000 1.00000 0000 1.00000 00000 
0. 01 0.99999 44444 ~0. 24999 89583 1.00250 5566 0.99750 55452 
0.02 0.99997 77781 -0. 24999 58333 1.00502 2306 0.99502 21392 
0. 03 0.99995 00014 ~-0. 24999 06250 1.00755 0283 0.99254 97201 
0. 04 0.99991 11154 -0. 24998 33339 1.01008 9560 0.99008 82265 
0.05 0.99986 11215 -0. 24997 39598 1.01264 0202 0. 98763 75971 
0.06 0.99980 00216 -0. 24996 25030 1.01520 2272 0.98519 77714 
0.07 0.99972 78178 -0, 24994 89639 1.01777 5836 0.98276 86889 
0. 08 0.99964 45127 -0. 24993 33429 1. 02036 0958 0.98035 02898 
0.09 0.99955 01094 -0. 24991 56402 1.02295 7705 0.97794 25142 
0.10 0.99944 46111 -0. 24989 58564 1.02556 6141 0.97554 53033 
0.11 0.99932 80218 -0. 24987 39923 1.02818 6335 0.97315 85980 
0.12 0.99920 03455 -0. 24985 00480 1.03081 8352 0.97078 23399 
0.13 0.99906 15870 ~0, 24982 40244 1. 03346 2259 0.96841 64710 
0.14 0.99891 17512 -0. 24979 59223 1.03611 8125 0. 96606 09336 
0.15 0.99875 08435 -0. 24976 57422 1.03878 6018 0.96371 56702 
0.16 0.99857 88696 -0. 24973 34850 1.04146 6006 0. 96138 06240 
0.17 0.99839 58357 -0. 24969 91516 1.04415 8158 0.95905 57383 
0.18 0.99820 17486 -0, 24966 27429 1. 04686 2544 0.95674 09569 
0.19 0.99799 66151 -0. 24962 42598 1.04957 9234 0.95443 62237 
0. 20 0.99778 04427 ~0. 24958 37035 1.05230 8298 0.95214 14833 
0.21 0.99755 32390 -0,. 24954 10749 1.05504 9807 0.94985 66804 
0. 22 0.99731 50122 -0. 24949 63752 1.05780 3833 0.94758 17603 
0. 23 0.99706 57709 ~0. 24944 96056 1.06057 0446 0.94531 66684 
0.24 0.99680 55242 -0. 24940 07674 1, 06334 9719 0. 94306 13506 
0.25 0.99653 42813 -0. 24934 98618 1. 06614 1726 0. 94081 57528 
0. 26 0.99625 20519 -0. 24929 68902 1. 06894 6539 0.93857 98221 
0. 27 0.99595 88464 -0. 24924 18540 1.07176 4232 0.93635 35046 
0. 28 0.99565 46750 ~0. 24918 47546 1.07459 4879 0.93413 67481 
0.29 0.99533 95489 -0. 24912 55938 1.07743 8555 0.93192 94997 
0. 30 0.99501 34793 -0. 24906 43727 1. 08029 5334 0.92973 17075 
0.31 0.99467 64779 ~0. 24900 10933 1.08316 5293 0.92754 33196 
0. 32 0.99432 85570 -0. 24893 57573 1.08604 8507 0.92536 42845 
0. 33 0. 99396 97288 -0. 24886 83662 1.08894 5053 0.92319 45510 
0. 34 0.99360 00064 -0. 24879 89219 1.09185 5008 0.92103 40684 
0. 35 0. 99321 94028 -0. 24872 74263 1.09477 8451 0.91888 27858 
0. 36 0. 99282 79320 -0. 24865 38813 1.09771 5458 0.91674 06533 
0.37 0.99242 56078 -0. 24857 82887 1.10066 6108 0.91460 76209 
0. 38 0.99201 24449 ~0. 24850 06507 1. 10363 0481 0.91248 36388 
0. 39 0.99158 84579 -0. 24842 09693 1.10660 8656 0.91036 86582 
0. 40 0.99115 36619 -0. 24833 92466 1.10960 0714 0.90826 26297 
0. 41 0.99070 80728 ~0. 24825 54849 1.11260 6735 0.90616 55048 
0. 42 0.99025 17063 -0. 24816 96860 1.11562 6800 0.90407 72350 
0. 43 0.98978 45790 -0. 24808 18528 1.11866 0991 0.90199 77725 
0. 44 0. 98930 67074 ~0. 24799 19870 1.12170 9391 0. 89992 70693 
0. 45 0.98881 81089 -0. 24790 00913 1.12477 2082 0. 89786 50778 
0. 46 0. 98831 88008 -0. 24780 61685 1.12784 9147 0.89581 17511 
0. 47 0.98780 88010 -0. 24771 02206 1.13094 0671 0. 89376 70423 
0. 48 0. 98728 81278 -0. 24761 22500 1.13404 6738 0. 89173 09048 
0. 49 0.98675 67998 -0. 24751 22600 1.13716 7432 0. 88970 32920 
0.50 0. 98621 48361 -0. 24741 02526 1.14030 2841 0. 88768 41584 


[‘ | [‘ P| [‘ al ‘ ial 
See Examples 1-2. y =0.57721 56649 
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SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1 


Si(z) Ci(z) Ei(z) Ex(x) 
0. 49310 74180 ~-0.17778 40788 0.45421 9905 0.55977 3595 
0.50268 77506 -0. 16045 32390 0. 48703 2167 0.54782 2352 
0.51225 15212 -0. 14355 37358 0.51953 0633 0.53621 9798 
0.52179 84228 -0.12707 07938 0.55173 0445 0.52495 1510 
0.53132 81492 -0.11099 04567 0.58364 5931 0.51400 3886 


0.54084 03951 ~0. 09529 95274 0.61529 0657 0.50336 4081 
0.55033 48563 -0.07998 55129 0.64667 7490 0.49301 9959 
0.55981 12298 -0. 06503 65744 0.67781 8642 0. 48296 0034 
0.56926 92137 -0, 85044 14815 0.70872 5720 0. 47317 3433 
0.57870 85069 -0. 03618 95707 0.73940 9764 0. 46364 9849 


0.58812 88096 -0. 02227 07070 0. 76988 1290 0.45437 9503 
0.59752 98233 -0,. 00867 52486 0.80015 0320 0.44535 3112 
0. 60691 12503 +0.00460 59849 0.83022 6417 0.43656 1854 
0.61627 27944 0.01758 17424 0.86011 8716 0.42799 7338 
0.62561 41603 0. 03026 03686 0. 88983 5949 0.41965 1581 


0. 63493 50541 0.04264 98293 0.91938 6468 0.41151 6976 
0. 64423 51831 0.05475 77343 0.94877 8277 0.40358 6275 
0.65351 42557 0. 06659 13594 0.97801 9042 0. 39585 2563 
0.66277 19817 0.07815 76659 1.00711 6121 0. 38830 9243 
0.67200 80721 0. 08946: 33195 1.03607 6576 0. 38095 0010 


0.68122 22391 0.10051 47070 1.06490 7195 0. 37376 8843 
0.69041 41965 0.11131 79525 1.09361 4501 0. 36675 9981 
0. 69958 36590 0.12187 89322 1.12220 4777 0. 35991 7914 
0.70873 03430 0.13220 32879 1.15068 4069 0. 35323 7364 
0.71785 39660 0.14229 64404 1.17905 8208 0. 34671 3279 


0.72695 42472 0.15216 36010 1.20733 2816 0. 34034 0813 
0.73603 09067 0.16180 97827 1.23551 3319 0. 33411 5321 
0. 74508 36664 0.17123 98110 1.26360 4960 0. 32803 2346 
0.75411 22494 0.18045 83335 1.29161 2805 0. 32208 7610 
0. 76311 63804 0.18946 98290 1. 31954 1753 0.31627 7004 


0.77209 57855 0.19827 86160 1. 34739 6548 0. 31059 6579 
0.78105 01921 0.20688 88610 1.37518 1783 0.30504 2539 
0. 78997 93293 0.21530 45859 1.40290 1910 0.29961 1236 
0.79888 29277 0, 22352 96752 1.43056 1245 0.29429 9155 
0.80776 07191 0.23156 78824 1.45816 3978 0.28910 2918 


0.81661 24372 0. 23942 28368 1.48571 4176 0.28401 9269 
0. 82543 78170 0.24709 80486 1.51321 5791 0.27904 5070 
0. 83423 65953 0. 25459 69153 1.54067 2664 0.27417 7301 
0. 84300 85102 0.26192 27264 1.56808 8534 0.26941 3046 
0.85175 33016 0.26907 86687 1.59546 7036 0. 26474 9496 


0. 86047 07107 0.27606 78305 1.62281 1714 0.26018 3939 
0.86916 04808 0. 28289 32065 1.65012 6019 0.25571 3758 
0.87782 23564 0.28955 77018 1.67741 3317 0.25133 6425 
0.88645 60839 0.29606 41358 1.70467 6891 0.24704 9502 
0. 89506 14112 0. 30241 52458 1.73191 9946 0.24285 0627 


0. 90363 80880 0. 30861 36913 1.75914 5612 0, 23873 7524 
0.91218 58656 0. 31466 20547 1.78635 6947 0. 23470 7988 
0.92070 44970 0.32056 28495 1.81355 6941 0.23075 9890 
0.92919 37370 0. 32631 85183 1.84074 8519 0.22689 1167 
0.93765 33420 0. 33193 14382 1. 86793 4543 0.22309 9826 


0.94608 30704 0. 33740 39229 1.89511 7816 0.21938 3934 
re ee) ee ie 
4 6 5 5 


240 


Table 5.1 


x 


1, 00 
1, 01 
1, 02 
1, 03 
1. 04 


1.05 
1. 06 
1, 07 
1, 08 
1.09 


1.10 
1.11 
1.12 
1.13 
1.14 
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SINE, COSINE AND EXPONENTIAL INTEGRALS 
Ei(z) 


Si(a) 
0.94608 30704 
0.95448 26820 
0.96285 19387 
0.97119 06039 
0.97949 84431 


0.98777 52233 
0.99602 07135 
1.00423 46846 
1.01241 69091 
1, 02056 71617 


1. 02868 52187 
1.03677 08583 
1.04482 38608 
1.05284 40082 
1, 06083 10845 


1.06878 48757 
1.07670 51696 
1, 08459 17561 
1.09244 44270 
1.10026 29760 


1.10804 71990 
1.11579 68937 
1.12351 18599 
1.13119 18994 
1, 13883 68160 


1.14644 64157 
1,15402 05063 
1.16155 88978 
1.16906 14023 
1.17652 78340 


1.18395 80091 
1.19135 17459 
1.19870 88649 
1.20602 91886 
1.21331 25418 


1.22055 87513 
1.22776 76460 
1. 23493 90571 
1.24207 28180 
1.24916 87640 


1.25622 67328 
1, 26324 65642 
1.27022 81004 
1.27717 11854 
1. 28407 56658 


1.29094 13902 
1.29776 82094 
1.30455 59767 
1.31130 45473 
1, 31801 37788 


1.32468 35312 


Pe 


Ci(xr) 


0. 33740 
0. 34273 
0. 34793 
0. 35300 
0. 35793 


0. 36273 
0. 36741 
0. 37196 
0. 37638 
0. 38069 


0. 38487 
0. 38893 
0. 39288 
0. 39671 
0. 40043 


0. 40404 
0. 40754 
0. 41093 
0. 41421 
0. 41738 


0. 42045 
0. 42342 
0. 42629 
0. 42906 
0. 43172 


0. 43430 
0. 43677 
0. 43915 
0. 44144 
0. 44363 


0. 44573 
0. 44775 
0. 44967 
0. 45151 
0. 45326 


0. 45492 
0. 45650 
0. 45800 
0. 45941 
0. 46075 


0. 46200 
0. 46318 
0. 46427 
0. 46529 
0. 46624 


0. 46710 
0. 46790 
0. 46862 
0. 46927 
0. 46984 


0. 47035 


39229 
82254 
65405 
10067 
37091 


66810 
19060 
13201 
68132 
02312 


33774 


80142. 


58645 
86134 
79090 


53647 
25593 
10390 
23185 
78816 


91829 
76482 
46760 
16379 
98802 


07240 
54665 
53815 
17205 
57130 


85675 
14723 
55955 
20863 
20753 


66752 
69811 
40711 
90071 
28349 


65851 
12730 
78995 
74513 
09014 


92094 
33219 
41732 
26848 
97667 


63172 


e"] 


1, 89511 
1. 92230 
1, 94948 
1.97667 
2. 00387 


2. 03108 
2. 05830 
2. 08554 
2.11280 
2.14007 


2. 16737 
2.19470 
2.22205 
2.24943 
2. 27684 


2. 30428 
2. 33176 
2. 35928 
2. 38684 
2.41444 


2. 44209 
2. 46978 
2.49752 
2.52531 
2.55315 


2. 58104 
2. 60899 
2. 63700 
2. 66507 
2. 69320 


2. 72139 
2. 74965 
2.77798 
2. 80637 
2. 83484 


2, 86337 
2. 89198 
2.92067 
2. 94943 
2. 97828 


3, 00720 
3. 03621 
3. 06530 
3, 09448 
3.12375 


3.15310 
3.18255 
3. 21209 
3, 24172 
3.27145 


3. 30128 


7816 
1085 
7042 
8325 
7525 


7184 
9800 


5449 


ea 


Ex(z) 


0. 21938 
0.21574 
0, 21217 
0, 20867 
0. 20523 


0. 20187 
0.19857 
0.19533 
0.19216 
0, 18904 


0.18599 
0.18299 
0. 18005 
0.17716 
0. 17433 


0.17155 
0. 16882 
0.16615 
0. 16352 
0, 16094 


0. 15840 
0.15592 
0. 15347 
0.15108 
0. 14872 


0.14641 
0.14414 
0.14191 
0.13971 
0. 13756 


0.13545 
0.13337 
0. 13133 
0.12932 
0.12735 


0.12541 
0.12351 
0.12164 
0.11980 
0.11799 


0.11621 
0.11447 
0.11275 
0.11106 
0.10940 


0.10777 
0.10617 
0.10459 
0. 10304 
0.10151 


0.10001 


& — 6)9 


5 


3934 
1624 
1083 
0559 
8352 


2813 
2347 
5403 
0479 
6118 


0905 
3465 
2467 
6615 
4651 


5354 


eerie 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 241 


SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1 


Si(z) Ci(z) Ei(z) E\(z) 
1.32468 35312 0.47035 63172 3.30128 5449 0.10001 9582 
1.33131 36664 0. 47079 32232 3, 33121 3449 0.09854 4365 
1.33790 40489 0.47116 13608 3. 36124 2701 0.09709 3466 
1.34445 45453 0.47146 15952 3.39137 4858 0.09566 6424 
1.35096 50245 0.47169 47815 3.42161 1576 0.09426 2786 


1.35743 53577 0.47186 17642 3.45195 4503 0.09288 2108 
1. 36386 54183 0.47196 33785 3. 48240 5289 0.09152 3960 
1.37025 50823 0.47200 04495 3.51296 5580 0.09018 7917 
1.37660 42275 0.47197 37932 3.54363 7024 0. 08887 3566 
1.38291 27345 0.47188 42164 3.57442 1266 0.08758 0504 


1. 38918 04859 0.47173 25169 3, 60531 9949 0.08630 8334 
1.39540 73666 0.47151 94840 3. 63633 4719 0.08505 6670 
1, 40159 32640 0.47124 58984 3.66746 7221 0. 08382 5133 
1.40773 80678 0.47091 25325 3.69871 9099 0.08261 3354 
1, 41384 16698 0.47052 01507 3.73009 1999 0.08142 0970 


1.41990 39644 0.47006 95096 3.76158 7569 0.08024 7627 
1.42592 48482 0. 46956 13580 3.79320 7456 0.07909 2978 
1.43190 42202 0. 46899 64372 3. 82495 3310 0.07795 6684 
1.43784 19816 0. 46837 54812 3.85682 6783 0.07683 8412 
1. 44373 80361 0. 46769 92169 3. 88882 9528 0.07573 7839 


1.44959 22897 0.46696 83642 3.92096 3201 0.07465 4644 
1.45540 46507 0.46618 36359 3.95322 9462 0.07358 8518 
1.46117 50299 0. 46534 57385 3.98562 9972 0.07253 9154 
1.46690 33404 0.46445 53716 4.01816 6395 0.07150 6255 
1.47258 94974 0. 46351 32286 4.05084 0400 0.07048 9527 


1, 47823 34189 0.46251 99967 4.08365 3659 0. 06948 8685 
1. 48383 50249 0. 46147 63568 4.11660 7847 0.06850 3447 
1. 48939 42379 0. 46038 29839 4.14970 4645 0.06753 3539 
1.49491 09830 0.45924 05471 4.18294 5736 0.06657 8691 
1, 50038 51872 0. 45804 97097 4.21633 2809 0.06563 8641 


1.50581 67803 0. 45681 11294 4. 24986 7557 0.06471 3129 
1.51120 56942 0.45552 54585 4.28355 1681 0. 06380 1903 
1.51655 18633 0.45419 33436 4. 31738 6883 0.06290 4715 
1.52185 52243 0.45281 54262 4.35137 4872 0. 06202 1320 
1.52711 57165 0. 45139 23427 4.38551 7364 0.06115 1482 


1.53233 32813 0. 44992 47241 4.41981 6080 0.06029 4967 
1.53750 78626 0. 44841 31966 4.45427 2746 0.05945 1545 
1.54263 94066 0.44685 83813 4.48888 9097 0.05862 0994 
1.54772 78621 0. 44526 08948 4.52366 6872 0.05780 3091 
1.55277 31800 0.:44362 13486 4.55860 7817 0.05699 7623 


1.55777 53137 0. 44194 03497 4.59371 3687 0.05620 4378 
1.56273 42192 0.44021 85005 4. 62898 6242 0.05542 3149 
1.56764 98545 0. 43845 63991 4, 66442 7249 0.05465 3731 
1.57252 21801 0.43665 46388 4.70003 8485 0.05389 5927 
1.57735 11591 0. 43481 38088 4.73582 1734 0.05314 9540 


1.58213 67567 0.43293 44941 4.77177 8785 0.05241 4380 
1.58687 89407 0.43101 72752 4.80791 1438 0.05169 0257 
1.59157 76810 0.42906 27288 4. 84422 1501 0.05097 6988 
1.59623 29502 0.42707 14273 4. 88071 0791 0.05027 4392 
1, 60084 47231 0.42504 39391 4.91738 1131 0.04958 2291 


1.60541 29768 0.42298 08288 4.95423 4356 0.04890 0511 


a Ge eer ae 


242 EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Table 5.1 SINE, COSINE AND EXPONENTIAL INTEGRALS 


Si(x) Ci(z) xze—*Ei(x) xe*E (2) 
1.60541 29768 0. 42298 08288 1, 34096 5420 0.72265 7234 
1.64869 86362 0.40051 19878 1. 37148 6802 0. 73079 1502 
1.68762 48272 0.37507 45990 1.39742 1992 0. 73843 1132 
1.72220 74818 0. 34717 56175 1.41917 1534 0.74562 2149 
1.75248 55008 0.31729 16174 1.43711 8315 0.75240 4829 


1.77852 01734 0.28587 11964 1.45162 5159 0. 75881 4592 
1.80039 44505 0. 25333 66161 1. 46303 3397 0.76488 2722 
1, 81821 20765 0.22008 48786 1.47166 2153 0.77063 6987 


8 


. 1. 83209 65891 0.18648 83896 1. 47780 8187 0.77610 2123 
* 1, 84219 01946 0.15289 53242 1.48174 6162 0.78130 0252 
. 1, 84865 25280 0.11962 97860 1, 48372 9204 0.78625 1221 
s 1, 85165 93077 0.08699 18312 1, 48398 9691 0.79097 2900 


1, 85140 08970 0.05525 74117 1. 48274 0191 0.79548 1422 
1. 84808 07828 +0, 02467 82846 1.48017 4491 0.79979 1408 
1, 84191 39833 -0. 00451 80779 1.47646 8706 0. 80391 6127 


1, 83312 53987 -0. 03212 85485 1.47178 2389 0.80786 7661 
1.82194 81156 ~0.05797 43519 1.46625 9659 0.81165 7037 
1, 80862 16809 -0. 08190 10013 1. 46003 0313 0.81529 4342 
1. 79339 03548 -0. 10377 81504 1. 45321 0902 0.81878 8821 
1.77650 13604 ~0.12349 93492 1.44590 5765 0.82214 8967 


1.75820 31389 ~0.14098 16979 1.43820 8032 0.82538 2600 
1. 73874 36265 -0.15616 53918 1, 43020 0557 0. 82849 6926 
1.71836 85637 -0. 16901 31568 1.42195 6813 0. 83149 8602 
1.69731 98507 -0.17950 95725 1. 41354 1719 0. 83439 3794 
1.67583 39594 ~0.18766 02868 1.40501 2424 0. 83718 8207 


1.65414 04144 -0, 19349 11221 1.39641 9030 0.83988 7144 
1, 63246 03525 ~-0.19704 70797 1.38780 5263 0. 84249 5539 
1.61100 51718 -0. 19839 12468 1.37920 9093 0.84501 7971 
1.58997 52782 -0.19760 36133 1. 37066 3313 0.84745 8721 
1.56955 89381 ~0.19477 98060 1.36219 6054 0.84982 1778 


1.54993 12449 ~0.19002 97497 1. 35383 1278 0.85211 0880 
1.53125 32047 -0. 18347 62632 1, 34558 9212 0. 85432 9519 
1,51367 09468 -0.17525 36023 1. 33748 6755 0. 85648 0958 
1. 49731 50636 -0.16550 59586 1.32953 7845 0.85856 8275 
1, 48230 00826 -0. 15438 59262 1.32175 3788 0.86059 4348 


1.46872 40727 -0.14205 29476 1. 31414 3566 0. 86256 1885 
1.45666 83847 -0. 12867 17494 1. 30671 4107 0.86447 3436 
1, 44619 75285 -0.11441 07808 1.29947 0536 0. 86633 1399 
1. 43735 91823 -0. 09944 06647 1.29241 6395 0. 86813 8040 
1.43018 43341 -0. 08393 26741 1.28555 3849 0. 86989 5494 


1.42468 75513 -0, 06805 72439 1.27888 3860 0.87160 5775 
1, 42086 73734 -0. 05198 25290 1.27240 6357 0. 87327 0793 
1.41870 68241 ~0. 03587 30193 1.26612 0373 0.87489 2347 
1, 41817 40348 -0. 01988 82206 1.26002 4184 0. 87647 2150 
1. 41922 29740 -0, 00418 14110 1.25411 5417 0.87801 1816 


1.42179 42744 +0.01110 15195 1. 24839 1155 0.87951 2881 
1.42581 61486 0. 02582 31381 1, 24284 8032 0.88097 6797 
1, 43120 53853 0.03985 54400 1.23748 2309 0.88240 4955 
1, 43786 84161 0.05308 07167 1. 23228 9952 0. 88379 8662 
1.44570 24427 0.06539 23140 1.22726 6684 0.88515 9176 


1.45459 66142 0.07669 52785 1.22240 8053 0. 88648 7675 


ia a ie 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


SINE, COSINE AND EXPONENTIAL INTEGRALS 
Ci(z) 


eee eg 


* 


ee 


oO VONTU SUNK O OODNOW PWN ODO OOH AWNEHO 


w 


Si(z) 


1.45459 66142 
1.46443 32441 
1.47508 90554 
1. 48643 64451 
1. 49834 47533 


1.51068 15309 
1, 52331 37914 
1.53610 92381 
1.54893 74581 
1.56167 10702 


1.57418 68217 
1, 58636 66225 
1.59809 85106 
1. 60927 75419 
1.61980 65968 


1.62959 70996 
1.63856 96454 
1. 64665 45309 
1, 65379 21861 
1, 65993 35052 


1, 66504 00758 
1, 66908 43056 
1.67204 94480 
1, 67392 95283 
1.67472 91725 


1.67446 33423 
1.67315 69801 
1.67084 45697 
1.66756 96169 
1. 66338 40566 


1. 65834 75942 


0, 07 
0, 08 
0, 09 


0, 10378 


0.11 


0,11 
0.11 
0, 12 
0,12 
0.12 


0. 12 
0.12 
0.11 
O11 
0.10 


0. 09 
0, 09 
0, 08 
0, 07 


0. 06528 


0, 05 


0, 04506 


0, 03 
0. 02 
0, 01 


+0, 00267 


-0, 00 


-0. 01780 


-0, 02 


~0. 03676 
-0, 04545 


669 
690 
595 


035 


563 
959 
224 
358 
363 


243 
001 
644 
176 
607 


943 
193 
367 
475 
534 
455 
391 
325 
770 


751 


52785 
68881 
70643 
86664 
76658 


32032 
75293 
58319 
59542 
80071 


38825 
66733 
00055 
72931 
09196 


13586 
62396 
93696 
97196 
03850 


75313 
93325 
49134 
33045 
24187 


80588 
70361 
40977 
91811 
39563 


64330 


a 


Table 5.1 
re—t=Bi (z) zerhs (z) 

1.22240 8053 0.88648 7675 
1.21770 9472 0.88778 5294 
1, 21316 6264 0.88905 3119 
1,20877 3699 0, 89029 2173 
1, 20452 7026 0.89150 3440 
1, 20042 1500 0.89268 7854 
1.19645 2401 0. 89384 6312 
1.19261 5063 0.89497 9666 
1,18890 4881 0, 89608 8737 
1.18531 7334 0.89717 4302 
1.18184 7987 0, 89823 7113 
1.17849 2509 0.89927 7888 
1.17524 6676 0, 90029 7306 
1.17210 6376 0.90129 6033 
1.16906 7617 0.90227 4695 
1.16612 6526 0.90323 3900 
1.16327 9354 0.90417 4228 
1.16052 2476 0.90509 6235 
1.15785 2390 0.90600 0459 
1.15526 5719 0.90688 7415 
1.15275 9209 0.90775 7602 
1.15032 9724 0.90861 1483 
1.14797 4251 0, 90944 9530 
1.14568 9889 0.91027 2177 
1.14347 3855 0.91107 9850 
1.14132 3476 0.91187 2958 
1.13923 6185 0.91265 1897 
1.13720 9523 0.91341 7043 
1.13524 1130 0.91416 8766 
1.13332 8746 0.91490 7418 
1.13147 3339 


(4 


mA 0. 91563 


ie 


Table 5.2 


SINE, COSINE AND EXPONENTIAL INTEGRALS FOR LARGE ARGUMENTS 


aol af (x) 
0.100 0.98191 0351 
0.095 0.98353 4427 
0. 090 0.98509 9171 
0.085 0.98660 1776 
0. 080 0.98803 9405 
0.075 0.98940 9188 
0.070 0.99070 8244 
0. 065 0.99193 3695 
0. 060 0.99308 2682 
0.055 0.99415 2385 
0, 050 0.99514 0052 
0.045 0.99604 3013 
0, 040 0.99685 8722 
0.035 0.99758 4771 
0, 030 0.99821 8937 
0. 025 0.99875 9204 
0, 020 0.99920 3795 
0, 015 0.99955 1207 
0.010 0.99980 0239 
0.005 0.99995 0015 
0. 000 1.00000 0000 


re 


Si(r) =5> (x) cos r—g(r) sin x 


See Example 3. 


2 


0. 96557 


0. 96938 
0. 97302 
0. 97649 
0. 97976 
0. 98283 


0. 98568 
0. 98830 
0. 99068 
0. 99282 
0. 99469 


0. 99629 
0. 99761 
0. 99865 
0. 99940 
0. 99985 


1. 00000 
(oe 
4 


00 


‘ 


5 1.57079 63268 


ze—*Bi(z) 


1.13147 021 
1,12249 671 
1.11389 377 
1.10564 739 
1.09773 775 


1.09014 087 
1.08283 054 
1.07578 038 
1.06896 548 
1.06236 365 


1.05595 591 
1.04972 640 
1.04366 194 
1.03775 135 
1.03198 503 


1, 02635 451 
1.02085 228 
1.01547 157 
1.01020 625 
1.00505 077 


1 


. 00000 000 


OF 


zet]8 (2) 


0. 91563 
0.91925 
0. 92293 
0.92665 
0. 93044 


0. 93427 
0. 93817 
0, 94212 
0.94614 
0. 95022 


0. 95437 
0. 95858 
0. 96286 
0.96722 
0.97165 


0. 97616 
0. 98075 
0. 98543 
0.99019 
0. 99504 


1.00000 


[e] 
6 


33394 
68286 
15844 
90998 
09399 


87466 
42450 
92486 
56670 
55126 


09099 
41038 
74711 
35311 
49596 


46031 
54965 
08813 
42287 
92646 


000 


Ci(x)=f (x) sin »—g(r) cos + 


<«>=nearest integer ton. 
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244 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Table 5.3 SINE AND COSINE INTEGRALS FOR ARGUMENTS rx 
x Si(zz) Cin(zz) e Si(z) Cin(zx) 
0.0 0,00000 00 0.00000 00 5.0 1. 63396 48 3.32742 23 
0.1 0. 31244 18 0.02457 28 5.1 1, 63088 98 3.36670 50 
0. 2 0.61470 01 0.09708 67 5.2 1.62211 92 3.40335 81 
0,3 0.89718 92 0.21400 75 5.3 1.60871 21 3. 43582 68 
0.4 1.15147 74 0. 36970 10 5.4 1.59212 99 3.46297 82 
0.5 1.37076 22 0.55679 77 5.5 1.57408 24 3, 48419 47 
0.6 1.55023 35 0. 76666 63 5.6 1.55635 75 3.49941 45 
0.7 1, 68729 94 0.98995 93 5.7 1.54064 82 3.50911 89 
0.8 1. 78166 12 1.21719 42 5.8 1.52839 53 3.51426 89 
0.9 1. 83523 65 1.43932 68 5.9 1.52065 96 3.51619 81 
1,0 1, 85193 70 1.64827 75 6,0 1.51803 39 3.51647 44 
11 1. 83732 28 1, 83737 48 6.1 1.52060 20 3.51674 38 
1.2 1.79815 90 2.00168 51 6.2 1.52794 77 3.51857 25 
1.3 1.74191 10 2.13821 22 6.3 1.53921 04 3, 52330 06 
1.4 1.67621 68 2.24595 41 6.4 1.55318 17 3.53192 30 
1.5 1.60837 27 2.32581 82 6.5 1.56843 12 3.54500 55 
1.6 1.54487 36 2. 38040 96 6.6 1.58344 97 3.56264 55 
1.7 1.49103 51 2.41370 98 6.7 1.59679 62 3.58447 72 
1.8 1.45072 37 2.43067 75 6.8 1, 60723 30 3.60972 10 
19 1. 42621 05 2. 43680 30 6.9 1, 61383 85 3. 63727 15 
2.0 1.41815 16 2. 43765 34 7.90 1, 61608 55 3.66581 26 
2.1 1. 42569 13 2. 43844 23 7.1 1.61388 08 3. 69395 05 
2.2 1. 44667 38 2. 44365 73 7.2 1. 60756 18 3.72034 97 
2.3 1.47794 03 2.45676 95 7.3 1.59785 21 3.74385 98 
2.4 1.51568 40 2, 48004 47 7.4 1.58578 13 3. 76362 13 
2.5 1.55583 10 2.51446 40 7.5 1.57257 88 3.77914 O1 
2.6 1.59441 60 2.55975 53 7.6 1.55954 96 3.79032 64 
2.7 1.62792 16 2.61452 59 7.7 1.54794 81 3.79749 22 
2.8 1.65355 62 2.67647 93 7.8 1.53885 84 3.80131 21 
2.9 1, 66945 05 2. 74269 41 7.9 1.53309 50 3, 80274 91 
3.0 1.67476 18 2. 80993 76 8.0 1.53113 13 3.80295 56 
3,1 1. 66968 11 2. 87498 49 8.1 1.53306 26 3, 80315 83 
3.2 1.65535 02 2. 93491 77 8.2 1.53860 67 3. 80453 88 
3.3 1, 63369 82 2.98737 63 8.3 1.54713 99 3. 80812 16 
3.4 1, 60721 88 3.03074 73 8. 4. 1.55776 52 3, 81467 97 
3.5 1.57870 92 3.06427 25 8.5 1.56940 54 3. 82466 68 
3.6 1.55099 62 3, 08807 51 8.6 1.58091 06 3. 83818 15 
3.7 1.52667 49 3.10310 38 8.7 1.59117 06 3.85496 61 
3.8 1.50788 19 3.11100 53 8.8 1.59922 i1 3.87444 05 
3.9 1.49612 20 3.11393 95 8.9 1. 60433 29 3, 89576 52 
4.0 1.49216 12 3.11435 65 9.0 1, 60607 69 3.91792 84 
4.1 1.49599 24 3.11475 82 9.1 1.60435 85 3.93984 77 
4.2 1.50687 40 3.11746 60 9.2 1.59942 00 3.96047 61 
4.3 1.52343 40 3.12441 61 9.3 1.59180 91 3.97890 22 
4.4 1.54382 74 3.13699 91 9.4 1. 58232 00 3.99443 58 
4.5 1.56593 04 3.15595 79 9.5 1.57191 16 4.00666 94 
4.6 1.58755 15 3, 18134 84 9.6 1.56161 12 4,01551 22 
4.7 1. 60664 04 3.21256 74 9.7 1.55241 46 4.02119 22 
4.8 1.62147 45 3. 24843 85 9.8 1.54519 00 4. 02422 80 
4.9 1, 63080 69 3. 28734 92 9.9 1.54059 74 4. 02537 29 
5.0 1, 63396 48 3.32742 23 10, 0 1.53902 91 4, 02553 78 
| (ey a fee 
8 8 7 7 
Ci(zx)=y+In ++]1n r—Cin(n2) v+In 7=1.72194 55508 


Si(nz) are maximum values of Si(z) if n>0 is odd, and minimum values if 7>0 is even. 


Ci [(+5) | are maximum values of Ci(x) if n>0 is even, and minimum values if 7>0 is 


nm |~ nent nied" 


odd. We have Si (nr) ma 5 Se, ola 2! 4! 7 (n+@) 


Ci [(n+5)e ba 1-7 see] (n-2) 


(bl CaP Gal 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Eo(x)—2x In x 


1.00000 00 
0.99572 22 
0. 99134 50 
0.98686 87 
0.98229 39 


0.97762 11 
0.97285 08 
0.96798 34 
0.96301 94 
0.95795 93 


0.95280 35 
0.94755 26 
0.94220 71 
0.93676 72 
0. 93123 36 


0. 92560 67 
0.91988 70 
0.91407 48 
0.90817 06 
0.90217 50 


0.89608 82 
0. 88991 09 
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0.87728 60 
0. 87083 93 


0. 86430 37 
0.85767 97 
0.85096 76 
0. 84416 78 
0. 83728 08 


0. 83030 71 
0. 82324 69 
0.81610 07 
0. 80886 90 
0.80155 21 


0.79415 04 
0.78666 44 
0.77909 43 
0.77144 07 
0. 76370 39 


0.75588 43 
0. 74798 23 
0.73999 82 
0. 73193 24 
0.72378 54 


0.71555 75 
0. 70724 91 
0. 69886 05 
0.69039 21 
0. 68184 43 


0. 67321 75 
el 


See Examples 4—6, 
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0. 88364 33- 


EXPONENTIAL INTEGRALS E,(x) 


E3(z) 


0. 50000 
0. 49027 
0. 48096 
0. 47199 
0. 46332 


0.45491 
0. 44676 
0. 43883 
0. 43111 
0. 42360 


0. 41629 
0. 40915 
0. 40219 
0. 39539 
0. 38876 


0. 38227 
0. 37593 
0. 36974 
0. 36367 
0. 35774 


0. 35194 
0. 34626 
0. 34070 
0. 33525 
0. 32991 


0. 32468 
0. 31955 
0. 31453 
0. 30960 
0. 30477 


0. 30004 
0. 29539 
0. 29083 
0. 28636 
0, 28197 


0. 27766 
0. 27344 
0. 26929 
0. 26521 
0. 26121 


0. 25728 
0, 25342 
0. 24963 
0. 24591 
0. 24225 


0. 23866 
0. 23513 
0. 23166 
0. 22825 
0. 22489 


0. 22160 


Py 


E4(z) 
0. 33333 
0, 32838 
0. 32352 
0. 31876 
0. 31408 


0. 30949 
0, 30498 
0, 30055 
0. 29620 
0. 29193 


0. 28773 
0. 28360 
0. 27955 
0. 27556 
0. 27164 


0. 26778 
0. 26399 
0. 26026 
0. 25660 
0. 25299 


0. 24944 
0. 24595 
0. 24252 
0. 23914 
0. 23581 


0, 23254 
0, 22932 
0. 22615 
0. 22303 
0.21995 


0. 21493 
0. 21395 
0. 21102 
0. 20814 
0. 20529 


0. 20250 
0.19974 
0. 19703 
0.19435 
0.19172 


0. 18913 
0. 18658 
0. 18406 
0.18158 
0.17914 


0.17674 
0.17437 
0.17204 
0. 16974 
0. 16747 


0. 16524 


ul 


0, 10622 


0. 10503 
0. 10386 
0. 10270 
0.10155 
0. 10042 


0. 09929 
0.09818 
0. 09709 
0. 09600 
0. 09493 


0, 09387 
0. 09283 
0. 09179 
0. 09077 
0. 08975 


0. 08875 
0. 08776 
0. 08679 
0, 08582 
0. 08486 


0. 08392 
0. 08298 
0, 08206 
0. 08114 
0. 08024 


0. 07935 
0. 07846 
0. 07759 
0. 07673 
0. 07587 


0. 07503 
0.07420 
0. 07337 
0.07255 
0.07175 


0.07095 
0. 07016 
0. 06938 
0. 06861 
0. 06785 


0. 06710 
0. 06635 
0. 06561 
0. 06489 
0. 06417 


0. 06345 


Py] 


Table 5.4 


0. 05099 
0. 05045 


0. 04992 
0. 04940 
0. 04888 
0. 04837 
0. 04786 


0. 04736 
0. 04686 
0, 04637 
0. 04588 
0. 04540 


0. 04492 
0. 04445 
0. 04398 
0. 04352 
0. 04306 


0. 04261 
0. 04217 
0. 04172 
0, 04129 
0. 04085 


0. 04042 
0. 04000 
0. 03958 
0. 03916 
0. 03875 


0. 03835 
0. 03794 
0. 03755 
0. 03715 
0. 03676 


0. 03638 
0. 03600 
0. 03562 
0. 03524 
0. 03487 


0. 03451 
0. 03415 
0. 03379 
0. 03343 
0. 03308 


0. 03274 
0. 03239 
0. 03205 
0. 03172 
0. 03139 


0. 03106 


ul 
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Table 5.4 


x 
0. 50 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


0.30518 62 


0.30009 96 
0.29511 79 
0.29023 82 
0.28545 78 
0.28077 39 


0.27618 39 
0.27168 55 
0.26727 61 
0.26295 35 
0.25871 54 


0.25455 97 
0.25048 44 
0.24648 74 
0.24256 67 
0. 23872 06 


0. 23494 71 
0.23124 46 
0.22761 14 
0.22404 57 
0.22054 61 


0.21711 09 
0.21373 88 
0.21042 82 
0.20717 77 
0. 20398 60 


0. 20085 17 
0.19777 36 
0.19475 04 
0.19178 10 
0.18886 41 


0.18599 86 
0. 18318 33 
0.18041 73 
0.17769 94 
0.17502 87 


0.17240 41 
0.16982 47 
0.16728 95 
0.16479 77 
0.16234 82 


0.15994 04 
0.15757 32 
0.15524 59 
0.15295 78 
0.15070 79 


0.14849 55 


ea 


EXPONENTIAL INTEGRALS E,(x) 


0. 20897 39 


0.20594 75 
0.20297 15 
0.20004 48 
0.19716 64 
0.19433 53 


0.19155 06 
0.18881 14 
0.18611 66 
0.18346 56 
0.18085 73 


0.17829 10 
0.17576 58 
0.17328 10 
0.17083 58 
0.16842 94 


0.16606 12 
0.16373 03 
0.16143 60 
0.15917 78 
0.15695 49 


0.15476 67 
0.15261 25 
0.15049 17 
0.14840 37 
0.14634 79 


0.14432 38 


0.14233 07° 


0.14036 81 
0.13843 55 
0.13653 24 


0.13465 81 
0.13281 22 
0.13099 43 
0.12920 37 
0.12744 01 


0.12570 30 
0.12399 19 
0.12230 63 
0.12064 59 
0.11901 02 


0.11739 88 
0.11581 13 
0.11424 72 
0.11270 63 
0.11118 80 


0. 10969 2 


(] 


Ea(z) 
0.16524 28 
0.16304 30 
0.16087 53 
0.15873 92 
0.15663 41 


0.15455 96 
0.15251 50 
0.15050 00 
0.14851 39 
0.14655 65 


0.14462 71 
0.14272 53 
0.14085 07 
0.13900 28 
0.13718 13 


0.13538 55 
0. 13361 53 
0.13187 01 
0.13014 95 
0.12845 33 


0.12678 08 
0.12513 19 
0.12350 61 
0.12190 31 
0.12032 24 


0.11876 38 
0.11722 70 
0.11571 15 
0.11421 70 
0.11274 33 


0.11129 00 
0.10985 67 
0.10844 33 
0.10704 93 
0.10567 44 


0.10431 85 
0.10298 12 
0.10166 22 
0.10036 12 
0.09907 80 


0.09781 23 
0.09656 39 
0.09533 24 
0.09411 77 
0.09291 94 


0.09173 74 
0.09057 13 
0. 08942 11 
0. 08828 63 
0.08716 69 


0. 0860 


Py 


0.06136 96 
0.06068 89 


0.06001 59 
0.05935 05 
0. 05869 25 
0. 05804 19 
0.05739 86 


0.05676 26 
0. 05613 36 
0.05551 18 
0.05489 69 
0.05428 89 


0.05368 77 
0.05309 33 
0.05250 55 
0.05192 43 
0.05134 97 


0.05078 15 
0.05021 96 
0.04966 40 
0.04911 47 
0.04857 15 


0.04803 44 
0. 04750 33 
0. 04697 81 
0.04645 88 
0. 04594 53 


0.04543 76 
0. 04493 56 
0.04443 91 
0. 04394 82 
0.04346 28 


0.04298 29 
0.04250 82 
0.04203 389 
0.04157 49 
0.04111 60 


0. 04066 22 
0.04021 35 
0.03976 98 
0. 03933 11 
0. 03889 73 


0. 03846 83 
0.03804 41 
0.03762 46 
0.03720 98 
0.03679 96 


0. 03639 40 
Hy 


0.02977 91 


0. 02946 70 
0.02915 81 
0.02885 25 
0.02855 01 
0.02825 08 


0.02795 48 
0.02766 18 
0. 02737 19 
0.02708 50 
0.02680 12 


0.02652 04 
0.02624 25 
0.02596 75 
0.02569 54 
0, 02542 62 


0.02515 98 
0.02489 62 
0. 02463 53 
0. 02437 72 
0.02412 19 


0. 02386 92 
0.02361 91 
0. 02337 17 
0.02312 69 
0.02288 46 


0.02264 49 
0.02240 78 
0.02217 31 
0.02194 08 
0.02171 11 


0.02148 37 
0.02125 87 
0.02103 61 
0.02081 58 
0. 02059 78 


0. 02038 21 
0.02016 87 
0.01995 75 
0.01974 86 
0.01954 18 


0.01933 72 
0.01913 47 
0.01893 44 
0.01873 62 
0.01854 01 


0. 01834 6 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Jio(x) 
0. 14849 55 
0.14631 99 
0.14418 04 
0.14207 63 
0.14000 68 


0.13797 13 
0.13596 91 
0.13399 96 
0.13206 22 
0.13015 62 


0.12828 11 
0. 12643 62 
0.12462 10 
0.12283 50 
0.12107 75 


0.11934 81 
0.11764 62 
0.11597 14 
0.11432 31 
0.11270 08 


0.11110 41 
0.10953 25 
0.10798 55 
0.10646 27 
0.10496 37 


0.10348 81 
0.10203 53 
0.10060 51 
0.09919 70 
0.09781 06 


0. 09644 55 
0.09510 15 
0, 09377 80 
0.09247 47 
0.09119 13 


0.08992 75 
0. 08868 29 
0.08745 71 
0. 08624 99 
0.08506 10 


0.08388 99 
0. 08273 65 
0.08160 04 
0.08048 13 
0.07937 89 


0.07829 30 
0.07722 33 
0.07616 94 
0.07513 13 
0.07410 85 


0. 07310 08 
0.07210 80 
0.07112 98 
0.07016 60 
0.06921 64 


0.06828 07 
0.06735 87 
0. 06645 02 
0.06555 49 
0.06467 26 


0. 06380 32 


i 


EXPONENTIAL INTEGRALS E,(x) 


KE 3 (x) 
0.10969 20 
0.10821 79 
0.10676 54 
0.10533 42 
0.10392 38 


0.10253 39 
0.10116 43 
0.09981 45 
0.09848 42 
0.09717 31 


0.09588 09 
0.09460 74 
0.09335 21 
0.09211 49 
0.09089 53 


0. 08969 32 
0.08850 83 
0, 08734 02 
0.08618 88 
0.08505 37 


0.08393 47 
0. 08283 15 
0.08174 39 
0.08067 17 
0.07961 46 


0.07857 23 
0.07754 47 
0.07653 16 
0.07553 26 
0.07454 76 


0.07357 63 
0.07261 86 
0.07167 42 
0.07074 29 
0. 06982 46 


0. 06891 92 
0.06802 60 
0.06714 53 
0.06627 68 
0.06542 03 


0. 06457 55 
0. 06374 24 
0.06292 07 
0,06211 04 
0. 06131 11 


0.06052 27 
0. 05974 52 
0.05897 82 
0.05822 17 
0.05747 55 


0.05673 95 
0.05601 35 
0.05529 73 
0.05459 08 
0. 05389 39 


0.05320 64 
9.05252 83 
0.05185 92 
0.05119 92 
0.05054 81 


0.04990 57 


ea 


0.08179 13 


0.08075 90 
0. 07974 06 
0. 07873 57 
0.07774 42 
0.07676 59 


0, 07580 07 
0. 07484 83 
0.07390 85 
0.07298 12 
0.07206 61 


0.07116 32 
0.07027 22 
0, 06939 30 
0.06852 53 
0.06766 91 


0.06682 42 
0.06599 04 
0. 06516 75 
0. 06435 55 
0.06355 40 


0.06276 31 
0.06198 25 
0.06121 22 
0.06045 19 
0.05970 15 


0.05896 09 
0.05822 99 
0.05750 85 
0.05679 64 
0.05609 36 


0.05539 98 
0.05471 52 
0. 05403 93 
0. 05337 22 
0.05271 37 


0.05206 37 
0.05142 22 
0.05078 89 
0.05016 37 
0.04954 66 


0. 04893 74 
0. 04833 61 
0.04774 25 
0.04715 65 
0.04657 80 


0.04600 70 
0.04544 32 
0.04488 67 
0.04433 72 
0.04379 48 


0.04325 93 
0.04273 07 
0, 04220 87 
0.04169 35 
0.04118 47 


0. 04068 25 


i 


Ly o(s 


0. 03639 
0.03599 
0. 03559 
0. 03520 
0. 03481 


0. 03443 
0. 03405 
0. 03367 
0. 03330 
0. 03294 


0. 03257 
0. 03221 
0. 03186 
0. 03151 
0. 03116 


0. 03082 
0, 03048 
0. 03015 
0. 02981 
0, 02949 


0. 02916 
0, 02884 
0. 02852 
0. 02821 
0. 02790 


0. 02759 
0. 02729 
0. 02699 
0. 02669 
0. 02640 


0.02611 
0, 02582 
0, 02554 
0. 02526 
0. 02498 


0. 02471 
0. 02444 
0, 02417 
0. 02390 
0. 02364 


0. 02338 
0. 02313 
0. 02287 
0. 02262 
0. 02237 


0. 02213 
0. 02189 
0. 02165 
0.02141 
0.02117 


0. 02094 
0. 02071 
0. 02048 
0. 02026 
0. 02004 


0, 01982 
0. 01960 
0, 01939 
0, 01917 
0. 01896 


) 


40 


0.01876 22 


ica 


Table 5.4 


Eoo(x) 
0. 01834 60 
0.01815 39 
0.01796 39 
0.01777 59 
0.01758 98 


0.01740 57 
0.01722 35 
0.01704 33 
0. 01686 49 
0. 01668 84 


0.01651 37 
0. 01634 09 
0.01616 99 
0.01600 07 
0.01583 33 


0.01566 76 
0.01550 37 
0. 01534 14 
0.01518 09 
0.01502 21 


0.01486 49 
0.01470 94 
0.01455 55 
0.01440 32 
0.01425 26 


0.01410 35 
0.01395 59 
0. 01381 00 
0.01366 55 
0.01352 26 


0.01338 11 
0.01324 12 
0.01310 27 
0.01296 57 
0, 01283 01 


0.01269 59 
0.01256 31 
0.01243 17 
0. 01230 17 
0.01217 31 


0.01204 58 
0.01191 98 
0.01179 52 
0.01167 19 
0. 01154 99 


0.01142 91 
0.01130 96 
0.01119 14 
0.01107 44 
0.01095 86 


0.01084 40 
0.01073 07 
0.01061 85 
0.01050 75 
0.01039 77 


0.01028 90 
0.01018 15 
0.01007 50 
0.00996 97 
0. 00986 56 


0.00976 24 


a 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Table 5.4 
FY E(x) 
1, 60 0. 06380 32 
1,61 0. 06294 64 
1, 62 0.06210 20 
1, 63 0.06126 98 
1. 64 0, 06044 97 
1, 65 0.05964 13 
1, 66 0.05884 46 
1, 67 0.05805 94 
1, 68 0.05728 54 
1.69 0.05652 26 
1,70 0.05577 06 
171 0.05502 94 
1,72 0.05429 88 
1,73 0.05357 86 
1.74 0.05286 86 
1,75 0.05216 87 
1. 76 0,05147 88 
1,77 0.05079 86 
1.78 0.05012 81 
1.79 0.04946 70 
1, 80 0,04881 53 
1, 81 0.04817 27 
1, 82 0.04753 92 
1. 83 0.04691 46 
1, 84 0.04629 87 
1. 85 0. 04569 15 
1. 86 0. 04509 28 
1. 87 0.04450 24 
1. 88 0.04392 03 
1, 89 0, 04334 63 
1.90 0.04278 03 
191 0.04222 22 
1, 92 0.04167 18 
1,93 0.04112 91 
1,94 0. 04059 38 
1,95 0. 04006 60 
1,96 0.03954 55 
1.97 0.03903 22 
1,98 0.03852 59 
1.99 0.03802 67 
0.03753 43 
ea 
3 
Table 5.5 
a! (x+2)e7E,(z) 
0, 50 1.10937 
0. 45 1, 09750 
0.40 1, 08533 
0.35 1.07292 
0. 30 1, 06034 
0. 25 1. 04770 
0. 20 1. 03522 
0.15 1. 02325 
0.10 1, 01240 
0.09 1.01045 
0.08 1, 00861 
0. 07 1, 00688 
0. 06 1, 00528 
0.05 1, 00384 
0.04 1, 00258 
0.03 1, 00152 
0, 02 1. 00071 
0.01 1. 00019 
0. 00 1, 00000 


ey 


EXPONENTIAL INTEGRALS E,,(z) 
E\o(#) 


Ex (x) 
0, 04990 57 
0. 04927 20 
0, 04864 67 
0, 04802 99 
0, 04742 13 


0. 04682 09 
0.04622 84 
0.04564 39 
0.04506 72 
0.04449 82 


0. 04393 67 
0, 04338 27 
0, 04283 61 
0.04229 67 
0.04176 45 


0. 04123 93 
0. 04072 11 
0.04020 97 
0.03970 51 
0.03920 71 


0. 03871 57 
0. 03823 08 
0, 03775 22 
0.03728 00 
0, 03681 39 


0.03635 40 
0.03590 01 
0. 03545 21 
0.03502 00 
0, 03457 37 


0. 03414 30 
0, 03371 80 
0. 03329 B6 
0.03288 46 
0. 03247 59 


0.03207 27 
0. 03167 46 
0.03128 17 
0. 03089 39 
0.03051 12 


0.03013 34 
(4 


(v+3)e7E,(z) 


1.11329 
1.10285 
1. 09185 
1, 08026 
1, 06808 
1, 05536 
1, 04222 
1, 02895 
1, 01617 


1, 01377 
1, 01147 
1.00927 
1, 00721 
1, 00531 
1. 00361 
1, 00217 
1, 00103 
1, 00027 
1, 00000 


ey 


E4(z) 
0.04068 25 
0.04018 66 
0.03969 70 
0.03921 36 
0. 03873 64 


0.03826 52 
0.03779 99 
0. 03734 06 
0. 03688 70 
0.03643 92 


0, 03599 70 
0.03556 04 
0.03512 93 
0.03470 37 
0, 03428 34 


0, 03386 84 
0.03345 86 
0.03305 39 
0.03265 44 
0.03225 98 


0.03187 02 
0. 03148 55 
0.03110 56 
0.03073 04 
0.03035 99 


0, 02999 41 
0, 02963 28 
0.02927 61 
0.02892 38 
0.02857 59 


0. 02823 23 
0.02789 30 
0.02755 79 
0.02722 70 
0. 02690 02 


0.02657 75 
0.02625 87 
0.02594 40 
0, 02563 31 
0.02532 61 


0, 02502 28 
"3" 


(u+4)e7E, (z) 


1, 10937 
1.10071 
1. 09136 - 
1, 08125 
1.07031 
1, 05850 
1. 04584 
1, 03247 
1, 01889 


1, 01624 
1. 01366 
1. 01116 
1. 00878 
1, 00654 
1.00451 
1, 00275 
1, 00133 
1, 00036 
1. 00000 


icy 


0. 01876 
0. 01855 
0. 02835 
0, 01815 
0.01795 


0.01775 
0. 01756 
0, 01737 
0. 01718 
0, 01699 


0. 01680 
0, 01662 
0, 01644 
0. 01626 
0, 01608 


0, 01590 
0, 01573 
0. 01556 
0, 01539 
0. 01522 


0. 01505 
0. 01489 
0. 01473 
0, 01457 
0. 01441 


0.01425 
0, 01409 
0. 01394 
0. 01379 
0.01364 


0.01349 
0. 01334 
0. 01320 
0. 01305 
0.01291 


0. 01277 
0, 01263 
0.01249 
0, 01236 
0. 01222 


0, 01209 
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EXPONENTIAL INTEGRALS E,(x) FOR LARGE ARGUMENTS 


1.07219 
1, 06926 
1, 06586 
1, 06187 
1.05712 
1, 05138 
1, 04432 
1.03550 
1. 02436 


1, 02182 
1.01917 
1.01642 
1, 01360 
1, 01074 
1, 00790 
1.00516 
1, 00271 
1. 00081 
1,00000 


ice 


<1>=nearest integer to x. 


0. 00936 


0, 00926 
0, 00916 
0, 00907 
0, 00897 
0, 00888 


0. 00878 
0, 00869 
0, 00860 
0. 00851 
0, 00842 


0, 00833 
0, 00825 
0. 00816 
0, 00808 
0, 00799 


0. 00791 
0. 00783 
0. 00774 
0, 00766 
0. 00758 


0. 00750 
0. 00742 
0. 00735 
0. 00727 
0, 00719 


0, 00712 
0. 00704 
0. 00697 
0. 00690 
0. 00683 


0, 00675 
0. 00668 
0. 00661 
0, 00655 
0. 00648 


0, 00641 


43 


ica 


1, 04270 
1. 04179 
1, 04067 
1. 03932 
1. 03762 
1. 03543 
1. 03249 
1.02837 
1, 02222 


1. 02060 
1, 01883 
1. 01688 
1.01472 
1. 01234 
1.00973 
1, 00692 
1, 00401 
1, 00137 
1, 00000 


ea 


(2+10)e7E,o(x) (2+20)e7 Ey 9(x) 


<i> 


=) 
ONUSWWWP PD 


a 


OOnowm PwUNH OCS 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


EXPONENTIAL INTEGRAL FOR: COMPLEX ARGUMENTS 


a I 
-19 
1.059305 0.000000 
1.059090 0.003539 
1.058456 0.007000 
1.057431 0,010310 
1.056058 0.013410 


1.054391 0.016252 
1,052490 0.018806 
1.050413 0.021055 
1.048217 0.022996 
1.045956 0.024637 


1,043672 0.025993 
1.041402 0,027086 
1.039177 0.027940 
1.037018 0.028581 
1.034942 0,029034 


1,032959 + 0,029326 
1.031076 0.029477 
1,029296 0,029511 
1.027620 0.029445 
1.026046 0.029296 


1.024570 0,029080 


-14 


1.084892 0.000037 
1,084200 0,007359 
1.082276 0,014306 
1,079313 0,020604 
1.075560 0.026075 


1,071279 0.030642 
1.066708 0.034303 
1.062046 0,037117 
1.057448 0.039174 
1.053021 0,040580 


1.048834 0.041444 
1.044928 0.041867 
1.041320 0.041938 
1,038010 0.041734 
1.034989 0.041321 


1,032241 0.040751 
1.029747 0,040066 
1.027486 0.039301 
1.025437 0.038481 
1.023580 0.037629 


1.021896 0.036759 


-9 
1.152759 0,003489 
1.146232 0.026376 
1.134679 0.044579 
1.120694 0.057595 
1.106249 0.065948 


1.092564 0.070592 
1.080246 0.072520 
1.069494 0.072580 
1.060276 0.071425 
1.052450 0.069523 


1.045832 0.067197 
1.040241 0.064664 
1.035508 0.062063 
1.031490 0,059482 
1.028065 0.056975 


1.025132 0.054573 
1.022608 0.052291 
1,020426 0.050135 
1.018530 0.048106 
1.016874 0.046201 


1.015422 0.044413 


R 


I 


-18 


1.063087 
1.062827 
1.062061 
1,060829 
1.059190 


1.057215 
1.054981 
1.052565 
1,050037 
1.047458 


1,044880 
1,042345 
1,039882 
1.037515 
1,035259 


1.033123 
1.031110 
1.029222 
1.027456 
1,025809 


1.024275 


0.000001 
0.004010 
0.007918 
0.011633 
0.015079 


0.018202 
0.020969 
0.023364 
0.025391 
0.027066 


0.028412 
0.029461 
0.030245 
0.030796 
0.031148 


0,031330 
0.031368 
0.031288 
0.031110 


0.030854 — 


0.030534 


-18 


1.093027 
1,092067 
1.089498 
1.085635 
1.080853 


1.075522 
1.069960 
1.064412 
1.059054 
1.053997 


1.049303 
1.044997 
1.041080 
1.037537 
1.034344 


1.031474 
1,028895 
1.026579 
1.024499 
1.022628 


1.020942 


0.000092 
0,008913 
0.017161 
0.024471 
0.030637 


0,035599 
0,039405 
0.042169 
0.044041 
0.045176 


0.045719 
0.045801 
0.045531 
0.044999 
0.044277 


0.043422 
0.042477 
0.041475 
0.040444 
0.039401 


0,038361 


-8 


1.181848 
1.169677 
1.151385 
1.131255 
1.111968 


1,094818 
1.080188 
1.067987 
1.057920 
1.049645 


1.042834 
1.037210 
1.032539 
1.028638 
1.025359 


1.022583 
1.020219 
1.018192 
1.016444 
1.014929 


1,013607 


For |z|>4, linear interpolation 
yield about six decimals. 


See Examples 9 -10. 


0.008431 
0,038841 
0.060814 
0.074701 
0.082156 


0.085055 
0.084987 
0.083120 
0.080250 
0.076885 


0.073340 
0.069803 
0.066381 
0,063128 
0.060070 


0,057215 
0.054559 
0.052094 
0.049806 
0.047684 


0.045714 


ze? 1 (z) 


R 


I 


-17 


1.067394 
1.067073 
1,066135 
1.064636 
1.062657 


1.060297 
1.057655 


1.054829. 


1,051905 
1.048958 


1.046045 
1.043212 
1,040490 
1.037901 
1.035456 


1.033162 
1.031019 
1.029025 
1.027174 
1,025459 


1.023872 


0.000002 
0.004584 
0,009032 
0,013226 
0.017075 


0.020512 
0,023505 
0.026044 
0.028141 
0.029824 


0.031130 
0.032102 
0.032781 
0.033211 
0.033431 


0.033476 
0.033377 
0.033162 
0.032855 
0.032474 


0.032037 


-12 


1.102975 
1.101566 
1.098025 
1,092873 
1.086686 


1.079985 
1.073185 
1.066578 
1.060352 
1.054606 


1.049380 
1.044674 
1.040464 
1.036713 
1.033378 


1,030414 
1.027781 
1.025438 
1.023352 
1.021489 


1.019824 


0.000232 
0.011063 
0.020981 
0.029507 
0.036422 


0.041724 
0,045552 
0.048115 
0,049644 
0,050359 


0.050452 
0.050084 
0.049384 
0,048452 
0.047365 


0.046180 
0.044941 
0.043679 
0.042417 
0.041170 


0.039950 


-7 


1.222408 
1.199049 
1.169639 
1.140733 
1.115404 


1,094475 
1.077672 
1,064339 
1,053778 


1.045382 ° 


1.038659 
1.033231 
1,028808 
1,025171 
1,022152 


1.019626 
1.017494 
1.015681 
1.014129 
1,012790 


1.011629 


0,020053 


0.060219 | 


0.085335 
0.098259 
0.102861 


0.102411 
0.099188 
0,094618 
0.089537 
0.084405 


0.079462 
0.074821 
0.070524 
0.066576 
0.062962 


0.059658 
0.056638 
0.053874 
0.051341 
0.049015 


0.046875 


R J 


-16 
1.072345 0.000006 
1.071942 0.005296 
1.070774 0.010403 
1.068925 0.015172 
1.066508 0.019486 


1.063659 0,023272 
1.060510 0,026499 
1.057187 0.029167 
1.053795 0.031306 
1.050421 0,032960 


1.047129 0,034183 
1.043967 0.035034 
1.040965 0,035567 
1.038140 0.035836 
1.035501 0.035888 


1.033049 0.035765 
1.030780 0,035502 
1.028685 0.035129 
1.026756 0.034672 
1,024981 0,034150 


1.023349 0,033582 


-li 


1.115431 0.000577 
1.113230 0.014169 
1.108170 0.026241 
1.101137 0,036189 
1.093013 0.043843 


1.084526 0.049336 
1.076197 0,052967 
1.068350 0.055093 
1.061159 0,056057 
1.054687 0.056158 


1.048933 0.055640 
1,043853 0.054695 
1.039389 0.053465 
1.035473 0.052056 
1.032040 0.050547 


1.029026 0.048991 
1.026377 0,047428 
1.024043 0.045883 
1.021981 0.044374 
1.020155 0.042912 


1.018533 0.041505 


-6 
1.278884 0.046723 
1.233798 0.097331 
1.186778 0,122162 
1.146266 0.130005 


~1.114273 0.128440 


1.089952 0,122397 
1.071684 0,114638 
1.057935 0,106568 
1.047493 0,098840 
1.039464 0.091717 


1.033205 0,085271 
1.028260 0.079488 
1.024300 0.074315 
1.021090 0.069688 
1.018458 0,065542 


1.016277 0.061817 
1.014452 0.058460 
1.012912 0.055424 
1.011600 0,052670 
1.010476 0.050161 


1.009505 0.047870 


Table 5.6 


a J 
-15 


1.078103 0,000014 
1.077584 0.006195 
1.076102 0.012118 
1.073783 0.017579 
1.070793 0.022432 


1.067318 0.026598 
1.063538 0.030055 
1.059610 0,032823 
1.055664 0.034957 
1.051797 0.036527 


1.048081 0.037609 
1.044559 + 0,038282 
1.041259 0,038616 
1.038192 0.038677 
1.035359 0.038520 


1.032754 0,038193 
1.030365 0,037735 
1.028180 0.037179 
1.026183 0.036552 
1.024360 0.035873 


1.022695 0.035160 
-10 


1.131470 0.001426 
1.127796 0.018879 
1.120286 0.033700 
1.110462 0.045218 
1.099666 0,053451 


1.088877 0.058817 
1.078701 0.061886 
1.069450 0.063225 
1.061235 0.063322 
1.054046 0.062566 


1.047807 0,061249 
1.042417 0.059584 
1.037766 0,057719 
1.033752 0,055758 
1.030282 0,053773 


1.027274 0,051808 
1.024658 0,049894 
1.022375 0,048049 
1.020375 0.046282 
1.018617 0.044599 


1.017066 0,043001 


-5 
1.353831 0,105839 
1.268723 0,160826 
1.196351 0,175646 
1.142853 0,170672 
1.105376 0.158134 


1.079407 0.143879 
1.061236 0,130280 
1.048279 0.118116 
1.038838 0.107508 
1.031806 0.098337 


1.026459 0.090413 
1.022317 0,083544 
1.019052 0.077561 
1.016439 0.072320 
1.014319 0,067702 


1.012577 0.063610 
1.011130 0,059962 
1.009915 0.056694 
1.008887 0.053752 
1.008009 0,051092 


1.007254 0.048675 


will yield about four decimals, eight-point inter polation will 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS 


I 


-4 


Table 5.6 
a 
y x 
0 1,438208 
1 (1,287244 
2 ‘1.185758 
3 -1,123282 
4 1085153 
5 1.061263 
6 1,045719 
7 1.035205 
8 1.027834 
9 1.022501 
10 1,018534 
11 1.015513 
12 1,013163 
13 1,011303 
14 1.009806 
15 1.008585 
16 1,007577 
17. 1.006735 
18 1.006025 
19 1.005420 
20  —-1,004902 
y\x 
0 0.596347 
1 0.673321 
2 0.777514 
3 0.847468 
4 0.891460 
5 0.919826 
6 0.938827 
7 0.952032 
8 0.961512 
9 0.968512 
10 0.973810 
11 0.977904 
12 0.981127 
13 0.983706 
14 0.985799 
15 0.987519 
16 0.988949 
17 0.990149 
18 0.991167 
19 0.992036 
20 0.992784 
y\x 
0 0.871606 
1 —(0,873827 
2 0.880023 
3 0.889029 
4 0.899484 
5 0910242 
6 0.920534 
7 0.929945 
8 0.938313 
9 0.945629 
10 0.951965 
11 0.957427 
12 0.962128 
13 -0,966178 
14 0.969673 
15 0,972699 
16 0.975326 
17 0.977617 
18 0.979622 
19 0.981384 
20 (0.982938 


0.230161 
0.263705 
0.247356 
0.217835 
0.189003 


0.164466 
0.144391 
0.228073 
0.114732 
0.103711 


0.094502 
0.086718 
0.080069 
0.074333 
0.069340 


0.064959 
0.061086 
0.057640 
0.054555 
0.051779 


0.049267 


0.000000 
0.147864 
0.186570 
0.181226 
0.165207 


0.148271 
0.132986 
0.119807 
0.108589 
0.099045 


0.090888 
0.083871 
0.077790 
0.072484 
0.067822 


0.063698 
0.060029 
0.056745 
0.053792 
0.051122 


0.048699 


0.000000 
0.016570 
0,031454 
0.043517 
0.052380 


0,058259 
0.061676 
0.063220 
0.063425 
0.062714 


0.061408 
0.059735 
0.057855 
0.055877 
0.053874 


0.051894 
0.049966 
0.048109 
0.046332 
0.044641 


0.043036 


K# I 
-3 
1.483729 0.469232 
1.251069 0,410413 
1.136171 0.328439 
1.080316 0.262814 
1.051401 0.215118 


1.035185 0,180487 
1.025396 0,154746 
1.019109 0,135079 
1.014861 0.119660 
1.011869 0.107294 


1,009688 0,097181 
1,008052 0,088770 
1.006795 0,081673 
1.005809 0.075609 
1.005022 0.070371 


1,004384 0.065803 
1,003859 0,061786 
1.003423 0,058227 
1.003057 0.055052 
1.002747 0.052202 


1.002481 0,049631 


2 


0.722657 0.000000 
0.747012 0.075661 
0.796965 0.118228 
0.844361 0.132252 
0.881036 0.131686 


0.907873 0.125136 
0.927384 0.116656 
0.941722 0.107990 
0.952435 0,099830 
0.960582 0.092408 


0.966885 0.085758 
0.971842 0.079836 
0.975799 0,074567 
0.979000 0.069873 
0.981621 0.065679 


0.983791 0.061921 
0.985606 0.058539 
0.987138 0.055485 
0.988442 0.052717 
0.989561 0.050199 


0.990527 0.047900 


0.886488 0.000000 
0.888009 0.012947 
0.892327 0.024866 
0.898793 0.034995 
0.906591 0.042967 


0.914952 0.048780 
0.923283 0,052667 
0.931193 0.054971 
0.938469 0,056047 
0.945023 0,056211 


0.950850 0,055725 
0.955987 0,054790 
0.960495 0.053560 
0.964444 0,052146 
0.967903 0,050627 


0.97093= 0.049062 
0.973557 0.047489 
0.975940 0,045935 
0.978009 0.044419 
0.979839 0.042951 


0.981465 0.041538 


If x>10 or y>10 then (see [5.15)]) 


*See page HW. 


e’E, (z)= 


0.711093 


zeE (2) 
R I 
-2 


1.340965 0.850337 
1.098808 0,561916 
1.032990 0,388428 
1.013205 0,289366 
1.006122 0.228399 


1.003172 0.187857 
1.001788: 0.159189 
1,001077 0.137939 
1.000684 0.121599 
1,000454 0.108665 


1,000312 0,098184 
1.000221 0.089525 
1,000161 0,082255 
1.000119 0.076067 
1.000090 0.070738 


1.000070 0,066102 
1.000055 0.062032 
1.000043 0.058432 
1.000035 0.055224 
1.000028 0,052349 


1,000023 0.049757 


3 


0.786251 0.000000 
0.797036 0,045686 
0.823055 0.078753 
0.853176 0.096659 
0.880584 0.103403 


0.903152 0.103577 
0.921006 0.100357 
0.934958 0.095598 
0.945868 0.090303 
0.954457 0.084986 


0.961283 0.079898 
0.966766 0.075147 
0.971216 0.070769 
0.974865 0.066762 
0.977888 0.063104 


0.980414 0.059767 
0.982544 0.056723 
0.984353 0,053941 
0.985902 0.051394 
0.987237 0.049057 


0.988395 0,046909 


8 


0.898237 0,000000 
0.899327 0.010401 
0.902453 0.020140 
0.907236 0,028693 
0.913167 0.035755 


0.919729 0.041242 
0.926481 0.045242 
0.933096 0.047942 
0.939359 0.049570 
0.945154 0.050349 


0.950427 0.050481 
0.955176 0.050135 
0.959421 0.049444 
0.963201 0.048514 
0.966559 0.047425 


0.969539 0.046236 
0.972185 0.044992 
0.974538 0.043724 
0.976632 0.042456 
0.978500 0.041205 


0.980169 0,039980 


0.278518 0.010389 


a 
ot 
0.697175 
0.813486 
0.896419 
0.936283 
0.957446 


0.969809 
0.977582 
0.982756 
0.986356 
0.988955 


0.990887 
0.992361 
0.993508 
0.994418 
0.995151 


0.995751 
0.996246 
0.996661 
0,997011 
0.997309 


0.997565 


0.825383 
0.831126 
0.846097 
0,865521 
0.885308 


0.903231 
0.918527 
0.931209 
0.941594 
0.950072 


0.957007 
0.962708 
0.967423 
0.971351 
0.974646 


0.977430 
0.979799 
0.981827 
0.983574 
0.985089 


0.986410 


0.907758 
0.908565 
0.910901 
0.914531 
0.919127 


0.924336 
0.929836 
0.935365 
0.940731 
0.945812 


0.950535 
0.954870 
0.958814 
0.962379 
0.965591 


0.968477 
0.971067 
0.973393 
0.975481 
0.977357 


0.979047 


240415775 2+2.29428 " 2+6.2900 


E\ (iy)=-Ci(y)+i si(y) (y real) 


I 


1.155727 
0.578697 
0.378838 
0.280906 
0.222612 


0.183963 
0.156511 
0,136042 
0.120218 
0.107634 


0.097396 
0.088911 
0.081769 
0.075676 
0.070419 


0.065838 
0,061812 
0,058246 
0.055066 
0.052214 


0.049640 


0.000000 
0.030619 
0.055494 
0,072180 
0.081408 


0.085187 
0,085460 
0.083666 
0.080755 
0.077313 


0.073688 
0,070080 
0.066599 
0.063300 
0.060206 


0.057322 
0.054644 
0.052162 
0.049861 
0.047728 


0.045749 


0.000000 
0.008543 
0,016639 
0.023921 
0.030145 


0.035208 
0,039123 
0.041986 
0,043936 
0.045128 


0.045711 
0.045818 
0,045563 
0.045038 
0.044319 


0.043463 
0.042516 
0.041512 
0.040477 
0.039431 


0.038388 


+€,e]<3x10-§, 


A J 
0 


0.577216 06,000000 
0.621450 0.343378 
0.798042 0.289091 
0.875873 0.237665 
0.916770 0.198713 


0.940714 0.169481 
0.955833 0.147129 
0.965937 0.129646 


0.972994 0.115678 


0.978103 0.104303 


0.981910 0.094885 
0.984819 0.086975 
0.987088 0.080245 
0.988891 0.074457 
0.990345 0.069429 


0.991534 0,065024 
0.992518 0.061135 
0.993342 0.057677 
0.994038 0.054583 
0.994631 0.051801 


0.995140 0.049284 


0.852111 0,000000 
0.855544 0,021985 
0.864880 0.040999 
0.877860 0,055341 
0.892143 0.064825 


0.906058 0,070209 
0.918708 0.072544 
0.929765 0.072792 
0.939221 0.071700 
0.947219 0.069799 


0.953955 0.067447 
0.959626 0,064878 
0.964412 0.062242 
0.968464 0.059630 
0.971911 0.057096 


0.974858 0.054671 
0.977391 0.052371 
0.979579 0.050200 
0.981478 0.048160 
0.983135 0.046245 


0.984587 0.044449 


10 


0.915633 0.000000 
0.916249 0.007143 
0.918040 0,013975 
0.920856 0.020230 
0.924479 0.025717 


0.928664 0,030334 
0.933175 0.034063 
0.937807 0,036944 
0.942398 0.039060 
0.946833 0.040514 


0.951035 0.041413 
0.954959 0.041861 
0.958586 0.041948 
0.961913 0.041755 
0.964949 0.041347 


0.967710 0.040780 
0.970214 0.040095 
0.972484 0.039329 
0.974540 0,038508 
0.976402 0.037653 


0.978090 0.036781 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS Table 5.6 
ze?E (z) 
4 J R JI BR JI a J Aa JI 
x 11 12 13 14 15 


0.922260 0.000000 0.927914 90,000000 0.932796 0.000000 0.937055 0.000000 0.940804 0.000000 
0.922740 0.006063 0.928295 0.005212 0.933105 0,004528 0.937308 0.003972 0.941014 0.003512 
0.924143 0.011902 0.929416 0.010258 0.934013 0,008932 0.938055 0,007847 0.941636 0.006949 
0.926370 0.017321 0.931205 0.014991 0.935473 0,013098 0.939261 0.011540 0.942643 0.010242 
0.929270 0,022171 0.933560 0,019295 0.937408 0,016934 0.940870 0.014974 0.943994 0.013331 


0.932672 0,026361 0.936356 0.023091 0.939729 0.020373 0.942816 0.018095 0.945640 0.016169 
0.936400 0.029857 0.939462 0.026339 0.942338 0.023378 0.945024 0.020867 0.947522 0,018725 
0.940297 0.032670 0.942757 0.029036 0.945140 0,025934 0.947419 0.023273 0.949582 0.020980 
0.944229 0.034847 0.946132 0,031205 0.948047 0,028052 0.949933 0.025315 0.951765 0,022931 
0.948093 0.036453 0.949500 0.032887 0.950985 0,029756 0.952502 0.027004 0.954018 0.024582 


10 0.951816 0,037566 0.952792 0.034134 0.953895 0.031081 0.955075 0,028365 0.956296 0.025949 
11 0.955347 0,038261 0.955958 0,035004 0.956729 0.032068 0.957610 0.029426 0.958563 0,027052 
12 0.958659 0.038612 0.958968 0,035552 0.959454 0.032761 0.960073 0.030221 0.960787 0,027915 
13 0.961739 0.038684 0.961800 0,035833 0.962049 0.033201 0.962443 0,030781 0.962947 0,028564 
14 0.964583 0.038534 0.964447 0,035893 0.964499 0,033428 0.964702 0.031140 0.965026 0.029024 


15 0.967199 0.038211 0.966907 0,035775 0.966799 0,033479 0.966843 0,031327 0.967011 0.029320 
16 0.969597 0,037756 0.969184 0,035515 0.968947 0.033384 0.968860 0,031370 0.968897 0.029476 
17 0.971789 0,037200 0.971285 0,035144 0.970946 0.033172 0.970752 0,031293 0.970680 0,029512 
18 0.973792 0.036572 0.973220 0.034687 0.972802 0,032865 0.972521 0.031117 0.972359 0.029448 
19 0.975621 0.035893 0.974999 0.034166 0.974521 0.032485 0.974172 0.030862 0.973936 0.029301 


20 0.977290 0.035179 0.976634 0,033597 0.976112 0,032049 0.975709 0.030542 0.975414 0.029086 


yx 16 17 18 19 20 


0.944130 0.000000 0.947100 0.000000 0.949769 0,000000 0.952181 0,000000 0.954371 0,000000 
0.944306 0,003128 0.947250 0,002804 0.949897 0.002527 0.952291 0,002290 0.954467 0,002085 
0.944829 0,006196 0.947693 0,005560 0.950277 0,005016 0.952619 0.004549 0.954752 0,004144 
0.945678 0.009150 0.948416 0,008223 0.950898 0,007430 0.953156 0.006745 0.955219 0,006151 
0.946824 0.011940 0.949395 0,010754 0.951741 0.009735 0.953887 0,008853 0.955856 0,008084 


0 
1 
2 
3 
4 
5 0.948226 0.014529 0.950600 0.013121 0.952782 0.011904 0.954793 0.010847 0.956650 0,009922 
6 
7 
8 
9 


WOR BWM OLS 


0.949842 0.016886 0.951995 0.015296 0.953995 0,013916 0.955853 0.012709 0.957581 0.011649 
0.951624 0,018994 0.953545 0.017265 0.955349 0.015753 0.957043 0.014425 0.958631 0.013253 
0.953527 0.020847 0.955212 0.019019 0.956815 0,017409 0.958337 0,015986 0.959779 0.014723 
0.955509 0.022445 0.956960 0.020555 0.958363 0.018878 0.959712 0.017387 0.961004 0,016056 


10 0.957530 0,023797 0.958758 0,021878 0.959966 0.020163 0.961144 0,018628 0.962288 0.017250 
11 0.959559 0.024917 0.960576 0,022998 0.961598 0,021270 0.962612 0.019712 0.963611 0.018305 
12 0.961568 0,025823 0.962391 0.023927 0.963238 0.022207 0.964097 0,020645 0.964956 0.019227 
13 0.963534 0.026534 0.964181 0.024679 0.964868 0.022984 0.965582 0.021436 0.966310 0.020021 
14 0.965443 0.027070 0.965931 0.025271 0.966472 0,023616 0.967052 0.022094 0.967658 0.020694 


15 0.967280 0.027453 0.967628 0.025720 0.968039 0,024114 0.968496 0.022629 0.968990 0.021255 
16 0.969038 0.027700 0.969264 0,026041 0.969558 0.024493 0.969906 0.023052 0.970297 0.021712 
7 0.970712 0.027831 0.970832 0.026249 0.971023 0,024765 0.971273 0.023375 0.971571 0.022075 
18 0.972300 0,027862 0.972328 0.026361 0.972430 0,024943 0.972594 0,023607 0.972808 0.022352 
19 0.973800 0.027809 0.973751 0,026388 0.973775 0,025038 0.973863 0,023760 0.974004 0.022552 


20 —(0,975215 0,027685 —0,975099 0.026343 + 0,975057 0,025062 0.975079 0.023842 0.975155 0.022684 
EXPONENTIAL INTEGRAL FOR SMALL COMPLEX ARGUMENTS _ Table 5.7 


eE\(z) 
a I # I a I R J R J 
y\x -4.0 -3.5 -3.0 -2.5 -2.0 
0.0 -0.359552 -0.057540 -0,420509 -0,094868 -0.494576 -0,156411 -0.580650 -0,257878 -0,670483 ~0.425168 
0.2 -0,347179 -0.078283 -0.400596 -0,119927 -0.462493 -0.185573 -0.528987 -0,289009 -0.587558 -0.451225 
0.4 -0.333373 -0,096648 -0,379278 -0.141221 -0.429554 -0.208800 -0,478303 -0,310884 ~0.510543 -0.463193 
0.6 -0.318556 -0,112633 -0,357202 -0,158890 -0,396730 -0.226575 -0.429978 -0,324774 0.441128 -0,464163 
0.8 -0,303109 -0.126301 -0.334923 -0,173169  -0,364785 -0.239500 -0,384941 -0,332047 -0,380013 -0,457088 
1.0 -0.287369 -0.137768 -0,312894 -0,184355  -0,334280 -0.248231  -0.343719 -0,334043 -0.327140 -0,444528 
E,(z)+In z 
y\x -2.0 -1.5 -1.0 -0.5 0 


0 ~4.261087 0.000000 ~2.895820 0.000000 -1.895118 0,000000 -1.147367 0.000000 -0.577216 0.000000 
2  -4.219228 0.636779 2.867070 0.462804 -1,875155 0.342700 -1.133341 0.258840 -0,567232 0,199556 
4 4.094686 1.260867 -2.781497 0.917127 -1.815717 0.679691 -1.091560 0,513806 -0,537482 0.396461 
6 -3,890531 1.859922 -2.641122 1.354712 -1.718135 1.005410 -1.022911 0.761122 -0.488555 0.588128 
8 -3,611783 2.422284 -2,449241 1.767748 -1,584591 1.314586 -0,928842 0.997200 -0.421423 0.772095 
0 -3,265262 2.937296 -2,210344 2.149077 -1.418052 1.602372 -0.811327 1.218731 -0.337404 0.946083 


ye 0.5 1.0 1.5 2.0 2.5 


0 -0.133374 0.000000 0.219384 0.000000 0.505485 0,000000 0.742048 0,000000 0.941206 0.000000 
2  -0,126168 0,157081 0.224661 0.126210 0.509410 0.103432 0.745014 0.086359 0.943484 0.073355 
4 -0,104687 0.312331 0.240402 0.251143 0.521123 0.205962 0.753871 0.172075 0.950289 0.146246 
26 -0,069328 0.463961 0.266336 0.373547 0.540441 0.306707 0.768490 0,256515 0.961532 0.218215 
8 -0,020743 0,610264 0.302022 0.492229 0.567061 0.404823 0.788664 0.339075 0.977068 0,288822 
QO +0.040177 0.749655 0.346856 0.606074 0.600568 0.499516 0.814107 0.419185 0.996699 0.357653 


251 


6 Gamma Function and Related Functions 


Puiuip J. Davis! 


Contents 


Mathematical Properties. ...........-+ 0545565 


6.1. Gamma Function. ........ 2... 2. ee eee 
6.2. Beta Function. . 2... 2... ee ee ee ee 
6.3. Psi (Digamma) Function. ............2.2282. 
6.4. Polygamma Functions. ..... 2... 2... ee ee 
6.5. Incomplete Gamma Function... .........2.2.. 
6.6. Incomplete Beta Function. .. ..........02-;, 


Numerical Methods. ........... 0. 6 0 ee ee ees 


6.7. Use and Extension of the Tables... .......2.2.. 
6.8. Summation of Rational Series by Means of Polygamma Func- 


References. «se ko ek a we Be we 
Table 6.1. Gamma, Digamma and Trigamma Functions (l1<x<2) . . 
T(z), In P(2z), v(x), ¥’(z), e=1(.005)2, 10D 
Table 6.2. Tetragamma and Pentagamma Functions (1<2 2) 
wv’ (2), ¥ (2), z=1(.01)2, 10D 


Table 6.3. Gamma and Digamma Functions for Integer and Half- 
Integer Values (I SnS101). 2... 1. ee 


T(n), 118 y(n), 10D 
1/T(n), 9S — ni/[(2m)4#n"*4]e-*, 8D 
T(int+3), 8S Inn—y(n), 8D 
n=1(1)101 / 
Table 6.4. Logarithms of the Gamma Function (l<nS101),..... 
logio Tin), 8S logy T(n+2), 8S 
logio T(n+4), 8S In T'(n)—(n—4) Inn-+n, 8D 
loge T(n+4), 8S 
n=1(1)101 


1 National Bureau of Standards. 


Page 
255 


255 
258 
258 
260 
260 
263 


263 
263 


264 
265 
267 


271 


272 


274 


253 


254 


GAMMA FUNCTION AND RELATED FUNCTIONS 


Page 
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fons: (665%50) 6.6 6 we BAe & 8 ae aww Sa gate lee S276 
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6. Gamma Function and Related Functions 


Mathematical Properties 


6.1. Gamma (Factorial) Function 


Euler’s Integral 


611 T= f ” let dt (Rz>0) 


=|! f ” ele dt (Pz>0, Pk>0) 
0 


Euler’s Formula 


6.1.2 
T'(z)=lim -_ 


noe 2(2+1)... (2+n) 


Euler’s Infinite Product 
1 = opt? na z —zin 
6.1.3 re 7" B, [(+2)¢ | (ljze|<@) 
: 1,1,1 1 
Y= lim [atgtgti+ Suet +7 —ln m| 
= .57721 56649... 


(2¥0,—1,—2,...) 


Y is known as Euler’s constant and is given to 25 Figure 6.1. Gamma function. * 
decimal places in chapter 1. I(z) is single valued 
and analytic over the entire complex plane, save »y=TG@), ----, ¥=1/TQ@) 


for the points z=—n(n=0, 1, 2, . . . ) where it 
possesses simple poles with residue (—1)*/n!. Its 
reciprocal 1/f'(z) is an entire function possessing 


=i —_ =—(i)! 
simple zeros at the points z=—n(n=0, 1, 2,...). 6.1.9 P(3/2)=$1*=.88622 69254... =(9)! 


Hankel’s Contour Integral 


6.1.4 rath J, (CO eat (lek e) 


_1.5-9-13 . . . (4n—3) 


6.1.10 I(n+3) re 


T'(4) 


T'(4)=3.62560 99082... 


The path of integration C starts at -+-© on the 


real axis, circles the origin in the counterclockwise | 6.1.11 I'(n+4) Bi EES Coat) 


(3) 


direction and returns to the starting point. = 
Factorial and I Notations T' (3) =2.67893 85347... 
6.1.5 I(z)=2!=T(e+1 Ooty ee ee 
) ) 6112 Tint4= 8S7- Cn) D pa) 


Integer Values 


6.1.6 F(n+ tee J... (n—1)n=n! Cias Pint 3) =e ... (8n—1) r(2) 


6.1.7 : 
‘ 1 1 2 
=U SS = Ts =1.3 411 79394 eee 
lim ya a a SB (n=0, 1, 2,...) (3) =1.35 
Pee Fractional Values ie 6.1.14 T(n+3) 37-11-15 = (4n—1) r(3) 


rG =2)." ~? dj} =1.77245 38509... =(—9)! 
as ee i dD T(3)=1.22541 67024... . 


*See page 11. 255 
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Recurrence Formulas 


| 6.1.29 P(iy) P(—ty)=|T (ty) P=—— 
6.1.15 P(2t+1)=2F(z)=2!=2(2—1)! SK ea aa y sinh wy 
6.1.16 6.1.30 TE+y)TG—W=lTG+i) P= 
T(n+2)=(n—1+2)(n—2+2)... A+2)P(1+2) 
=(n—1+2)! 6.1.31 Pd+y)Td—y)=|TA+ip Ps 
=(n—1+2)(n—2+2)... (1+e)a! ry? 
Lig Le ees 
Reflection Formula e182 ra+wTG ty) cosh ry+2 sinh Ty 
6.1.17 T(z) rl—2= 5 z2)T'(2)=* ese r2 9-86 Power Series 
= —T4ytt (0<Bz<1) In P(i+2)=—In(1+z2)+2(1—y) 
Duplication Formula + (—1)"[¢(n) —l]e"/n (jz|<2) 
6.1.18  T(2z)= (2n)-* 2-4 F(z) P(2+4) ¢(n) is the Riemann Zeta Function (see chapter 
23). 


Triplication Formula 


Series Expansion? for 1 /I(z) 


6.1.19 ['(32)=(2n)-1 3-4 F(z) PF (2+) (2+3) 


1 ao 
Gauss’ Multiplication Formula 6.1.34 T@) ea cy" (lz|<@) 
= (Qn)bd—mpne—4 TT k k Cx 
6.1.20 P(nz)= (2m) im nm Vor(e+2 1 1.00000 00000 000000 
a 2 0.57721 56649 015329 
Binomual Coefficient 3 —0.65587 80715 202538 
ee.) an aes T(2+1) 4 —0. 04200 26350 340952 
1. o) wie—w)l TPT @—w+1) 5 0. 16653 86113 822915 
6 —0. 04219 77345 555443 
Pochhammer’s Symbol 7  —0. 00962 19715 278770 
6.1.22 8 0.00721 89432 466630 
(2)9=1, 9 —0.00116 51675 918591 
= _T(e+n) 10 —0.00021 52416 741149 
Sa a a ay i 0.00012 80502 823882 
12  —0.00002 01348 547807 
Gamma Function in the Complex Plane 13 —(. 00000 12504 934821 
<7. ~ 14 0.00000 11330 272320 
Che TOT) ae eT) 15  —0.00000 02056 338417 
Bone eEO tan! 16 0.00000 00061 160950 
1.24 arg P(2+1)=arg P'(z)+arctan 7 17 0.00000 00050 020075 
18  —0.00000 00011 812746 
6.1.25 |P@twP_ a [1 feo i 19 0. 00000 00001 043427 
F(z) n=0 (z-+n) 20 0. 00000 00000 077823 
‘ 21  —0. 00000 00000 036968 
6.1.26 [TP (2+ty)| <|T(2)| 22 0.00000 00000 005100 
6.1.27 23. —0.00000 00000 000206 
@ 24  —0.00000 00000 000054 
+ y y 
arg T(ztw) =a) + 25 (4 —aretan 1) 25 0.00000 00000 000014 
26 0.00000 00000 000001 


(a+ty0,—1,—2,...) ———___—_. 
2 The coefficients c, are from H. T. Davis, Tables of 
where ¥(2)=T"’ (2)/T (2) higher mathematical functions, 2 vols., Principia Press, 
Bloomington, Ind., 1933, 1935 (with permission); with 

6.1.28 T(1+iy)=iy Tay) corrections due to H. E. Salzer. 
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Polynomial Approximations? 


6.1.35 0<2<1 
T(et+1) =2!=1+a,2+ ayx*+ agz? + ayet+ ax’ + e(z) 
le(x)|<5X10-5 
a= —. 57486 46 Q4= .42455 49 
Q= .95123 63 a;=—. 10106 78 
a3—= —. 69985 88 
6.1.36 0<zr<1 


Te@t1) =2!=1+),94+ 5.0?+ 6 a 
le(x)| <3 10-7 


+ bgx?-+ (2) 


b,=—. 57719 1652 bs=—. 75670 4078 


b= .98820 5891 bk= . 48219 9394 
bs= —. 89705 6937 7=—. 19352 7818 
bs= . 91820 6857 bs= .03586 8343 
Stirling’s Formula 
6.1.37 
Logeea’ } 139 
Beal: Stem) [itis toe 5184028 


571 
3488320281” | emp ean ere ein) 
6.1.38 


al=J2r w+hexp(—2+35- (z>0, 0<6<1) 


Asymptotic Formulas 


6.1.39 
T(az+b) ~V2m e~*(az)@+°-2 (larg 2|<a, a>0) 
6.1.40 
In T(z) ~(e—4) In z—2+3 In (27) 
+33 Bon (z—> in jarg 2|<7) 


mai 2m(2m—1)22"-1 


For B, see chapter 23 
6.1.41 


1 


In T'(2)~(2—4) In e—24+41n (2m) tino 36023 


1 


1 
+ 72602" Tesoz? 


(2->@ in Jarg 2|<7) 


* From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 


Error Term for Asymptotic Expansion 


6.1.42 


If 
R,(2)= In T (2)—(e—4) In z2+2—3 In (27) 


2 Bon 
= 2m(2m—1)z2*"~! 


then 
|Bons2| (2) 


|R.(2)|< Qn-F1)(2n+2) 227 


where 


K(z) upper bound|2?/ (w-2?)| 
u20 


For z real and positive, 2, is less in absolute value 
than the first term neglected and has the same 
sign. 


6.1.43 
Bln V(ty)=Z ln [(—ity) 


=t In (hay) 


~4$1n (24) —}ry—Hln y, (y>+ @) 
6.1.44 
Jin I'(iy) =arg [ (ty) =—arg T'(—ty) 
=— J1n I'(—ty) 
~lny-v— 3 a 
(y>+ @) 
6.1.45 lim(n)“¥|P (e+ dy) letly|}=1 
6.1.46 lim n?~# ret 1 
6.1.47 
jo-a F(2+a) 14. a- b)(at+b—1) 
T(2+b) 22 


a g ) (8@-+5—-1)-a+5—-1) 5+ sad 


as z—o along any curve joining z=0 and z=o, 
providing z# —a, —a—1,...; 2# —b, —b—-1, 
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Continued Fraction 


6.1.48 
In P'(z)-+2—(2—4) In 2—3 In (27) 


A GQ G2. G3 As Gs 


er este ee ee ee 
1 at, 53, g,— 195 
Mo 797 B39’ B~910' 377’ 
ye 22999 Hee 29944523 ane 109535241009 
"92737 © ~—«:19733142 48264275462 
Wallis’ Formula‘ 
6.1.49 
2 [ey dra 3:5 ar adel 
at Jo \COS ~ 2-4-6... (2n) 
_ (2n)! (= __Tint+4) 
~~ Q2n (nh? 22 ~ tT (n+1) 


1 
~ a |! eee 4 
(n— @) 


Some Definite Integrals 
6.1.50 


In T(2)=|~ [ e—pet-F = Ss _ |? (Pz > 0) 


= (2—4) In z—2+4 In 27 


+2 {- aad (t/2) ay (Rz > 0) 


6.2. Beta Function 
6.2. ] 


1 o 2-1 
Bew)= f-L0—3)e= at— [ ape 


x/2 
=2{ (sin ¢)*-! (cos ¢)2¥7! dt 
(Rz>0, #w>0) 


_T@)rw) _ 
6.2.2 BOOT ety) Bw?) 
6.3. Psi (Digamma) Function ° 
6.3.1 ¥(2)=a[ln I’ (2)]/dz=T" (2)/T (2) 


4 Some authors employ the special double factorial nota- 
tion as follows: ; 
(2n) 11 =2-4.6 ... (Qn)=2"! 
(2n—1) 1! =1-8-5.. . (Q2n—1) =a-3 2” P(n+4) 
5 Some authors write ¥(z) =£ In P'(z+ 1) and similarly for 


the polygamma functions. 


GAMMA FUNCTION AND RELATED FUNCTIONS 


Ficure 6.2. Psi function. 


y=y(z) =dIn I(z)/dz 


Integer Values 


6.3.2  ¥(1)=—7, ¥(n)=—7+ Sie (n>2) 
Fractional Values 
6.3.3 
Wh) = —y—2 In 2=—1.96351 00260 21423... 
6.3.4 
1 1 
Wn+H=—7—21n 2421454 +++ +55) 
(n>1) 


Recurrence Formulas 


6.3.5 Wet =v(e)+5 
6.3.6 
4 nite 
Wnt2)=— a1) Fet @—2)+2 
trys stig teats) 
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Reflection Formula 


6.3.7 v(l—2z)=v(2) +7 cot rz 
Duplication Formula 
6.3.8 ¥(2z)=$9(z) +4y (2+ 4) +1n 2 
Psi Function in the Complex Plane 
6.3.9 v(2)=V(2) 
6.3.10 


Bv(w)=2BY(—)=Bv(1+iy)= Ay —ty) 


6.3.11 JF v(cy)=4y"'+4.2 coth ry 
6.3.12 J U(4+iy)=4Fr tanh ry 
6.3.13 Svl+i=—5+4 x coth ry 


ayy 


Series Expansions 


6.3.14 vd+2)=—1+ 4-4 ner (lz|<1) 

6.3.15 

¥(1+2)=$27!— $n cot mz—(1—27) 141-7 
—SUeOn+1)—1e" —(le1<2) 


6.3.16 


Wi+2)= 14 aD (24—1,-2,-3,...) 


6.3.17 
1 
Av(1 gs aaa ary 
$35 (—D HF @n+1)— 1 
(lyl<2) 
=—7+y? ya n-'(n?-y?) 7} 
(—o<y< @) 
Asymptotic Formulas 
6.3.18 
¥(2) ~In 2-3) 1 oe 


1 
22 —patigen saat 
(2 in larg 2|<7) 


=In z— 


6.3.19 
-1 
ma as oe ee, 
(y> ~) 
Extrema‘ of [(z) — Zeros of ¥(2) 


TY’ (t,)=¥(2n) =0 


n Ln T'(x,) 

0 +1. 462 +0. 886 
1 —0. 504 —3. 545 
2 —1. 573 +2. 302 
3 —2. 611 —0. 888 
4 —3. 635 +0. 245 
5 — 4. 653 —0. 053 
6 — 5. 667 +0. 009 
7 —6. 678 —0. 001 


Yo= 1.46163 21449 68362 
T'(%)= .88560 31944 10889 


6.3.20 ta=—nt+ (in n)+o{(n n)~*] 


Definite Integrals 
6.3.21 


we=[- [f"- = 4 
-{" (ogialt 
=ln e—p-2 [a 


(larg al< 5) 
6.3.22 


Watr= [Oo ate [a 
=|. ra a 
=|; Grn) 


6 From ¢ From W. Sibagaki, Theory and applications of the 
gamma function, Iwanami Syoten, Tokyo, Japan, 1952 
(with permission). 


(BZz>0) 
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6.4. Polygamma Functions’ 


6.4.1 
yr(2a Ve= grt “In T(z) 
Gt 1,2,3 22%) 
ei had t"e-2 
. 0 =D f, tt (Rz>0) 


y"(z),(n=0,1, . . .), is a single valued analytic 
function over the entire complex plane save at 
the points z= —m(m=0,1,2, . . . ) where it pos- 
sesses poles of order (n+1). 


Integer Values 


6.4.2 
y™ (1)=(—1)"*F nle(n4+1) (n=1,2,3, . .) 
6.4.3 
vm (np1)=(—1)em! | —F(m-+1)H1 
1 1 
tomrit ee +zam | 
Fractional Values 
6.4.4 
¥™() =(—1) "Fn! (2"7?—1)o(n4+1) 
(n=1,2, ) 
645  w(nt})=}r—4 = (2k—1)-? 
Recurrence Formula 
6.4.6 y™(g+1)=yp™(2)+ (—1)"nle-"-! 
Reflection Formula 
6.4.7 


y(L=2)+(—1)"*y (2)=(—1) "ot x2 


Multiplication Formula 


6.4.8 
* n = 1 n k 
y! )(mz)=éln m-+— ori »», y' y (2+=) 


é6=1, n=0 
6=0, n>0 


7y’ is known as the trigamma function. y’’, ¥™, y™ ore 
the tetra-, penta-, and hexagamma functions respectively. 
Some authors write ¥(z)=d(InI'(z+1))/dz, and similarly 
for the polygamma functions. 

*See page Il. 
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Series Expansions 


6.4.9 
yr (t2)=(—1)"4! [meth 
EN nt aye Ot nt aye 323 
Wel<1) 
6.4.10 ’ 


y™ (z)=(—1)"*'n! = (e+k)-*7} 
(20,—1,—2,...) 


Asymptotic Formulas 
6.4.11 


ym(2ya(—yet[ Sadi, _a! 


2 tapari 


+3) Ba Sea | (2 in| arg z| <7) 


6.4.12 


, 1 oe ae ee 
v Ger yates nat ee ate 
(2 in | arg 2|<7) 
6.4.13 
5 as, a 
2? 23 224° 62° G28" 102! gziz' °C 
(z—oin | arg 2|<7) 


6.4.14 
2. 8 2 A 
y(z)~ PT a sta St 


aT 


(zo in | arg z |<) 


6.5. Incomplete Gamma Function 
(see also 26.4) 


6.5.1 
1 7 —tya-1t 
P(a, r) =a S e~'t?-! dt (#a>0) 
6.5.2 
y(a, x) =P(a, x)T (a) = [rented (Aa>0) 


6.5.3 
T(a, 7) = (a)—vy(a, =f et? dt 


6.5.4 = 
y*(a, r)=27~*P(a, wr) Tot (a, 7) 


y* is a single valued analytic function of @ and 
x possessing no finite singularities. 
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6.5.5 
Probability Integral of the x?-Distribution 


P(X) = i thle B dt 
mG 5) 


6.5.6 


(Pearson’s Form of the Incomplete Gamma Function) 


= 1 ufptl _ 
I(u, =a J, ent? dt 


=P(p+1, wp-+1) 


6.5.7 C (1a) — fe cos t dt (Ra<1) 
65.8 S(za)= f ” o-1 sin t dt (Ra<1) 
6.5.9 


E, (x) os ae dt=z""'T(1—n,z) 


6.5.10 


Qn (2) -[oeme dt=x-"—"T (1-+n,z) 
I 


6.5.11 == 
2De Cn (x = 245i 


Incomplete Gamma Function as a Confluent 
Hypergeometric Function (see chapter 13) 


6.5.12 y(a,x)=a'2e-*7M(1, 1+4,2) 
=a'z* Ma, 1+a,—2) 


Special Values 


6.5.13 


n—1 
i (naai—(Ltet Ft... + tami me a 


=1—e,_,(x)e7* 


For relation to the Poisson distribution, see 
26.4. 


6.5.14 y*(—n, xg)=2" 


6.5.15 TO, = [rete dt=E, (2) 


6.5.16 7 (¥, 2”) =2{ e-? dt=+r erf x 
9 
6.5.17 ree) —2f e-dt=ya erfe x 


‘sis. 2eesye f di 
0 


6.3.19 T(—n,z) ——™" [B@-S vi 
p> 


6.5.20 I (a,iz) =e%** (C(2,a) —iS(z,a)] 
Recurrence Formulas 


6.5.21 P(a+1, x)=P(a, x)— 


we Tait) 
6.5.22 y(a+1,z)=ay(a,r)—2"%e77 
6.5.23 y*(a—1,2)=2y *(@2)+~ es : 


Derivatives and Differential Equations 


6.5.24 


oy* "etd 
x) --{ ; aa 2=—E,(x)—In x 


6.5.25 OFG@2)__ OP G,2) _ a-1g-2 
Ox Ox 


6.5.26 


2 eT (@,2)|=(-1)"2-*-"T (at 7,2) 


(n=0, 1, 2, . . -) 
6.5.27 
a [e*aty* (a,x) ] = ex? "y*(a—n, 2) 
(n=0,1,2,..-) 
6.5.28 = 
Series Developments 
6.5.29 
gn 1 Cy (— 2)” 
Gee = rete ~T(a) Se +n)n! 
(lel<@) 


; 
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6.5.30 
x(a, rt+y) —vy(a, x) 


>> (a—1)(a—2)... (a—n), 


Sete S ZI 1—e-%ea(y)] 
(lyl<|e|) 
Continued Fraction 
6.5.31 
(x>0,|a|< @) 


Asymptotic Expansions 


6.5.32 


T'(a, z)~2*1e7? [+S 5 ne) (@=V@r 4... | 
(e>« in larg l<$) 


. is the re- 
Then if a,z 


Suppose 7?,(@,2)=Ungi(a,z)+ . . 
mainder after n terms in this series. 
are real, we have for n>a—2 


|, (a,z)| < [Wnts (a,z)| 


and sign PR,(a,z)=sign u,4;(4a,2). 


—] gatn 
6.5.33 (a, z)~ at a cet (a>-+ ©) 
0 for a>1 
6.5.34 tim) 4 tor HI 
no en” ] for 0<a<il 
6.5.35 


T(2+1,z wert Eat? : 


2 Vn 1 
+94 ae ‘) 


(zo in | arg 2|<4m) 


Definite Integrals 
6.5.36 


fre *' P(b,et) dt) [1- 4 =| 


(B(a+e)>0,4b>-—1) 


6.5.37 
j * 2-17 (5,2) ater) 
(A(at+b)>0, Ba>0) 


6.6. Incomplete Beta Function 


6.6.1 BGS f * e112)“ 
0 


6.6.2 I, (a,b) 


For statistical applications, see 26.5. 


= B,(a,b)/B(a,6) 


Symmetry 
6.6.3 I,(a,6)=1—I,_2(0,a) 
Relation to Binomial Expansion 
6.6.4 I,(a,n—at+ )=E (5) pi(i—p)"-? 


For binomial distribution, see 26.1. 
Recurrence Formulas 
6.6.5 J,(a,b)=xI,(a—1,b)+ (1—z)I,(a,b—1) 
6.6.6 (a+b—az)J,(a,b) * 
=a(1—z)/,(a+1,b—1)+6/,(a,b64+1) 
6.6.7 (a+6)J,(a,b) =al,(a+ 1,6) +6/,(a,6+ 1) 
Relation to Hypergeometric Function 


6.6.8 B,(a,b) =a 'z°F(a,1—b; a+-1; 2) 


Numerical Methods 


6.7. Use and Extension of the Tables 


Example 1. Compute I(6.38) to 88. Using 
the recurrence relation 6.1.16 and Table 6.1 we 
have, 

1'(6.38) =[(5.38) (4.38) (3.38) (2.38) (1.38) ]P.(1.38) 


= 23243671. 


Example 2. Compute In P'(56.38), using Table 
6.4 and linear interpolation in f,. We have 


In £(56.38) = (56.38—3) In (56.38) — (56.38) 
+f2(56.38) 


The error of linear interpolation in the table of 
the function f, is smaller than 10~7 in this region. 
Hence, f2(56.38) =.92041 67 and In [F(56.38)= 
169.85497 42. | 

Direct interpolation in Table 6.4 of logio I'(n) 
eliminates the necessity of employing logarithms. 
However, the error of linear interpolation is .002 so 
that logy I(n) is obtained with a relative error 
of 10~°. j 
/ 


*See page UL. / 
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Example 3. Compute ¥(6.38) to 8S. Using the 
recurrence relation 6.3.6 and Table 6.1. 


VERS 58 T3558 aE: Bis qty (88) 
=1.77275 59. 
Example 4. Compute ¥(56.38). Using Table 


6.3 we have ¥(56.38)=In 56.38—/3(56.38). 

The error of linear interpolation in the table of 
the function f; is smaller than 8X10~’ in this 
region. Hence, /,(56.38) =.00889 53 and ¥(56.38) = 
4.023219. 


Example 5. Compute In [T'(1—7). From the 
reflection principle 6.1.23 and Table 6.7, 


In F(1—7) =m PO +2) = —.65094+ .30163. 


Example 6. Compute In TG+2). Taking 
the logarithm of the recurrence relation 6.1.15 we 
have, 


In 1(+3t)=In T($+32)—In G+31) 
=—.23419+ .034677 
— (4 In 447 arctan 1) 
=.11239—.750731 


The logarithms of complex numbers are found 
from 4.1.2. 


Example 7. Compute Jn I'(3+72) using the 
duplication formula 6.1.18. Taking the logarithm 
of 6.1.18, we have 


—iln2r—=— .91894 
(§+7i) n2= 1.73287+ 4.85203% 
In P($+41)=—3.31598+ 2.325534 
In P2+41)=—2.66047+ 2.938694 


In 1(3-+74)=—5.16252+10.11625% 


Example 8. Compute In ['(3+77) to 5D using 
the asymptotic formula 6.1.41. We have 


In (8+772) =2.03022 15+1.16590 457. 
Then, 


(2.5++72) In (8-+72) =—3. 0857779+ 17.12631197 
— (3-+72) =—3. 0000000— 7. 0000000 


41n (27)= —-. 9189385 
[12(3+7i)]-!=  .0043103— . 01005751 
—[360(3+72)}-1=  .0000059— . 00000222 


In T'(8+72) =—5. 16252 +10. 116257 
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6.8. Summation of Rational Series by Means 
of Polygamma Functions 


An infinite series whose general term is a ra- 
tional function of the index may always be reduced 
to a finite series of psi and polygamma functions. 
The method will be illustrated by writing the ex- 
plicit formula when the denominator contains a 
triple root. 

Let the general term of an infinite series have 
the form 


p(n) 
7 di(n)d2(n)da(n) 
where 
d;(n) = (n+ a) (n+a) .. . (N+an) 
d,(n) = (n+-Bi)?(m+ Be)? . . . (n+Br)? 
d;(n) =(n+1)?(n+72)* . . . (n+)? 


where 7(n) is a polynomial of degree m+ 27+3s—2 
at most and where the constants a;, 6;, and y; are 
distinct. Expand w, in partial fractions as follows 


m Dix Dox 
e=2) tad tS tad wT? 
Cik Cox C3x 
+3) @ty  @bi? bi 


m r 8 
De at) Out Dy ¢u=0. 
k= tal k=l 
Then, we may express >) wu, in terms of the 
n=1 
constants appearing in this partial fraction expan- 


sion as follows 


as HCI +ay) 


3 
u 
ran 


Me 
| 
“Ms 


2 by, vL+B) +3) bay W’ (1-+8;) 
-2) oy M19) +33 cay 0! (1-+7,) 
~aF at y(1+7). 


Higher order repetitions in the denominator are 
handled similarly. If the denominator contains 
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only simple or double roots, omit the correspond- 
ing lines. 


Example 9. Find 


2 Gea aeTD 
Since 
1 _ 4 1 
GI) Onti)\ anti) atl ath ate 
we have 
m=1, m=}, a=}, a=}, a=—1, a=}. 
Thus, 
=—4y(2)+4(13) —39(14) =.047198. 
Example 10. 
Find s= >} —_——,, 


nai W TaN 


F 1 _16 
Since seat a tat tet EPP 


we have, 


£,=0, Bo=%, bi =— 16, b= 16, by =1, bo=1. 
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Therefore 
s=16~(1)—16p(14) +’ (1) +9’ (14) =.013499. 
Example I1. 


Evaluate =>) GED GED (see also 6.3.13). 


1 afl 1 
We have, Gari@ta) 6 \ntt ni 

ane ai-aom) 

12\n+2z n—22 


t —4 —1 
Hence, = — a=) = 75 =z ~ 


a =1, a=—1, a3=2%, ag—=—21, 


and therefore 
= wt) —va—a1+ 5 wa+2)—yA—2). 
By 6.3.9, this reduces to 

Hj SUL+i) 5 FM1+2%). 


From Table 6.8, s=.13876. 
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GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


z r(x) 
1,000 1.00000 00000 
1,005 0.99713 85354 
1,010 0.99432 58512 
1.015 0.99156 12888 
1,020 0.98884 42033 
1.025 0.98617 39633 
1,030 0.98354 99506 
1,035 0.98097 15606 
1,040 0.97843 82009 
1.045 0.97594 92919 
1.050 0.97350 42656 
1.055 0.97119 25663 
1,060 0.96874 36495 
1.065 0.96642 69823 
1,070 0.96415 20425 
1,075 0.96191 83189 
1.080 0.95972 53107 
1,085 0.95757 25273 
1,090 0.95545 94882 
1.095 0.95338 57227 
1,100 0.95135 07699 
1.105 0.94935 41778 
1.110 0.94739 55040 
1,115 0.94547 43149 
1.120 0.94359 01856 
1.125 0.94174 26997 
1.130 0.93993 14497 
1.135 0.93815 60356 
1.140 0.93641 60657 
1,145 0.93471 11562 
1.150 0.93304 09311 
1,155 0.93140 50217 
1.160 0.92980 30666 
1.165 0.92823 47120 
1.170 0.92669 96106 
1.175 0.92519 74225 
1.180 0.92372 78143 
1.185 0.92229 04591 
1,190 0.92088 50371 
1.195 0.91951 12341 
1.200 0.91816 87424 
1.205 0.91685 72606 
1.210 0.91557 64930 
1.215 0.91432 61500 
1.220 0.91310 59475 
1.225 0.91191 56071 
1.230 0.91075 48564 
1.235 0.90962 34274 
1.240 0.90852 10583 
1.245 0.90744 74922 
1,250 0.90640 24772 

y! 


i 


For «>2 see Examples 1-4. 


Compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia 


In r(z) 
0.00000 00000 
-0.00286 55666 
-0.00569 03079 
-0,00847 45187 
-0,01121 84893 


-0.01392 25067 
-0.01658 68539 
~0.01921 18101 
~-0.02179 76511 
-0,02434 46490 


-0.02685 30725 
-0.02932 31868 
~0,03175 52537 
0.03414 95318 
-0.03650 62763 


-0.03882 57395 
-0.04110 81702 
-0.04335 38143 
~0.04556 29148 
~-0.04773 57114 


~0.04987 24413 
-0.05197 33384 
-0.05403 86341 
~0.05606 85568 
-0.05806 33325 


-0.06002 31841 
-0.06194 83322 
-0.06383 89946 
-0.06569 53867 
-0.06751 77212 


-0.06930 62087 
-0.07106 10569 
-0.07278 24716 
-0.07447 06558 
-0,07612 58106 


-0.07774 81345 
-0.07933 78240 
~-0.08089 50733 
-0.08242 00745 
-0.08391 30174 


-0.08537 40900 
-0.08680 34780 
-0.08820 13651 
~0.08956 79331 
-0.09090 33619 


-0.09220 78291 
-0.09348 15108 
-0.09472 45811 
-0.09593 72122 
-0,09711 95744 
~0.09827 18364 


In y! 
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¥(2) 


-0,57721 
-0,56902 
-0.56088 
-0.55280 
~0.54478 


-0.53682 
~0.52892 
-0.52107 
-0.51327 
-0.50553 


-0.49784 
-0.49020 
-0.48262 
-0.47509 
-0.46761 


-0.46018 
-0,45279 
-0,44546 
-0.43818 
-0.43094 


-0.42375 
-0.41661 
~0.40951 
-0.40246 
-0.39545 


-0.38849 
-0.38157 
~0.37469 
-0.36786 
-0.36107 


-0.35432 
-0.34761 
~0.34095 
0.33432 
-0.32774 


-0,32119 
-0.31468 
-0,30821 
-0.30178 
-0.29539 


-0.28903 
-0.28272 
~0.27643 
~0.27019 
-0.26398 


-0,25780 
-0.25166 
-0.24556 
0.23949 
~0.23345 


-0.22745 


56649 
09113 
54579 
85156 
93105 


70828 
10873 
05921 
48789 
32428 


49913 
94448 
59358 
38088 
24199 


11367 
93380 
64135 
17635 
47988 


49404 
16193 
42761 
23611 
53339 


26633 
38268 
83110 
56106 
52291 


66780 
94768 
31528 
72413 
12847 


48332 
74438 
86809 
81156 
53259 


98966 
14187 
94897 
37135 
37000 


90652 
94307 
44243 
36791 
68341 


35334 


(27 


Table 6.1 
¥’ (x) 
1.64493 40668 0.000 
1.63299 41567 0.005 
1.62121 35283 0.010 
1.60958 91824 0.015 
1.59811 81919 0.020 
1.58679 76993 0.025 
1.57562 49154 0.030 
1.56459 71163 0.035 
1.55371 16426 0.040 
1.54296 58968 0.045 
1.53235 73421 0.050 
1.52188 35001 0,055 
1.51154 19500 0.060 
1.50133 03259 0.065 
1.49124 63164 0,070 
1.48128 76622 0.075 
1.47145 21556 0.080 
1.46173 76377 0.085 
1.45214 19988 0.090 
1.44266 31755 0.095 
1.43329 91508 0.100 
1.42404 79514 0.105 
1.41490 76482 0.110 
1.40587 63535 0.115 
1.39695 22213 0.120 
1.38813 34449 0.125 
1.37941 82573 0.130 
1.37080 49288 0.135 
1.36229 17670 0.140 
1.35387 71152 0.145 
1.34555 93520 0.150 
1.33733 68900 0.155 
1.32920 81752 0.160 
1.32117 16859 0.165 
1.31322 59322 0.170 
1.30536 94548 0.175 
1.29760 08248 0.180 
1.28991 86421 0.185 
1.28232 15358 0.190 
1.27480 81622 0.195 
1.26737 72054 0.200 
1.26002 73755 0.205 
1.25275 74090 0.210 
1.24556 60671 0.215 
1.23845 21360 0.220 
1.23141 44258 0.225 
1.22445 17702 0.230 
1.21756 30254 0.235 
1.21074 70707 0.240 
1.20400 28063 0.245 
1.19732 91545 0.250 
dz 1 ' 

dy? ny y 


(2 


Press, Bloomington, Ind., 1933, 1935) (with permission), Known error has been corrected. 
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Table 6.1 
x 

1.250 0.90640 
1,255 0.90538 
1.260 0.90439 
1.265 0.90343 
1.270 0.90250 
1,275 0.90159 
1.280 0.90071 
1.285 0.89986 
1,290 0.89904 
1,295 0.89824 
1,300 0.89747 
1,305 0.89672 
1.310 0.89600 
1.315 0.89530 
1.320 0.89464 
1.325 0.89399 
1,330 0.89337 
1.335 0.89278 
1.340 0.89221 
1,345 0.89167 
1,350 0.89115 
1,355 0.89065 
1.360 0.89018 
1,365 0.88973 
1.370 0.88931 
1.375 0.88891 
1.380 0.88853 
1.385 0.88818 
1.390 0.88785 
1.395 0.88754 
1.400 0.88726 
1.405 0.88700 
1.410 0.88676 
1.415 0.88654 
1.420 0.88635 
1.425 0.88618 
1.430 0.88603 
1.435 0.88590 
1.440 0.88580 
1.445 0.88572 
1.450 0.88566 
1.455 0.88562 
1.460 0.88560 
1.465 0.88560 
1,470 0.88563 
1.475 0.88567 
1.480 0.88574 
1,485 0.88583 
1.490 0.88594 
1,495 0.88607 
1,500 0.88622 


*See page Il. 
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GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


r(z) 
24771 
57663 
71178 
62946 
30645 


71994 
84765 
66769 
15863 
29947 


06963 
44895 
41767 
95644 
04630 


66866 
80535 
43850 
55072 
12485 


14420 
59235 
45324 
71116 
35074 


35692 
71494 
41041 
42918 
75748 


38175 
28884 
46576 
89993 
57896 


49081 
62361 
96587 
50635 
23397 


13803 
20800 
43364 
80495 
31217 


94575 
69646 
55520 
51316 
56174 


69255 


y! 


re 


In r(x) 
~0.09827 18364 
-0.09939 41651 
-0.10048 67254 
-0.10154 96809 
-0.10258 31932 


-0.10358 74224 
~0.10456 25269 
-0.10550 86634 
-0.10642 59872 
-0.10731 46519 


-0.10817 48095 
-0.10900 66107 
-0,10981 02045 
-0.11058 57384 
-0,11133 33587 


~0.11205 32100 
~0.11274 54356 
-0.11341 01772 
-0.11404 75756 
~0.11465 77697 


-0,11524 08974 
~0.11579 70951 
-0.11632 64980 
-0.11682 92401 
-0.11730 54539 


-0.11775 52707 
-0.11817 88209 
-0.11857 62331 
-0.11894 76353 
-0.11929 31538 


-0.11961 29142 
~0.11990 70405 
-0.12017 56559 
-0.12041 88823 
-0.12063 68406 


-0.12082 96505 
~0.12099 74307 
-0.12114 02987 
-0.12125 83713 
-0.12135 17638 


-0.12142 05907 


'~0.12146 49657 


~0.12148 50010 
-0.12148 08083 
-0.12145 24980 


-0.12140 01797 
-0.12132 39621 
-0,12122 39528 
~0.12110 02585 
-0,.12095 29852 


-0.12078 22376 
In y! 


Ga 


¥(x) 


-0.22745 
-0.22148 
-0.21554 
-0.20964 
-0.20376 


-0.19792 
-0.19211 
-0.18634 
~0.18059 
-0.17487 


-0,16919 
-0,16353 
-0.15790 
-0.15231 
0.14674 


-0.14120 
-0.13569 
-0,13020 
-0.12475 
-0,11932 


-0.11392 
-0.10855 
-0,10321 
-0.09789 
-0.09259 


-0.08733 
~0.08209 
-0.07687 
-0,07168 
-0.06652 


-0.06138 
~0.05627 
~0.05118 
-0.04611 
-0,04107 


-0.03605 
0.03106 
-0.02609 
-0.02114 
-0.01621 


-0.01131 
-0.00643 
-0,00158 
+0,00325 

0.00806 


0.01285 
0.01762 
0.02237 
0.02710 
0.03180 


0.03648 
* 


dy 


35334 
34266 
61686 
14193 
88437 


81118 
88983 
08828 
37494 
71870 


08889 
45526 
78803 
05782 
23568 


29305 
20180 
93416 
46279 
76069 


80127 
55827 
00582 
11840 
87082 


23825 
19619 
72046 
78723 
37297 


45446 
00879 
01337 
44589 
28433 


50697 
09237 
01935 
26703 
81479 


64226 
72934 
05620 
39677 
64890 


71930 
62684 
39013 
02758 
55736 


99740 - 
@ nat 


(2 


logy) e=0.43429 44819 


v’ (x) 


1.19732 
1.19072 
1.18418 
1.17772 
1.17131 


1.16498 
1.15871 
1.15250 
1.14635 
1.14027 


1.13425 
1.12829 
1.12238 
1.11654 
1.11075 


1.10502 
1.09934 
1.09372 


1.08816 


1.08265 


1.07719 
1.07178 
1.06643 
1.06112 
1.05587 


1.05066 
1.04550 
1.04040 
1.03533 
1.03032 


1.02535 
1.02043 
1.01555 
1.01072 
1.00593 


1.00118 
0.99648 
0.99181 
0.98719 
0.98261 


0.97807 
0.97357 
0.96911 
0.96469 
0.96031 


0.95597 
0.95166 
0.94739 
0.94316 


0.93896 - 


0.93480 


91545 
50579 
94799 
14030 
98301 


37821 
22990 
44385 
92764 
59053 


34350 
09915 
77175 
27706 
53246 


45678 
97037 
99497 
45379 
27136 


37361 
68773 
14226 
66696 
19286 


65216 
97829 
10578 
97036 
50881 


65905 
36002 
55173 
17518 
17241 


48640 
06113 
84147 
77326 
80318 


87886 
94874 
96215 
86921 
62091 


16896 
46592 
46509 
12052 
38700 


22005 


@? 
; ! 
ay Iny! 
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GAMMA FUNCTION AND RELATED FUNCTIONS 


GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


r() 
0.88622 69255 
0.88639 89744 
0.88659 16850 
0.88680 49797 
0.88703 87833 


0.88729 30231 
0.88756 76278 
0.88786 25287 
0.88817 76586 
0.88851 29527 


0.88886 83478 
0.88924 37830 
0.88963 91990 
0.89005 45387 
0.89048 97463 


0.89094 47686 
0.89141 95537 
0.89191 40515 
0.89242 82141 
0.89296 19949 


0.89351 53493 
0.89408 82342 
0.89468 06085 
0.89529 24327 
0.89592 36685 


0.89657 42800 
0.89724 42326 
0.89793 34930 
0.89864 20302 
0.89936 98138 


0.90011 68163 
0.90088 30104 
0.90166 83712 
0.90247 28748 
0.90329 64995 


0.90413 92243 
0.90500 10302 
0.90588 18996 
0.90678 18160 
0.90770 07650 


0.90863 87329 
0.90959 57079 
0.91057 16796 
0.91156 66390 
0.91258 05779 


0.91361 34904 
0.91466 53712 
0.91573 62171 
0.91682 60252 
0.91793 47950 
0.91906 25268 


y! 


(2 


In r(x) 


~0.12078 
-0.12058 
-0,12037 
~0.12013 
~0.11986 


-0.11957 
-0.11927 
-0.11893 
-0,11858 
-0.11820 


-0,11780 
~0.11738 
-0,11693 
-0,11647 
-0,11598 


-0.11547 
~0.11494 
-0.11438 
-0.11380 
~0,11321 


-0.11259 
-0,11195 
-0.11128 
-0.11060 
-0.10990 


~0.10917 
-0.10842 
-0.10765 
-0.10687 
-0.10606 


~0.10523 
-0.10437 
-0.10350 
-0.10261 
-0.10170 


-0.10077 
-0.09981 
-0.09884 
-0.09785 
-0,09684 


-0.09580 
-0,09475 
~0.09368 
~0.09259 
-0.09147 


-0.09034 
-0.08919 
-0.08802 
-0.08683 
-0.08562 


-0.08440 


22376 
81200 
07353 
01860 
65735 


99983 
05601 
83580 
34900 
60534 


61446 
38595 
92928 
25388 
36908 


28415 
00828 
55058 
92009 
12579 


17657 
08127 
84864 
48737 
00610 


41338 
71769 
92746 
05105 
09676 


07282 
98739 
84860 
66447 
44301 


19212 
91969 
63351 
34135 
05088 


76974 
50552 
26573 
05785 
88929 


76741 
69951 
69286 
75466 
89203 


11210 


In y! 


eal 


logi e=0.43429 44819 


v(x) 


0.03648 
0.04115 
0.04579 
0.05041 
0.05502 


0.05960 
0.06416 
0.06871 
0.07323 
0.07773 


0.08222 
0.08668 
0.09113 
0.09556 
0.09997 


0.10436 
0.10873 
0.11309 
0.11742 
0.12174 


0.12604 
0.13033 
0.13459 
0.13884 
0.14307 


0.14729 
0.15148 
0.15566 
0.15983 
0.16398 


0.16811 
0.17222 
0.17632 
0.18040 
0.18447 


0.18852 
0.19256 
0.19658 
0.20058 
0.20457 


0.20854 
0.21250 
0.21645 
0.22037 
0.22429 


0.22819 
0.23207 
0.23594 
0.23980 
0.24364 


0.24747 


99740 
36543 
67896 
95527 
21146 


46439 
73074 
02697 
36936 
77400 


25675 
83334 
51925 
32984 
28024 


38544 
66023 
11923 
77690 
64754 


74528 
08407 
67772 
53988 
68404 


12354 
87158 
94120 
34529 
09660 


20776 
69122 
55933 
82427 
49813 


59282 
12015 
09180 
51931 
41410 


78749 
65064 
01462 
89037 
28871 


22037 
69593 
72589 
32061 
49038 


24535 


a In y! 
eae 


Table 6.1 
v’ (2x) 
0.93480 22005 0.500 
0.93067 57588 0.505 
0.92658 41142 0.510 
0.92252 68425 0.515 
0.91850 35265 0.520 
0.91451 37552 0,525 
0.91055 71245 0.530 
0.90663 32361 0,535 
0.90274 16984 0.540 
0.89888 21253 0.545 
0.89505 41371 0.550 
0.89125 73596 0.555 
0.88749 14249 0.560 
0.88375 59699 0.565 
0.88005 06378 0.570 
0.87637 50766 0.575 
0.87272 89402 0.580 
0.86911 18871 0.585 
0.86552 35815 0.590 
0.86196 36921 0.595 
0.85843 18931 0.600 
0.85492 78630 0.605 
0.85145 12856 0.610 
0.84800 18488 0.615 
0.84457 92455 0.620 
0.84118 31730 0.625 
0.83781 33330 0.630 
0.83446 94315 0.635 
0.83115 11790 0.640 
0.82785 82897 0.645 
0.82459 04826 0.650 
0.82134 74802 0.655 
0.81812 90092 0.660 
0.81493 48001 0.665 
0.81176 45875 0,670 
0.80861 81094 0.675 
0.80549 51079 0.680 
0.80239 53282 0.685 
0.79931 85198 0.690 
0.79626 44350 0.695 
0.79323 28302 0.700 
0.79022 34645 0.705 
0.78723 61012 0.710 
0.78427 05060 0.715 
0.78132 64486 0.720 
0.77840 37011 0.725 
0.77550 20396 0.730 
0.77262 12424 0.735 
0.76976 10915 0.740 
0.76692 13714 0.745 
0.76410 18699 0.750 
d2 ial 

ap ny y 
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GAMMA FUNCTION AND RELATED 


FUNCTIONS 


GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


Table 6.1 
x r(x) 
1.750 0.91906 25268 
1.755 0.92020 92224 
1.760 0.92137 48846 
1.765 0.92255 95178 
1.770 0.92376 31277 
1.775 0.92498 57211 
1.780 0.92622 73062 
1.785 0.92748 78926 
1.790 0.92876 74904 
1.795 0.93006 61123 
1.800 0.93138 37710 
1.805 0.93272 04811 
1.810 0.93407 62585 
1.815 0.93545 11198 
1.820 0.93684 50832 
1.825 0.93825 81682 
1.830 0.93969 03951 
1.835 0.94114 17859 
1,840 0.94261 23634 
1.845 0.94410 21519 
1.850 0.94561 11764 
1.855 0.94713 94637 
1.860 0.94868 70417 
1.865 0.95025 39389 
1.870 0.95184 01855 
1.875 0.95344 58127 
1.880 0.95507 08530 
1.885 0.95671 53398 
1.890 0.95837 93077 
1.895 0.96006 27927 
1.900 0.96176 58319 
1.905 0.96348 84632 
1.910 0.96523 07261 
1.915 0.96699 26608 
1.920 0.96877 43090 
1.925 0.97057 57134 
1.930 0.97239 69178 
1.935 0.97423 79672 
1.940 0.97609 89075 
1.945 0.97797 97861 
1.950 0.97988 06513 
1,955 0.98180 15524 
1.960 0.98374 25404 
1.965 0.98570 36664 
1.970 0.98768 49838 
1.975 0.98968 65462 
1.980 0.99170 84087 
1,985 0.99375 06274 
1.990 0.99581 32598 
1.995 0.99789 63643 
2.000 1.00000 00000 
y! 


(2 


In r(x) 


-0.08440 
-0.08315 
~0.08188 
-0.08060 
-0.07929 


~0.07797 
-0.07663 
-0,07527 
~0.07389 
-0.07249 


~0.07108 
~0.06964 
-0.06819 
~-0.06672 
-0.06523 


-0.06373 
~0.06220 
-0.06066 
-0.05910 
-0.05752 


-0,05592 
-0.05430 
-0.05267 
-0.05102 
~-0.04935 


-0.04767 
-0.04596 
~0.04424 
-0.04251 
-0,04075 


-0,03898 
-0.03719 
-0.03538 
-0.03356 
-0.03172 


~0.02986 
-0.02799 
~0.02609 
-0.02419 
~0.02226 


-0.02032 
~0,01836 
~0.01639 
-0.01439 
-0.01239 


-0.01036 
-0.00832 
-0.00626 
-0.00419 
~0,00210 


0.00000 


11210 
42192 
82847 
33871 
95955 


69782 
56034 
55386 
68509 
96070 


38729 
97145 
71969 
63850 
73431 


01353 
48248 
14750 
01483 
09071 


38130 
89276 
63117 
60260 
81307 


26854 
97497 
93824 
16423 
65875 


42759 
47650 
81118 
43732 
36054 


58646 
12062 
96858 
13581 
62778 


44991 
60761 
10621 
95106 
14744 


70060 
61578 
89816 
55291 
58516 


00000 


In y! 
(-6)2 
al 

logio e=(0.48429 44819 


v(x) 


0.24747 
0.25128 
0.25508 
0.25887 
0.26264 


0.26640 
0.27014 
0.27387 
0.27759 
0.28129 


0.28499 
0.28866 
0.29233 
0.29598 
0.29962 


0.30325 
0.30686 
0.31046 
0.31405 
0.31763 


0.32119 
0.32475 
0.32829 
0.33182 
0.33533 


0.33884 
0.34233 
0.34581 
0.34928 
0.35273 


0.35618 
0.35961 
0.36304 
0.36645 
0.36985 


0.37324 
0.37661 
0.37998 
0.38334 
0.38668 


0.39002 
0.39334 
0.39665 
0.39996 
0.40325 


0.40653 
0.40980 
0.41306 
0.41631 
0.41955 


0.42278 


24535 
59559 
55103 
12154 
31686 


14664 
62043 
74769 
53776 
99992 


14333 
97707 
51012 
75138 
70966 


39367 
81205 
97335 
88602 
55846 


99895 
21572 
21691 
01056 
60467 


00713 
22577 
26835 
14255 
85596 


41612 
83049 
10646 
25136 
27244 


17688 
97179 
66424 
26119 
76959 


19627 
54805 
83163 
05371 
22088 


33970 
41664 
45816 
47060 
46030 


43351 


d 
di In y! 
(—6)2 
1 | 


¥ 


0.76410 
0.76130 
0.75852 
0.75576 
0.75302 


0.75030 
0.74759 
0.74491 
0.74224 
0.73960 


0.73697 
0.73436 
0.73177 
0.72919 
0.72663 


0.72409 
0.72157 
0.71907 
0.71658 
0.71411 


0.71165 
0.70921 
0.70679 
0.70438 
0.70199 


0.69961 
0.69725 
0.69491 
0.69258 
0.69027 


0.68797 
0.68568 
0.68341 
0.68116 
0.67892 


0.67669 
0.67448 
0.67228 
0.67010 


0.66793 


0.66577 
0.66363 
0.66150 
0.65938 
0.65728 


0.65519 
0.65311 
0.65105 
0.64900 
0.64696 


0.64493 


‘(e) 


18699 
23773 
26870 
25950 
19003 


04040 
79107 


42268. 


91617 
25271 


41375 
38093 
13620 
66166 
93972 


95297 
68426 
11662 
23333 
01788 


45396 
52546 
21650 
51138 
39461 


85089 
86512 
42236 
50790 
10717 


20582 
78965 
84465 
35696 
31293 


69903 
50194 
70846 
30559 
28044 


62034 
31270 
34514 
70538 
38134 


36104 
63266 
18450 
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TETRAGAMMA AND PENTAGAMMA FUNCTIONS Table 6.2 
v""(r) vA (r) r v(x) ¥(3)(x) 
~2.40411 38063 6.49393 94023 0. 00 1,50 -0,82879 66442 1.40909 10340 0.50 
-2.34039 86771 6.25106 18729 0. 02 1.51 -0.81487 76121 1.37489 70527 0.51 
-2.27905 42052 6.01969 49890 0. 02 1.52 -0.80129 51399 1.34177 21104 0.52 
~2,.21996 85963 5.79918 38573 0. 03 1.53 -0,78803 87419 1.30967 56244 0.53 
-2.16303 63855 5.58891 68399 0.04 1.54 -0.77509 83287 1.27856 88154 0. 54 
~2,10815 80219 5.38832 23132 0, 05 1.55 -0.76246 41904 1.24841 46160 0.55 
-2.05523 94833 5.19686 56970 0. 06 1.56 -0.75012 69793 1.21917 75841 0. 56 
~2,00419 19194 5.01404 67303 0. 07 1.57 -0.73807 76946 1.19082 38216 0.57 
-1.95493 13213 4,83939 69702 0. 08 1.58 -0.72630 76669 1.16332 08979 0.58 
-1.90737 82154 4.67247 74947 0,09 1.59 -0.71480 85441 1.13663 77770 0.59 
-1.86145 73783 4.51287 67903 0.10 1.60 -0.70357 22779 1.11074 47490 0. 60 
-1.81709 75731 4.36020 88083 0.11 1.61 -0.69259 11105 1.08561 33658 0. 61 
~-1.77423 13035 4.21411 11755 0.12 1.62 -0,68185 75627 1.06121 63792 0. 62 
-1.73279 45852 4.07424 35447 0. 13 1.63 -0.67136 44220 1.03752 76835 0. 63 
-1.69272 67342 3.94028 60737 0,14 1.64 -0.66110 47316 1.01452 22608 0. 64 
-1.65397 01677 3.81193 80220 0.15 1.65 ~-0.65107 17793 0.99217 61290 0. 65 
-1,61647 02206 3.68891 64540 0.16 1.66 -0.64125 90881 0.97046 62927 0. 66 
~1,58017 49731 3.57095 50416 0.17 1.67 -0.63166 04061 0.94937 06973 0. 67 
-1.54503 50903 3.45780 29554 0.18 1.68 ~-0.62226 96973 0.92886 81843 0. 68 
-1,51100 36723 3.34922 38402 0.19 1.69 ~0,61308 11332 0.90893 84502 0, 69 
-1.47803 61144 3.24499 48647 = 0, 20 1.70 -0.60408 90841 0.88956 20066 0.70 
-1.44608 99765 3.14490 58422 0. 21 1.71 -0.59528 81112 0.87072 01433 0.71 
1.41512 48602 3.04875 84139 0. 22 1,72 -0.58667 29593 0.85239 48922 0.72 
-1.38510 22950 2.95636 52925 0. 23 1.73 ~0.57823 85490 0.83456 89940 0. 73 
-1.35598 56308 2.86754 95589 0, 24 1,74 -0.56997 99702 0.81722 58660 0.74 
~1.32773 99375 2.78214 40092 0.25 1.75 ~0,56189 24756 0.80034 95719 0.75 
~1.30033 19112 2.69999 05478 0. 26 1.76 -0.55397 14738 0.78392 47929 0. 76 
1.27372 97857 2.62093 96227 0,27 1.77 -0.54621 25238 0.76793 68005 0.77 
-1,24790 32496 2.54484 97000 0. 28 1.78 -0.53861 13291 0.75237 14300 0.78 
-1.22282 33691 2.47158 67746 0. 29 1.79 -0.53116 37320 0.73721 50564 0.79 
-1,19846 25147 2.40102 39143 0. 30 1.80 -0.52386 57084 0.72245 45705 0. 80 
-1,17479 42923 2.33304 08348 0.31 1.81 -0.51671 33630 0.70807 73565 0. 81 
-1,15179 34794 2.26752 35032 0. 32 1,82 ~0,50970 29242 0.69407 12710 0. 82 
-1,12943 59642 2.20436 37678 0,33 1.83 -0,50283 07396 0.68042 46226 0. 83 
-1.10769 86881 2.14345 90132 0. 34 1.84 -0.49609 32712 0.66712 61527 0. 84 
~1.08655 95925 2.08471 18367 0.35 1.85 -0.48948 70921 0.65416 50169 0, 85 
-1.06599 75682 2.02802 97472 0. 36 1.86 -0.48300 88813 0.64153 07680 0. 86 
-1.04599 24073 1.97332 48830 0,37 1.87 -0.47665 54207 0.62921 33389 0. 87 
~1,02652 47586 1.92051 37473 = 0.38 1.88 0.47042 35909 0.61720 30270 0. 88 
-1.00757 60850 1.86951 69616 0,39 1.89 -0.46431 03677 0.60549 04793 0. 89 
-0.98912 86236 1.82025 90339 0. 40 1.90 ~0.45831 28188 0.59406 66772 0. 90 
-0.97116 53479 1.77266 81419 = 0, 41 1.91 -0.45242 81007 0.58292 29238 0.91 
~0.95366 99322 1.72667 59295 0, 42 1.92 -0.44665 34549 0.57205 08299 0. 92 
~0.93662 67177 1.68221 73161 0. 43 1.93 ~0,.44098 62055 0.56144 23020 ~~ 0,93 
-0.92002 06808 1.63923 03178 0.44 1.94 -0.43542 37563 0.55108 95304 0. 94 
-0.90383 74031 1.59765 58792 0. 45 1.95 -0.42996 35876 0.54098 49774 0.95 
~0.88806 30426 1.55743 77157 = 0. 46 1.96 ~0,42460 32537 0.53112 13668 0.96 
-0.87268 43070 1.51852 21649 0.47 1.97 ~0.41934 03805 0.52149 16733 0.97 
-0.85768 84281 1.48085 80478 0.48 1.98 -0.41417 26631 0.51208 91127 0, 98 
-0.84306 31376 1.44439 65370 = 0.49 1.99 -0,.40909 78630 0.50290 71324 0.99 
-0.82879 66442 1.40909 10340 0.50 2,00 -0.40411 38063 0.49393 94023 1.00 
a avin y! fing! a" in y! 4 

ays” ¥ ays : ays ayi™ 4 : 


(—4)3 (-8)1 (-5)4 (-4)1 

[a] [] Pel el: 
Compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia Press, 
Bloomington, Ind., 1938, 1935) (with permission). 


*See page I. 
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Table 6.3 
” r(n) 
1 ( 0)1.00000 00000 
2 0)1.00000 00000 
3 0) 2.00000 00000 
4 ( 0)6,00000 00000 
5  ( 1)2.40000 00000 
6 ( 2)1.20000 00000 
7 2)7.20000 00000 
8 3)5.04000 00000 
9 Beg 00000 
10 ( 5)3.62880 00000 
ll ha sales 00000 
12 7) 3.99168 00000 
13 8) 4.79001 60000 
14 9) 6.22702 08000 
15 (10)8.71782 91200 
16 Fyoasee, 43680 
17 ay sieeees 89888 
18 tie 3.55687 42810 
19 15) 6.40237 37057 
20 = (17)1.21645 10041 
21 (18) 2.43290 20082 
22) = (19) 5.10909 42172 
23 to aharsanoe 07278 
24 22) 2.58520 16739 
25 =(23) 6.20448 40173 
26 =©(25)1.55112 10043 
27 ba) pane 46113 
28 28) 1.08888 69450 
29 aie eaire 34461 
30 (30) 8.84176 19937 
31 (32) 2.65252 85981 
32 33)8.22283 86542 
33 35) 2.63130 83693 
34 36) 8.68331 76188 
35 38) 2.95232 79904 
36 =©6(40) 1.03331 47966 
37 Poca 32679 
38 =©( 43) 1.37637 53091 
39 Paya nsaie 61747 
40 45) 2.03978 82081 
41 (47) 8.15915 28325 
42 49) 3.34525 26613 
43 51)1.40500 61178 
44 52) 6.04152 63063 
45 (54)2.65827 15748 
46 eee 22087 
47 57)5.50262 21598 
48 59) 2.58623 24151 
49 (61)1.24139 15593 
50 (62)6.08281 86403 
51 =(64)3.04140 93202 
(n-1)! 


t= (Qn)? + 4e—n fy (n) 


*See page Il. 


GAMMA FUNCTION AND RELATED FUNCTIONS 


1/r(w) 


0) 1.00000 
1,00000 
5.00000 
1,66666 
4.16666 
8.33333 
1.38888 


2.75573 


| 
) 
is 
) 
Neen 


1 
1 
2 
3 
3 
5) 2.48015 
6 
7 
8 
9 
0 


! 

( 

( 

( 

( 

( 

( 

( 

| 2.50521 
2.08767 

~10) 1.60590 

(-11) 1.14707 

E 4.77947 

~15) 2.81145 

| 

( 

( 

( 

( 

( 

{ 


ER reate 
8.22063 


Shee 


-18 


9) 4.11031 
0) 1.95729 


) 6.44695 
) 2.47959 
9.18368 
3.27988 
1.13099 


-53) 1.65521 
-55) 3.76184 


oma 
58) 1.81731 
Ee -86662 
62) 8.05547 
-63) 1.64397 


-65) 3.28794 


000 
000 


942 


1/(v-]})! 


P(r) 


r(n+3) 
-1) 8.86226 
1.32934 
3.32335 
1)1.16317 
1) 5.23427 
) 2.87885 
) 1.87125 
) 1.40344 
) 1.19292 
) 1.13327 
) 1.18994 
1.36843 
1.71054 
2.30923 
3.34838 


5.18999 
3) 8.56349 
1.49861 
2.77243 

40624 


2 
3 
4 
5 
6 
7 
8 
9 
0 
1 


1 
1 
12 


17 


163481 


1.47092 
4.63340 
1.50585 
5.04462 
1.74039 


wae eu ECese eee ee SOV — 


36 
37 
39 
a 6.17839 
42) 2.25511 


43) 8.45668 
45) 3.25582 


48) 5.20850 
50) 2.16152 
51) 9.18649 
53) 3.99612 
55) 1.77827 


a 8.09115 
58) 3.76238 
60) 1.78713 
rat 8.66760 
63) 4.29046 


(65) 2.16668 
(n—3)! 


| 
: 
AR 
4 
: 
: 
E 


= (2r)?n"—4e— fy (n) 


47) 1.28605 - 


v(t) 


93 -0,57721 
04 +0.42278 
10 9092278 
28 =1.25611 
78 = =1,50611 
28 =1,.70611 
43 1.87278 
07 = =62,01564 
46 2.14064 
84 2.25175 
23. 2.35175 
37 = 2.44266 
21 = 2.52599 
18 = 2.60291 
61 2.67434 
85 2.74101 
74 = 2.80351 
21 =. 2.86233 
23. 2.91789 
30 = 2.97052 
98 3.02052 
16 3.06814 
24 3.11359 
63 3.15707 
05 3.19874 
49 3.23874 
52 3.27720 
43 3.31424 
25 3.34995 
69 3.38443 
26 = 3.41777 
61 3.45002 
70 = 3.48127 
09 =3.51158 
42 3.54099 
94 3.56956 
58 3.59734 
42 3.62437 
34 3.65068 
02 3.67632 
35 = 3.70132 
90 «3.72571 
81 3.74952 
67 = =3.77278 
64 3.79551 
74 = 3.81773 
82 3.83947 
44 3.86074 
18 3.88158 
29° 3..90198 
38 =—.3.92198 


A in(n-1)! 
nr 


56649 
43351 
43351 
76684 
76684 


76684 
43351 
14780 
14780 
2589] 


25891 
16800 
50133 
80902 
66617 


33283 
33283 
68577 
24133 
39922 


39922 
30399 
75853 
58462 
25129 


25129 
40513 
10884 
53741 
81327 


14660 
95305 
95305 
25608 
43255 


57541 
35319 
05589 
63484 
73740 


73740 
76179 
71417 
29557 
02284 


24506 
15811 
81768 
15102 
96734 


96734 


e(a)=In n—f3(n) 
¥(7) compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia Press, 
Bloomington, Ind., 1933, 1935) (with permission). 


Ji(w) 


1.08443 
1.04220 
1,02806 
1,02100 
1.01678 


1.01397 
1.01196 
1.01046 
1.00929 
1.00836 


1.00760 
1.00696 
1.00642 
1.00596 
1.00557 


1,00522 
1.00491 
1.00463 
1.00439 
1.00417 


1.00397 
1.00379 
1.00362 
1.00347 
1.00333 


1.00321 
1.00309 
1.00298 
1.00287 
1.00278 


1.00269 
1.00260 
1.00252 
1.00245 
1.00238 


1.00231 
1.00225 
1.00219 
1.00213 
1.00208 


1.00203 
1,00198 
1.00193 
1.00189 
1.00185 


1.00181 
1.00177 
1.00173 
1.00170 
1.00166 


1.00163 


(2r)! 


755 
712 
452 
830 
399 


285 
776 
565 
843 
536 


243 
700 
958 
911 
019 


124 
343 
988 
519 
501 


584 
480 
953 
806 
872 


011 
105 
050 
758 
154 


170 
748 
837 
392 
372 


744 
474 
534 
a99 
546 


455 
606 
983 
570 
354 


321 
460 
759 
210 
803 


530 


GAMMA AND DIGAMMA FUNCTIONS FOR INTEGER AND HALF-INTEGER VALUES 


f(s) 


0.57721 
0.27036 
0.17582 
0.13017 
0.10332 


0.08564 
0.07312 
0.06380 
0.05658 
0.05083 


0.04614 
0.04224 
0.03895 
0.03613 
0.03370 


0.03157 
0.02970 
0.02803 
0.02654 
0.02520 


0.02399 
0.02289 
0.02189 
0.02097 
0.02013 


0.01935 
0.01863 
0.01796 
0.01734 
0.01675 


0.01621 
0.01570 
0.01522 
0.01477 
0.01435 


0.01395 
0.01357 
0.01321 
0.01287 
0.01255 


0.01224 
0.01195 
0.01167 
0.01140 
0.01115 


0.01090 
0.01067 
0.01045 
0.01023 
0.01003 


0.00983 


566 
285 
795 
669 
024 


180 
581 
006 
310 
250 


268 
497 
434 
924 
354 


539 
002 
490 
657 
828 


845 
941 
663 
798 
331 


403 
281 
342 
046 
925 


574 
637 
803 
796 
374 


318 
438 
560 
530 
208 


469 
200 
297 
668 
226 


895 
602 
283 
879 
333 


596 


=2.50662 82746 31001 


rin) 


73) 1.26964 
74) 7.10998 
76) 4.05269 
78) 2.35056 
80) 1.38683 


81) 8.32098 
Bete 
85) 3.14699 
87) 1.98260 
89) 1.26886 


90) 8.24765 
ae 
94) 3.64711 
6) 2.48003 


47011 


1.85482 
1.65079 


1.48571 
1.35200 
1.24384 
1.15677 
6) 1.08736 


148) 1.03299 
erie 
(155 
(157) 9.33262 


9.33262 


93202 
87533 
75171 
32841 
69734 


03354 
58780 
19505 
13313 
11855 


71127. 
21388 
73260 
83154 
93219 


05921 
93908 
10918 
55424 
45243 


71670 
58857 
58377 
54615 
54415 


40811 
47017 
09203 
81178 
21308 


57046 
60207 
33370 
39697 
01346 


41144 
95384 
72984 
64226 
55161 


59645 
15277 
14055 
25071 
61567 


78488 
93487 
59682 
04489 
15444 


15444 


(u-1)! 


nbs (Qn) tn" +3 e—nf, (n) 


*See page H. 


: 
| 
| 
| 
a 
| 
: 
f 
: 


GAMMA FUNCTION 


1/r(n) 
65) 3.28794 
67) 6.44695 
68) 1.23979 
70) 2.33924 
72) 4.33193 


are 
75) 1.40647 
Teen 
79) 4.25430 
81) 7.21068 


82)1.20178 
84) 1.97013 
86) 3.17763 
88) 5.04386 
90) 7.88103 


91) 1.21246 
3377818 


feretdie 


95) 2.74189 
97) 4.03220 
99) 5.84376 


-101) 8.34824 
-102) 1.17580 
Tbe. -63306 
-106) 2.23707 

108) 3.02307 


ae .03077 
-112) 5.30364 
Rk -88785 
~116) 8.83058 
-117)1.11779 


-119) 1.39724 
-121) 1.72499 
-123) 2.10364 
-125) 2.53451 
-127) 3.01728 


ert 3.54974 
~131) 4.12760 
~133) 4.74437 
-135) 5.39134 
~137) 6.05768 


-139) 6.73076 
-141) 7.39644 
143) 8.03961 


| 

iy 64474 
‘ 
| 


-149) 9.68056 
-00839 
03957 
06079 
07151 


1.07151 


150 
-152 
-154 


6. 

7. 

8. 

8 
-147) 9.19653 

9 

1 

1. 

1. 
156)1. 


942 
964 


029 


1(n-))! 


r (0) =(2r)tn" 3 


en" fy (n) 


r(n+4) 
65) 2.16668 
67) 1.11584 
TO .85817 
70) 3.13412 
72)1.70809 


73) 9.47993 
Fhe Gsa78 
77) 3.07979 
79) 1.86167 
81) 1.07199 


82) 6.48559 
84) 3.98864 
86) 2.49290 
88) 1.58299 
90) 1.02102 


91) 6.68774 
35) 3.00196 
95) 3.00196 
7) 2.05634 
9)1.42915 


1.00755 
7.20403 
5.22292 
3.83884 
2.85994 


0 
0 
0 
0 
0 
10) 2.15925 
12) 1.65183 
14) 1.28016 
16) 1.00493 
17) 7.98921 
5.24152 
4.32425 
3.61075 


1 
1 
1] 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
127) 3.05108 


1 
2 
4 
6 
8 
0 
2 
4 
6 
7 
19 
21 
23 
25 
27 
29 
31 
33 
35 


137 


139 
141 
PER 
145) 1.12004 
147) 1.05843 


149) 1.01081 
nee 
152) 9.51045 
tee setae 
156) 9.32096 


158) 9.36756 
(n—4)! 


25 
) 
) 
| 
e .43131 
) 
)2. 
i 
1 
fe 


AND RELATED FUNCTIONS 


¥(n) 


3.92198 
3.94159 
3.96082 
3.97969 
3.99821 


4.01639 
4.03425 
4.05179 
4.06903 
4.08598 


4.10265 
4.11904 
4.13517 
4.15105 
4.16667 


4.18205 
4.19721 
4.21213 
4.22684 
4.24133 


4.25562 
4.26970 
4.28359 
4.29729 
4.31080 


4.32413 
4.33729 
4.35028 
4.36310 
4.37576 


4.38826 
4.40060 
4.41280 
4.42485 
4.43675 


4.44852 
4.46014 
4.47164 
4.48300 
4.49424 


4.50535 
4.51634 
4.52721 
4.53796 
4.54860 


4.55913 
4.56954 
4.57985 
4.59006 
4.60016 


4.61016 


dn 


¥(v)=In n—f3(1) 


96734 
75166 
82858 
62103 
47288 


65470 
36899 
75495 
89288 
80814 


47481 
81907 
72229 
02388 
52388 


98542 
13693 
67425 
26248 
53785 


10927 
55998 
44887 
31188 
66323 


99657 
78604 
48734 
53862 
36140 


36140 
92931 
44150 
26078 
73697 


20756 
99825 
42354 
78718 
38268 


49379 
39489 
35142 
62023 
45002 


08160 
74827 
67610 
08426 
18527 


18527 


« d In(u—1)! 


GAMMA AND DIGAMMA FUNCTIONS FOR INTEGER AND HALF-INTEGER VALUES 


Siu) 


1,00163 
1.00160 
1.00157 
1.00154 
1.00151 


1.00148 
1.00146 
1.00143 
1,00141 
1.00138 


1.00136 
1.00134 
1.00132 
1.00130 
1,00128 


1.00126 
1.00124 
1.00122 
1.00120 
1,00119 


1.00117 
1,00115 
1.00114 
1.00112 
1,00111 


1.00109 
1.00108 
1.00106 
1.00105 
1.00104 


1.00102 
1.00101 
1.00100 
1.00099 
1,00098 


1.00096 
1.00095 
1.00094 
1.00093 
1,00092 


1.00091 
1.00090 
1,00089 
1,00088 
1.00087 


1.00086 
1.00085 
1.00085 
1.00084 
1.00083 


1.00082 


530 
383 
355 
438 
628 


919 
304 
780 
341 
984 


704 
498 
362 
292 
286 


341 
455 
623 
845 
118 


439 
807 
220 
675 
172 


709 
283 
894 
540 
220 


933 
677 
452 
255 
087 


946 
831 
741 
676 
635 


617 
620 
646 
691 
757 


843 
947 
070 
210 
368 


542 


4 


(27)?=2.50662 82746 31001 
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Table 


6.3 


fa(v) 


0.00911 


0.00895 
0.00879 
0.00864 
0.00849 
0.00835 


0,00821 
0.00808 
0.00795 
0.00783 
0.00771 


0.00759 
0.00748 
0.00737 
0.00726 
0.00715 


0,00705 
0.00696 
0.00686 
0.00677 
0.00668 


0.00659 
0.00650 
0.00642 
0.00634 
0.00626 


0.00618 
0.00610 
0.90603 
0.00596 
0.00589 


0.00582 
0.00575 
0,00569 
0.00562 
0.00556 


0.00550 
0.00544 
0.00538 
0.00532 
0.00527 


0.00521 
0.00516 
0.00511 
0.00505 
0.00500 


0.00495 


ie: 


596 
620 


‘ 
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Table 6.4. LOGARITHMS OF THE GAMMA FUNCTION 

nt logio r (n) logo r (n+3) log, Tr (n+4) log 19 r (n+) fa{n) 

1 0.00000 000 -0.04915 851 -0.05245 506 ~0.04443 477 1.00000 000 
2 0.00000 000 +0,07578 023 +0.12363 620 +0.17741 398 0.96027 923 
3 0.30103 000 0.44375 702 0.52157 621 0.60338 271 0.94661 646 
4 0.77815 125 0.96663 576 1.06564 43 1.16765 41 0.93972 921 
5 1.38021 12 1.60345 79 1.71885 68 1.83666 09 0.93558 323 
6 2.07918 12 2.33045 66 2.45921 95 2.58998 86 0.93281 466 
7 2.85733 25 3.13208 89 3.27213 28 3.41389 73 0.93083 524 
8 3.70243 05 3.99739 04 4714719 41 4.29850 39 0.92934 980 
9 4.60552 05 4.91820 91 5.07661 30 5.23635 60 0.92819 400 
10 5.55976 30 5.88824 59 6.05433 66 6.22163 27 0.92726 910 
11 6.55976 30 6.90248 63 7.07552 59 7.24966 15 0.92651 221 
12 7.60115 57 7.95684 40 8.13622 37 8.31660 83 0.92588 137 
13 8.68033 70 9.04792 45 9.23313 38 9.41927 06 0.92534 753 
14 9.79428 03 10.17286 3 10.36346 8 10,55493 3 0.92488 990 
15 10.94040 8 11.32921 0 11.52483 6 11.72126 5 0.92449 327 
16 12,116500 12,514847 12.715167 12.916241 0.92414 619 
17 13.320620 13.727922 13932651 14.138090 0.92383 993 
18 14,551069 14.966804 15.175689 15,.385245 0.92356 769 
19 15,.806341 16.230045 16.442861 16.656311 0.92332 409 
20 17.085095 17.516352 17.732896 17.950042 0.92310 485 
21 18,386125 18,824561 19,044649 19265313 0.92290 649 
22 19.708344 20.153619 20.377088 20.601105 0.92272 615 
23 21.050767 21.502573 21.729270 21.956492 0.92256 149 
24 22.412494 22.870550 23.100338 23.330629 0.92241 055 
25 23.792706 24.256751 24.489504 24.722740 0.92227 169 
26 25.190646 25.660444 25.896045 26.132109 0.92214 350 
27 26,605619 27,080949 27.319290 27.558078 0.92202 481 
28 28.036983 28.517642 28.758623 29,000035 0.92191 460 
25 29.484141 29.969940 30.213468 30.457412 0.92181 198 
30 30.946539 31.437301 31.683290 31.929681 0.92171 621 
31 32.423660 32.919221 33.167590 33.416347 0.92162 661 
32 33.915022 34,415228 34,.665900 34,916950 0.92154 262 
33 35.420172 35.92.4878 36.177784 36,.431055 0.92146 371 
34 36.938686 37,447757 37.702829 37,958255 0.92138 944 
35 38.470165 38.983473 39.240648 39.498167 0.92131 942 
36 40,.014233 40.531658 40.790876 41.050429 0.92125 329 
37 41.570535 42.091963 42.353169 42.614701 0.92119 073 
38 43.138737 43.664060 43.927200 44.190658 0.92113 146 
39 44,718520 45.247636 45.512661 45.777995 0.92107 524 
40 46.309585 46.842397 47.109258 47.376420 0.92102 182 
41 47.911645 48,448061 48.716713 48.985659 0.92097 101 
42 49.524429 50.064362 50.334761 50.605448 0.92092 262 
43 51.147678 51.691044 51.963150 52.235536 0.92087 648 
44 52.781147 53.327866 53.601639 53.875686 0.92083 244 
45 54.424599 54.974597 55.249999 55.525670 0.92079 035 
46 56.077812 56.631014 56.908011 57.185269 0.92075 010 
47 57.740570 58.296908 58.575464 58.854276 0.92071 156 
48 59,412668 59.972075 60.252157 60,532491 0.92067 462 
49 61.093909 61,656322 61.937899 62.219723 0.92063 919 
50 62.784105 63349462 63,632504 63.915788 0.92060 518 
51 64,483075 65.051318 65.335796 65.620510 0.92057 250 

log,, (n-1)! logy, (n—3)! logy, (2-3)! logy, (n—3)! 


In r(n)=In (n—1)!=(n—}) In n—n+fo(n) In 10=2.80258 509299 
log; T(n) compiled from E. S. Pearson, Table of the logarithms of the complete r-function, arguments 
2 to 1200. Tracts for Computers No. VIII (Cambridge Univ. Press, Cambridge, England, 1922) (with 
permission). 


logo r (n) 
64.483075 
66.190645 
67.906648 
69.630924 
71.363318 


73,103681 
74,851869 
76,607744 
78.371172 
80.142024 


81.920175 
83,705505 
85.497896 
87.297237 
89,103417 


90,916330 
92.735874 
94,.561949 
96.394458 
98.233307 


100.07841 
101.92966 
103,78700 
105.65032 
107,51955 


109.39461 
111.27543 
113.16192 
115.05401 
116.95164 


118.85473 
120.76321 
122,67703 
124.59610 
126,52038 


128.44980 
130,38430 
132.32382 
134,26830 
13621769 


13817194 
140.13098 
142,09477 
144,06325 
146,03638 


148,01410 
149,99637 
151.98314 
153.97437 
155.97000 


157.97000 


log), (n-1)! 


log, T (n+4) 


65.051318 
66.761717 
68.480496 
70207494 
71.942561 


73,685548 
75,436313 
77.194720 
78.960637 
80.733936 


82.514493 
84.302190 
86.096910 
87.898542 
89.706978 


91.522113 
93.343845 
95.172075 
97,006708 
98,.847650 


100.69481 
102,54810 
104.40744 
106.27274 
108,14393 


110,02091 
111,90363 
113.79200 
115.68594 
117,58540 


11949029 
121,.40056 
123.31614 
125.23696 
127.16296 


129.09407 
131.03025 
132,97143 
134.91756 
136,86857 


138,82442 
140.78505 
142,75041 
144,72044 
14669511 


14867435 
150.65813 
152.64639 
154.63909 
156,63619 


158.63763 
logy (n—3)! 


logig T (n+3) 


65.335796 
67,047603 
68,767762 
70.496116 
72,232512 


73.976805 
75.728854 
77,.488522 
79.255677 
81.030194 


82,811950 
84.600825 
86.396705 
88,199479 
90.009038 


91,825280 
93.648101 
95.477405 
97.313096 
99,155080 


101,00327 
102.85758 
104,71791 
106.58420 
108.45636 


110.33430 
112,21797 
114.10727 
116,00214 
117.90250 


11980830 
121,71946 
123,63591 
125.55760 
127.48445 


129.41642 
131.35344 
133.29545 
135.24239 
137,19421 


139.15086 
141.11228 
143,07842 
145.04923 
147.02467 


149,00467 
150.98920 
152.97820 
154.97164 
156.96946 


158.97163 
logo (n—3)! 


In r(n)=In (n—1)!=(n—3) In n—n+fo(n) 
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logy) T (+4) 


65,620510 
67.333720 
69.055256 
70.784961 
72,522683 


74.268279 
76,021606 
77.782531 
79,550922 
81.326654 


83.109604 
84.899655 
86.696691 
88.500604 
90.311284 


92,.128629 
93.952538 
95.782913 
97.619659 
99.462684 


101.31190 
103,16722 
105,02855 
106,89582 
108.76895 


110.64785 
112,53246 
114.42269 
116,31848 
118.21976 


120,12646 
122.03850 
123,.95583 
125.87838 
127.80610 


129.73891 
131.67676 
133.61959 
135.56735 
137.51999 


139,47743 
141.43964 
143,40657 
145.37815 
147.35435 


149,33511 
151,32039 
153.31013 
155.30430 
157,30285 


159,30574 
logy) (n—3)! 


In 10=2.30258 509299 
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Table 6.4 


fy(n) 


0.92057 
0.92054 
0.92051 
0.92048 
0.92045 


0.92042 
0.92040 
0.92037 
0.92035 
0.92032 


0.92030 
0.92028 
0.92026 
0.92024 
0.92022 


0.92020 
0.92018 
0.92016 
0.92014 
0.92012 


0.92011 
0.92009 
0.92008 
0.92006 
0.92004 


0.92003 
0.92002 
0.92000 
0.91999 
0.91998 


0.91996 
0.91995 
0.91994 
0.91993 
0.91991 


0.91990 
0.91989 
0.91988 
0.91987 
0.91986 


0.91985 
0.91984 
0.91983 
0.91982 
0.91981 


0.91980 
0.91979 
0.91978 
0.91978 
0.91977 


0.91976 


250 


2 
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Table 6.5 AUXILIARY FUNCTIONS FOR GAMMA AND DIGAMMA FUNCTIONS 


gi fi (@) f(x) f3 (x) <i> 
0.015 1.00125 077 0.92018 852 0.00751 875 67 
0.014 1.00116 735 0.92010 519 0.00701 633 721 
0, 013 1.00108 391 0.92002 186 0.00651 408 77 
0.012 1.00100 050 0.91993 853 0.00601 200 83 
0.011 1.00091 708 0.91985 520 0.00551 008 91 
0.010 1.00083 368 0.91977 186 0.00500 833 100 
0, 009 1.00075 028 0.91968 853 0.00450 675 lll 
0. 008 1.00066 689 0.91960 520 0.00400 533 125 
0, 007 1.00058 350 0.91952 187 0.00350 408 143 
0. 006 1.00050 012 0.91943 853 0.00300 300 167 
0.005 1.00041 675 0.91935 52¢ 0.00250 208 200 
0.004 1. 00033 339 0.91927 187 0.00200 133 250 
0, 003 1.00025 003 0.91918 853 0.00150 075 333 
0. 002 1.00016 668 0.91910 520 0.00100 033 500 
0, 001 1.00008 334 0.91902 187 0.00050 008 1000 
0. 000 1.00000 000 0.91893 853 0.00000 000 00 


ew ies Ae a 


al=(Qn)tatthe—2f (x) 
D(x) = (21) 4a te-2f1 (2) 
In P(x)=In (e—1)!=(a@—4) In z—2+fo(z) 
v(x) =In r—fa(x) 
(2n)+=2.50662 82746 31001 


<x>=nearest integer to x. 


Table 6.6 FACTORIALS FOR LARGE ARGUMENTS 

n n! n n!} 

100 157) 9, 3326 21544 39441 52682 600 1408)1.2655 72316 22543 07425 
200 374) 7. 8865 78673 64790 50355 700 1689) 2. 4220 40124 75027 21799 
300 614) 3.0605 75122 16440 63604 800 1976) 7.7105 30113 35386 00414 
400 868) 6, 4034 52284 66238 95262 900 2269) 6. 7526 80220 96458 41584 
500 1134)1.2201 36825 99111 00687 1000 2567) 4. 0238 72600 77093 77354 

T(n+1) T(n+1) 


Compiled from Ballistic Research Laboratory, A table of the factorial numbers and their reciprocals 
from 1! to 1000! to 20significant digits, Technical Note No. 381, Aberdeen Proving Ground, Md.(1951) 
(with permission). 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 
z=1.0 
y #\n r(z) F In r(z) y Zin r(z) J In r(z) 
0.0 0.00000 00000 00 0.00000 00000 00 5.0 - 6.13032 41445 53 3, 81589 85746 15 
0.1 ~- 0.00819 77805 65 - 0.05732 29404 17 5.1 - 6.27750 24635 84 3.97816 38691 88 
0.2 - 0.03247 6292318  - 0.11230 22226 44 5.2 - 6.42487 30533 35 4.14237 74050 86 
0.3 - 0.07194 62509 00 - 0,16282 06721 68 5.3 - 6.57242 85885 29 4, 30850 21885 83 
0.4 - 0.12528 93748 21 - 0.20715 58263 16 5.4 - 6.72016 21547 03 4, 47650 25956 68 
0.5 - 0,1909454991 87 - 0.24405 82989 05 5.5 - 6.86806 72180 48 4, 64634 42978 70 
0.6 - 0.26729 0068214 - 0..27274 38104 91 5.6 - 7.01613 75979 76 4,81799 41933 05 
0.7 ~- 0.35276 86908 60 - 0.29282 63511 87 5.7 - 7.16436 74421 06 4,99142 03424 89 
0.8 - 0.44597 87835 49 - 0.30422 56029 76 5.8 - 7.31275 12034 30 5.16659 19085 37 
0.9 - 0.54570 5128605  - 0.30707 43756 42 5.9 - 7.46128 36194 29 5. 34347 91013 53 
1.0 - 0.65092 31993 02 =- 0.30164 03204 68 6.0 - 7.60995 96929 51 5.52205 31255 15 
1.1 - 0.76078 39588 41 - 0.28826 66142 39 6.1  - 7.75877 46746 55 5, 70228 61315 35 
1.2 - 0.87459 0463895 - 0.26733 05805 81 6.2 - 7.90772 40468 98 5.88415 11702 39 
1.3. ‘- 0.99177 2766959 - 0.23921 67844 65 6.3 - 8.05680 35089 04 6, 06762 21500 13 
1.4 - 1.11186 45664 26 = -_:«0. 20430 07241 49 6.4 - 8.20600 89631 00 6.25267 37967 05 
1.5  - 1.23448 30515 47 - 0.16293 97694 80 6.5 - 8.35533 65025 11 6.43928 16159 76 
1.6 - 1.35931 22484 65 - 0.11546 87935 89 6.6 ~- 8.50478 23991 25 6.62742 18579 12 
1.7  - 1.48608 9612757 - 0.06219 86983 29 6.7 - 8.65434 30931 23 6.81707 14837 44 
1.8 - 1.61459 5396000 - 0.00341 66314 77 6.8 - 880401 51829 10 7. 00820 81345 02 
1.9  - 1.74464 42761 74 + _:0.06061 28742 95 6.9 - 8.95379 54158 79 7. 20081 01014 93 
2.0 - 1.87607 87864 31 0. 12964 63163 10 7.0 ~- 9.10368 06798 32 7.39485 62984 36 
2.1 - 2.00876 41504 71 0, 20345 94738 33 7.1 - 9.25366 79950 15 7.59032 62351 84 
2.2 - 2.14258 42092 96 0. 28184 56584 26 7.2 - 9.40375 45067 08 7. 78719 99928 77 
2.3 - 2.27743 81922 04 0. 36461 40489 50 7.3 - 9.55393 74783 21 7.98545 82004 68 
2.4 - 2.41323 81411 84 0.45158 81524 41 7.4 - 9.70421 42849 72 8, 18508 20125 03 
2.5 - 2.54990 68424 95 0.54260 44058 52 7.5  - 9.85458 24074 86 8, 38605 30880 89 
2.6 - 2.68737 61537 50 0. 63751 09190 46 7.6 -10,00503 94267 90 8.58835 35709 62 
2.7. - 2.82558 56411 91 0. 73616 63516 79 7.7 ~-10.15558 30186 86 8.79196 60705 87 
2.8 - 2.96448 14617 89 0.83843 89130 96 7.8 -10,30621 09489 48 8.99687 36442 29 
2.9 - 3.10401 54399 01 0.94420 54730 39 7.9  -10.45692 10687 39 9. 20305 97799 25 
3.0 - 3.24414 42995 90 1.05335 07710 69 8.0 -10,60771 13103 15 9.41050 83803 12 
3.1 - 3.38482 90223 77 1.16576 67132 86 8.1 -10.75857 96829 95 9.61920 37472 42 
3.2  - 3.52603 43067 09 1.28135 17459 32 8.2  -10,90952 42693 78 9. 82913 05671 62 
3.3 - 3.66772 81104 88 1, 40001 02965 76 8.3  -11,06054 32217 92 10. 04027 38971 80 
3.4 - 3.80988 12618 23 1.52165 22746 73 8.4 -11,21163 47589 48 10. 25261 91518 09 
3.5 - 3.95246 71261 89 1.64619 26242 69 8.5  -11.36279 71628 04 10. 46615 20903 24 
3.6 - 4.09546 13204 51 1.77355 09225 91 8.6 -11.51402 87756 02 10. 68085 88047 12 
3.7 - 4.23884 14660 71 1.90365 10190 19 8.7  -11.66532 79970 81 10, 89672 57081 77 
3.8 - 4.38258 69752 28 2.03642 07096 93 8.8  -11.81669 32818 48 11, 11373 95241 57 
3.9  - 4.52667 88647 16 2.17179 14436 05 8.9  -11.96812 31369 01 11, 33188 72758 53 
4.0 - 4.67109 95934 09 2.30969 80565 73 9.0 -12.11961 61192 81 11.55115 62762 02 
4.1 - 4.81583 29197 96 2. 45007 85299 47 9.1  -12.27117 08338 67 11. 77153 41183 09 
4.2  - 4.96086 37766 87 2.59287 37713 19 9,2  -12.42278 59312 81 11. 99300 86662 85 
4.3 - 5.10617 81606 63 2. 73802 74148 20 9.3 -12.57446 01059 08 12. 21556 80464 79 
4.4 - 5.25176 30342 30 2.88548 56389 27 9.4  -12.72619 20940 29 12. 43920 06390 90 
4.5  - 5.39760 62389 84 3.03519 69999 22 9.5 -12.87798 06720 44 12. 66389 50701 28 
4.6 - 5.54369 64183 04 3.18711 22793 89 9.6 -13.02982 46547 89 12. 88964 02037 08 
4.7 - 5.69002 29483 73 3. 34118 43443 27 9.7 -13,18172 28939 51 13, 11642 51346 66 
4.8 - 5.83657 58764 54 3, 49736 80186 15 9.8 -13.33367 42765 47 13. 34423 91814 77 
4.9 - 5.98334 58655 32 3.65561 99647 12 9.9  -13.48567 77234 95 13. 57307 18794 55 
5.0 - 6.13032 41445 53 3.81589 85746 15 10.0 -13.63773 21882 47 13. 80291 29742 30 


Linear interpolation will yield about three figures; eight-point interpolation will yield about eight figures. 
For z outside the range of the table, see Examples 5-8. 
A ln r(z)=In |r(z)| J \n r(z)=arg r(z) 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 
z=1.1 
y Ain T(z) F In T(z) y Bn T(z) F In T(z) 

0.0 —- 0.04987 24412 60 0.00000 00000 00 5.0 - 5.96893 91493 52 3.96198 63258 60 
0.1 - 0.05702 02290 38 - 0.04206 65443 76 5.1 - 6.11415 43840 05 4.12446 68364 90 
0.2 - 0.07824 35801 68 ~ 0.08230 97383 98 5.2 - 6.25959 93585 61 4, 28888 73284 80 
0.3 - 0.11291 43470 17 - 0.11905 06275 18 5.3 - 6.40526 53566 40 4. 45521 12743 47 
0.4 - 0.16008 21257 99 - 0.15086 79240 09 5.4 - 6.55114 41480 20 4, 62340 34819 04 
0.5 - 0.21858 96764 09 - 0.17666 11398 43 5.5 -~ 6.69722 79531 89 4. 79343 00232 04 
0.6 -— 0.28718 99839 43 - 0.19566 16788 64 5.6 - 6.84350 94110 69 4.96525 81683 67 
0.7 —- 0.36464 38731 53 - 0.20740 35526 60 5.7 - 6.98998 15495 70 5.13885 63238 91 
0.8 - 0.44978 83131 87 - 0.21167 10325 55 5.8 - 7.13663 77586 96 5.31419 39750 77 
0.9 - 0.54157 54093 11 - 0, 20843 91333 00 5.9 - 7.28347 17659 19 5.49124 16322 40 
1.0 - 0,63908 78153 48 ~ 0.19781 78257 67 6.0 - 7.43047 76136 25 5. 66997 07803 94 
1.1 - 0.74153 80620 74 - 0.18000 55175 74 6.1 - 7.57764 96383 95 5.85035 38321 46 
1.2 - 0.84825 85646 26 - 0.15525 33222 12 6.2 - 7.72498 24519 72 6. 03236 40835 50 
1.3 —- 0.95868 73364 97 - 0.12383 93047 38 6.3 - 7.87247 09237 38 6.21597 56726 90 
1.4 = 1.07235 26519 67 - 0.08605 08957 00 6.4 - 8.02011 01645 61 6. 40116 35407 92 
1.5 - 1.18885 84815 22 - 0.04217 34907 11 6.5 - 8, 16789 55118 88 6.58790 33956 67 
1.6 - 1.30787 15575 95 + 0.00751 65191 79 6.6 —- 8.31582 25159 69 6.77617 16773 32 
1.7 - 1.42911 03402 04 0.06275 56777 30 6.7 - 8.46388 69271 17 6. 96594 55256 30 
1.8 - 1.55233 58336 11 0.12329 53847 15 6.8 - 8.61208 46838 95 7.15720 27497 24 
1.9 - 1.67734 40572 49 0.18890 25358 69 6.9 = 8.76041 19021 72 7.34992 17993 20 
2.0 - 1.80395 99248 63 0.25935 93780 23 7.0 - 8.90886 48649 60 7.54408 17375 09 
2.1 - 1.93203 22878 13 0. 33446 29085 79 7.1 - 9.05744 00129 63 7. 73966 22151 13 
2.2 - 2.06142 99239 46 0.41402 40321 50 7.2 - 9.20613 39357 92 7.93664 34464 25 
2.3 - 2.19203 82866 29 0.49786 66085 82 7.3 - 9.35494 33637 73 8.13500 61862 70 
2.4 - 2.32375 68617 01 0.58582 64745 04 7.4 - 9.50386 51603 25 8.33473 17082 71 
2.5 -—- 2.45649 70097 26 0.67775 04868 09 7.5 - 9.65289 63148 29 8.53580 17842 76 
2.6 —- 2.59018 01959 43 0.77349 56148 91 7.6 - 9.80203 39359 83 8.73819 86648 33 
2.7 - 2.72473 65306 67 0.87292 80949 66 7.7 - 9.95127 52455 81 8.94190 50606 84 
2.8 —- 2.86010 35591 81 0.97592 26515 07 7.8 -10.10061 75726 94 9.14690 41251 84 
2.9 - 2.99622 52529 98 1, 08236 17859 08 7.9 -10.25005 83482 21 9. 35317 94376 01 
3.0 - 3.13305 11644 50 1.19213 51297 05 8.0 -10.39959 50997 80 9.56071 49872 49 
3.1 - 3.27053 57144 30 1.30513 88581 77 8.1 -10.54922 54469 17 9. 76949 51583 85 
3.2 —- 3.40863 75892 32 1.42127 51595 43 8.2 -10.69894 70966 06 9. 97950 47158 43 
3.3 - 3.54731 92273 03 1.54045 17547 76 8.3 -10. 84875 78390 24 10. 19072 87913 49 
3.4 - 3.68654 63804 17 1, 66258 14631 94 8.4 -10.99865 55435 72 10. 40315 28704 84 
3.5 -—- 3.82628 77368 25 1.78758 18092 68 8.5 -11.14863 81551 38 10. 61676 27802 52 
3.6 - 3.96651 45962 20 1.91537 46664 26 8.6 -11.29870 36905 72 10. 83154 46772 22 
3.7. - 4.10720 05882 64 2. 04588 59340 24 8.7 -11.44885 02353 71 11. 04748 50362 14 
3.84 - 4.24832 14278 81 2.17904 52440 32 8.8 -11.59907 59405 42 11. 26457 06394 86 
3.9 - 4.38985 47017 40 2. 31478 56943 26 8.9 -11. 74937 90196 53 11. 48278 85664 18 
4.0 - 4.53177 96812 84 2. 45304 36058 25 9.0 -11.89975 77460 43 11. 70212 61836 32 
4.1 - 4,67407 71584 70 2.59375 83010 13 9.1 -12.05021 04501 83 11. 92257 11355 62 
4.2 - 4.81672 93009 83 2. 73687 19016 54 9.2 -12. 20073 55171 88 12.14411 13354 15 
4.3 - 4.95971 95242 44 2. 88232 91437 48 9.3  -12.35133 13844 58 12. 36673 49565 33 
4.4 - 5.10303 23779 21 3.03007 72080 09 9.4 -12.50199 65394 43 12. 59043 04241 06 
4.5 - 5,24665 34450 28 3. 18006 55643 29 9.5 -12.65272 95175 33 12. 81518 64072 43 
4.6 = - 5.39056 92519 72 3, 33224 58288 43 9.6 -12.80352 89000 52 13. 04099 18113 65 
4.7 - 5.53476 71881 64 3, 48657 16324 07 9.7 -12.95439 33123 60 13. 26783 57709 12 
4.8 - 5.67923 54339 89 3. 64299 84993 84 9.8 -13.10532 14220 44 13. 49570 76423 49 
4.9 - 5.82396 28961 29 3. 80148 37357 79 9.9  -13.25631 19372 14 13. 72459 69974 44 
5.0 —- 5.96893 91493 52 3.96198 63258 60 10.0 -13. 40736 36048 74 13. 95449 36168 27 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 
2=1.2 
A ln T(z) F InT{z) y Alin T(z) J InT(z) 

0.08537 40900 03 0.00000 00000 00 5.0 - 5.80731 52672 85 4.10609 64053 70 
0.09169 75124 13 - 0.02865 84973 21 5.1 - 5.95057 66519 39 4. 26883 00575 53 
0.11050 89067 86 - 0.05586 39903 67 5.2 - 6.09410 47211 91 4, 43349 40204 01 
0.14135 09532 62 - 0.08025 91592 09 5.3 ~ 6.23788 94064 81 4.60005 23089 91 
0.18352 07443 57 ~- 0.10066 05658 03 5.4 - 6.38192 11972 10 4, 76847 02339 50 
0.23614 32688 51 - 0.11610 77219 87 5.5 - 6.52619 11003 82 4, 93871 43339 56 
0.29824 98509 35 - 0.12588 00935 13 5.6 - 6.67069 06038 24 5.11075 23127 64 
0. 36884 83560 49 - 0.12948 68069 28 5.7 —- 6.81541 16425 98 5. 28455 29803 68 
0.44697 73864 90 ~ 0.12663 80564 16 5.8 - 6.96034 65682 97 5.46008 61980 02 
0.53174 22756 96 - 0.11720 77278 71 5.9 - 7.10548 81209 15 5.63732 28266 55 
0.62233 46814 87 - 0.10119 48344 90 6.0 - 7.25082 94030 54 5.81623 46788 41 
0.71803 95313 44 - 0.07868 85726 52 6.1 - 7.39636 38562 29 5.99679 44733 73 
0.81823 34133 20 ~- 0,04983 92764 14 6.2 - 7.54208 52390 70 6.17897 57929 16 
0.92237 79303 78 - 0.01483 57562 65 6.3 - 7.68798 76072 47 6. 36275 30441 11 
1.03001 06294 86 + 0.02611 15201 47 6.4 —- 7.83406 52949 57 6.54810 14200 83 
1.14073 52341 62 0.07278 23932 61 6.5 - 7.98031 28978 26 6. 73499 68651 55 
1.25421 22047 39 0.12495 51937 38 6.6 - 8.12672 52570 99 6. 92341 60416 24 
1.37015 01536 37 0.18241 21090 01 6.7 - 8.27329 74450 10 7.11333 62984 34 
1, 48829 83245 09 0. 24494 25273 48 6.8 —- 8.42002 47512 17 7. 30473 56416 32 
1.60844 01578 57 0.31234 49712 35 6.9 - 8.56690 26702 20 7. 49759 27064 69 
1.73038 78680 93 0. 38442 80719 73 7.0 - 8.71392 68896 74 7. 69188 67310 43 
1.85397 79144 87 0.46101 09100 87 7.1 —- 8.86109 32795 24 7. 88759 75313 86 
1.97906 72374 32 0.54192 29484 31 7.2 - 9.00839 78818 89 8.08470 54778 77 
2.10553 01371 17 0.62700 37140 16 7.3 - 9.15583 69016 37 8. 28319 14729 22 
2. 23325 56848 33 0.71610 23338 39 7.4 - 9.30340 66975 98 8. 48303 69297 94 
2. 36214 55727 43 0.80907 69945 69 7.5 - 9.45110 37743 60 8. 68422 37525 82 
2.49211 23232 46 0.90579 43715 71 7.6 - 9.59892 47746 01 8. 88673 43171 55 
2.62307 77928 95 1.00612 90561 43 7.7 - 9.74686 64719 23 9.09055 14530 96 
2.75497 19177 39 1.10996 29987 33 7.8 - 9.89492 57641 38 9. 29565 84265 39 
2.88773 16568 77 1.21718 49784 62 7.9 -10.04309 96669 84 9.50203 89238 50 
3.02130 00992 07 1.32769 01044 18 8.0 -10.19138 53082 31 9. 70967 70361 08 
3.15562 57049 65 1.44137 93510 29 8.1 -10.33977 99221 46 9.91855 72443 36 
3.29066 16590 00 1.55815 91278 68 8.2 -10.48828 08443 04 10. 12866 44054 34 
3.42636 53170 56 1.67794 08829 56 8.3 -10.63688 55067 01 10,33998 37387 77 
3.56269 77297 54 1.80064 07379 67 8.4 -10. 78559 1433166 10.55250 08134 40 
3.69962 32317 85 1.92617 91533 49 8.5  -10.93439 62350 38 10,76620 15360 05 
3.83710 90860 24 2.05448 06211 84 8.6 -11.08329 7607093 10,98107 21389 38 
3.97512 51741 07 2.18547 33836 08 8.7 -11.23229 33237 11 11. 19709 91694 76 
4.11364 37264 61 2.31908 91746 67 8.8 -11.38138 12352 53 11. 41426 94790 19 
4.25263 90859 57 2.45526 29835 70 8.9 -11.53055 92646 46 = 11.63257 02129 90 
4. 39208 75003 42 2.59393 28374 55 9.0 -11.67982 5404157 11.85198 88011 32 
4.53196 69393 70 2. 73503 96019 03 9.1 -11.82917 77123 44 12,07251 29482 35 
4.67225 69332 23 2.87852 67976 01 9.2 -11.97861 43111 70 12.29413 06252 48 
4.81293 84293 30 3.02434 04316 86 9.3 -12.12813 33832 78 12,51683 00607 77 
4.95399 36651 50 3.17242 88424 26 9.4 -12.27773 3169404 12,.74059 97329 36 
5.09540 60548 36 3.32274 25560 43 9.5 -12.42741 19659 29 = 12,96542 83615 35 
5.23716 00880 20 3.47523 41545 72 9.6 -12.57716 81225 64 13.19130 49005 92 
5. 37924 12391 93 3.62985 81537 79 9.7  -12.72700 00401 42 13, 41821 85311 47 
5.52163 58863 97 3.78657 08902 31 9.8  -12.87690 61685 35 13. 64615 86543 64 
5. 66433 12381 00 3.94533 04167 32 9.9 -13.02688 50046 68 13.87511 48849 16 
5.80731 52672 85 4.10609 64053 70 10.0 -13.17693 50906 38 14.10507 70446 23 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 
r=1,3 

y # in T (2) J In T(z) y 4 In T(z) J InP (2) 

0.0 - 0.10817 48095 08 0.00000 00000 00 5.0 - 5.64541 41381 33 4. 24823 90621 27 
0.1 - 0.11383 61080 85 ~- 0.01671 99199 34 5.1 —- 5.78673 23355 37 4.41126 31957 95 
0.2 - 0.13070 20636 90 - 0.03225 84033 35 5.2 - 5.92835 35606 66 4.57620 66023 67 
0.3 - 0.15843 10081 49 - 0.04549 95427 81 5.3 - 6.07026 64370 51 4. 74303 39118 17 
0.4 - 0.19649 12771 78 - 0.05544 82296 06 5.4 - 6.21246 02140 03 4.91171 10050 12 
0.5 - 0.24420 93680 45 - 0.06126 78750 55 5.5 - 6.35492 47217 66 5.08220 49501 77 
0.6 - 0.30082 34434 02 - 0.06229 79103 48 5.6 - 6.49765 03305 97 5.25448 39434 72 
0.7 —- 0.36553 39002 19 - 0.05805 28252 04 5.7 - 6.64062 79133 72 5.42851 72533 50 
0.8 -—- 0.43754 53407 27 ~ 0.04820 73993 35 5.8 - 6.78384 88113 55 5.60427 51684 12 
0.9 - 0.51609 74046 40 - 0.03257 37450 94 5.9 - 6.92730 48028 21 5.78172 89485 09 
10 - 0.60048 45154 05 ~- 0.01107 52190 48 6.0 ~ 7.07098 80742 52 5.96085 07788 45 
11 - 0.69006 62005 12 + 0.01627 90894 04 6.1 - 7.21489 11938 62 6.14161 37268 52 
1.2 - 0.78427 03001 02 0.04941 70710 23 6.2 - 7.35900 70872 13 6.32399 17016 49 
1.3 - 0.88259 13601 03 0.08822 25250 96 6.3 - 7.50332 90147 58 6.50795 94158 99 
1.4 - 0.98458 61322 90 0.13255 01649 50 6.4 - 7.64785 05510 98 6. 69349 23498 81 
1.5 - 1.08986 76158 16 0.18223 70479 17 6.5 - 7.79256 55658 27 6. 88056 67176 38 
1.6 ~ 1.19809 86148 04 0.23711 09920 47 6.6 - 7.93746 82058 02 7.06915 94350 45 
1.7 - 1.30898 54162 82 0.29699 65855 44 6.7 ~ 8.08255 28787 24 7.25924 80896 76 
1.8 - 1.42227 19237 14 0.36171 93463 93 6.8 - 8.22781 42379 13 7. 45081 09123 38 
1.9 - 1.53773 44011 63 0.43110 85022 51 6.9 - 8.37324 71681 76 7.64382 67501 64 
2.0 - 1.65517 68709 10 0.50499 87656 67 7.0 ~ 8.51884 67726 68 7, 83827 50411 67 
2.1 - 1.77442 71431 91 0.58323 13926 09 7.1 - 8.66460 83606 78 8. 03413 57901 50 
2.2 - 1.89533 34239 28 0.66565 47394 67 7.2 - 8.81052 74362 48 8. 23138 95458 91 
2.3 - 2.01776 14331 34 0.75212 44759 30 7.3 - 8.95659 96875 66 8. 43001 73795 19 
2.4 - 2.14159 19646 87 0.84250 35670 42 7.4 - 9.10282 09770 73 8. 63000 08640 04 
2.5 - 2.26671 88222 04 0.93666 21049 03 7.5 - 9.24918 73322 19 8. 83132 20546 97 
2.6 - 2.39304 70725 18 1.03447 70464 53 7.6 ~ 9.39569 49368 29 9.03396 34708 43 
2.7 - 2.52049 15659 37 1.13583 18965 15 7.7 —-— 9.54234 01230 14 9.23790 80780 23 
2.8 - 2.64897 56799 18 1.24061 63628 56 7.8 - 9,68911 93636 11 9. 44313 92714 58 
2.9 - 2.77843 02497 03 1.34872 60013 87 7.9 - 9.83602 92650 88 9. 64964 08601 22 
3.0 ~ 2.90879 26554 06 1.46006 18633 96 8.0 - 9.98306 65608 89 9.85739 70516 25 
3.1 - 3.04000 60402 26 1.57453 01525 07 8.1 -10.13022 81051 96 10, 06639 24378 12 
3.2 - 3.17201 86387 60 1.69204 18960 57 8.2 ~10. 27751 08670 60 10. 27661 19810 47 
3.3 - 3.30478 31979 94 1.81251 26335 69 8.3 -10. 42491 19248 88 10. 48804 10011 24 
3.4 - 3.43825 64765 05 1.93586 21235 97 8.4 -10.57242 84612 54 10. 70066 51627 91 
3.5 - 3.57239 88099 07 2.06201 40693 37 8.5 -10. 72005 77580 15 10. 91447 04638 39 
3.6 - 3.70717 37325 19 2.19089 58627 45 8.6 ~10. 86779 71917 09 11.12944 32237 30 
3.7 - 3.84254 76469 59 2.32243 83465 44 8.7 -11.01564 42292 16 11. 34557 00727 24 
3.8 - 3.97848 95346 95 2.45657 55932 86 8.8 -11. 16359 64236 64 11. 56283 79415 00 
3.9 - 4.11497 07016 98 2.59324 47004 59 8.9 -11. 31165 14105 63 11. 78123 40512 20 
4,0 - 4.25196 45543 18 2. 73238 56006 34 9.0 -11. 45980 69041 59 12. 00074 59040 23 
4.1 - 4.38944 64012 12 2.87394 08855 80 9.1 -11.60806 06939 74 12. 22136 12739 31 
4.2 - 4.52739 32778 30 3.01785 56433 48 9.2 -11. 75641 06415 49 12. 44306 81981 38 
4.3. - 4.66578 37904 84 3.16407 73073 22 9.3 -11.90485 46773 52 12. 66585 49686 64 
4.4 - 4.80459 79774 65 3.31255 55163 23 9.4 -12.05339 07978 49 12, 88971 01243 51 
4.5 - 4.94381 71850 33 3.46324 19848 78 9.5 -12, 20201 70627 34 13.11462 24431 99 
4.6 - 5.08342 39564 42 3.61609 03828 59 9.6 -12.35073 15923 02 13. 34058 09350 03 
4.7 - 5.22340 19323 94 3.77105 62237 32 9.7  -12.49953 25649 49 13.56757 48342 95 
4.8 - 5.36373 57615 52 3.92809 67607 19 9.8 -12. 64841 82148 10 13. 79559 35935 62 
4.9 - 5.50441 10199 31 4.08717 08902 55 9.9 -12,.79738 68295 12 14, 02462 68767 33 
5.0 - 5.64541 41381 33 4. 24823 90621 27 10.0 -12. 94643 67480 34 14, 25466 45529 28 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 
r=1.4 
Aln T(z) JF In T(z) y 2 ln Y(z) F In T(z) 

0.11961 29141 72 0.00000 00000 00 5.0 - 5.48319 80511 50 4. 38842 59888 87 
0.12473 21357 76 - 0.00597 40017 43 5.1 - 5.62258 51037 75 4.55177 72808 10 
0.14000 01552 88 - 0.01097 08056 66 5.2 - 5.76231 08530 59 4.71703 54898 14 
0.16515 59551 89 - 0.01405 93840 03 5.3 - 5.90236 26637 68 4.88416 59286 80 
0.19978 93616 12 - 0.01439 47989 49 5.4 - 6.04272 85898 90 5.05313 51119 86 
0.24337 34438 09 - 0.01124 72025 18 5.5 - 6.18339 73257 62 5.22391 06968 84 
0.29530 16779 62 - 0.00401 77865 38 5.6 - 6.32435 81614 11 5.39646 14275 35 
0.35492 46161 10 + 0.00775 78473 84 5.7 - 6.46560 09417 01 5.57075 70829 41 
0.42158 20669 55 0.02441 65124 32 5.8 - 6.60711 60288 99 5. 74676.84279 33 
0.49462 85345 46 0.04618 11610 42 5.9 - 6.74889 42683 24 5.92446 71670 92 
0.57345 12921 03 0.07317 82199 73 6.0 - 6.89092 69567 80 6.10382 59013 94 
0.65748 16506 41 0.10545 58409 92 6.1 - 7.03320 58135 18 6. 28481 80874 01 
0. 74620 06322 98 0.14300 11986 37 6.2 - 7.17572 29534 78 6. 46741 79988 09 
0.83914 04638 04 0.18575 57618 52 6.3 - 7.31847 08625 98 6.65160 06901 96 
0.93588 32199 21 0.23362 80933 40 6.4 - 7.46144 23750 25 6. 83734 19628 28 
1.03605 77156 27 0. 28650 41540 26 6.5 - 7.60463 06520 25 7.02461 83323 73 
1.13933 54742 88 0.34425 53337 92 6.6 —- 7.74802 91624 64 7.21340 69984 03 
1.24542 63479 49 0.40674 45404 87 6.7 - 7.89163 16647 23 7.40368 58155 67 
1, 35407 41615 64 0.47383 07041 21 6.8 - 8.03543 21899 02 7.59543 32663 20 
1.46505 26007 14 0.54537 20299 26 6.9 - 8.17942 50262 34 7.78862 84351 12 
1.57816 14562 85 0.62122 82885 81 7.0 - 8.32360 47045 82 7. 98325 09839 40 
1.69322 32702 19 0.70126 23803 49 7.1 - 8.46796 59849 44 8.17928 11291 83 
1.81008 03838 54 0.78534 13608 50 7.2 - 8.61250 38438 82 8. 37669 96196 29 
1.92859 23663 09 0.87333 70735 61 7.3 - 8.75721 34627 90 8.57548 77156 28 
2.04863 37884 08 0.96512 64991 00 7.4 - 8.90209 02169 54 8. 77562 71692 98 
2.17009 23032 73 1.06059 19035 92 7.5 - 9.04712 96653 17 8.97710 02057 23 
2.29286 69947 17 1.15962 08468 95 7.6 - 9.19232 75409 21 9.17988 95050 80 
2.41686 69570 58 1.26210 60952 18 7.7 - 9.33767 97419 53 9, 38397 81856 34 
2.54201 00734 84 1.36794 54704 02 7.8 - 9.48318 23233 58 9.58934 97875 68 
2.66822 19640 86 1.47704 16591 47 7.9 - 9.62883 14889 78 9.79598 82575 76 
2. 79543 50784 95 1.58930 19987 43 8.0 - 9.77462 35841 76 10. 00387 79341 91 
2.92358 79116 75 1. 70463 82510 60 8.1 - 9.92055 50889 05 10. 21300 35337 97 
3.05262 43245 92 1.82296 63729 35 8.2 -10.06662 26112 05 10. 42335 01372 94 
3.18249 29542 71 1.94420 62885 89 8.3 -10.21282 28810 76 10. 63490 31773 72 
3.31314 67001 61 2.06828 16678 10 8.4 -10.35915 27447 20 10. 84764 84263 58 
3.44454 22757 38 2.19511 97123 13 8.5 -10.50560 91591 10 11.06157 19846 19 
3.57663 98160 21 2.32465 09517 70 8.6 -10.65218 91868 81 11, 27666 02694 74 
3. 70940 25331 00 2.45680 90502 77 8.7 -10.79888 99915 05 11. 49290 00045 92 
3.84279 64130 02 2.59153 06235 98 8.8 -10.94570 88327 39 11. 71027 82098 57 
3.97678 99482 49 2.72875 50671 88 8.9 ~-11.09264 30623 27 11.92878 21916 70 
4.11135 39012 79 2.86842 43947 56 9.0 -11.23969 01199 39 12. 14839 95336 59 
4.24646 10946 69 3.01048 30870 18 9.1 -11.38684 75293 27 12. 36911 80877 89 
4.38208 62246 51 3.15487 79501 77 9.2 -11.53411 28946 97 12. 59092 59658 40 
4.51820 56949 47 3.30155 79836 24 9.3 -11.68148 38972 65 12. 81381 15312 39 
4.65479 74683 75 3.45047 42563 18 9.4 -11.82895 82920 01 13. 03776 33912 29 
4.79184 09340 18 3.60157 97913 33 9.5 -11.97653 39045 38 13, 26277 03893 53 
4.92931 67880 70 3.75482 94580 13 9.6  -12.12420 86282 47 13. 48882 15982 45 
5.06720 69267 30 3.91017 98712 52 9.7 -12.27198 04214 52 13. 71590 63127 03 
5.20549 43497 23 4.06758 92973 81 9.8 -12.41984 73048 02 13.94401 40430 46 
5.34416 30732 30 4.22701 75662 27 9.9 -12.56780 73587 55 14.17313 45087 16 
5.48319 80511 50 4, 38842 59888 87 10.0 -12.71585 87212 03 14, 40325 76321 42 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 
v=1.5 

y # In T(z) J In T(z) y # in T(z) F InT(z) 
0.0 - 0.12078 22376 35 0.00000 00000 00 5.0 - 5.32063 00229 09 4.52667 02683 19 
0.1 - 0.12545 03928 11 0.00378 68415 10 5.1 - 5.45809 92990 12 4.69038 46594 51 
0.2 - 0.13938 53175 79 0.00839 39012 17 5.2 - 5.59594 21987 69 4.85599 23475 89 
0.3 - 0.16238 37050 76 0.01460 80536 11 5.3 - 5.73414 48816 77 5.02345 93914 30 
0.4 - 0.19412 35254 45 0.02315 34211 15 5.4 - 5.87269 42552 05 5.19275 29984 42 
0.5 - 0.23418 63474 70 0.03466 89612 75 5.5 - 6.01157 79223 61 5. 36384 14702 24 
0.6 - 0.28208 36136 63 0.04969 46638 36 5.6 - 6.15078 41337 33 5.53669 41510 65 
0.7 - 0.33728 34790 33 0.06866 64150 66 5.7 - 6.29030 17435 55 5.71128 13794 95 
0.8 - 0.39923 54301 20 0.09191 83319 43 5.8 - 6.43012 01693 96 5. 88757 44426 18 
0.9 - 0.46739 08704 08 0.11969 06415 60 5.9 - 6.57022 93551 39 6.06554 55330 63 
1.0 - 0.54121 88685 47 0.15214 09934 52 6.0 - 6.71061 97369 14 6. 24516 77083 65 
1.1  - 0.62021 70896 71 0.18935 73091 01 6.1 - 6.85128 22117 36 6. 42641 48526 40 
1.2 ~~ 0.70391 84698 97 0. 23137 07067 73 6.2 - 6.99220 81085 67 6, 60926 16403 83 
1.3 - 0.79189 44573 28 0.27816 75270 32 6.3 - 7.13338 91616 09 6. 79368 35022 65 
1.4 - 0.88375 56946 74 0.32969 99180 52 6.4 - 7.27481 74856 07 6.97965 65928 01 
1.5 - 0.97915 09391 81 0.38589 47712 67 6.5 - 7.41648 55529 97 7.16715 77597 60 
1.6 - 1.07776 48736 47 0.44666 10201 49 6.6 - 7.55838 61727 29 7.35616 45152 22 
1.7  - 1.17931 53061 81 0.51189 54441 75 6.7 - 7.70051 24706 26 7.54665 50081 65 
1.8 - 1.28355 01134 19 0.58148 71805 09 6.8 - 7.84285 78711 49 7.73860 79984 87 
1.9 - 1.39024 41643 92 0.65532 11610 93 6.9 - 7.98541 60804 40 7.93200 28323 86 
2.0 - 1.49919 63725 85 0. 73328 06816 91 7.0 - 8.12818 10705 51 8.12681 94190 02 
2.1 - 1.61022 69592 23 0.81524 92850 60 7.1 = 8.27114 70647 52 8. 32303 82082 45 
2.2  - 1.72317 49667 28 0.90111 21116 92 7.2  - 8.41430 85238 40 8.52064 01697 48 
2.3 - 1.83789 60327 96 0.99075 68430 94 7.3 - 8.55766 01333 52 8.71960 67728 67 
2.4 - 1.95426 04180 71 1.08407 43370 92 7.4 - 8.70119 67916 34 8.91991 99676 60 
2.5 - 2.07215 12706 83 1.18095 90329 08 7.5 - 8.84491 35986 81 9.12156 21668 12 
2.6 - 2.19146 31061 38 1.28130 91860 05 7.6 - 8.98880 58456 98 9.32451 62284 17 
2.7. - 2.31210 04795 77 1.38502 69784 97 7.7. -. 9.13286 90053 22 9.52876 54395 97 
2.8  - 2.43397 68277 27 1.49201 85397 98 7.8 - 9.27709 87224 65 9. 73429 35008 92 
2.9 - 2.55701 34593 17 1.60219 39035 70 7.9 - 9.42149 08057 13 9.94108 45113 82 
3.0 - 2.68113 86746 74 1.71546 69204 67 8.0 —- 9.56604 12192 67 10,14912 29545 01 
3,1 - 2.80628 69972 89 1.83175 51411 18 8.1 - 9.71074 60753 60 10.35839 36845 06 
3.2 - 2.93239 85022 62 1.95097 96800 61 8.2 - 9.85560 16271 36 10. 56888 19135 53 
3.3 - 3.05941 82284 63 2.07306 50684 28 8.3 -10.00060 42619 46 10.78057 31993 69 
3.4 + 3.18729 56630 57 2.19793 91011 06 8.4 -10.14575 04950 41 10.99345 34334 60 
3.5 - 3.31598 42885 64 2.32553 26824 38 8.5 -10.29103 69636 22 11.20750 88298 51 
3.6 - 3.44544 11840 65 2.45577 96733 92 8.6 -10.43646 04212 40 11.42272 59143 12 
3.7  - 3.57562 66733 10 2.58861 67421 82 8.7 -10.58201 7732509 11.63909 15140 53 
3.8 - 3.70650 40135 44 2.72398 32197 35 8.8 -10.72770 5868109 11.85659 27478 60 
3.9 - 3.83803 91197 27 2.86182 09608 36 8.9 -10.87352 1900077 12.07521 70166 56 
4.0 —- 3.97020 03195 93 3.00207 42115 08 9.0 -11.01946 29973 44 12,29495 19944 46 
4.1 - 4,10295 81356 26 3.14468 94828 47 9.1 -11.16552 64215 28 12.51578 56196 58 
4.2 - 4.23628 50905 75 3. 28961 54314 23 9,2 -11.31170 95229 33 12.73770 60868 20 
4.3 - 4.37015 55336 09 3.43680 27461 51 9,3 -11.45800 97367 84 12.96070 18385 99 
4,4 - 4.50454 54845 89 3.58620 40415 07 9.4 -11.60442 45796 38 13.18476 15581 47 
4.5 - 4.63943 24943 00 3.73777 37568 62 9.5 +-11.75095 16459 94 =13, 40987 41617 61 
4.6 - 4.77479 55187 51 3.89146 80616 79 9.6 -11.89758 86050 76 13.63602 87918 31 
4.7 - 4.91061 48059 11 4.04724 47663 05 9.7 -12.04433 31977 78 13.86321 48100 75 
4.8 - 5.04687 17934 63 4.20506 32380 55 9.8  -12.19118 3233759 14.09142 17910 27 
4.9 - 5.18354 90163 32 4, 36488 43223 09 9.9 -12.33813 65886 95 14,32063 95157 82 
5.0 - 5.32063 00229 09 4.52667 0268319 10.0 -12.485191201651 14.55085 79659 84 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 
c=1.6 
&4in T(z) F In T(z) y 4 \n Y(z) F In T(z) 

0.11259 17656 97 0.00000 00000 00 5.0 - 5.15767 38696 89 4. 66298 63139 40 
0. 11687 93076 07 0.01272 17953 11 5.1 - 5.29324 00046 70 4.82709 89421 23 
0.12968 70233 13 0.02614 08547 67 5.2 - 5.42921 38858 50 4.99309 00410 26 
0.15085 38452 14 0.04092 98346 69 5.3 - 5.56558 05247 67 5.16092 64732 77 
0.18012 29875 82 0.05771 47266 93 5.4 - 5.70232 57347 10 5.33057 61938 29 
0.21715 76591 72 0.07705 74009 90 5.5 - 5.83943 60752 49 5.50200 82001 33 
0. 26155 99560 50 0.09944 39491 75 5.6 - 5.97689 88014 04 5.67519 24850 30 
0.31289 07142 69 0.12527 90746 90 5.7 - 6 11470 18170 24 5.85009 99922 08 
0. 37068 83847 40 0. 15488 59553 99 5.8 - 6.25283 36319 59 6.02670 25740 71 
0.43448 55339 80 0.18851 04588 87 5.9 - 6.39128 33226 66 6. 20497 29518 79 
0. 50382 21960 58 0.22632 83631 44 6.0 - 6,53004 04959 33 6. 38488 46780 37 
0. 57825 58588 66 0. 26845 42738 89 6.1 - 6.66909 52554 28 6.56641 21003 90 
0. 65736 82809 44 0. 31495 11405 00 6.2 - 6.80843 81708 20 6. 74953 03284 11 
0. 74076 95833 61 0. 36583 95580 78 6.3 ~- 6.94806 02492 33 6. 93421 52011 79 
0, 82810 01661 20 0.42110 63293 75 6.4 - 7.08795 29088 41 7.12044 32570 25 
0.91903 10002 05 0.48071 20031 31 6.5 - 7.22810 79544 00 7.30819 17047 52 
1.01326 27864 52 0.54459 72874 22 6.6 - 7.36851 75545 64 7.49743 83963 44 
1.11052 43845 66 0.61268 83586 73 6.7 - 7.50917 42208 19 7. 68816 18010 64 
1.21057 08228 70 0. 68490 11588 51 6.8 - 7.65007 07879 17 7. 88034 09808 67 
1. 31318 11150 50 0.76114 48080 60 6.9 - 7.79120 03956 68 8.07395 55670 43 
1.41815 60399 85 0.84132 42695 09 7.0 - 7.93255 64719 90 8. 26898 57380 27 
1.52531 59861 47 0.92534 23984 61 7.1 - 8.07413 27171 08 8. 46541 21983 05 
1. 63449 89215 98 1.01310 14934 56 7.2 - 821592 30888 20 8. 66321 61583 45 
1.74555 85219 99 1.10450 44515 88 7.3 - 8.35792 17887 32 8. 86237 93155 10 
1, 85836 24696 22 1.19945 56127 07 7.4 - 8, 50012 32493 99 9. 06288 38358 78 
1.97279 09238 15 1.29786 13618 36 7.5 - 8.64252 21222 97 9. 26471 23369 30 
2.08873 51557 24 1.39963 05453 39 7.6 - 8.78511 32665 62 9.46784 78710 61 
2.20609 63358 10 1.50467 47448 81 7.7 - 8.92789 17384 38 9.67227 39098 48 
2. 32478 44606 95 1.61290 84436 93 7.8 - 9.07085 27813 87 9.87797 43290 61 
2.44471 74052 94 1.72424 91120 48 7.9 - 9.21399 18168 02 10.08493 33943 44 
2. 56582 00865 46 1.83861 72327 21 8.0 - 9.35730 4435292 10,.29313 57475 61 
2. 68802 37258 40 1.95593 62824 65 8.1 - 9.50078 63884 89 10.50256 63937 51 
2.81126 51983 53 2.07613 26817 55 8.2 - 9.64443 35813 39 10.71321 06886 60 
2.93548 64586 59 2.19913 57221 55 8.3 - 9.78824 20648 48 10.92505 43268 31 
3.06063 40331 69 2.32487 74784 17 8.4 - 9.93220 80292 58 11.13808 33302 08 
3.18665 85710 48 2.45329 27106 82 8.5 -10.07632 7797598 11.35228 40372 42 
3, 31351 44463 00 2.58431 87608 00 8.6 -10.22059 78196 20 11.56764 30924 55 
3.44115 94046 31 2.71789 54457 96 8.7 -10.36501 46660 67 11.78414 74364 58 
3.56955 42495 22 2.85396 49506 80 8.8 -10.50957 5023255 12,00178 42963 80 
3. 69866 25626 62 2.99247 17222 46 8.9 -10.65427 56879 66 12.22054 11767 06 
3.82845 04545 47 3.13336 23649 B89 9.0 ~-10.79911 3562611 12.44040 58504 89 
3.95888 63415 67 3.27658 55399 89 9.1 -10.94408 56506 53 =12,66136 63509 22 
4.08994 07464 23 3.42209 18672 73 9.2 -11.08918 90522 76 12.88341 09632 56 
4, 22158 61190 90 3.56983 38320 36 9.3. -11.23442 09602 86 13.10652 82170 40 
4.35379 66759 32 3.71976 56948 92 9.4 -11.37977 86562 21 13.33070 68786 75 
4. 48654 82548 65 3.87184 34062 62 9.5 -11.52525 95066 64 13,.55593 59442 57 
4.61981 81847 38 4.02602 45248 92 9.6 -11.67086 09597 45 13.78220 46327 06 
4.75358 51673 33 4.18226 81404 46 9.7 -11.81658 05418 21 14.00950 23791 60 
4.88782 91705 81 4.34053 48000 81 9.8  -11.96241 58543 24 14.23781 88286 23 
5.02253 13317 74 4, 50078 64388 72 9.9 -12,.10836 45707 60 14, 46714 38298 57 
5.15767 38696 89 4.66298 63139 40 10.0 -12.25442 44338 60 14.69746 74295 03 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 
v=1.7 

y A In T(z) JY In T(z) y 4 \n T(z) F In T(z) 

0.0 - 0.09580 76974 07 0.00000 00000 00 5.0 - 4.99429 42740 24 4.79738 98064 85 
0.1 - 0.09977 01624 55 0.02095 53101 47 5.1 - 5.12797 31077 O01 4.96193 49448 28 
0.2 - 0.11161 35203 43 0.04250 99781 99 5.2 - 5.26209 29486 79 5. 12834 25830 88 
0.3 - 0.13120 82417 20 0.06524 48506 20 5.3 - 5.39663 77210 79 5. 29658 04404 97 
0.4 - 0.15834 67099 43 0.08970 54480 34 5.4 —- 5.53159 21994 12 5.46661 72692 91 
0.5 - 0.19275 44989 43 0.11638 82473 83 5.5 - 5,66694 19505 53 5. 63842 28098 55 
0.6 - 0.23410 41754 11 0.14573 09476 06 5.6 - 5,80267 32805 14 5.81196 77481 03 
0.7 - 0.28203'01468 30 0.17810 70108 82 5.7 - 5.93877 31855 28 5.98722 36749 88 
0.8 —- 0.33614 32007 35 0.21382 42284 85 5.8 - 6,07522 93070 61 6.16416 30480 45 
0.9 - 0.39604 36829 33 0.25312 66649 29 5.9 - 621202 98903 76 6.34275 91548 66 
1.0 - 0.46133 26441 19 0.29619 91243 57 6.0 - 6.34916 37463 25 6.52298 60784 05 
1.1 - 0.53162 06562 78 0.34317 32455 42 6.1 - 6.48662 02160 75 6. 70481 86640 24 
1.2 - 0.60653 43029 30 0.39413 44205 39 6.2 - 6.62438 91385 04 6. 88823 24881 89 
1.3 - 0.68572 05552 37 0.44912 88915 80 6.3 —- 6.76246 08200 42 7.07320 38287 20 
1.4 - 0.76884 93610 19 0.50817 05624 82 6.4 - 6.90082 60067 27 7.25970 96365 25 
15 - 0.85561 48134 32 0.57124 72307 84 6.5 - 7.03947 58582 98 7.44772 75087 22 
1.6 —- 0.94573 52538 42 0.63832 60866 03 6.6 - 7.17840 19241 47 7. 63723 56630 84 
1.7 - 1.03895 26210 76 0.70935 84280 02 6.7 —- 7.31759 61209 77 7.82821 29137 39 
1.8 - 1.13503 13039 83 0. 78428 36123 89 6.8 - 7.45705 07120 18 8.02063 86480 35. 
19 - 1.23375 66975 90 0.86303 23052 04 6.9 - 7.59675 82876 82 8.21449 28045 37 
2.0 - 1.33493 36116 09 0.94552 91079 51 7.0 - 7.73671 17475 34 8. 40975 58520 62 
2.1 - 1.43838 46369 05 1.03169 46541 37 7.1 - 7.87690 42834 81 8.60640 87697 25 
2.2 - 1.54394 85411 53 1.12144 72591 94 7.2 - 8.01732 93640 69 8. 80443 30279 13 
2.3 - 1.65147 87389 10 1.21470 42030 73 7.3 - 8.15798 07198 22 9.00381 05701 63 
2.4 - 1.76084 18623 15 1.31138 27144 41 7.4 - 8.29885 23295 23 9.20452 37958 73 
2.5 - 1.87191 64452 44 1.41140 07152 26 7.5 - 8.43993 84073 80 9.40655 55438 14 
2.6 - 1.98459 17246 80 1.51467 73744 45 7.6 - 8.58123 33910 02 9.60988 90763 93 
2.7 - 2.09876 65571 99 1.62113 35114 76 7.7 - 8.72273 19301 22 9. 81450 80646 38 
2.8 —- 2.21434 84448 82 1.73069 18813 34 7.8 -—- 8.86442 88760 30 10.02039 65738 46 
2.9 - 2.33125 26629 53 1, 84327 73680 71 7.9 - 9.00631 92716 38 10.22753 90498 84 
3.0 - 2.44940 14805 61 1.95881 71071 34 8.0 - 9.14839 8342151 10.43592 03060 85 
3.1 - 2.56872 34658 89 2.07724 05531 98 8.1 - 9.29066 14862 98 10.64552 55107 28 
3.2 - 2.68915 28670 03 2.19847 95064 74 8.2 - 9.43310 42680 75 10.85634 01750 59 
3.3. - 2.81062 90603 59 2.32246 81077 41 8.3 - 9.57572 24089 73 =11.06835 01418 23 
3.4 - 2.93309 60594 79 2.44914 28100 87 8.4 - 9.71851 1780654 11.28154 15743 00 
3.5 - 3.05650 20770 24 2.57844 23336 16 8.5 - 9,86146 83980 47 11.49590 09457 89 
3.6 - 3.18079 91341 33 2.71030 76079 67 8.6 -10.00458 84128 32) 11.71141 50295 52 
3.7 - 3.30594 27115 93 2.84468 17064 22 8.7 -10.14786 81072 85 11.92807 08891 58 
3.8 - 3.43189 14379 84 2.98150 97744 80 8.8 -10.29130 38884 74 12.14585 58692 46 
3.9 - 3.55860 68105 24 3.12073 89551 42 8.9 -10.43489 2282758 12.36475 75866 47 
4.0 - 3.68605 29448 47 3.26231 83125 99 9.0 -10.57862 99305 96 12,58476 39218 81 
4.1 - 3.81419 63503 82 3.40619 87555 93 9.1 -10.72251 35816 27 =12.80586 30109 93 
4,2 - 3.94300 57284 13 3.55233 29614 33 9.2 -10.86654 00900 14 13.02804 32377 08 
4.3 - 4.07245 17902 59 3.70067 53013 46 9.3 -11.01070 64100 32 13,25129 32259 06 
4.4 - 4,20250 70933 22 3.85118 17677 02 9.4 -11.15500 95918 83 13,47560 18323 86 
4.5  - 4,33314 58930 01 4.00380 99034 45 9.5 -11.29944 67777 28 13.70095 81399 16 
4.6 - 4.46434 40087 52 4.15851 87339 90 9.6 -11.44401 51979 25 13.92735 14505 47 
4,7  - 4.59607 87027 47 4.31526 87017 23 9.7 -11.58871 21674 47 = 14.15477 12791 90 
4.8 - 4.72832 85697 79 4.47402 16031 94 9.8 -11.73353 5082491 14, 38320 73474 23 
4.9 - 4,86107 34372 26 4.63474 05290 18 9.9 -11.87848 14172 43 14,61264 95775 51 
5.0 - 4.99429 42740 24 4.79738 98064 85 10.0 -12.02354 87208 09 14,84308 80868 68 
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GAMMA FUNCTION AND RELATED FUNCTIONS 285 
GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 


z=1.8 
& \n T(z) F In T(z) y &in T(z) F In T(z) 


0.07108 38729 14 0.00000 00000 00 4.83045 68451 13 4.92989 76263 84 
0.07476 57386 86 0.02858 63331 36 4.96226 53555 54 5.09490 86275 80 
0.08577 55297 09 0.05769 29209 31 5.09454 72216 70 5. 26176 50781 04 
0.10400 76857 32 0.08782 58538 91 5.22728 53433 89 5. 43043 56009 62 
0.12929 22486 30 0.11946 40495 57 5. 36046 35143 73 5. 60088 97905 12 


0.16140 31015 52 0.15304 83729 82 5.49406 63619 68 5.77309 81726 78 
0. 20006 82029 53 0.18897 35429 70 5.62807 92920 13 5.94703 21669 16 
0. 24498 08149 51 0.22758 31014 17 5. 76248 84380 56 6.12266 40498 86 
0.29581 07721 71 0.26916 73612 58 5.89728 06145 63 6. 29996 69207 68 
0.35221 50054 25 0. 31396 39650 50 6.03244 32737 64 6.47891 46681 58 


0.41384 67690 74 0.36216 05120 09 6.16796 44658 02 6. 65948 19384 99 
0.48036 32669 52 0. 41389 86472 00 6. 30383 28019 05 6. 84164 41059 65 


 rttu 


0.55143 15880 74 0.46927 90315 88 . - 6.44003 74202 92 7.02537 72437 42 
0.62673 30272 43 0.52836 66950 54 2 - 6.57656 79546 04 7.21065 80966 53 
0.70596 59713 03 0.59119 63857 23 . - 6.71341 45046 23 7.39746 40550 43 
0.78884 75850 80 0.65777 76436 65 . - 6.85056 76090 92 7.58577 31298 85 
0.87511 45440 57 0. 72809 94297 11 ° - 6.98801 82204 65 7.77556 39290 39 
0.96452 30468 26 0.80213 42229 48 7 - 7.12575 76814 17 7.96681 56346 11 
1, 05684 83111 80 ~ 0.87984 15616 08 . - 7.26377 77029 87 8.15950 79813 46 
1.15188 37223 02 0.96117 10434 30 . - 7.40207 03441 98 8.35362 12360 30 
1.24943 97659 29 1.04606 48267 65 . - 7.54062 79930 63 8.54913 61778 15 
1.34934 28469 99 1.13445 96865 98 . - 7.67944 33488 49 8.74603 40794 54 
1.45143 40669 35 1.22628 86841 72 . - 7.81850 94055 06 8.94429 66893 74 
1.55556 80105 11 1.32148 25078 65 . - 7.95781 94361 78 9.14390 62145 64 
1.66161 15761 22 1.41997 05387 49 ~ 8.09736 69787 03 9.34484 53042 25 


1.76944 28703 84 1.52168 16884 90 
1.87895 01786 38 1.62654 50508 69 
1.99003 10163 61 1.73449 04020 35 
2.10259 12619 95 1.84544 85788 28 
2.21654 43688 12 1.95935 17594 45 


2.33181 06516 27 2.07613 36663 29 


8.23714 58220 35 9.54709 70341 42 
8.37714 99935 16 9.75064 48917 54 
8.51737 37469 39 9.95547 27618 74 
8.65781 15513 42 10. 16156 49130 30 
8.79845 80804 75 10. 36890 59844 02 


8. 93930 82029 08 10. 57748 09733 12 


2. 44831 66432 13 2.19572 97074 49 . - 9.08035 69727 14 10. 78727 52232 56 
2.56599 45147 78 2.31807 70690 52 . - 9.22159 96207 08 10. 99827 44124 32 
2.68478 15548 41 2.44311 47704 17 . - 9.36303 15461 81 11. 21046 45427 62 


9.50464 83091 20 11. 42383 19293 59 


- 9.64644 56228 63 11. 63836 31904 38 
~ 9.78841 93471 63 11. 85404 52376 37 
- 9.93056 54816 43 12. 07086 52667 34 
-10.07288 01596 06 12. 28881 07487 37 
-10. 21535 96421 85 12, 50786 94213 31 


-10. 35800 03128 01 12. 72802 92806 69 
-10.50079 86719 24 12.94927 85734 79 
-10. 64375 13321 05 13.17160 57894 90 
-10. 78685 50132 67 13. 39499 96541 43 
~10.93010 65382 43 13, 61944 91215 87 


-11.07350 28285 39 13, 84494 33679 42 
~11. 21704 09003 12 14,07147 17848 17 
-11.36071 78605 47 14, 29902 39730 75 
-11.50453 09034 33 14, 52758 97368 21 
-11. 64847 73069 06 14. 75715 90776 29 


2.80461 97009 53 2.57078 36890 62 


2.92545 51190 19 2.70102 65631 50 
3.04723 78253 42 2.83378 79764 90 
3.16992 13469 31 2.96901 43304 05 
3.29346 24159 89 3.10665 38058 79 
3.41782 06949 39 3.24665 63186 51 


3.54295 85286 89 3.38897 34693 93 
3. 66884 07212 13 3.53355 84906 21 
3.79543 43338 26 3. 68036 61916 47 
3.92270 85028 21 3.82935 29025 75 
4.05063 42744 24 3.98047 64181 31 


4.17918 44552 05 4.13369 59419 14 
4.30833 34763 48 4. 28897 20315 17 
4.43805 72703 06 4.44626 65448 66 
4.56833 31585 96 4.60554 25879 92 
4.69913 97495 61 4.76676 44644 38 


4.83045 68451 13 4.92989 76263 84 
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-11.79255 44293 69 14, 98772 21889 61 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 
r=1.9 

y 2#\n T(z) F In T(z) y # \n T(z) F In T(z) 

0. - 0.03898 42759 23 0.00000 00000 00 ° - 4.66612 81728 77 5.06052 77830 38 
0. -~ 0.04242 16648 18 0.03569 47077 36 . ~ 4.79608 44074 24 5.22603 70297 75 
0. ~ 0.05270 43596 13 0.07184 49288 73 ° - 4.92654 53878 64 5. 39337 36626 27 
0. - 0.06974 53071 16 0.10889 51730 33 . - 5.05749 30552 47 5.56250 72499 47 
0. ~- 0.09340 38158 25 0.14726 87453 39 . ~ 5.18891 02823 51 5. 73340 82679 93 
0. - 0.12349 16727 26 0.18735 90383 60 5 - 5.32078 08121 05 5.90604 80662 49 
0. - 0.15978 08372 30 0.22952 28050 02 . - 5.45308 92008 98 6. 08039 88340 38 
0. - 0.20201 20244 82 0.27407 56544 06 . - 5.58582 07663 21 6. 25643 35684 02 
0. ~ 0.24990 35004 09 0.32128 97690 64 . - 5.71896 15389 41 6.43412 60432 49 
0. - 0.30315 95035 34 0.37139 36389 55 . ~ 5.85249 82177 50 6. 61345 07797 49 
1. 0. 36147 78527 10 0.42457 34706 81 . 5.98641 81289 78 6, 79438 30179 35 
l. 0.42455 64621 11 0.48097 58618 37 . 6.12070 91879 56 6. 97689 86894 96 
1. 0.49209 86372 39 0.54071 13247 70 . 6.25535 98637 85 7.16097 43917 16 


6.39035 91465 66 7.34658 73625 14 
6.52569 65169 71 7.53371 54565 59 


0.56381 71504 20 0.60385 82827 52 
0.63943 71834 98 0.67046 72268 81 


ee 
[| 
ee 


“tht 


6.66136 19179 75 7.72233 71224 13 
6.79734 57285 54 7.91243 13806 57 
6. 93363 87392 01 8.10397 78029 64 
7.07023 21291 12 8.29695 64920 80 
7.20711 74449 04 8. 49134 80626 65 


0.71869 82795 42 0.74056 47971 47 
0.80135 54698 30 0.81415 76239 52 
0.88717 97447 03 0.89123 58296 55 
0.97595 80247 42 0.97177 61401 47 
1.06749 27687 53 1.05574 45936 43 


1.16160 13318 68 1.14309 88592 34 
1.25811 51641 83 1, 23379 01934 57 
1.35687 89195 14 1.32776 50714 39 
1.45774 95259 72 1.42496 65323 75 
1.56059 52554 63 1.52533 52787 28 


1.66529 48176 11 1.62881 05662 06 
1.77173 64947 51 1.73533 09179 80 
1.87981 73280 00 1.84483 46926 69 
1.98944 23595 80 1.95726 05315 67 
2.10052 39332 16 2.07254 77068 08 


7.34428 65807 56 8.68713 36229 72 
7.48173 17598 49 8. 88429 47573 07 
7.61944 55170 18 9.08281 35092 45 
7.75742 06825 11 9. 28267 23655 74 
7.89565 03667 87 9. 48385 42409 11 


8.03412 79462 62 9.68634 24629 88 
8.17284 70499 43 9, 89012 07585 45 
8.31180 15468 79 10, 09517 32398 33 
8.45098 55343 75 10, 30148 43916 76 
8.59039 33269 14 10.50903 90590 64 


8.73001 94457 32 10. 71782 24352 78 
8. 86985 86090 10 10.92782 00504 91 
9.00990 57226 31 11. 13901 77608 39 
9.15015 58714 69 11. 35140 17379 39 
9.29060 43111 75 11. 56495 84588 29 


9.43124 64604 23 11. 77967 46963 13 
9.57207 78935 85 11. 99553 75096 87 
9.71309 43338 13 12, 21253 42358 42 
9.85429 16464 97 12. 43065 24807 06 
9.99566 58330 75 12. 64988 01110 27 


-10.13721 30251 72 12.87020 52464 75 
-10. 27892 94790 52 13.09161 62520 42 
-10. 42081 15703 58 13. 31410 17307 41 
-10,56285 57891 26 13.53765 05165 78 
~10. 70505 87350 54 13. 76225 16677 85 


-10, 84741 71130 08 13. 98789 44603 16 
~10,98992 77287 64 14, 21456 83815 73 
-11.13258 74849 48 14, 44226 31243 75 
-11.27539 33771 93 14. 67096 85811 36 
-11. 41834 24904 66 14.90067 48382 65 


-11.56143 19955 88 15. 13137 21707 60 
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ee 
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ee 
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2.21298 10520 42 2.19063 63887 13 
2. 32673 87919 77 2.31146 78475 36 
2.44172 77675 72 2.43498 46022 00 
2.55788 36468 15 2.56113 05263 98 
2.67514 67111 48 2. 68985 09205 60 


2.79346 14569 24 2.82109 25566 19 
2.91277 62346 38 2.95480 37012 40 
3.03304 29224 14 3.09093 41220 91 
3.15421 66305 10 3.22943 50808 91 
3.27625 54337 96 3.37025 93162 16 


3.39912 01294 42 3.51336 10185 24 
3.52277 40173 08 3.65869 57993 21 
3.64718 27007 49 3.80622 06560 50 
3.77231 39057 84 3.95589 39339 63 
3.89813 73167 71 4.10767 52859 66 


4.02462 44269 53 4, 26152 56312 41 
4.15174 84023 59 4;41740 71132 72 
4.27948 39577 56 4.57528 30577 67 
4.40780 72434 44 4.73511 79308 60 
4.53669 57418 38 4.89687 72979 01 


4.66612 81728 77 5.06052 77830 38 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 


r=2.0 
#4 in P(z) JF In T(z) y # \n T(z) F In T(z) 


0.00000 00000 00 0.00000 00000 00 4.50127 58755 42 5.18929 93415 60 
0.00322 26151 39 0.04234 57120 74 4.62939 88796 82 5.35533 82031 27 
0.01286 59357 41 0.08509 33372 06 4. 75805 70222 52 5. 52318 54439 62 
0.02885 74027 79 0.12863 61223 10 4.88723 13522 76 5.69281 16137 11 
0.05107 93722 62 0.17335 05507 97 5.01690 38831 33 5. 86418 81052 00 


0.07937 37235 30 0.21958 93100 95 5.14705 75299 57 6, 03728 71248 73 
0.11354 77183 40 0.26767 56897 80 5.27767 60518 81 6. 21208 16640 30 
0.15338 06308 81 0. 31789 96132 02 5. 40874 39987 03 6. 38854 54709 43 
0.19863 06626 31 0.37051 53392 47 5.54024 66615 82 6.56665 30238 56 
0. 24904 17059 66 0.42574 07261 44 5.67217 00274 24 6. 74637 95048 97 


0. 30434 96090 22 0. 48375 78429 30 5. 80450 07366 29 6. 92770 07748 95 
0.36428 77010 76 0.54471 46524 35 5.93722 60439 25 7.11059 33491 13 
0.42859 14442 42 0.60872 74700 17 6.07033 37820 31 7.29503 43738 76 
0.49700 21701 52 0.67588 39160 88 6. 20381 23278 98 7.48100 16040 81 
0. 56926 99322 58 0. 74624 61166 63 6.33765 05713 36 7. 66847 33815 76 


0.64515 55533 76 0.81985 39537 67 6. 47183 78858 22 7.85742 86143 76 
0. 72443 19760 33 0.89672 82178 63 6. 60636 41013 16 8.04784 67567 00 
0. 80688 50339 42 0.97687 35612 07 6. 74121 94789 19 8. 23970 77898 07 
0. 89231 37613 78 1.06028 11909 26 6.87639 46872 45 8. 43299 22035 86 
0.98053 03476 69 1.14693 12720 53 7.01188 07803 50 8.62768 09788 99 


1.07135 98302 14 1.23679 50341 04 7.14766 91771 18 8.82375 55706 27 
1.16463 96040 42 1.32983 65907 26 7.28375 16419 82 9.02119 78914 05 
1.26021 88108 76 1.42601 44920 94 7.42012 02668 81 9.21999 02960 14 
1.35795 76568 48 1.52528 30352 04 7.55676 74543 62 9. 42011 55664 09 
1.45772 66961 57 1.62759 33595 36 7.69368 59017 46 9.62155 68973 45 


1.55940 61080 61 1.73289 43555 35 7.83086 85862 69 9. 82429 78825 87 
1, 66288 49866 52 1.84113 34120 22 7.96830 87511 38 10. 02832 25016 83 
1. 76806 06566 17 1.95225 70264 63 8.10599 98924 36 10. 23361 51072 54 
1. 87483 80234 65 2.06621 12994 71 8. 24393 57468 08 10. 44016 04128 09 
1.98312 89631 02 2.18294 23322 91 8.38211 02798 83 10. 64794 34810 35 


2.09285 17530 93 2.30239 65434 67 8.52051 76753 67 10. 85694 97125 60 
2. 20393 05460 64 2.42452 09185 18 8.65915 23247 82 11. 06716 48351 59 
2.31629 48844 77 2.54926 32043 52 8. 79800 88177 87 11. 27857 48933 86 
2.42987 92551 37 2.67657 20582 60 8.93708 19330 47 11. 49116 62386 10 
2.54462 26813 03 2.80639 71597 50 9.07636 66296 28 11. 70492 55194 45 


2.66046 83499 73 2.93868 92920 59 9.21585 80388 55 11. 91983 96725 52 
2.77736 32717 84 3.07340 03990 47 9.35555 14566 37 12, 13589 59137 86 
2.89525 79709 78 3.21048 36221 88 9.49544 23361 92 12, 35308 17297 01 
3.01410 62029 30 3.34989 33215 16 9.63552 62811 84 12.57138 48693 62 
3.13386 46968 42 3.49158 50837 57 9.77579 90392 11 12. 79079 33364 76 


- 9.91625 64956 49 13, 01129 53818 23 
-10. 05689 46678 12 13. 23287 94959 63 
-10.19770 96994 20 13, 45553 44022 19 
-10. 33869 78553 49 13.67924 90499 21 
-10. 47985 55166 49 13. 90401 26078 95 


-10.62117 91758 12 14,12981 44581 93 
-10. 76266 54322 81 14. 35664 41900 46 
-10.90431 09881 75 14. 58449 15940 42 
-11. 04611 26442 29 14, 81334 66565 09 
-11. 18806 72959 27 15, 04319 95540 92 


-11.33017 19298 27 15. 27404 06485 34 
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3.25449 29213 81 3.63551 57202 41 
3.37595 28711 45 3. 78164 32567 78 
3.49820 88720 59 3.92992 69172 45 
3.62122 74039 03 4.08032 71023 23 
3.74497 69383 89 4, 23280 53645 81 


3.86942 77912 99 4, 38732 43808 43 
3.99455 19873 65 4.54384 79226 20 
4.12032 31366 90 4. 70234 08252 48 
4. 24671 63216 20 4.86276 89562 20 
4.37370 79930 87 5.02509 91831 32 


4.50127 58755 42 5.18929 93415 60 
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Table 6.8 DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 


x=1.0 

y A(z) Fo(2) y A(z) 442) 
0.0 -0.57721 56649 0.00000 5.0 1.61278 48446 1.47080 
0.1 -0.56529 77902 0.16342 5.1 1.63245 69889 1.47276 
0,2 -0.53073 04055 0.32064 5.2 1.65175 20861 1.47464 
0.3 -0.47675 48934 0.46653 5.3 1.67068 42228 1.47646 
0.4 -0.40786 79442 0.59770 5.4 1.68926 67162 1.47820 
0.5 -0.32888 63572 0.71269 5.5 1.70751 21687 1.47989 
0.6 -0.24419 65809 0.81160 5.6 1.72543 25175 1.48151 
0.7 -0,15733 61258 0.89563 5.7 1.74303 90807 1.48308 
0.8 -0.07088 34022 0.96655 5.8 1.76034 25988 1.48459 
0.9 +0,01345 20154 1.02628 5.9 1.77735 32733 1.48605 
1.0 0.09465 03206 1.07667 6.0 1.79408 08018 1.48746 
1,1 0.17219 05426 1.11938 6.1 1.81053 44105 1.48883 
1.2 0.24588 65515 1.15580 6.2 1.82672 28842 1.49015 
1,3 0.31576 20906 1.18707 6.3 1.84265 45939 1.49143 
1.4 0.38196 28134 1,21413 6.4 1.85833 75219 1.49267 
1.5 0.44469 79402 1.23772 6.5 1.87377 92858 1.49387 
1.6 0.50420 34618 1.25843 6.6 1.88898 71602 1.49504 
1.7 0.56072 00645 1.27675 6.7 1.90396 80964 1.49617 
1.8 0.61448 06554 1.29306 6.8 1.91872 87422 1.49727 
19 0.66570 39172 1.30766 6.9 1.93327 54582 1.49833 
2.0 0.71459 15154 1.32081 7.0 1.94761 43346 1.49937 
2.1 0.76132 74328 1.33271 7.1 1.96175 12062 1.50037 
2.2 0.80607 84807 1.34353 7.2 1.97569 16663 1.50135 
2.3 0.84899 54079 1.35341 73 1.98944 10799 1.50230 
2.4 0.89021 42662 1.36246 7.4 2.00300 45959 1.50323 
2.5 0.92985 78387 1.37080 7.5 2.01638 71585 1.50413 
2.6 0.96803 70243 1.37849 7.6 2.02959 35177 1.50501 
2.7 1.00485 21252 1.38561 7.7 2.04262 82397 1.50586 
2.8 1.04039 40175 1.39222 7.8 2.05549 57159 1.50669 
2.9 1.07474 51976 1.39838 7.9 2.06820 01717 1.50751 
3.0 1.10798 07107 1.40413 8.0 2.08074 56749 1,50830 
3.1 1.14016 89703 1.40951 8.1 2.09313 61434 1.50907 
3.2 1.17137 24783 1.41455 8.2 2.10537 53524 1.50982 
3.3 1.20164 84581 1.41928 8.3 2.11746 69410 1.51056 
3.4 1.23104 94107 1.42374 8.4 2.12941 44191 1.51127 
3.5 1.25962 36033 1.42794 8.5 2.14122 11731 1.51197 
3.6 1.28741 54995 1.43191 8.6 2.15289 04718 1.51266 
3.7 1.31446 61381 1.43566 8.7 2.16442 54716 1.51332 
3.8 1.34081 34679 1.43922 8.8 2.17582 92217 1.51398 
3.9 1.36649 26435 1.44259 8.9 2.18710 46687 1.51462 
4.0 1.39153 62879 1.44580 9.0 2.19825 46616 1.51524 
41 1.41597 47255 1.44885 9.1 2.20928 19555 1.51585 
4.2 1.43983 61892 1.45175 9.2 2.22018 92160 1.51645 
4.3 1.46314 70060 1.45452 9.3 2.23097 90229 1.51703 
4.4 1.48593 17620 1.45716 9.4 2.24165 38740 1.51760 
4.5 1.50821 34505 1.45969 9.5 2.25221 61882 1.51816 
4.6 1.53001 36052 1.46210 9.6 2.26266 83093 1.51871 
4.7 1.55135 24197 1.46441 9.7 2.27301 25085 1.51925 
4.8 1.57224 88550 1.46663 9.8 2.28325 09877 1.51978 
4.9 1.59272 07370 1.46876 9.9 2.29338 58823 1.52029 
5.0 1.61278 48446 1.47080 10.0 2.30341 92637 1.52080 

ee) (-5)5 (-5)1 

5 6 Z 


SI (1+iy)=}xcoth ay 
v(z) to 5D, computed by M. Goldstein, Los Alamos Scientific Laboratory. 


AUXILIARY FUNCTION FOR %y(1+iy) 


vs aly) <y> b ae f(y) <y> 
0.11 0.00100 956 9 0.05 0.00020 839 20 
0.10 0.00083 417 10 0.04 0.00013 335 25 
0,09 0.00067 555 11 0,03 0.00007 501 33 
0.08 0.00053 368 13 0.02 0.00003 333 50 
0.07 0.00040 853 14 0.01 0.00000 833 100 
0.06 0.00030 O11 17 0.00 0,00000 000 0 
ee &y(1+iy)=In y+fa(y) | 
3 <y>=nearest integer to y. 3 
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8 
z=11 x=1,2 

Rv(2) Fv(z) y — AY(z) I¥(2) y #4 (2) Fu(z)  y A(z) I¥(2) 

-0.42375 0.00000 5.0 1.61498 1.45097 0.0 ~-0.28904 0.00000 5,0 1.61756 1.43125 
-0.41451 0.14258 5.1 1.63457 7745332 0,1 -0.28169 0.12620 5.1 1.63705 1.43396 
-0.38753 0.28082 5.2 1.65378 1.45557 0.2 -0.26014 0.24926 5.2 1.65617 1.43658 
-0.34490 0.41099 5.3 1.67264 4145774 0.3 -0.22578 0.36640 5,3 1.67494 1.43910 
-0.28961 0.53042 5.4 1.69115 4.45983 0.4 -0.18064 0.47552 5.4 1.69336 1.44152 
-0.22498 0.63764 5.5 1.70933 14,46184 0.5 -0.12710 0.57530 5.5 1.71146 1.44386 
-0,15426 0.73229 5.6 1.72718 1146378 0.6 -0.06753 0.66517 5.6 1.72924 1.44612 
-0,08023 0.81484 5.7 1.74473 1.46565 0.7 -0.00412 0.74519 5.7 1.74672 1.44829 
-0.00509 0.88630 5.8 1.76197 1.46746 0.8 +0.06130 0.81589 5.8 1.76390 1.45039 
+0.06954 0.94792 5.9 1.77893 1.46921 0.9 0.12730 0.87806 5.9 1.78079 1.45243 
0.14255 1.00102 6.0 1.79561 1.47090 1.0 0.19280 0.93260 6.0 1.79740 1.45439 
0.21327 1.04687 6.1 1.81201 3147253 1.1 0.25707 0.98046 6.1 1.81375 1.45629 
0.28131 1.08660 6.2 1.82815 414741] 1.2 0.31960 1.02252 62 1.82983 1.45813 
0.34649 1.12119 6.3 1.84404 1.47565 1.3 0.38012 1.05960 6.3 1.84567 1.45991 
0.40880 1.15146 6.4 1.85968 1.47713 1.4 0.43846 1.09240 6.4 1.86126 1.46164 
0.46829 1.17810 6.5 1.87508 1.47857 1.5 0.49459 1.12153 6,5 1.87661 1.46331 
0.52507 1.20169 6.6 1.89025 1.47996 1.6 0.54851 1.14752 6.6 1.89173 1.46493 
0.57930 1.22269 6.7 1.90519 4748132 1.7 0.60028 1.17082 6.7 1.90663 1.46651 
0.63111 1.24148 6.8 1.91992 1748263 1.8 0.64999 1.19179 6.8 1.92132 1.46803 
0.68067 1.25839 6.9 1.93443 1.48391 1.9 0.69774 1.21074 6.9 1.93579 1.46952 
0.72813 1.27368 7.0 1.94874 4.49515 2.0 0.74362 1.22794 7.0 1.95006 1.47096 
0.77363 1.28755 7.1 1.96284 3749635 2.1 0.78775 1.24362 7.1 1.96413 1.47236 
0.81730 1.30021 7.2 1.97675 4.48752 2.2 0.83022 1.25796 7.2 1.97800 1.47372 
0.85928 1.31179 7.3 1.99047 j.q4gg66 2.3 0.87114 1.27112 7,3 1.99169 1.47505 
0.89967 1.32243 7.4 2.00401 j/48977 2.4 0.91060 1.28323 7.4 2.00519 1.47634 
0.93858 1.33224 7.5 2.01736 2.49085 2.5 0.94868 1.29442 7.5 2.01852 1.47760 
0.97610 1.34131 7.6 2.03054 149190 2.6 0.98546 1.30478 7.6 2.03167 1.47882 
1.01234 1.34972 7.7 2.04356 3749292 2.7 1.02103 1.31441 7.7 2.04465 1.48001 
1.04736 1.35753 7.8 2.05640 1.49392 2.8 1.05546 1.32337 7.8 2.05746 1.48117 
1.08124 1.36482 7.9 2.06908 1749489 2.9 1.08881 1.33173 7.9 2.07012 1.48230 
1.11405 1.37162 8.0 2.08160 3.49584 3.0 1.12113 1.33955 8.0 2.08262 1.48341 
1.14586 1.37800 81 2.09397 1.49676 3.1 1.15250 1.34688 8.1 2.09496 1.48448 
1.17671 1.38398 8.2 2.10619 3.49767 3.2 1.18295 1.35377 8.2 2.10716 1.48553 
1.20667 1.38960 8.3 2.11826 1,49955 3.3 1.21254 1.36024 8.3 2.11921 1.48656 
1.23578 1.39489 8.4 2.13019 1.49940 3.4 1.24132 1.36635 84 2.13111 1.48756 
1.26409 1.39989 85 2.14198 7.50024 3.5 1.26932 1.37211 85 2.14288 1.48853 
1.29164 1.40461 86 2.15363 150106 3.6 1.29659 1.37756 8.6 2.15451 1.48949 
1.31847 1.40907 87 2.16515 1750186 3.7 1.32315 1.38272 8.7 2.16601 1.49042 
1.34461 1.41331 88 2.17654 17509265 3.8 1.34905 1.38761 8.8 2.17738 1.49133 
1.37010 1.41732 8,9 2.18780 4.50341 3.9 1.37432 1.39226 8.9 2.18862 1.49222 
39496 1.42114 9.0 2.19893 1.50416 4.0 1.39898 1.39667 9.0 2.19973 1.49310 

iaie24 1.42478 9.1 2.20995 17504g9 4.1 1.42306 1.40088 9,2 2.21073 1.49395 
1.44294 1.42824 9.2 2.22084 175056] 4.2 1.44659 1.40489 9,2 2.22160 1.49478 
1.46611 1.43154 9.3 2.23161 1.50632 4.3 1.46959 1.40871 9.3 2.23236 1.49560 
1.48876 1.43469 9.4 2.24228 4.50699 4.4 1.49209 1.41236 9.4 2.24301 1.49640 
: 1.43771 9,5 2.25283 1.50766 4.5 1.51410 1.41586 9.5 2.25354 1,49718 

1153261 1.44059 9.6 2.26326 egg 4.6 1.53565 1.41920 9.6 2.26397 1.49794 
1.55384 1.44335 9.7 2.27360 1750996 4.7 1.55676 1.42240 9.7 2.27429 1.49869 
1.57463 1.44600 9.8 2.28382 1150969 4.8 1.57743 1.42547 9.8 2.28450 1.49943 
1.59501 1.44854 9.9 2.29395 4.53021 4.9 1.59769 1.42842 9.9 2.29461 1.50015 
1.61498 1.45097 10.0 2.30397 4, 5.0 1 6 1.43125 10.0 2.30462 1.50085 
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Table 6.8 DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 
z=1.3 r=1.4 


Rv (2) Juiz) oy Ruz) Ivy(z) y Rv(2) Iu(z) Y (2) I¥(z) 
-0.16919 0.00000 5.0 1.62052 1.41163 -0.06138 0.00000 1.62386 1.39213 
-0.16323 0.11303 5.1 1763990 1.41472 -0.05646 0.10223 1.64311 1.39559 
-0.14567 0.22372 5.2 1765891 1.41769 -0.04192 0.20269 1.66200 1.39891 
-0.11748 0.32997 5, -0.01844 0.29974 1.68055 1.40211 
~0.08009 0.43011 5, +0.01295 0.39204 1.69878 1.40519 


-0.03520 0.52298 5, 1.71668 1.40817 
+0.01541 0.60796 5. 1.73428 1.41103 
0.07003 0,68491 5, 1.75158 1.41380 
0.12718 0.75404 5, 1.76860 1.41648 
0.18561 0.81582 5. 1.78533 1.41907 


1.80180 1.42157 
1.81800 1.42399 
1.83395 1.42634 
1.84966 1.42861 
1.86513 1.43081 


id 


1.67758 1.42055 
1.69591 1.42331 


1.71392 1.42597 
1.73161 1.42853 
1.74900 1.43101 
1.76611 1.43340 
1.78292 1.43571 


0.05100 0,47862 
0.09436 0.55886 
0.14171 0.63250 
0.19183 0.69957 
0.24367 0.76033 


0.29635 0.81517 
0.34918 0.86457 
0.40163 0.90903 
0.45331 0.94907 
0.50395 0.98517 


0.55336 1.01778 
0.60144 1.04730 
0.64811 1.07409 
0.69337 1.09849 
0.73722 1.12075 


0.77968 1.14113 
0.82078 1.15984 
0.86058 1.17707 
0.89913 1.19296 
0.93647 1.20768 


0.97265 1.22133 
1.00775 1.23402 
1.04179 =1.24585 
1.07484 1.25689 
1.10693 1.26723 


1.13813 1.27693 
1.16846 1.28604 
1.19797 =1.29461 
1.22670 1.30269 
1.25469 1.31032 


1.28196 =1.31753 
1.30855 1.32436 
1.33450 1.33084 
1.35983 1.33699 
1.38456 1.34283 


ee ee e@ 
ee e 
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0.24434 0.87085 6, 
0.30262 0.91983 6, 
0.35994 0.96341 6, 
0.41593 1.00227 6, 
0.47035 1.03698 6, 


1.79947 1.43794 
1.81575 1.44011 
1.83177. 1.44220 
1.84754 1.44423 
1.86308 1.44619 
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0.52310 1.06809 6, 
0.57409 1.09605 6, 
0.62333 1.12126 6, 
0.67084 1.14409 6, 
0.71667 1.16483 6 


0.76087 1.18373 7. 
0.80353 1.20102 7. 
0.84470 1.21688 7. 
0.88447 1.23148 7. 


1.88036 1.43294 
1.89537 1.43502 
1.91017 1.43702 
1.92475 1.43898 
1.93912 1.44087 


1.95330 1.44271 
1.96727 1.44450 
1.98106 1.44625 
1.99467 1.44794 
2.00809 1.44959 


2.02134 1.45119 
2.03442 1.45276 
2.04733 1.45428 
2.06008 1.45576 
2.07267 1.45721 


2.08510 1.45862 
2.09739 1.46000 
2.10952 1.46134 
2.12151 1.46266 
2.13337 1.46394 


1.87837 1.44810 
1.89344 1.44995 
1.90829 1.45174 
1.92293 1.45348 
1.93735 1.45517 
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1.95158 1.45681 
1.96560 1.45841 
1.97944 1.45996 
1.99309 1.46147 
2.00655 1.46294 
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6 

7 

8 
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0 

1 

2 
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6 
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0 

1 

2 
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5 2.01984 1.46438 
6 2,03296 1.46577 
2.04591 1.46713 
9 
0 
1 
2 
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0 
1 
2 
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6 
7 
8 
9 
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0.92290 = 1.24495 


7 
7 
0.96007 1.25743 7. 
0.99604 1.26900 7. 
7 

7 


1.03088 1.27976 
1.06464 1.28980 
1.09739 1.29918 


2.05869 1.46845 
2.07131 1.46974 


s 
NNN 


7 
1.12917 1.30797 8. 
1.16004 1.31621 8 
1.19005 1.32396 8 
1.21923 1.33126 8. 
1.24763 1.33814 8. 


2.08378 1.47100 
2.09610 1.47223 
2.10827 1.47342 
2.12029 1.47459 
2.13217 1.47573 


90 00 GO 00 OO 


1.27529 1.34464 
1.30223 1.35080 
1.3285], 1.35663 
1.35413 1.36216 
1.37915 1.36742 


1.40357 =1.37242 
1.42744 1.37718 


8 2.14508 1.46519 
8 
8 
8 
8 
9 
9 
1.45077) 1.38172 9. 
9 
9 
9 
9 
9 
9 
9 
0 


2.15666 1.46641 
2.16811 1.46760 
2.17943 1.46877 
2.19063 1.46991 


2.20170 1.47103 
2.21265 1.47212 
2.22349 1.47319 
2.23421 1.47423 
2.24481 1.47525 


2.25531 1.47626 
2.26570 1.47724 
2.27598 1.47820 
2.28616 1.47914 


2.14391 1.47685. 
2.15552 1.47794 
2.16700 1.47900 
2.17834 1.48004 
2.18956 1.48106 


foe RecRecReokes) 
° e 
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2.20066 1.48205 
2.21163 1.48302 
2.22249 1.48397 
2.23323 1.48490 
2.24386 1.48582 


1.40873 1.34840 
1.43235 1.35370 
1.45546 1.35876 
1.47806 1.36359 
1.50019 1.36821 


ee 
. e 
e e 
Oo Noles ee hWNE © weoonauw PWNHO OoOnN OM BPWNEe Oo 


1.47358 1.38606 
1.49590 = 1.39020 


1.51775 1.39416 
1.53914 1.39795 
1.56010 1.40158 
1.58064 1.40507 
1.60078 1.40841 


. ee ee 
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2.25437 1.48671 
2.26478 1.48758 
2.27508 1.48844 
2.28528 1.48927 


1.52185 1.37263 
1.54307 1.37686 
1.56387 1.38092 
1.58425 1.38481 
2.29537 1.49010 1.60425 1.38854 2.29623 1.48006 


1.62052 1.41163 10.0 2.30537 1.49090 1.62386 1,39213 1 2.30621 1.48096 
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Ry (2) 
0.03649 
0.04062 
0.05284 
0.07266 
0.09932 


0.13189 
0.16935 
0.21064 
0.25479 
0.30091 


0.34824 
0.39614 
0.44411 
0.49175 
0.53878 


0.58497 
0.63018 
0.67432 
0.71732 
0.75916 


0.79983 
0.83935 
0.87772 
0.91499 
0.95118 


0.98634 
1.02050 
1.05370 
1.08598 
1.11738 


1.14794 
1.17769 
1.20667 
1.23491 
1.26245 


1.28931 
1.31552 
1.34112 
1.36612 
1.39055 


1.41443 
1.43779 
1.46065 
1.48302 
1.50493 


1.52639 
1.54742 
1.56804 
1.58826 
1.60810 


1.62756 


1.37278 10, 
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0 
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2 
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4 
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6 
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0 
1 
2 
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6 
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0 
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0 
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2 

3 
4 
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7 
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0 
1 

2 

3 
4 
5 
6 
7 
8 

9 
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Ay(z) 
1.62756 
1.64667 
1.66543 
1.68386 
1.70196 


1.71976 
1.73725 
1.75445 
1.77137 
1.78801 


1.80439 
1.82051 
1.83638 
1.85201 
1.86741 


1.88258 
1.89752 
1.91225 
1.92677 
1.94109 


1.95521 
1.96914 
1.98287 
1.99643 
2.00981 


2.02301 
2.03604 
2.04891 
2.06162 
2.07417 


2.08657 
2.09882 
2.11092 
2.12288 
2.13470 


2.14638 
2.15794 
2.16936 
2.18065 
2.19182 


2.20286 
2.21379 
2.22460 
2.23530 
2.24588 


2.25635 
2.26672 
2.27698 
2.28714 
2.29720 


2.30716 
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Ay(z) 
0.12605 
0.12955 
0.13995 
0.15687 
0.17976 


0.20790 
0.24050 
0.27674 
0.31581 
0.35697 


0.39957 
0.44305 
0.48692 
0.53082 
0.57445 


0.61757 
0.66001 
0.70167 
0.74244 
0.78228 


0.82115 
0.85905 
0.89597 
0.93193 
0.96694 


1.00102 
1.03421 
1.06653 
1.09801 
1.12867 


1.15856 
1.18770 
1.21611 
1.24383 
1.27089 


1.29731 
1.32311 
1.34833 
1.37297 
1.39707 


1.42065 
1.44373 
1.46632 
1.48844 
1.51012 


1.53136 
1.55219 
1.57262 
1.59265 
1.61232 
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 
z=1.5 


J ¥(2) 
0.00000 
0.08566 
0.17023 
0.25268 
0.33214 


0.40789 
0.47942 
0.54642 
0.60875 
0.66642 


0.71957 
0.76840 
0.81319 
0.85423 
0.89183 


0.92629 
0.95790 
0.98693 
1,01363 
1.03824 


1.06096 
1.08197 
1.10144 
1.11953 
1.13635 


1.15204 
1.16668 
1.18039 
1.19324 
1.20530 


1.21664 
1.22733 
1.23741 
1.24693 
1.25594 


1.26448 
1.27257 
1.28026 
1.28757 
1.29454 


1.30117 
1.30750 
1.31354 
1.31932 
1.32485 


1.33014 
1.33522 
1.34009 
1.34476 
1.34925 


1.35357 


eu 


Aye+1 


QO OOM PwWNrH O ele ok eae 5a: PWNrH CO OO OW HPWNrH CO OanNAU PWNre Oo SOON HPWNEH OS 


ee 
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Ry (z) 


1.63162 
1.65057 
1.66919 
1.68748 
1.70546 


1.72313 
1.74051 
1.75760 
1.77441 


1.79095 


1.80724 
1.82327 
1.83906 
1.85460 
1.86992 


1.88501 
1.89989 
1.91455 
1.92900 
1.94326 


1.95731 
1.97118 
1.98487 
1.99837 
2.01169 


2.02485 
2.03784 
2.05066 
2.06332 
2.07583 


2.08819 
2.10040 
2.11246 
2.12439 
2.13617 


2.14782 
2.15934 
2.17073 
2.18199 
2.19313 


2.20415 
2.21504 
2.22583 
2.23650 
2.24706 


2.25751 
2.26785 
2.27809 
2.28822 
2.29826 


2.30820 
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F ¥(z) 
1.35357 
1.35773 
1.36173 
1.36558 
1.36930 


1.37289 
1.37635 
1.37969 
1.38293 
1.38605 


1.38908 
1.39200 
1.39484 
1.39759 
1.40025 


1.40284 
1.40534 
1.40778 
1.41014 
1.41244 


1.41467 
1.41684 
1.41895 
1.42101 
1.42301 


1.42496 
1.42686 
1.42871 
1.43051 
1.43227 


1.43398 
1.43565 
1.43728 
1.43888 
1.44043 


1.44195 
1.44344 
1.44489 
1.44631 
1.44770 


1.44905 
1.45038 
1.45168 
1.45295 
1.45420: 


1.45542 
1.45661 
1.45778 
1.45892 
1.46005 


1.46115 
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Table 6.8 DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 
r=17 p=AS 

y V2) FW) ny AO) FZ) sy Bz) Bz) sy AYZ)— FUR) 
0.0 0.20855 0.00000 5.0 1.63603 1.33453 0,0 0.28499 0.00000 5.0 1.64078 1.31566 
0.1 0.21156 0.07918 5.1 1.65482 1.33902 0.1 0.28760 0.07358 5.1 1.65939 1.32048 
0.2 0.22050 0.15747 5,2 1.67328 1.34335 0,2 0.29537 0.14644 5.2 1.67769 1.32513 
0.3 0.23511 0.23407 5.3 1.69142 1.34752 0,3 0.30809 0.21792 5.3 1.69567 1.32961 
0.4 0.25494 0.30824 5.4 1.70926 1.35154 0.4 0.32541 0.28740 5.4 1.71336 1.33393 
0.5 0.27945 0.37937 5.5 1.72680 1.35543 0.5 0.34693 0.35437 5.5 1.73076 1.33810 
0.6 0.30803 0.44701 5.6 1.74405 1.35918 0.6 0.37215 0.41842 5.6 1.74787 1.34213 
0.7 0.34001 0.51086 5,7 1.76102 1.36280 0.7 0.40053 0.47928 5.7 1.76472 1.34603 
0.8 0.37474 0.57074 5,8 1.77772 1.36630 0,8 0.43155 0.53675 5.8 1.78130 1.34979 
0.9 0.41161 0.62661 5.9 1.79416 1.36969 0,9 0.46469 0.59076 5.9 1.79762 1.35344 
1.0 0.45005 0.67852 6.0 1.81034 1.37297 1.0 0.49947 0.64131 6.0 1.81369 1.35697 
1.1 0.48957 0.72661 6.1 1.82627 1.37614 1,1 0.53546 0.68847 6.1 1.82952 1,36038 
1.2 0.52973 0.77107. 62 1.84196 1.37922 1,2 0.57226 0.73237 6.2 1.84511 1.36369 
1.3. 0.57018 0.81211 6,3 1.85742 1.38220 1,3 0.60955 0.77316 6.3 1.86047 1,36690 
1.4 0.61063 0.84996 6.4 1.87266 1.38509 1.4 0.64706 0.81103 6.4 1.87561 1.37001 
1.5 0.65085 0.88488 6.5 1.88767 1.38789 1.5 0.68455 0.84617 6.5 1.89053 1.37303 
1.6 0.69065 0.91710 6.6 1.90246 1.39061 1.6 0.72184 0.87877 6.6 1.90525 1,37596 
1.7 0.72990 0.94685 67 1.91705 1.39326 1.7 0.75879 0.90903 6.7 1.91975 1.37881 
1.8 0.76849 0.97436 6.8 1.93143 1.39582 1.8 0.79528 0.93713 6.8 1.93406 1,38158 
1.9 0.80636 0.99982 6,9 1.94562 1.39832 1.9 0.83122 0.96326 6.9 1.94817 1.38426 
2.0 0.84345 1.02342 7.0 1.95961 1.40074 2,0 0.86655 0.98757 7.0 1.96210 1.38688 
2.1 0.87973 1.04533 7.1 1.97342 1.40310 2,1 0.90123 1.01022 7.1 1.97583 1.38942 
2.2 0.91519 1.06570 7.2 1.98704 1.40539 2,2 0.93523 1.03136 7.2 1.98939 1.39189 
2.3 0.94981 1.08468 7.3 2.00048 1.40762 2.3 0.96853 1.05110 7.3 2.00277 1.39430 
2.4 0.98362 1.10238 7.4 2.01375 1.40980 2,4 1.00111 1.06957 7.4 2.01598 1.39664 
2.5 1.01661 1.11893 7.5 2.02685 1.41191 2.5 1.03299 1.08687 7.5 2.02903 1.39892 
2.6 1.04879 1.13441 7.6 2.03979 1.41398 2.6 1.06416 1.10310 7.6 2.04191 1.40115 
2.7 1.08020 1.14893 7.7 2.05256 1.41599 2,7 1.09463 1.11836 7.7 2.05463 1.40332 
2.8 1.11084 1.16257 7.8 2.06518 1.41794 2,8 1.12442 1.13270 7.8 2.06719 1.40543 
2.9 1.14075 1.17539 7.9 2.07764 1.41986 2,9 1.15353 1.14622 7.9 2.07960 1,40749 
3.0 1.16993 1.18747 8,0 2.08996 1.42172 3.0 1.18200 1.15898 8.0 2.09187 1.40950 
3.1 1.19842 1.19886 8.1 2.10212 1.42354 3,1 1.20982 1.17103 8.1 2.10399 1.41146 
3.2 1.22625 1.20962 8.2 2.11415 1.42531 3,2 1.23703 1.18243 8.2 2.11597 1.41338 
3.3 1.25342 1.21981 8,3 2.12603 1.42704 3,3 1.26363 1.19322 8.3 2.12781 1.41525 
3.4 1.27997 1.22945 8.4 2.13778 1.42874 3,4 1.28965 1.20345 8.4 2.13952 1.41708 
3.5 1.30592 1.23859 8.5 2.14939 1.43039 3,5 1.31511 1.21317 8.5 2.15109 1.41886 
3.6 1.33129 1.24727 8.6 2.16087 1.43200 3.6 1.34003 1.22241 8.6 2.16253 1.42061 
3.7 1.35610 1.25553 8.7 2.17222 1.43358 3.7 1.36441 1.23119 8.7 2.17385 1.42231 
3.8 1.38037 1.26338 8.8 2.18345 1.43513 3,8 1.38829 1.23956 88 2.18504 1.42398 
3.9 1.40413 1.27087 8.9 2.19456 1.43664 3,9 1.41168 1.24754 8.9 2.19611 1.42561 
4.0 1.42738 1.27800 9.0 2.20555 1.43811 4.0 1.43459 1.25516 9.0 2.20707 1.42720 
4.1 1.45015 1.28481 9.1 2.21642 1.43956 4,1 1.45704 1.26243 9.1 2.21790 1.42876 
4.2 1.47246 1.29132 9,2 2.22717 1.44097 4,2 1.47904 1.26939 9.2 2.22862 1,43029 
4.3 1.49432 1.29755 9.3 2.23781 1.44235 4,3 1.50062 1.27605 9.3 2.23923 1.43178 
4.4 1,51574 1.30351 9.4 2.24834 1.44371 4,4 1.52178 1.28242 9.4 2.24974 1.43324. 
4.5 1.53675 1.30922 9.5 2.25877 1.44503 4,5 1.54254 1.28854 9.5 2.26013 1.43468 | 
4.6 1.55736 1.31470 9.6 2.26908 1.44633 4.6 1.56292 1.29440 9.6 2.27042 1.43608 
4.7 1.57758 1.31996 9.7 2.27930 1.44760 4,7 1.58291 1.30004 9.7 2.28061 1.43745 
4.8 1,59742 1.32501 9.8 2.28941 1.44885 4.8 1.60255 1.30545 9.8 2.29069 1.43880 .« 
4.9 1.61690 1.32986 9.9 2.29942 1.45007 4.9 1.62183 1.31065 9.9 2.30068  1,44012 
5.0 1.33453 10.0 2.30933 1.45127 5.0 1.64078 1.31566 10.0 2.31057 
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8 
z=1.9 2=2.0 
Ry(2) F (2) y Ay(2) J ¥(2) y AYy(z) JF (2) y Ry(2) JF H(z) 

0.35618 0,00000 5.0 1.64585 1.29698 0.0 0.42278 0.00000 5.0 1.65125 1.27849 
0.35847 0.06870 5.1 1.66428 1.30212 0.1 0.42480 0.06441 5.1 1.66948 1.28394 
0.36528 0.13681 5.2 1.68240 1.30707 0.2 0.43081 0.12833 5.2 1,68742 1.28919 
0.37644 0.20377 5.3 1.70022 1.31185 0.3 0.44068 0.19130 5.3 1.70506 1.29426 
0.39169 0.26908 5.4 1.71775 1.31647 0.4 0.45420 0.25288 5.4 1.72242 1.29916 
0.41071 0.33229 5.5 1.73500 1.32092 0.5 0.47111 0.31269 5.5 1.73951 1.30389 
0.43309 0.39306 5.6 1.75197 1.32522 0.6 0.49110 0.37042 5.6 1.75633 1,30846 
0.45842 0.45110 5.7 1.76868 1.32938 0.7 0.51380 0.42583 5.7 1.77290 1.31288 
0.48625 0.50624 5.8 1.78513 1.33341 0.8 0.53887 0.47874 5.8 1,78921 1.31715 
0.51614 0.55838 5, 1.80133 1.33730 0.9 0.56594 0.52904 5.9 1.80528 1,32129 
0.54770 0.60749 6, 1.81728 1.34107 1.0 0.59465 0.57667 60 1.82111 1.32530 
0.58053 0.65359 6, 1.83300 1.34473 1.1 0.62468 0.62165 61 1.83671 1.32918 
0.61431 0.69677. 6, 1.84848 1.34827 1.2 0.65572 0.66400 62 1.85208 1,33295 
0.64872 0.73714 6 1.86374 1.35170 1.3 0.68751 0.70380 63 1.86723 1.33660 
0.68351 0.77483 6, 1.87878 1.35503 1.4 0.71980 0.74116 64 1.88217 1.34015 
0.71846 0.80999 6, 1.89361 1.35826 1.5 0.75239 0.77618 65 1.89690 1.34358 
0.75338 0.84278 6, 1.90824 1.36140 1.6 0.78510 0.80899 66 1.91143 1.34692 
0.78814 0.87335 6, 1.92266 1.36445 1.7 0.81779 0.83973 67 1.92576 1.35017 
0.82261 0.90188 6 1.93688  1,36741 .8 0.85033 0.86853 68 1.93990 1,35332 
0.85669 0.92851 6, 1.95092 1.37029 .9 0.88262 0.89551 69 1.95385 1.35639 
0.89031 0.95338 7, 1.96476 1.37308 .0 0.91459 0.92081 7.0 1.96761 1.35937 
0.92342 0.97664 7, 1.97843 1.37581 wl 0.94617 0.94454 «7.1 =—«:1,.98120 1.36227 
0.95598 0.99840 7, 1.99192 1.37846 .2 0.97731 0.96681 7.2 1.99462 1.36509 
0.98795 1.01879 7. 2.00523 1.38104 .3. 1.00798 0.98775 7.3 2.00786 1.36784 
1.01932 1.03792 7, 2.01838  1,38355 -4 =-1,03814 =1,00743 7.4 2,02094 1.37052 


1.06779 1.02597 
1.09690 1.04344 
1.12548 1.05992 
1.15352 1.07548 
1.18102 1.09020 


1.20798 1.10413 
1.23442 =1,11733 
1.26034 1,12985 
1.28575 = =1.14174 
1.31067 1.15304 


1.33510 = 1.16379 
1.35905 1.17403 
1.38254 1.18379 
1.40558 1.19310 
1.42818 1.20200 


1.45036 1.21050 
1.47212 = 1.21864 
1.49348 1.22643 
1.51446 1.23389 
1.53505 1.24105 


1.55527 1.24792 
1.57514 1.25452 
1.59466 1,26086 
1.61385 1.26696 


2.03385 1,37313 
2.04661 1.37567 
2.05921 1.37815 
2.07167 1.38056 
2.08397 =1.38292 


2.09613 1.38522 
2.10815 1.38746 
2.12003 1.38966 
2.13178 1.39180 
2.14339 = 1.39389 


2.15487 9139593 
2.16623 = 1.39793 
2.17746 1,39988 
2.18858 1.40179 
2.19957 1.40366 


2.21045 1.40548 
2.22121 = 1.40727 
2.23187 1,40902 
2.24241 1.41074 
2.25284 1.4124) 


2.26318 1.41406 
2.27340 1.41566 
2.28353 1.41724 
2.29356 1.41879 
2.30203 1,43020 1.63270 1.27283 2.30349 1.42030 


1.64585 1.29698 2.31190 1.43159 1.65125 1.27849 2.31332 1.42179 
a | ae heel ee lee | Gea (4) eal 
Iv(2+iy)=47 coth U5 as 


2.03136 1.38599 
2.04418 1.38838 
2.05684 1.39070 
2.06935 1.39297 
2.08171 1.39518 


2.09393 1.39734 
2.10600 1.39944 
2.11793 1.40149 
2.12973 1.40350 
2.14139 1.40546 


2.15292 1.40738 
2.16432 1.40925 
2.17560 1.41108 
2.18675 1.41286 
2.19778 1.41461 


2.20870 1.41632 
2.21950 1.41800 
2.23019 = 1.41964 
2.24077 =1.42124 
2.25124 1.42281 


2.26160 1.42435 
2.27186 1.42586 
2.28202 1.42733 
2.29207 1.42878 


1.05008  1,05588 
1.08022 1.07278 
1.10975 1,08868 
1.13867 1.10367 
1.16698 1.11782 


1.19470 1.13119 
1.22184 1.14384 
1.24841 =1,15583 
1.27442 = 1.16719 
1.29990 1.17798 


1.32485 1.18823 
1.34929 1.19798 
1.37324 1.20727 
1.39670 1.21613 
1.41970 1.22458 


1.44226 1.23265 
1.46437 = 1.24037 
1.48606 1.24775 
1.50734 1.25482 
1.52822 1.26160 


1.54872 1.26810 
1.56885 1,27434 
1.58861 1.28033 
1.60803 1.28610 
1.62710 1.29164 
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7. Error Function and Fresnel Integrals 
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Purdue University.) 
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7. Error Function and Fresnel Integrals 


Mathematical Properties 


7.1. Error Function 


Definitions 
2 ey 
TL. erf z=— f edt 
vr Jo 
2 A 8 
71.2 erfe z=— e-' dt=1—erf z 
vn Je 


7.1.3 w(z)=e-” ( 42% [etat)=e-* erfe (—1iz) 
vr Jo 


In 7.1.2 the path of integration is subject to the 


restriction arg ta with lal<F as to along the 


= 


path. 4 


(a= is permissible if Zé? remains bounded 


to the left.) 


Integral Representation 


714 

i (7? e~"dt iz (° edt 

w (2)=- sere eee 
0 


2—t? 


(%z2>0) 


~~. 2—t T 


186 2.0 2.2 2.4 


Figure 7.1. y=e edt. 
z 


p=2(1)6 


Series Expansions 


2 Sy (Hr 
7.1.5 erf a= SS nlQnt+l 


7.1.6 =e? 


7.1.7 = 2 = (—1)"[Long1/2(2”) —Lents2(2”)] 
7.1.8 w(2)=>3 ae 


ArGe) 


For J,-3(x), see chapter 10. 


Symmetry Relations 


7.1.9 erf (—2)=—erf z 
7.1.10 erf z=erf z 
TLL w(—2)=2e-" —w(z) 
7.1.12 w(z)=w(—2) 


= Zz 
Fiaure 7.2. y=e a é dt. 


p=2(1)6 
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TPL 
ii x ha 


i 


Re 
a 
Wa ) 


Ficure 7.3. Altitude Chart of w(z). 


Inequalities [7.11], [7.17] 
7.1.13 


—1l_¢,# f ” Pat 


yee (220) 


Sun Vale 
2+ J e+e 


(For other inequalities see [7.2].) 


Continued Fractions 


Qe f Fi getjgaes Ue Dae 2, is (Rz>0) 


7115 
A pretdt_ 1 12 1 3/2 2 
Vr J. 2-t %-2e@—-2-—2-—2— 


aii >> AP 


Tn-o k=] 2-2 


($20) 


zi and H™ are the zeros and weight factors of 
the Hermite polynomials. For numerical values 
see chapter 25. 


Value at Infinity 
7.1.16 erf z—>1 (>< in |arg l<f) 


Maximum and Inflection Points for Dawson’s 


Integral [7.31] 
F(2)=e-” {i edt 
0 


7.117 F(.92413 88730... )=.54104 42246... 
7.1.18 F(1.50197 52682 .. . )=.42768 66160... 


Derivatives 
7.1.19 
n+1 
Fare 2=(—I" ZH, @)e-? — @=0,1,2,...) 
7.1.20 
prt? (2) +22w"t? (2) 4+2(n+1)w™ (2) =0 
(n=0, 1,2,.. ) 


w (2)=w(2), w! (2) =—22w(e) + 


(For the Hermite polynomials H,(z) see chapter 
22.) 


Relation to Confluent Hypergeometric Function (see 
chapter 13) 
7.1.21 


2247 (1,3, _42\ 22 --2 ( 3 *) 
ef 2= 22M (5) 5 2) ZE e M lo? 


The Normal Distribution Function With Mean m and 
Standard Deviation o (see chapter 26) 


_ =m)? 


1 ad re) _l z—m 
7.1.22 aoe f € di=5 (1+ert (oF )) 
Asymptotic Expansion 
7.1.23 
2 = os aa —l 
vyrze* erfez~1+ >) (—1)” ir a Leal 2) 
m=1 (22 ) 


(ssesjteac) 
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If 2, (2) is the remainder after n terms then 


7.1.24 
Ry(a)=(— Bg, 
a= [ert (+5)"" dt (larg al<$) 
lax (larg 2i<$) 


For zx real, R,(z) is less in absolute value than 
the first neglected term and of the same sign. 


Rational Approximations? (0 <z< ~) 
7.1.25 


2 1 
ay 2 8) p72 = 
erf z=1— (a,t-+-at?+agt*) e~? +6 (2), t ieee 
le()|<2.5X107 
p= 471047 G,= .34802 42 Q2= — .09587 98 
@3=.74785 56 
7.1.26 
erf c=1—(a,t+a2t?+a,t?+-a,t*+a,t°)e-" +€(z), 
fate 
1+ pz 
|e(xz)|<1.5X1077 
p=.32759 11 @,= .25482 9592 


A= — .28449 6736 
@4=— 1.45315 2027 


ad3= 1.42141 3741 
a;=1.06140 5429 


7.1.27 
Pe ey a eee rane etree 
Taye fae? aye? +a,2'}' ss 
{e(x)|<5X107* 
= .278393 Q.= .230389 
a@3= .000972 d4= .078108 
7.1.28 
erf z=1— 1 


itaetawtt baat) 
le(x)|<3X1077 
a= .07052 30784 


a3= .00927 05272 
a3== .00027 65672 


@,= .04228 20123 
a= .00015 20143 
de= .00004 30638 


? Approximations 7.1.25=7.1.28 are from C. Hastings, Jr., 
Approximations for digital computers. Princeton Univ. 
Press, Princeton, N. J., 1955 (with permission). 
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Infinite Series Approximation for Complex Error 
Function [7.19] 

7.1.29 
-22 
erf (x+iy)=erf 2+ 5— [(1—cos 2ay) +-2 sin 22y] 


2 2 em . 
$a eS) rage fale) +ign(e, v) +(e, 9) 


ani + 
where \ 


Fn(ty y) =2x—2z cosh ny cos 2zy-+n sinh ny sin 2y 


Gn(Z, y) =2z cosh ny sin 2zy+n sinh ny cos 2zxy 
le(x, y)| ~10-*| erf (x+iy)| 


7.2. Repeated Integrals of the Error Function 


Definition 


7.2.1 
i” erfc a= { i” erfc t dt (n=0,1,2,...) 


Py 


, 2 : 
i” erfc sare = e~*, i° erfc z=erfc z 


us 


Differential Equation 


d’y dy 5 _ 
7.2.2 qt 2? ais 2ny=0 
y= Ai" erfe 2+ Bi" erfc (—z) 
(A and B are constants.) 


Expression as a Single Integral 


7.2.3 i” erfc pam f Ge. e7 dt 

Va Jz ni 

Power Series ? 
a —1)\Fok 

7.2.4 i* erfc =>, —_s 

h=0 on-khIT) G4 ) 

Recurrence Relations 

7.2.5 


i* erfe z=—= i"! erfc ety i*” erfe z 
(n=1,2,3,...) 
7.2.6 
2(n-+1) (n+2)i"*? erfe z 
= (2n+1+22?)i"* erfc 25 i*-? erfe z 
(n==1,2,3,...) 


3 The terms in this series corresponding to k=n+2, 
n+4, n+6, ... are understood to be zero. 
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Value at Zero 


1 
QT G+1) 


7.2.7 


i* erfc 0O= (n=—1,0,1,2,...) 


Fiaure 7.4. Repeated Integrals of the Error Function. 


y=2r( +41) in erfez 


n=0, 1, 2, 4, 8, 14, 22 


Derivatives 


d. ‘ 
— i* erfe z=—i"~! erfe z 


dz 
7.2.9 


7.2.8 (n=0,1,2,...) 


i” 
e (e” erfe 2) =(—1)"2"n! ei" erfe 2 


(n=0,1,2,...) 


Relation to Hh,(z) (see 19.14) 


7.2.10 i” erfc z= 


pi ya Ahn (¥22) 


Relation to Hermite Polynomials (see chapter 22) 


7.2.11 (—1)"i"erfc 2+ i" erfe (— Pen ”_ H(éz) 


ra 
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Relation to the Confluent Hypergeometrie Function 
(see chapter 13) 


|G) 


“par (EI) (G41, 3, ‘) 


Relation to Parabolic Cylinder Functions (see 
chapter 19) 


7.2.12 


i” erfe z=e- 


MOS 1 32 


—}22 


7.2.13 i” erfc Ory D_,-1(2vV2) 
pate Asymptotic Expansion 
i” erfc oe 2 mn & 2, nye 
(2>=, larg Al<z) 
7.3. Fresnel Integrals 
Definition 

7.3.1 ow= I" cos G *) dt 
1.3:2 S(2= if rai G t) dt 


The following functions are also in use: 


7.3.3 


2 (7 al “cost 4 
C; aay? [ cos Bat, O(a) ae , ie 


7.3.4 


Si (2)= =? { sin ¢dt, S2(z)= =e =f a at 


Auxiliary Functions 
(2)=| 5-802) | 008 (5 2" 
f(ia= 5 cos (5 


-[5-c | sin (5 2*) 
7.3.6 
g(2)= 5c) | cos (G 2)+/5-s@ | sin € 2) 


Interrelations 


0) =0; (24/7)=0, (5 2") 


7.3.9 


7.3.7 
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7.3.14 
73.8 S(2)=S, (2/7)= S, G 2*) 
oT (—1) "20+! 


S(z)=—cos § 2*) pa 13. 4nd3) gints 
7.8.9 O(2)=5+,(2) sin (5 2*)—g(2) cos (F 2") sin (2) as re 
4n-+1 
7.8.10 S(2)—=5—f(2) cos (5 2*)—g(2) sin (F #) TB1S C22) =Sunl2) +Tia(2) +Joal2) + - .. 
2 2 2 7.3.16 S2(2)=Jsj2(2) +I 70(2) +I plz) +... 
For Bessel functions Jn41/2(2) see chapter 10. 
Series Expansions 
(—1)"r /2)2" 3 Symmetry Relations 
7311 C(2)=3) , nant) 2 7.3.17 C(—2)=—C(2), S(—2)=—S(2) 
7.3.12 1518 Ciiz)=1C (2),  S(iz)=—78(z) 
~cos(™ 2?) ee ae n 3. 2)=Ca@), S@=S@ 
O(2)=c08 (5 2*) 3 5 een | OMHOE), Se)=8@) 
(— i antl . Value at Infinity 
on (Ge \ Sy eT 1-3... 4n+3)* oy 1 1 
7.3.20 C(x) 5) S (1) 5 (t> & ) 


(—1)"(4/2)?8*! gints Derivatives 


7.3.21 af) =—rzg(z), 


7.3.13 S(z)=>2 


fab 2n-F1)'(4n-F3) © 


a) =rof(z)—1 


Relation to Error Function (see 7.1.1, 7.1.3) 
7.3.22 


O(2) Hi (2) = Lt or sent | a-ie| 
pia [Fa+oe]} 
7.3.23 (2) -a{*} a w[¥ a+iz]\ 


7.3.24 paas {tt w [¥ a+iz]} 


Relation to Confluent Hypergeometric Function (see 
chapter 13) 
7.3.25 


O(2)-+iS(2)=2M (> 3, iz 2) 


is 3). 
=e?” M G, yt 5 2*) 


0 6 1.2 1.8 24 3.0 3.6 Relation to Spherical Besse] Functions (see chapter 10) 
1 (? 1’ 
Ficure 7.5. Fresnel Integrals. 7.3.26 C,(2) =; { J _;(t)dt, S2(z) =; ( J; (t)dt 
y=C(), y=S() 0 0 
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Asymptotic Expansions 


7.3.27 


ref(2)~1 $35 (-)"* - (4m—1) 


(32?) 2m 
(2>@, larg 2< 5) 
7.3.28 


eee ay (—1n! .. (4m+1) 


(w2*) 2m+1 
(22, jane el<$) 
If RY (2), R® (z) arethe remainders aftern terms 
in 7.3.27, 7.3.28, respectively, then 


7.3.29 
. (4n—1) 


RY (z)= (—1)" : (w2")?" gy, 
1 © ga tg2n-4 
) 
0 =FOndi Fonts) J, = + eyes l<$) 
7.3.30 
Re = (yt 3 Gt) go, 


en tf? a+b 


(By itt (larg 2i<3) 


lo <1, "lc (iarg I< 5) 


For x real, RY (x) and R(x) are less in absolute 
value than the first neglected term and of the 
same sign. 


6 ae ie Le 
T (2n-+$) 


7.3.31 


Rational Approximations‘ (0<z< ~) 


7.3.32 

= 1+.926z - 
f@=3F77902-43.1048t le(x)|<210-% 
7.3.33 


r 1 
9) 374 e340 6 Toe 
\e(2)| <2 1078 


(For more accurate approximations see [7.1].) 
7.4, Definite and Indefinite Integrals 


For a more extensive list of integrals see [7.5], 


{7 8], [7.15]. 
{ etdt=t 


7.4.1 

4 Approximations 7.3.32, 7.3.33 are based on those given 
in C. Hastings, Jr., Approximations for calculating Fresnel 
integrals, Approximation Newsletter, April 1956, Note 10. 
[See also MTAC 10, 173, 1956.} 
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7.4.2 

f- e- (at?-+2bt-+edt = € ra erfc 2 (#a>0) 
0 2Va Va 

7.4.3 


(Za>0, #b>0) 


{ 3 dtl et ri 
0 2Va 


7.4.4 
ig . (2n—1) 13-00) ft 
2n e—at? 
f. t2ng—at?dt — 3s Tigh 
—Tars) (Za>0;n=0, 1, 2,...) 
7.4.5 
! 
i. f2nt+1¢—at2 qf =" soar (Za>0;n=0,1,2,...) 
0 
7.4.6 
r) 22 
il e-%? cos Qxat—}/* e (#a>0) 
0 a 
74.7 
2 ; 1 z/ Va 
-a? sin (22t)dt=— ef edt 
f. e-# sin (22t) red : e 
(Za>0) 
7.4.8 
{- I. S-v: e erfc Vaz (Za>0, #z>0) 
vt+2? 
7.4.9 
2 e “dt wT — 
—— 222 f 
5 rs erfe Vaz 
(#a>0, 20,larg 2|<7) 
7.4.10 
me'dt  _ oe 5 ie PS en ee + 
f, tt+2 =e [vf e' dt—> Ei(az )| 
(a>0,z>0) 
7.4.11 
@ em adt og ot 
fs Pre oe erfc Vaz (a>0, x>0) 
ae T ‘ 
74.12 (a =" efi—(efVa)"]_ (a>0) 
7.4.13 
= ye "dt : 
fp e+) real, y>0 


*See page NH. 
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T.A14 
Gade ete Suletiy) — (ereal,y>0) 

7.4.15 
f - : [e—(@?—y?) leo —_ T gv(etiy) 

o f—2(r—y’)P+(e + y—tx 

(x real, y>0) 

7.4.16 
\z _ Zaye “dt _ Tg wary) 

0 (P—y’)t?+ (e+y’) yw 


(x real, y>0) 
7.4.17 


@ a 
f e-* erf bt d= e%? erfc 
6 a 2b 


(#a>0, larg 61<5) 
7.4.18 


f sin (at) erfe bt dt= [1—e-"|(a>0,%b>0) 
0 


7.4.19 
[b_ 

{ e~ * orf Oi dt=2 aah (#(a+b)>0) 

7.4.20 


i e~™ erfe ¥ di=t e~2vab (#a>0, Zb>0) 


7.4.21 

in e(-bt ‘erfe (Vat-+4/2) dt= 

7.4.22 

f. e-% cos wat=a/E{ [3-8 (S4/2) Jeos(2) 
[co y2)}n(2)} aro 

7.4.23 


in e~@ sin wat /5{ 5-¢(Gy2)] cos (5) 
+o 5—S € V =) sin (F)} (#a>0) 


e72(Vaet voc) 
~ vb(Vvary6) 
(#b>0, #c>0) 
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7.4.24 


fe Pa-si-oy] 
L-sGyD] aon 


fila) 
we an =") | ain (at) } (Ra>0, #b>0) 


7.4.26 
{ e~ “dt 


j Vie +0) “ivi {L-s (/* 228) Joos (ab 
aE —o(./ =) | sin cai) } (Ba>0, #b>0) 


7.4.27 


{- eO(t)dt = { [s-s ()] cos (5) 
{-o2)}a()} om 
7.4.28 
f eS ()dt=t {[3-0(2)] ea (<) 
+|5- s ()] sin a=) y (#a>0) 
7.4.29 


opal at = 1 
i, - o( yz )ae 2a(Va?-+1—a)# Va?+1 
(Za>0) 


7.4.25 


7.4.30 


= -at 2t an 1 
J re (7) mo Gatitane ri 
(Za>0) 


7.4.31 f. “{ [5-00 [+{3-so] bart 


7.4.32 


fe (ar2+ 2bz-+¢ domha[te 


a carr (va t+ Zz) +eonst. 
(a0) 
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7.4.33 


oF VT | oo ( °) 
fe Fda=\2| ¢ erf axe 


+e- erf (ax—2) |+-const. (a0) 
74.34 
2 6? 
J ONG daa gt [ w (2+ iar) 
4a x 
+w (—2+ iar) |-+oonst. (a0) 
7.4.35 fort zdz=zx erf el e~*’+ const. 
Vr 
7.4.36 
1 = a 
fe erf brdx=- [ e« erf bx—e* erf (s0-5) 
a 2b 
+const. (a0) 
7.4.37 


few erf y deol o erf NE 
+5 em} w( yaa-+i V5)+0 (—vas-+i vz) |} 


+ const. (a0) 


Numerical 


7.5. Use and Extension of the Tables 


Example 1. Compute erf .745 and e7(74? 
using Taylor’s series. 

With the aid of Taylor’s theorem and 7.1.19 
it can be shown that 


erf (19+ ph) =erf x 
+o e~*0ph [1-phat+3 prit(2xg—1) |+« 
gn totem g-B [1-2 phay+ ph? (2231) 
= pil? ze(2a3—8) [+n 


where |e|< 1.2107, |n|<3.2X10-" if h=107%, 
|p|[s%. With a=.74, p=.5 and using Table 7.1 
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7.4.38 


feos (az’?+-2b2+ce)dz 
“Vi {oS )e[ Eee] 
-+-sin (=*) S LV 2 (ax-+ » |} + const. 


7.4.39 


fsin (ax’+2bz+e)dz 
~Vz {om (75%) 5 Ly 1 | 
—sin (=) of 2 (a+) |} +const. 


7.4.40 f c@ar=ze (x) ~ sin (5 *) +const. 


7.4.41 fs (x)dz=28 (x) +e cos G 2?) +const, 


Methods 


erf .745=.70467 80779-+ (.5) (.00652 58247) x 
[1 — (.005) (.74) + (.00000 83333) (.0952)] 
=.70792 8920 


e-cnorat (.65258 24665) {1—.0074 
+ (.000025) (.0952) + (.00000 00833) (.74) (1.9048) ] 
=.57405 7910, 


As a check the computation was repeated with 
t=.75, D=—.5. 
Example 2. Compute erfe z to 5S for 7=4.8. 
We have 1/z?=.0434028. With Table 7.2 and 
linear interpolation in Table 7.3, we obtain 


erfe 48=75 (1.11253) (10-") (.552669) ue 


= (1.1352)10-", 


ERROR FUNCTION AND 


Example 3. Compute * e“dt to 5S for 
0 
r=6.5. 


With 1/22=.0236686 and linear interpolation 
in Table 7.5 


6.5 
ents? i edt= (.506143) /(6.5) =.077868. 
0 


Example 4. Compute i? erfe 1.72 using the 
recurrence relation and Table 7.1. 


By 7.2.1, using Table 7.1, 
i-'erfe 1.72=.05856 50. 
Using the recurrence relation 7.2.5 and Table 7.1 


i erfe 1.72=— (1.72)(.01499 72)+(.5)(.05856 50) 
= 0034873 

? erfc 1.72=— (.86) (.0034873) + (.25)(.01499 72) 
= .0007502. 


Note the loss of two significant digits. 


Example 5. Compute i* erfe 1.72 for k=1, 2, 3 
by backward recurrence. 

Let the sequence w7(z)(u=m, m—1, .. ., 1, 0, 
—1) be generated by backward use of the recur- 
rence relation 7.2.5 starting with w%,.=0, wR4yi=1. 
Then, for any fixed k, (see [7.7]), 


WE (x T on 
7 ) ve ej" erfe x  (x>0). 
moo W(x) 2 

With z=1.72, m=15 we obtain 
w'b.72) |! w | wl8(1.72) |] w | wl8(1.72) 
(3) 2.1011 || 7] (7 2.5979 |] 2} (41) 1.2020 
(4) 1.3831 || 6] (8) 1.5569] 1] (11) 6.0064 
(4) 9.8005 || 5] (8) 8.9787] 0] (12) 2.5830 
(5) 6.4143 || 4{ (9) 4.9570 ||—1 13) 1.0087 
6) 4.1666 || 3] (10) 2.6031 
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From Table 7.1 we have = e~ 1-72)" 058565, 
Thus, 


i erfe 1.72 ~ (.058565) (6.0064 < 10") /1.0087 x 10% 
=3.4873 X 1078 


i’ erfc 1.72 ~ (.058565) (1.2920 < 10")/1.0087 x 10% 
=7.5013X107* 


i erfe 1.72 = (.058565) (2.6031 X 10")/1.0087 10" 
=1.5114X107*. 


Example 6. Compute C(8.65) using Table 7.8. 
With z=8.65, 1/r=.115607 we have from Table 
7.8 by linear interpolation 


f(8.65) =.036797, g(8.65)=.000159. 
From Table 4.6 


sin G *) =~ 961382, cos (5 a) —— 275218, 


Using 7.3.9 


C(8.65) =.5+- (.036797) (—.961382) 
— (.000159) (— .275218) = 46467. 


Example 7. Compute S,(1.1) to 10D. 
Using 7.3.8 and 7.3.10 we obtain by 6-pt inter- 
polation in Table 7.8 


S(.=8 (141 2) 


=§(.87767 30169) =.31865 57172. 


Example 8. Compute S,(5.24) to 6D. 
Enter Table 7.7 in the column headed by vw. 
Using Aitken’s scheme of interpolation 


u S2(u) 


5. 20310 58 |. 43280 06  .03689 42 


. 31808 80 |. 41573 97 —. 07808 80 |. 42732 63 

6.08938 01 |. 45003 88 .16061 99 691 63 |. 42718 63 

5. 48432 70 |.39909 44 —. 19432 70 756 60 6 52 |. 42717 71 

4.97691 11 |.46990 94 . 26308 89 674 79 9 39 61 | . 42717 67 


S, (5.24) =.427177 


Example 9. Compute S,(5.24) using Taylor’s 
series and Table 7.8. 
Using 7.3.21 we can write Taylor’s series for f2 (uw) 


=f (2) and g2(u)=g (7) in the form 
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fa(u) =co-+ e,(u— Up) +3 (u— tuo)? + 3 (u—%M)?+ 


g2(u)=—] C:+¢2 (u—U) 
+3 (u—uo)?-+ 54 (u—U)?+ .. .} 


where 
Co=f2(uo), ee as Uo), 
- rl . (2k—1) 
Cx+2= ej +(— 1) =e (2uy)* 
(k=0, 1,2, .. .). 


Consulting Table 7.8 we chose w=1/.185638 
=5.386819, thus having w—w=5.24—5.386819 
=—.146819. From Table 7.8 


f2(to) =.168270, go( to) =.014483. 
Hence, applying the series above, 
So(5.24) =.170436, g2(5.24) =.015030. 
Using the 4th formula at the bottom of Table 7.8 


S,(5.24) =.5— (.170436) (.503471) 
— (.015030) (— .864012) = .42718. 


Example 10. Compute S,(2) using 7.3.16. 
Generating the values of J,+3(2) as described 
in chapter 10 we find 


S2(2) =J3p(2) +J7p(2) +d (2) +Jis2(2) a ee 
= .49129-++ .06852 + .00297 + .00006 = .56284. 


Fo(t) 
t 


Example 11. Compute f dt by numerical 
1 


integration using Tables 9.1 and 7.8. [Y>(¢) is the 
Bessel function of thesecond kind defined in 9.1.16.] 
We decompose the integral into three parts 


[von $= [Pv $+ [" rwo-PooF 
+f PF 


where 
ts 9 sin (1 5 
P.0=(1-a5n a 
_ (me cos cos (14) i 
38H ~ 8t/ant 


represents the first two terms of the asymptotic 
expansion 9.2.2. 


By numerical integration, using Table 9.1, 


10 
[oro $= 
1 


Using the fact that the remainder terms of the 
asymptotic expansion are less in absolute value 
than the first neglected terms, we can estimate 


f wto-Po4|s./? Ju ear 


32. a 72.9 
2.5! 


41826 00. 


ive 11/2 


Pyotr dt =7.33X1077. 
Finally, 


[, 20 Sau 


6720 


__5953819 cos 10—sin 10 
2688000. /107 
23107 cos 10+sin 10 


3150400 ge — .02298 78, 


using Tables 7.8 and 4.8. Hence 


C,(10) —S2(10)] 


{ y(t) @ F 41826 00—.02298 78=.39527 22. 


The answer correct to 8D is .39527 290 (Table 
11.2). 


Example 12. Compute w(.44+.67i) using bi- 
variate linear interpolation. 
By linear interpolation in Table 7.9 along the 
z-direction at y=.6 and y=.7 
w(.44-+-.62) = .6(.522246 + .1678807) +.4(.498591 
+ .2026662) = .512784 + .1817947 
w(.44+.7i) =.6(.487556-+.147975t)+.4(.467521 
+ .1791237) = .479542 + .1604347. 


By linear interpolation along the y-direction at 
r= .44 


w(.44-+.672) ~.3(.512784 + .1817942) +.7 (479542 
+.1604347) = .489515-+ .1668422. 


The correct answer is .489557 +-.16688917. 


Example 13. Compute #w(z) for z=.44+.611. 

Bivariate linear interpolation, as described in 
Example 12, is most accurate if z lies near the 
center or along a diagonal of one of the squares 
of the tabular grid [7.6]. It is not as accurate for 
z near the midpoint of a side of a square, as in this 
example. However, we may introduce an auxil- 
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iary square (see diagram) which contains z close 
to its center. Bivariate linear interpolation can 
then be applied within this auxiliary square. 

The values of w(z) needed at z=, and 2={2 
are easily approximated by the average of the four 
neighboring tabular values. Furthermore the 
parts to be used are given by 


|20-—-1l | |Zo— Aol 
| Zo— [zo— 61 | Zo $2 


=DPi+ po, =P\— Po 


Zot O1 


where 2=2+.1(p:+%p2). Thus, with =.4+.62, 
= .454 651, (= .45+.551, pi=.4, po=.1, we get 
from Table 7.9 


Rw(b1) + F(.522246 + 498591 +- 487556 + 467521) 
= 493979 


Rw(be) = 3(.522246 + .498591-+ .561252 + .533157) 
= .528812 


Rw(z) ~[1—(4+.1)]{[1—(.4—.1)].522246 
+ (.4—.1).528812} + (.4+.1)X 


{[1—(.4—.1)] .493979 + (.4—.1).498591 } =.509789. 


The correct answer is .509756. Straightforward 
bivariate interpolation gives .509460. 


Example 14. Compute .%w/(.39+.61i) to 6D 
using Taylor’s series. 

Let 2=.39+.614, m=.4+.61. 
and using Table 7.9, we have 


w (2) = .522246 + .167880% 


w’ (2) = —.21634-+ .367381, z—29=(—1+7)107? 
gw"’ (2) = —.215—.185%, (2—2)?= —27 1074 


From 7.1.20, 


I w(z)=.167880 — .0021634 — .0036738 
+ .0000430=.162086. 


Example 15. Compute w(.4—1.32). 
From 7.1.11, 7.1.12 


w(.4—1.34) =w(— .4—1.31) =2e- 4-180)? 
—w(.4+1.32). 
Using Tables 7.9, 4.4 and 4.6 


w(.4—1.3i)=4.33342+8.04201i. 


Example 16. Compute w(7+22). 
Using the second formula at the end of Table 7.9 


. (5124242 
w(T+2i)=(—2+78) (pare 


.05176536 


+ 9897525 +282 


)= .021853+ .0750102. 


Example 17. Compute erf (2+). 
From 7.1.3, 7.1.12 we have 


erf 2=1—e~"w(iz) =1—e"-"(cos 2zy 
—isin Qey)w(ytiz) (e=2+iy). 
Using Tables 7.9, 4.4, 4.6 
4—7 sin 4)w(1+2%) 
= 1.003606 — .01125907. 


erf (2+%)=1—e7? (cos 


Example 18. Compute S, ((5+#) v2) 
From 7.3.22, 7.3.8, 7.3.18 we have 


Si(2) = 7 et? [ato +5 | 


ih e-ay [«—» Ai 


Setting 2=(5+i) ¥2 and making use of 7.1.11, 
7.1.12, and Table 7.9 


8: ((5+4) v2)= 
i e~? (cos 3% sin 5) w “Ge 5%) 
itt e? (cos 3 +7 sin 5) w (G45 5) 


= — .990734— .6816197. 


Example 19. Compute [ e~ 1/4)t2~3t cog (2t)dt 
0 


using Table 7.9. 
Setting b=y+iz, c=0 in 7.4.2 and using 7.1.3, 
7.1.12 we find 


Oat? —2yt —+ atty 
f é cos (2zt)dt= svi Rw (= 


(a>0, x, y real). 


Hence from Table 7.9 


i e7 UH—8 cog (2t)dt= a Pw(2+3t) = .231761. 
0 
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evaluation of infinite series and integrals which 
arise in certain problems of linear heat flow, 
electrochemical diffusion, etc., J. Phys. Chem. 35, 
2785-2884 (1931). 


F(a) =e-# [¥ edt; 2=0(.01)1.99, 6D; 


x= 2(.01)4(.05)7.5(.1)10(.2)12, 85S. 

[7.33] National Bureau of Standards, Tables of the error 
function and its derivative, Applied Math. Series 
41, 2d ed. (U.S. Government Printing Office, 
Washington, D.C., 1954). 
(2/+/r)e-*?, erf x, z=0(.0001)1(.001)5.6, 15D; 
(2/y r)e-2*, erfe x, z=4(.01)10, 88. 


(7.34] T. Pearcey, Table of the Fresnel integral (Cam- 
bridge Univ. Press, London, England, 1956). 


c(/%): s(y™): z=0(.01)50, 6-7D. 


[7.35] Tablitsy integralov Frenelya (Izdat. Akad. Nauk 
SSSR., Moscow, U.S.8.R., 1953). C(x), S(z), z= 
0(.001)25, 7D; S(), z=0(.001) .58, 7S; C(x), 
x=0(.001) .101, 7S. 


[7.36] A. van Wijngaarden and W. L. Scheen, Table of 
Fresnel integrals, Verh. Nederl. Akad. Wetensch., 
Afd. Natuurk. Sec. I, 19, No. 4, 1-26 (1949). 
C(x), S(z), x=0(.01)20, 5D. (Also contains 
numerical values of the coefficients in Taylor and 
asymptotic expansions.) 
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Table 7.1 


Tv 
1.12837 
1.12826 
1.12792 
1, 12736 
1.12657 


1.12556 
1, 12432 
1, 12286 
1.12118 
1.11927 


1.11715 
1.11480 
1, 11224 
1, 10946 
1.10647 


1, 10327 
1, 09985 
1, 09623 
1, 09240 
1. 08837 


1, 08413 
1, 07969 
1, 07506 
1.07023 
1, 06522 


1. 06001 
1, 05462 
1. 04904 
1, 04329 
1. 03736 


1, 03126 
1, 02498 
1,01855 
1.01195 
1.00519 


0. 99828 
0. 99122 
0. 98401 
0. 97665 
0. 96916 


0. 96154 
0. 95378 
0. 94590 
0. 93789 
0.92977 


0. 92153 
0. 91318 
0. 90473 
0. 89617 
0. 88752 


0. 87878 
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2 


2 e-r 


91671 
63348 
79057 
40827 
52040 


17424 
43052 
36333 
06004 
62126 


16068 
80500 
69379 
97934 
82654 


41267 
92726 
57192 
56008 
11683 


47871 
89342 
61963 
92672 
09449 


41294 
18194 
71098 
31885 
33334 


09096 
93657 
22310 
31119 
56887 


37121 
10001 
14337 
89542 
75592 


12988 
42727 
06256 
45443 
02537 


20130 
41122 
08685 
66223 
57337 


25789 


es 


See Example 1. 


ERROR FUNCTION AND ITS DERIVATIVE 


erf + 


0. 00000 
0, 01128 
0. 02256 
0. 03384 
0. 04511 


0. 05637 
0. 06762 
0. 07885 
0. 09007 
0.10128 


0. 11246 
0. 12362 
0.13475 
0, 14586 
0. 15694 


0, 16799 
0.17901 
0. 18999 
0. 20093 
0. 21183 


0. 22270 
0, 23352 
0. 24429 
0. 25502 
0. 26570 


0, 27632 
0. 28689 
0. 29741 
0, 30788 
0. 31828 


0. 32862 
0. 33890 
0. 34912 
0. 35927 
0. 36936 


0. 37938 
0. 38932 
0. 39920 
0. 40900 
0. 41873 


0. 42839 
0. 43796 
0. 44746 
0, 45688 
0. 46622 


0. 47548 
0. 48465 
0. 49374 
0. 50274 
0. 51166 


0. 52049 


00000 
34156 
45747 
12223 
11061 


19778 
15944 
77198 
81258 
05939 


29160 
28962 
83518 
71148 
70331 


59714 
18132 
24612 
58390 
98922 


25892 
19230 
59116 
25996 
00590 


63902 
97232 
82185 
00680 
34959 


67595 
81503 
59948 
86550 
45293 


20536 
97011 
59840 
94534 
87001 


23550 
90902 
76184 
66945 
51153 


17198 
53900 
50509 
96707 
82612 


98778 
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erf eas 


f o- tt 


wee 


owe ee . 
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VT 


5 


VT 
0. 87878 25789 
0.86995 15467 
0. 86103 70343 
0.85204 34444 
0. 84297 51813 


0. 83383 66473 
0, 82463 22395 
0. 81536 63461 
0. 80604 33431 
0.79666 75911 


0, 78724 34317 
0.77777 51846 
0. 76826 71442 
0.75872 35764 
0.74914 87161 


0. 73954 67634 
0.72992 18814 
0.72027 81930 
0.71061 97784 
0.70095 06721 


0.69127 48604 
0. 68159 62792 
0.67191 88112 
0.66224 62838 
0.65258 24665 


0. 64293 10692 
0. 63329 57399 
0. 62368 00626 
0.61408 75556 
0. 60452 16696 


0.59498 57863 
0.58548 32161 
0.57601 71973 
0.56659 08944 
9.55720 73967 


0.54786 97173 
0.53858 07918 
0.52934 34773 
0.52016 05514 
0.51103 47116 


0.50196 85742 
0.49296 46742 
0, 48402 54639 
0, 47515 33132 
0. 46635 05090 


0.45761 92546 
0. 44896 16700 
0. 44037 97913 
0. 43187 55710 
0.42345 08779 


0. 41510 74974 
2 


0.88622 69255 


erf x 


0. 52049 
0. 52924 
0. 53789 
0. 54646 
0. 55493 


0. 56332 
0.57161 
0.57981 
0, 58792 
0.59593 


0. 60385 
0. 61168 
0. 61941 
0. 62704 
0. 63458 


0, 64202 
0. 64937 
0. 65662 
0. 66378 
0, 67084 


0. 67780 
0. 68466 
0. 69143 
0, 69810 
0. 70467 


0.71115 
0. 71753 
0. 72382 
0. 73001 
0. 73610 


0. 74210 
0. 74800 
0. 75381 
0. 75952 
0. 76514 


0. 77066 
0.77610 
0. 78143 
0. 78668 
0. 79184 


0. 79690 
0. 80188 
0. 80676 
0. 81156 
0. 81627 


0. 82089 
0. 82542 
0, 82987 
0, 83423 
0. 83850 


0, 84270 


98778 
36198 
86305 
40969 
92505 


33663 
57638 
58062 
29004 
64972 


60908 
12189 
14619 
64433 
58291 


93274 
66880 
77023 
22027 
00622 


11938 
55502 
31231 
39429 
80779 


56337 
67528 
16140 
04313 
34538 


09647 
32806 
07509 
37569 
27115 


80576 
02683 
98455 
73192 
32468 


82124 
28258 
77215 
35586 
10190 


08073 
36496 
02930 
15043 
80696 


07929 


a 


5 


eee 


PWN O NOON OU PWNrO 


ek ee al coed el Seed sl el cael ce wl cl aol cell 
PHHEEHH CO0D00 cGO9D00 


2 


VE 


0. 41510 
0. 40684 
0. 39867 
0. 39058 
0. 38257 


0. 37466 
0. 36684 
0. 35911 
0. 35147 
0. 34392 


0. 33647 
0. 32912 
0. 32186 
0. 31470 
0. 30764 


0, 30067 
0. 29381 
0. 28704 
0. 28037 
0. 27381 


0. 26734 
0. 26097 
0. 25471 
0. 24854 
0. 24248 


0. 23652 
0. 23065 
0. 22489 
0. 21923 
0. 21367 


0. 20820 
0. 20284 
0.19757 
0.19241 
0. 18734 


0. 18236 
0.17749 
0.17271 
0, 16802 
0. 16343 


0. 15894 
0.15453 
0, 15022 
0. 14600 
0. 14187 


0. 13783 
0, 13387 
0.13001 
0.12623 
0. 12254 


0. 11893 


= er 


74974 
71315 
13992 
18368 
98986 


69570 
43034 
31488 
46245 
97827 


95978 
49667 
67103 
55742 
22299 


72759 
12389 
45748 
76702 
08437 


43470 
83664 
30243 
83805 
44335 


11224 
83281 
58748 
35317 
10145 


79868 
40621 
88048 
17326 
23172 


99865 
41262 
40811 
91568 
86216 


17077 
76130 
55027 
45107 
37413 


22708 
91486 
33993 
40239 
00011 


02892 
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ERROR FUNCTION AND ITS DERIVATIVE 


erf r 


0. 84270 
0. 84681 
0. 85083 
0. 85478 
0, 85864 


0. 86243 
0. 86614 
0, 86977 
0. 87332 
0. 87680 


0. 88020 
0. 88353 
0. 88678 
0. 88997 
0. 89308 


0. 89612 
0, 89909 
0. 90200 
0. 90483 
0. 90760 


0. 91031 
0.91295 
0. 91553 
0.91805 
0. 92050 


0. 92290 
0. 92523 
0.92751 
0. 92973 
0. 93189 


0. 93400 
0. 93606 
0. 93806 
0. 94001 
0. 94191 


0. 94376 
0. 94556 
0. 94731 
0. 94901 
0. 95067 


0. 95228 
0. 95385 
0, 95537 
0. 95685 
0. 95829 


0. 95969 
0. 96105 
0. 96237 
0. 96365 
0. 96489 


0. 96610 


07929 
04962 
80177 
42115 
99465 


61061 
35866 
32972 
61584 
31019 


50696 
30124 
78902 
06704 
23276 


38429 
62029 
03990 
74269 
82860 


39782 
55080 
38810 
01041 
51843 


01283 
59418 
36293 
41930 
86327 


79449 
31228 
51551 
50262 
37153 


21961 
14366 
23980 
60353 
32958 


51198 
24394 
61786 
72531 
65696 


50256 
35095 
28999 
40654 
78648 


51465 


P 


av = ee 
V7 

1.50 0.11893 02892 
1.51 0.11540 38270 
1, 52 0.11195 95356 
1. 53 0.10859 63195 
1.54 0.10531 30683 
1.55 0.10210 86576 
1, 56 0.09898 19506 
1.57 0.09593 17995 
1,58 0.09295 70461 
1.59 0.09005 65239 
1, 60 0.08722 90586 
1. 61 0, 08447 34697 
1, 62 0.08178 85711 
1. 63 0.07917 31730 
1, 64 0.07662 60821 
1. 65 0.07414 61034 
1, 66 0.07173 20405 
1.67 0.06938 26972 
1. 68 0, 06709 68781 
1, 69 0. 06487 33895 
1.70 0.06271 10405 
171 0.06060 86436 
1.72 0.05856 50157 
1. 73 0.05657 89788 
1,74 0. 05464 93607 
1.75 0.05277 49959 
1.76 0.05095 47262 
1.77 0.04918 74012 
1,78 0.04747 18791 
1.79 0.04580 70274 
1, 80 0. 04419 17233 
1, 81 0.04262 48543 
1, 82 0.04110 53185 
1, 83 0.03963 20255 
1, 84 0. 03820 38966 
1. 85 0. 03681 98653 
1, 86 0.03547 88774 
1.87 0.03417 98920 
1, 88 0. 03292 18811 
1, 89 0.03170 38307 
1.90 0.03052 47404 
1.91 0.02938 36241 
1.92 0. 02827 95101 
1.93 0.02721 14412 
1,94 0.02617 84752 
1.95 0.02517 96849 
1,96 0.02421 41583 
1.97 0.02328 09986 
1,98 0.02237 93244 
1.99 0.02150 82701 

0.02066 69854 


ps 


= 0.88622 69255 


rol 
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Table 7.1 


erf xz 


0. 96610 
0. 96727 
0. 96841 
0.96951 
0. 97058 


0. 97162 
0. 97262 
0. 97360 
0.97454 
0. 97546 


0.97634 
0.97720 
0. 97803 
0. 97884 
0. 97962 


0. 98037 
0.98110 
0. 98181 
0. 98249 
0. 98315 


0. 98379 
0. 98440 
0. 98500 
0.98557 
0. 98613 


0. 98667 
0. 98719 
0. 98769 
0. 98817 
0. 98864 


0. 98909 
0. 98952 
0. 98994 
0. 99034 
0. 99073 


0.99111 
0. 99147 
0. 99182 
0.99215 
0. 99247 


0. 99279 
0. 99308 
0. 99337 
0. 99365 
0. 99392 


0.99417 
0. 99442 
0. 99466 
0. 99489 
0. 99511 


0, 99532 


51465 
67481 
34969 
62091 
56899 


27333 
81220 
26275 
70093 
20158 


83833 
68366 
80884 
28397 
17795 


55850 
49213 
04416 
27870 
25869 


04586 
70075 
28274 
84998 
45950 


16712 
02752 
09422 
41959 
05487 


05016 
45446 
31565 
68051 
59476 


10301 
24883 
07476 
62228 
93184 


04292 
99398 
82251 
56502 
25709 


93336 
62755 
37246 
20004 
14132 


22650 
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Table 7.2 DERIVATIVE OF THE ERROR FUNCTION 

r 2 enn 9 2 er 1 2 ew a 2 ne 

\7 V7 Vu V7 

2.00 (- 2)2,0666 985 2.50 (= 3)2,1782 842 3.00 (- 4)1.3925 305 3,50 (- 6)5,3994 
2.01 (- 2)1.9854 636 2.51 (- 3)2,0718 409 3,01 (- 4)1,3113 047 3.51 (- 6)5,0338 
2,02 (~ 2)1.9070 402 2.52 (- 3)1,9702 048 3.02 (- 4)1.2345 698 3.52 (- 6)4.6921 
2,03 (- 2)1,8313 482 2.53 (- 3)1.8731 800 3,03 (- 4)1.1620 929 3.53 (- 6)4,3727 
2.04 (- 2)1,.7583 088 2.54 (- 3)1.7805 771 3,04 (- 4)1.0936 521 3.54 (- 6)4.0742 
2.05 (- 2)1,.6878 448 2.55 (- 3)1.6922 136 3.05 (- 4)1.0290 362 3.55 (- 6)3.7954 
2.06 (- 2)1.6198 806 2.56 (- 3)1,6079 137 3.06 (- 5)9.6804 434 3.56 (- 6)3,5349 
2.07 (- 2)1.5543 422 2.57 (~ 3)1.5275 078 3.07 (- 5)9.1048 542 3.57 (- 6)3.2916 
2.08 (- 2)1.4911 571 2.58 (- 3)1,4508 325 3.08 (- 5)8,5617 765 3.58 (- 6)3.0645 
2.09 (- 2)1,4302 545 2.59 (- 3)1.3777 304 3.09 (- 5)8.0494 817 3.59 (- 6)2.8524 
2.10 (- 2)1.3715 650 2.60 (- 3)1.3080 500 3.10 (- 5)7.5663 267 3.60 (- 6)2,.6545 
2.11 (- 2)1.3150 207 2.61 (- 3)1.2416 455 3.11 (- 5)7.1107 499 3.61 (- 6)2.4699 
2.12 (- 2)1.2605 554 2.62 (- 3)1.1783 764 3.12 (- 5)6,6812 674 3.62 (- 6)2.2976 
2.13 (- 2)1.2081 043 2.63 (- 3)1.1181 075 3.13 (- 5)6.2764 699 3.63 (- 6)2,1369 
2.14 (- 2)1.1576 041 2.64 (- 3)1.0607 090 3.14 (- 5)5.8950 187 3.64 (- 6)1.9871 
2.15 (- 3} 1.1089 930 2.65 (- 3)1.0060 558 3.15 (- 5)5.5356 429 3.65 (- 6)1.8474 
2.16 {(- 2)1,0622 108 2.66 (- 4)9,5402 778 3.16 (- 5)5,1971 360 3.66 (- 6)1.7171 
2.17 (- 2)1.0171 986 2.67 (- 4)9,0450 949 3.17 (- 5)4.8783 532 3.67 (- 6)1.5958 
2.18 : 3)9.7389 910 2.68 (- 4)8.5738 992 3.18 (- 5)4,.5782 082 3.68 (- 6)1.4827 
2.19 (- 3)9.3225 623 2.69 (- 4)8.1256 247 3.19 (- 5)4.2956 707 3.69 (- 6)1.3773 
2.20 {= 3)8.9221 551 2.70 (- ay seas 476 3.20 (- 2} 4.0297 636 3.70 (- 6)1.2792 
2.21 (- 3)8.5372 378 2.71 (- 4)7.2937 850 3.21 (- 5)3.7795 604 3.71 (- 6)1,.1879 
2.22 (- 3)8,.1672 930 2.72 (- 4)6.9082 932 3.22 (- 5)3.5441 831 3.72 (- 6)1.1028 
2.23 (- 3)7.8118 164 2.73 (- 4)6,5418 671 3.23 (- 5)3.3227 997 3.73 (- 6)1.0236 
2.24 (- 3)7.4703 176 2.74 (- 4)6.1936 378 3.24 (- 5)3.1146 217 3.74 (- 7)9.4998 
2.25 (- 3)7.1423 190 2.75 (- 4)5,8627 725 3.25 fs 5) 2.9189 025 3.75 (- 7)8.8143 
2.26 (- 3)6,8273 562 2.76 (- 4)5,5484 722 3.26 (- 5)2.7349 351 3.76 (- 7)8.1766 
2.27 (- 3)6.5249 776 2.77 (- 4)5.2499 713 3.27 (- 5)2.5620 500 3.77 (- 7)7,5835 
2.28 (~ 3)6.2347 440 2.78 (- 4) 4.9665 360 3.28 {- 5)2.3996 135 3.78 (- 7)7.0320 
2.29 (- 3)5,.9562 287 2.79 (- 4)4.6974 632 3.29 (- 5)2.2470 263 3.79 (- 7)6.5193 
2.30 (- 3)5.6890 172 2.80 (- 4)4.4420 794 3.30 (- 5)2,1037 210 3.80 (- 7)6.0428 
2.31 (- 3)5.4327 069 2.81 (- 4)4.1997 400 3.31 (- 5)1.9691 613 3.81 (- 7)5.6000 
2.32 (- 3)5,1869 067 2.82 (- 4)3.9698 274 3.32 (- 5)1.8428 397 3.82 (- 7)5,.1886 
2.33 (- 3)4.9512 374 2.83 (- 4)3.7517 508 3.33 (- 5)1.7242 768 3.83 (- 7)4.8065 
2.34 (- 3)4.7253 306 2.84 (- 4)3.5449 449 3.34 (- 5)1.6130 192 3.84 (- 7)4.4516 
2.35 (- 3)4,5088 292 2.85 (- 4)3.3488 688 3.35 (- 5)1.5086 387 3.85 (- 7)4,1221 
2.36 (- 3)4,3013 869 2.86 (- 4) 3.1630 053 3.36 (- 5)1.4107 306 3.86 (- 7)3.8162 
2.37 (- 3)4.1026 681 2.87 (- 4)2.9868 598 3.37 (- 5)1,.3189 127 3.87 (- 7)3.5324 
2.38 (- 3)3,9123 473 2.88 (~- 4)2.8199 597 3.38 (- 5)1,.2328 243 3.88 (- 7)3.2689 
2.39 (- 3)3.7301 092 2.89 (- 4)2,6618 533 3.39 (- 5)1.1521 246 3.89 (- 7)3.0245 
2.40 (- 3)3.5556 487 2.90 (- 4)2,5121 089 3.40 (- 5)1.0764 921 3.90 (- 7)2.7979 
2.41 (- 3)3.3886 700 2.91 (- 4)2.3703 144 3.41 (- 5)1,0056 235 3.91 (= 7)2.5877 
2.42 (- 3)3,2288 871 2.92 (- 4)2.2360 761 3.42 (- 6)9.3923 243 3.92 (- 7)2.3928 
2.43 (- 3)3.0760 230 2.93 (- 4)2.1090 184 3.43 (- 6)8.7704 910 3.93 (- 7)2.2121 
2.44 (- 3)2.9298 098 2.94 (- 4)1.9887 824 3.44 (- 6)8,1881 894 3.94 (- 7)2.0447 
2.45 (- 3)2.7899 886 2.95 (- 4)1.8750 262 3.45 (- 6)7,6430 199 3.95 (- 7)1.8896 
2.46 (- 3)2.6563 089 2.96 (- 4)1.7674 231 3.46 (- 6)7.1327 211 3.96 (- 7)1.7459 
2.47 (~ 3)2,5285 285 2.97 (- 4)1.6656 619 3.47 (- 6)6.6551 620 3.97 (- 7)1.6128 
2.48 (- 3)2,4064 136 2.98 (- 4)1.5694 459 3.48 (- 6)6.2083 353 3.98 (- 7)1,4895 
2.49 (- 3)2,2897 383 2.99 (- 4)1.4784 919 3.49 (- 6)5.7903 503 3.99 “(- 7)1.3754 
2.50 (- 3)2.1782 842 3.00 (- 4)1.3925 305 3.50 (- 6)5.3994 268 4.00 (- 7)1.2698 
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5.2876 


4.7325 
4.2349 
3.7888 
3.3891 
3.0309 


2.7100 
2.4226 
2.1653 
1.9349 
1.7287 


1.5441 
1.3790 
1.2313 
1.0991 
9.8105 


8.7544 
7.8104 
6.9668 
6.2130 
5.5398 


4.9384 
4.4015 
3.9222 
3.4943 
3.1126 


2.7719 
2.4681 
2.1971 
1.9555 
1.7401 


1.5481 
1.3770 
1,2246 
1.0888 
9.6798 


8.6032 
7.6449 
6.7919 
6.0329 
5.3577 


4.7571 
4.2229 
3.7480 
3.3259 
2.9507 
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(-18) 1.0982 


-19) 9.6542 
-19) 8.4849 
~19) 7.4558 
-19) 6.5502 
-19) 5.7534 


(-19) 5.0525 


4.4745 
3.9421 
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~19)5.0525 800 7.00 (-22)5.9159 630 
-19) 4.4362 038 7.01 (-22)5.1425 768 
-19) 3.8942 418 7.02 (-22) 4.4694 005 
~19) 3.4178 066 7.03 (-22) 3.8835 679 
-19) 2.9990 603 7.04 (-22) 3.3738 492 
-19) 2.6310 921 7.05 (-22)2.9304 450 
-19) 2.3078 100 7.06 (-22)2.5448 057 
-19) 2.0238 447 7.07 (-22)2.2094 736 
~19) 1.7744 651 7.08 (-22)1.9179 450 
-19)1.5555 031 7.09 (-22)1.6645 491 
~19) 1.3632 874 7.10 (-22)1.4443 426 
-19)1.1945 852 7.11 (-22)1.2530 171 
-19) 1.0465 500 7.12 (-22)1.0868 181 
-20)9.1667 618 7.13 (-23)9.4247 516 
-20) 8.0275 879 7.14 (-23)8.1713 928 
-20) 7.0285 758 7.15 (-23)7.0832 963 
-20) 6.1526 575 7.16 (-23) 6.1388 620 
-20) 5.3848 212 7.17 (-23)5.3192 876 
-20) 4.7118 664 7.18 (-23)4,6082 095 
~20) 4.1221 880 7.19 (-23) 3.9913 893 
~20) 3.6055 852 7.20 (-23) 3.4564 408 
-20) 3.1530 937 7.21 (-23)2.9925 904 
-20) 2.7568 372 7.22 (-23)2.5904 701 
-20) 2.4098 972 7.23 (-23)2.2419 351 
-20) 2.1061 973 7.24 (-23)1.9399 057 
-20)1.8404 021 7.25 (-23)1.6782 295 
-20) 1.6078 278 7.26 (-23)1.4515 608 
~20) 1.4043 634 7.27 (-23)1.2552 558 
-20) 1.2264 013 7.28 (~-23)1.0852 815 
-20) 1.0707 765 7.29 (-24)9.3813 574 
-21)9.3471 286 7.30 (-24)8.1077 830 
-21) 8.1577 565 7.31 (-24)7.0057 026 
~21) 7.1183 018 7.32 (-24)6.0522 159 
-21) 6.2100 515 7.33 (-24)5.2274 546 
~21)5.4166 048 7.34 (-24)4.5141 841 
-21) 4.7235 904 7.35 (-24) 3.8974 577 
~21) 4.1184 183 7.36 (-24) 3.3643 153 
-21) 3.5900 610 7.37 (-24)2.9035 220 
~-21) 3.1288 615 7.38 (~24)2,5053 400 
~21) 2.7263 649 7.39 (-24)2.1613 315 
-21) 2.3751 704 7.40 (-24)1.8641 859 
-21) 2.0688 010 7.41 (-24)1.6075 712 
-21)1.8015 892 7.42 (-24)1.3860 036 
-21)1.5685 776 7.43 (-24)1.1947 351 
-21) 1.3654 297 7.44 (-24)1.0296 557 
~21) 1.1883 540 7.45 (-25)8.8720 826 
~21) 1.0340 356 7.46 (-25)7.6431 480 
-22) 8.9957 684 7.47 (-25)6.5831 250 
-22) 7.8244 565 7.48 (-25)5.6689 820 
~22) 6.8042 967 7.49 (-25) 4.8808 021 
-22)5.9159 630 7.50 (-25)4,2013 654 
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a 

.2007 
5.9541 
4.9223 
4.0685 
3.3621 


1.0662 
8.7992 
7.2599 
5.9886 
4.9390 


4.0725 
3.3574 
2.7672 
2.2804 
1.8788 


1.5477 
1.2746 
1.0495 
8.6404 
7.1118 


5.8524 
4.8150 
3.9608 
3.2574 
2.6784 


2.2019 
1.8098 
1.4872 
1.2219 
1.0037 


2.5189 
2.0658 
1.6939 
1.3886 


1,1381 
9.3271 
7.6417 
6.2596 
5.1265 


4.1976 
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g-2 
0. 250 


ERROR FUNCTION AND FRESNEL INTEGRALS 


COMPLEMENTARY ERROR FUNCTION 


xe’ erfe x 


0.51079 14 
0.51163 07 
0.51247 67 
0.51332 94 
0.51418 90 


0.51505 55 
0.51592 92 
0.51681 01 
0.51769 83 
0.51859 40 


0.51949 74 
0.52040 85 
0.52132 75 
0.52225 45 
0.52318 98 


0.52413 33 
0.52508 55 
0.52604 63 
0.52701 59 
0.52799 46 


0.52898 25 
0.52997 98 
0.53098 67 
0.53200 35 
0.53303 02 


0.53406 72 


| 


See Example 2. 
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<x“> x2 


0.125 
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mn 


<2x£> =nearest integer to z. 


erfe ynr 


0.01218 88821 84803 
0.00039 27505 88282 
0.00001 41444 02689 
0.00000 05351 64662 
0.00000 00208 26552 


erfe x 


Oonc ss 


10 


[fr e-tat=1-erf z 


zet’ erfe x 
0.53406 72 
0.53511 47 
0.53617 29 
0.53724 20 
0. 53832 23 


0.53941 41 
0.54051 76 
0.54163 32 
0.54276 11 
0.54390 16 


0.54505 51 
0.54622 19 
0.54740 24 
0.54859 69 
0.54980 58 


0.55102 95 
0.55226 85 
0.593522 
0.55479 41 
0.55608 17 


0.55738 65 
0.55870 90 
0.56005 00 
0.56140 99 
0.56278 96 


0.56418 96 
ie 


erfe nr 
0.00000 00008 25422 
0.00000 00000 33136 
0.00000 00000 01343 
0.00000 00000 00055 
0.00000 00000 00002 


erfe /mz compiled from O. Emersleben, Numerische Werte des Fehlerintegrals fiir /”z, 


Z. Angew. Math. Mech. 31, 3938-394, 1951 (with permission). 
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REPEATED INTEGRALS OF THE ERROR FUNCTION Table 7.4 


2°T (5+1) i’ erfe x 


x n=1 n=2 n=8 n=4 
0.0 1, 00000 1, 00000 1, 00000 1, 00000 
0.1 ~ 1)8, 32738 - 1)7. 93573 - 1)7. 62409 - 1)7. 36220 
0.2 - 1)6, 85245 ~ 1)6. 22654 - 1)5. 74882 - 1)5, 36163 
0.3 ~ 1)5. 56938 - 1)4, 82842 ~ 1)4. 28565 - 1)3. 86125 
0.4 - 1)4, 46884 - 1)3. 69906 - 1)3.15756 - 1)2, 74894 
0.5 - 1)3, 53855 - 1)2. 79859 - 1)2, 29846 - 1)1. 93408 
0.6 - 1)2. 76388 - 1)2,°09021 - 1)1. 65244 - 1)1. 34438 
0.7 - 1)2,12869 - 1)1,54061 ~ 1)1.17295 - 2)9. 22962 
0. 8 - 1)1. 61601 - 1)1.12021 ~- 2)8, 21802 ~- 2)6, 25650 
0.9 - 1)1. 20884 - 2)8, 03288 ~ 2)5, 68138 - 2)4. 18643 
1.0 - 2)8, 90739 - 2)5.67901 - 2)3. 87449 - 2)2. 76442 
11 ~ 2)6, 46332 - 2)3,.95711 - 2)2, 60573 - 2)1. 80092 
1.2 - 2)4. 61706 ~ 2)2,. 71686 - 2)1. 72776 - 2)1.15720 
1.3 - 2)3, 24613 ~ 2)1, 83748 - 2)1.12918 - 3)7. 33229 
1.4 ~ 2)2. 24570 ~ 2)1, 22388 - 3)7.27211 ~ 3)4,58017 
15 - 2)1. 52836 — 3)8. 02626 ~ 3)4, 61400 - 3)2, 81992 
1.6 ~ 2)1, 02305 - 3)5.18140 - 3)2. 88347 ~ 3)1. 71085 
1.7 ~ 3)6, 73408 - 3)3. 29192 - 3)1.77452 - 3)1.02261 
1.8 - 3)4. 35805 - 3)2.05795 - 3)1.07519 - 4)6.02074 
19 - 3)2. 77245 - 3)1. 26566 ~ 4)6, 41281 ~- 4)3. 49094 
2.0 ~ 3)1. 73350 ~ 4)7, 65644 - 4)3, 76431 - 4)1.99301 
2.1 - 3)1. 06515 - 4)4,55498 - 4)2.17431 - 4)1.12014 
2.2 - 4)6.43074 - 4)2, 66457 - 4)1. 23562 - 5)6.19670 
2.3 - 4)3, 81436 - 4)1.53245 - 5)6. 90731 - 2 3, 37364 
2.4 - 4)2, 22250 - 5)8. 66372 - 5)3. 79773 - 5)1. 80727 
2.5 - 4)1.27195 - 5)4. 81417 - 5)2. 05339 - 6)9.52500 
2.6 - 5)7. 14929 - 5)2. 62896 - 5)1. 09167 - 6)4, 93818 
2.7 - 5)3. 94619 - 5)1. 41072 - 6)5. 70591 - 6)2. 51807 
2.8 - 5)2,.13882 - 6)7, 43784 - 6)2, 93172 - ae 26274 
2.9 - 5)1.13820 - 6)3, 85260 - 6)1. 48058 - 7)6, 22654 
3.0 - 6)5. 94664 - 6)1. 96029 - 7)7. 34867 - 7)3. 01870 
3.1 - 6)3, 05003 ~ 7)9. 79725 - 7)3. 58429 - 7)1. 43874 
3.2 ~ 6)1. 53562 - 7)4, 80916 - 7)1. 71780 - 8)6. 74044 
3.3 - 7)7.58899 - } 2. 31835 - 8)8. 08871 - 8)3.10379 
3.4 ~ 7)3. 68109 - 7)1, 09748 - 8)3. 74180 ~ 8)1. 40460 
335 ~ 7)1. 75241 - 8)5,10148 - 8)1. 70036 - 3} 6. 24636 
3.6 - 8)8.18726 - 8)2,. 32831 - 9)7.58967 - 9)2. 72947 
3.7 - 8)3, 75373 - 8)1. 04329 - 9)3. 32733 ~ 9)1.17184 
3.8 - 8)1. 68883 - 9)4. 58945 - 9)1. 43260 ~10) 4, 94271 
3.9 - 9)7.45575 - 9)1.98190 -10) 6. 05736 ~-10) 2. 04800 
4.0 ~ 9) 3. 22966 -10) 8, 40124 -10) 2. 51501 -11) 8. 33554 
4.1 - 9)1, 37267 ~10) 3, 49560 ~10) 1, 02533 ~11) 3. 33230 
4.2 ~10) 5, 72405 ~10)1. 42757 -11) 4. 10427 -11)1. 30837 
4,3 ~10) 2. 34181 -~11)5. 72196 -11)1. 61297 -12)5, 04508 
4.4 -11) 9. 39929 ~11) 2. 25085 -12) 6, 22316 -12)1. 91041 
4.5 -11) 3. 70102 -12) 8. 68930 ~12) 2, 35705 -13) 7. 10366 
4.6 ~11)1. 42960 -12) 3.29184 -13) 8. 76348 ~13) 2, 59364 
4.7 -12) 5. 41708 -12)1, 22375 -13)3. 19826 -14) 9, 29786 
4.8 -12) 2. 01353 -13) 4, 46407 -13)1. 14567 -14) 3. 27252 
4.9 ~13) 7. 34149 -13)1. 59785 -14) 4, 02809 -14)1. 13080 
5.0 (-13) 2. 62561 (-14) 5. 61169 (-14) 1. 38998 (~-15) 3, 83592 

n n —1 
[2 G+4)] 
(-1)5. 64189 58355 (-1)2.50000 00000 (-2)9. 40315 97258 (-2) 3.12500 


See Examples 4 and 5. 
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Table 7.4 REPEATED INTEGRALS OF THE ERROR FUNCTION 
n(n See 
2 r(S41)i erfe z 
x n=5 n=6 n=10 n=11 

0. 0 1. 00000 1. 00000 1. 00000 1, 00000 
0.1 - tye Geen 2 aa 93283 - Tetras - 1)6.15727 
0.2 - 1)5. 03608 - 1)4, 75548 - 1)3.91490 ~ 1)3. 75188 
0.3 - oaped fe irene - ya - 1)2, 26201 
0.4 ~ 1)2. 42671 - 1)2.16478 - 1)1. 46861 - 1)1. 34906 
0.5 - 1)1. 65569 - 1)1. 43588 be 2) 8, 84744 ~ 2)7.95749 
0.6 - 1)1. 11630 - 2)9, 41309 - A aee - 2)4, 64127 
0.7 - 2)7. 43528 - 2) 6.09742 a 2)3. 10323 - 2)2. 67626 
0.8 t= Se aoe - ner re - eit ouecs - 2)1,52533 
0.9 - 2)3.17704 - 2)2, 46567 (- 2)1. 03859 (- 3)8.59126 
1.0 (- 2)2. 03707 ‘s 2) 1. 53850 ~ 3)5. 90062 - 3)4. 78106 
11 - ayaa es - 3)9. 47623 - 3)3, 31130 - 3)2.62835 
1.2 - 3)8, 04765 (- 3)5, 76033 - 3)1. 83510 - 3)1. 42708 
1.3 - as ciage (- An 45489 - 3)1. 00415 ~ 4)7. 65146 
1.4 - 3)3, 01008 (- 3)2, 04411 - 4)5, 42413 - 4)4. 05030 
1.5 e 3)1. 80252 (- 3)1.19278 (- 4)2, 89186 - 4)2,11641 
1.6 - Aver ee (- ae asias - 4)1.52145 - SVE eease 
17 - 4)6,19032 (- 4) 3. 89303 ~ 5)7, 89765 - 5)5.55435 
1.8 - aye east - At 17663 - 5)4. 04407 - ye sete 
1.9 - 4)2, 00419 ~ 4)1.19930 ~ 5)2.04244 ~ 5)1. 38116 
2.0 - 4)1.11492 - 5)6, 51088 - 5)1, 01722 - erences 
2.1 - 5)6,10810 ~- 5)3. 48211 - 6)4,99509 - 6)3. 24987 
2.2 - 5)3.29497 - 5)1, 83427 - 6) 2. 41807 ~ 6)1,.54350 
2.3 - 5)1. 74988 - 6)9,51547 - 6)1.15378 t= Geers 
2.4 - 6)9.14767 ~ 6)4. 86044 ~ 7)5. 42553 - 7)3.33519 
2.5 - 6)4, 70641 - Ne 44418 - 7)2,51397 - 7)1. 51693 
2.6 - 6)2, 38278 - 6)1. 20988 - 7)1.14766 - 8)6. 79864 
2.7 - 6)1. 18695 - 7)5, 89435 - 8)5.16116 - 8)3.00212 
2.8 ~- 7)5, 81672 - 7)2. 82592 - Sets - 8)1. 30595 
2.9 ~- 7)2. 80391 - 7)1. 33308 - 9)9. 97266 - 9)5.59577 
3,0 - 7)1, 32935 - 8)6.18684 ~ 9) 4, 28380 - 9)2, 36143 
3,1 - 8)6,19798 - 8)2. 82454 - 9)1, 81176 -10) 9, 81330 
3.2 - 8)2. 84151 - 8)1. 26835 ~10 7. 54345 -10) 4, 01541 
3.3 ~ 8)1, 28082 ~ 9)5, 60145 -10) 3, 09165 -10)1. 61759 
3.4 ~ 9)5.67576 - 9)2, 43265 -10)1. 24712 -11) 6. 41479 
3.5 - 9)2.47236 - 9)1. 03880 -11) 4. 95086 -11) 2. 50393 
3.6 - 9)1.05855 -10) 4, 36132 -11)1. 93401 soy eae 
3.7 -10) 4. 45435 -10) 1, 80009 ~12) 7. 43354 -12) 3. 63661 
3.8 ~10)1. 84200 e ~11) 7, 30331 er eroe feiayi ge14e 
3.9 -11) 7. 48503 -11) 2. 91245 ~12) 1. 04564 ~13) 4.95149 
4.0 Ser -11) 1.14149 enter -13)1. 78294 
4.1 ~11)1. 17234 -~12) 4. 39668 Tava eres eneeth 
4.2 -12) 4. 51802 ~12)1. 66412 -14) 4, 87328 -14) 2, 20038 
4,3 -~12)1. 71044 -13) 6, 18894 -14)1. 69612 FEV e eates 
4.4 -13) 6. 36069 -13) 2. 26147 -15) 5, 80461 -15) 2, 54109 
4.5 -13) 2, 32332 -14) 8, 11851 STANE aLioe erent 
4.6 -14) 8. 33482 -14) 2. 86315 ~16) 6, 46126 -16) 2. 74419 
4.7 -14) 2. 93656 -15) 9. 91898 -16) 2, 10125 -17) 8 79230 
4,8 -14) 1. 01604 -15) 3. 37534 -17) 6, 71719 oe 2. 76954 
4,9 -15) 3. 45215 -15)1.12815 -17) 2, 11065 -18) 8, 57626 
5.0 (-15) 1.15173 (-16) 3. 70336 (-18) 6, 51829 ( ~18) 2, 61062 


[Gey 


(-3)9. 40315 97258 (-3) 2.60416 66667 (-6) 8.13802 08333 (-6)1. 69609 66316 


ERROR FUNCTION AND FRESNEL INTEGRALS 


DAWSON’S INTEGRAL Table 7.5 
2( Fr 42 2 2f48 2 
x oe edt x Con fd ef dt a? ve? { ef dt <2> 
0. 00 0.00000 00000 1, 00 0.53807 95069 0. 250 0.60268 0777 2 
0, 02 0.01999 46675 1. 02 0.53637 44359 0, 245 0. 60046 6027 2 
0, 04 0.03995 73606 1. 04 0.53431 71471 0, 240 0.59819 8606 2 
0, 06 0.05985 62071 1, 06 0.53192 50787 0,235 0.59588 1008 2 
0. 08 0.07965 95389 1, 08 0.52921 57454 0. 230 0.59351 6018 2 
0.10 0. 09933 59924 1.10 0,52620 66800 0. 225 0.59110 6724 2 
0.12 0,11885 46083 1.12 0.52291 53777 0, 220 0.58865 6517 2 
0.14 0.13818 49287 1.14 0.51935 92435 0.215 0.58616 9107 2 
0.16 0.15729 70920 1.16 0.51555 55409 0.210 0.58364 8516 2 
0.18 0.17616 19254 1.18 0.51152 13448 0, 205 0.58109 9080 2 
0. 20 0.19475 10334 1.20 0.50727 34964 0. 200 0.57852 5444 2 
0. 22 0, 21303 68833 1. 22 0,50282 85611 0.195 0.57593 2550 2 
0. 24 0, 23099 28865 1.24 0.49820 27897 0.190 0.57332 5618 2 
0, 26 0, 24859 34747 1, 26 0. 49341 20827 0.185 0,57071 0126 2 
0. 28 0.26581 41727 1.28 0. 48847 19572 0.180 0.56809 1778 2 
0. 30 0, 28263 16650 1. 30 0.48339 75174 0.175 0.56547 6462 2 
0, 32 0.29902 38575 1,32 0.47820 34278 0.170 0.56287 0205 2 
0, 34 0.31496 99336 1, 34 0.47290 38898 0.165 0, 56027 9114 2 
0, 36 0.33045 04051 1. 36 0.46751 26208 0.160 0.55770 9305 3 
0. 38 0. 34544 71562 1.38 0. 46204 28368 0.155 0.55516 6829 3 
0. 40 0.35994 34819 1. 40 0.45650 72375 0. 150 0.55265 7582 3 
0. 42 0, 37392 41210 1,42 0.45091 79943 0.145 0.55018 7208 3 
0. 44 0. 38737 52812 1, 44 0. 44528 67410 0. 140 0.54776 0994 3 
0. 46 0.40028 46599 1.46 0.43962 45670 0.135 0.54538 3766 3 
0. 48 0.41264 14572 1.48 0, 43394 20135 0,130 0.54305 9774 3 
0,50 0.42443 63835 1,50 0. 42824 90711 0.125 0.54079 2591 3 
0.52 0.43566 16609 1,52 0.42255 51804 0.120 0.53858 5013 3 
0,54 0.44631 10184 1,54 0. 41686 92347 0.115 0.53643 8983 3 
0.56 0.45637 96813 1.56 0.41119 95842 0.110 0.53435 5529 3 
0.58 0.46586 43551 1.58 0.40555 40424 0.105 0.53233 4747 3 
0. 60 0.47476 32037 1, 60 0. 39993 98943 0. 100 0.53037 5810 3 
0, 62 0.48307 58219 1.62 0. 39436 39058 0. 095 0.52847 7031 3 
0. 64 0.49080 32040 1. 64 0, 38883 23346 0, 090 0.52663 5967 3 
0. 66 0.49794 77064 1, 66 0, 38335 09429 0. 085 0.52484 9575 3 
0. 68 0.50451 30066 1. 68 0.37792 50103 0. 080 0.52311 4393 4 
0.70 0.51050 40576 1.70 0.37255 93490 0.075 0.52142 6749 4 
0.72 0.51592 70382 1.72 0.36725 83182 0. 070 0.51978 2972 4 
0.74 0.52078 93010 1.74 0.36202 58410 0. 065 0.51817 9571 4 
0.76 0.52509 93152 1.76 0.35686 54206 0. 060 0.51661 3369 4 
0.78 0.52886 66089 1,78 0.35178 01580 0. 055 0.51508 1573 4 
0. 80 0.53210 17071 1. 80 0.34677 27691 0. 050 0.51358 1788 4 
0. 82 0.53481 60684 1, 82 0, 34184 56029 0. 045 0.51211 1971 5 
0. 84 0.53702 20202 1, 84 0.33700 06597 0. 040 0.51067 0372 5 
0. 86 0.53873 26921 1. 86 0. 33223 96091 0. 035 0.50925 5466 5 
0, 88 0.53996 19480 1, 88 0.32756 38080 0, 030 0.50786 5903 6 
0.90 0.54072 43187 1.90 0.32297 43193 0.025 0.50650 0473 6 
0.92 0.54103 49328 1.92 0. 31847 19293 0. 020 0.50515 8078 7 
0.94 0.54090 94485 1.94 0,31405 71655 0.015 0.50383 7717 8 
0.96 0.54036 39857 1.96 0, 30973 03141 0, 010 0.50253 8471 10 
0.98 0.53941 50580 1.98 0, 30549 14372 0, 005 0.50125 9494 14 
1, 00 0.53807 95069 2, 00 0. 30134 03889 0. 000 0.50000 0000 00 
ea Gy hea 
4 4 6 
See Example 3. <z>=nearest integer to 7. 


Compiled from J. B. Rosser, Theory and application of {,°e~*dz and f. 5 eet dy [, oo fde. 
Mapleton House, Brooklyn, N.Y., 1948; and B. Lohmander and S. Rittsten, Table of the 


function y=e—*" ih e“dt, Kungl. Fysiogr. Sallsk. i Lund Forh. 28, 45-52, 1958 (with permission). 
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Compiled from M. Abramowitz, Table of the integral f e-u'du, J. Math. Phys. 30, 162-163, 1951 


0, 00000 
0. 02239 
0.04479 
0.06718 
0. 08957 


0.11195 
0.13432 
0. 15667 
0.17899 
0. 20127 


0, 22352 
0.24571 
0. 26783 
0. 28988 
0. 31184 


0. 33370 
0.35544 
0. 37704 
0. 39850 
0. 41979 


0. 44090 
0. 46180 
0. 48248 
0. 50293 
0.52312 


0. 54303 
0. 56264 
0. 58194 
0. 60090 
0. 61951 


0. 63775 
0. 65560 
0. 67304 
0. 69006 
0. 70664 


0. 72276 
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3 


3 


L\ Jo 
"@) 
0. 72276 
0, 73842 
0.75360 
0. 76829 
0. 78247 


0.79615 
0. 80932 
0. 82196 
0. 83408 
0. 84567 


0. 85674 
0. 86728 
0. 87730 
0. 88680 
0. 89580 


0.90428 
0.91228 
0.91979 
0.92683 
0. 93341 


0. 93954 
0.94525 


0.95054 2 


0.95543 
0.95995 


0. 96410 
0.96791 
‘0. 97140 
0.97457 
0.97746 


0. 98008 
0.98245 
0. 98458 
0. 98649 
0. 98820 


0. 98973 


(2) fe etdt 


i edt 
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P| 


(3) 


"+ =0.89297 95116 


3 


0. 98973 
0.99109 
0.99229 
0. 99335 
0. 99429 


0.99511 
0. 99583 
0.99645 
0. 99699 
0.99746 


0.99786 
0.99821 
0. 99850 
0.99875 
0. 99897 


0.99914 


0.99914 
0.99942 
0. 99962 
0.99975 
0. 99984 


0.99990 
0.99993 
0. 99996 
0.99997 
0.99998 


0.99999 
0.99999 
0.99999 
0.99999 
0.99999 


0.99999 


97 


ea 


0. 00000 
0. 00062 
0. 00251 
0.00565 
0.01005 


0.01570 
0, 02261 
0. 03078 
0. 04021 
0. 05089 


0. 06283 
0. 07602 
0. 09047 
0. 10618 
0.12315 


0. 14137 
0. 16084 
0. 18158 
0. 20357 
0. 22682 


0. 25132 
0. 27708 
0. 30410 
0. 33238 
0. 36191 


0, 39269 
0, 42474 
0. 45804 
0. 49260 
0.52841 


0. 56548 
0. 60381 
0. 64339 
0. 68423 
0. 72633 


0. 76969 
0. 81430 
0. 86016 
0. 90729 
0. 95567 


1, 00530 
1. 05620 
1.10835 
1.16176 
1, 21642 


1. 27234 
1, 32952 
1. 38795 
1. 44764 
1, 50859 


1.57079 
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ERROR FUNCTION AND FRESNEL INTEGRALS 


FRESNEL INTEGRALS 


O(n)={5 cos 6 e) dt 
S(Q)=f, sin (5 e) dt 


C(r) =Ca(u) 


Tr 
u=z ir 
2 


00 
83 


34 


See Example 8. 
For 2-0:C(2) =2— 


0. 00000 
0. 02000 
0, 04000 
0. 05999 
0. 07999 


0. 09999 
0, 11999 
0. 13998 
0.15997 
0.17995 


0.19992 
Q. 21987 
0. 23980 
0. 25970 
0.27957 


0. 29940 
0.31917 
0. 33888 
0. 35851 
0. 37804 


0. 39748 
0. 41678 
0. 43594 
0. 45494 
0.47375 


0. 49234 
0. 51069 
0. 52878 
0. 54656 
0. 56401 


0. 58109 
0.59777 
0. 61400 
0. 62976 
0. 64499 


0. 65965 
0. 67370 
0. 68709 
0. 69977 
0.71171 


0. 72284 
0. 73312 
0. 74251 
0.75095 
0. 75840 


0. 76482 
0.77015 
0. 77436 
0.77741 
0. 77926 


0. 77989 


3 


ae Sea a8— 


S(r)=S2(u) 


0, 00000 
0. 00000 
0. 00003 
0. 00011 
0, 00026 


0, 00052 
0. 00090 
0, 00143 
0. 00214 
0. 00305 


0, 00418 
0. 00557 
0. 00723 
0. 00919 
0. 01148 


0. 01411 
0.01712 
0. 02053 
0. 02435 
0. 02862 


0, 03335 
0. 03858 
0. 04430 
0. 05056 
0. 05736 


0. 06473 
0. 07267 
0. 08122 
0. 09037 
0, 10014 


0.11054 
0.12157 
0. 13325 
0.14557 
0. 15853 


0.17213 
0. 18636 
0, 20122 
0. 21668 
0. 23272 


0. 24934 
0. 26649 
0. 28414 
0. 30227 
0. 32083 


0. 33977 
0. 35904 
0. 37859 
0. 39836 
0. 41827 


0. 43825 


00 
42 
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Table 7.7 


Co(u)= a ah or “dt o(y%) 


So (u)= 


1.57079 
1. 63425 
1. 69897 
1. 76494 
1. 83217 


1. 90066 
1.97040 
2. 04140 
2.11366 
2.18717 


2.26194 
2. 33797 
2, 41525 
2. 49379 
2.57359 


2. 65464 
2. 73695 
2. 82052 
2.90534 
2.99142 


3. 07876 
3. 16735 
3. 25720 
3. 34830 
3. 44067 


3.53429 
3. 62916 
3. 72530 
3, 82268 
3. 92133 


4, 02123 
4.12239 
4, 22481 
4. 32848 
4, 43341 


4, 53960 
4, 64704 
4.75574 
4, 86569 
4.97691 


5. 08938 
5. 20310 
5. 31808 
5. 43432 
5.55182 


5. 67057 
5. 79058 
5.91184 
6. 03437 
6. 15814 


6. 28318 


“el, 


53 


3 


u a t 


— = dt=8 


Sa 


0. 77989 
0. 77926 
0.77735 
0. 77414 
0. 76963 


0. 76380 
0. 75667 
0. 74824 
0. 73854 
0. 72759 


0. 71543 
Q, 70211 
0. 68769 
0. 67223 
0. 65582 


0. 63855 
0. 62051 
0. 60181 
0, 58259 
0. 56297 


0. 54309 
0.52310 
0. 50316 
0. 48342 
0. 46407 


0. 44526 
0, 42717 
0. 40997 
0. 39385 
0. 37895 


0. 36546 
0. 35351 
0. 34325 
0. 33481 
0, 32830 


0. 32382 
0. 32145 
0. 32122 
0. 32318 
0, 32733 


0. 33363 
0. 34203 
0. 35244 
0. 36476 
0. 37882 


0. 39447 
0. 41148 
0. 42963 
0. 44866 
0. 46830 


34 
1l 
01 
34 
03 


67 
60 
94 


0. 48825 34 


2 


(v7) 


S(r)=S9 (w) 


0, 43825 91 
0. 45824 58 
0.47815 08 
0. 49788 84 
0.51736 86 


0.53649 79 
0.55517 92 
0.57331 28 
0.59079 66 
0.60752 74 


0. 62340 09 
0. 63831 34 
0.65216 19 
0, 66484 56 
0.67626 72 


0, 68633 33 
0. 69495 62 
0.70205 50 
0.70755 67 
0.71139 77 


0.71352 51 
0. 71389 77 
0. 71248 78 
0. 70928 16 
0.70428 12 


0.69750 50 
0. 68898 88 
0.67878 67 
0, 66697 13 
0. 65363 46 


0. 63888 77 
0. 62286 07 
0.60570 26 
0.58758 04 
0.56867 83 


0.54919 60 
0.52934 73 
0.50935 84 
0. 48946 49 
0. 46990 94 


0.45093 88 
0. 43280 06 
0.41573 97 
0. 39999 44 
0. 38579 25 


0. 37334 73 
0. 36285 37 
0. 35448 37 
0. 34838 30 
0. 34466 65 


0. 34341 5 


ial 
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Table 7.7 
x Cc (x) S(r) 
2.00 0.48825 34 0.34341 57 
2.02 0.50820 04 0.34467 48 
2.04 0.52782 73 0.34844 87 
2.06 0.54681 06 0.35470 04 
2.08 0.56482 79 0.36334 98 
2.10 0.58156 41 0.37427 34 
2.12 0.59671 75 0.38730 37 
2.14 0.61000 60 0.40223 09 
2.16 0,62117 32 0.41880 45 
2.18 0,62999 53 0.43673 63 
2.20 0.63628 60 0.45570 46 
2.22 0.63990 31 0.47535 85 
2.24 0,64075.25 0.49532 41 
2.26 0.63879 28 0.51521 11 
2.28 0,63403 83 0.53462 03 
2.30 0, 62656 17 0.55315 16 
2.32 0.61649 45 0.57041 28 
2.34 0.60402 69 0.58602 84 
2.36 0.58940 65 0.59964 89 
2.38 0.57293 44 0.61095 96 
2.40 0.55496 14 0.61969 00 
2.42 0.53588 11 0.62562 11 
2.44 0.51612 29 0.62859 38 
2.46 0.49614 28 0.62851 43 
2, 48 0.47641 35 0. 62535 98 
2.50 0,45741 30 0.61918 18 
2.52 0.43961 32 0.61010 76 
2.54 0.42346 72 0.59834 06 
2.56 0,40939 65 0.58415 75 
2.58 0.39777 91 0.56790 42 
2.60 0.38893 75 0.54998 93 
2. 62 0.38312 73 0.53087 53 
2.64 0.38052 80 0.51106 79 
2.66 0.38123 50 0.49110 35 
2.68 0.38525 32 0.47153 52 
2.70 0,39249 40 0.45291 75 
2.72 0.40277 39 0.43578 98 
2.74 0.41581 68 0.42066 03 
2.76 0.43125 85 0.40798 90 
2.78 0.44865 46 0.39817 24 
2.80 0.46749 17 0.39152 84 
2.82 0.48720 04 0.38828 41 
2.84 0.50717 21 0.38856 43 
2.86 0.52677 66 0.39238 50 
2.88 0.54538 21 0.39964 80 
2.90 0.56237 64 0.41014 06 
2.92 0.57718 78 0.42353 87 
2.94 0,58930 60 0.43941 39 
2.96 0.59830 19 0.45724 45 
2.98 0.60384 56 0.47643 06 
3.00 0.60572 08 0.49631 30 
(—4)5 [oe] 
6 6 
For «>5 ae 0. 52(0. 3183099 — 
cs 


Sa(u) 


ERROR FUNCTION AND FRESNEL INTEGRALS 


=0. 5(0. 3939423 - 9 


FRESNEL INTEGRALS 


r 
3. 00 
3. 02 
3. 04 
3. 06 
3, 08 


3.10 
3.12 
3.14 
3.16 
3.18 


3, 20 
3.22 
3.24 
3,26 
3.28 


3. 30 
3. 32 
3. 34 
3. 36 
3. 38 


3. 40 
3. 42 
3, 44 
3. 46 
3.48 


3. 50 
3.52 
3.54 
3. 56 
3,58 


3. 60 
3. 62 
3. 64 
3. 66 
3. 68 


3.70 
3.72 
3.74 
3. 76 
3.78 


3. 80 
3. 82 
3, 84 
3. 86 
3, 88 


3.90 
3.92 
3.94 
3. 96 
3.98 


4. 00 


sin 
0. as cos 


0.3 


C()= fp cos G r) di 


C(a) 


s()=f, 


S(x) 


0.60572 08 0.49631 


0. 60383 7 


3 0.51619 


0.59823 78 0.53536 
0.58910 11 0.55311 
0.57674 01 0,56880 


0.56159 39 0.58181 
0.54421 58 0.59165 


0.52525 5 
0,50543 5 
0, 48552 7 


0. 46632 0 
0. 44858 9 
0. 43306 5 
0. 42040 0 
0.41113 9 


3 0.59791 
6 0.60033 
6 0.59880 


3 0.59334 
6 0.58416 
5 0.57161 
5 0.55618 
7 0.53849 


0.40569 44 0.51928 


0. 40431 9 
0.40709 9 


9 0.49936 
6 0.47960 


0.41393 66 0.46084 


0.42455 1 
0. 43849 1 


8 0.44393 
7 0.42964 


0.45514 37 «0.41864 


0.47375 9 


6 0.41143 


0.49348 70 0.40839 
0.51340 62 0.40967 


0.53257 24 0.41524 


0.55006 1 


1 0.42486 


0.56501 32 0.43808 
0.57668 02 0.45428 


0.58446 4 


3 0.47265 


0.58795 33 0.49230 
0.58694 64 0,51224 


0.58147 1 
0.57178 7 
0.55838 1 


0.54194 5 


0 0.53143 
5 0.54888 
8 0.56366 


7 0.57498 


0.52334 49 0.58220 


0.50357 7 


0 0,58492 


0.48371 94 0.58296 
0.46487 19 =0.57641 


0.44809 49 0.56561 


0. 43434 8 


6 0.55115 


0.42443 43 0.53384 


0.41894 4 
0. 41822 1 


0. 42233 2 


3 0.51466 
6 0.49472 


7 0.47520 


0.43105 68 0.45726 


0. 44389 1 
0. 46007 7 
0. 47863 5 


7 0.44198 
Q 0.43032 
1 0.42301 


0.49842 60 0, 42051 


4 


2) 


sin u) 
cos st 


a 


(0. 19947 


58 


ne 


748 


os (5 2") -(0. 10132 - 2: 2) 


) 


wee @ 


e 


. oe ee eee 


oe ee 


OTANO WDAND DBDAANO BOANO WAEANO DBDKAANO ACTSno BEANO DBDOAH#no Br fLnNo 


Pbpb pp PPpPp Pbpb Pp PrPPrsr PpPpPPh HPHAH Lf 


cos {7 » 
° Za 
sin \2 
x3 


cos 
sin 0 


wy 


C(a) 
0. 49842 60 
0.51821 54 
0.53675 05 
0.55284 04 
0.56543 47 


0.57369 56 
0.57705 88 
0.57527 76 
0.56844 74 
0.55700 75 


0.54171 92 
0.52362 06 
0.50396 08 
0. 48411 63 
0. 46549 61 


0. 44944 12 
0.43712 50 
0.42946 40 
0. 42704 39 
0. 43006 79 


0. 43833 29 
0. 45123 59 
0. 46781 05 
0.48679 41 
0.50671 95 


0.52602 59 
0.54318 11 
0.55680 46 
0.56578 27 
0.56936 57 


0.56723 67 
0.55954 81 
0.54691 86 
0.53039 13 
0.51135 38 


0.49142 65 
0. 47232 71 
0.45572 30 
0. 44308 30 
0. 43554 28 


0.43379 66 
0. 43802 47 
0, 44786 69 
0.46244 40 
0. 48042 90 


0.50016 10 
0.51979 51 
0.53747 34 
0.55150 25 
0.56051 94 


0. 56363 12 


ce 


S(x) 
0. 42051 
0. 42301 
0. 43039 
0. 44217 
0. 45764 


0. 47579 
0. 49545 
0. 51532 
0.53405 
0. 55039 


0. 56319 
0.57157 
0.57491 
0.57295 
0, 56582 


0, 55399 
0.53831 
0. 51990 
0.50011 
0. 48041 


0. 46226 
0. 44707 
0. 43599 
0, 42990 
0. 42931 


0, 43427 
0. 44442 
0. 45897 
0. 47676 
0. 49637 


0. 51619 
0. 53457 
0, 54999 
0. 56113 
0. 56702 


0. 56714 
0. 56146 
0.55044 
0.53504 
0. 51659 


0, 49675 
0. 47728 
0. 45995 
0. 44637 
0. 43780 


0. 43506 
0. 43843 
0. 44761 
0. 46175 
0. 47951 


0. 49919 


[> 


+é(u)  e(u)|<3 x 10-7 


‘| 


+€(")  €(r) <3 x 10-7 


ERROR 


wT 
uaa v2 


2 
0.00000 00000 
0.00062 83185 
0.00251 32741 
0.00565 48667 
0.01005 30964 


0.01570 79632 
0.02261 94671 
0.03078 76080 
0.04021 23859 
0.05089 38009 


° 


0.06283 18530 
0.07602 65422 
0.09047 78684 
0.10618 58316 
0.12315 04320 


0.14137 16694 
0.16084 95438 
0.18158 40553 
0. 20357 52039 
0.22682 29895 


0.25132 74122 
0.27708 84720 
0.30410 61688 
0. 33238 05027 
0.36191 14736 


0. 39269 90816 
0. 42474 33267 
0. 45804 42088 
0. 49260 17280 
0.52841 58843 


0.56548 66776 
0.60381 41080 
0. 64339 81754 
0. 68423 88799 
0.72633 62215 


0.76969 02001 
0.81430 08158 
0.86016 80685 
0.90729 19583 
0.95567 24852 


1.00530 96491 
1.05620 34501 
1.10835 38881 
1.16176 09632 
1.21642 46754 


1.27234 50247 
1.32952 20109 
1, 38795 56343 
1.44764 58947 
1.50859 27922 


1.57079 63267 


ooo oooo0oo Ooooo 
oe « @ . 


SY) oe ee oe e 2 
°o WOOO focHoczockeodes) aN SI AOano Wow A>HPHHALH Ww wwwy NNNMNN el aaa peel ae aee oQgo0000 & 


AOPrPNO OD PNO DRPNO BESNO DBDEAHND WDTSPNS WBRANO BEANO BRAND BTANG 


Lael oOooogo oo0o00o ooooo Oo02S°0 Oooo0oo ooo0o°o oOoo0oo oo 


f=) 


FUNCTION AND FRESNEL INTEGRALS 


00000 
30718 
22872 
76462 
91487 


67949 
05847 
05180 
65949 
88155 


71796 
16873 
23386 
91335 
20720 


11541 
63797 
77490 
52619 
89183 


87183 
46620 
67492 
49800 
93544 


98724 
65340 
93392 
82880 
33803 


46163 
19958 
55190 
51857 
09960 


29499 
10474 
52885 
56732 
22015 


48734 
36888 
86479 
97506 
69968 


03866 
99200 
55971 
T4177 
53819 


94897 


ee 


See Examples 6. 7, and 9. 


AUXILIARY FUNCTIONS 
f(@)= hh) 


0. 50000 
0. 49969 
0. 49880 
0. 49739 
0. 49548 


0. 49313 
0. 49037 
0. 48724 
0. 48378 
0. 48002 


0.47599 
0. 47172 
0. 46724 
0. 46257 
0. 45774 


0. 45277 
0. 44768 
0. 44248 
0, 43721 
0. 43187 


0. 42648 
0. 42105 
0. 41560 
0. 41013 
0. 40466 


0. 39920 
0. 39375 
0. 38833 
0. 38294 
0. 37759 


0. 37228 
0. 36702 
0. 36181 
0. 35666 
0. 35157 


0. 34655 
0. 34159 
0. 33670 
0. 33188 
0. 32713 


0. 32246 
0. 31786 
0. 31334 
0. 30889 
0. 30452 


0. 30022 
0. 29600 


00000 
41196 
88057 
07811 
44294 


18256 
27777 
48761 
35493 
21268 


19056 
22205 
05176 
24293 
18508 


10172 
05805 
96860 
60487 
60273 


46973 
59227 
24246 
58491 
68313 


50585 
93295 
76127 
71004 
42617 


48922 
41612 
66571 
64292 
70288 


15463 
26474 
26065 
33382 
64271 


31553 
45283 
12993 
39917 
29200 


82096 
98149 


0.29186 75359 


0. 28780 
0. 28380 


0. 27989 


10340 
98467 


34003 


[‘ae" 


00000 
39303 
20520 
66949 
00553 


06624 
82254 
11561 
31728 
70713 


49140 
45221 
22164 
12303 
40978 


56087 
06203 
81319 
95888 
53913 


90789 
36507 
90070 
35691 
67950 


25702 
63563 
15400 
26771 
52882 


35620 
87842 
25476 
98472 
80259 


82434 
67053 
33192 
57734 
72503 


61284 
60796 
49704 
09068 
36579 


95385 
76518 
51781 
91658 
20271 


76823 


Table 7.8 


g(x) = 9o(¥) 


0.50000 
0. 48031 
0. 46125 
0. 44281 
0. 42500 


0.40779 
0. 39119 
0. 37518 
0. 35976 
0. 34491 


0. 33061 
0, 31687 
0. 30365 
0.29095 
0.27876 


0. 26705 
0. 25582 
0. 24505 
0. 23472 
0. 22483 


0. 21534 
0. 20626 
0.19756 
0.18923 
0.18126 


0.17364 
0. 16634 
0. 15936 
0.15269 
0.14631 


0.14021 
0. 13437 
0. 12880 
0. 12347 
0. 11838 


0.11351 
0. 10886 
0. 10441 
0. 10016 
0.09611 


0. 09223 
0. 08852 
0. 08498 
0. 08159 
0. 07836 


0.07527 
0, 07231 
0. 06949 
0. 06679 
0. 06420 


0.06174 


[‘s0"] 


00000 
40626 
51239 
99356 
33536 


85545 
72364 
98069 
55566 
28197 


91227 
13200 
57186 
81914 
42811 


92929 
83796 
66166 
90703 
08578 


72003 
34704 
52322 
82774 
86555 


26996 
70480 
86623 
48414 
32329 


18419 
90361 
35503 
44874 
13187 


38821 
23788 
73696 
97688 
08389 


21832 
57381 
37656 
88446 
38619 


20035 
67451 


-18433 


13255 
94813 


08526 


00000 
54163 
79101 
00196 
38036 


29930 
96391 
99885 
09573 
39391 


69034 
89318 
36191 
92531 
44593 


81728 
24420 
57772 
35799 
07150 


95520 
48744 
49727 
60398 
47172 


13238 
39628 
13733 
00876 
91905 


37684 
59907 
06985 
03863 
25611 


06517 
79214 
22082 
77848 
91866 


05037 
23702 
77045 
61614 
62362 


30280 
87932 
26312 
49021 
13093 


09645 


C(x) =5 +f(z) sin (52)-a(2) cos (52) C2lu)=5 + Fale) sin u—ge(u) cos % 


S(a)=5- (x) cos (52")-9@) sin 6 22) S2(u)=5- fo(u) cos u—ge(w) sin « 
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324 


Table 7.8 


vol 


1. 00 
0. 98 
0, 96 
0. 94 
0.92 


0.90 
0. 88 
0. 86 
0. 84 
0. 82 


0. 80 
0. 78 
0. 76 
0.74 
0. 72 


0. 70 
0. 68 
0, 66 
0. 64 
0, 62 


0. 60 
0. 58 
0, 56 
0.54 
0.52 


0.50 
0. 48 
0. 46 
0. 44 
0. 42 


0. 40 
0. 38 
0. 36 
0. 34 
0. 32 


0. 30 
0. 28 
0. 26 
0. 24 
0. 22 


0. 20 
0.18 
0.16 
0.14 
0.12 


0. 10 
0. 08 
0. 06 
0, 04 
0. 02 


0. 00 


ERROR FUNCTION AND FRESNEL INTEGRALS 


AUXILIARY FUNCTIONS 
2 
Ue SS F(x) = fo(u) g(x) = 92(u) 
0.63661 97723 67581 0.27989 34003 76823 0.06174 08526 09645 
0.61140 96293 81825 0.27597 33733 36442 0. 05933 31378 64174 
0.58670 87822 13963 0.27197 11505 76851 0.05693 89827 01255 
0.56251 72308 63995 0.26788 56989 47656 0.05456 06112 91100 
0.53883 49753 31921 0.26371 60682 37287 0,05220 03510 52931 
0.51566 20156 17741 0.25946 14023 65674 0. 04986 06317 93636 
0.49299 83517 21455 0.25512 09512 80091 0.04754 39838 94725 
0.47084 39836 43063 0.25069 40835 25766 0.04525 30354 03048 
0.44919 89113 82565 0.24618 02994 44393 0.04299 05078 69390 
0.42806 31349 39962 0.24157 92449 31459 0.04075 92107 68723 
0.40743 66543 15252 0.23689 07256 57089 0.03856 20343 27312 
0. 38731 94695 08436 0.23211 47216 24632 0.03640 19405 75704 
0.36771 15805 19515 0.22725 14019 06110 0.03428 19524 44132 
0.34861 29873 48488 0.22230 11393 53995 0.03220 51407 19129 
0. 33002 36899 95354 0.21726 45250 44609 0.03017 46086 88637 
0.31194 36884 60115 0.21214 23821 60229 0.02819 34743 19381 
0.29437 29827 42770 0.20693 57789 65521 0.02626 48498 36510 
0.27731 15728 43318 0.20164 60404 80635 0.02439 18186 13588 
0.26075 94587 61761 0.19627 47584 00004 0.02257 74093 32978 
0.24471 66404 98098 0.19082 37987 55563 0.02082 45674 44482 
0.22918 31180 52329 0.18529 53067 79209 0.01913 61240 35536 
0.21415 88914 24454 0.17969 17083 86674 0.01751 47623 30357 
0.19964 39606 14474 0.17401 57076 89207 0.01596 29821 58470 
0.18563 83256 22387 0.16827 02799 47273 0.01448 30628 73722 
0.17214 19864 48194 0.16245 86594 19322 0.01307 70253 60097 
0.15915 49430 91895 0.15658 43216 36302 0.01174 65939 24659 
0.14667 71955 53491 0.15065 09597 56320 0.01049 31590 42015 
0.13470 87438 32980 0.14466 24548 29603 0,00931 77420 66589 
0.12324 95879 30364 0.13862 28400 34552 0.00822 09631 52815 
0.11229 97278 45641 0.13253 62592 29647 0.00720 30137 00215 
0.10185 91635 78813 0.12640 69204 94864 0.00626 36346 49122 
0.09192 78951 29879 0.12023 90456 93806 0.00540 21018 72942 
0.08250 59224 98839 0.11403 68174 47880 0.00461 72197 27002 
0.07359 32456 85692 0.10780 43252 41741 0.00390 73235 12822 
0.06518 98646 90440 0.10154 55126 32988 0.00327 02912 03254 
0.05729 57795 13082 0.09526 41276 74844 0.00270 35642 68526 
0.04991 09901 53618 0.08896 36786 39974 0.00220 41768 84885 
0. 04303 54966 12048 0.08264 73969 33180 0.00176 87922 53708 
0.03666 92988 88373 0.07631 82087 00913 0.00139 37442 77909 
0.03081 23969 82591 0.06997 87161 16730 0,00107 50825 02743 
0.02546 47908 94703 0.06363 11887 04012 0.00080 86180 82883 
0.02062 64806 24710 0.05727 75644 30652 0.00058 99686 10701 
0.01629 74661 72610 0.05091 94597 59575 0.00041 45999 18234 
0.01247 77475 38405 0.04455 81874 32960 0.00027 78633 97799 
0.00916 73247 22093 0.03819 47805 44642 0.00017 50279 00844 
0.00636 61977 23676 0. 03183 00214 15118 0.00010 13057 94484 
0.00407 43665 43153 0.02546 44738 95252 0.00005 18732 17470 
0.00229 18311 80523 0.01909 85179 38105 0.00002 18849 44630 
0.00101 85916 35788 0.01273 23855 39770 0.00000 64845 30524 
0.00025 46479 08947 0.00636 61974 14061 0.00000 08105 69272 
0.00000 00000 00000 0.00000 00000 00000 0.00000 00000 00000 
al (-5)1 eee 
3 12 12 


C)=5 +f(#) sin (522)-9(0) cos (522) a(u)=5 + Faw) sin u—go(w) cos u 


: 1 7 ~ [x 
S (®)=5-S (+) cos (5+2)-a(2) sin (52) $2(u)=}- folu) cos u—ge(w) sin u 


<ax>=nearest integer to z. 


<a> 


ONOKBN NMPSASW WWWWW NNYNNNMY NNNNYNY NNNEH Bee ee Bee Epp ee 


<u> 


Coons oO Cumin pS PRPHEwWW Www Why MMMNMP MMMM P 
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ERROR FUNCTION FOR COMPLEX ARGUMENTS Table 7.9 
w(z)=e-2" erfe (-iz) -z=x+ ly 
Ru(z) Fu(z)  Rw(z) Lw(z) Ru(z) Iu(z) Aw(z) Fu(z) Rw(z) -%w(z) 
x=0 x-0.1 x=0.2 x-0.3 x~0.4 


¥ 

0.0 1.000000 0.000000 0.990050 0.212089 0.960789 0.219753 0.913931 0.318916 0.852144 0.406153 
0.1 0.896457 0.000000 0.888479 0.094332 0.864983 0.185252 0.827246 0.269600 0.777267 0.344688 
0,2 0.809020 0.000000 0.802567 0.080029 0.783538 0.157403 0.752895 0.229653 0.712146 0.294653 
0,3 0.734599 0,000000 0.729337 0.068410 0.713801 0.134739 0.688720 0.197037 0.655244 0.253613 
0.4 0.670788 0.000000  0,666463 0.058897 0.653680 0.116147 0.632996 0.170203 0.605295 0.219706 
0. 0.615690 0.000000  0,612109 0,051048 0.601513 0.100782 0.584333 0.147965 0.561252 0.191500 
0. 0.567805 0.000000 0.564818 0.044524 0.555974 0.087993 0.541605 0.129408 0.522246 0.167880 
0, 0.525930 0.000000 0.523423 0.039064 0.515991 0.077275 0.503896 0.113821 0.487556 0.147975 
0. 0.489101 0.000000 0.486982 0,034465 0.480697 0.068235 0.470452 0.100647 0.456579 0.131101 
0, 0.456532 0.000000 0.454731 0.030566 0.449383 0.060563 0,440655 0.089444 0.428808 0.116714 


0.427584 0,000000 0.426044 0.027242 0.421468 0.054014 0.413989 0.079864 0.403818 0.104380 
0.401730 0,000000 0.400406 0,024392 0.396470 0.048393 0.390028 0.071628 0.381250 0.093752 
0.378537 0.000000 0.377393 0.021934 0.373989 0.043542 0.368412 0.064510 0.360799 0.084547 
0.357643 0.000000 0.356649 0.019805 0.353691 0.039336 0.348839 0.058329 0.342206 0.076538 
0.338744 0.000000 0.337876 0.017951 0.335294 0.035671 0.331054 0,052936 0.325248 0.069538 


0.321585 0.000000 0.320825 0,016329 0.318561 0.032463 0.314839 0.048210 0.309736 0.063393 
0.305953 0.000000 0.305284 0,014905 0.303290 0.029643 0,300009 0.044051 0.295506 0.057978 
0.291663 0.000000 0.291072 0.013648 0.289309 0.027154  0,286406 0.040377 0.282417 0.053186 
0.278560 0,000000 0.278035 0.012536 0.276470 0.024948 0.273892 0.037118 0.270346 0.048931 
0.266509 0,000000  9,266042 0,011547 0.264648 0.022987 0.262350 0.034217 0.259186 0.045139 


0.255396 0.000000 0.254978 0.010664 0.253732 0.021236 0.251677 0.031626  0,248844 0.041748 
0.245119 0.000000 0.244745 0.009874 0.243628 0.019669 0.241783 0.029304 0.239239 0.038706 
0.235593 0.000000 0.235256 0.609165 0.234251 0.018260 0.232592 0.027217 0.230300 0.035968 
0.226742 0,000000 0.226438 0,008526 0.225531 0.016991 0.224033 0,025335 0.221963 0.033498 
0.218499 0.000000 0.218224 0.007949 0.217404 0.015845 0.216047 0.023633 0.214172 0.031263 


0.210806 0.000000 0.210557 0.007427 0.209813 0.014806 0.208582 0.022090 9.206879 0.029234 
0.203613 0.000000 0.203387 0.006952 0.202710 0.013862 0.201589 0.020687 9.200039 0.027389 
0.196874 0.000000 0.196668 0.006520 0.196050 0.013002 0.195028 0,019409 0.193613 0.025706 
0.190549 0.000000 0.190360 0.006125 0.189796 0.012216 0.188861 0.018241 0.187566 0.024168 
0.184602 0.000000 0.184429 0.005764 0.183912 0.011492 0,183056 0.017172 0.181868 0.022759 


0.179001 0.000000 0.178842 0,005433 0.178368 0.010839 0.177581 0.016192 0.276491 0.021466 


x-0.5 x-0.6 x-0.7 x=0.8 x=0.9 


eee ee ry 
o Oona w PWN O OMI in PwWNHO OOS wH 


w NNNNN NANNN It fal bed pad prt (ond oll oud welt ane 


y 

0.0 0.778801 0.478925 0.697676 0.535713 0.612626 0.576042 0.527292 0.600412 0.444858 0.610142 
0.1 0.717588 0.408474 9.651076 0.459665 0.580698 0.497744 0.509299 0.522932 0.439421 0,536087 
0.2 0.663223 0.350751  0,608322 0.396852 0.549739 0.432442 0.489710 0.457569 0.430271 0.472773 
0.3 0.614852 0.303124 0.569238 0.344645 0.520192 0.377688 0.469480 0.402194 0.418736 0.418491 
0.4 0.571717 0.263563 0.533581 0.300989 0.492289 0.331535 0.449244 0.355082 0.405763 0.371813 
0.5 0.533157 0.230488 0.501079 0.264268 0.466127 0.292432 0.429418 0.314828 0.392021 0.331544 
0.6 0.498591 0.202666 0.471453 0,233206 0.441712 0.259136 0.410264 0.280290 0.377977 0.296692 
0.7 0.467521 0,179123 0.444434 0.206787 0.418998 0.230646 0.391936 0.250532 0.363957 0.266427 
0.8 0.439512 0.159087 0.419766 0.184200 0.397906 0.206155 0.374518 0.224789 0.350182 0.240057 
0.9 0.414191 0.141945 0.397216 0.164793 0.378341 0.185005 0.358043 0.202429 0.336799 0.217004 


0.391234 0.127202 0.376571 0.148036 0.360200 0.166660 0.342511 0.182932 0.323899 0.196783 
0.370363 0.114460 0.357637 0.133501 0.343375 0.150681 0.327900 0,165868 0.311537 0,178990 
0.351335 0.103395 0,340241 0.120838 0.327766 0.136706 0.314176 0.150877 9.299741 0.163281 
0.333942 0.093744 0.324229 0.109759 0.313273 0,124435 0.301294 0.137661 0.288519 0.149370 
0.318001 0.085288 0,309463 0.100026 0.299804 0.113620 0.289208 0.125971 0.277865 0.137012 


0.303355 0.077851 0.295820 0.091443 0.287274 0.104054 0.277869 0.115594 0.267766 0.126002 
0.289866 0.071283 0.283192 0.083845 0.275602 0.095563 0.267228 0.106355 0.258203 0,116164 
0.277412 0.065461 0.271479 0,077096 0.264718 0.088001 0.257237 0.098103 0.249151 0,107348 
0.265890 0.060283 0.260598 0,071081 0.254554 0.081245 0.247851 0.090710 0.240586 0,099427 
0.255205 0.055661 0.250469 0.065701 0.245050 0.075190 0.239027 0.084068 0.232482 0.092291 


0.245276 0.051521 0.241025 0.060876 0.236152 0.069748 0.230724 0.078085 0.224813 0.085845 
0.236031 0.047804  0,232204 0.056534 0.227810 0.064842 0.222905 0.072680 9.217552 0.080009 
0.227407 0.044454 0.223952 0.052617 0.219978 0.060409 0.215535 0.067785 0.210676 0.074712 
0.219347 0,041428 0.216229 0.049073 0.212616 0.056391 0.208581 0.063342 0.204160 0.069894 
0.211800 0.038686 0.208961 0.045859 0.205686 0.052741 0.202013 0.059298 0.197982 0.065500 


0.204723 0.036196 0.202139 0,042936 0.199155 0.049417 0.195804 0.055610 0.192120 0.061486 
0.198074 0.033929 0.195717 0.040272 0.192992 0.046384 0.189928 0.052238 0.186554 0.057811 
0.191818 0.031859 0.189664 0.037836 0.187170 0.043608 0.184362 0.04915¢ 0.181265 0.054439 
0.185924 0.029966 0.183950 0.035607 0.181662 0,041064 0.179084 0.046315 0.176237 0.051339 
0.180361 0.028231 0.178549 0.033561 0.176447 0.038728 0.174074 0.043708 0.171452 0.048485 


0.175105 0.026636 0.173437 0.031680 0.171502 0.036577 0.169315 0.041306 0.166895 0.045851 
See Examples 12-19. w(x)-e-224 2 e-# (rede 
vr 0 
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326 ERROR FUNCTION AND FRESNEL INTEGRALS 


Table 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS 


w(z)-e-” erfe (-iz) z=a+ly 
Suz) Sw(z) 4uw(z) Fw(z) Au(z) Ju(z)  BAu(z) -%w(z) Aw(z) £w(z) 


y x=-1.0 x=1.1 x=1.2 x=1.3 x-14 

0.0 0.367879 0.607158 0.298197 0.593761 0.236928 0.572397 0.184520 0.545456 0.140858 0.515113 
0,1 0.373270 0.538555 0.312136 0.532009 0.257374 0.518283 0.209431 0.499216 0.168407 0.476535 
0.2 0.373153 0.478991 0.319717 0.477439 0.270928 0.469488 0.227362 0.456555 0.189247 0.440005 
0.3 0.369386 0.427225 0.322586 0.429275  0,279199 0.425667 0.239793 0.417491 0.204662 0.405823 
0.4 0.363020 0.382166 0.321993 0.386777 0.283443 0.386412 0.247908 0.381908 0.215711 0.374110 
0.5 0.354900 0.342872 0.318884 0.349266 0,284638 0.351299 0.252654 0.349611 —0,223262 0.344868 
0.6 0.345649 0.308530 0.313978 0.316128 0.283540 0.319910 0.254784 0.320368  0,228026 0.318022 
0.7 0.335721 0.278445 0.307816 0.286815 0.280740 0.291851 0.254895 0.293927 0.230578 0.293453 
0.8 0.325446 0.252024 0.300807 0.260847 0.276693 0.266757 0.253461 0.270040 0,231385 0.271015 
0.9 0.315064 0.228759 0.293259 0.237800  0,271752 0.244295 0.250858 0.248462 0.230826 0.250549 
1,0 0.304744 0.208219 0.285402 0.217306 0.266189 0.224168 0.247381 0.228967 0.229205 0.231897 
1.1 0.294606 0.190036 0.277407 0.199046 0.260213 0.206108 0.243266 0.211343 0.226767 0.214902 
1.2 0.284731 0.173896 0.269401 0.182742 0.253985 0.189878 0.238695 0.195398 0.223710 0.199416 
1.3 0.275174 0.159531 0.261476 0.168151 0.247628 0.175271 0.233813 0.180957  0,220192 0.185299 
1.4 0.265967 0.146712 0.253697 0.155066 0.241233 0.162100 0.228733 0.167863 0.216340 0.172423 
1.5 0.257128 0.135242 0,246112 0.143305 0.234870 0.150205 0.223542 0.155975 0.212253 0.160668 
1.6 0.248665 0.124954 0.238752 0.132711 0.228592 0.139441 0.218309 0.145167 0.208014 0.149927 
1.7 0.240578 0.115702 0.232635 0.123147 0.222436 0.129684 0.213086 0.135326 0.203684 0.140103 
1.8 0.232861 0.107361 0.224775 0.114495 0.216428 0,120822 0.207912 0.126353 0.199315 0.131106 
1,9 0.225503 0.099824 0.218176 0.106650 0.210587 0.112760 0.202818 0.118158 0.194947 0.122858 
2.0 0.218493 0.092998 0.211839 0.099523 0.204926 0.105411 0.197827 0.110662 0.190608 0.115286 
2.1 0.211816 0.086801 0.205760 0.093035 0.199452 0.098700 0.192953 0.103795 0.186324 0.108325 
2.2 0.205457 0.081162 0.199935 0.087116 0.194166 0.092562 0.188208 0.097495 0.182112 0.101919 
2.3 0.199402 0.076021 0.194356 0.081706 0.189072 0.086936 0.183599 0.091706 0.177985 0.096015 
2.4 0.193634 0.071324  0,189014 0.076753 0,184165 0.081773 9.179131 0.086378 0.173954 0.090567 
2.5 0.188139 0.067024 0.183901 0.072208 0.179444 0.077024 9.174805 0.081467 0.170024 0.085532 
2.6 0.182903 0.063080 0.179008 0.068031 0.174903 0.072651 0.170623 0.076933 0.166201 0.080873 
2.7 0.177910 0.059456 0.174324 0.064186 0.170538 0.068617 0.166582 0.072742 0.162487 0.076557 
2.8 0.173147 0.056118 0.169840 0.060639 0.166342 0.064890 0.162681 0.068863 0.158883 0.072553 
2.9 0.168602 0.053041 0.165546 0.057363 0.162310 0.061440 0.158916 0.065266 0.155389 0.068834 
3.0 0.164261 0.050197 0.161434 0.054331 0.158435 0.058243 0.155285 0.061926 0.152005 0.065375 
y x=1.5 x-1.6 x=1.7 x-1.8 x19 

0.0 0.105399 0.483227 0.077305 0.451284 0.055576 0.420388 0.039164 0.391291 0.027052 0.364437 
0.1 0.134049 0.451763 0.105843 0.426168 0.083112 0.400743 0.065099 0.376214 0.051038 0.353066 
0.2 0.156521 0.421076 0.128895 0.400837 0.105929 0.380161 9.087090 0.359721 0.071811 0.340004 
0.3 0.173865 0.391665 0.147272 0.375911 0.124612 0.359313 0.105522 0.342479 0.089592 0.325873 
0.4 0.186984 0.363828 0.161702 0.351803 0.139717 0.338676 0.120793 0.324985 0.104641 0.311161 
0.5 0.196636 0.337720 0.172820 0.328777 = 0.151751 0.318584 0.133288 0.307609  0,117233 0.296240 
0.6 0.203461 0.313397 0.181177 0.306990 = 0,161171 0.299261 0.143369 0.290613 0.127644 0.281392 
0.7 0.207990 0.290847 0.187245 0.286517 0.168379 0.280846 9.151366 0.274180 0.136134 0.266823 
0.8 0.210664 0.270016 0.191423 0.267378 0,173725 0.263418 0.157578 0.258431 0.142949 0.252681 
0.9 0.211846 0.250823 0.194049 0.249556 0.177513 0.247012 0.162268 0.243439 0.148310 0.239067 
1.0 0.211837 0.233171 0.195407 0.233009 0.180002 0.231630 0.165667 0.229244 0.152418 0.226046 
11 0.210881 0.216954 0.195734 0.217678 0.181414 0.217253 0.167977 0.215857 =—-0.155452 0.213656 
1.2 0.209182 0.202067 0,195228 0.203494 0.181938 0.203847 0.169373 0.203272 0.157569 0.201914 
1.3. 0.206902 0,188403 0.194053 0.190384  0,181733 0.191366 0.170003 0.191471 0158906 0.190821 
1.4 0.204177 0.175862 0.192347 0.178275 0,180933 0.179762 0.169997 0.180425  0,159585 0.180367 
1.5 0.201115 0.164349 0.190222 0.167092 0.179651 0.168980 0.169465 0.170099 0.159709 0.170534 
1.6 0.197806 0.153773 0.187772 0.156765 0.177983 0.158969 0.268500 0.160457 0.159369 0.161300 
1.7 0.194320 0.144054 0.185073 0.147226 0.176008 0.149674 0.167183 0.151458 0.158641 0,152637 
1.8 0.190717 0.135113 0182189 0.138412 0.173792 0.141045 0.165579 0.143063 0.157593 0.144516 
1.9 0.187043 0.126883 0.179172 0.130262 0,171390 0.133033 0.163746 0.135234  0,156282 0.136908 
2.0 0.183335 0.119298 0.176064 0.122723 0.168849 0.125590 0.161733 0.127931 0.154757 0.129781 
2.1 0.179623 0.112302 0.172901 0.115744 0.166206 0.118674 9.159580 0.121118 0.153059 0.123108 
2.2 0.175930 0.105842 0.169710 0.109277 0163493 0.112243 9.157320 0.114761 0151224 0,116858 
2.3 0.172276 0.099870 0.166523 0.103280 0.160737 0.106260 9.154982 0.108827 0.149281 0.111003 
2.4 0.168674 0.094343 0,163330 0.097713 0.157958 0.100689 0.152591 0.103285 0.147256 0.105519 
2.5 0.165136 0,089222 0.160175 0.092541 0.155175 0.095499 0.150165 0.098107 0.145172 0.100378 
2.6 0.161669 0.084472 0.157060 0.087732 0.152402 0.090660 0.147722 0.093265 0.143045 0.095558 
2.7 0.158281 0.080061 0.253993 0.083254  0,149649 0.086143 9.145274 0.088735 0.140892 0.091037 
2.8 0.154975 0.075960 0.150982 0.079082 0.146927 0.081925 0.142834 0.084493 0.138725 0.086794 
2.9 0.151753 0.072142 0.148030 0.075191 0.144243 0.077982 0.140411 0.080519 0,136555 0.082809 
3.0 0.248618 0.068585 0.145144 0.071558 0.141602 0.074293 0.138012 0.076794 0.134391 0.079065 

et, 2! 9-2 ro 
See Examples 12-19. w(x)=e-F tee foe dt 


w(-x+iy)=w(xtiy) w(x-iy)=2Zev?-2 (cos Qxy+i sin 2xy)-w(x+iy) 


w(iy)-ev erfe y wf(d+i)u}-e-2#{1+¢-1)[ (2x) is(2u)]} 
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ERROR FUNCTION FOR COMPLEX ARGUMENTS Table 7.9 
w(z)=e-2’ erfe (-iz) z=x+ty 
Aw(z) Su(z) Bu(z) %w(z) A(z) 4w(z) A(z) Su(z) Bw (z) Fw(z) 


¥ x=2.0 x=2.1 x=2.2 x=2.8 x=2.4 

0.0 0.018316 0,340026 0,012155 0.318073 0.007907 0.298468 0.005042 0.281026 0,003151 0.265522 
0:1 0.040201 0.331583 0.031936 0.311886  0,025678 0.293982 0.020958 0.277795 0.017397 0.263201 
0.2 0.059531 0.321332 0.049726 0,303894 0.041927 0.287771  0,035728 0.272968 0.030792 0.259435 
0.3 0.076396 0.309831 0.065521 0.294574  0,056586 0.280232 0.049248 0.266865 0.043211 0.254478 
0.4 0.090944 0.297529 0.079385 0.284327 0.069655 0.271710 0.061473 0.259775 0.054585 0.248566 
0.5 0.103359 0.284786 0091422 0.273482 0.081182 0.262499 0.072408 0.251953 0,064890 0.241914 
0.6 0.113836 0.271881 0.101765 0.262308 0.091245 0.252844 0.082092 0.243617 0.074132 0.234714 
0.7 0.122574 0.259031 0.210558 0.251016 0.099943 0.242947 0.090585 0,234952 0.082345 0.227129 
0.8 0.129768 0.246396 0.117948 0.239772 0.107383 0.232968 0.097963 0.226111 0.089576 0.219302 
0.9 0.135600 0.234096 0,124081 0,228703 0.113679 0.223037 0.104309 0.217219 0.095884 0.211349 
1.0 0.140240 0.222213 0.129097 0.217904 0.118941 0.213253 0.109709 0.208376 0.101336 0.203368 
1:1 0.143840 0.210805 0.133125 0.207442 0.123277 0.203692 0.114251 0.199660 0.105999 0.195438 
1.2 0.146541 0.199904 0.136286 0.197366 0.126788 0.194410 0.118019 0.191133 0.109942 0,187620 
1.3 0.148466 0.189529 0.138689 0.187705 0.129570 0.185446 0,121092 0.182840 0.113232 0.179965 
1.4 0.149725 0.179687 0.140432 0.178478 0.131709 0.176827 0.123548 0.174814 0.115935 0.172510 
1.5 0.150415 0.170371 0.143604 0.169691 0.133284 0.168569 0.125454 0.167078 —0,118109 0.165281 
1.6 0.150622 0.161572 0.142283 0.161343 0.134367 0.160680 0.126877 0.159646 0.119812 0.158299 
1.7 0.150418 0.153274 0.142540 0.153429 0.135021 0.153161 0.127873 0.152526  0,121096 0.151576 
1.8 0.149870 0.145457 0.142434 0.145938 0.235305 0.146009 0.128495 0.145721 0.122010 0.145120 
1.9 0.149032 0.138100 0.142021 0.138855 0.135269 0.139217 0.128792 0.139229 0.122597 0.138933 
2.0 0.147953 0.131180 0.142347 0.132164 0.134959 0.132773 0.128805 0.133045 0122897 0.133015 
2-1 0.146675 0.124674 0.140453 0.125849 0.134414 0.126667 0.128574 0.127161 0.122945 0.127363 
2.2 0.345234 0.118558 0.139375 0.119891 0.133669 0.120885 0.128130 0.121569 0.122773 0.121972 
2.3 0.143660 0.112810 0.138145 0.114272 0.232755 0.115413 0,127506 0.116258 0.122411 0.116834 
2.4 0.141982 0.107408 0.136789 0.108973 0.131699 0.110236 0,126726 0.111218  0,121884 0.111942 
2.5 0.140220 0.102329 0.135331 0.203977 0.130524 0,105339 0,125814 0.106436 0.121215 0.107286 
2.6 0.138395 0.097554 0.133791 0.099265 0.129252 0.100709 0.124792 0.101901 0.120424 0.102858 
2.7 0.136523 0.093062 0.132187 0.094822 0.127900 0.096330 0.123676 0.097601 0.119530 0.098648 
2.8 0.134619 0.088837 0.130533 0.090632 0.126483 0.092189 0.122484 0.093523 0.118548 0.094646 
2.9 0.132693 0.084859 0.128842 0.086677 0.125016 0.088273 0,121229 0.089658 0.117492 0.090842 
3.0 0.130757 0.081113 0.127125 0.082944 0,123510 0.084568 0.119922 0.085992 0.116375 0.087227 
¥ x-2.5 x=2.6 x=2.7 x=2.8 x=2.9 


0.001930 0.251723 0.001159 0.239403 0,000682 0.228355  06,000394 0.218399 0.000223 0.209377 
0.014698 0.250050 0.012635 0.238187 0.021037 0.227458 0.009778 0.217722 0.008769 0.208854 
0.026841 0.247092  0,023653 0.235838 0.021057 0.225569 0.018918 0.216181 0.017134 0.207577 
0.038226 0.243042 0.034087 0.232504 0.030626 0.222800 0.027707 0.213858 0.025225 0,205607 
0.048773 0.238092 0.043849 0.228337 0.039656 0.219268 0.036064 0.210843 0,032967 0.203014 


0.058437 0.232420 0.052885 0.223482  0,048090 0.215093 0.043930 0.207232 0.040304 0.199873 
0.067205 0.226190 0.061167 0.218077 0.055890 0.220387 0.051264 0.203119 0.047194 0.196262 
0.075088 0.219546 0.068692 0.212247 0.063043 0.205258 0.058046 0.198594 0.053611 0.192256 
0.082112 0.212614 0.075467 0.206103 0.069548 0.199804 0,064266 0.193741 0.059543 0.187927 
0.088317 0.205504 0.081521 0.199744 0.075416 0.194111 0,069927 0.188638 0.064986 0.183344 


0.093751 0.198307 0.086885 0.193255 0.080670 0.188258 0.075043 0.183354 0.069944 0.178568 
0.098466 0.191099 0.091598 0.186707 0.085338 0.182311 0.079632 0.177950 0.074431 0.173654 
0.102518 0.183943 0.095702 0.180163 0.089451 0.176328 0.083718 0.172480 0.078462 0.168651 
0.105960 0.176889 0.099243 0.173670 0.093044 0.170357 0.087328 0.166990 0.082059 0.163603 
0.108848 0.169977 0.102264 0.167270 0.096155 0.164438 0.090492 0.161519 0.085245 0.158547 


0.111233 0.163237 0.104811 0.160996 0.098820 0.158604 0.093239 0.156099  0,088044 0.153515 
0.113165 0.156692 0.106925 0.154872 0.101076 0.152882 0.095601 0.150758 0.090482 0.148534 
0.114690 0.150359 0.108647 0.148918 0.102957 0.147292 0.097608 0.145518  0,092584 0.143625 
0.115851 0.144249 0.110016 0.143147 0.104498 0.142851 0.099288 0.140395  0,094376 0.138807 
0.116689 0.138368 0.111067 0.137569 0.105730 0.136571 0.100671 0.135403 0.095882 0.134094 


0.117239 0.132720  0,111834 0.132191 0.106683 0.132459 0.101783 0.130553  0,097127 0,129498 
0.117534 0.127305 0.122347 0.127015 0.107386 0.126522 0.102649 0.125851 0.098133 0.125027 
0.117606 0.122121 0.112635 0.122042 0.107864 0,121762 0.103293 0.121303 0,098922 0.120688 
0.117481 0.117164 0.112723 0.117271 0.108140 0.117180 0.103737 0.116911 0.099513 0.116484 
0.117184 0.112428 0.112633 0.212699 0.108238 0.112775 0.104002 0.112676 0.099925 0,112419 


0.116737 0.107909 0.112389 0.108322 0.208177 0.108546 0.104105 0.108597 0.100177 0.108493 
0.116160 0.103597 0.122008 0.104136 0.107975 0.104489 0.104066 0.104674 0.100284 0,104707 
0.115471 0.099487 0.111508 0.100233 0.107648 0.100601 0.103898 0.100905 0.100261 0.101058 
0.114685 0.095570 0.110904 0.096309 0.107213 0.096876 0.103617 0.097284 0.100122 0.097546 
0.113816 0.091838 0.110210 0.092657 0.106682 0.093310 0.103236 0.093810 0.099879 0.094168 


0.112878 0.088283 0,109439 0.089170 0.106067 0.089898 0.102767 0.090479 0.099544 0.090921 


. . 


. 


se ee 


o wonow PWNHHO COONS W Svenreo OOneuw PWNKHO 


See Examples 12-19. w(x)=e-224 Gels e? dt 
w(—x+iy)=w(x+iy) w(x-iy)=2ev?-2? (cos 2xy+i sin 2xy)—w(xtiy) 


w(iy)-ev erfe y w{(d+i)u}-e-20?{ 1+ (a) [0(2u) is(2u)]} 
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Table 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS 
w(z)=e~*? erfe (—iz) Z=X+1Y 
Ru(z) Fw(z) Aw(z) Lw(z) Rw(z) Ju(z) Aw(z) F(z) Ruw(z) Sw(z) 
x -3.0 x31 x-3.2 x-3.3 x=3.4 


a 


« 


0.0 0.000123 0.201157 0.000067 0.193630 0.000036 0.186704 0.000019 0.180302 0.000010 0.174362 
0.1 0.007943 0.200742 0.007254 0.193292  0,006670 0.186421 0.006167 0.180061 0.005728 0.174152 
0.2 0.015627 0.199669 0,024338 0.192376 0.013225 0.185630 0.012252 0.179369 0.011394 0.173542 
0.3 = 0.023095 0.197980  06,021250 0.190915 0.019639 0.184354 0.018222 0.178245 0.016966 0.172545 
0.4 0.030279 0.195732 0.027929 0.188951 0.025862 0.182626 0.024032 0.176715 0.022403 0.171181 
0.5 0.037126 0.192984 0.034328 0.186532 0.031849 0.180484 0.029643 0.174808 0.027670 0.169475 
0.6 0.043598 0.189798 0.040407 0.183709 0.037565 0.177970 0.035022 0.172560 0.032738 0.167455 
0.7 0.049665 0.186239 0.046141 0.180534 0.042983 0.175128 0.040144 0.170006 0.037582 0.165151 
0.8 0.05531] 0.182368 0.051509 0.177061 0.048083 0.172003 0.044989 0.167184 0.042185 0.162596 
0.9 0.060529 0.178243 0.056501 0.173340 0.052854 0.168637 0.049544 0.164132 0.046532 0.159821 
1.0 0,065318 0.173918  0,061114 0.269418 0.057289 0.165072 0.053801 0.160886 0.050615 0.156858 
11 0.069685 0.169445 0.065350 0.165339 0.061387 0.161349 0.057757 0.157480 0.054428 0.153738 
1.2 0.073641 0.164866 0.069216 0.161145 0.065151 0.157502 0.061413 0.153948 0.057971 0.150490 
1.3 0.077202 0.160223 0.072722 0.156872 0.068589 0.153567 0.064773 0.150320 0.061246 0.147141 
1.4 0.080385 0.155551  0,075883 0.152553 0.071711 0.149572 0.067844 0.146623 0.064258 0.143717 
1.5 0.083210 0.150880 0.078712 0.148217 0.074529 0.145545 0.070636 0.142882 0.067012 0.140239 
1.6 0.085697 0.146236 0.081229 0.143888 0.077055 0.141510 0.073158 0.139120 0.069518 0.136731 
1.7 0.087870 0.141640 0.083450 0.139588 0.079306 0.137488 0.075423 0.135357 0.071785 0.133209 
1.8 0.089749 0.137113 0.085394 0.135335 0.081297 0.133495 0.077445 0.131609 0.073823 0.129691 
1.9 0.091355 0.132667 0.087080 0.131246 0.083044 0.129548 0.079236 0.127892 0.075646 0.126192 
2.0 0.092711 0.128317 0.088525 0.127031 0.084562 0.125660 0.080811 0.124219 0.077263 0.122723 
2.1 0.093835 0.124071 0.089749 0.123003 0.085867 0.121840 0.082182 0.120600 0.078687 0.119296 
2.2 0.094748 0.119936 0.090767 0.119068 0.086974 0.118099 0.083364 0.117045 0.079930 0.115919 
2.3 0.095467 0.115919 0,091597 0.115233 0.087900 0.114442 0.084370 0.113560 0.081004 0.112602 
2.4 0.096010 0.112023 0.092255 0.111503 0.088657 0.110875 0.085213 0.110153 0.081921 0.109349 
2.5 0.096393 0.108249 0.092754 0.107881 0.089259 0.107403 0.085905 0.106827 0.082690 0.106166 
2.6 0.096632 0.104600  0,093110 0.104370 0.089719 0.104027 0.086458 0.103586 0.083324 0.103057 
2.7 0.096739 0.101076 0.093336 0.100969 0.090050 0.100751 0.086883 0.100433 0.083832 0.100026 
2.8 0.096729 0.097674 0.093442 0.097680 0.090263 0.097575 0.087190 0.097369 0.084225 0.097073 
2.9 0.096613 0.094395  0,093442 0.094502 0.090368 0.094499 0.087391 0.094396 0.084511 0.094202 
3.0 0.096402 0.091236 0.093345 0.091434 0.090375 0.091523 0.087493 0.091513 0.084700 0.091413 
x x=3.5 x=3.6 x=3.7 x=3.8 x-3.9 

0. 0.000005 0.168830 0.000002 0.163662 0.000001 0.158821 0.000001 0.154273 0.000000 0.149992 
0. 0.005340 0.168645 0.004995 0.163498 0.004685 0.158673 0.004406 0.154140 0.004153 0.149871 
0. 0.010633 0.168102  0,009952 0.163011 0.009339 0.158235 0.008786 0.153743 0.008282 0.149510 
0. 0.015846 0.167212 0.014841 0.162211 0.013935 0.157513 0.013115 0.153088 0.022368 0.148913 
0. 0.020944 0.165990 0,019632 0.161111 0.018446 0.156516 0.017370 0.152183 0.016389 0.148088 
0. 0.025897 0.164456 0.024297 0.159725 0.022847 0.155260 0.021529 0.151040 0.020326 0.147044 
0. 0.030677 0.162633 6.028812 0.158075 0.027118 0.153760 0.025574 0.149672 0.024162 0.145792 
0, 0.035263 0.160548  0,033158 0.156181 0.031239 0.152034  0,029486 0.148094 0.027880 0.144346 
0. 0.039637 0.158227 0.037316 0.154066 0.035195 0,150102 0.033253 0.146324 0.031469 0.142721 
0. 0.043785 0.155698 0.041274 0.151755 0.038974 0.147985 0.036861 0.144380 0.034916 0.140931 
1. 0.047698 0.152988 0.045023 0.149271 0.042565 0.145703 0.040301 0.142279 0.038212 0.138993 
1, 0.051370 0.150124 0.048556 0.146637 0.045962 0.143277 0.043567 0.140039 0.041352 0.136922 
lL 0.054798 0.147132  0,051869 0.143878 0.049161 0.140727 0.046653 0.137680 0.044328 0,134735 
1 0.057984 0.144038 0.054962 0.141014 0.052159 0.138074 0.049558 0.135218 0.047139 0.132448 
1. 0.060928 0.140862 0.057835 0.138067 0.054958 0.135336 0.052279 0.132671 0.049783 0.130076 


0.063637 0.137628 0.060491 0.135056 0.057557 0.132530 0.054819 0.130054 0.052260 0.127633 
0.066116 0.134354  0,062936 0.131999 0.059962 0.129674 0.057179 0.127384 0.054572 0.125133 
0.068374 0.131058  0,065176 0.128913 0.062177 0.126782 0.059362 0.124673 0.056720 0.122591 
0.070419 0.127755 0.067217 0.125812 0.064206 0.123869 0.061374 0.121935 0.058708 0.120016 
0.072260 0.124460 0.069068 0.122709 0.066058 0.120947 0.063219 0.119182 0.060540 0.117422 


0.073908 0.121185 0.070736 0.119617 0,067738 0.118027 0.064903 0.116425 0.062222 0.114817 
0.075373 0.117940 0.072232 0.116545 0.069254 0.115120 0.066433 0.113673 0.063759 0.112212 
0.076666 0.114735 0,073563 0.113503 0.070615 0.112234  0,067815 0.110935 0.065156 0.109614 
0.077796 0.111578 0.074739 0.110500 0.071829 0.109377 0.069058 0.108218 0.066420 0.107031 
0.078774 0.108474 0.075770 0.107540 0.072902 0.106556 0.070166 0.105530 0.067556 0.104469 


0.079611 0.205431 0.076664 0.104631 0.073845 0.103777 0.071149 0.102875 0.068572 0.101935 
0.080316 0.102451 0.077430 0.101777 0.074663 0.101044 0,072013 0.100260 0.069474 0,099433 
0.080898 0.099538 0.078076 0.098981 0.075366 0.098362 0.072764 0.097688 0.070267 0.096968 
0,081366 0.096696  0,078612 0.096247 0.075961 0.095734 0.073411 0.095163 9.070959 0.094543 
0.081730 0.093927 0.079044 0.093577 0.076455 0.093162 0.073959 0.092688 0.071555 0.092162 


0.081996 0.091230 0.079381 0.090973 0.076855 0.090649 0.074415 0.090265 0.072061 0.089826 
“/ 0.4613135  0.09999216 0.002883894 
HEPO OLY 3 w(2)-ia( 5 901888 ET TBLLOOT’ SB Beg) €(z)|<2x10-8 
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COMPLEX ZEROS OF THE ERROR FUNCTION Table 7.10 
erf z,=0 Zn=In+tyn 
tn Yn n tn Ye 

1, 45061 616 1, 88094 300 6 4.15899 840 4.43557 144 
2.24465 928 2.61657 514 7 4.51631 940 4. 78044 764 
2.83974 105 3.17562 810 8 4.84797 031 5.10158 804 
3, 33546 074 3.64617 438 9 5.15876 791 5. 40333 264 
3. 76900 557 4.06069 723 10 5.45219 220 5. 68883 744 


erf 2n=erf (—2n) =erf 7n=erf (—7n) =0 


syed 
a el 


(n>0) 


From H. E. Salzer, Complex zeros of the error function, J. Franklin Inst. 260, 209-211, 


1955 (with permission). 


COMPLEX ZEROS OF FRESNEL INTEGRALS Table 7.11 
C(2n) =0 2n=antlyn 
S(zn) =0 Zn=wntiyn 
n tn Yn mn Yn 
0 0. 0000 0. 0000 0. 0000 0. 0000 
1 1, 7437 0, 3057 2, 0093 0. 2886 
2 2, 6515 0. 2529 2. 8335 0, 2443 
3 3, 3208 0, 2239 3, 4675 0. 2185 
4 3, 8759 0, 2047 4, 0026 0. 2008 
5 4, 3611 0, 1909 4, 4742 0. 1877 
Cc Cc Chon Op ee, Op Gin Cette Cie, 
gn) = g(~2n) = g Zn) = g(~2n) = g(2n) = of —(2n) = of —n)= 5(t2n) = 
z_In(ry4n—1) —In(ry4n-1) 
medi l dn Te oT 
(n>0) 
«9 ¢_In(2ryn) ._In(2ryn) 
Tn BE Oat 
MAXIMA AND MINIMA OF FRESNEL INTEGRALS Table 7.12 
Mn=C(y4n+1) — mn=C(y4n+8) = Ma=S(y4n4+2) = mn=S(y4n +4) 
n M, Mn, Mn mn 
0 0. 779893 0.321056 0, 713972 0. 343415 
1 0. 640807 0, 380389 0, 628940 0. 387969 
2 0. 605721 0, 404260 0, 600361 0, 408301 
3 0. 588128 0. 417922 0. 584942 0. 420516 
4 0.577121 0. 427036 0, 574957 0. 428877 
5 0. 569413 0. 433666 0. 567822 0. 435059 
1 12(4n+1)2-8 1_72(4n+8)?-8 
Mn~ 2+ 33(4n+ Doz ™n~5 73 (4n4+9) 52 ees 
eh, 72(4n+2)2-8 . 1 16*2(n+1)2-8 


—~3*3Gnt2y2 = "232x412 


From G. N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ. 
Press, Cambridge, England, 1958 (with permission). 
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8. Legendre Functions 


Mathematical Properties 


Notation 


The conventions used are z=2+1y, x, y real, 
and in particular, x always means a real number 
in the interval —1<x<-+1 with cos 6=z where 
6 is likewise a real number; n and m are positive 
integers or zero; v and yu are unrestricted except 
where otherwise indicated. 

Other notations are: 


n'P,,(z) 
(2n—I)!! 


Pam(2) for (—1)"P7(z) 
T(x) for (—1)"P2(z) 


P*(z) for 


Qn+1)@—m)! yn 
2(n+m)! Pr@) 


Pr(z) for Pez), OF(2) for Q(z) = (Az>1) 
O7(z) for e*Qr(z) 


Q(z) for sores Q# (2) 


sin vr 


P(x) for (—1)" 


Various other definitions of the functions occur 
as well as mixing of definitions. 


ry = ptut9O-—v-1 Tetetl) 
8.1.3 Qe(z)=etHt2—-"— ly Tors) 


8.1. Differential Equation 
8.1.1 


(1—2?’) eae i= a le= 0 


Solutions 


(Degree v and order » with singularities at 
z=+1, ~ as ordinary branch points—z, »v arbi- 
trary complex constants.) 


P%(z), Q3(2)—Associated Legendre Functions (Spher- 
ical Harmonics) of the First and Second Kinds ? 
larg (2+1)|<ar, larg 2|<cr 
(2 1)= (2-1) 1) 


(For P#(z), »=0, Legendre polynomials, see 
chapter 22.) 


8.1.2 
Pema EA Aneto) 
(nace 
(For F(a, b; c; z) see chapter 15.) 


erty P(A +5t5 pets r+53 3) (l2|>1) 


Alternate Forms 


(Additional forms may be obtained by means of the transformation formulas of the hyper- 


geometric function, see [8.1].) 


(5-85 Bree P55 145-5553 2) 
8.1.4 P#(z) = 2hr(2?—1) P(-arpato sig) rg OS (j2?|<1) 
r(5-5-5)P (43) rG+5-3)" (-3-5) 
Die we ee Cee 1 >on yop , 3.8 
8.1.5 P#(2) pomere C2Ee) (2 (ern aa P5455 l+5—9? vt? 2 *) 
2r(a4t+yv)ert4 ae oe ee ae oe ee = 
tenner ee F (mapas a et) de i<y 


8.1.6 e—#*Qe(z)= aT 


F(-», 1+»; 1403-5") 


+3 Pw) (e+1)#(e—1)-#F (—», jet a 5”) ({1—2|<2) 


cos m¢ 


2 The functions Y7™(@, ¢) es nie 


for m=n. 
unit sphere 22+ 42+ 22= 


*See page IL. 
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| Pz(cos 6) called surface harmonics of the first kind, tesseral for m<n and sectoral 


With 0<@<z, 0<y<2z, they are everywhere one valued and continuous functions on the surface of the 
1 where z=sin @ cos ¢, y=sin@sin g and z=cos 6. 
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r(5+5 4) eee 
ar (145-5 
2r (145+5) gxthr—n) 
AN 2 ef pf le ye 8, :) : 
: r (5+5-5 rG 2.2 I+5 9? 9° * ({27|<1) 
2°2 2 
Wronskian (Upper and lower signs according as .%z=0.) 


8.1.8 


ee (8) (5) 


se “P# (2)=e*te"P#(2+10) * 
oe v—pu v—p 
(I Zr ( D )r( 2 ) 8.3.3 


W{P#(z), Q(z) }= 
= in le-iut[ ee" 4 (z+710) = 


8.1.9 W{P,(z), Qa(z)} =—(2?—-1)7! —elrQ¥(r—i0)] « 


8.3.4 
Qr (x) = ge7 ™[e-" Q(x +10) tel" QF (z—10)] 
(Formulas for P#(z) and Q#(z) are obtained with 


8.2.1 Pt, _1(2)=P?(z) the replacement of z—1 by (1—z)e*'*, (2?—1) by 
(1—2?)e#'*, z2+1 by +1 for z=x+20.) 


8.2. Relations Between Legendre Functions 


Negative Degree 


8.2.2 

Q4,_-1(z) = { —7e** cos vn P#(2) 8.4. Explicit Expressions 
+Q?(z) sin [t+2)]}/sin [r(v—p)] (z=cos 6) 

eos Negative Argument (¥% 220) 8.4.1 P,(z)=1 P,(z)=1 


2 
Ps(—2)=eF"Pe(2)—= e~ sin [m(v+u)1Qe(2) | B42 
Q(e=zln(Z=F) Quay —j in (FE 


=2F(4, 1; $; 2?) 


8.2.4 Q#(—2) = — e#?*Q#(z) 


Negative Order 


8.2.5 
8.4.3 P,(z)=2 P,(z) =xz=cos 6 
To— 1 2 
PH(e) PETER | Pr(e)—2 em sin HO) ] | 4g 
2+1 x te 

-Bf>\ — tye Eo —n+1) 7 Q(2)=5 In 1 Q@)=5 In = 
8.2.6 Q7"(z) =e Tota) Qi (2) eS rea 

Degree 2+} and Order y+} * Dad aie 7 ely 

Rz>0 (2) = 3(32’—1) 2(%) =3(32?—1) 


=1(3 cos 20+1) 
8.2.7 Po(a nn Leah re SOF) 8.4.6 
sme —p- 2_1)\l/2 1 \l@p(, i. 
(2?—1) (30)'?P (v+pt)) * Qa(2) =3P2(2) In (+) Qo(z) = 
8.2.8 


ee 2 32 om 1 ite x 
el(qaym) - 2 i=s) 
=—1(3m) TP (—y—p) (22-1) /4e-#* PY (z) 8.5. Recurrence Relations 

8.3. Values on the Cut (Both P# and Q¢ satisfy the same recurrence 
relations.) 
(—1<2<1) Varying Order 
8.3.1 8.5.1 
P}(x) = 3e8"P? (a+ 10) +673" P# (x—10)] P#t}(z) =(22—1)7#{ (v—p) 2P#(2) — (v +n) P21 (2) } 


*See page IL. 
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8.5.2 
(1) EO) ot pon) IPE) 
—yuzP#(z2) 
Varying Degree 
8.5.3 


(v—w+1) Po 41(2)= (20-+1) 2P9(z) — (eo +n) Po -1(2) 


8.5.4 (2-1) FEO) —yePx(2)— 0+ Pale) 


Varying Order and Degree 


8.5.5 P#,,(2)=P#_,(2)+(2v+1) (2—1)1P2 H(z) 
8.6. Special Values 
z=0 
8.6.1 
P*(0) 


=2a-t COs [ert+u) 0 (Set gut $)/P (Gr—fu+1) 
8.6.2 
Q:(0)= 
—2 let sin [3a(v-+y) | P(Se+ gut 3)/T (Se—gu4 1) 
8.6.3 
dP? (x) 
dz de 
Qettet sin [Sr(v-+u)] P(dv+gu4+1)/P(d—3u+- 3) 
8.6.4 
dQe(a)] _ 
dr =0 
2x? cos [$r(v-+y)] P(det+ gu+1)/T(Gx—3ut3) 
8.6.5 


m mn 27 (Zv-+gut+l)T(gx+3 + 3) 
W(P2(2),Qt(2) } 200 Fa EP Probe By 


p= mH1,253; vs 
8.6.6 
Pr(2)=(e2—1)m CP) ot (2), 
P? (x) =(—1)"(1—2?)" oe 
8.6.7 
Qr(2)= (2-1) PRL), 
Q? (x) =(—1)"(1—2?)* a 
w= +3 
8.6.8 


Ph(2)=(2—-1)-¥4(2ar)-¥? { [2+ (2-1) 2]r44 
He+(e—)i7-""4} 


*See page 11. 
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8.6.9 
le+(—1) 4-H} 
8.6.10 
Qe) =H (bx) "(1 “Met (A) 
8.6.11 
Oe) =-i(2n) Za ete * 


8.6.12 
P}(cos 6) =(47)-} (sin @)~} cos [(v-+3)6] 
8.6.13 
Qi(cos 6) =— ($n)! (sin 6)-} sin [(v+-4)6] 
8.6.14 
P;}(cos 6) =(41)“#(v-+4)-1(sin 6)~# sin [(»+4)6] 
8.6.15 
Q;(cos #)=(27) #2 +1)-H(sin #)-# cos [(v+-4)6] ” 


w= 
me iB hee 9 
8.6.16 P;’(2)= T@+1) 
ve __27*(sin 6)” 
8.6.17 P;>*(cos )=FG-41) G21) 
u=0, v=n 
(Rodrigues’ Formula) 
_ 1. d*(z?—1)" 
8.6.18 P,,(2) ona aa 
8.6.19 Qu(2)=5 Pa(2) In = =—Wa-a(z) 
where 
Wa) = P, ale) +5q=3) 5 P,-3(2) 
2n—9 
+5 iyaay Pas) + a 
ysl 
= mM Paa@Pasn@) 
W-,(2)=0 
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v=0,1 
8.6.20 | occ] =2 In (cos 36) 
Ov y=0 


-1 
8.6.21 | Smescos 2) =—tan 346—2 cot 46 In (cos 36) 
v=0 


-1 
8.6.22 [| re tan 36 sin? 3@++sin @ Jn (cos 36) 
8.7. Trigonometric Expansions (0<.6<7) 


8.7.1 P#(cos 6) = 17 !22++1(sin 6)# era * re eet sin [(v-tu-+2k-+1)6] 
k=0 ; De 


8.7.2 Qt(cos 6) =n"2(sin 0)" ee Ss ett cos [(v-+u+2k-+1)6] 


2n+2 1)2 
8.7.3 P,(cos j= [sin (n+1)0+5 sin (n+3)04 "52 ate canes sin (n+5)@+ .. | 
_2etl(nl)? 1-3 (n+1)(n4+2) 
8.7.4 Q, (cos 6) =~ Qn-+1)! [ cos (n+1)0+5— +500 (n+3)6+ Fr n+3)(Qn45) cos (n+5)@+ ade | 


8.8. Integral Representations 
(z not on the real axis between —1 and — ~) 
2-*(22—1)~ 


88.1 PH) =F arEED 


f ” (2-beosh t)#~'-? (sinh t)**dt (P(—n)>Hv>—1) 


tpt /7O-w 


~ Tut) P@—#+l) (2?—1)™ [e+ @=D} cosh t]-"-"(sinh t)*dt = (Btu+1)>0) * 


88.3 Qa(2)=5 [ @—0- PAW dt=(—)*"Qa(-2) 


(For other integral representations see [8.2].) 


8.9. Summation Formulas 


8.9.1 (é— 2) (2m +1)Pn(2) P(E) = (n+1)[Pu41()Pa(2) —Palé) Pati (2)] 


8.9.2 (£2) 33 (2m+1)Pp(2) Qn (6) =1—(n+1) Pass Qa —Pal@)Quss(8) 


8.10. Asymptotic Expansions 


For fixed z and »y and #yu->~, 8.10.1-8.10.3 are asymptotic expansions if z is not on the real 
axis between —o and —1 and +o and +1. (Upper or lower signs according as %220.) 


8.10.1 Py()— Petes Te) ie sin par [ F(-», v+1; 1+y; $+42) 


sin vr 
sin pq 


erin (2 iy F (—», v+1; 1+; 1-12) | 


70 
8.10.2 Q#(2)=4 eo Te 2°) Pas) [ Sere sry eere wee) 


aor (ZY F(—», 941; 1405 31) | 


*See page II. 
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— tyr as ~hu 
8.10.3 Q7#(z) i e [er (5) F(—», v+1; 1+4; 3-32) 


—tu 
(5 F(—», v-+1; 1+4; +42) | 


With » replaced by —z, 8.1.2 is an asymptotic expansion for P>“(z) for fixed z and »v and BZ poo 
if z is not on the real axis between —o and —1. 

For fixed z and » and Zv—-~, 8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real 
axis between —~ and —1 and + and +1; 8.10.5 if zis not on the real axis between —~ and +1. 


~1/4 tee {e+ (22-1) 4 (3-+u, 3m; E+; iY =r 


$ie“[2 (IPP Gta, Past +5 SEED} 


8.10.4 P#(z)= (27) 7*(2?—1) 


2(2?—1) 
Hf 5\ — pint (l Signy = T(v+u+)) (a2. 7 1 1. _aet(2?—1)} 
8.10.5 Qe(2) =e En)i(et—1y- POEED fe_ (aye dtn, bos 5 SEE) 


ipm (1 .-\4 (5221) -14 
NRG Fra) 208 tet DIE wd as Bb 


+ie'™ cos wrl2z—(2—1)§P IF (+p, $a; $+9; — oe 5 


2a+(2—-1)3 


8.10.6 Q4,(z)= “a(e—1)! ) 


The related asymptotic expansion for P*,(z) may be derived from 8.10.4 together with 8.2.1. 


T(v+utl) 


8.10.7 P#(cos #)= T+) 
gz 


(3m sin 6)~4 cos [(v+4 oT +00 ia) 


8.10.8 Qi (cos 6) ae (5 sin 6 


FOL Y' cos (+ 4)0+ 2+ 214007 (e<0<n—e, €>0) 


For other asymptotic expansions, see [8.7] and [8.9]. 


8.11. Toroidal Functions (or Ring Functions) 


(Only special properties are given; other properties and representations follow from the earlier 
sections.) 


8.11.1 P#_y(cosh y)=[T(1—p)]7 121 —e77") He tPF 4 —y, $+ y—p; 1—2y; 1—e7**) 


T(n+m-+4)(sinh )” : (sin ¢)*"de 


SeMhee:: of ea (ener ”=Tn—m+h 2" yal (m +h o (cosh n+ cos ¢ sinh »)**™*4 


8.11.3  Qi4(cosh 9)=[P(1+»)]“"vre™T(3+y+u)(L—e- re“ OF PRG +u, stot; l+y; em) * 


(—1)"P(n+ read cosh mt dt 
BLA @z-y (cosh 9) = T(n—m+4 (cosh »-+cosh ¢ sinh »)"**# as C7) 


*See page II. 


* 


LEGENDRE FUNCTIONS 


8.12. 


Conical Functions 


(P#44.,(cos 6), Q444..(cos 4)) 


(Only special properties are given as other 
properties and representations follow from earlier 


sections with y= —}+72A (A, a real parameter) and 
z=cos 6.) 
8.12.1 
P_441 (cos n=14+ 25 ae sin? 5 
2 2 2 2 
eis tH) as sin‘ s+ eke (0<@<n) 


8.12.2 P_44(cos 6) =P_y_,(cos 6) 


cosh Aldt 


8.12.3 P_34,.(cos a=? = 
0 42 (cos t—cos @) 


8.12.4 


Q-j=a(cos #)= +72 sinh Ar f CORINA 
0 y2(cosh t+cos 6) 


+f cosh Atdt 

0 /2(cosh t—cos 6) 
8.12.5 

P_iia(—cos 6) 


cosh Ms ss [Q-44:(cos 6) +Q_4_1(cos 6)] 


8.13. Relation to Elliptic Integrals 
(see chapter 17) (#n>0) 


ust rdo-ty za (VS) 
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-1 
8.13.2 P_,(cosh ») -|§ cosh 4 K (tanh 2) 


ie Ge 
8.13.4 Q-;(cosh n)=2e7 7K (e7") 
8.13.5 
8.13.6  P,(cosh n= e"?E (y'1—e-*) 
8.13.7 aes — 
acest; (yz) 
~_— 20 * 
perme (yee) (—1<2<1) 
8.13.8 P_(2)=2 K (/ =) 
8.13.9 P_s(cos 6) =" K (sin 5) 
8.13.10 Q_\(z)=K (2) . 


8.13.11 Pya)—?[ 2 (VS \-K (= “)] 
8.13.12 Q,(z)= -K(,/'**)- on (4/1) : 


8.14. Integrals 


8.14.1 |. Pie) Qe@dde=((e— (ot 


8.14.2 


8.14.3 f  1Q.(z) Pdx= (20-+1)“"'y"(v-+ 1) 
8.14.4 


m?—2(sin mv)? y’(v+1) « 


145 [ [P.(a)Pde= 27 wee 


8.14.6 


8.14.7 [Qa Pde= 20-41)" 42-04 111+ (Cos >)1} 


— 
*See page It. 


@ 4 
f Q.(2) Qp(2)d2=[(o—») (o-y E1)I“(¥(0+ 1) Vr + 0] 


(Re>Bv>0) 


(Blet+r) >—1, ptvt+1 #0; 
vy, px¥—1, —2, —3,...) 
(2v>—72) 


[Pe Polayde=3 (on) (o-to+1)* (2 sin xv sin xalbo+ 1) Vet D1+ xsin (nem) 


(p+v+1+0) 


{ Q(x) Qo(x)dz=[(p—v) (ot +1) { [Wy + 1)—¥(oF+ 1)]{1+cos px cos vir]— }x sin (vr— p7)} * 


(pt+v+1+0; », px¥—1, —2, —3,.. .) 
(v¥—1, —2, —3,...) 
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8.14.8 f * Pala) Qu(e)de=[0—o) (o-+y+1 yn? { 1=cos (px—vx) ~~ sin av cos mive+1)—Wo+n) } 
(Zv>0, #e>0, pry, 
8.14.9 f " Pala) Qu(e)de—=—* (2v-+1)-! sin Qvmy"(v-+1) (Pr>0 


(m, n, l positive integers) 


8.14.10 6.14.13 [Prepare @t-m)n—m) 

1 _ m _1—(—1)'**(n+m)! 
[Garou Tyatarieem! | 8141 
8.14.11 f ' Pm(2)Pr(2)de=0  (1¥n) f (1-24) “"[Pa(z) Pde (n-t-m)l/m(n—m)I 
8.14.15 


8.142 [ Px@)Pi2)(I—e)~"da=0 (Um) f power 
0 


wi2-°-'T'(1+p) 
T(1+3—4v) T($0+ 97+8) 


(#p>—1) 


8.14.16 


27#nT(fo+ $u)T (Ga—$u) 


e 7 a~1D-p ee een oN Be 
J, ast Oe NOS GET rear Ge— wT Get it rGuanes) 


(B(atu)>0) 


8.14.17 
P>™(2)=(2—1)-* f “as f " P,(e) (de) 


Pp 


8.14.18 
am(e=(—ye—1)-* f" +. [even 


For other integrals, see [8.2], [8.4] and chapter 
22. 


Ppl cose) 


Ficurs 8.1. Pa(cos 0). n=0(1)3. Figures 8.2. Pi(x). n=1(1)8,2<1. 
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P(x) Fa O,(X) 


10> 


Fieure 8.3. Pa(z). n=0(1)3,2>1. 


Frieure 8.5. Q(z). n=0(1)3,2>1. 


oo, 
----l> 


a 


Numerical Methods 


* 8.15. Use and Extension of the Tables 


. : Computation of P,,(z) 
-5 Sf fl : . 
ae ee x7 For all values of z there is very little loss of 
a ST significant figures (except at zeros) in using the 
ie ae ai recurrence relation 8.5.3 for increasing values of n. 


Examplel. Compute P, (2) forz=.31415 92654 
Ficure 8.4. Q,(z). n=0(1)3,2<1. and z=2.6 for n=2(1)8. 
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n P,(.81415 92654) P,,(2.6) 

0 1 1 

1 . 381415 92654 2.6 

2 —. 35195 59340 9. 64 

3 —. 39372 32064 40. 04 

4 . 04750 63122 174. 952 

5 . 34184 27517 786. 74336 

6 . 15729 86975 3604. 350016 
7 —. 20123 39354 16729. 51005 

8 —. 25617 29328 78402. 55522 


Computing P,(x) using Table 22.9 carrying ten 
significant figures, P,(.31415 92654) = —.24617 2933 
and P,(2.6)=78402.55526. 


Computation of Q,(z) 


For z<1, use of 8.5.3 for increasing values of n 
leads to very little loss of significant figures. 
However, for x>1, the recurrence relation 8.5.3 
should be used only for decreasing values of n, 
after having first obtained Q, using the formulas 
in terms of hypergeometric functions. 

Example 2. Compute Q,(x) for z=.31415 92654 
and n=0(1)4. 

With the aid of 8.4.2 and 8.4.4 we obtain 
Qn(.31415 92654) 

. 32515 34813 
—. 89785 00212 
—. 58567 85953 

. 29190 60854 

. 59974 26989 


Using the results of Example 1 together with 
8.6.19, we find Q(t) =$P.(a)In (72) Walz) 


PON eH OB 


sue w= Pra P,, giving Sai 92654) = 
59974 26980. 
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Example 3. Compute Q;(x) for z=2.6. 

yo yl. | 3.1 
> ee 
of 8.1.3 are necessary to obtain nine significant 
figures giving @Q;(2.6)=4.8182 4468X10-% Using 
8.5.3 with increasing values of n carrying ten 
significant figures we obtain 


Ten terms in the series for F C3 


Qn (2.6) 
. 40546 51081 
. 05420 928 
. 00868 364 
. 00148 95 
. 00026 49 
5 . 00004 81 


PON rH O83 


where Q, and Q, are obtained using 8.4.2 and 8.4.4. 
Computation of P+3(z), Q13(z) 


For all values of z, Pi4(z) and Qii(x) are most 
easily computed by means of 8.13. 

Example 4. Compute Q-,(z) for s=2.6. 

Using 8.13.3 and interpolating in Table 17.1 for 


K(.5), we find 
oe eS 
042.0) =4) aiX (V a 
=(.74535 59925) (1.90424 1417) 


= 1.41933 7751. 


On the other hand, at least a terms in the 
expansion of es me +3 5) of 8.1.3 are 


necessary to obtain any accuracy. 
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Table 8.1 LEGENDRE FUNCTION—FIRST KIND P,(x) 
Po(z)=1 Pi(x) =z 


arccos x P2{(z) Pa(z) Po(z) 
90. 00000 00 -0, 50000 0.00000 00 0.00000 000 
89. 42703 26 ~0, 49985 ~0, 01499 75 0.02457 330 
88, 85400 80 -0. 49940 -0,. 02998 00 0.04893 045 
88, 28086 87 -0. 49865 -0. 04493 25 0.07285 701 
87, 70755 72 -0. 49760 -0. 05984 00 0.09614 188 


87. 13401 60 ~0. 49625 ~0,07468 75 0.11857 899 
86. 56018 72 -0. 49460 -0, 08946 00 0.13996 890 
85, 98601 28 ~0, 49265 -0.10414 25 0.16012 040 
85. 41143 43 ~0. 49040 -0.11872 00 0.17885 206 
84, 83639 29 -0, 48785 ~0,13317 75 0.19599 366 


84, 26082 95 -0. 48500 -0.14750 00 0, 21138 764 
83. 68468 44 -0. 48185 -0.16167 25 0.22489 042 
83,10789 74 -0. 47840 ~-0,17568 00 0.23637 363 
82. 53040 77 -0. 47465 -0.18950 75 0, 24572 526 
81,95215 37 —0. 47060 ~0, 20314 00 0.25285 070 


81, 37307 34 -0. 46625 -0. 21656 25 0.25767 367 
80, 79310 38 -0, 46160 -0, 22976 00 0.26013 706 
80, 21218 10 -0. 45665 -0. 24271 75 0.26020 358 
79, 63024 02 -0. 45140 -0. 25542 00 0.25785 632 
79, 04721 58 ~0. 44585 ~0. 26785 25 0. 25309 918 


78. 46304 10 -0. 44000 -0, 28000 00 0.24595 712 
77, 87764 77 ~0. 43385 -0. 29184 75 0, 23647 631 
77,29096 70 -0. 42740 -0. 30338 00 0. 22472 407 
76, 70292 82 -0, 42065 -0. 31458 25 0.21078 870 
76,11345 96 ~0. 41360 -0. 32544 00 0.19477 914 


75.52248 78 -0. 40625 -0. 33593 75 0.17682 442 
74, 92993 79 ~0, 39860 -0, 34606 00 0.15707 305 
74, 33573 31 -0. 39065 -0, 35579 25 0.13569 215 
73. 73979 53 -0. 38240 -0. 36512 00 0.11286 642 
73.14204 40 -0. 37385 -0,37402 75 0, 08879 707 


72, 54239 69 -0. 36500 -0. 38250 00 0. 06370 038 
71. 94076 95 -0, 35585 -0.39052 25 0.03780 634 
71, 33707 51 ~0. 34640 -0. 39808 00 +0, 01135 691 
70, 73122 45 -0, 33665 -0.40515 75 -0, 01539 566 
70.12312 59 -0. 32660 -0. 41174 00 ~0. 04219 085 


69. 51268 49 -0, 31625 -0. 41781 25 -0, 06876 185 
68, 89980 39 -0, 30560 -0, 42336 00 ~-0. 09483 780 
68, 28438 27 -0. 29465 -0. 42836 75 -0.12014 608 
67, 66631 73 -0. 28340 -0, 43282 00 -0,14441 472 
67, 04550 06 -0. 27185 -0, 43670 25 -0,16737 489 


66. 42182 15 -0. 26000 -0, 44000 00 -0,18876 356 
65. 79516 52 -0, 24785 -0, 44269 75 -0, 20832 609 
65.16541 25 -0, 23540 ~0, 44478 00 -0, 22581 900 
64, 53243 99 ~0. 22265 ~0, 44623 25 -0. 24101 269 
63. 89611 88 -0, 20960 -0. 44704 00 -0. 25369 426 


63. 25631 61 -0, 19625 -0. 44718 75 -0. 26367 022 
62, 61289 25 -0. 18260 -0, 44666 00 -0, 27076 932 
61, 96570 35 -0. 16865 -0. 44544 25 ~0, 27484 521 
61, 31459 80 -0. 15440 ~-0. 44352 00 ~0.27577 908 
60. 65941 84 -0. 13985 -0, 44087 75 -0, 27348 225 


60, 00000 00 ~0.12500 -0, 43750 00 -0, 26789 856 
oy te a es 


P2(z) = 3(—14+82) P3(z) = 5 (—8+-622) 


© @ ee 


oooeeo oooce oooeo soco°o ooooo oOoooeeo eoo000o 
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e eee 
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epscess seesses 
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Qo 
e 


Po(z) = EB (1260 — 1848022-+72072z4 — 102960x° + 4862028) 


Pio(z) 
-0. 24609 37 
0, 24474 14 
-0, 24069 84 
-0, 23400 69 
-0, 22473 64 


~0. 21298 35 
-0, 19887 11 
-0,18254 68 
-0,16418 20 
~0, 14397 02 


-0.12212 50 
-0, 09887 86 
-0. 07447 93 


- —0,04918 90 


—0, 02328 12 


+0. 00296 18 
0, 02925 20 
0.05529 81 
0.08080 85 
0.10549 42 


0.12907 20 
0.15126 74 
0.17181 75 
0.19047 36 
0.20700 49 


0.22120 02 
0, 23287 14 
0.24185 52 
0.24801 62 
0.25124 8&1 


0.25147 63 
0, 24865 91 
0.24278 89 
0, 23389 37 
0.22203 73 


0. 20732 00 
0.18987 83 
0.16988 48 
0.14754 72 
0.12310 73 


0. 09683 91 
0. 06904 71 
0.04006 39 
+0, 01024 69 
-0, 02002 45 


-0, 05035 30 
-0. 08032 72 
-0,10952 64 
-0,13752 51 
-0.16389 87 


-0, 18822 86 


a 


Po0(z) = as —2524+-18860r? — 12012024 + 360360x6 — 48758028 + 184756210) 


1024 
(n4+1)Pn41(2) = (2n+ DP a(x) —nPa_1(x) 
For coefficients of other polynomials, see chapter 22. 
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ooooco oeo0o00c0o eSeoeoee eeseses Ooo0oo0oo0o e0009 


1. 00 


arecos x 
60. 00000 
59, 33617 
58. 66774 
57. 99454 
57, 31636 


56. 63298 
55. 94420 
55. 24977 
54,54945 
53. 84299 


53, 13010 
52, 41049 
51. 68386 
50. 94987 
50, 20818 


49. 45839 
48, 70012 
47. 93293 
47, 15635 
46. 36989 


45. 57299 
44, 76508 
43, 94551 
43.11360 
42. 26858 


41, 40962 
40. 53580 
39, 64611 
38, 73942 
37. 81448 


36, 86989 
35, 90406 
34, 91520 
33. 90126 
32, 85988 


31, 78833 
30, 68341 
29. 54136 
28, 35763 
27.12675 


25, 84193 


24. 49464 


23. 07391 
21. 56518 
19. 94844 


18, 19487 
16, 26020 
14, 06986 
11, 47834 

8, 10961 


0. 00000 


LEGENDRE FUNCTIONS 


LEGENDRE FUNCTION—FIRST KIND P,(x) 


Poa) =1 


P2(z) 
-0. 12500 
-0, 10985 
-0, 09440 
~0, 07865 
-0, 06260 


0, 04625 
-0, 02960 
-0. 01265 
+0, 00460 

0, 02215 


0, 04000 
0, 05815 
0. 07660 
0. 09535 
0.11440 


0.13375 
0, 15340 
0.17335 
0, 19360 
0, 21415 


0, 23500 
0, 25615 
0. 27760 
0. 29935 
0, 32140 


0, 34375 
0. 36640 
0, 38935 
0. 41260 
0, 43615 


0. 46000 
0. 48415 
0. 50860 
0. 53335 
0, 55840 


0. 58375 
0, 60940 
0. 63535 
0. 66160 
0, 68815 


0. 71500 
0. 74215 
0. 76960 
0. 79735 
0. 82540 


0, 85375 
0, 88240 
0, 91135 
0. 94060 
0. 97015 


1, 00000 


or 


Py (x) =2 

P3(x) Po(x) 

-0. 43750 00 -0, 26789 
-0. 43337 25 -0, 25900 
-0, 42848 00 -0. 24682 
-0, 42280 75 -0, 23139 
-0. 41634 00 -0, 21283 
~0. 40906 25 ~0, 19126 
-0. 40096 00 -0, 16686 
~0. 39201 75 -0, 13985 
~0, 38222 00 ~0, 11051 
-0.37155 25 -0, 07914 
-0. 36000 00 -0. 04610 
-0. 34754 75 -0, 01178 
~0, 33418 00 +0, 02337 
~0. 31988 25 0. 05890 
~0. 30464 00 0, 09430 
-0, 28843 75 0.12901 
-0. 27126 00 0, 16248 
-0, 25309 25 0.19412 
~0, 23392 00 0, 22334 
-0, 21372 75 0. 24952 
-0.19250 00 0.27205 
-0.17022 25 0.29036 
-0.14688 00 0. 30385 
~0.12245 75 0. 31199 
~0. 09694 00 0, 31430 
-0. 07031 25 0. 31033 
-0. 04256 00 0.29973 
-0, 01366 75 0, 28226 
+0, 01638 00 0.25777 
0.04759 75 0, 22625 

0.08000 00 0.18785 

0.11360 25 0.14292 

0.14842 00 0, 09201 

0.18446 75 +0, 03591 

0, 22176 00 -0, 02431 

0.26031 25 -0, 08730 

0.30014 00 -0, 15134 

0.34125 75 -0. 21433 

0, 38368 00 -0, 27376 

0. 42742 25 -0, 32665 

0.47250 00 ~0, 36951 

0.51892 75 -0, 39827 

0.56672 00 -0, 40826 

0.61589 25 -0, 39414 

0. 66646 00 -0, 34981 

0. 71843 75 ~0. 26842 

0, 77184 00 -~0, 14220 

0. 82668 25 +0, 03750 

0. 88298 00 0. 28039 

0.94074 75 0, 59724 

1.00000 00 1, 00000 


Cag 


Po(x) = 3(—1+ 382?) 


856 
667 
215 
939 
321 


025 
000 
552 
366 
497 


304 
332 
862 
951 
141 


554 
693 
981 
410 
270 


993 
111 
323 
698 
004 


185 
981 
N12 
224 
012 


528 
678 
529 
226 
874 


820 
456 
544 
627 
610 


049 
146 
421 
060 
919 


182 
642 
397 
609 
553 


000 


(-2)1 
head 
Ps(z) =5 (—3-+52?) 
Po(x) = 5S (1260 — 18480x?-+72072:4 — 102960x6 + 4862028) 


Table 8.1 


Pio(x) 
-0, 18822 
-0. 21010 
~0, 22914 
70. 24498 
-0, 25728 


-0, 26575 
-0. 27014 
-0, 27023 
-0, 26590 
~0. 25704 


-0. 24366 
-0. 22580 
-0. 20360 
-0,17728 
-0,14714 


-0. 11358 
-0. 07707 
-0, 03818 
+0, 00243 
0. 04403 


0. 08580 
0.12686 
0.16625 
0, 20299 
0, 23605 


0, 26437 
0, 28693 
0.30271 
0. 31078 
0, 31029 


0. 30052 
0. 28094 
0, 25124 
0, 21139 
0. 16170 


0.10291 
+0, 03622 
~0, 03655 
-0, 11300 
-0. 18989 


-0, 26314 
~0. 32768 
-0. 37731 
-0, 40457 
-0. 40058 


-0. 35488 
-0, 25524 
-0. 08749 
+0, 16470 
0, 52008 


1, 00000 


00 


(F 


Pyo(z) = 051 (— 252+ 188602? — 120120x4 +-360360x5 — 43758028 + 1847562!) 


(n+1)Pa41(2) = (2n4+DaPr(x) —nPa—1(x) 


For coefficients of other polynomials, see chapter 22. 
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344 LEGENDRE FUNCTIONS 


Table 8.2 DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND Pr(x) 
Pi(2)=1 P(x) =8x 
x P3(z) P4(x) P4(x) Pio(z) 

0, 00 -1, 50000 0.00000 00 2. 46093 75 0, 00000 00 
0. 01 -1, 49925 -0, 07498 25 2.45011 64 0.27023 41 
0, 02 -1, 49700 -~0, 14986 00 2.41773 75 0.53765 93 
0, 03 -1, 49325 ~0, 22452 75 2.36405 34 0. 79949 17 
0, 04 -1. 48800 -0, 29888 00 2.28948 35 1.05299 82 
0, 05 -1, 48125 ~0,. 37281 25 2.19461 13 1, 29552 05 
0. 06 -1, 47300 -0, 44622 00 2.08018 11 1.52449 98 
0, 07 ~-1, 46325 -0, 51899 75 1.94709 32 1.73750 05 
0, 08 -1, 45200 ~0,59104 00 1. 79639 87 1. 93223 25 
0,09 -1, 43925 -0, 66224 25 1, 62929 31 2.10657 29 
0.10 -1, 42500 ~0. 73250 00 1.44710 87 2.25858 73 
0,11 -1, 40925 -0, 80170 75 1, 25130 64 2. 38654 80 
0.12 ~1, 39200 -0, 86976 00 1, 04346 68 2.48895 24 
0.13 -). 37325 ~0, 93655 25 0. 82528 00 2.56453 90 
0.14 -1, 35300 -1,00198 00 0.59853 47 2, 61230 18 
0,15 -1, 33125 -1, 06593 75 0.36510 73 2. 63150 28 
0,16 -1, 30800 -1,12832 00 +0, 12694 88 2.62168 25 
0.17 -1, 28325 ~1.18902 25 -0.11392 76 2.58266 81 
0,18 -1, 25700 -1, 24794 00 -0, 35546 O1 2.51458 04 
0.19 -1, 22925 -1, 30496 75 0.59555 27 2.41783 68 
0. 20 -1, 20000 -1, 36000 00 ~-0, 83208 96 2.29315 33 
0. 21 ~1, 16925 -1, 41293 25 -1, 06295 03 2.14154 35 
0, 22 ~1, 13700 -1. 46366 00 -1,28602 54 1. 96431 51 
0, 23 -1, 10325 -1,51207 75 -1, 49923 18 1.76306 37 
0, 24 -1, 06800 ~-1, 55808 00 -1, 70052 94 1.53966 43 
0.25 -1, 03125 -1,60156 25 -1, 88793 72 1.29625 99 
0. 26 ~0, 99300 -1. 64242 00 -2.05954 92 1, 03524 77 
0, 27 -0, 95325 -1, 68054 75 -2. 21355 15 0.75926 26 
0, 28 -0. 91200 -1, 71584 00 -2. 34823 78 0.47115 77 
0.29 -0. 86925 -1, 74819 25 ~2, 46202 63 +0,17398 30 
0, 30 -0. 82500 -1,77750 00 -2, 55347 51 -0.12903 87 
0.31 -0, 77925 ~1, 80365 75 -2,. 62129 80 -0, 43453 90 
0, 32 ~0, 73200 -1, 82656 00 -2,. 66437 95 -0. 73903 23 
0. 33 ~-0. 68325 -1, 84610 25 -2,68178 96 -1, 03894 72 
0. 34 -0. 63300 -1, 86218 00 =2,67279 74 ~-1,.33065 96 
0,35 -0. 58125 -1, 87468 75 ~2, 63688 47 -1, 61052 81 
0.36 ~0. 52800 -1, 88352 00 -2,57375 82 -1, 87493 10 
0.37 -0. 47325 -1, 88857 25 -2, 48336 07 -2,12030 43 
0. 38 -0. 41700 ~1, 88974 00 -2, 36588 14 ~2, 34318 21 
0, 39 -0, 35925 -1, 88691 75 -2,22176 52 -2,.54023 74 
0. 40 -0. 30000 ~1. 88000 00 -2,05172 01 ~2, 70832 36 
0, 41 -0. 23925 -1, 86888 25 -1. 85672 35 -2, 84451 75 
0, 42 -0.17700 -1, 85346 00 -1, 63802 69 -2. 94616 13 
0, 43 -0. 11325 -1, 83362 75 -1.39715 86 ~3, 01090 51 
0, 44 -0. 04800 -1, 80928 00 -1,13592 50 -3. 03674 96 
0. 45 +0, 01875 -1, 78031 25 -0, 85640 91 ~3.02208 63 
0. 46 0. 08700 -1, 74662 00 -0.56096 76 ~2. 96573 83 
0.47 0.15675 ~-1, 70809 75 -0, 25222 53 -2. 86699 80 
0,48 0. 22800 -1, 66464 00 +0, 06693 30 -2. 72566 30 
0.49 0. 30075 -1,61614 25 0.39337 29 -2.54206 98 
0, 50 0. 37500 ~1, 56250 00 0.72372 44 -2,31712 34 


a ee er 
P$(x)=3(—3+1522) P42) =5 (—60-+140z2) 


Ps(z) = (1260 — 55440x? 4-360360x4— 72072025 + 43758028) 


Pio(z) = a0oi (27720 — 480480x?+ 216216024 — 3500640x8 + 184756028) 


Pala) = PES (oP a(e) —Poi(o)] 


LEGENDRE FUNCTIONS 


DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND P%(x) Table 8.2 
Pi(z)=1 P(x) = 3x 
x P3(z) P4(z) Po(z) Pio(@) 
0. 50 0, 37500 ~ 1.56250 00 0.72372 44 ~ 2.31712 34 
0,51 0, 45075 ~ 1550360 75 1.05439 75 ~ 2505232 40 
0.52 0, 52800 ~ 1243936 00 1138160 24 ~ 1274978 82 
0, 53 0, 60675 ~ 136965 25 1.70137 21 ~ 1541226 67 
0. 54 0, 68700 ~ 1529438 00 2° 00958 86 ~ 1504315 43 
0,55 0, 76875 ~ 1, 21343 75 2.30201 29 ~ 0.64649 54 
0,56 0, 85200 ~ 1.12672 00 2.57431 87 ~ 0.22698 16 
0,57 0, 93675 ~ 1503412 25 2.82213 05 + 0.21005 92 
0.58 1.02300 ~ 0.93554 00 3.04106 49 0, 65868 10 
0.59 111075 ~ 0, 83086 75 3.22677 77 1.11234 92 
0, 60 1.20000 ~ 0.72000 00 3.37501 44 1.56397 82 
0. 61 1.29075 ~ 0, 60283 25 3.48166 60 2° 00598 31 
0, 62 1; 38300 ~ 0.47926 00 3.54283 00 2: 43034 08 
0.63 1! 47675 - 0234917 75 3.55487 57 2° 82866 68 
0. 64 1.57200 ~ 0,21248 00 3.51451 63 3.19230 45 
0, 65 1. 66875 ~ 0.06906 25 3.41888 50 3.51243 07 
0: 66 1, 76700 + 0.08118 00 3526561 84 3.78017 74 
0,67 1, 86675 0. 23835 25 3, 05294 51 3.98677 13 
0. 68 1, 96800 0. 40256 00 2.77978 03 4.12369 16 
0, 69 2.07075 0, 57390 75 2, 44582 82 4.18284 84 
0, 70 2.17500 0. 75250 00 2.05168 93 4,15678 18 
0,71 2. 28075 0, 93844 25 1.59897 66 4.03888 45 
0.72 2° 38800 1.13184 00 1209043 73 3, 82364 72 
0. 73 2° 49675 1, 33279 75 + 0.53008 28 3.50693 03 
0, 74 2: 60700 1.54142 00 ~ 0.07667 36 3, 08626 20 
0. 75 2, 71875 1.75781 25 ~ 0.72287 14 2.56116 49 
0. 76 2. 83200 1.98208 00 = 1539984 93 1.93351 26 
0.77 2.94675 2.21432 75 - 2.09708 32 1.20791 71 
0.78 3, 06300 2° 45466 00 ~ 2280201 52 + 0,39215 05 
0. 79 3, 18075 2.70318 25 ° ~ 3249987 45 ~ 0, 50239 %6 
0, 80 3, 30000 2.96000 00 ~ 417348 81 ~ 1, 46023 77 
0. 81 3.42075 3.22521 75 ~ 4280308 26 ~ 2246122 91 
0. 82 3, 54300 3.49894 00 ~ 5.36607 64 ~ 3248002 97 
0, 83 3, 66675 3.78127 25 ~ 5, 83686 10 ~ 4548547 21 
0; 84 3. 79200 4. 07232 00 ~ 6, 18657 35 ~ 5.43990 91 
0, 85 3, 91875 4.37218 75 - 6.38285 68 - 6.29851 03 
0; 86 4, 04700 4.68098 00 ~ 6, 38961 06 ~ 7.00851 07 
0. 87 4.17675 4.99880 25 ~ 6.16672 97 ~ 7.50840 93 
0: 88 4, 30800 5.32576 00 ~ 5.66983 23 ~ 7, 72711 51 
0. 89 4, 44075 5.66195 75 ~ 4.84997 54 ~ 7258303 90 
0,90 4.57500 6.00750 00 - 3.65335 89 ~ 6.98312 79 
0, 91 4.71075 6.36249 25 ~ 2.02101 73 ~ 5, 82184 03 
0.92 4, 84800 6.72704 00 + 0.11150 20 - 3598006 04 
0.93 4, 98675 7.10124 75 2° 81447 18 ~ 1.32394 73 
0,94 5.12700 7; 48522 00 6.16433 35 + 2.29628 14 
0. 95 5, 26875 7.87906 25 10, 24405 70 7, 04763 58 
0, 96 5, 41200 B. 28288 00 15.14351 59 13.11571 11 
0,97 5.55675 8.69677 75 20, 95987 66 20, 70612 O1 
0,98 5. 70300 9°12086 00 27, 79800 16 30,04600 25 
0,99 5. 85075 9.55523 25 35, 77086 77 41, 38561 43 
1.00 6.00000 10, 00000 00 45,00000 00 55.00000 00 
(—4)2 (-3)1 (—1)2 (—1)8 
ia bal [7] UG 
PQ) =4(—B4+1522) h(n) = 2 (—60+1402%) 
Pi(2) = aD (1260 — 554402? +36086024 — 72072028 + 43758028) 
Pho(2) = a5q (27720 — 4804802?-+ 21621 604 — 350064028 + 18475608) 
n+1 


Pr(t)=7—23 


ae (ePa(x) — Pa+1(2)] 
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LEGENDRE FUNCTIONS 


Table 8.3 LEGENDRE FUNCTION—SECOND KIND Q,(x) 


0.00000 000 -1.00000 000 0.00000 000 0, 66666 
0.01000 033 ~0.99990 000 -0,01999 867 0.66626 
0.02000 267 -0,99959 995 -0,03998 933 0, 66506 
0.03000 900 -0,99909 973 ~0.05996 399 0, 66306 
0.04002 135 -0.99839 915 -0,07991 463 0.66027 


0.05004 173 -0,99749 791 -0.09983 321 0.65667 
0.06007 216 -0.99639 567 -0,11971 169 0.65229 
0.07011 467 -0.99509 197 -0,13954 199 0.64711 
0.08017 133 -0.99358 629 -0.15931 602 0.64114 
0.09024 419 -0.99187 802 -0.17902 563 0.63439 


0.10033 535 ~-0.98996 647 -0.19866 264 0, 62686 
0.11044 692 -0.98785 084 -0,21821 885  0,61856 
0.12058 103 -0,98553 028 -0.23768 596 0, 60948 
0.13073 985 -0.98300 382 -0.25705 567 0.59964 
0.14092 558 -0,98027 042 -0.27631 958 0.58903 


0.15114 044 -0.97732 893 ~-0,29546 923 0.57768 
0.16138 670 -0.97417 813 -0.31449 610 0,56558 
0.17166 666 -0,97081 667 -0,33339 158 0,55275 
0.18198 269 ~0.96724 312 -0.35214 699 0,53918 
0.19233 717 ~-0.96345 594 -0,37075 353 0.52489 


0.20273 255 -0.95945 349 -0,38920 232 0.50990 
0.21317 135 ~-0.95523 402 -0.40748 439 0,49420 
0.22365 611 -0,95079 566 -0,42559 062 0,47781 
0.23418 947 -0.94613 642 -0,44351 180 0, 46074 
0.24477 411 -0.94125 421 -0.46123 857 0.44300 


0.25541 281 -0,93614 680 -0,47876 145 0,42461 
0.26610 841 -0.93081 181 -0.49607 081 0.40557 
0.27686 382 -0,92524 677 -0,51315 685 0,38591 
0.28768 207 -0.91944 902 -0.53000 962 0.36562 
0.29856 626 -0,91341 578 -0,54661 900 0.34474 


0.30951 960 -0,90714 412 -0,56297 466 0.32327 
0.32054 541 -0.90063 092 -0.57906 608  0,30123 
0.33164 711 -0. 89387 293 -0.59488 256 0.27864 
0.34282 825 -0, 88686 668 -0,61041 313 0, 25551 
0.35409 253 -0.87960 854 -0,62564 662 0, 23187 


0.36544 375 ~-0.87209 469 -0,64057 159 0,20772 
0.37688 590 ~0, 86432 108 -0,65517 633 0,18310 
0.38842 310 -0.85628 345 ~-0.66944 887 0,15802 
0.40005 965 -0. 84797 733 -0,68337 690 0.13251 
0.41180 003 -0.83939 799 -0,69694 784 0.10658 


0.42364 893 -0,83054 043 -0.71014 872 0,08026 
0.43561 122 -0,82139 940 -0,.72296 624 0.05357 
0.44769 202 -0,81196 935 -0.73538 670 +0.02654 
0.45989 668 -0.80224 443 -0,74739 600 -0, 00080 
0.47223 080 -0,79221 845 ~0.75897 958 -0, 02843 


0.48470 028 -0,78188 487 -0,77012 243 -0, 05633 
0.46 0.49731 129 ~-0,77123 681 -0.78080 904 ~-0,08446 
0.47 0.51007 034 -0. 76026 694 -0,79102 336 -0,11249 
0.48 0.52298 428 -0,74896 755 -0,80074 877 ~-0.14128 
0.49 0.53606 034 -0.73733 044 -0,80996 804 -0,16992 


PWNHO WOONOW PWNrO OoOnouw PWNKHO Oona PWNEHO OO AW RPWNHMO 
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> HPAHPAH WWWWYwH WWWWW NNNNMN NNNND RRR RR MRR re oO0O000 e00ce 8 


Qo(z) Q: (2) Qa(x) Q3(z) 


667 
669 
699 
829 
179 


917 
261 
475 
873 
817 


720 
044 
299 
048 
905 


532 
646 
016 
465 
868 


155 
314 
388 
476 
738 


393 
719 
059 
819 
467 


542 
647 
459 
723 
261 


970 
825 
883 
285 
256 


114 
267 
221 
418 
939 


524 
239 
034 
732 
027 


0.54930 6 -0, 72534 693 -0,81866 3 ~0,119865 477 


oy es. ee ia 


Qo(x) =4 In (72) Qi(2)=3 In 


ote) = 2? m (FZ) ate 


( 


=] (52?—8) In ( 


1-z 


(W+1)Qn+1(@) = (2n+1)eQn(z) —MQn—-1(x) 


Qo(x) =arctanh x (Table 4.17) is included here for completeness. 


Qo(x) Qio(2) 
-0, 40634 921 0.00000 000 
-0.40452 191 -0,04056 181 
-0, 39905 538 -0,08068 584 
~0. 38999 553 -0.11993 860 
-0.37741 852 -0,15789 513 
-0. 36143 026 -0,19414 321 
-0,34216 562 ~0,22828 745 
-0.31978 750 -~0.25995 321 
~0. 29448 565 -0,28879 038 
-0, 26647 538 -0.31447 701 
-0. 23599 595 -0,33672 259 
~0, 20330 891 ~C,35527 122 
-0.16869 616 -0,36990 435 
-0.13245 792 -0.38044 330 
-0.09491 050 -0.38675 142 
-0.05638 395 -0,38873 587 
-0,01721 959 -0, 38634 905 
+0.02223 260 -0,37958 962 
0.06161 670 -0,36850 308 
0.10057 361 -0.35318 198 
0.13874 395 -0,33376 565 
0.17577 093 -0,31043 947 
0.21130 336 ~0.28343 378 
0.24499 861 -0.25302 221 
0.27652 557 -0.21951 969 
0.30556 765 -0.18327 994 
0.33182 571 -0.14469 251 
0.35502 089 -0,10417 949 
0.37489 746 -0.06219 173 
0.39122 551 ~0.01920 468 
0.40380 351 +0.02428 610 
0.41246 080 0.06776 975 
0.41705 981 0.11072 534 
0.41749 822 0,15262 723 
0.41371 084 0.19295 076 
0.40567 128 0.23117 811 
0.39339 336 0.26680 432 
0.37693 227 0.29934 337 
0.35638 546 0.32833 437 
0.33189 317 0.35334 774 
0.30363 867 0.37399 123 
0.27184 811 0.38991 596 
0, 23679 006 0.40082 218 
0.19877 461 0.40646 477 
0.15815 208 0.40665 845 
0.11531 136 0.40128 259 
0.07067 773 0.39028 551 
40.02471 030 0.37368 827 
~0.02210 100 0.35158 779 
~0, 06923 897 0.32415 933 
-0.11616 3 0. ate eT 
—4)5 - 
ey ier 
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I+z\ 52? 2 
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LEGENDRE FUNCTIONS 347 


LEGENDRE FUNCTION—SECOND KIND Q,(x) Table 8.3 


Qo(z) Qi (2) Qe(x) Qs (x) Qo(x) Qio(x) 
0.54930 614 -0. 72534 693 -0,81866 327 -0.19865 477 -0,11616 303 +0,29165 814 
0.56272 977 -0.71300 782 -0,82681 587 -0,22745 494 -0,16231 372 0.25442 027 
0.57633 975 -0,. 70030 333 -0.83440 647 -0.25628 339 -0,20711 759 0.21286 243 
0.59014 516 -0,68722 307 -0, 84141 492 -0,28510 113 -0,24999 263 0.16748 087 
0.60415 560 -0,.67375 597 ~-0. 84782 014 ~-0.31386 748 -0,29035 406 0.11884 913 


0.61838 131 -0.65989 028 ~0,85360 014 ~-0.34253 994 -0,32762 069 0.06761 470 
0, 63283 319 -0.64561 342 -0.85873 186 -0.37107 413 -0,36122 172 +0.01449 441 
0.64752 284 -0,63091 198 -0.86319 116 -0.39942 362 -0,39060 386 -0.03973 144 
0.66246 271 -0.61577 163 -0,86695 267 -0.42753 983 -0.41523 901 -0.09422 630 
0.67766 607 -0,60017 702 -0,86998 970 -0.45537 186 -0,43463 218 -0.14810 594 


0.69314 718 -0,58411 169 ~-0,.87227 411 -0.48286 632 -0,44832 986 -0.20044 847 
0.70892 136 -0.56755 797 -0.87377 622 -0.50996 718 -0,45592 864 -0.25030 577 
0.72500 509 ~0.55049 685 -0,87446 461 -0.53661 553 -0.45708 410 -0.29671 648 
0.74141 614 -0.53290 783 -0.87430 597 -0.56274 938 -0,45151 989 -0,33872 031 
0.75817 374 -0,51476 880 -0,87326 492 -0.58830 338 -0,43903 693 ~-0,37537 391 


0.77529 871 -0.49605 584 -0,87130 380 -0,61320 855 -0.41952 271 -0.40576 815 
0.79281 363 -0.47674 300 -0, 86838 239 -0,63739 196 -0,39296 048 -0,42904 673 
0.81074 313 ~-0,45680 211 -0.86445 768 ~-0,.66077 634 -0.35943 834 -0,44442 606 
0.82911 404 -0.43620 245 -0,85948 352 -0,68327 969 -0,.31915 810 -0,45121 636 
0.84795 576 -0,41491 053 -0, 85341 027 -0,70481 480 -0,27244 363 -0,44884 377 


0.86730 053 -0,39288 963 -0,84618 438 -0,72528 868 -0,21974 878 -0, 43687 329 
0.88718 386 -0.37009 946 -0.83774 785 -0,74460 199 -0,16166 443 -0,41503 236 
0.90764 498 -0,.34649 561 -0,82803 775 -0.76264 823 -0,09892 467 -0.38323 471 
0.92872 736 -0.32202 902 -0,81698 546 -0,77931 296 -0,03241 178 -0,34160 431 
0.95047 938 -0,29664 526 -0,80451 593 -0,79447 280 +0,03684 038 -0.29049 884 


0.97295 507 -0,27028 369 -0.79054 669 -0,80799 424 0.10764 474 -0,23053 218 
0.99621 508 -0,24287 654 -0.77498 679 ~0.81973 225 0.17866 149 -0.16259 543 
1,02032 776 -0,21434 763 -0.75773 539 -0.82952 866 0.24840 151 -0.08787 565 
1.04537 055 -0,18461 097 ~-0.73868 011 ~-0,83721 016 0.31523 275 -0,00787 146 
1.07143 168 -0.15356 897 -0.71769 507 -0,84258 586 0.37739 063 +0.07559 560 


1,09861 229 -0,12111 017 -0,.69463 835 ~-0,84544 435 0,43299 312 0.16037 522 
1,12702 903 -0,08710 649 -0.66934 890 -0,84555 002 0.48006 146 0,24398 961 
1.15681 746 -0.05140 968 -0,64164 264 -0.84263 849 0.51654 781 0.32364 357 
1.18813 640 ~-0,01384 678 -0.61130 745 -0.83641 078 0.54037 123 0.39624 661 
1.22117 352 +0.02578 575 -0.57809 671 -0.82652 589 0.54946 418 0.45844 913 


1,25615 281 0.06772 989 -0,54172 080 -0.81259 105 0.54183 191 0,50669 726 
1.29334 467 0.11227 642 ~-0.50183 576 -0.79414 886 0.51562 828 0.53731 190 
1.33307 963 0.15977 928 -0,45802 786 -0.77065 991 0.46925 273 0.54659 757 
1.37576 766 0.21067 554 -0,40979 212 -0,74147 880 0.40147 508 0.53099 253 
1.42192 587 0.26551 403 -0.35650 171 -0,70582 022 0.31159 776 0,48727 156 


1.47221 949 0.32499 754 -0.29736 306 ~0.66270 962 0.19967 037 0.41282 291 
1.52752 443 0.39004 723 -0,23134 775 -0,61090 890 +0.06677 934 0.30602 901 
1.58902 692 0.46190 476 -0.15708 489 -0.54880 000 -0.08454 828 +0.16680 029 
1.65839 002 0.54230 272 -0,07268 272 -0.47419 336 -0.24975 925 -0.00265 428 
1.73804 934 0.63376 638 +0,02458 593 -0,38399 297 -0.42137 701 -0.19666 273 


1, 83178 082 0.74019 178 0.13888 288 -0.27356 330. ~0.58752 240 ~-0.40421 502 
1.94591 015 0.86807 374 0.27707 112 -0.13540 204 -0,72921 201 ~-0.60564 435 
2.09229 572 1.02952 685 0.45181 370 +0.04408 092 ~-0,81464 729 ~-0, 76587 179 
2.29755 993 1,25160 873 0.69108 487 0,29436 613 -0,78406 452 -0,81720 735 
2.64665 241 1.62018 589 1,08264 984 0,70624 831 -0.48875 677 -0.59305 105 


00 ao oO 6) ) 0 


ao(e)=4m (F442) Quy =$ mn (F#4)-1 


x 


_ 822-1, (1+a\ 3x ae 1l+a\ 5x? 2 
Qo(a) 2 * in (FES) ate) =f Gx?) In (42) 


(N+1)Qn+1(@) = (2n+1)2Qn(z) —NQn—1(2) 
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Table 8.4 DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND @Q,(x) 


Qo(z) Qi(z) Q2(z) Q3(x) Qo (x) Qio(z) 


1.00000 000 0.00000 000 -2,00000 000 0, 00000 000 0.00000 00 -4, 06349 21 
1.00010 001 0.02000 133 -1,99959 998 -0, 07999 200 0.36520 25 -4,04156 71 
1, 00040 016 0.04001 067 -1, 99839 968 -0,15993 599 0.72733 83 -3,97600 70 
1.00090 081 0, 06003 603 -1. 99639 838 -0,23978 392 1, 08336 24 -3, 86745 44 
1.00160 256 0. 08008 546 -1,99359 487 -0, 31948 767 1.43027 23 -3, 71697 43 


1.00250 627 0.10016 704 -1,98998 747 -0.39899 900 1.76512 98 ~3,52604 61 
1, 00361 301 0.12028 894 -1,98557 401 ~0, 47826 951 2.08508 14 -3, 29655 13 
1.00492 413 0.14045 936 ~-1. 98035 179 ~0,55725 060 2.38737 90 ~3,03075 84 
1, 00644 122 0.16068 662 -1.97431 766 -0, 63589 347 2, 66939 94 -2, 73130 45 
1.00816 615 0,18097 914 -1,. 96746 792 -0, 71414 899 2.92866 44 -2,40117 40 


1.01010 101 0, 20134 545 -1,95979 839 -0.79196 777 3.16285 86 -2,04367 37 
1, 01224 820 0.22179 422 -1. 95130 431 ~0, 86930 001 3.36984 76 ~1, 66240 59 
1.01461 039 0. 24233 428 -1.94198 044 -0. 94609 554 3.54769 49 -1, 26123 82 
1.01719 052 0.26297 462 ~1, 93182 094 -1, 02230 373 3.69467 78 -0, 84427 11 
1.01999 184 0.28372 443 ~1. 92081 942 -1, 09787 345 3.80930 18 -0,41580 27 


1.02301 790 0.30459 312 ~1.90896 890 ~-1,17275 302 3.89031 48 +0,01970 77 
1.02627 258 0.32559 031 -1. 89626 181 -1,24689 019 3.93671 92 0.45767 92 
1.02976 007 0.34672 587 -1,88268 994 -~1.32023 203 3.94778 25 0, 89344 90 
1.03348 491 0.36800 997 -1.86824 444 -1,39272 496 3.92304 76 1.32231 56 
1.03745 202 0.38945 305 ~-1,85291 580 -1.46431 458 3. 86234 02 1.73958 08 
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0. 1,04166 667 0.41106 589 -1, 83669 380 ~-1,53494 573 3.76577 54 2.14059 45 
0. 1.04613 453 0.43285 960 -1.81956 752 ~-1.60456 234 3. 63376 26 2.52079 94 
0. 1,05086 171 0.45484 568 -1,.80152 526 -1.67310 742 3.46700 84 2.87577 54 
0. 1.05585 471 0.47703 605 -1,.78255 455 -1.74052 294 3.26651 77 3.20128 51 
0. 1.06112 054 0,49944 304 -1,.76264 210 -1,80674 982 3. 03359 33 3. 49331 81 
0 1.06666 667 0.52207 948 -1.74177 372 -1.87172 780 2. 76983 31 3. 74813 48 
0. 1.07250 107 0.54495 869 -1.71993 437 -1.93539 537 2.47712 56 3.96230 97 
0. 1,07863 229 0.56809 454 -1,69710 801 -1.99768 972 2.15764 35 4.13277 26 
0. 1.08506 944 0.59150 152 -1,67327 761 -2,05854 661 1, 81383 48 4, 25684 84 
0. 1.09182 225 0.61519 472 -1,64842 510 -2,11790 027 1.44841 22 4, 33229 46 
0. 1.09890 110 0.63918 993 -1,62253 126 -2,17568 334 1, 06434 02 4.35733 72 
0. 1.10631 707 0.66350 370 1.59557 570 ~2,23182 672 0. 66482 02 4, 33070 22 
0. 1.11408 200 0.68815 335 ~1.56753 678  -2.28625 944 +0,25327 32 4.25164 55 
0, 1.12220 851 0.71315 706 -1.53839 152 -2,33890 860 -0,16667 95 4.11997 79 
0. 1.13071 009 0.73853 396 -1.50811 553 ~-2.38969 914 -0,59123 78 3. 93608 76 
0.35 1.13960 114 0.76430 415 -1.47668 292 -2,43855 378 -~1.01644 63 3.70095 66 
0.36 1.14889 706 0.79048 884 -1.44406 617 ~-2.48539 281 -1.43822 04 3.41617 42 
0.37 1.15861 430 0.81711 039 ~-1,41023 606 ~-2,53013 394 -1, 85237 43 3.08394 42 
0.38 1.16877 045 0.84419 242 -1.37516 155 ~-2,57269 210 -2,25465 05 2.70708 74 
0.39 1.17938 436 0.87175 994 ~-1,33880 960 ~-2,61297 926 -2,64075 25 2.28903 82 
0.40 1.19047 619 0.89983 941 ~-1.30114 509 -2,65090 420 -3,00637 81 1, 83383 54 
0.41 1.20206 756 0.92845 892 -1.26213 064 ~-2,68637 229 -3,34725 61 1.34610 61 
0.42 1.21418 164 0.95764 831 ~1.22172 641 -2,71928 520 -3,65918 35 0, 83104 35 
0.43 1.22684 333 0.98743 931 -1,17988 995 -2,74954 067 -3,93806 51 +0,29437 81 
0.44 1.24007 937 1.01786 572 -1.13657 597 -2.77703 216 -4.17995 45 -0,25765 92 
0.45 1.25391 850 1.04896 360 -1,09173 613 -2,80164 855 -4,38109 69 -0, 81838 00 
0.46 1.26839 168 1.08077 146 ~-1,04531 874 -2,82327 375 -4,53797 26 ~-1.38069 01 
0.47 1.28353 228 1.11333 051 -0,99726 854 -2,84178 630 -4,64734 21 ~1, 93714 78 
0.48 1.29937 630 1.14668 490 -0.94752 634 -2,85705 896 -4,70629 25 ~2,48003 04 
0.49 1.31596 263 1.18088 202 -0,89602 868 ~-2.86895 817 -4,71228 35 -3.00140 86 
0.50 1,33333 333 1.21597 281 -0.84270 745 -2,87734 353 -4,66319 54 ~-3,49322 79 
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LEGENDRE FUNCTIONS 


DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND Q/(x) 


Qi(z) 


Qo(x) 


1, 33333 
1.35153 
1, 37061 
1.39062 
1, 41163 


1, 43369 
1, 45687 
1, 48126 
1. 50693 
1.53397 


1.56250 
1, 59261 
1, 62443 
1, 65809 
1, 69376 


1. 73160 
1, 77179 
1, 81455 
1, 86011 
1, 90876 


1, 96078 
2, 01653 
2. 07641 
2.14086 
2, 21043 


2.28571 
2. 36742 
2, 45639 
2. 55362 
2. 66028 


2.77777 
2. 90782 
3. 05250 
3.21440 
3. 39673 


3, 60360 
3. 84024 
4.11353 
4, 43262 
4, 81000 


5, 26315 
5, 81733 
6, 51041 
7. 40192 
8, 59106 


10, 25641 
12, 75510 
16, 92047 
25, 25252 
50, 25125 


Loo} 


333 


1.21597 
1.25201 
1, 28905 
1.32717 
1, 36643 


1. 40691 
1, 44868 
1, 49184 
1, 53648 
1. 58271 


1, 63064 
1, 68041 
1, 73215 
1, 78601 
1, 84218 


1, 90083 
1, 96219 
2, 02649 
2, 09399 
2.16500 


2. 23984 
2, 31892 
2. 40266 
2. 49156 
2. 58619 


2. 68724 
2. 79545 
2.91175 
3, 03719 
3.17305 


3, 32083 
3, 48236 
3, 65986 
3, 85608 
4, 07443 


4, 31921 
4.59595 
4.91185 
5. 27647 
5. 70283 


6. 20906 
6, 82129 
7.57861 
8.54217 
9, 81365 


11, 57537 
14, 19080 
18, 50515 
27. 04503 
52, 39539 


ce] 


281 


+lott 


Qa(x) 


0. 84270 
0. 78748 
0, 73029 
0, 67104 
0, 60963 


0.54597 
0. 47996 
0. 41147 
0. 34038 
0, 26655 


0, 18983 


0.11006" 


0. 02705 
0, 05937 
0.14946 


0. 24343 
0. 34156 
0. 44414 
0.55151 
0. 66402 


0. 78211 
0, 90623 
1, 03692 
1.17478 
1, 32049 


1. 47486 
1. 63879 
1. 81335 
1, 99979 
2.19957 


2.41444 
2, 64650 
2, 89827 
3, 17286 
3. 47409 


3. 80679 
4.17707 
4, 59287 
5. 06465 
5, 60654 


6, 23815 
6. 98747 
7. 89613 
9, 02883 
10. 49236 


12. 47698 
15, 35932 
20, 00905 
29, 00735 
55, 11181 


00 
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Q3(x) 


2. 87734 
2, 88206 
2, 88297 
2, 87989 
2. 87266 


2. 86108 
2. 84497 
2, 82411 
2. 79828 
2. 76723 


2. 73072 
2. 68846 
2.64017 
2.58551 
2. 52414 


2, 45567 
2.37971 
2.29579 
2. 20342 
2.10205 


1, 99107 
1. 86981 
1, 73752 
1, 59336 
1, 43637 


1, 26549 
1, 07947 
0, 87692 
0, 65620 
0. 41542 


0.15235 


1, 18395 


1, 61061 
2. 08677 
2, 62171 
3.22751 
3. 92032 


4. 72224 
5. 66456 
6. 79318 
8.17876 
9, 93658 


12, 26978 
15, 57616 
20, 76422 
30, 50045 
57. 80864 


[3] 


35 
72 


+ 


3, 89102 


3.55277 
3.15819 
2, 70941 
2, 20934 
1, 66171 


1, 07108 
0. 44291 
0. 21644 
0. 89973 
1.59875 


2. 30438 
3, 00660 
3.69447 
4, 35619 
4. 97914 


5. 54998 
6, 05466 
6. 47859 
6, 80675 
7. 02388 


7.11464 
7. 06387 
6. 85691 
6. 47990 
5. 92027 


5.16720 
4, 21227 
3. 05023 
1, 67989 
0, 10532 


1, 66270 
3, 60489 
5. 69098 
7. 87652 


-10, 09858 


~12, 26944 
~14, 26758 
-15, 92348 
-16. 99643 
-17, 13329 


-15. 78782 
-12, 04072 


4.11777 


+12, 32933 
54, 86521 


o 
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Table 8.4 


Qio(x) 
3. 493228 
3, 947399 
4, 355894 
4. 710854 
5. 004695 


5. 230233 
5. 380807 
5. 450406 
5. 433812 
5.326732 


5.125950 
4, 829465 
4, 436645 
3. 948368 
3. 367169 


2, 697375 
1, 945245 
1.119087 
0. 229371 
Q. 711177 


1, 687501 
2. 682165 
3. 675339 
4, 644816 
5. 566082 


6. 412431 
7.155161 
7. 763836 
8. 206652 
8. 450921 


8. 463693 
8, 212559 
7, 666669 
6. 798024 
5. 583115 


4.005017 
2, 056070 
0. 258625 
2. 916594 
5. 871760 


- 9.045801 
~12, 315713 
-15. 495090 
~18, 304274 
-20, 319071 


-20. 873659 
-18, 851215 
-12, 140718 
+ 4.242107 

49, 428990 


0 
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Table 8.5 
x P2(z) P3(2) 
1.0 1,00 1,00 
1,2 1, 66 2.52 
1.4 2.44 4.76 
1.6 3. 34 7. 84 
1.8 4. 36 11. 88 
2.0 5.50 17, 00 
2.2 6. 76 23.32 
2.4 8.14 30, 96 
2.6 9. 64 40, 04 
2.8 11. 26 50. 68 
3.0 13, 00 63. 00 
3.2 14. 86 77,12 
3.4 16, 84 93.16 
3.6 18, 94 111, 24 
3.8 21.16 131. 48 
4,0 23.50 154. 00 
4.2 25. 96 178, 92 
4.4 28. 54 206, 36 
4.6 31.24 236, 44 
4.8 34, 06 269, 28 
5.0 37. 00 305. 00 
5.2 40, 06 343.72 
5.4 43,24 385, 56 
5.6 46, 54 430, 64 
5.8 49. 96 479, 08 
6. 0 53.50 531. 00 
6.2 57,16 586, 52 
6.4 60. 94 645. 76 
6.6 64, 84 708, 84 
6.8 68, 86 775, 88 
7,0 73, 00 847. 00 
7.2 77.26 922. 32 
7.4 81. 64 1001, 96 
7,6 86,14 1086, 04 
7.8 90, 76 1174, 68 
8.0 95.50 1268, 00 
8,2 100, 36 1366, 12 
8.4 105, 34 1469.16 
8.6 110, 44 1577. 24 
8.84 115.66 1690, 48 
9.0 121. 00 1809, 00 
9.2 126, 46 1932, 92 
9.4 132, 04 2062, 36 
9.6 137. 74 2197, 44 
9.8 143.56 2338, 28 
10, 0 149, 50 2485. 00 


From National Bureau of Standards, Tables of associated Legendre functions. 
York, N.Y., 1945 (with permission). 
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LEGENDRE FUNCTION—FIRST KIND P,(x) 
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Pio(x) 

1, 00000 
1. 06544 
1, 13789 
6, 65436 
2. 81110 


9, 60605 
2, 81929 
7. 37020 
1, 75809 
3, 89219 


8, 09745 
1, 59814 
3, 01437 
5. 46578 
9. 57313 


1, 62597 
2. 68690 
4, 33189 
6, 82993 
1, 05524 
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2. 38657 
3. 50362 
5. 06985 
7, 23884 


1, 02082 
1, 42299 
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2, 67872 
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6, 45123 
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1, 44623 
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3. 86641 
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DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND P/(x) Table 8.6 


Pi(z)=1 P(x) = 38a 


x P3(z) Pi(2) P5(zx) P5(zx) Pio(z) 
1,0 6, 000 1)1, 00000 1)1. 50000 1)4, 50000 1)5. 50000 
1,2 9, 300 1)2,12400 1)4, 57230 2)7, 77587 3)1. 53586 
1.4 1)1, 320 1)3, 75200 2)1, 01688 3)4, 50787 4)1.13477 
1.6 1)1. 770 1)5, 96800 2)1, 92723 4)1, 74282 4)5. 24824 
1.8 1)2, 280 1)8, 85600 2)3. 30168 4)5, 33445 5)1. 85808 
2.0 1)2, 850 2)1, 25000 2)5. 26875 5)1, 39531 5)5. 50068 
2,2 1)3. 480 2)1, 69840 2)7. 97208 5)3, 25362 6)1, 42939 
2.4 1)4,170 292, 23920 3)1,15704 5) 6. 94480 6)3, 36028 
2.6 1)4, 920 2)2, 88080 3)1, 62377 6)1, 38132 6)7, 29317 
2.8 1)5. 730 2)3. 63160 3)2, 21628 6) 2. 59296 7)1, 48267 
3.0 1)6, 600 2)4, 50000 3)2, 95500 6)4, 63721 7)2. 85372 
3.2 1)7. 530 255, 49440 3)3, 86184 6)7. 95819 7)5, 24287 
3,4 1)8,520 2)6, 62320 3)4, 96025 7)1, 31805 7) 9, 25345 
3.6 1)9. 570 2)7, 89480 3)6, 27516 7)2, 11632 8)1. 57706 
3.8 2)1, 068 2)9, 31760 3)7. 83305 7)3, 30652 8) 2, 60626 
4,0 2)1.185 3)1,09000 3)9, 66187 7) 5, 04229 8)4, 19097 
4,2 2)1. 308 3)1. 26504 4)1.17911 7)7, 52431 8) 6, 57653 
4,4 2)1. 437 391, 45772 4)1, 42518 8)1, 10110 9)1, 00955 
4.6 2)1, 572 3)1, 66888 4)1, 70764 8)1, 58313 9)1, 51918 
4,8 2)1. 713 351, 89936 4)2, 02990 8) 2, 23988 9)2, 24508 
5,0 2)1. 860 3)2, 15000 4)2, 39550 8)3. 12290 9)3. 26340 
5.2 2)2, 013 3)2, 42164 4)2, 80816 8) 4. 29574 9) 4, 67217 
5.4 2)2,172 3)2, 71512 4)3, 27172 8)5, 83620 9)6, 59627 
5.6 2)2, 337 3)3, 03128 4)3, 79020 8)7, 83868 9)9, 19329 
5.8 2)2, 508 3)3, 37096 4)4, 36775 9)1. 04169 10)1, 26604 
6.0 2)2, 685 3)3. 73500 4)5. 00869 9)1. 37071 10)1, 72421 
6.2 2)2, 868 394, 12424 4)5, 71746 9)1, 78712 10)2, 32397 
6.4 2)3, 057 3)4, 53952 4)6, 49870 9) 2, 31006 10)3, 10217 
6,6 2)3, 252 3)4, 98168 4)7. 35714 9)2, 96206 10) 4, 10354 
6.8 253, 453 3)5, 45156 4)8, 29772 9)3, 76947 10)5, 38214 
7.0 2)3. 660 3)5. 95000 4)9. 32550 9) 4, 76295 10)7, 00283 
7,2 2)3, 873 3)6, 47784 5)1, 04457 9)5, 97809 10)9, 04307 
7.4 2)4, 092 3)7, 03592 5)1, 16637 9)7, 45591 11)1, 15949 
7.6 2)4, 317 3)7, 62508 5)1. 29849 9)9, 24362 11)1, 47670 
7.8 2)4, 548 398, 24616 5)1, 44152 10)1, 13953 11)1, 86875 
8, 0 2)4, 785 3)8, 90000 5)1, 59602 10)1. 39725 11) 2. 35063 
8, 2 2)5, 028 3)9, 58744 5)1, 76260 10)1, 70455 11)2, 93985 
8,4 2)5.277 4)1, 03093 5)1, 94187 10) 2, 06937 11)3, 65675 
8, 6 245, 532 4)1, 10665 5)2, 13445 10) 2. 50070 11) 4. 52490 
8, 8 2)5. 793 4)1, 18598 5)2, 34099 10)3. 00866 11)5.57149 
9,0 2) 6, 060 A)1, 26900 5)2. 56215 10)3. 60463 11) 6, 82780 
9,2 2)6, 333 4)1, 35580 5)2, 79860 10) 4, 30137 11) 8, 32969 
9,4 2)6, 612 4)1, 44647 5)3, 05102 10)5, 11311 12)1, 01182 
9,6 2)6, 897 4)1, 54109 5)3. 32013 10) 6. 05576 12)1, 22399 
9,8 2)7, 188 4)1, 63974 5)3. 60663 10)7. 14698 12)1. 47481 


10.0 (2)7. 485 (4)1. 74250 (5)3. 91127 (10) 8, 40642 (12)1. 77028 
From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, 
New York, N.Y., 1945 (with permission). 
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LEGENDRE FUNCTIONS 


LEGENDRE FUNCTION—SECOND KIND Q,(x) 


Q(z) 
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4, 38737 
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1, 73070 
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4.14598 
3. 96640 
3. 79827 
3. 64063 
3.49262 


10,0 (-1)1.00335 (-3)3.35348 


York, N.Y., 1945 (with permission). 
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“From National Bureau of Standards, Tables of associated Legendre functions. 
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DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND Q(x) Table 8.8 
x —Qo(z) ~Qi(a) — Q(z) —Q3(z) ~Q6(2) —Qio(z) 

1. 0 ira) frre) 0 co 0 fo) 

1.2 2.27273 1. 52833 -1)9, 56516 -1)5. 77060 - 2)2, 06667 - 2)1,15922 
1.4 1, 04167 -1)5, 62454 ~1)2, 78972 ~1)1. 32721 - 3)1.11220 - 4)4, 88977 
1.6 Nye ase ~1)2, 92472 -1)1, 21817 -2)4, 85580 - 4)1,39114 - 5)5,.11106 
1.8 -1)4, 46429 ~1)1. 77190 -2) 6. 39686 -2)2, 20736 - 5)2, 64367 - 6)8,39591 
2.0 ~1)3. 33333 (= 1.17361 -2)3,. 74965 ~2)1.14416 - 6)6,52419 - 6)1. 83053 
2.2 -1)2. 60417 ~2)8, 25020 -2)2, 36801 -3)6. 48766 ~ 6)1. 93263 - 7)4, 86561 
2.4 -1)2.10084 (-2)6, 05501 -2)1, 57925 -3)3, 93006 ~ 7)6, 56197 - 7)1. 49994 
2.6 -1)1. 73611 iS 4, 59238 ~2)1, 09833 -3)2. 50557 - 7)2. 47880 - 8)5,19235 
2.8 ~1)1, 46199 -2)3. 57495 ~3)7, 89834 ~3)1.66411 (- 7)1,.02057 - 8)1. 97390 
3,0 -1)1, 25000 cere -3)5, 83769 -3)1. 14304 a 8) 4, 51200 ~ 9)8. 10849 
3.2 -1)1, 08225 -2)2. 30068 ~3)4, 41472 ~4) 8, 07587 - 8)2,11821 - 9)3. 55578 
3.4 -2)9. 46970 -2)1. 89018 -3)3,. 40437 -4)5, 84465 - 8)1, 04686 ~ 9)1, 64904 
3.6 ~2) 8. 36120 -2)1. 57309 ~3)2, 66980 ~4) 4, 31867 - 9)5,40951 -10) 8. 02794 
3.8 -2)7. 44048 -2)1,. 32398 -3)2, 12471 -4)3, 24956 - 9)2. 90659 -10) 4. 07799 
4,0 ~2)6. 66667 -2)1,12539 -3)1, 71292 —4) 2, 48459 - 9)1, 61660 -10)2.15091 
4.2 -2)6, 00962 -3)9, 64994 -3)1, 39691 -4)1, 92694 -10)9, 27220 -~10)1.17316 
4,4 ~2)5, 44662 -3)8, 33966 -3)1,. 15099 -4)1, 51364 -10)5, 46705 ~11)6. 59413 
4,6 -2)4, 96032 -3)7. 25823 -4)9. 57184 ~4)1. 20274 ~10)3, 30481 -11)3. 80849 
4.8 -2)4, 53721 -3) 6. 35742 -4) 8, 02725 ~5)9, 65712 ~10)2, 04345 -11)2. 25453 
5.0 -2)4, 16667 -3)5, 60078 ~4) 6. 78356 ~5)7, 82792 -10)1, 28985 -11)1. 36497 
5.2 ~2)3, 84025 -3) 4, 96040 -4)5, 77277 -5)6, 40058 -11) 8. 29696 ~12)8, 43598 
5.4 -2)3, 55114 -3)4, 41464 ~4)4, 94423 ~5)5. 27543 ~11)5, 43056 -12)5. 31340 
5.6 —2)3, 29381 -3)3, 94656 -4)4, 25974 -5)4, 38019 -11)3. 61188 -12)3. 40566 
5.8 -2)3., 06373 ~3)3, 54273 ~4)3, 69015 -5)3, 66172 ~11)2, 43819 -12)2. 21848 
6, 0 -2)2. 85714 -3)3,19245 -4) 3, 21299 ~5)3, 08050 ~11)1. 66874 -12)1. 46703 
6.2 -2)2,. 67094 -3)2, 88709 -4)2, 81078 -5)2, 60683 -11)1, 15686 ~-13)9. 83782 
6.4 -2)2, 50250 -3)2,61964 {(--4)2, 46977 -5)2, 21813 -12)8, 11673 -13) 6, 68395 
6.6 -2)2, 34962 ~3)2, 38436 -4)2, 17910 -5)1, 89709 -12)5, 75903 -13)4, 59703 
6, 8 -2)2, 21043 -3)2,.17655 -4)1, 93008 -5)1,. 63035 -12)4.12938 ~13)3. 19817 
7.0 -2)2, 08333 -3)1. 99230 -4)1, 71573 -5)1, 40747 ~12)2, 99029 -13)2. 24909 
7.2 -2)1, 96696 ~3)1, 82834 ~4)1. 53040 -5)1. 22023 -12)2, 18566 -13)1. 59779 
7.4 -2)1, 86012 ~3)1, 68195 -4)1, 36949 ~5)1, 06216 -12)1. 61163 -13)1, 14602 
7.6 -2)1, 76180 -3)1,. 55083 -4)1, 22923 -6)9, 28073 -12)1. 19826 ~14) 8, 29452 
7.8 ~-2)1. 67112 -3)1. 43304 ~4)1. 10651 -6)8, 13829 -13)8. 97939 -14) 6. 05494 
8.0 -2)1, 58730 -3)1,. 32691 ~5)9. 98765 -6)7, 16078 -13)6,. 77915 ~14) 4, 45610 
8.2 -2)1, 50966 ~3)1, 23104 -5)9, 03846 -6) 6, 32104 -13)5, 15433 ~-14)3, 30480 
8. 4 -2)1, 43761 ~3)1,14421 -5)8, 19960 -6)5, 59691 ~-13)3, 94535 ~14) 2, 46898 
8.6 -2)1,. 37061 ~3)1, 06538 -5)7. 45601 -6)4, 97021 -13)3, 03931 ~14)1, 85745 
8,8 -2)1, 30822 -4)9, 93646 -5)6. 79498 ~6)4, 42597 -13)2. 35565 -14)1. 40670 
9.0 ~2)1,. 25000 —4)9, 28224 -5) 6, 20573 ie 3.95179 -13)1, 83641 -14)1, 07211 
9.2 -2)1,. 19560 -4) 8, 68435 -5)5. 67908 -6)3, 53736 ~13)1, 43959 -15)8, 22064 
9.4 -2)1,. 14469 -4)8, 13682 -~5)5, 20722 ~6)3, 17406 ~13)1. 13452 -15)6. 33995 
9.6 -2)1,. 09697 +4 7. 63447 -5)4, 78344 -6)2, 85468 ~14) 8. 98657 -15)4, 91668 
9.8 (-2)1. 05219 -4)7,17272 ~5)4, 40196 -6)2.57314 (-14)7.15298 -15)3, 83321 


10,0 (-2)1,01010 (-4)6, 74753 (-5)4,05782 (-6)2,32430 (-14)5,.72014 (-~15)3, 00374 


From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New 
York, N.Y., 1945 (with permission). 
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9. Bessel Functions of Integer Order 


Mathematical Properties 


Notation 


The tables in this chapter are for Bessel func- 
tions of integer order; the text treats general 
orders. The conventions used are: 

z=2+iy; 2, y real. 

n is @ positive integer or zero. 

vy, m are unrestricted except where otherwise 
indicated ; v is supposed real in the sections devoted 
to Kelvin functions 9.9, 9.10, and 9.11. 

The notation used for the Bessel functions is 
that of Watson [9.15] and the British Association 
and Royal Society Mathematical Tables. The 
function Y,(z) is often denoted N,(z) by physicists 
and European workers. 

Other notations are those of: 

Aldis, Airey: 


G,(2) for —37Y,(z), K2(z) for (—)"K,(2). 
Clifford: 
C,(z) for 1-#*.J,(2y2). 
Gray, Mathews and MacRobert [9.9]: 
Y,,(z) for 34Y,(z)+ (In 2—y)J,(2), 
Y,(z) for re’™! sec(vr) Y,(z), 
G,(2) for 4mH (2). 
Jabnke, Emde and Lésch [9.32]: 
A,(2) for P'(v+1)($2)~"*J, (2). 
Jeffreys: 
Hs,(z) for H(z), Hi,(z) for HY (2), 
Kh,(2) for (2/r)K,(z). 
Heine: 
K,,(2) for—43rY,(2). 
Neumann: 
Y*(z) for gr Y,(z)+ (in 2—y)J,(2). 
Whittaker and Watson [9.18]: 
K,(2) for cos(vr)K,(z). 
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Bessel Functions J and Y 
9.1. Definitions and Elementary Properties 


Differential Equation 


2, 

9.1.1 2? Tepe 4 (2?—v?)w=0 

Solutions are the Bessel functions of the first kind 
J..(z), of the second kind Y,(z) (also called 
Weber’s function) and of the third kind H{"(z), H®(z) 
(also called the Hankel functions). Each is a 
regular (holomorphic) function of 2 throughout 
the z-plane cut along the negative real axis, and 
for fixed 2(0) each is an entire (integral) func- 
tion of »» When »=-+7n, J,(z) has no branch point 
and is an entire (integral) function of 2. 

Important features of the various solutions are 
as follows: J,(2)(#v>0) is bounded as z—>0 in 
any bounded range of arg 2. dJ,(z) and J_,(2) 
are linearly independent except when » is an 
integer. J,(z) and Y,(z) are linearly independent 
for all values of ». 

H(z) tends to zero as |z2|—>© in the sector 
O<arg z<a; H{?(z) tends to zero as |z|> © in the 
sector —r<arg 2<0. For all values of », H(z) 
and H{(z) are linearly independent. 


Relations Between Solutions 


J,(2) cos (vr) —J _»(2) 


9.1.2 an Ge) 


Y,(2)= 
The right of this equation is replaced by its 
limiting value if v is an integer or zero. 

9.1.3 


H! (2) =J,(2) ++Y,(2) 


=1 esc(vr){e7""* J,(z) —J_,(2)} 
9.1.4 


H® (2)=d,(2)—1Y,(2) 
=1 esc(vyr){J_,(z)—e’"*J,(2) } 


915 Jen(z)=(—)"In(z)  V-n(z)=(—)" Yn) 
9.1.6 A2(z)=e"H (2) H(z) =e- 7H (2) 
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1 ‘ ' ' 
: ia ae a 0 
= 


Ficure 9.2. Jio(x), Yio(x), and 
My(«)=vJio(x) + Yio(x). 
Fiaure 9.1. Jo(x), Yo(x), Ai(x), Yi(z). 


ak 


i 


" Figure 9.3. J,(10) and Y,(10). 


ye 

[BaRe LON x = % aumae f ‘ 

alee: | Ea edices an 
WLAN 


a L-SOSKILRSORT a, 
ESSER) 
~o-— > CA ¥ 


a 


PTE SSI 


AS 
-4.0 -3.5 73.0 “2.5 2.0 AS ato 3 1.0 LS 


FiaurE 9.4. Contour lines of the modulus and phase of the Hankel Function H§ (x+iy)= Moe. From 
E. Jahnke, F. Emde, and F. Lésch, Tables of higher functions, McGraw-Hill Book Co., Inc., New 
York, N.Y., 1960 (with permission). } 
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Limiting Forms for Small Arguments 
When » is fixed and 2-0 
9.1.7 
J,(2) ~ (22) /T +1) 
9.1.8 Y,(2)~—iH§) (2) ~iH? (2) ~ (2/xr) In 2 
9.1.9 
Y,(2) ~—1H;” (2) ~tH? (2) ~— (1/) Pv) (42)~" 
(Bv>0) 


(v¥—1, —2, -3,...) 


Ascending Series 


—F2")* 


9.1.10 J,(z)=(42) = 4 IT ELI) 
9.1.11 
¥@== Gays (n— - a" (be 2)k 


k=0 


42 In (42)Jn (2) 


=e PD {k+l +¥a+kt+))} A ee 


Tv 
where y(n) is given by 6.3.2. 


be? (hed 


ape? an? 


G2)’ 2?)3 


9.1.12 “EDF 


J(z)=1— 


+. 
9.1.13 
Y(z)=- {In (42) $y} Jo(2) +2 2 (is 


A ( i 2?)8 
—a+y SP eatin Ser 


9.1.14 
J(2)I(2)= 


(42)"to Sa So 
: ST OFEEDE (He FRFDT oe tht) Et! 


Wronskians 


9.1.15 


W{JI,(2), J-o(2) } =o (2)T-»(2) + S(2) Ton (2) 


=—2 sin (vr)/(r2) 
9.1.16 
W(J,(2), Y.(2)}=Jr4i(2) Y(2) -F(2) Yar (2) 
=2/(mz) 
9.1.17 
WH? (2, BP (2}=He)(2)H? (2)— HP 2) H(z) 
= —4t/ (32) 


Integral Representations 


9.1.18 
Jo gat ie cos (z sin e)de=—t f . cos (2 cos 6)d@ 
wT J0 T Jo 
9.1.19 
Ar 
Y (2) =5 f cos (z cos 8) {y-+1n (22 sin? 6) } do 
0 


9.1.20 


___(32)’ 
‘OT OFD Se 


2 
=e (1—#?)"# cos (2t)dt (@v>—4) 


9.1.21 


cos(z cos 6) sin?’ 6dé@ 


J,(2) = { cos (zsin 6—né6) d@ 


47” Fd 
—/ e?? £88 cog (n6)d0 
wT Jo 
9.1.22 


J, (2) = f cos(z sin 6—v8)dé6 
Snr f eosameevtdt (lang 24x) 
¥,(2)= f. ” gin(z sin 6—v0)d0 


1 f. ” Lert-+e-" cos (vn) }e7*™ ‘dt (larg 2|<}n) 


9.1.23 
206 
Jo (2) = sin(z cosh t)dé (2>0) 


Yo(a)=—2 a ” cos(z cosh t)dé (2>0) 
9.1.24 : 


___ 2(ga)" 
O=aTG—n), C= 


er (|Be1<a, 2>0) 


V,()=—20)" ee (|Bv |<4, e>0) 


mT (3—v) i (Gs 


9.1.25 
1 Opes 
HC) =h [rom ema (larg el <de) 


Hp ()=—3 [- 


9.1.26 


to T(—t) (4x)? 
Ja)=s; f- PCO Ge dt (Ro >0,2>0) 
In the last integral the path of integration must 
lie to the left of the points <=0,1,2,.... 


e sinh t—vidt (jarg 2|<$r) 
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Recurrence Relations 


9.1.27 
Gl) + CrilD=2@, (2) 
6 y-1(2) -—@ 41 (2) =2G,(2) 
Ci(2)=C a2); C(2) 


6 (2) =— Enil@)+e © (2) 


€ denotes J, Y,H”, H™ or any linear combina- 
tion of these functions, the coefficients in which 
are independent of z and ». 


9.1.28 J5(2)=—J1(2) Yo(z)=—Yi(2) 
If f,(z)=2?@,(dz") where p, g, \ are independent 
of v, then 
9.1.29 
Srl2) + foai(z) = (20/d) 2-7 F(z) 
(p+-¥Q)f 12) + (p—vq) fr4r(2) = (20/d) 2" 8, (2) 
2f (2) =ge"f,_1(z) + (p—vg) f(z) 
2f. (2) =—)geFr4i(2) + (pt+rgs(2) 


Formulas for Derivatives 


9.1.30 


CE) °C.) =O Gale) 


(k=0,1,2,...) 
9.1.31 


6? =H C.-O—-(F) Cail 


+(3) €-naal2)— -.. +(—¥Coarl2)} 
(k=0,1,2,...) 


Recurrence Relations for Cross-Products 


If 
9.1.32 
pr=d,(a)Y,(b) —J,(6)Y,(a) 
g=d,(a)¥,(b) —J,(6)Y (a) 
7,=J;(a)Y,(b) —J,(b)¥,(@) 
8,=J,(a)Y,(b) —J,(b)Y,(@) 
then 
9.1.33 


Tig we ea ee 
Pv41—Pyv—1 @ ES EY 


v v+l 
Grits ie a Pr+1 

v p+l 
Mit o=Fz pt Prost 


1 1 y? 
o=5 Posi +5 Po-1- Th DP 
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and 


4 
9.1.34 PvSy— Ur =s 


Analytic Continuation 


In 9.1.35 to 9.1.38, m is an integer. 
9.1.35 J, (ze™™*) = e™** J,(2) 
9.1.36 
Y,(ze™™*) =e-™"*Y,(2z) +27 sin(myr) cot(vr) J,(z) 
9.1.37 
sin (vr) H{ (ze™**) = —sin { (m—1) vr} H(z) 


—e-’™* sin(mvr)H® (2) 
9.1.38 
sin (va) H ,” (ze™**) =sin { (m+ 1) vr} H? (z) 


+e" sin(myr)H® (2) 
9.1.39 
H® (ze**) = —e-** tH] ® (z) 


H® (ze-*) = —e' H(z) 
9.1.40 
J,@)=J,(2) 
H} @)=HP@) 


Y,(2)=Y,(2) 


H® @) =H 


(v real) 
Generating Function and Associated Series 


9.1.41 elt tJ,(2) (£0) 


9.1.42 cos (2 sin #)=J,(2) +2 pa J (2) cos (2k6) 


9.1.43 sin (2 sin 6)=2 >a Tonai(2) sin {(2k-+1)8} 
9.1.44 
cos (2 cos 6) =J(z)-+2 = (—)*Jo,(2) cos (2k8) 
9.1.45 
sin (2 cos 6)=2 5 (—)'Jars(2) 08 { (2k-+1)8} 
9.1.46 1=Jo(z)+2d2(z)+2Si(z) +2Se(z)+ .. . 
9.1.47 
cos 2=So(2)—2da(2) + 2Ii(2)-2o(2) +. . - 


9.1.48 sin 2=2J,(z)—2J3(2)+2J3;(2)— ... 
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Other Differential Equations 


pe 5 
9.1.49 w(x? 5 ‘) w=0, w=2tG, (rz) 
9.1.50 wt (S—~ 4 a) w=0, wasl?,(el) 


9.1.51 wi’ +d22?-2w=0, 9 w=24 P1/)(2z??/p) 


9.1.52 

1_ 20-1 w' +22 =0, w=2'C (rz) 
9.1.53 
ay!’ + (1—2p)aw’ + (’q?2?*-+ p?— v¢?)w=0, 


w= 2 »(r2") 


9.1.54 
w’’ + (r7e??—»?)w=0, w= G ,(re*) 
9.1.55 
2(2’—v*)w"’ + 2(2?—3p*)w’ 
+ {(2—v*)?—(2#+ v?) }w=0, w=C,(2) 
9.1.56 


we?” = (—)"\2"2- "yy, w= 2"C ,(2\az4) 


where a@ is any of the 2n roots of unity. 


Differential Equations for Products 
In the following ?=2 ¢ and @,(2), D(z) are any 
cylinder functions of orders », » respectively. 
9.1.57 
{4207+ i+ (nA)? 
+42(9+1)(8+2)w=0, 
9.1.58 


w= (2) D, (2) 


(9? 
9.1.59 
aw!!! + 2(422+ 1 — 40)! + (492 — 


4y*)w+42(8+1)w=0, w=G,(z)FD,(z) 


1lw=0, 
w= 26 (2) D, (2) 


Upper Bounds 
9.1.60 |J,(2)|<1 20), |J-(@)|<1/V2 21) 
9.1.61 0<J, O<aRay ay (v>0) 
|z2|7e! Fi 1 
9.1.62 |J, (2)|< To+l) (v>—}4) * 


*See page II. 


2" exp {ny(1—2*)} 
{i+-v¥(l—2?)}* 


Derivatives With Respect to Order 


9.1.63 lJn(nz2)}< 


9.1.64 


co J,(z)=d, (2) In (42) 


—(teyy SS (ye VOERAD (327) 
(32)" 2a (—-) GteED 
9.1.65 


2 ¥G)=c Gn) ie J, (2)—n¥,(2)} 


noes 2 FeO) 
(v0, £1, +2,...) 


9.1.66 
oO _7 nl Mga)" n=l (22)4J, (2) 
xe @| 5 ¥4(2)+ eG" Gao 
9.1.67 
2 aa n! ida) (42)*¥; (2) 
E te @|- pIa@ +5 Be Gone 
9.1.68 


5¥o@),| ¥.@ | =f 


Lo) 5 


Expressions in Terms of Hypergeometric Functions 


9.1.69 


Jule) = GOD oF; 429 
Wee M(+4, 29+, 2iz) 
9.1.70 
__ 2)" x) 
J. = Reg lim F(, w5 rl a 
as \, u->0 through real or complex values; 2, v 
being fixed. 


(oF is the generalized hypergeometric function. 
For M(a, b, 2) and F(a, 6; ¢; z) see chapters 13 and 
15.) 


Connection With Legendre Functions 


If » and z are fixed and »—-o through real 
positive values 


9.1.71 


m {o"P;*(cos $)}=J,(2)  (@>0) 


BESSEL FUNCTIONS OF INTEGER ORDER 


9.1.72 


lim {v"Qz# (cos =) }=—4r¥,(z) (x0) 


For P;* and Q;*, see chapter 8. 


Continued Fractions 


9.1.73 


ate) 1 1 1 
Dalz) Wwe — BWo+lz— WZo+227— 


_22lv 427/{v+1)} a2 wr Der) ie 
“I= I= 


Multiplication Theorem 
9.1.74 


© (dz) =vA*” = (Ey UGey" S vac (Z) 
(V—1]}<1) 


If @ =J and the upper signs are taken, the restric- 
tion on A is unnecessary. 

This theorem will furnish expansions of @,(re**) 
in terms of @,12(r). 


Addition Theorems 
Neumann’s 


9.1.75 Cut) = Sy Coxr(w) Jel) (lol <|eel) 


The restriction |v|<|u| is unnecessary when 
@=J and v is an integer or zero. Special cases are 


9.1.76 = Jz) +2 = J2(2) 

9.1.77 
0= 3 (—PIu(2)Jan-a(@) +253 Sele) Tansel2) (21) 
9.1.78 

Ju(22)= 37 (2) Tuan (2)+2 55 (—)Ii(2)Insa(2) 
Graf’s 

9.1.79 


E(w) 8 = SS Grsx(t) Selo) OP? ha lve*9| <ul) 


Gegenbauer’s 

9.1.80 

, St) =2'T (v) a (v-+k) Seo) Seis) C™ (cos a) 
en » +, [Ve#fe] <ul) 


363 


In 9.1.79 and 9.1.80, 
w= (u?-+v?—2wo cos a), 

U—v COS a=W cos X, Vv sina=w sin X 
the branches being chosen so that wu and x0 
as v0. C‘P(cos a) is Gegenbauer’s polynomial 
(see chapter 22), 


J 


A) 


v 


Gegenbauer’s addition theorem. 


If u, vare real and positive and 0 <a<r, then w, x 
are real and non-negative, and the geometrical 
relationship of the variables is shown in the dia- 


gram. 
The restrictions |ve*'|< |u| are unnecessary in 


9.1.79 when @=J and » is an integer or zero, and 
in 9.1.80 when G@=J. 


Degenerate Form (u= @): 

9.1.81 

e478 = Ty) (Ho) "34 (V+ h)AT 4x(0) CP? (C08 a) 
(v¥0,—1,...) 


Neumann’s Expansion of an Arbitrary Function in a 
Series of Bessel Functions 
9.1.82 f(2)=aeJo(2) +2 2) ande(2) (lzl<e) 


where ¢ is the distance of the nearest singularity 
of f(z) from z=0, 


9.1.83 n= 55 f pec I OMA — (O<e'<2) 


and O,(t) is Neumann’s polynomial. The latter 
is defined by the generating function 
9.1.84 

rapa Jal2)Ot) +2 53 Sele) Ox) (lal 


O,,(t) is a polynomial of degree n-+-1 in 1/t; Oo(t) =1/t, 

9.1.85 

0,(1) =} Se A @=13,--) 
k=O 


The more a form of expansion 


9.1.86 f(z) =aeJ,(2) +2 > OT v42(2) 
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also called a Neumann expansion, is investigated 
in [9.7] and [9.15] together with further generaliza- 
tions. Examples of Neumann expansions are 
9.1.41 to 9.1.48 and the Addition Theorems. Other 


examples are 


9.1.87 
Si OHATOED y,. og 


(e)'= 
(v#0, —1,-—2,...) 
9.1.88 


_ maz)" (32) *Jx(z) 


pas @—Bke 


TT k=0 


+2 (In ($2) —Wn+1)} Jal) 
22 eA 2) T n 42% (2) 
ee) ROB) 
where y(n) is given by 6.3.2. 
9.1.89 


Y,(2)= J (2) 


(In G2)-+1} Jole)—= 35 (— 


aly 


9.2. Asymptotic Expansions for Large 
Arguments 


Principal Asymptotic Forms 


When » is fixed and |z|>= 


9.2.1 

J,(2)=+2/(x22) {cos (2—4yn—3n) te'*10(|2|-)} 
(larg 2|<7) 

9.2.2 

Y(2)=v2/(r2) {sin (2—or—3n)+e'F 0 ({2|4)} 
(larg 2|<7) 

9.2.3 

HY (2)~V2/(wa)et@- bt) (—r<arg 2<2r) 

9.2.4 


H® (2) ~~ -V2/(w2) e~1e-4vr 4 (—29<arg2z<m) 


Hankel’s Asymptotic Expansions 


When » is fixed and |2|—>0 
9.2.5 
J,(2) =2/(42){P(», 2) cos x— Q(v, 2) sin x} 
(larg 2|<7) 


BESSEL FUNCTIONS OF INTEGER ORDER 


9.2.6 
Y,(z)=¥2/(2z){P(y, z) sinx+ Q(y, z) cos X} 

(larg 2|<r) 
9.2.7 


Hy? (z)=v2/(mz){P(v, 2) +4Q(v, 2) }e™ 
(—a<arg 2<27) 
9.2.8 


H? (2) =¥2/(n2z){ PQ», 2)—7Q(y, 2) }e“™ 


(—2r<arg en) 
where X=2—(3»+-})z and, with 4»? denoted by u, 


9.2.9 
Po, 2~s (ye O28) _ 1) (u=9) 


(22)* 21(82)? 
4 =D) (u-9) (u—25) (u—49) 
4!(82)* —- 

9.2.10 

Sew pe (v, 2k+1) 
Qt», 2) a4 (—) (22) #1 

Hol 1) (u—9) (4-25) | 

82 3!(82)? = 


If vis real and non-negative and zis positive, the 
remainder after & terms in the expansion of P(», z) 
does not exceed the (4+1)th term in absolute 
value and is of the same sign, provided that 
k>4v—}. The same is true of Q(v,z) provided 
that k>}v—3. 


Asymptotic Expansions of Derivatives 


With the conditions and notation of the pre- 
ceding subsection 


9.2.11 
J, (2) = y2/(rz){ —R(y, 2) sinx—S(», 2) cos x} 
(larg 2|<7) 
9.2.12 
Y;(2) =¥2/(rz){R(v, 2) cos x— S(y, 2) sin x} 
(larg 2|<C7) 
9.2.13 


H{?'(z)=2/(wz){tR(y, 2)—S(, 2) }e™ 
(—r<arg 2<2r) 
9.2.14 
H{' (2) =2/(a2){ —iR(v, 2)—S(, z)}e"™ 
(—2xe<arg 2<r) 
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9.2.15 
= 4y?+16k?—1 (v, 2k) 
Roe, 2)~ 23 (pr Gk? Ga 


(u—1)(u+15) 
TI 


=|— 


9.2.16 
7 4y?+-4(2k+1)?—1 (v, 2k+1 
Sv, 2)~24 CF an eet — 


e+3_ (ue 1) (4-9) (u+35) 
“82 3!(82)8 


Modulus and Phase 
For real vy and positive z 


9.2.17 


=|A? (2)|=v{ J? (2) + Yi(z)} 
6,=arg HO (x)=arctan { Y,(x)/J,(x)} 


9.2.18 


=|H’ (a) |=v{J,?@) + ¥,7(2)} 
gy =arg H®’(x)=arctan { Y;(z)/J;(x)} 


9.2.19 J,(x)=M, cos $,, Y,(2)=M/, sin 6,, 
9.2.20 Ji(x)=N, cos ¢,, Vi(z)=N, sin yy. 


In the following relations, primes denote differ- 
entiations with respect to z. 


9.2.21 M?6;=2/(mx)  N2g)=2(2?—v*)/ (123) 
9.2.22 N?=M?+M?6?—=M)?+4/(rrM,)? 
9.2.23  (a2—v*)M,M)+22N,N;+2N?2= 
9.2.24 


tan (y,—6,)=M,6,/M,=2/(xzM,M,) 
MLN, sin (¢,— 6,) =2/ (2) 
9.2.25 2°M)’+2M,+ (2 —)M,—4/(7? M3) =0 
9.2.26 


i ceaan el wig. fee w=2M; 


w+} ot :(=)= 


Asymptotic Expansions of Modulus and Phase 


9.2.27 


When vis fixed, xis large and positive, and p=4v? 
9.2.28 


22 lu 1-3 (u—1)(u—9) 
MM; rE > aye 24 . Cay 
1-3-5 (u—1)(u—9)( 25) 
3.4.6 ay? +++} 
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9.2.29 


6, ~t— (jy+4 Det Say 


—1)(#—25) 


(u (u—1) (w?— 1144 +1073) 
zs 6(42)3 « : 


5(42x)5 


4 (#1) Gut 15354454703 — 375733) 
14(42)? 


9.2.30 


2 lyp—3_1- 1 (u—1)(u—45) _ 


; papel act 
Np nt oa ns 


The general term in the last expansion is given by 


Wed 8s R=3) 
2-4-6... (2k) 
yea) 9). . {u—(2k—3)?} {u—(2k+1) (2k—1)?} * 
(2x)? 

9.2.31 

: 3, u?+-46u—63 
dy ~t—(3v—4) Hit aa 

4H pw +185p? perl ina 


5(4z)° 


If y>0, the remainder after & terms in 9.2.28 does 
not exceed the (&4+1)th term in absolute value 
and is of the same sign, provided that k>v—}. 


9.3. Asymptotic Expansions for Large Orders 
Principal Asymptotic Forms 


In the following equations it is supposed that 
yo through real positive values, the other vari- 
ables being fixed. 


9.3.1 
yee Vomv =i bz 7 


2 (ez) 


¥,(2)~— vy \2v 


9.3.2 


e? (tanh aaa) 


peaie es 
kgecena! 2zrv tanh a 


(a>0) 


erta- tanh q@) 


oa a>0 
Vary tanh a ae 


Y,(v sech a) ~— 


*See page II. 
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9.3.3 9.3.9 
J,(v sec 8) = iiss 2) 
ee oe te uy (t) = (8¢— 543) /24 
V2) (av tan B) {cos (vtan B—vB— 47) +0 (v7) } a) —_ (812? —462¢*+385¢5)/1 152 
(O0<B<4r) U3(t)= (303758—3 696030+7 65765¢7 
Y,(v sec 8)= —4 254250°)/4 14720 
2] (av tan B) {sin (v tan B—»B—32)+O(v-)}_ | UO =(44 65125¢+—941 216761+3499 2243008 
—4461 85740¢°+4-1859 10725¢2 
(0<B<4n) + 5t*)/398 13120 
9.3.4 For us(t) and ug(t) see [9.4] or [9.21]. 


J, (v+ 2p) =2%y-% Ai(—2%42z)+4 O(v1) 
Y,(v+ 2v4\= —2%y-% Bi(—2%z) + O(y“') 


9.3.5 J,(v) “SED 7 
Po) ~— ary 3 
9.3.6 
ne =(;4; % Ai ome) 
HRGHP o() danse 
¥iv2—=—(45, 4¢ 3) Ba Bi BED 
+ O(a)! mace 


In the last two equations ¢ is given by 9.3.38 and 
9.3.39 below. 


Debye’s Asymptotic Expansions 
(i) If @ is fixed and positive and » is large and 
positive 


9.3.7 


y(tanh a—a) 


Jv sech a) ~~ etl 1st cone) ) 


9.3.8 
Y,(v sech a)~ 


e »(a— tanh a) 


SGA Se es = uy, (coth a) 
Vary tanh ait ee (=) v } 


where 


9.3.10 

desi(t)=3O(1—2)u, (t) +4 =f. (1—5 #2) u,(t) dt 
(k=0, 1,...) 

Also 

9.3.11 


J,(v sech a) ~ 


on gy stanh ana) +3 Ux kcoth a) } 


4rv 


9.3.12 
Yi(v sech a) 


~ fens arene (145 (—)r icoth a) 
=1 


Ty 


where 


9.3.13 
Y(t) =1 
v, (t) = (—9t+ 78) /24 
v2 (t) = (— 135¢ + 594t4— 455°) /1152 
04(t) = (—425258+4 517370—8 83575¢? 
+4 75475t%)/4 14720 
9.3.14 
0, (t) = Ux (t) + t(— 1) { Fei (t) +tuz_1() } 
(k= 1250s a} 
(ii) If B is fixed, 0<(B<4m and + is large and 


positive 


9.3.15 
J,(v sec B)= ¥2/(av tan B){L(v, 8) cos ¥ 

+M(y, 8) sin V} 
9.3.16 


Y,(v sec 8) = V2/(rv tan B){ L(y, 8) sin ¥ 
— M(», B) cos ¥} 
where Y¥=p(tan B—)—47 


9.3.17 
2 t 
Ly, 6) ~ 33 wae eot 8) 


81 cot? B+462 cot* B-+385 cot® 


= B 
ae 11527 aa 
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9.3.18 
Mo, p)~ —4 = Usrn+1 oe B) 

_3 ‘ot B-+5 cot? B 

~ 24y 
Also 
9.3.19 
J,(v sec 8) = (sin 26)/(mv){ —N(», 8) sin ¥ 

—Ov(v, B) cos V} 

9.3.20 


Y(» sec 8) =y(sin 28)/(xv){ N(v, 8) cos ¥ 
—O\(», 8) sin ¥} 


where 
9.3.21 
N(o,p)~ 33 moot) 


k=0 


314 185 cot? B-+594 cot* B+455 cot® B_ 
1152v? 


9.3.22 
Vx41(2 cot 8) __9 cot B+7 cot? B__ 


Oly, p)~id ett 4p 
Asymptotic Expansions in the Transition Regions 
When z is fixed, |»| is large and |arg v|<$r 

9.3.23 


Ioo-ben')~2 Ai (— ees a) 


+2 Ai’ (—2%2) 5 BE) 
9.3.24 


Voie eaa2— = 3 Bi(— — 22) {1-459 el2) 


prkl3 


2 Bi’ (—2"3z) Pa fe) 


where 


9.3.25 
faze 


5 Sle? 
frl2)= ets , 
957 173 5 1 


Is2)= 7900 2° 3150 295 
23573 5903 947 
gid__ 7 4 
il2)= saan? 747000” * 138600 * + 346500 7 


9.3.26 
go(2) =% 2? 
gi (2) =i feta 
aon 566” : a : 
s(2)= 35500 **—ang000 + T2a75 7 


The corresponding expansions for H{ (y+ zp'/3) 
and H{)(»y+-2»"%) are obtained by use of 9.1.3 
and 9.1.4; they are valid for —}r<arg v<$a and 
—m<arg v<4r, respectively. 


9.3.27 
Ji (v+ 2v'/3) ~— Ar (—2"22) (14+35 ~~ } 
gus Lz 
+275 Ai (22) Sy 8) 
9.3.28 


2/3 
Yi (y+ 2vl/3) ~ ca Bi’ (—2"22) { 1435 at) 


l 
2a Bi (—2¥%2) So AH) 


where 
9.3.29 
hi@)=—z 
h.(z)= ~. abot 2? 

_ 699 ,_ 2617 
eae 3150 +555 

46631 _, , 3889 1159 
gi 2? gt 

hlz)= san ® 147000 ° +4620 * ~115500 7 
9.3.30 


loz) ae se 


208g 
5437 . 593 
28 one 2 
ta(z)—= ~ 2'+4500 7 3150 7 
369, 999443 , | 31727 
1a(2)=7090 *—@93000 * 1173250 7 + 54580 
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a, Sey 6 SB 
9.3.31 J,(v) ~nall+25 pee pos 24 yee 
312¢q 2 a 3125 C) B 
9.3.32  Y,0)~—“ar (1+ 2) we are os oa 
93.33 Ji)~-2, (145 B)—-4 
ove y pels iv yl £5 yp 
, le — oy 
9.3.34 Yiv)~ ae Oe +23 We ak 
where 
gus 
= ta=. 021 
a= STZ) j 44730 73184, 34a=.77475 90 
a 085 019 +b=.71161 34101 
=1 mee ees 008 
Ao—1, a= 925 : ? 
a,=.00069 38735... ., a,=— .00035 38... - 


1 
Bo=79= 01428 57143... ., 


B.2=.00043 78 . B3=—.00088 ... 
23 
Y=, N=37 59 00730 15873 .. > 
Y2=— .00093 7300. .., y37=.00044 40... 
1 947 
bo= 5 j= — 346500 7 .00273 30447 . 
5.=.00060 47 ..., 63=— .00038 ... 


Uniform Asymptotic Expansions 


These are more powerful than the previous ex- 
pansions of this section, save for 9.3.31 and 9.3.32, 
but their coefficients are more complicated. They 
reduce to 9.3.31 and 9.3.32 when the argument 
equals the order. 


9.3.35 
4 1/4 Ai 2/3 Cc 
Joa) ~ (5) (i? 
Ai’ (p28 b 
po 1 ae Ds ef) 
9.3.36 
4 V4 Bi (p73 © 
Y, va)~-(75, : a) { (Be) » = ae 
Bi’(g) 2 b 
_ Bi) eal Ds *D) 
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9.3.37 
H® (v2) ~ 26-713 (“3 4¢ >)" Al (e27#/3,2/3 ¢) nts) an(s) 


pis P= ps 


jie er7t/3 Aj’ (e2"*3y ghee > bet) 


ys ye eS 

When v->-+ ©, these expansions hold uniformly 

with respect to z in the sector jarg z|<+—e, where 

e is an arbitrary positive number. The corre- 

sponding expansion for H(vz) is obtained by 
changing the sign of 7 in 9.3.37. 


Here 
9.3.38 
vl — 72 {— 
5 _— t dt=In ae ie 
equivalently, 
9.3.39 


z oe 
5 (p= [aye 
1 


—1—arecos G) 
2 


the branches being chosen so that ¢ is real when 
zis positive. The coefficients are given by 


9.3.40 
2k 
a,(¢) =25 Ho *8 uy, { (1—2*) 4} 
Qk+1 
b(O=—¢4 2 Neb 38? thee a4 { (1—2*) 3} 


and 


9.3.41 
__ (28+1) (28+3) ... (6s—1) 6s+1 " 
3!(144)* s 6s—1 "5 
Thus a(f)=1, 
9.3.42 
5 
b(f)= ~gatalan ae 8i— saa aaH) 


—get Collage peta 


Tables of the early coefficients are given below. 
For more extensive tables of the coefficients and 
for bounds on the remainder terms in 9.3.35 and 
9.3.36 see [9.38]. 
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Uniform Expansions of the Derivatives 


With the conditions of the preceding subsection 


9.3.43 
__ \t A 2/3 i 
Ji(v2)~ 5 2(42 )t 2 Ae) as 2a ol) 
/3 
Ar WD aa 9) $y SP) 
9.3.44 


Bite cy.= 
Ys (2) ~2 ($2) BGS? So 


y 


BOD) (Po) 2 SS HO) 


pa = 
9.3.45 
4e2tt/3 1—2? 4 Aj cae p2/3&) cy c(£) 
Wyo) wy an nana 2s 
HY" oe) ~* (FF) 5 
we Ai’ rine) dl 
pis Ss 
where 
9.3.46 


kt 
a(go=— 24 Beso 984-941 { (1— 27) 3} 


2k 
de(3) =D NP 2) 74} 


and y is given by 9.3.13 and 9.3.14. For bounds 
on the remainder terms in 9.3.43 and 9.3.44 see 
[9.38]. 


i? bo(S) a,(f) co($) d,(f) 
0 | 0.0180 |—0. 004 | 0. 1587 0. 007 
1 . 0278 | —. 004 . 1785 . 009 
2 . 03851 | —. 001 . 1862 . 007 
3 . 03866 | +. 002 . 1927 . 005 
4 . 0352 . 003 . 2031 . 004 
5 . 03831 . 004 . 2155 . 003 
6 . 0311 . 004 . 2284 . 003 
7 . 0294 . 004 2413 003 
8 0278 004 2539 003 
9 0265 004 2662 003 
10 0253 004 2781 003 
—¢ bo($) a,(¢) colt) d,($) 
0 | 0.0180 |—0. 004 | 0. 1587 0. 007 
1 . 9109 | —. 003 . 1323 . 004 
2 . 0067 | —. 002 1087 002 
3 . 0044 } —. 001 0903 001 
4 . 0031 | —. 001 0764 001 
5 . 0022 | —. 000 0658 000 
6 . 0017 | —. 000 0576 000 
7 . 0013 | —. 000 0511 000 
8 .0011 | —. 000 0459 000 
9 . 0009 | —. 000 0415 000 
10 . 0007 | —. 000 0379 000 
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For ¢>10 use 


b()~ a5 gt .1045-7, ay (¢) =.003, 
ald) ~¥5 g Str. 146574, d,(¢) =.003. 
For ¢<—10 use 
bol) ~ a5 gf %,  a($)=.000, 


ot)~ ay F-13384, dy) =.000. 


Maximum values of higher coefficients: 
[b:(5)|=.003, — jaa(¢)|=.0008, 
lex($)|=.008 (¢<10), 


9.4. Polynomial Approximations ? 


|d2(¢)|=.001 
¢(f)~— .003¢4 as f= +0. 
9.4.1 —3<2<3 


Jo(x) =1—2.24999 97 (x/3)?-+ 1.26562 08(2x/3)* 
— 31638 66(z/3)°+.04444 79(2/3)8 
— 00394 44(2/3)°+.00021 00(«/3)?+.e 


lel 5X 1078 
0<2r<3 


Y (x) = (2/m) In ($2) Jo(x) +.36746 691 
+ .60559 366(2/3)?—.74350 384(z/3)* 
+.25300 117(z/3)°—.04261 214(2/3)® 
+.00427 916(2/3)— .00024 846(x/3)!?+e 


9.4.2 


[el<1.4X1078 
3<r< 
Jo(x) =27 fy Cos % Yo(x) =27 fy sin 6 


fo=.79788 456—.00000 077(3/z) —.00552 740(3/z)? 
— 00009 512(3/z)?-+.00137 237(3/z)* 
— 00072 805(3/z)'+.00014 476(3/z)*+e 


9.4.3 


|< 1.6 10-8 


2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken 
from E. E. Allen, Analytical approximations, Math. Tables 
Aids Comp. 8, 240-241 (1954), and Polynomial approxi- 
mations to some modified Bessel functions, Math. Tables 
Aids Comp. 10, 162-164 (1956) (with permission). They 
were checked at the National Physical Laboratory by 
systematic tabulation; new bounds for the errors, e, given 
here were obtained as a result. 
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O=2—.78539 816—.04166 397(3/z) 

— .00003 954(3/z)?+ .00262 573(3/x)® 

— .00054 125(3/x)*— .00029 333(3/z)* 

+.00013 558(3/x)*+ 


|el<7X 1078 


2! J,(2)=4—.56249 985 (2/3)?+.21093 573(x/3)* 
— 03954 289(x/3)*-+ 00443 319(2/3)® 


— .00031 761(x/3)"+.00001 109(a/3)"+-¢ 
[el <1.38X 1078 
9.4.5 0<2<3 


2Y; (x)= (2/m)zx In(42)J;(x) —.63661 98 
+ 22120 91(x/3)?+2.16827 09(a/3)! 
—1.31648 27(2/3)°+.31239 51(2/3)° 
—.04009 76(2/3)+ .00278 73(a/3)#+« 


lel<1.11077 
3 <2< © 
J,(z)=27}¥f, cos 4, Y;(2)=27}, sin 6, 


Fi=.79788 456+ .00000 156(3/x) + .01659 667 (3/zx)? 
+.00017 105(3/z)®—.00249 511(3/z)! 
+.00113 653(3/x)°—.00020 033(3/x)*+ e 
lel <4X 10-8 
6,=2—2.35619 449+ .12499 612(3/z) 
+ .00005 650(3/x)?— .00637 879(3/x)> 
+ .00074 348(3/x)*+ .00079 824(3/zx)* 
~ 00029 166(3/z)®++e 
|el<9X 107° 


For expansions of Jo(x), Yo(x), Ji(x), and Y;(zx) 
in series of Chebyshev polynomials for the ranges 
0<2<8 and 0<8/zr<1, see [9.37]. 


9.4.6 


9.5. Zeros 


Real Zeros 


When » is real, the functions J,(z), J;(z), Y,(2) 
and Y;(z) each have an infinite number -of real 
zeros, all of which are simple with the possible 
exception of z=0. For non-negative v the sth 
positive zeros of these functions are denoted by 
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jv.s) J. Yv.s and y;, ; respectively, except that z=0 


is counted as the first zero of Jo(z). Since 
Jo(z)=—d,(z), it follows that 
9.5.1 j=, 4Joe=)1.0-1 (s=2, 3, oe .) 


The zeros interlace according to the inequalities 
9.5.2 
Jv Jott 1S Go, 29 Jorg, ar, 3X 
Yo, 1Y ott 1Yr, 2 Yt, 2 Yo, ass 
VS Gr,1<Yr 1<Yr 1,12 
<r, 2<Yp, av, 2°< Ie. 8< 


The positive zeros of any two real distinct cylinder 
functions of the same order are interlaced, as are 
the positive zeros of any real cylinder function 
@,(z), defined as in 9.1.27, and the contiguous 
function @,4:(2). 

If p, is a zero of the cylinder function 


9.5.3 @,(2)=d,(z2) cos(xt)+ Y,(z) sin(m#) 
where ¢ is a parameter, then 

9.5.4 E Pr) =F v1 (Or) = —F 41 (Or) 
If o, is a zero of @, (2) then 


9.5.5 $ (or) _* 6 -1(a,) =* C v4 (o,) 

The parameter ¢ may be regarded as a continuous 
variable and p,, o, as functions p,(é), o,(¢) of t. If 
these functions are fixed by 


9.5.6 p»(0) =0, o,(0) =) ,1 
then 
9.5.7 
jvs=pA8), — Yr,s=p(8—F) = (8= 1,2, .. .) 
9.5.8 


jos=o(s—1), Yi ,s=o,(8—F) (s=1, 2, e 2 


Pv dp,\~ 


9.5.9 61 (0) =( $F 


&, (a,) =(4 & do, 4 


Infinite Products 
(92)”_ = ( _ =) 
we) neta) a a 


fr) 
Ine 


9.5.10 


9.5.11 Ji(2—-22— ft 


are) 70) 
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McMahon’s Expansions for Large Zeros 


When » is fixed, s>>» and p=4+? 
9.5.12 


w—-1 4(u—1)(7u—31) 32(u—1) (83u2—982n+3779) 


jp, 39 Ys, ace a ~ 3888 | 


15(88)° 


_ 64(u—1) (6949u2—1 53855w?+15 85743n—62 77237) 


where B=(s+4v—4)z for 7,,,, B=(st+3v—2)z for ys. 


asymptotic expansion of p,(t) for large ¢. 


9.5.13 


105(88)’ 
With B=(t+ 3»—})z, the right of 9.5.12 is the 


15(86’)° 


__64(6949pu'+2 96492u3—12 48002u?+74 14380u—58 53627) _ 


where 6’=(s-+4v—3)zx for 7;.5, B’=(st+4»—})a for y;,., B’=(t+3v+-4)z for o,(t). 


9.5.12 and 9.5.13 see [9.4] or [9.40]. 


Asymptotic Expansions of Zeros 
and Associated Values for Large Orders 
9.5.14 
joa ~v+1.85575 71y"8+ 1.03315 Ov V3 


— .00397»-!— .0908y-5/3-+ .043y-73-+ . 
9.5.15 
Yr1~v+.93157 68y/? + 26035 1-8 

+ .01198»7!— 0060»? — .001y-77-+ ... 
9.5.16 


j.~v+.80861 65y/3-+ 07249 Opy-¥3 
—.05097p7!+.0094y-534+- 


9.5.17 
Y),1~v+1,82109 80v”8+ 94000 7-1/8 
— .05808y7!— .0540»-84 . . . 


9.5.18 
J'(j. 1) ~—1.11310 28v72/?/(1 + 1.48460 6-2? 
+ .43294y-4/3— 1943y-2+ .019y-8-+ . . .) 


9.5.19 
Yi(y,1) ~.95554 86y-2/3/(1 4.74526 Ly? 
+ .10910»-“/3— .0185»-2— .003y-8/+ . . .) 


9.5.20 
J,(j',1) ~.67488 51y78(1—.16172 3y72/3 
+ .02918»-*/3— .0068v-2-+ . . .) 


9.5.21 
Y,(y;,1) ~.57319 40-¥/3(1 — 36422 Ov-2/8 
+ .09077»-*3+ .0237y-2+ . . .) 


Corresponding expansions for s=2, 3 are given 
in [9.40]. These expansions become progressively 
weaker as s increases; those which follow do not 
suffer from this defect. 


105(88’)" 


For higher terms in 


Uniform Asymptotic Expansions of Zeros and 
Associated Values for Large Orders 


9.5.22 7, ,~v2(f) +e with ¢=v" a, 


9.5.23 


jiGje 


2 FAD 
amon) +R ae} 


with t=y 2a, 


9.5.24 ji, vmve(s)-+ 35 Se? with pay-4Pal 
9.5.25 
J,( js, 3) ~ Ai (a) iD (1435 20) with ¢=7?/5q, 


where a@,, a, are the sth negative zeros of Ai(z), 
Ai’(z) (see 10.4), z=2(f) is the inverse function 
defined implicitly by 9.3.39, and 


9.5.26 
hs) ={4¢/(1—2") }* 
AS) =22(8) {A(S) }7b0(S) 
gS) = 45 *2(S) {A(S) Pool) 


where bo({), ¢o({) appear in 9.3.42 and 9.3.46. 
Tables of the leading coefficients follow. More ex- 
tensive tables are given in [9.40]. 

The expansions of ys, Ys(y,s), s,s and Y,(y,, s) 
corresponding to 9.5.22 to 9.5.25 are obtained by 
changing the symbols j, J, Ai, Ai’, a, and a, to 
y, Y, —Bi, —Bi’, 6, and 5; respectively. 
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Ox ——CC——[—&€—«—«X—_—_—_—_€_—_é_—€—€—r—[F=2anneoe_vOooOEOQ“NNlNO@O@BEQBEQ@QIQPPa|aEaESQQqOc i i —— i o—es ——[—[—][—s> = —_ 


(—5/°4(0) 


Fi) 


(—S)as) (—$)8ga($) 


=| 2(f) hs) A® 
0.0 1, 000000 1, 25992 0. 0143 
0. 2 1. 166284 1, 22076 0142 
0.4 1. 347557 1. 18337 0139 
0.6 1. 543615 1, 14780 0135 
0.8 1. 754187 1, 11409 0131 
10 1. 978963 1, 08220 0. 0126 
=f 2(f) h(S) filo) 
1.0 1. 978963 1. 08220 0. 0126 
1.2 2. 217607 1. 05208 0121 
14 2. 469770 1, 02367 0115 
1. 6 2. 735103 0. 99687 0110 
1.8 3. 013256 97159 0105 
2. 0 3. 303889 0. 94775 0. 0100 
2. 2 3. 606673 92524 . 0095 
2. 4 3. 921292 90397 . 0091 
2. 6 4, 247441 88387 . 0086 
2. 8 4. 584833 86484 . 0082 
3. 0 4. 933192 0. 84681 0. 0078 
3. 2 5. 292257 82972 . 0075 
3. 4 5. 661780 81348 . 0071 
3. 6 6. 041525 79806 . 0068 
3. 8 6. 431269 78338 . 0065 
4.0 6. 830800 0. 76939 0. 0062 
4.2 7. 239917 75605 . 0060 
4.4 7. 658427 74332 . 0057 
4.6 8. 086150 73115 . 0055 
4,8 8. 522912 71951 . 0052 
5. 0 8. 968548 0. 70836 0. 0050 
5. 2 9. 422900 69768 . 0048 
5. 4 9. 885820 68742 . 0047 
5.6 | 10. 357162 67758 . 0045 
5.8 | 10. 836791 66811 . 0043 
6.0 | 11. 324575 0. 65901 0. 0042 
6.2 | 11. 820388 65024 . 0040 
6.4 | 12. 324111 64180 . 0039 
6.6 | 12. 835627 63366 . 0037 
6.8 | 13. 354826 62580 . 0036 
7.0 | 18. 881601 0. 61821 0. 0035 
3 

(—H)F] 26) -3(—9)? | (—OHRO) | AO gif) 

0. 40 1. 528915 | 1. 62026 0. 0040 |—0. 0224 
. 35 1. 541532 | 1. 65351 . 0029 | —. 0158 
. 30 1, 551741 1. 68067 . 0020 | —. 0104 
. 25 1. 559490 | 1. 70146 . 0012 | —. 0062 
. 20 1. 564907 | 1. 71607 . 0006 | —. 0033 

0. 15 1. 568285 | 1. 72528 0. 0003 |—0. 0014 
. 10 1. 570048 | 1. 73002 . 0001 | —. 0004 
. 05 1. 570703 | 1. 73180 . 0000 | —. 0001 
. 00 1. 570796 | 1. 73205 . 0000 | —. 0000 


Maximum Values of Higher Coefficients 


[fo($)|=.001, |F2(¢)|=.0004 
\ga(¢)|=.001, |G.(¢)|=.0007 


(O<— 
(is = 


f<@) 
f<e@) 


|(—5)*ga(¢)|=.002, |(—¢)*G2(¢)|=.0007 


(0<—¢S)1) 


Complex Zeros of J,(z) 


When v>-—1 the zeros of J,(z) are all real. If 
yv<—1 and » is not an integer the number of com- 
plex zeros of J,(z) is twice the integer part of 
(—y); if the integer part of (—v) is odd two of 
these zeros lie on the imaginary axis. 

If »>0, all zeros of J;(z) are real. 


Complex Zeros of Y,(z) 


When » is real the pattern of the complex zeros of 
Y,(z) and Y;(z) depends on the non-integer part 
of ». Attention is confined here to the case v=n, 
@ positive integer or zero. 
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i(na+b) 


Ficure 9.5. Zeros of Y,(z) and Yi,(z)... 
jarg 2| <7. 


Figure 9.5 shows the approximate distribution 
of the complex zeros of Y,(z) in the region 
larg z2|<a. The figure is symmetrical about the 
real axis. The two curves on the left extend to 
infinity, having the asymptotes 


SF2=+5ln 3=4+.54931 ... 


There are an infinite number of zeros near each of 
these curves. 

The two curves extending from 2=—n to z=n 
and bounding an eye-shaped domain intersect 
the imaginary axis at the points +7(na+6), 


where 
a=Vi—1=.66274 ... 


b=3y1—t)? In 2=.19146 ... 
and f=1.19968 . . . is the positive root of coth ¢ 
=t, There are n zeros near each of these curves. 
Asymptotic expansions of these zeros for large n 
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are given by the right of 9.5.22 with »=n and 
c=n-*48, or n-*38,, where B,, 8, are the complex 
zeros of Bi(z) (see 10.4). 

Figure 9.5 is also applicable to the zeros of 
Y,(z). There are again an infinite number near 
the infinite curves, and m near each of the finite 
curves. Asymptotic expansions of the latter for 
large nm are given by the right of 9.5.24 with 
v=n and {=n-?36) or n~?38’; where 6, and fi! are 
the complex zeros of Bi’(z). 

Numerical values of the three smallest com- 
plex zeros of Yo(z), Y1(z) and Yj(z) in the region 
0< arg 2<7 are given below. 

For further details see [9.36] and [9.13]. The 
latter reference includes tables to facilitate 
computation. 


Complex Zeros of the Hankel Functions 
The approximate distribution of the zeros of 
H(z) and its derivative in the region larg 2|<7 
is indicated in a similar manner on Figure 9.6. 


Fieure 9.6. Zeros of H{?(z) and HiY'(z) . . . 
jarg 2| <7. 
The asymptote of the solitary infinite curve is 
given by 
IS2=—4 ln 2=—.34657 .. . 


Zeros of Y,(z) and Values of Y,(2) at the Zeros* 


Zero 


Real Imag. 


—2. 40301 6632 +. 53988 2313 -+.10074 7689 
—5. 51987 6702 +.54718 0011 
—8. 65367 2403 +. 54841 2067 ° +.01490 8063 


Zeros of Y,(z) and Values of Yo(z) at the Zeros 


Zero 


Real Imag. 


—0. 50274 3273 +. 78624 3714 
—3. 83353 5193 +. 56235 6538 -+.04830 1909 
+. 55339 3046 


—7. 01590 3683 


Yi 
Real Imag. 
—. 88196 7710 
—. 02924 6418 +. 58716 9503 
—. 46945 8752 
Q 
Real Imag. 
—.45952 7684 +1.31710 1937 


—0. 69251 2884 


Zeros of Y;(2) and Values of Y;(z2) at the Zeros 


Zero 


Real Imag. 


+0. 57678 5129 -+.90398 4792 
+. 72118 5919 
— 5. 33347 8617 +. 56721 9637 


Bureau of Standards, Tables of the Bessel functions Yo(z) and Yj,(z) for complex arguments, 


—1. 94047 7342 


3 From National 


—.02012 6949 +0. 51864 2833 
YY 
Real Imag. 
—. 76349 7088 +. 58924 4865 
+. 16206 4006 —. 95202 7886 
—.038179 4008 +. 59685 3673 


Columbia Univ. Press, New York, N.Y., 1950 (with permission). 
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There are n zeros of each function near the 
finite curve extending from z=—n to z=n; the 
asymptotic expansions of these zeros for large n 
are given by the right side of 9.5.22 or 9.5.24 
with y=n and ¢=e7?"4/3n~2/8g, or (==¢e72*t/8n-2/8q), 


Zeros of Cross-Products 


If » is real and AJ is positive, the zeros of the 


function 
9.5.27 J,(2) Y,(A2z) —J, (Az) Y,(2) 


are real and simple. If A>1, the asymptotic 
expansion of the sth zero is 


Pp, I-P , r—4pqt+2p 
Aet g e 


where with 4y denoted by uz, 
9.5.29 


9.5.28 


B=sr/(A—1) 


_ pol __(u—1)(u—25) (M1) 
P= Bx’ FS 4NFA—D 


(u—1) (wW—114u+1073) P—1) 


x 5(4a)*(A—1) 


The asymptotic expansion of the large positive 
zeros (not necessarily the sth) of the function 


9.5.30 J,(2) Y,(Az) —d (Az) Y,(2) (A>1) 


is given by 9.5.28 with the same value of 8, but 
instead of 9.5.29 we have 


9.5.31 
ut3 | _(v?+46u—63) (?—1) 
P= Br’ 6(4\)*(A—1) 
_ (+185 42—2053u+1899) (1) 
5(4n)(A—1) 


The asymptotic expansion of the large positive 
zeros of the function 
9.5.32 J,(2)Y (Az) —Y 5 (2) F>(Az) 
is given by 9.5.28 with 


9.5.33 
B= (s—})n/(A—1) 
(u-+3)A—(u—1) 
P=" B.A—1) 


_ (u? +46n—63)*— (u—1) (u—25) 
6(42)5(A—1) 


5(4d)8(A—1) r= (y+ 1852—2053u-+-1899)d° 
—(u—1) (w?—114n+-1073) 


Modified Bessel Functions I and K 
9.6. Definitions and Properties 


Differential Equation 


9.6.1 2 Sr+ed We (22-4 s)w=0 

Solutions are J..,(2) and K,(z). Each is a regular 
function of z throughout the z-plane cut along the 
negative real axis, and for fixed z(+0) each is an 
entire function of »» When v=-+n, J,(2) is an 
entire function of 2. 

I,(z) (@v >0) is bounded as 2-0 in any bounded 
range of arg z. J,(z) and J_,(z) are linearly inde- 
pendent except when » is an integer. K,(z) tends 
to zero as |zj>o in the sector jarg z|<4z, 
and for all values of », [,(z) and K,(z) are linearly 
independent. J,(z), K,(z) are real and positive 
when y>—1 and z>0. 


Figure 9.7. Io(x), Ko(x), L(x) and K,(z). 
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Figure 9.8. 


1,(5) Ky (5) 


Ficure 9.9. J,(5) and K,(5). 


Relations Between Solutions 


IT_,(2)—I,(2) 


K,(2)=39r 


The right of this equation is replaced by its 
limiting value if » is an integer or zero. 
9.6.3 
I,(2)=e-?**J, (zet*?) 
FL (2) — er t/2 J, (ze 3rt/2) 
9.6.4 
K,(2)=4$rieb™H © (zei**) (—r<arg 2<4n) 
K,(@)=—grie“¥"' HP (2e-#) (—par<arg 2<n) 


(—r<arg z<9r) 
(4r<arg 2<m) 


e~*I,(x),e-*L, (x), e*Ko(x) and eK, (2). 


9.6.5 
Y,(zei**) = ett P17, (2) — (Q/r)e- PK, (z) 
(—r<arg 2<47) 
I_,(2) =I,,(2) ’ K_,(z) =K,(z) 
Most of the properties of modified Bessel 
functions can be deduced immediately from those 


of ordinary Bessel functions by application of 
these relations. 


9.6.6 


Limiting Forms for Small Arguments 


When » is fixed and 2-0 


9.6.7 
I,(z)~(2)/T@t+l) @~x¥—1,—2,...) 
9.6.8 Ky(z)~—In 2 
9.6.9. K,(2)~ $I (v) (42)7” (#v>0) 
Ascending Series 
9.6.10 L(2Z= (42)” 2 SAR SED 
9.6.11 


K, (2)=4(}2)-* 5 CEU" (gary 
+ (=) In (2)a(2) 


+(-)4G2" 3S wetD+vete+y) peo 


where ¥(n) is given by 6.3.2. 


g? 2 1 2)3 
9.6.12 Ie)=14 b+ i Sort: 
9.6.13 
K,(@)=— (ln G2) + LO + 2% 
(227)? ay (227)? 
+(1+4) (2 1)? +(1+3+4) 3 1)? +... 
Wronskians 
9.6.14 


W{L(2), I-.(2)} =L(2)L- 040 — Lis @L—) 


=—2 sin (vr) /(«z) 
9.6.15 


W{K(2), La) }=L@ By (Othe) (2) =1/z 
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Integral Representations 


9.6.16 : 
I (2)=t eur nod dice” cosh (2 cos 9)dé 
q T Jo wT Jo 


9.6.17 Ky(z)=—* { e=? 086 fy tIn (22 sin? 6) } de 


9.6.18 

___Gey’ 
PO=TO+FH Jo 
=aits _{2)-tgeet 
= aT TD _o t?)»-te**dt 


. et? 008 6 gin? 6 dé 
(2v>—}) 


9.6.19 
9.6.20 


T(z) = { e7 88 eos (vf) db 


I,(2)== { e7 °°8 8 cos (né)dé 


_sin (vr) f- en? cosh t—vtd¢ (larg 2|<4r) 
TT 0 
9.6.21 
” cos (xt) 
vP+1 


Ky(e)=[ cos (z sinh t)dt= 


(z>0) 
9.6.22 


Rosca f ” devs (ainily ¥) poaly Gilde 
0 


be f. ” sin (x sinh ) sinh (vt)dt 


(|#rJ<1, t>0) 
9.6.23 
K,(2)= ree [ie ~z0o8h! sinh?*t dt 
_ mG 2)? —2t(42__4)9- 
=aes I e~*(¢2—1)""3 dt 


: (Bv>-4, \arg 2|<4n) 
9.6.24 K@)=[, e~ 208! cosh (vt) dt (larg 2|<$7) 


9.6.25 


T(v+4)(22)” (° cos (xt)dt 
K,(22)=—— 0 fa 
(Av >—}, 2>0, larg 2|<3n)* 
Recurrence Relations 
9.6.26 


FF l= F (2) 
Fi(@)= B12) —5 Fe) 
B+ r4rl2) =22 (2) 
Bi)=F rs) +5 £s(2) 


*See page 11. 
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&, denotes I,, e’"K, or any linear combination of 
these functions, the coefficients in which are 
independent of z and ». 


9.6.27 1)(z)=,(2), Ky(2)=—K, (2) 


Formulas for Derivatives 


9.6.28 
i) (272 (2)} = 292, (2) 


aE 
EE) toa Zu) 0,12...) 
9.6.29 
FP 2)=e (Dal +(t \e, -x42(2) 


+() L,-nasl2)+ cee + FZ 54x(2)} 
=05 12:53) 


Analytic Continuation 


9.6.30 J,(ze™**) =e™*'1,(z) 
9.6.31 


K,(ze™") =e—™* *K, (2) — i sin (my) ese (vr) I,(2) 
(m an integer) 


(m an integer) 


9.6.32 1,(2)=-L(2), K(2=K(@ (v real) 


Generating Function and Associated Series 


9.6.33 eer tI,(2)  (t0) 
9.6.34 7° %=J,(2) +2 a 1,(2) cos(k8) 
9.6.35 


ef 442) +2 94 (—)Haxsa(2) sin{ 2k+1)8} 
+2 = (—)"Zoe(2) cos (26) 


9.6.36 
9.6.37 
9.6.38 


9.6.39 
cosh z=J,(z)+21,(2)+21,(2) +21(2)+ ... 


sinh z=2J,(z)+2J3(2)+2I5(z)+ ... 


1=1,(z) —21,(2) +21,(z)—21(z)+ ... 
=1,(z2)+2h(2)+2h(z)+213(z)+ ... 
e7'=I1,(z) -—24,(2)+21,(2)-—2h(2)+ ... 


9.6.40 
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Other Differential Equations 


The quantity \* in equations 9.1.49 to 9.1.54 
and 9.1.56 can be replaced by —’ if at the same 
time the symbol @ in the given solutions is 
replaced by &. 

9.6.41 
ew’ +2(1422)w’+(+2—r)w=0, w=eF?F,(z2) 


Differential equations for products may be 
obtained from 9.1.57 to 9.1.59 by replacing z by 
12. 

Derivatives With Respect to Order 
9.6.42 


shal (z) In ($2) — Ge)” > s FOLErD ete 
. 6.43 
ox, (2)=$r ose(vn) {2 | T_s(2)— oi o7 (2)} 


—r cot(vr)K,(z) (v¥0,41,+2,...) 


9.6.44 


-y[ ere] 


—K,(z yeeka fe acta, = (—yP ese (3 2)"T, (2) 


(n= 
9.6.45 
UG eS 2)*K,(2) 
[| eB oe 
9.6.46 


E I, 4) |= —K,(z), [2 E,()| = 


Expressions in Terms of Hypergeometric Functions 


9.6.47 


L@)= pH. oF, +4; 429 
_(32)’e7 _ 271M,,, (22) 
“ier HM O+4, 2v-+1, 22) =e es 7) 
9.6.48 K(e)=($2) Wo.(22) 


(QF, is the generalized hypergeometric function. 
For M(a, b, 2), Mo,(z) and Wo,,(z) see chapter 13.) 


Connection With Legendre Functions 


If » and 2 are fixed, #z>0, and vo through 
real positive values 


9.6.49 lim (¢P;#(cosh 2)h= (2) 
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9.6.50 lim {v-*e-*"*Qt( cosh 2)} = Ky(2) 
For the definition of P>“ and Q#, see chapter 8. 


Multiplication Theorems 


9.6.51 
Fn2) = ners SAGE (2) (NACI) 


If #=I and the upper signs are taken, the re- 
striction on A is unnecessary. 


9.6.52 


=F Inne), Iele)= 3 (FE Dovel 


Neumann Series for K,(z) 
9.6.53 
K,,(2)=(—)*"' {In Gz) -¥@+)) H(z) 
+ nue)" = (— ye s2es ee (32) *I,.(z) 


“(n—k)kt 
_yn or Mt 2h)I nso (2) 
tC) p> k(n+k) 
fule) 


9.6.54 Ko(z)=— {In (32) +7} Loz) +2 Sa 


Zeros 


Properties of the zeros of J,(z) and K,(z) may 
be deduced from those of J,(2) and H! (zg) respec- 
tively, by application of the transformations 
9.6.3 and 9.6.4. 

For example, if v is real the zeros of J,(z) are all 
complex unless —2k<v<_—(2k—1) for some posi- 
tive integer k, in which event J,(2) has two real 
zeros. 

The approximate distribution of the zeros of 
K,,(2) in the region —$x <arg z<}r is obtained on 
rotating Figure 9.6 through an angle —43z so that 
the cut lies along the positive imaginary axis. 
The zeros in the region —3r<arg 2<$m are their 
conjugates. K,(z) has no zeros in the region 
larg 2|<$x; this result remains true when 7n is 
replaced by any real number ». 


9.7. Asymptotic Expansions 
Asymptotic Expansions for Large Arguments 
When » is fixed, |2| is large and »=4r? 


9.7.1 1 &DE—9 
e* 8 w—1)(u— 
Vora eT BNBe) 


(u—1) (u—9) (u—25) 
a 3!(8z)° + 


..} (jarg2|<$r) 
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9.7.2 
Ke) maf Eee piety ED) 
emg --} (larg 2|<¥n) 
9.7.3 
“ng-ntan, $0} (arg el <) 
9.7.4 


Ki) ~—yf[ Re 4 De) 


AD Set 50) ...} (larg 2|<$x) 


The general terms in the last two expansions 
can be written down by inspection of 9.2.15 and 
9.2.16. 

If vy is real and non-negative and 2z is positive 
the remainder after & terms in the expansion 
9.7.2 does not exceed the (k+1)th term in absolute 
value and is of the same sign, provided that 
k>v—}. 


9.7.5 
1,(2)K.(2) ~55{1-5 oar 
p18 W—DU-9)_ 


2-4. (22) 
(larg 2|<4n) 
9.7.6 


TZ) Ki(2)~— 


ality e oa 


1-1 (u—1)(e—45) 
9-4 (azyt tees} 


(larg 2|< 47) 


The general terms can be written down by 
inspection of 9.2.28 and 9.2.30. 


Uniform Asymptotic Expansions for Large Orders 


9.7.7 Iy(v2)~—Le ult) 


Betty 
9.7.8 
K, (v2) ~Vz aeamllt my 


i y ae ue e"7 . Ox(t) 
9.1.9 Iie) ~— en{1 +35 4D) 
9.7.10 
Ki(o2)~—a[ ZOE pomp Sy BO) 


When »-—>-+, these expansions hold uniformly 
with respect to z in the sector larg 2|<3r—«, 


where ¢ is an arbitrary positive number. Here 
9.7.11 t=1/¥1+2?, = ¥1+2?+In ——_ 
/v1i+ +2?+ i: ae ipa 


and u(t), %(t) are given by 9.3.9, 9.3.10, 9.3.13 
and 9.3.14. See [9.38] for tables of 7, u(t), 
o,(t), and also for bounds on the remainder 
terms in 9.7.7 to 9.7.10. 


9.8. Polynomial Approximations * 
In equations 9.8.1, to 9.8.4, t=2/3.75. 
9.8.1 —3.75 <2 <3.75 


Io(x) =1-+3.51562 29¢?+ 3.08994 24¢'+ 1.20674 92¢° 
+ .26597 322+ .03607 68¢°+ .00458 13¢?+e 


el<1.6X10-? 


9.8.2 3.75 <a<o 


xhe-*Io(x) =.39894 228+ .01328 592t-! 
+ .00225 319¢-?—.00157 565¢7% 
+.00916 281¢-*— .02057 706¢~* 
+.02635 537¢-°— .01647 633¢-" 
+ .00392 377¢-°+-« 


lel<1.9X1077 


9.8.3 —3.75 <2 $3.75 


2‘, (x) =3+ .87890 594t?-+ .51498 8692" 
+.15084 9342 +-.02658 7334 
+ .00301 532¢!°+-.00032 411¢?-++e 


\el<8<10~° 


9.8.4 3.75 Sze 


rte~*I, (x) =.39894 228 —.03988 024¢- 
— .00362 018¢-?+ .00163 801¢-° 
—.01031 555t-*-+ .02282 967¢-* 
— .02895 312¢-°+ .01787 6544-7 
— .00420 059¢-°+e 


«|< 2.21077 


4 See footnote 2, section 9.4. 
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9.8.5 0<%<2 


Ky(2)=—In (2/2)Ip(#)—.57721 566 
+.42278 420(2/2)?-+.23069 756(2/2)* 
+.03488 590(z/2)*-+.00262 698(z/2)° 
+.00010 750(2/2)+.00000 740(2/2)"-+e 


lel <1X 107° 
9.8.6 2<4< © 
tte*K,(%)=1.25331 414—.07832 358(2/z) 
+.02189 568(2/x)?—.01062 446(2/z)* 


+.00587 872(2/x)*—.00251 540(2/x)® 
+.00053 208(2/x)°+e 


Je] <1.9X 1077 
9.8.7 0<2<2 


2K, (2) =a In (2/2)I,(z)+1+.15443 144(2/2)? 
—.67278 579(x/2)!—.18156 897(2x/2)° 
—.01919 402(z/2)®—.00110 404(2/2)” 

—.00004 686(z/2)2+« 


[el <8 107° 
9.8.8 2<a<o 


ote? K, (2) = 1.25331 414+.23498 619(2/x) 
—.03655 620(2/x)?-+.01504 268(2/z)? 
—.00780 353(2/z)*+.00325 614(2/z)® 
—.00068 245(2/z)*+.e 


|< 2.21077 


For expansions of J)(x), Ko(z), 1(z), and K,(x) 
in series of Chebyshev polynomials for the ranges 
0<2<8 and 0<8/r<1, see [9.37]. 


Kelvin Functions 
9.9. Definitions and Properties 


In this and the following section » is real, z is 
real and non-negative, and n is again a positive 
integer or zero. 


Definitions 


9.9.1 
ber, +7 bei, z=J,(xe****) =e" J, (ne~***) 
—_ err +L (xe ti) ae é yr wy, (xe~** #4) 
9.9.2 
ker, r+¢ kei, z=e7’"*K,(xe***) 
= dri HD (xe8* 4) = amie" *H® (ae~**/*) 


When »=0, suffices are usually suppressed. 


Differential Equations 
9 9. 3 


vw’ +aw’ — (iz?+r*)w=0, 
w=ber, x-+7 bei, 2, 
ker, +7 kei, 2, 


ber_, +7 bei_, 2, 
ker_, +7 kei_, « 
9.9.4 
a*w? +293!’ — (1-+-2v*) (2*w’’ —2w’) 
+ (p!—4y?+-24)w=0, 


w=bers, 2, beis, 2, kers, 2, keis, % 


Relations Between Solutions 


9.9.5 
ber_, z=cos(vr) ber, +sin(v7) bei, x 
+(2/r) sin(vr) ker, x 
bei_, z= —sin(vr) ber, z+cos(vr) bei, x 
+ (2/r) sin(vr) kei, « 
9.9.6 
ker_, z=cos(vr) ker, x—sin(v) kei, x 
kei_, x=sin(vr) ker, 2+cos(y7) kei, x 
9.9.7 ber_,2=(—)"ber, 2, bei_, r=(—)" bein 
9.9.8 ker, 2=(—)" ker, 2, kei_, c=(—)* kei, z 


Ascending Series 


9.9.9 


bers 2— (da)? 3s Soh EIDE) (a0) 


bei, a= (fa) 3 SLE ROT) aety 


9.9.10 
bei s=}2 aie a tee 
9.9.11 
ker, 2=4(4e)-* 55 cos {(dn+ 48) } 
xe 


1)! (4x2)*—In (42) ber, x-+}7 bei, x 


+4(42)" 3° cos {(n+42)x} 


{Wk +¥n+kt+))} pr eye 
xX eter) 
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~1 
kei, 2=—4(42)-* S sin {(2n-+ 4x} 
x CoE) gen ($2) bei, 2 br berg 2 


+4(d2)" 59 sin {(2n-+44)x} 


{VR+1)+¥@+k+))} oy 
x Mian+b! (2a?) 


where y(n) is given by 6.3.2. 


9.9.12 
ker e=—In (42) ber z+ bei z 


=. ~W(2RK+T) 71 oy on 
+e (—) {(2k)!}? 32”) 


kei z=—In (42) bei r—3m ber x 


(3a?)2%+1 


(yp _¥(2k+2) 
tes TeeEDP 


Functions of Negative Argument 


In general Kelvin functions have a branch 
point at z=0 and individual functions with argu- 
ments ze*** are complex. The branch point is 
absent however in the case of ber, and bei, when v 
is an integer, and 


9.9.13 


ber,(—2z) =(—)* ber, z, bei,(—zx) = (—)" bei, x 


Recurrence Relations 


9.9.14 
fartha=—? (f-9) 


i 1 
L-oB frat +Gr41—fr—-1— Go-1) 
j 1 
Sih Ty Goss t Gras) 


aid ce 
Sit shea 2 (fr-1+9s-1) 


f,=ber, x f.=bei, zx 
gv=bei, x g.=—ber, x 


j =ker, x f,=kei, x 
gv=kei, x g=—ker, z 


where 


9.9.15 


9.9.16 
2 ber’ e=ber, z-+-bei, x 
12 bei’ x=—ber, x-+-bei, x 
9.9.17 
V2 ker’ c=ker, 2--kei, x 
V2 kei’ e=—ker, z+kei, x 
it Recurrence Relations for Cross-Products 
9.9.18 
py=ber? x+bei? z 
qy=ber, x bei, x—ber; z bei, x 
r,=ber, z ber, xbei, z bei; x 
s,=ber?? x-+bei,? x 
then 
9.9.19 
ay ioiee 
Pot-1=Pyv~1 x ry 
Q41= — Poth = —_ Q-it 2r, 
1 
n= ot ) Pv+it Qe 
1 1 v 
w= Posi ty Pr-1— 2 Py 
and 
9.9.20 PSH=B+G 


The same relations hold with ber, bei replaced 
throughout by ker, kei, respectively. 


Indefinite Integrals 


In the following f,, g, are any one of the pairs 
* 


given by equations 9.9.15 and /*, gi are either the 
same pair or any other pair. 


9.9.21 

Jette Go gud=—a* ( 9.-s0) 

9.9.22 

fertarmE -9-d=8" (Lots) 

9.9.23 

JeCat—o Pde Fe Overt ord 

— 98 (fos1— Gos) So Porton) +9 Si 4i1—Gr ay) } 
=} a feft het +9109") 


BESSEL FUNCTIONS 


9.9.24 
1 
[eGattofndem] Cf gt—F,0h 


fogs 290 ft —Go-iF P41 Doi ty—1) 
9.9.25 


f o(fit-gde=a( f.gi—fige) 
=— (2/J2) (fr frar + GQrGosi—foGrarthr4igr) 
9.9.26 


1 
fe gdi=7 x? (2f,9.—fo—19v41— v-4-19y—1) 
9.9.27 
1 
feQn-ar=5 2 (f—Sf,—-1Fo41—G2+G-19 41) 


Ascending Series for Cross-Products 


9.9.28 
ber? x-++-bei? z= 
ate 1 a (22)2 
(32) 2) FGTELDIOPIEFI) EE 
9.9.29 
ber, x bei, x—ber; z bei, x 
--) 1 (422)2* 
a yt oS ta a 
= (32)°"" 2 TGFEPDPOPIETD) Hl 
9.9.30 
ber, x ber; x-+-bei, x bei) x 
1/1 p\-1 > ee eee) (}2*)* 
=3(32)”"' 2) 5GTEPDTORD A 
9.9.31 
ber}? x-+bei;? x 
(2h? 42vk-+3y%) (2a) 


=e)" 


k=0 


To+k+1)P+2k4+1) kt! 
Expansions in Series of Bessel Functions 


9.9.32 


. : © e Beth) rt /4yk 7 x 
ber, rte bei, T= eee nt eS y4n(2) 


Po 2% kl 
= © e Set OR wilt kT | (x) 
= 2a 2 


9.9.33 
ber, (ey2)= 33 (—)"**Tnsae(a)In(2) 


bei, (2/2) => (—)" TF ng 201 (2) Lon41(2) 


OF INTEGER ORDER 


Zeros of Functions of Order Zero 5 


ber x bei x ker x kei x 
lst zero 2. 84892 5. 02622 1. 71854 3. 91467 
2nd zero 7. 23883 9. 45541 6. 12728 8. 34422 
3rd zero 11. 67396 | 13. 89349 | 10. 56294 | 12. 78256 
4th zero 16. 11356 | 18. 33398 | 15. 00269 17. 22314 
5th zero 20. 55463 | 22. 77544 | 19. 44381 21. 66464 

ber’ x bei’ x ker’ x kei’ x 
lst zero 6. 03871 3. 77320 2. 66584 4. 93181 
2nd zero 10, 51364 8. 28099 7. 17212 9. 40405 
3rd zero 14. 96844 | 12. 74215 | 11. 638218 13. 85827 
4th zero 19. 41758 | 17. 19343 | 16. 08312 18. 30717 
5th zero 23. 86430 | 21. 64114 | 20. 53068 22. 75379 


9.10. Asymptotic Expansions 
Asymptotic Expansions for Large Arguments 


When vis fixed and zis large 


9.10.1 


b erlv2 ; 
er, t= I F(@) cos a+ g,(z) sina} 


—= {sin (2vr) ker, z+cos (2y7) kei, x} 
9.10.2 


, ely? : 
bei, tm {fe(2) sin a—g,(zx) cos a} 


+2 {cos (2v7) ker, z—sin (2y7) kei, x} 
9.10.3 
ker, z=-7/(2z)e-*/V?{ f,(—x) cos B—g,(—z) sin 8} 


9.10.4 
kei, z= +7/(22x) e—7/ 92 { —f,(—2x) sin B—g,(—2) cos 8} 


where 

9.10.5- 

a=(e\y2)-+y—P), B= (a/y2)+ Gv + 8)e=at ie 
and, with 4»* denoted by u, 


9.10.6 
fA(+2) 

= ,(U—1) (u—9) ... {u— (2k —-1)?} ker 
~1+25(F) ee a 0s Z) 


5 From British Association for the Advancement of 
Science, Annual Report (J. R. Airey), 254 (1927) with 
permission. This reference also gives 5-decimal values of 
the next five zeros of each function. 
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9.10.7 
Jy ( + x) 


@ » #1) (u—9) .. fu — @2k—1)*} (ker 
~ 2 CF ee sin (7) 


The terms’ in ker, x and kei, z in equations 9.10.1 
and 9.10.2 are asymptotically negligible compared 
with the other terms, but their inclusion in numeri- 
cal calculations yields improved accuracy. 

The corresponding series for ber, z, bei, 2, ker, x 
and kei, z can be derived from 9.2.11 and 9.2.13 
with z=ze***/4; the extra terms in the expansions 
of ber; x and bei, x are respectively 


—(1/n) {sin(2vr)ker, 2+ cos(2vr)kei, x} 
and 
(1/2) {cos(2vr) ker, x—sin(2vm)kei, x}. 


Modulus and Phase 
9.10.8 


M,=y(ber? z+ bei? x), 
9.10.9 ber, z=, cos 6,, 
9.10.10 M_,=M,, 


6,=arctan (bei, /ber, x) 
-bei, z=M, sin a, 
6_,=0,—nTr 


9.10.11 

ber, <=} M,,; cos (6,4:—42)—3 M,_, cos (6,_1— 3) 
= (v/x)M, cos 0,+M,,; cos (8,41— 47) 
= — (v/x)M, cos 6,—M,_, cos (6,_1—437) 


9.10.12 

bei, z= 4M,,., sin (6,4:—47) —3M,_, sin (6,_; — 41) 
=(v/z)M, sin 0,+M,4: sin (6,41:—32) 
= — (p/z)M, sin 6,—M,_,; sin (6,_1—47) 


9.10.13 


ber’ c=M, cos (0,—3m7), bei’ a=M, sin (6,—42) 


9.10.14 
M,= (v/z)M,+ M,41 cos (641—9,— 4) 
=— (v/2)M,— M,_ 008 (8,-1—6,—4) 
9.10.15 
6,=(My4:/M,) sin (6,41—8,—3m) 
= — (M,_,/M,) sin (6,1—0,—4) 


6 The coefficients of these terms given in [9.17] are in- 
correct. The present results are due to Mr. G. F. Miller. 
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9.10.16 
Mo=M, cos (6,—9—in) 
6o=(M,/Mo) sin (6,—%—3n) 
9.10.17 
d(2M76,)/de=1M?, =? Mi,’ +7M)—M,=2M,0? 
9.10.18 


N,=v(ker;a+kei?x),  $,=arctan (kei, x/ker, 2) 
9.10.19 ker,z=WN, cos 4,, 


kei, z=N, sin ¢, 


berx and bei x 
ker x and kei x 


In My, Q in radians 


Figure 9.11. In Mo(z), @(x), In No(x) and ¢o(z). 


Equations 9.10.11 to 9.10.17 hold with the symbols 
b, M, @replaced throughout by k, N, ¢, respectively. 
In place of 9.10.10 


9.10.20 N_=N,, o_.=d+ vr 


In No sty in radions 


BESSEL FUNCTIONS 
Asymptotic Expansions of Modulus and Phase 
When » is fixed, z is large and p=4/" 


9.10.21 
M. ee. { evil (u—1)? i 
ea’ 8¥22' 256 2 
_ Ge 1) (wv? + 144—399) 1 
61442 3t0(Z =) 
9.10.22 
2 _#=-11_ @—1)@—25) 1 
In M,="5—4 In Qaz) "Fe 5 384y2.—«—o 
_ (a—1)(#—18) 1 
~ 128 to(s) 
9.10.23 
w—-il1,yw-l 
w= +(5» 5) etiay 82 z* 16 3 
_ (u—1) #25) 1 
~ 384/72 are (3) 
9.10.24 
= w—11, (w—1)? 1 
Ney) Ze aes x 256 2? 


4 o=1) (H+ 14n—399) 1 
61442 


=+0(Z)} 


p—1 1, (u—1)(—25) 1 
Sy2 x 3842 Po 


Me A40(4) 


9.10.25 
in N= +h In es 


9.10.26 


rma Cla) i 


ee al 
822° 16 B 


(u—1)(u—25) 1 
+3849 at0 (% =) 


Asymptotic Expansions of Cross-Products 


If z is large 


9.10.27 


v 
ber? 2-+bei?2~S— (14745 fi,i1 


4/2 2' 642? 


33. 1 17971 
25672 a? 8192 get “He 


2 


9.10.28 


zy 2 
ber x bei’ z—ber’ x bei x~ on — (3 : x 


9 39 1 
aye) atin stan at * .) 


OF INTEGER ORDER 
9.10.29 


383 


= 1 31 
ber xz ber’ x-+ bei z bei’ t~ 882 
81 1, 35 1 ) 
64/2 2 512 27 8199/0 att 
9.10.30 
n +79 ~==( 3 1,91 
ber’? z+ bei’? x ang \} Recta ot 
75 #1 , 24751 
+36 B92 :) 
9.10.31 
11 
2 2m p-tVv2 farses 
ker’ z+ kei? x 5x¢ = (a -raztae 
33 1 17971 
+356 22 si92a** oe ,, 
9.10.32 
ker z kei’ x—ker’ z kei rx~ —= e722 (5-5 J 
22 v2 82 
1 39 1 
taEe x 512 Stas at. : .) 
9.10.33 
, : .f oe oe, —2y2 as 
ker z ker’ 2+ kei z kei’ x on & z (5 
15 1, 451 315 1 
Saya B19 ot BI9R yD ZT .) 
9.10.34 


ker’? 2+kei’? t~e e77v? (a0: . +25 2 


2475 1 
aE ati Fan ‘) 


Asymptotic Expansions of Large Zeros 


Let 
9.10.35 

w—1 , (u—1)(5u+19) , 3(¢—1)? 
f@)= a tioet 153667 5125" 


where n»=4y*. Then if s is a large positive integer 


9.10.36 


Zeros of ber, z~ y2{s—f(d)}, 6=(s—fv—3) 4 
Zeros of bei, x~ -/2{8—f(8)}, 6=(s—9v+h)r 
Zeros of ker, x~2{8+f(—8)},  6=(s—v—$)a 


Zeros of kei, a~ y2{8+f(—8)}, 6=(s—gv—}) 
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For v=0 these expressions give the sth zero of 
each function; for other values of » the zeros 
represented may not be the sth. 


Uniform Asymptotic Expansions for Large Orders 


When » is large and positive 


9.10.37 
ber, (vz) +7 bei, (vx) ~ 
ert /rerttl4\y 2 Uy(E~) 
y2rvk re) +24 eS} 
9.10.38 


ker, (vz)-+7 kei, (vz) 


Vz pert 4\—¥ 
~ — eve pa 
eo" (ae) 
9.10.39 

ber; (vz) +7 bei, (vx) 


E er (eNO (E-") 
~ Vans Cie) OE) 
9.10.40 


ker, (vz) +7 kei; (vx) 


—ve 3rt/4\ —y & ~1 
~— ES (FE) 4 Ore) 


where 


and u;(t), v(t) are given by 9.3.9 and 9.3.13. All 
fractional powers take their principal values. 


9.11. Polynomial Approximations 


9.11.1 —8<z7<8 
ber s=1—64(2/8)*+113.77777 774(2/8)® 
—32.36345 652(2/8)"+2.64191 397(2/8)"* 
—.08349 609(2/8)°-+.00122 552(2/8)% 
—.00000 901 (z/8)*8+-¢ 
lel<1X10~° 


9.11.2 —8<2x<8 
bei =16(2/8)?—113.77777 774(2/8)® 
+72.81777 742(2/8)°—10.56765 779(2/8)"* 
+.52185 615(2/8)'®—.01103 667(2/8)” 
+.00011 346(2/8)?*+ 
lel <6 X107° 


OF INTEGER ORDER 
9.11.3 0<2z<8 
ker = —In (42) ber +42 bei x—.57721 566 
—59.05819 744(x/8)*-+171.86272 133(2/8)® 
—60.60977 451(2/8)"+5.65539 121(a/8)® 
—.19636 347(x/8)*°+ .00309 699(2/8)** 
—.00002 458(2/8)%+.« 


lel<1X10-8 


9.11.4 0<z<8 

kei x= —In($z)bei x—3a ber 2+6.76454 936(zx/8)? 
— 142.91827 687 (a/8)°+124.23569 650(2/8)” 
—21.30060 904(2/8)*+1.17509 064(2x/8)* 
—.02695 875(2/8)"?+.00029 532(x/8)%* +e 


lel<3X 107° 


9.11.5 —8<2<8 
ber’ z=2[—4(2/8)?+ 14.22222 222(x/8)° 
—6.06814 810(x/8)+.66047 849(2/8)¥ 
—.02609 253(2/8)#®+.00045 957 (2/8)? 
— .00000 394(2/8)*]+.e 


\e|<2.1< 1078 


9.11.6 —8<2<8 
bei’ s=2[3—10.66666 666(x/8)* 
+11.37777 772(«/8)®—2.31167 514(2/8)” 
+.14677 204(2/8)!’—.00379 386(2/8)” 
+.00004 609(2/8)*]+e 


lel<7X10-° 


9.11.7 0<2<8 
ker’ z= —In ($2) ber’ x—2x™ ber x+4 bei’ 
+a{[—3.69113 734(2/8)?+21.42034 017 (2/8)® 
—11.36433 272(2/8)!°+1.41384 780(a/8)"* 
—.06136 358(2/8)8+.00116 137(2/8)” 
—.00001 075(a/8)**]+-« 


\el<8X107* 
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9.11.8 0<z<s 
kei’ r= —lIn (32) bei’ x—2z7! bei s—in ber’ x - 
+-g[.21139 217 —13.39858 846(2/8)* 
+19.41182 758(2/8)®—4.65950 823 (2/8)” 
+.33049 424(2/8)°—.00926 707 («/8)” 
+.00011 997(x/8)*]+e 


lel<7X 10-8 


9.11.9 8<2< @ 


ker +7 kei =f (x) (1+ 4) 
Ha)=a] exp [Ext 0(—2) | 


le|<1 x 10-7 


9.11.10 8<r<o 
ber z+7% bei 2 (ker +7 kei x) =g(x) (1+ 62) 


92) =F= exp ea x-+0(2) | 
len}<3X1077 


where 

9.11.11 

6(2) = (.00000 00—.39269 91%) 
+(.01104 86—.01104 852) (8/x) 
++ (.00000 00—.00097 651) (8/x)? 
+(—.00009 06 —.00009 01%) (8/z)8 
+(—.00002 52+.00000 001) (8/z)* 
+(—.00000 34-+.00000 512) (8/x)® 

+ (.00000 06-+.00000 19%) (8/z)® 


9.11.12 8<r<o@ 
ker’ x+7 kei’ r= —f(x)¢(—2) (1 +e) 

|es] <2 1077 

9.11.13 _ 8S 

ber’ x-+7 bei’ 2—* (ker’ a-++-7 kei’ x) =g(x)o(x) (1 +e) 
lel <3 X 10-7 

where 

9.11.14 


(a) =(.70710 68-++.70710 68%) 
+ (—.06250 01—.00000 011)(8/z) 
+(—.00138 13+.00138 11%) (8/z)? 
+ (.00000 05+ .00024 52%) (8/z)? 
+-(.00003 46+.00003 38%) (8/z)* 
+(.00001 17—.00000 24%) (8/x)é 
+(.00000 16—.00000 32%) (8/x)* 


Numerical Methods 


9,12. Use and Extension of the Tables 


Example 1. To evaluate J,(1.55), n=0, 1, 2, 
. . each to 5 decimals. 
The récurrence relation 


J ,-1(2) +I ngi(z) = (22/2) J, (2) 


can be used to compute Jo(x), Ji(%), Ja(#), . . .; 
successively provided that n<z, otherwise severe 
accumulation of rounding errors will occur. 
Since, however, -J,(x) is a decreasing function of n 
when n>z, recurrence can always be carried out 
in the direction of decreasing n. 

Inspection of Table 9.2 shows that J,(1.55) 
vanishes to 5 decimals when n>7. Taking arbi- 
trary values zero for J, and unity for Js, wecompute 
by recurrence the entries in the second column of 
the following table, rounding off to the nearest 
integer at each step. 


n Trial values J n(1.68) 
9 0 . 00000 
8 1 . 00000 
7 10 . 00003 
6 89 . 00028 
5 679 . 00211 
4 4292 . 01331 
3 21473 . 06661 
2 78829 . 24453 
1 181957 . 56442 
0 155954 . 48376 


We normalize the results by use of the equation 
9.1.46, namely 


Jo(z) +2JS2(z) +2U(z) +... =1 


This yields the normalization factor 


1/322376=.00000 31019 7 
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and multiplying the trial values by this factor we 
obtain the required results, given in the third 
column. As a check we may verify the value of 
J)(1.55) by interpolation in Table 9.1. 

Remarks. (i) In this example it was possible 
to estimate immediately the value of n=N, say, 
at which to begin the recurrence. This may not 
always be the case and an arbitrary value of Nmay 
have to be taken. The number of correct signifi- 
cant figures in the final values is the same as the 
number of digits in the respective trial values. 
If the chosen N is too small the trial values will 
have too few digits and insufficient accuracy is 
obtained in the results. The calculation must 
then be repeated taking a higher value. On the 
other hand if N were too large unnecessary effort 
would be expended. This could be offset to some 
extent by discarding significant figures in the trial 
values which are in excess of the number of 
decimals required in Jp. 

(ii) If we had required, say, Jo(1.55), Ji (1.55), 
. . -, Jo(1.55), each to 5 significant figures, we 
would have found the values of J1(1.55) and 
J1,(1.55) to 5 significant figures by interpolation 
in Table 9.3 and then computed by recurrence 
Jy, Js, . . .. do, nO normalization being required. 

Alternatively, we could begin the recurrence at 
a higher value of N and retain only 5 significant 
figures in the trial values for n<10. 

(iii) Exactly similar methods can be used to 
compute the modified Bessel function J,(z) by 
means of the relations 9.6.26 and 9.6.36. If z is 
large, however, considerable cancellation will 
take place in using the latter equation, and it is 
preferable to normalize by means of 9.6.37. 

Example 2. To evaluate Y,(1.55), n=0, 1, 2, 
-+ 410, each to 5 significant figures. 

The recurrence relation 


Y,-1(2) + Ynii(%) = (n/a) Y,(2) 


can be used to compute Y,(2) in the direction of 
increasing n both for n<z and n>xz, because in 
the latter event Y,,(z) is a numerically increasing 
function of n. 

We therefore compute Y,(1.55) and Y,(1.55) by 
interpolation in Table 9.1, generate Y,2(1.55), 


Y3(1.55), . . ., Yio(1.55) by recurrence and check 
Y,9(1.55) by interpolation in Table 9.3. 

n  Y,q(1.56) n Y (1.56) 

0 +0. 40225 6 —1. 991710? 

1 —0. 37970 7 —1. 5100x103 

2 =—0. 89218 8 —1. 344010! 

3 —1. 9227 9 —1. 3722105 

4 —6. 5505 10 —1. 5801x«105 

5 —31. 886 


Remarks. (i) An alternative way of computing 
Y,(z), should J,(z), Jo(x), Ja(z), . . ., be avail- 
able (see Example 1), is to use formula 9.1.89. 
The other starting value for the recurrence, 
Y,(z), can then be found from the Wronskian 
relation J,(x) Yo(x) —Jo(x) Yi (z) =2/(rz). This isa 
convenient procedure for use with an automatic 
computer. 

Gi) Similar methods can be used to compute the 
modified Bessel function K,(z) by means of the 
recurrence relation 9.6.26 and the relation 9.6.54, 
except that if x is large severe cancellation will 
occur in the use of 9.6.54 and other methods for 
evaluating K,(xz) may be preferable, for example, 
use of the asymptotic expansion 9.7.2 or the poly- 
nomial approximation 9.8.6. 

Example 3. To evaluate Jo(.36) and Y,(.36) 
each to 5 decimals, using the multiplication 
theorem. 

From 9.1.74 we have 


 o(d2) =Dia,(2) , where a; = as eta 


We take z=.4. Then A=.9, (A?—1)($2) =—.038, 
and extracting the necessary values of J;(.4) and 
Y,(.4) from Tables 9.1 and 9.2, we compute the 
required results as follows: 


k ak ad 4.4) azY,(.4) 
0 +1. + .96040 — .60602 
1 +0.038 + .00745 — .06767 
2 +0.7220x 10-3 +.00001 — .00599 
3 +0.914xX10-5 — .00074 
4 +0.87X10-7 — .00011 
5§ +0.7Xx10-% — .00002 


Jo(.36) = + .96786 Yo(.36) = —.68055 


Remark. This procedure is equivalent to inter- 
polating by means of the Taylor series 


ao pk 
Bole+h) = 3 Fy Go (2) 


at z=.4, and expressing the derivatives @§* (z) in 
terms of @;,(z) by means of the recurrence rela- 
tions and differential equation for the Bessel 
functions. 

Example 4. To evaluate J,(x), J;(x), Y.(x) 
and Y;(x) for v=50, s=75, each to 6 decimals. 

We use the asymptotic expansions 9.3.35, 9.3.36, 
9.3.43, and 9.3.44. Here z=2/v=3/2. From 9.3.39 
we find 


2 _ set pe 2 
3 o) =5 5—arccos 3 +.2769653. 
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Hence 


V4 
5) = +1.155332. 


xt, 
v/3—3 684031, y3¢= —7 556562. 
Interpolating in Table 10.11, we find that 
Ai(v*/*¢) = + 299953, 


Bi(v?/?¢) = — 160565, 


Ai’ (v*9¢) = + .451441, 
Bi’ (p75) = + 819542. 


As a check on the interpolation, we may verify 
that Ai Bi’— Ai’Bi=1/z. 

Interpolating in the table following 9.3.46 we 
obtain 


bo($)=+.0136, eo(¢) =+.1442. 


The contributions of the terms involving a,(f) 
and d,(f) are negligible, and substituting in the 
asymptotic expansions we find that 
J (75) = +1.155332(507!* X .299953 

+507-°*X 451441 X .0136) = + .094077, 


Jig(75) = — (4/3) (1.155332) 1(50-4? & 299953 
X.14424+50-24 .451441) = —.038658, 
Yo(75) = —1.155332(—507!*X .160565 


+5075 X 819542 X .0136) = + .050335, 


*4(75) = + (4/3) (1.155332)—1(—50-**X 160565 
X 1442450724 819542) = + .069543. 


As a check we may verify that 
SY’ —J'Y=2/(75r). 


Remarks. This example may also be computed 
using the Debye expansions 9.3.15, 9.3.16, 9.3.19, 
and 9.3.20. Four terms of each of these series are 
required, compared with two in the computations 
above. The closer the argument-order ratio is to 
unity, the less effective the Debye expansions 
become. In the neighborhood of unity the expan- 
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish 
results of moderate accuracy; for high-accuracy 
work the uniform expansions should again be used. 


Example 5. To evaluate the 5th positive zero 
of Jio(x) and the corresponding value of J{(z), 
each to 5 decimals. 

We use the asymptotic expansions 9.5.22 and 
9.5.23 setting v=10, s=5. From Table 10.11 
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we find 
a3= —7.944134, Ai’ (a5) = + .947336. 
Hence 


¢=107?"a,=.21544347a,= —1.7115118. 


Interpolating in the table following 9.5.26 we 
obtain 


2(¢) = +2.888631, 
A(s)=+.0107, 


h(t) = +.98259, 
F,(¢)=—.001. 


The bounds given at the foot of the table show 
that the contributions of higher terms to the 


asymptotic series are negligible. Hence 
jro, = 28.88631+.00107-+ . . . =28.88738, 
ee ee .947336 
Tio.) =— FoR 2.888631 X .98259 
X(1—.00001-+4+ . . .) =—.14381. 


Example 6. To evaluate the first root of 
Jo(x) Yo(Ax) — Yo(x)Jo(Ax)=0 for \=$ to 4 signifi- 
cant figures. 

Let a{? denote the root. Direct interpolation 
in Table 9.7 is impracticable owing to the 
divergence of the differences. Inspection of 
9.5.28 suggests that a smoother function is 


(A—1)a{?. Using Table 9.7 we compute the fol- 
lowing values 
1/r (A— la FY 32 
0. 4 3. 110 
+21 
0.6 3. 131 —12 
+9 
0.8 3. 140 —7 
+2 


1.0 3. 142(2r) 


Interpolating for 1/A=.667, we obtain 
(A—1)a{? =3.1384 and thence tha required root 
al) — 6,268. 

Example 7. To evaluate ber, 1.55, bei, 1.55, 
n=0, 1, 2, ., each to 5 decimals. 

We use the recurrence relation 


Jn—1(xe3"*/*) +S ngs (we?**/*) 


es al (1-44) J, (ae***/*), 


taking arbitrary values zero for J,(ze***/*) and 
1+02 for Js(xe***/*) (see Example 1). 
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n Real Imag. ber ,z bein»z 
trial values|trial values 

9 0 0 00000 00000 
8 +1 0 00000 00000 
7 —7 —7 | —. 00002 —. 00003 
6 —l +89 | —. 00003 +. 00030 
5 +500 —475 | +. 00181 —. 00148 
4 — 4447 —203 | —. 01494 —. 00180 
3 +- 14989 +17446 | +. 04614 +. 06258 
2 +11172 — 88578 | +. 05994 —. 29580 
1 | —197012 | +123804 | —. 69531 +. 36781 
0 | +281539 | +135373 | +. 91004 +. 59461 
=| +106734 | +207449 | +. 30763 +. 72619 


The values of ber,x and bei,z are computed by 
multiplication of the trial values by the normal- 
izing factor 
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1/(294989 —2201 11) = (.337119-+ 0251552) x 10-8, 
obtained from the relation 


ST o(ue****) + QF (wee /*) + 2F,(ne't*) 4+ 2. = 1. 


Adequate checks are furnished by interpolating 
in Table 9.12 for ber 1.55 and bei 1.55, and the 
use of a simple sum check on the normalization. 


Should ker,z and kei,z be required they can be 
computed by forward recurrence using formulas 
9.9.14, taking the required starting values for 
n=0 and 1 from Table 9.12 (See Example 2). If 
an independent check on the recurrence is required 
the asymptotic expansion 9.10.38 can be used. 
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Table 9.1 BESSEL 


Jo(x) 
1.00000 00000 
0.99750 15620 
0.99002 49722 
0.97762 62465 
0.96039 82266 


0.93846 98072 
0.91200 48634 
0. 88120 08886 
0. 84628 73527 
0. 80752 37981 


0. 76519 76865 
0. 71962 20185 
0.67113 27442 
0.62008 59895 
0.56685 51203 


0.51182 76717 
0.45540 21676 
0.39798 48594 
0.33998 64110 
0, 28181 85593 


0. 22389 07791 
0.16660 69803 
0.11036 22669 
0.05553 97844 
+0, 00250 76832 


-0. 04838 37764 
-0, 09680 49543 
-0. 14244 93700 
-0. 18503 60333 
-0. 22431 15457 


-0, 26005 19549 
-0. 29206 43476 
-0. 32018 81696 
-0. 34429 62603 
~0. 36429 55967 


-0. 38012 77399 
-0. 39176 89837 
~0. 39923 02033 
-0. 40255 64101 
-0. 40182 60148 


-0. 39714 98098 
-0. 38866 96798 
-0. 37655 70543 
-0. 36101 11172 
-0. 34225 67900 


-0. 32054 25089 
-0. 29613 78165 
-0, 26933 07894 
-0. 24042 53272 
-0. 20973 83275 


-0.17759 67713 
(—4)6 
11 
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00000 
66040 
39576 
38296 
59563 


40813 
97211 
07405 
50480 
22545 


57967 
27511 
64363 
61509 
74289 


35918 
39381 
46109 
42558 
74385 


41236 
31990 
22174 
45602 
97244 


68198 
97038 
46012 
64387 
91968 


01933 
50698 
57123 
98885 
62000 


87263 
00798 
71191 
78564 
87640 


63847 
35854 
67568 
36535 
03886 


85121 
74141 
19753 
91183 
85326 


14338 


Ji (x) 
0.00000 00000 
0. 04993 75260 
0.09950 08326 
0.14831 88163 
0.19602 65780 


0.24226 84577 
0. 28670 09881 
0. 32899 57415 
0. 36884 20461 
0.40594 95461 


0. 44005 05857 
0.47090 23949 
0. 49828 90576 
0.52202 32474 
0.54194 77139 


0.55793 65079 
0.56989 59353 
0.57776 52315 
0.58151 69517 
0.58115 70727 


0.57672 48078 
0.56829 21358 
0.55596 30498 
0.53987 25326 
0.52018 52682 


0.49709 41025 
0.47081 82665 
0. 44160 13791 
0. 40970 92469 
0.37542 74818 


0.33905 89585 
0. 30092 11331 
0. 26134 32488 
0.22066 34530 
0.17922 58517 


0.13737 75274 
0.09546 55472 
0.05383 39877 
+0. 01282 10029 
-0. 02724 40396 


-0. 06604 33280 
-0. 10327 32577 
~0.13864 69421 
-0.17189 65602 
-0. 20277 55219 


-0, 23106 04319 
-0. 25655 28361 
-0. 27908 07358 
-0. 29849 98581 
-0, 31469 46710 


-0, 32757 91376 


ie 


Ina(t) =a Ina) —Jn—1(2) 
Compiled from British Association for the Advancement of Science, Bessel func- 
tions, Part II. Functions of positive integer order, Mathematical Tables, vol. X 
(Cambridge Univ. Press, Cambridge, England, 1952) and Harvard Computation 
Laboratory, Tables of the Bessel functions of the first kind of orders 0 through 
135, vols. 3-14 (Harvard Univ. Press, Cambridge, Mass., 1947-1951) (with per- 


J2(x) 


0. 00000 
0. 00124 
0. 00498 
0. 01116 
0. 01973 


0. 03060 
0. 04366 
0. 05878 
0, 07581 
0, 09458 


0, 11490 
0.13656 
0.15934 
0, 18302 
0. 20735 


0. 23208 
0. 25696 
0. 28173 
0. 30614 
0. 32992 


0. 35283 
0. 37462 
0. 39505 
0. 41391 
0. 43098 


0. 44605 
0. 45897 
0. 46956 
0. 47768 
0. 48322 


0. 48609 
0. 48620 
0. 48352 
0. 47803 
0. 46972 


0. 45862 
0. 44480 
0. 42832 
0. 40930 
0. 38785 


0. 36412 
0. 33829 
0. 31053 
0. 28105 
0. 25008 


0, 21784 
0. 18459 
0. 15057 
0, 11605 
0, 08129 


0. 04656 


00000 
89587 
33542 
58619 
46631 


40235 
50967 
69444 
77625 
63043 


34849 
41540 
90183 
66988 
58995 


76721 
77514 
89424 
35353 
57277 


40286 
36252 
86875 
45917 
00402 


90584 
28517 
15027 
54954 
70505 


12606 
70142 
77001 
16865 
25683 


91842 
53988 
96562 
43065 
47125 


81459 
24809 
47010 
92288 
60982 


89837 
31052 
30295 
03864 
15231 


51163 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.1 
Yo(z) Y1(z) Ya(z) 

-~ 00 > oO - C4] 
~1. 53423 86514 -6, 45895 10947 -127. 64478 324 
-1, 08110 53224 ~3. 32382 49881 - 32,15714 456 
-0. 80727 35778 -2. 29310 51384 - 14. 48009 401 
-0. 60602 45684 -1. 78087 20443 - 8.29833 565 
-0. 44451 87335 -1.47147 23927 - 5.44137 084 
~0. 30850 98701 ~1. 26039 13472 - 3.89279 462 
-0.19066 49293 -1.10324 98719 ~ 2.96147 756 
-0. 08680 22797 -0.97814 41767 - 2.35855 816 
+0. 00562 83066 -0. 87312 65825 - 1.94590 960 
0. 08825 69642 ~0. 78121 28213 - 1.65068 261 
0.16216 32029 -0. 69811 95601 - 1.43147 149 
0.22808 35032 -0. 62113 63797 - 1.26331 080 
0.28653 53572 -0. 54851 97300 - 1.13041 186 
0. 33789 51297 ~0.47914 69742 - 1.02239 081 
0. 38244 89238 -0. 41230 86270 - 0.93219 376 
0.42042 68964 ~-0. 34757 80083 ~ 0.85489 941 
0.45202 70002 ~-0. 28472 62451 - 0.78699 905 
0.47743 17149 -0. 22366 48682 - 0.72594 824 
0. 49681 99713 ~0.16440 57723 - 0.66987 868 
0.51037 56726 -0.10703 24315 - 0.61740 810 
0.51829 37375 -0. 05167 86121 - 0.56751 146 
0.52078 42854 +0.00148 77893 - 0.51943 175 
0.51807 53962 0.05227 73158 - 0.47261 686 
0.51041 47487 0.10048 89383 - 0.42667 397 
0.49807 03596 0.14591 81380 - 0.38133 585 
0. 48133 05906 0.18836 35444 - 0.33643 556 
0.46050 35491 0.22763 24459 - 0.29188 692 
0.43591 59856 0.26354 53936 - 0.24766 928 
0. 40791 17692 0.29594 00546 - 0.20381 518 
0.37685 00100 0. 32467 44248 - 0.16040 039 
0. 34310 28894 0. 34962 94823 - 0.11753 548 
0.30705 32501 0.37071 13384 - 0.07535 866 
0.26909 19951 0. 38785 29310 - 0.03402 961 
0.22961 53372 0.40101 52921 + 0.00627 601 
0.18902 19439 0.41018 84179 0.04537 144 
0.14771 00126 0. 41539 17621 0. 08306 319 
0.10607 43153 0.41667 43727 0.11915 508 
0.06450 32467 0.41411 46893 0.15345 185 
+0. 02337 59082 0. 40782 00193 0.18576 256 
-~0. 01694 07393 0. 39792 57106 0.21590 359 
-~0. 05609 46266 0. 38459 40348 0.24370 147 
-0. 09375 12013 0. 36801 28079 0.26899 540 
-0.12959 59029 0. 34839 37583 0.29163 951 
-0, 16333 64628 0. 32597 06708 0. 31150 495 
-0.19470 50086 0. 30099 73231 0. 32848 160 
~0. 22345 99526 0.27374 52415 0. 34247 962 
-0. 24938 76472 0.24450 12968 0. 35343 075 
~0. 27230 37945 0.21356 51673 0. 36128 928 
~0. 29205 45942 0.18124 66920 0. 36603 284 
-0. 30851 76252 0.14786 31434 0. 36766 288 


Yn+ 1(x) 7% Yr(x) ai Ya- 1(z) 
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Table 9.1 BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 
* Jo(z) Ji(z) J2(z) 
5.9 -0.17759 67713 14338 -0. 32757 91376 0.04656 51163 
5.1 -0. 14433 47470 60501 -0, 33709 72020 +0,01213 97659 
5.2 -0.11029 04397 90987 -0. 34322 30059 -0.02171 84086 
5.3 ~0, 07580 31115 85584 ~0. 34596 08338 -0. 05474 81465 
5.4 ~0.04121 01012 44991 -0. 34534 47908 -0, 08669 53768 
5.5 -6, 00684 38694 17819 -0, 34143 82154 -0.11731 54816 
5. 6 +0. 02697 08846 85114 -0, 33433 28363 -0.14637 54691 
5.7 0.05992 00097 24037 -0, 32414 76802 -0.17365 60379 
5.8 0.09170 25675 74816 -0. 31102 77443 -0. 19895 35139 
5.9 0.12203 33545 92823 -0. 29514 24447 -0, 22208 16409 
6.0 0.15064 52572 50997 -0.27668 38581 -0, 24287 32100 
6.1 0.17729 14222 42744 -0. 25586 47726 -0, 26118 15116 
6.2 0.20174 72229 48904 -0. 23291 65671 ~0, 27688 15994 
6.3 0.22381 20061 32191 -0, 20808 69402 -0. 28987 13522 
6. 4 0. 24331 06048 23407 -0.18163 75090 -0, 30007 23264 
6.5 0.26009 46055 81606 -0, 15384 13014 -0, 30743 03906 
6.6 0.27404 33606 24146 ~0.12498 01652 -0, 31191 61379 
6.7 0, 28506 47377 10576 -0, 09534 21180 -0. 31352 50715 
6.8 0.29309 56031 04273 ~0, 06521 86634 -0, 31227 75629 
6.9 0.29810 20354 04820 -0. 03490 20961 -0. 30821 85850 
7.0 0. 30007 92705 19556 ~0, 00468 28235 -0, 30141 72201 
7.1 0.29905 13805 01550 +0,02515 32743 -0, 29196 59511 
7.2 0.29507 06914 00958 0.05432 74202 -0, 27997 97413 
7.3 0. 28821 69476 35014 0.08257 04305 ~0. 26559 49119 
7.4 0.27859 62326 57478 0.10962 50949 ~0. 24896 78286 
7.5 0. 26633 96578 80378 0.13524 84276 -0. 23027 34105 
7.6 0.25160 18338 49976 0.15921 37684 -0, 20970 34737 
7.7 0.23455 91395 86464 0.18131 27153 -0.18746 49278 
7.8 0.21540 78077 46263 0, 20135 68728 -0.16377 78404 
7.9 0.19436 18448 41278 0.21917 93999 -0. 13887 33892 
8.0 0.17165 08071 37554 0.23463 63469 -0, 11299 17204 
8.1 0.14751 74540 44378 0.24760 77670 -0. 08637 97338 
8.2 0.12221 53017 84138 0.25799 85976 -0. 05928 88146 
8.3 0.09600 61008 95010 0.26573 93020 -0. 03197 25341 
8.4 0.06915 72616 56985 0.27078 62683 -0, 00468 43406 
8.5 0.04193 92518 42935 0.27312 19637 +0. 02232 47396 
8.6 +0, 01462 29912 78741 0.27275 48445 0. 04880 83679 
8.7 -0.01252 27324 49665 0.26971 90241 0.07452 71058 
8.8 ~0. 03923 38031 76542 0.26407 37032 0.09925 05539 
8.9 -0.06525 32468 51244 0.25590 23714 0.12275 93977 
9.0 -0. 09033 36111 82876 0. 24531 17866 0.14484 73415 
9.1 -0.11423 92326 83199 0. 23243 07450 0.16532 29129 
9.2 -0.13674 83707 64864 0.21740 86550 0.18401 11218 
9.3 -0.15765 51899 43403 0.20041 39278 0.20075 49594 
9.4 ~0.17677 15727 51508 0.18163 22040 0.21541 67225 
9.5 -0.19392 87476 87422 0.16126 44308 0.22787 91542 
9.6 ~0, 20897 87183 68872 0.13952 48117 0. 23804 63875 
9.7 -0. 22179 54820 31723 0.11663 86479 0.24584 46878 
9.8 ~0, 23227 60275 79367 0.09284 00911 0, 25122 29849 
9.9 ~0, 24034 11055 34760 0. 06836 98323 0.25415 31929 
10.0 -0. 24593 57644 51348 0.04347 27462 0. 25463 03137 
barre pe aes 
li 8 7 4 


Intra) = In(2) —In—a2) 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.1 
Yo(x) Yi (x) Yo(z) 
~0, 30851 76252 0.14786 31434 0. 36766 288 
-0, 32160 24491 0.11373 64420 0.36620 498 
-0, 33125 09348 0.07919 03430 0.36170 876 
-0. 33743 73011 0.04454 76191 0. 35424 772 
~0. 34016 78783 +0. 01012 72667 0.34391 872 
-0. 33948 05929 -0, 02375 82390 0. 33084 123 
-0, 33544 41812 ~0. 05680 56144 0.31515 646 
~0. 32815 71408 -0, 08872 33405 0.29702 614 
-0. 31774 64300 -0, 11923 41135 0.27663 122 
-0. 30436 59300 -0.14807 71525 0.25417 029 
-0,. 28819 46840 -0.17501 03443 0.22985 790 
~0. 26943 49304 ~0,19981 22045 0.20392 273 
~0. 24830 99505 ~-0. 22228 36406 0.17660 555 
~0,. 22506 17496 ~0. 24224 95005 0.14815 715 
-0. 19994 85953 -0. 25955 98934 0.11883 613 
-0.17324 24349 -0. 27409 12740 0.08890 666 
-0.14522 62172 -0, 28574 72791 0.05863 613 
-0.11619 11427 -0. 29445 93130 +0, 02829 284 
-0. 08643 38683 ~0. 30018 68758 -0,00185 639 
-0. 05625 36922 -0, 30291 76343 -0. 03154 852 
-0. 02594 97440 -0, 30266 72370 -0. 06052 661 
+0. 00418 17932 -0. 29947 88746 -0. 08854 204 
0.03385 04048 -0,. 29342 25939 -0.11535 668 
0.06277 38864 -0, 28459 43719 -0.14074 495 
0.09068 08802 -0.27311 49598 -0.16449 573 
0.11731 32861 -0. 25912 85105 ~0.18641 422 
0.14242 85247 ~0. 24280 10021 ~0, 20632 353 
0.16580 16324 -0, 22431 84743 -0, 22406 617 
0.18722 71733 -0, 20388 50954 -0, 23950 540 
0.20652 09481 -0.18172 10773 -0, 25252 628 
0.22352 14894 -0.15806 04617 -0, 26303 660 
0.23809 13287 -0.13314 87960 -0, 27096 757 
0.25011 80276 -0.10724 07223 -0.27627 430 
0.25951 49638 -0, 08059 75035 -0, 27893 605 
0. 26622 18674 -0. 05348 45084 -0. 27895 627 
0.27020 51054 -0,02616 86794 ~-0,. 27636 244 
0.27145 77123 +0.00108 39918 -0, 27120 562 
0.26999 91703 0.02801 09592 -0. 26355 987 
0.26587 49418 0.05435 55633 -0. 25352 140 
0.25915 57617 0.07986 93974 ~0, 24120 758 
0. 24993 66983 0.10431 45752 -0. 22675 568 
0. 23833 59921 0.12746 58820 ~-0, 21032 151 
0.22449 36870 0.14911 27879 -0.19207 786 
0.20857 00676 0.16906 13071 -0.17221 280 
0.19074 39189 0.18713 56847 -0.15092 782 
0.17121 06262 0.20317 98994 ~0, 12843 591 
0.15018 01353 0.21705 89660 -0, 10495 952 
0.12787 47920 0. 22866 00298 -0, 08072 839 
0.10452 70840 0.23789 32421 -0.05597 744 | 
0. 08037 73052 0.24469 24113 -0. 03094 449 
0. 05567 11673 0.24901 54242 ~0, 00586 808 


ier Gere [ce 


Ynsi(t)= "2 Ya(e)—Yn—a(0) 
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BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.1 BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 
x Jo(z) Ji) J2(x) 

10.0 ~0. 24593 57644 51348 0. 04347 27462 0.25463 03137 
10.1 -0. 24902 96505 80910 +0. 01839 55155 0, 25267 23269 
10.2 -0. 24961 70698 54127 -0, 00661 57433 0. 24831 98653 
10.3 -0. 24771 68134 82244 -0, 03131 78295 0. 24163 56815 
10.4 -0. 24337 17507 14207 -0, 05547 27618 0.23270 39119 
10.5 -0, 23664 81944 62347 -0.07885 00142 0.22162 91441 
10, 6 -0. 22763 50476 20693 -0,.10122 86626 0. 20853 53000 
10.7 -0. 21644 27399 23818 -0.12239 94239 0.19356 43429 
10.8 -0, 20320 19671 12039 -0.14216 65683 0.17687 48248 
10.9 -0.18806 22459 63342 -0.16034 96867 0.15864 02851 
11.0 -0.17119 03004 07196 -0.17678 52990 0.13904 75188 
11.1 -0.15276 82954 35677 -0.19132 82878 0.11829 47301 
11.2 -0, 13299 19368 59575 ~0. 20385 31459 0.09658 95894 
11.3 -0.11206 84561 09807 ~0, 21425 50262 0.07414 72125 
11.4 ~0. 09021 45002 47520 -0, 22245 05864 0.05118 80816 
11.5 -0. 06765 39481 11665 -0. 22837 86207 0.02793 59271 
11,6 -0. 04461 56740 94438 -0.23200 04746 +0. 00461 55923 
11,7 -0, 02133 12813 88500 -0. 23330 02408 -0, 01854 91017 
11.8 +0, 00196 71733 06740 -0. 23228 47343 -0. 04133 74673 
11.9 0.02504 94416 99590 ~0. 22898 32497 -0, 06353 40215 
12,0 0.04768 93107 96834 ~-0. 22344 71045 -0, 08493 04949 
12,1 0.06966 67736 06807 -0. 21574 89734 -0,10532 77609 
12.2 0. 09077 01231 70505 -0. 20598 20217 -0.12453 76677 
12,3 0.11079 79503 07585 -0.19425 88480 -0,14238 47549 
12.4 0.12956 10265 17502 ~0.18071 02469 -0.15870 78405 
12.5 0.14688 40547 00421 -0.16548 38046 -0.17336 14634 
12.6 0.16260 72717 45511 -0.14874 23434 -0.18621 71675 
12.7 0.17658 78885 61499 -0.13066 22290 -0.19716 46175 
12.8 0.18870 13547 80683 -0.11143 15593 -0. 20611 25359 
12.9 0.19884 24371 36331 ~0. 09124 82522 -0. 21298 94530 
13,0 0.20692 61023 77068 -0. 07031 80521 -0.21774 42642 
13,1 0.21288 81975 22060 ~0.04885 24733 ~0, 22034 65904 
13.2 0.21668 59222 58564 -0.02706 67028 -0, 22078 69378 
13.3 0. 21829 80903 19277 -0,00517 74806 -0, 21907 66588 
13.4 0.21772 51787 31184 +0, 01659 90199 -0. 21524 77131 
13.5 0.21498 91658 80401 0. 03804 92921 -0, 20935 22337 
13.6 0.21013 31613 69248 0. 05896 45572 -0. 20146 19030 
13.7 0, 20322 08326 33007 0.07914 27651 -0.19166 71443 
13.8 0.19433 56352 15629 0.09839 05167 -0.18007 61400 
13.9 0.18357 98554 57870 0.11652 48904 -0,16681 36842 
14,0 0.17107 34761 10459 0.13337 51547 -0.15201 98826 
14.1 0.15695 28770 32601 0.14878 43513 ~0. 13584 87137 
14.2 0.14136 93846 57129 0.16261 07342 -0.11846 64643 
14,3 0.12448 76852 83919 0.17472 90520 -0,10005 00556 
14,4 0.10648 41184 90342 0.18503 16616 ~-0. 08078 52766 
14.5 0.08754 48680 10376 0.19342 94636 ~0,06086 49420 
14.6 0.06786 40683 23379 0.19985 26514 -0. 04048 69928 
14,7 0. 04764 18459 01522 0.20425 12683 -0. 01985 25577 
14.8 0.02708 23145 85872 0.20659 55672 +0. 00083 60053 
14.9 +0. 00639 15448 90853 0.20687 61718 0.02137 70688 
15.0 -0. 01422 44728 26781 0.20510 40386 0.04157 16780 


va Re eal 


Int i(a) <2 In(2)—In—1(2) 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


Yo(z) 


0, 05567 
0. 03065 
+0, 00558 
-0. 01929 
-0. 04374 


-0. 06753 
~0. 09041 
-0.11218 
-0. 13263 
-0.15158 


-0. 16884 
~0. 18427 
~0, 19773 
~0, 20910 
-0, 21829 


-0, 22523 
~0, 22986 
-0, 23218 
~0, 23216 
~0. 22983 


-0, 22523 
-0. 21843 
-0, 20952 
-0. 19859 
-0.18577 


-0.17121 
~0.15506 
-0, 13749 
-0. 11870 
-0. 09887 


-0, 07820 
-0. 05692 
~0. 03523 
-0, 01336 
+0, 00848 


0. 03007 
0.05121 
0. 07168 
0, 09129 
0.10985 


0.12719 
0.14313 
0.15754 
0, 17027 
0.18123 


0.19030 
0.19741 
0. 20251 
0, 20556 
0. 20654 


0. 20546 


11673 
73806 
52273 
78497 
86190 


03725 
51548 
58897 
83844 
31932 


73239 
57716 
28675 
34295 
37073 


21117 
97260 
05930 
17790 
32139 


73126 
83806 
18128 
30946 
66153 


43068 
41238 
83780 
19463 
03702 


78645 
52568 
78771 
34191 
02072 


70090 
50115 
83040 
90143 
91895 


25686 
62286 
20895 
82640 
02411 


18912 
62858 
63238 
51604 
64347 


42960 


cy 


Yi(z) 


0. 24901 
0. 25084 
0, 25018 
0, 24706 
0, 24155 


0, 23370 
0. 22362 
0. 21144 
0.19728 
0, 18131 


0.16370 
0.14463 
0.12431 
0.10294 
0. 08074 


0, 05794 
0. 03476 
+0, 01144 
-0. 01178 
-0. 03471 


-0, 05709 
-0. 07873 
-0, 09942 
~0, 11894 
-0, 13714 


-0. 15383 
-0, 16887 
~0. 18212 
-0, 19347 
~0. 20281 


-0, 21008 
-0, 21521 
~0, 21817 
-0, 21895 
-0, 21755 


-0, 21402 
-0. 20839 
-0, 20074 
-0,19115 
-0,17975 


-0. 16664 
-0.15198 
~0. 13591 
~-0, 11861 
~0, 10026 


~0. 08104 
-0. 06115 
-0. 04078 
-0, 02016 
+0, 00052 


0, 02107 


54242 
44363 
58292 
99395 
05610 


42284 
92892 
47763 
90905 
85097 


55374 
71102 
26795 
21889 
39654 


25471 
64663 
60113 
90120 
14983 


92183 
69315 
84171 
84033 
43766 


82565 
79186 
85528 
38454 
69743 


14084 
15060 
29066 
27145 
94728 


29303 
36044 
21453 
85095 
09511 


48419 
13335 
58742 
65967 
25924 


20909 
05609 
87536 
07059 
82751 


36280 


CP 


Ynti(2) =" ¥a(z)—Yn(2) 


Table 9.1 


Yo(x) 
-0. 00586 808 
+0.01901 478 
0. 04347 082 
0. 06727 260 
0.09020 065 


0.11204 546 
0.13260 936 
0.15170 828 
0.16917 340 
0.18485 264 


0.19861 197 
0, 21033 651 
0, 21993 156 
0, 22732 329 
0.23245 932 


0. 23530 908 
0. 23586 394 
0. 23413 718 
0.23016 364 
0. 22399 935 


0.21572 078 
0.20542 401 
0.19322 371 
0.17925 189 
0.16365 655 


0.14660 019 
0.12825 810 
0.10881 672 
0.08847 166 
0.06742 588 


0. 04588 765 
0.02406 854 
+0, 00218 138 
-0. 01956 180 
~0, 04095 177 


~-0. 06178 411 
-0, 08186 113 
-0.10099 373 
~-0,11900 315 
-0,13572 264 


-0.15099 897 
-0.16469 386 
-0.17668 517 
-0,18686 800 
-0.19515 560 


~0, 20148 011 
~0. 20579 307 
-0, 20806 581 
-0, 20828 958 
-0, 20647 553 


-0, 20265 448 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


Table 9.1 
z Jo(z) 
15.0 -0. 01422 44728 26781 
15,1 ~0, 03456 18514 55565 
15.2 -0. 05442 07968 44039 
15.3 -0, 07360 75449 51123 
15.4 -0, 09193 62278 62321 
15.5 -0. 10923 06509 00050 
15.6 -0.12532 59640 22481 
15,7 -0.14007 02118 29049 
15.8 -0. 15332 57477 60686 
15.9 ~0. 16497 04994 85671 
16.0 ~0,17489 90739 83629 
16.1 -0.18302 36924 65310 
16,2 -0.18927 49469 77945 
16,3 -0.19360 23723 28377 
16.4 -0.19597 48287 91007 
16.5 -0.19638 06929 36861 
16.6 -0.19482 78558 05566 
16.7 -0.19134 35295 25189 
16,8 ~0.18597 38653 47601 
16.9 -0.17878 33878 91219 
17.0 -0.16985 42521 51184 
17.1 -0.15928 53315 32265 
17,2 ~-0,14719 11467 66030 
17.3 ~0,13370 06470 75764 
17.4 -0,11895 58563 36348 
17.5 -0,10311 03982 28686 
(‘S" 
11 
Table 9.1 
an} 2! Mo(z) 89 (z) —z zt Mi (2) 
0.10 0. 79739 375 -0. 79783 499 0.79936 575 
0, 09 0.79748 584 -0. 79660 186 0.79908 654 
0. 08 0.79756 868 -0. 79536 548 0. 79883 586 
0. 07 0.79764 214 ~0. 79412 617 0.79861 398 
0. 06 0.79770 609 -0. 79288 426 0. 79842 116 
0. 05 0.79776 040 -0. 79164 009 0.79825 761 
0, 04 0.79780 498 -0. 79039 402 0.79812 353 
0. 03 0. 79783 975 -0. 78914 641 0. 79801 908 
0. 02 0.79786 463 -0. 78789 764 0.79794 438 
0.01 0.79787 957 ~0, 78664 810 0.79789 952 
0. 00 0.79788 456 -0. 78539 816 0.79788 456 
(-6)1 eT [or"] 
4 4 4 


Ji (2) 


0. 20510 
0. 20131 
0.19554 
0. 18787 
0.17840 


0.16721 
0.15443 
0.14021 
0.12469 
0. 10802 


0. 09039 
0. 07197 
0. 05296 
0. 03353 
+0, 01389 


-0, 00576 
-0. 02524 
-0. 04436 
-0. 06292 
-0. 08074 


-0, 09766 
-0,11351 
-0.12814 
-9. 14142 
-0, 15321 


-0. 16341 


40386 
02204 
54359 
94498 
02717 


31804 
95871 
57469 
13334 
78901 


71757 
94186 
14991 
50765 
46807 


42137 
71116 
24008 
32177 
92543 


84928 
88483 
97057 
33355 
61760 


99694 


(4 


Fn 1() =e In(2)—Jn—1(2) 


Jo(z) 


0, 04157 
0. 06122 
0. 08015 
0. 09816 
0.11510 


0. 13080 
0.14512 
0.15793 
0. 16910 
0.17855 


0.18619 
0.19196 
0.19581 
0.19771 
0.19766 


0. 19568 
0.19178 
0. 18603 
0.17848 
0. 16922 


0. 15836 
0.14600 
0, 13229 
0.11735 
0.10134 


0. 08443 


16780 
54568 
04595 
69502 
50943 


65451 
59111 
20904 
94608 
89133 


87209 
52352 
34037 
71056 °* 
93020 


20004 
60351 
06671 
30061 
72631 


38412 
82733 
00182 
11285 
48016 


38303 


ca 


BESSEL FUNCTIONS--MODULUS AND PHASE OF ORDERS 0, 1 AND 2 


Yn(z)=Mn(2) sin (2) 


6) (z) —-2z 


-2. 31885 
-2. 32256 
-2. 32627 
-2. 33000 
~2, 33372 


-2. 33746 
-2. 34120 
-2, 34494 
~2. 34869 
~2. 35244 


-2. 3561 


9 
a 


508 
201 
732 
016 
965 


488 
495 
891 
580 
465 


449 


<az>=nearest integer to z. 


a! Mo(x) 


0. 80542 
0. 80398 
0. 80269 
0, 80156 
0. 80058 


0.79975 
0. 79908 
0. 79855 
0, 79818 
0. 79795 


0. 797 


555 
367 
711 
472 
549 


851 
299 
829 
387 
937 


oT 
a] 


69 (x) —x 


-3. 73985 
-3. 75850 
-3.77717 
~3, 79586 
-3. 81456 


~3. 83328 
-3, 85201 
-3. 87075 
-3, 88949 
-3. 90824 


-3. 92699 


605 
527 
539 
377 
786 


521 
346 
034 
363 
117 


082 


m4 


eT eS 


oe © ee 
fo) OOnNou PW Ne © 
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BESSEL FUNCTIONS OF INTEGER ORDER 


BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


16.8 


Yo(z) 


0, 20546 
0, 20234 
0.19722 
0.19018 
0.18128 


0.17064 
0. 15837 
0.14459 
0.12947 
0.11315 


0, 09581 
0. 07762 
0. 05876 
0, 03944 
0. 01985 


+0, 00018 
-0, 01937 
~0. 03862 
-0. 05736 
~0, 07543 


~0. 09263 
-0, 10881 
-0. 12382 
-0. 13750 
-0, 14973 


-0. 16041 


42960 
32292 
76821 
15001 
71741 


49112 
15368 
92412 
41833 
49657 


09971 
07587 
99918 
98249 
48596 


12325 
53254 
14147 
78596 
15476 


71984 
90473 
24237 
52134 
91883 


11925 


ie 


Yn41(a) == Yn(2)—Yn—1(2) 


Fi(a) f2(z) 

-0. 07380 430 -0. 63661 977 
-0.07202 984 -0. 63857 491 
-0. 06672 574 -0. 64437 529 
-~0. 05794 956 -0. 65382 684 
-0.04579 663 ~0. 66660 964 
-0. 03039 904 -0. 68228 315 
-0.01192 435 -0. 70029 342 
+0.00942 612 -0. 71998 221 
0.03341 927 -0. 74059 789 
0.05979 263 -0. 76130 792 

0.08825 696 -0. 78121 2 
ay Oy 

6 


Yo(a)=fila)+2 Jo(a) In « 


Yi (x) 


0, 02107 
0, 04127 
0. 06093 
0. 07985 
0. 09786 


0.11478 
0. 13046 
0.14474 
0.15749 
0. 16860 


0.17797 
0.18551 
0.19117 
0.19490 
0. 19667 


0.19647 
0.19433 
0, 19027 
0.18434 
0.17663 


0, 16720 
0.15617 
0.14365 
0.12978 
0.11470 


0. 09857 


36280 
35340 
08736 
51269 
41973 


61425 
07959 
12638 
52835 
64314 


51689 
97173 
67538 
19240 
01648 


58378 
26715 
35142 
99015 
14431 


50361 
39131 
65362 
53467 
53859 


27987 


ce 


8 


LS el el ool ot SE oo 
e e . ° e 
fo) OOnNOU PWNF © 


Fi (x) 


0, 08825 
0.11849 
0.15018 
0. 18296 
0. 21647 


0. 25033 
0, 28416 
0. 31758 
0, 35020 
0. 38166 


696 
917 
546 
470 
200 


233 
437 
436 
995 
415 


41157 912 
OF 


Yi(a 


Table 9.1 


Y2(r) 
-0, 20265 
-0, 19687 
~-0, 18921 
-0, 17974 
-0, 16857 


-0. 15583 
~-0, 14164 
-0, 12616 
-0, 10953 
~0, 09194 


~0, 07356 
-0. 05457 
~0, 03516 
-0, 01553 
+0, 00412 


0. 02363 
0. 04278 
0, 06140 
0. 07931 
0, 09633 


0.11230 
0.12708 
0.14052 
0, 15250 
0.16292 


0.17167 6 


448 
654 
046 
292 
754 


380 
579 
086 
807 
661 


410 
483 
792 
548 
931 


402 
890 
866 
428 
468 


838 
500 
667 
930 
372 


ical 


Table 9.1 
BESSEL FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 


-0. 78121 
-0. 79936 
-0, 81476 
-0, 82642 
-0, 83332 


-0, 83449 
~0. 82895 
-0, 81583 
-0. 79427 
-0, 76356 


f2(z) 


282 


=1 fale) +? Ji(z) Ina 
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Table 9.2 BESSEL FUNCTIONS—ORDERS 3-9 

xz J3(x) J4(x) J5(x) J6(x) J7(r) JIg(x) J9(x) 
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.2 Preeti ee {-2} 8.3195 {-3} 1.3869 (7134 1.9816 ai} 2.4774 ~15) 2.7530 
0.4 (-3)1.3201 ~5) 6.6135 -6) 2.6489 -8) 8.8382 - 9)2.5270 -11) 6.3210 -12)1.4053 
0.6 mee a red ee 1.9948 a i 8) 4.2907 i 33 1.6110 ~11) 5.3755 
0.8 (~2)1.0247 -3) 1.0330 -5) 8.3084 ~6) 5.5601 ~ 7) 3.1864 - 8)1,5967 -10) 7.1092 
1.0 (~-2)1.9563 -3)2.4766 -4) 2.4976 -5) 2.0938 ~ 6)1.5023 - 8)9.4223 - 9)5.2493 
1.2 -2)3.2874 -3)5.0227 -4) 6.1010 3} 6.1541 ~ 6)5,3093 - 7)4.0021 - 8) 2.6788 
1.4 (-2)5.0498 -3) 9.0629 -3) 1.2901 -4)1.5231 - 5)1.5366 - 6)1.3538 - 7)1.0587 
1.6 ~2)7.2523 ~-2)1.4995 et 2.4524 mt 3.3210 ~ 5)3.8397 - 6)3.8744 - 7)3.4687 
1.8 -2)9.8802 -2)2.3197 ~3) 4.2936 (-4) 6.5690 - 5)8.5712 - 6)9,7534 - 7)9.8426 
2.0 0.12894 -2) 3.3996 ~3) 7.0396 -3) 1.2024 - 4)1.7494 ~ 5)2,2180 - 6)2,4923 
2.2 0.16233 ~2) 4.7647 -2) 1.0937 -3) 2.0660 - 4)3.3195 ~ 5)4.6434 ~ 6)5.7535 
2.4 0.19811 ~2) 6.4307 -2)1,6242 -3) 3.3669 ~ 4)5.9274 - 5)9.0756 ~ 5)1.2300 
2.6 0.23529 -2)8,4013 ~2) 2.3207 -3) 5.2461 - 3)1,0054 ~ 4)1.6738 - 5)2.4647 
2.8 0.27270 ~1)1.0667 -2) 3.2069 -3) 7.8634 - 3)1.6314 - 4)2.9367 - 5)4,.6719 
3.0 0.30906 0.13203 iS 4.3028 5 1.1394 - 3} 2.5473 - acai ~ 5) 8.4395 
3.2 0.34307 0.15972 -2) 5.6238 ~2) 1.6022 - 3)3.8446 ~ 4)7.9815 - 4)1.4615 
3.4 0.37339 0.18920 -2) 7.1785 -2) 2.1934 ~ 3)5,6301 ~ 3)1.2482 - 4)2.4382 
3.6 0.39876 0.21980 -2) 8.9680 3 2.9311 be 3} 8.0242 ~ 3)1.8940 ~ 4) 3.9339 
3.8 0.41803 0.25074 ~1) 1.0984 -2) 3.8316 - 2)1.1159 - 3)2.7966 - 4)6,1597 
4,0 0.43017 0.28113 0.13209 -2) 4.9088 - 2)1.5176 - 3)4.0287 - 4)9,.3860 
4.2 0.43439 0.31003 0.15614 -2) 6.1725 - 2)2.0220 - 3)5.6739 - 3)1.3952 
4.4 0.43013 0.33645 0.18160 -2) 7.6279 - 2)2.6433 - 3)7,.8267 - 3)2.0275 
4.6 0.41707 0.35941 0.20799 -2) 9.2745 - 2)3.3953 - 2)1.0591 ~ 3)2.8852 
4.8 0.39521 0.37796 0.23473 ~1) 1.1105 - 2)4.2901 ~ 2)1.4079 ~- 3)4.0270 
5.0 0.36483 0.39123 0.26114 0.13105 (- 2)5.3376 - 2)1.8405 ~ 3)5.5203 
5.2 0.32652 0.39847 0.28651 0.15252 (- 2)6.5447 - 2)2,.3689 ~ 3)7.4411 
5.4 0.28113 0.39906 0.31007 0.17515 (- 2)7,.9145 - 2)3.0044 - 3)9.8734 
5.6 0.22978 0.39257 0.33103 0.19856 (- 2)9.4455 - 2)3.7577 - 2)1.2907 
5.8 0.17382 0.37877 0.34862 0.22230 (- 1)1.1131 ~ 2)4.6381 - 2)1.6639 
6.0 0.11477 0.35764 0.36209 0.24584 0.12959 (- 2)5.6532 ~- 2)2,1165 
6.2 +0.05428 0.32941 0.37077 0.26860 0.14910 (- 2)6.8077 ~ 2)2.6585 
6.4 -0.00591 0.29453 0.37408 0.28996 0.16960 (- 2)8,1035 - 2)3.2990 
6.6 -0.06406 0.25368 0.37155 0.30928 0.19077 (- 2)9.5385 - 2)4,0468 
6.8 -0.11847 0.20774 0.36288 0.32590 0.21224 (- 1)1.1107 - 2)4.9093 
7,0 -0.16756 0.15780 0.34790 0.33920 0.23358 0.12797 (- 2)5.8921 
7.2 -0,20987 0.10509 0.32663 0.34857 0.25432 0.14594 (-~ 2)6.9987 
7.4 -0.24420 +0.05097 0.29930 0.35349 0.27393 0.16476 (- 2)8.2300 
7.6 ~0.26958 -0.00313 0.26629 0.35351 0.29188 0.18417 (- 2)9.5839 
7.8 -0.28535 -0.05572 0.22820 0.34828 0.30762 0.20385 (- 1)1.1054 
8.0 -0.29113 -0.10536 0.18577 0.33758 0.32059 0.22345 0.12632 
8.2 -0,28692 ~0.15065 0.13994 0.32131 0.33027 0.24257 0.14303 
8.4 -0.27302 -0.19033 0.09175 0.29956 0.33619 0.26075 0.16049 
8.6 -0.25005 ~0.22326 +0,04237 0.27253 0.33790 0.27755 0.17847 
8.8 -0.21896 -0.24854 ~0,00699 0.24060 0.33508 0.29248 0.19670 
9.0 -0.18094 -0.26547 -~0.05504 0.20432 0.32746 0.30507 0.21488 
9.2 -0.13740 -0.27362 -0.10053 0.16435 0.31490 0.31484 0.23266 
9.4 -0.08997 -0.27284 ~0.14224 0.12152 0.29737 0.32138 0.24965 
9.6 -0,04034 -0.26326 -0.17904 0.07676 0.27499 0.32427 0.26546 
9.8 +0,00970 ~0,.24528 -0.20993 +0.03107 0.24797 0.32318 0.27967 
0.0 0.05838 -0.21960 -0.23406 -0,.01446 0.21671 0.31785 0.29186 


= 


Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Fune- 
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng- 
land, 1952) and Mathematical Tables Project, Table of fa(x) =n!(42)—"Jn(x). J. Math. Phys. 23, 45-60 
(1944) (with permission). 
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BESSEL FUNCTIONS—ORDERS 3-9 Table 9.2 
Y¥3(z) Ya(z) Y3(z) Ye(x) Y7(z) Ya(x) Yo(z) 
— 0 ; - © ~- @ — © —- @ —- © —- 0 
-6.3982 4) -1.9162 a} -7.6586 7) -3.8274 9) -2.2957 11) -1.6066 13) -1.2850 
-8.1202 3) -1.2097 4) -2.4114 5) -6.0163 7) -1,8025 8) -6.3027 10) -2,5193 
-2.4692 2) -2.4302 3) -3.2156 4) -5.3351 6) -1.0638 7) -2.4769 8) -6.5943 
-1.0815 1)-7.8751 2) -7.7670 3) -9.6300 5) -1.4367 6) -2.5046 7) -4.9949 
-5.8215 eee 2) -2,.6041 3) -2.5708 4) ~3.0589 5) -4.2567 6) -6.7802 
-3.5899 1) -1.6686 2) ~1.0765 2) -8.8041 3) ~8.6964 5) -1.0058 6) -1.3323 
~2.4420 ~9.4432 1)-5.1519 2) -3.5855 3) -3,0218 4) -2.9859 5) -3.3823 
-1.7897 -5.8564 1) -2.7492 2) -1.6597 3) ~1.2173 4) -1.0485 5) -1.0364 
-1.3896 -3.9059 1) -1.5970 1) -8.4816 2)-5,.4947 3) -4.1889 4) -3.6685 
-1,.1278 -2.7659 -9,9360 1)-4.6914 2) -2.7155 3) -1.8539 4) -1.4560 
-0.94591 -2.0603 -6.5462 1) -2.7695 2) -1.4452 2) -8.9196 3) -6.3425 
~-0.81161 ~-1.6024 -4.5296 1)-1.7271 1) -8.1825 2) -4.6004 3) -2.9851 
-0.70596 -1.2927 ~3.2716 1) -1.1290 1) -4.8837 2) -2,.5168 3) -1.5000 
-0.61736 ~1.0752 -2,4548 -7.6918 1) -3.0510 2) -1.4486 2) -7.9725 
-0.53854 -0.91668 -1.9059 ~5.4365 3} ~1.9840 1) -8.7150 2) ~4.4496 
~0,46491 ~0.79635 ~1.5260 ~3.9723 1) -1.3370 1) -5,4522 2) -2.5924 
-0.39363 -0,70092 -1.2556 -2.9920 ~9.3044 1) -3.5320 2) -1.5691 
-0.32310 -0.62156 ~1,0581 -2.3177 -6.6677 1) -2.3612 1) -9.8275 
~0.25259 -0,55227 ~0.91009 -1.8427 -4,9090 1) -1.6243 1) -6.3483 
~0.18202 ~0.48894 ~0.79585 ~-1.5007 ~3.7062 ( 1)-1.1471 1) -4,2178 
-0.11183 -0,42875 -0.70484 -1,2494 ~2.8650 -8,3005 1) -2.8756 
~0.04278 ~0.36985 ~0.62967 ~1,0612 -2.2645 ~6,1442 1) -2.0078 
+0,02406 -0,31109 ~0,.56509 -0.91737 -1.8281 -4,6463 1) -1.4333 
0.08751 ~0,25190 -0.50735 -0.80507 -1.5053 -3.5855 1)-1.0446 
0.14627 -0.19214 -0.45369 -0.71525 -1.2629 ~-2,.8209 -7.7639 
0.19905 ~0.13204 ~0.40218 -0.64139 ~-1.0780 ~2.2608 ~5,8783 
0.24463 -0.07211 ~0.35146 ~0.57874 -0.93462 -1.8444 ~4,5302 
0.28192 -0,01310 -0.30063 -0,52375 ~0,82168 -1.5304 -3.5510 
0.31001 +0.04407 -0.24922 -0.47377 -0.73099 -1.2907 -2.8295 
0.32825 0.09839 -0.19706 -0.42683 -0.65659 -1.1052 ~2,2907 
0.33622 0.14877 ~0.14426 -0.38145 -0,59403 ~0.95990 ~1,8831 
0.33383 0.19413 -0,09117 -0.33658 -0.53992 -0.84450 -1.5713 
0.32128 0.23344 -0.03833 -0.29151 -0.49169 -0.75147 -1,3301 
0.29909 0.26576 +0.01357 ~0.24581 ~0.44735 -0.67521 -1.1414 
0.26808 0.29031 0.06370 -0.19931 -0.40537 -0.61144 ~0.99220 
0.22934 0.30647 0.11119 -0.15204 -0.36459 -0.55689 -0,87293 
0.18420 0.31385 0.15509 -0,10426 -0,32416 -0,50902 -0.77643 
0.13421 0.31228 0.19450 ~0.05635 -0.28348 -0.46585 -0.69726 
0.08106 0.30186 0.22854 -0.00886 -0.24217 -0.42581 ~0.63128 
+0.02654 0.28294 0.25640 +0.03756 ~0.20006 -0,38767 -0,57528 
-0,.02753 0.25613 0.27741 0.08218 -0.15716 -0,35049 -0.52673 
-0.07935 0.22228 0.29104 0.12420 ~0,11361 -0,31355 -0,48363 
-0.12723 0.18244 0.29694 0.16284 ~0,06973 -0,27635 -0,44440 
-0.16959 0.13789 0.29495 0.19728 -0.02593 -0.23853 ~0.40777 
-0.20509 0.09003 0.28512 0.22677 +0.01724 -0.19995 -0.37271 
-0.23262 +0.04037 0.26773 0.25064 0.05920 ~0.16056 -0.33843 
-0.25136 -0.00951 0.24326 0.26830 0.09925 -0.12048 -0,30433 
-0.26079 ~0,05804 0.21243 0.27932 0.13672 -0,07994 -0.26995 
~0.26074 -0.10366 0.17612 0.28338 0.17087 -0.03928 -0,23499 


-0.25136 ~0.14495 0.13540 0.28035 0.20102 +0.00108 ~-0.19930 


400 


Table 9.2 

x J3(x) 
10, 0 0. 05838 
10,2 0. 10400 
10.4 0.14497 
10,6 0.17992 
10.8 0. 20768 
11.0 0, 22735 
11.2 0. 23835 
11. 4 0. 24041 
11.6 0. 23359 
11.8 0. 21827 
12.0 0.19514 
12,2 0.16515 
12.4 0.12951 
12.6 0. 08963 
12.8 0. 04702 
13.0 +0, 00332 
13,2 -0. 03984 
13.4 -0. 08085 
13.6 ~0. 11822 
13.8 -0. 15059 
14,0 -0. 17681 
14,2 -0. 19598 
14.4 ~0, 20747 
14.6 -0. 21094 
14.8 -0. 20637 
15.0 -0. 19402 
15.2 -0.17445 
15.4 -0, 14850 
15.6 -0. 11723 
15.8 -0. 08188 
16.0 -0. 04385 
16.2 ~0. 00461 
16.4 +0. 03432 
16.6 0.07146 
16. 8 0. 10542 
17.0 0. 13493 
17.2 0.15891 
17.4 0.17651 
17.6 0.18712 
17.8 0.19041 
18.0 0. 18632 
18,2 0.17510 
18.4 0.15724 
18.6 0.13351 
18.8 0.10487 
19.0 0.07249 
19.2 0. 03764 
19.4 +0. 00170 
19.6 ~0. 03395 
19.8 -0, 06791 
20.0 -0. 09890 
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J4(x) 
-0. 21960 
-0. 18715 
-0. 14906 
-0. 10669 
-0. 06150 


-0. 01504 
+0. 03110 
0. 07534 
0.11621 
0. 15232 


0. 18250 
0. 20576 
0. 22138 
0. 22890 
0. 22815 


0. 21928 
0. 20268 
0.17905 
0.14931 
0. 11460 


0. 07624 
+0. 03566 
-0, 00566 
-0. 04620 
-0. 08450 


-0. 11918 
-0. 14901 
-0. 17296 
-0.19021 
~0. 20020 


~0. 20264 
-0.19752 
-0.18511 
-0. 16596 
-0. 14083 


-0. 11074 
~0. 07685 
~0. 04048 
-0: 00300 
+0. 03417 


0. 06964 
0. 10209 
0. 13033 
0.15334 
0.17031 


0.18065 
0. 18403 
0. 18039 
0. 16994 
0.15313 


0.13067 


ie 


J5(z) 
-0. 23406 
-0, 25078 
-0, 25964 
-0. 26044 
~0, 25323 


-0, 23829 
-0. 21614 
-0. 18754 
~0. 15345 
~0. 11500 


~0, 07347 
-0. 03023 
+0, 01331 
0.05571 
0. 09557 


0. 13162 
0. 16267 
0.18774 
0. 20605 
0. 21702 


0. 22038 
0. 21607 
0. 20433 
0. 18563 
0. 16069 


0. 13046 
0. 09603 
0. 05865 
+0, 01968 
-0. 01949 


-0. 05747 
-0. 09293 
~0. 12462 
-0.15144 
-0. 17248 


-0, 18704 
-0. 19466 
-0,19512 
~0. 18848 
~0.17505 


~0, 15537 
-0. 13022 
-0. 10058 
-0. 06756 
~0. 03240 


+0, 00357 
0. 03904 
0. 07269 
0.10331 
0.12978 


0.15117 


oP 


J6(z) 
-0, 01446 
-0, 05871 
-0, 10059 
-0. 13901 
0.17297 


-0, 20158 
-0. 22408 
-0. 23985 
~-0, 24849 
~0. 24978 


-0. 24372 
-0, 23053 
~0. 21064 
~0. 18469 
~0. 15349 


-0. 11803 
~0. 07944 
-0. 03894 
+0. 00220 

0. 04266 


0. 08117 
0.11650 
0.14756 
0.17335 
0.19308 


0.20615 
0, 21219 
0, 21105 
0. 20283 
0, 18787 


0. 16672 
0.14016 
0.10913 
0. 07473 
0. 03817 


+0, 00072 
-0. 03632 
-0. 07166 
-0. 10410 
-0. 13251 


~0. 15596 
-0, 17364 
-0. 18499 
-0. 18966 
-0. 18755 


-0. 17877 
-0. 16370 
-0. 14292 
-0.11723 
-0. 08759 


-0. 05509 


oP 


BESSEL FUNCTIONS—ORDERS 3-9 


J7(z) 
0, 21671 
0, 18170 
0.14358 
0.10308 
0. 06104 


+0, 01838 
-0, 02395 
-0. 06494 
-0. 10361 
-0. 13901 


-0.17025 
-0. 19653 
-0, 21716 
~-0. 23160 
-0. 23947 


-0, 24057 
-0, 23489 
-0, 22261 
-0. 20411 
-0.17993 


-0. 15080 
~0.11762 
-0, 08136 
~0, 04315 
-0. 00415 


+0, 03446 
0. 07149 
0.10580 
0. 13634 
0, 16217 


0.18251 
0.19675 
0. 20447 
0. 20546 
0.19974 


0.18755 
0. 16932 
0.14570 
0.11751 
0.08571 


0. 05140 
+0. 01573 
-0. 02007 
-0. 05481 
-0, 08731 


~0. 11648 
-0. 14135 
-0. 16110 
-0. 17508 
-0, 18287 


-0. 18422 


ica 


Js(e) 
0. 31785 
0, 30811 
0, 29386 
0, 27515 
0, 25210 


0. 22497 
0.19414 
0, 16010 
0.12344 
0. 08485 


0. 04510 


+0. 00501 | 


~0. 03453 
-0, 07264 
-0. 10843 


-0, 14105 
~0. 16969 
-0. 19364 
-0, 21231 
-0, 22520 


-0. 23197 
-0. 23246 
-0, 22666 
-0, 21472 
~0. 19700 


-0. 17398 
-0, 14634 
~0, 11487 
-0. 08047 
-0, 04417 


-0. 00702 
+0. 02987 
0. 06542 
0.09855 
0.12829 


0.15374 
0.17414 
0, 18889 
0.19757 
0.19993 


0.19593 
0.18574 
0. 16972 
0.14841 
0.12253 


0. 09294 
0. 06063 
+0. 02667 
-0. 00783 
-0. 04171 


~0. 07387 


eu 


J9(x) 
0. 29186 
0. 30161 
0. 30852 
0. 31224 
0. 31244 


0. 30886 
0. 30130 
0, 28964 
0. 27388 
0. 25407 


0. 23038 
0. 20310 
0.17260 
0.13935 
0. 10393 


0. 06698 
+0, 02921 
-0. 00860 
~0, 04567 
-0. 08117 


~0. 11431 
-0. 14432 
-0, 17048 
-0.19216 
-0, 20883 


-0. 22005 
~0, 22553 
-0, 22514 
-0, 21888 
-0. 20690 


-0, 18953 
-0, 16725 
-0, 14065 
-0. 11047 
-0. 07756 


~0. 04286 
-0. 00733 
+0, 02799 
0. 06210 
0. 09400 


0.12276 
0.14756 
0.16766 
0.18247 
0.19159 


0.19474 
0.19187 
0, 18309 
0. 16869 
0.14916 


0.12513 


Ga 


Y3(z) 
~0. 25136 
-0. 23314 
-0, 20686 
~0.17359 
~-0. 13463 


-0. 09148 
-0. 04577 
+0. 00082 
0. 04657 
0. 08981 


0.12901 
0.16277 
0. 18994 
0. 20959 
0, 22112 


0. 22420 
0. 21883 
0. 20534 
0, 18432 
0. 15666 


0, 12350 
0. 08615 
0. 04605 
+0, 00477 
-0. 03613 


~0, 07511 
-0, 11072 
-0, 14165 
~0. 16678 
-0. 18523 


-0,. 19637 
~0. 19986 
-0, 19566 
~0, 18402 
-0, 16547 


-0. 14078 
-0, 11098 
-0, 07725 
~0. 04094 
-0. 00347 


+0, 03372 
0. 06920 
0, 10163 
0.12977 
0.15261 


0. 16930 
0.17927 
0.18221 
0.17805 
0.16705 


0. 14967 


cP 


BESSEL FUNCTIONS OF INTEGER ORDER 


Y4(z) 
-0. 14495 
-0. 18061 
~0. 20954 
-0, 23087 
-0, 24397 


~0, 24851 
~0. 24445 
-0. 23203 
-0, 21178 
-0, 18450 


-0, 15122 
~0, 11317 
-0.07175 
-0, 02845 
+0, 01518 


0.05759 
0. 09729 
0.13289 
0. 16318 
0. 18712 


0, 20393 
0. 21308 
0, 21434 
0.20775 
0.19364 


0.17261 
0, 14550 
0.11339 
0. 07750 
+0. 03920 


-0. 00007 
-0. 03885 
-0. 07571 
-0, 10930 
-0, 13841 


-0, 16200 
-0. 17924 
~0. 18956 
-0. 19265 
-0. 18846 


-0, 17722 
~0. 15942 
-0. 13580 
-0. 10731 
-0. 07506 


~0. 04031 
~0. 00440 
+0, 03131 
0. 06546 
0. 09678 


0, 12409 


ae 


Y5(2) 
0.13540 
0. 09148 

+0, 04567 
~0. 00065 
~0. 04609 


-0, 08925 
~0, 12884 
-0, 16365 
-0, 19262 
-0, 21489 


-0, 22982 
-0, 23698 
~0, 23623 
~0. 22766 
-0, 21163 


-0. 18876 
~0, 15987 
-0. 12600 
~0, 08833 
~0, 04819 


-0, 00697 
+0. 03390 
0. 07303 
0.10907 
0. 14080 


0.16717 
0. 18730 
0, 20055 
0. 20652 
0. 20507 


0. 19633 
0. 18067 
0, 15873 
0.13135 
0. 09956 


0.06455 
+0, 02761 
-0. 00990 
~0, 04663 
~0, 08123 


~0, 11249 
-0. 13928 
~0. 16067 
-0.17593 
-0. 18455 


~0, 18628 
-0, 18111 
-0. 16930 
-0. 15134 
-0, 12794 


-0, 10004 


be 


Yo(z) 
0. 28035 
0. 27030 
0. 25346 
0. 23025 
0. 20130 


0, 16737 
0.12941 
0. 08848 
0. 04573 
+0, 00238 


-0. 04030 
-0, 08107 
-0, 11875 
-0, 15223 
-0, 18052 


-0. 20279 
-0, 21840 
-0, 22692 
-0, 22813 
-0, 22204 


-0, 20891 
~0, 18921 
-0, 16363 
~-0. 13305 
~0, 09850 


-0, 06116 
-0, 02228 
+0. 01684 
0. 05489 
0. 09059 


0.12278 
0. 15038 
0.17250 
0. 18843 
0.19767 


0.19996 
0.19529 
0. 18387 
0.16616 
0. 14282 


0.11472 
0. 08289 
0. 04848 
+0. 01272 
~0. 02310 


-0. 05773 
-0. 08993 
-0,11857 
~0. 14267 
-0, 16139 


-0,17411 


ee 


BESSEL FUNCTIONS—ORDERS 3-9 


Y7(2) 
0. 20102 
0. 22652 
0. 24678 
0. 26131 
0. 26975 


0. 27184 
0, 26750 
0. 25678 
0. 23992 
0, 21732 


0.18952 
0.15724 
0.12130 
0, 08268 
0, 04240 


+0. 00157 
-0, 03868 
-0, 07722 
-0, 11296 
-0, 14489 


-0.17209 
~0, 19380 
-0, 20939 
-0, 21842 
-0, 22067 


-0, 21610 
-0. 20489 
-0. 18743 
-0. 16430 
~0. 13627 


~0. 10425 
-0. 06928 
-0. 03251 
+0, 00487 

0. 04164 


0. 07660 
0. 10864 
0, 13671 
0.15991 
0.17752 


0.18897 
0.19393 
0.19229 
0.18414 
0. 16980 


0.14982 
0.12490 
0.09595 
0. 06399 
+0, 03013 


~0. 00443 


Ya(z) 
0. 00108 
0, 04061 
0. 07874 
0.11488 
0. 14838 


0.17861 
0, 20496 
0. 22687 
0. 24384 
0, 25545 


0, 26140 
0. 26151 
0, 25571 
0. 24409 
0. 22689 


0, 20448 
0.17738 
0.14625 
0, 11185 
0.07505 


+0, 03682 
-0, 00186 
~0. 03994 
-0. 07640 
-0, 11024 


-0. 14053 
-0, 16644 
-0, 18723 
-0, 20234 
-0. 21134 


~0. 21399 
-0, 21025 
-0. 20025 
-0. 18432 
-0, 16297 


~0. 13688 
~0, 10686 
-0, 07387 
-0, 03895 
-0, 00320 


+0, 03225 
0. 06629 
0. 09782 
0. 12587 
0.14955 


0. 16812 
0. 18100 
0. 18782 
0. 18838 
0.18270 


0.17101 


cP 


Table 9.2 


Yo(z) 
~0, 19930 
-0. 16282 
~0. 12563 
~0, 08791 
~-0, 04993 


-0. 01205 
+0. 02530 
0. 06163 
0. 09640 
0.12906 


0.15902 


0.18573 
0. 20865 
0, 22728 
0. 24122 


0. 25010 
0, 25369 
0. 25184 
0. 24454 
0, 23190 


0.21417 
0.19170 
0.16501 
0.13470 
0.10149 


0. 06620 
+0, 02969 
~0. 00710 
-0, 04322 
~0,07775 


-0. 10975 
-0, 13838 
-0. 16286 
-0. 18253 
-0. 19685 


-0. 20543 
-0, 20805 
-0, 20464 
-0, 19533 
-0, 18039 


-0. 16030 
-0, 13566 
-0. 10722 
-0, 07586 
-0. 04252 


-0, 00824 
+0, 02593 
0. 05895 
0. 08979 
0.11750 


0.14124 


i 


401 


402 BESSEL FUNCTIONS OF INTEGER ORDER 
Table 9.3 BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


a 1Q'z—10 Jyo(xz) LON z—U Si (z)  10-9x19Yyo(x) 1025220, Jog(z) 1027 x2! Ja (x) 10—23.220 Y29(x) 


0.0 2.69114 446 1.22324 748 -0,11828 049 3.91990 9. 33311 -0, 406017 
0.1 2.69053 290 1.22299 266 -0,11831 335 3.91944 9. 33205 -0, 406071 
0.2 2.68869 898 1.22222 850 -0.11841 200 3.91804 9, 32886 -0, 406231 
0.3 2.68564 500 1.22095 588 -0,11857 661 3.91571 9, 32357 -0. 406499 
0.4 2.68137 477 1.21917 626 -~-0,11880 750 3.91244 9, 31615 -0. 406873 
0.5 2.67589 362 1.21689 169 -0.11910 510 3.90825 9, 30663 ~0. 407355 
0.6 2.66920 838 1.21410 481 -0.11946 998 3.90314 9. 29500 -0, 407945 
0.7 2.66132 738 1.21081 883 -0.11990 282 3, 89710 9, 28128 ~0. 408644 
0.8 2.65226 043 1.20703 750 -0.12040 444 3, 89015 9. 26546 -0. 409452 
0.9 2.64201 878 1.20276 518 -0.12097 581 3, 88228 9, 24758 ~0, 410369 
1.0 2.63061 512 1.19800 675 -0.12161 801 3, 87350 9. 22762 -0, 411397 
1.1 2.61806 358 1.19276 764 -0.12233 229 3, 86383 9, 20562 -0. 412536 
1.2 2.60437 963 1.18705 385 -0,12312 002 3. 85325 9.18157 -0; 413788 
1.3 2.58958 012 1.18087 185 -0.12398 273 3.84179 9, 15550 -0, 415153 
1.4 2.57368 323 1.17422 867 -0.12492 212 3, 82945 9, 12743 -0, 416632 
1.5 2.55670 842 1.16713 182 -0.12594 004 3, 81624 9. 09737 ~0, 418228 
1.6 2.53867 639 1.15958 931 -0,12703 852 3, 80216 9.06534 -0. 419940 
1.7 2.51960 907 1.15160 961 -0.12821 977 3.78723 9, 03137 -0, 421771 
1.8 2.49952 955 1.14320 168 -0.12948 616 3.77146 8.99546 ~0, 423722 
1.9 2.47846 207 1.13437 488 -0.13084 030 3. 75485 8.95766 -0, 425795 
2.0 2.45643 192 1.12513 904 -0.13228 497 3.73742 8.91797 -0, 427992 
2.1 2.43346 545 1.11550 438 -0.13382 319 3.71918 8. 87643 -0. 430315 
2.2 2.40959 000 1.10548 152 -0.13545 821 3, 70015 8. 83306 -~0. 432764 
2.3 2.38483 384 1.09508 144 -0,13719 351 3, 68032 8. 78790 -0. 435344 
2.4 2.35922 612 1.08431 551 -0.13903 284 3, 65973 8. 74096 -0. 438056 
2.5 2.33279 682 1.07319 540 -0.14098 022 3, 63837 8. 69228 -0. 440902 
2.6 2.30557 673 1.06173 312 -0.14303 997 3, 61627 8. 64189 -0, 443885 
2.7 2.27759 732 1.04994 098 -0.14521 672 3.59344 8. 58981 -0, 447007 
2.8 2.24889 074 1.03783 155 -0.14751 543 3.56989 8.53609 ~0. 450272 
2.9 2.21948 976 1.02541 767 -0.14994 141 3, 54564 8. 48076 -0. 453682 
3.0 2.18942 770 1.01271 242 -0.15250 037 3.52071 8. 42385 -0, 457241 
3.1 2.15873 836 0.99972 906 -0.15519 840 3, 49510 8. 36539 -0. 460951 
3.2 2.12745 598 0.98648 108 -0.15804 206 3, 46885 8. 30542 -0. 464816 
3.3 2.09561 517 0.97298 213 -0.16103 836 3.44195 8, 24397 -0. 468840 
3,4 2.06325 085 0.95924 599 -0.16419 482 3.41444 8.18110 ~0, 473027 
3.5 2.03039 820 0.94528 659 -0.16751 951 3. 38633 8. 11682 -0. 477379 
3.6 1.99709 260 0.93111 794 -0,17102 110 3. 35763 8.05119 -0, 481902 
3.7 1.96336 956 0.91675 415 -0.17470 889 3. 32837 7. 98424 -0. 486600 
3.8 1.92926 467 0.90220 939 -0.17859 286 3, 29855 7. 91600 -0, 491476 
3.9 1.89481 352 0.88749 785 -0.18268 376 3, 26821 7. 84653 -0. 496537 
4.0 1.86005 168 0.87263 375 -0,18699 314 3, 23736 7. 77586 ~0, 501786 
4.1 1.82501 462 0.85763 130 -0.19153 346 3.20601 7. 70403 -0. 507229 
4.2 1.78973 765 0.84250 469 -0,.19631 812 3.17419 7. 63108 ~-0, 512872 
4.3 1.75425 588 0.82726 806 -0.20136 159 3.14192 7.55707 -0, 518719 
4.4 1.71860 416 0.81193 548 -0, 20667 950 3.10921 7. 48202 ~0, 524777 
4.5 1.68281 701 0.79652 093 -0,21228 873 3. 07608 7. 40598 -0. 531051 
4.6 1.64692 860 0.78103 829 -0,21820 757 3. 04256 7. 32900 -0, 537549 
4.7 1.61097 267 0.76550 130 -0.22445 582 3, 00866 7, 25112 -0, 544276 
4.8 1.57498 249 0.74992 357 -0.23105 498 2.97440 7.17238 ~0, 551240 
4.9 1.53899 084 0.73431 852 -0.23802 840 2.93981 7. 09282 -0, 558448 
5,0 1.50302 991 0.71869 942 -0,24540 147 2. 90490 7.01250 -0. 565907 

| [es [‘? P| (-4)1 (—4)3 [?] 

5 5 5 3 3 3 
an n 
In+1(e)=—In(e)—A,—1(2) Yn+1(2) a Ya(x)—Yn—1(z) 


Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Functions 
of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, England, 
1952), L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal Society 
Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954), and Mathe- 
matical Tables Project, Table of fa(r)=n!(4z)—"Jn(7). J. Math. Phys. 23, 45-60 (1944) (with per- 
mission), 
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BESSEL FUNCTIONS OF INTEGER ORDER 403 


BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 Table 9.3 
101!9z-10Fio(z7) 104 xz—-MNSiy(z) = 10-82 Vyo(x) = 1025-20 Jao(x) 102% 2-2! Joi (x) 10-2322 Vao(x) 
1.50302 991 0.71869 942 ~0. 24540 147 2.90490 7. 01250 -0, 565907 
1.46713 132 0. 70307 931 ~0, 25320 186 2. 86969 6.93145 -0. 573626 
1, 43132 603 0.68747 104 -0. 26145 975 2.83421 6, 84971 -0. 581612 
1. 39564 431 0.67188 722 -0,27020 813 2. 79846 6. 76734 -0. 589875 
1.36011 571 0. 65634 019 ~-0. 27948 304 2. 76248 6, 68437 -0. 598423 
1.32476 904 0. 64084 205 -0. 28932 400 2.72628 6. 60085 -0, 607266 
1. 28963 229 0.62540 463 -0,29977 431 2, 68988 6, 51682 -0. 616414 
1.25473 264 0.61003 945 -0, 31088 154 2. 65330 6. 43233 -0. 625876 
1.22009 642 0.59475 774 -0, 32269 795 2. 61656 6, 34742 -0. 635663 
1.18574 907 0.57957 041 -0, 33528 105 2.57967 6. 26213 -0. 645788 
1.15171 513 0. 56448 805 ~0. 34869 413 2.54267 6.17651 -0. 656261 
1.11801 822 0.54952 091 -0, 36300 693 2.50556 6. 09059 -0, 667094 
1.08468 098 0.53467 890 ~0.37829 631 2. 46837 6. 00443 -0, 678301 
1.05172 510 0.51997 158 ~-0.39464 698 2.43111 5.91806 -0. 689895 
1.01917 129 0.50540 814 -0.41215 232 2. 39381 5. 83152 ~0, 701890 
0.98703 926 0.49099 740 -0. 43091 524 2. 35647 5. 74485 -0. 714300 
0.95534 769 0.47674 781 -0.45104 907 2. 31913 5. 65810 -0. 727140 
0.92411 427 0.46266 745 -0.47267 855 2.28179 5.57131 ~0. 740427 
0.89335 563 0.44876 400 -0.49594 084 2. 24448 5. 48451 -0. 754178 
0.86308 740 0.43504 477 -0.52098 648 2. 20721 5. 39775 ~0. 768410 
0.83332 414 0.42151 665 -0,54798 051 2.17000 5. 31106 -0. 783140 
0.80407 941 0.40818 616 -0.57710 346 2.13286 5. 22448 ~0. 798389 
0.77536 570 0.39505 943 -0.60855 234 2. 09582 5.13805 ~0. 814177 
0.74719 450 0.38214 216 -0.64254 159 2. 05888 5.05181 ~0. 830524 
0.71957 626 0.36943 970 -0.67930 390 2.02206 4.96579 -0, 847452 
0.69252 040 0.35695 696 -0.71909 088 1.98539 4, 88002 -0, 864985 
0. 66603 536 0.34469 850 -0.76217 356 1. 94887 4.79455 -0. 883147 
0.64012 854 0.33266 845 ~0. 80884 258 1.91252 4. 70940 -0. 901963 
0.61480 640 0.32087 058 -0.85940 807 1. 87635 4. 62461 -0. 921460 
0.59007 439 0. 30930 826 ~0,91419 914 1, 84038 4. 54021 ~0. 941665 
0.56593 704 0.29798 448 -0. 97356 279 1, 80462 4, 45624 -0. 962608 
0. 54239 791 0.28690 187 -1, 03786 231 1, 76908 4, 37272 -0, 984319 
0.51945 967 0.27606 265 -1.10747 485 1.73378 4, 28968 -1, 006831 
0.49712 408 0.26546 873 -1,18278 826 1. 69874 4, 20716 -1. 030178 
0. 47539 201 0.25512 162 -1, 26419 685 1, 66395 4.12518 -1, 054394 
0.45426 352 0.24502 250 -1, 35209 608 1. 62944 4. 04377 ~1, 079518 
0. 43373 779 0.23517 220 -1. 44687 598 1.59521 3. 96296 -1. 105589 
0.41381 323 0, 22557 121 -1,. 54891 312 1, 56128 3, 88277 -1, 132647 
0. 39448 748 0.21621 969 -1. 65856 097 1.52765 3. 80323 -l. 160736 
0.37575 740 0.20711 750 -1. 77613 854 1, 49434 3. 72436 -1. 189902 
9.35761 917 0.19826 418 -1.90191 706 1. 46136 3, 64619 -1, 220192 
0. 34006 823 0.18965 897 ~2. 03610 452 1, 42872 3. 56873 -1, 251657 
0. 32309 939 0.18130 082 -2,17882 801 1.39641 3, 49201 -1. 284351 
0.30670 683 0.17318 839 -2, 33011 366 1. 36447 3. 41606 ~1, 318328 
0.29088 411 0.16532 010 -2. 48986 396 1, 33288 3, 34088 -1, 353647 
0.27562 422 0.15769 409 -2,65783 251 1, 30166 3, 26651 ~1, 390372 
0.26091 963 0.15030 825 ~2, 83359 602 1. 27082 3.19294 -1. 428567 
0.24676 227 0.14316 025 -3.01652 353 1, 24036 3.12022 -1, 468301 
0, 23314 362 0.13624 751 -3.20574 283 1, 21029 3, 04834 ~1. 509646 
0.22005 470 0.12956 726 -3,40010 421 1, 18061 2.97733 -1, 552680 
0. 20748 611 0.12311 653 -3, 59814 152 1.15134 2.90720 -1. 597484 


lege [‘ = oe ke ee [' a] ee [- ree 


404 


Table 9.3 
x J i0(@) 
10.0 0,20748 611 
10.1 0.21587 417 
10.2 0.22413 707 
10.3 0.23223 256 
10.4 0.24011 699 
10.5 0.24774 554 
10.6 0.25507 240 
10.7 0.26205 109 
10.8 0.26863 466 
10.9 0.27477 603 
11.0 0,28042 823 
lll = 0.28554 479 
11.2 0.29007 999 
11.3 0.29398 925 
11.4 0,29722 944 
11.5 0.29975 923 
11.6 0.30153 946 
11.7  0,30253 345 
11.8 0,30270 737 
11,9 0.30203 061 
12.0 0.30047 604 
12.1 0.29802 036 
12.2 0.29464 445 
12.3 0.29033 357 
12.4 0.28507 771 
12.5 0.27887 175 
12.6 0.27171 575 
12.7 0.26361 509 
12.8 0.25458 064 
12.9 0.24462 889 
13.0 0.23378 201 
13.1 0.22206 793 
13,2 0.20952 032 
13.3 0.19617 859 
13.4 0.18208 776 
13.5 0.16729 840 
13.6 0.15186 646 
13.7 0.13585 302 
13.8 0.11932 411 
13.9 0.10235 036 
14.0 0.08500 671 
14.1 0.06737 200 
14.2 0.04952 862 
14,3 0.03156 199 
14.4 +0.01356 013 
14,5 -0.00438 689 
14,6 ~-0.02218 745 
14.7 ~0,.03974 898 
14.8 -0.05697 854 
14.9 ~-0,07378 344 
~0. 09007 1 


ica 
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BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


J11(2) 


0.12311 
0.13041 
0.13787 
0.14549 
0.15324 


0.16109 
0. 16902 
0.17701 
0.18503 
0.19304 


0. 20101 
0. 20891 
0.21670 
0.22434 
0.23181 


0. 23904 
0. 24601 
0. 25268 
0. 25899 
0.26492 


0. 27041 
0. 27542 
0.27992 
0. 28386 
0. 28720 


0. 28991 
0. 29194 
0. 29326 
0. 29385 
0. 29366 


0. 29268 
0. 29088 
0, 28824 
0. 28474 
0. 28037 


0. 27512 
0. 26899 
0. 26198 
0. 25410 
0. 24534 


0, 23574 
0, 22531 
0. 21407 
0. 20206 
0.18931 


0.17586 
0.16176 
0, 14707 
0.13182 
0, 11609 


0.09995 0 


653 


inl 


Y10(x) 


~0, 35981 
~0. 34383 
-0. 32793 
-0. 31207 
~0. 29618 


~0. 28022 
-0. 26416 
-0, 24795 
-0. 23159 
-0, 21505 


~0. 19832 
-0. 18140 
-0. 16429 
~0. 14700 
-0,12955 


-0. 11196 
~0. 09424 
-0. 07644 
-0. 05858 
~0. 04071 


-0, 02287 
~0, 00511 
+0. 01251 
0. 02995 
0. 04716 


0. 06406 
0. 08059 
0. 09670 
0.11231 
0.12737 


0. 14180 
0.15555 
0.16855 
0. 18073 
0.19204 


0. 20242 
0, 21181 
0, 22016 
0. 22743 
0.23357 


0. 23854 
0. 24231 
0, 24486 
0. 24616 
0. 24620 


0. 24496 
0, 24246 
0. 23869 
0. 23367 
0. 22742 


0, 21997 1 


415 


ey 


1075z-20fog(x) 10274—-21 Joi (zx) 


1.151337 
1.122469 
1, 094012 
1.065970 
1. 038347 


1, 011148 
0. 984374 
0. 958030 
0. 932118 
0. 906639 


0. 881596 
0, 856989 
0, 832821 
0. 809092 
0. 785801 


0. 762950 
0. 740539 
0. 718565 
0. 697029 
0. 675930 


0. 655266 
0. 635035 
0. 615236 
0. 595866 
0.576923 


0. 558403 
0.540305 
0.522625 
0.505359 
0. 488504 


0. 472056 
0. 456011 
0. 440365 
0, 425114 
0. 410252 


0. 395776 
0, 381681 
0. 367961 
0. 354612 
0. 341628 


0. 329005 
0. 316736 
0, 304816 
0. 293240 
0. 282001 


0.271095 
0. 260516 
0. 250257 
0. 240312 
0, 230676 


0, 221343 


Lae 


2.907199 
2. 837961 
2.769629 
2.702215 
2. 635729 


2.570182 
2. 505582 
2. 441939 
2.379259 
2. 317550 


2, 256817 
2.197065 
2.138299 
2. 080523 
2. 023738 


1. 967947 
1. 913152 
1, 859352 
1. 806548 
1.754740 


1, 703925 
1. 654102 
1. 605267 
1, 557418 
1.510551 


1. 464660 
1. 419743 
1.375791 
1. 332800 
1.290762 


1, 249671 
1, 209520 
1.170299 
1,132001 
1, 094617 


1. 058137 
1, 022552 
0. 987853 
0. 954028 
0.921067 


0. 888960 
0. 857694 
0. 827260 
0. 797644 
0. 768835 


0. 740821 
0, 713590 
0, 687129 
0. 661426 
0. 636467 


0. 612240 


(oe 


10-28220Y 99 (z) 
~ 1.59748 
1.64414 
1. 69275 
1. 74339 
1, 79618 


1, 85121 
1. 90861 
1. 96848 
2. 03097 
2.09619 


2.16430 
2. 23544 
2. 30977 
2. 38746 
2. 46870 


2. 55367 
2, 64257 
2. 73563: 
2. 83307 
2. 93513 


3. 04208 
3.15419 
3.27175 
3. 39509 
3, 52453 


3. 66044 
3. 80321 
3. 95323 
4.11095 
4, 27684 


4. 45140 
4. 63518 
4, 82874 
5, 03272 
5.24778 


5. 47464 
5. 71407 
5. 96691 
6, 23405 
6. 51646 


6, 81520 
7.13138 
7. 46624 
7, 82110 
8.19739 


8.59667 
9. 02062 
9, 47109 
9. 95006 
-10, 45971 


beeper Fb ttt bt beet tt bet) tl tbat ltl ahaa hale) at 


-11. 00239 


[a] 
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BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


J i0(z) Jii(z) 
-0. 09007 181 0.09995 048 
~0.10575 330 0. 08344 886 
-0.12073 964 0. 06666 618 
~0, 13494 535 0.04967 738 
-0.14828 828 0.03256 035 
-0.16069 032 +0.01539 539 
-0.17207 791 ~-0.00173 513 
-0,18238 269 -0.01874 731 
-0,19154 204 ~0.03555 621 
-0,19949 958 -0. 05207 632 
-0,. 20620 569 ~0, 06822 215 
-0.21161 797 -0. 08390 874 
~0. 21570 160 -0. 09905 224 
-0, 21842 977 -0.11357 046 
-0. 21978 394 -0.12738 344 
-0, 21975 411 -0, 14041 403 
-0. 21833 905 -0.15258 841 
~0. 21554 637 -0. 16383 668 
~0, 21139 267 -0.17409 338 
~0. 20590 350 -0.18329 797 
~0,19911 332 -0.19139 539 
-0.19106 538 -0.19833 646 
-0,18181 155 -0. 20407 831 
-0,17141 203 -0. 20858 485 
-0.15993 505 -0, 21182 701 
-0.14745 649 -0, 21378 318 
~-0.13405 943 -0. 21443 935 
-0.11983 363 -0. 21378 944 
-0.10487 499 -0. 21183 538 
-0. 08928 492 -0. 20858 727 
-0.07316 966 -0,20406 341 
-0.05663 961 -0.19829 032 
-0.03980 852 -0.19130 265 
-0.02279 278 -0,.18314 307 
-0.00571 052 -0.17386 213 
+0.01131 917 -0.16351 793 
0.02817 711 -0.15217 591 
0.04474 490 -0.13990 845 
0.06090 579 -0.12679 446 
0.07654 556 -0.11291 893 
0.09155 333 -0.09837 240 
0.10582 247 -0.08325 039 
0.11925 134 -0.06765 283 
0.13174 416 ~0. 05168 334 
0.14321 168 ~0. 03544 863 
0.15357 193 -0,01905 771 
0.16275 089 ~0, 00262 120 
0.17068 305 +0. 01374 948 
0.17731 198 0. 02994 285 
0.18259 079 0. 04584 818 
0.18648 256 0.06135 6 
onal 


Yi0(x) 


0. 21997 
0, 21134 
0, 20160 
0.19077 
0.17893 


0, 16614 
0.15246 
0.13797 
0.12276 
0. 10691 


0, 09052 
0. 07368 
0. 05650 
0, 03907 
0, 02150 


+0. 00391 
-0. 01359 
-0,:03091 
-0, 04793 
~0, 06454 


-0, 08063 
-0, 09610 
-0, 11086 
~0, 12479 
~-0, 13782 


~0, 14985 
-0. 16081 
-0, 17062 
-0, 17922 
-0, 18654 


-0,19255 
-0. 19720 
-0, 20045 
-0, 20229 
-0, 20271 


-0, 20171 
~0.19928 
~-0, 19546 
-0. 19026 
-0, 18373 


~0, 17592 
-0. 16688 
-0, 15669 
-0, 14540 
~-0. 13312 


-9. 11992 
-0.10591 
-0, 09119 
-0. 07587 
~0. 06006 


141 


-0. 04389 465 


o"] 


0. 22134 
0. 21230 
0. 20356 
0.19510 
0.18691 


0.17900 
0.17136 
0.16398 
0.15685 
0.14997 


0.14334 
0.13694 
0.13077 
0.12482 
0.11910 


0.11358 
0.10828 
0.10318 
0, 09827 
0. 09356 


0. 08903 
0. 08468 
0. 08051 
0. 07650 
0. 07266 


0. 06898 
0. 06545 
0. 06207 
0. 05884 
0.05575 


0, 05279 
0. 04996 
0. 04726 
0. 04468 
0. 04222 


0. 03988 
0. 03764 
0. 03550 
0. 03347 
0. 03154 


0. 02970 
0. 02795 
0. 02628 
0. 02470 
0. 02320 


0. 02178 
0. 02043 
0.01915 
0. 01794 
0.01679 


0.01571 


10?5z— 20J 29 (x) 


33 
71 


ull 


1027 2-21 Jos (2) 


0, 61224 
0. 58873 
0. 56593 
0. 54382 
0. 52239 


0.50162 
0. 48151 
0. 46204 
0. 44319 
0. 42496 


0. 40733 
0. 39028 
0. 37381 
0. 35789 
0. 34253 


0. 32769 
0. 31338 
0. 29957 
0. 28626 
0. 27343 


0. 26107 
0, 24917 
0.23771 
0. 22669 
0. 21608 


0. 20589 
0.19609 
0.18668 
0.17764 
0.16896 


0.16064 
0.15265 
0.14500 
0.13767 
0.13064 


0.12392 
0.11749 
0.11133 
0.10545 
0. 09982 


0. 09445 
0. 08933 
0. 08443 
0.07977 
0. 07532 


0.07108 
0. 06704 
0. 06319 
0. 05953 
0. 05606 


0.05275 4 


04 


wal 


405 


Table 9.3 


10- 28z20Y 99 (x) 


11. 0024 
11. 5807 
12.1974 
12. 8555 
13.5585 


14, 3098 
15.1136 
15, 9742 
16. 8962 
17. 8849 


18. 9460 
20, 0855 
21, 3104 
22, 6279 
24. 0462 


treet t tt tt 


25.5740 
27, 2209 
28.9975 
30.9150 
32, 9859 


35, 2237 
37. 6429 
40, 2594 
43.0904 
46,1543 


49,4711 
53. 0622 
56. 9506 
61.1611 
65.7197 


70. 6543 
75, 9946 
81,7717 
88. 0182 
94. 7683 


-102. 0574 
~109, 9219 
~118. 3992 
-127. 5270 
~137, 3432 


-147. 8850 
-159, 1885 
-171. 2882 
~184, 2155 
-197. 9980 


~212, 6582 
-228, 2122 
-244, 6678 
~262, 0226 
-280, 2622 


~299, 3574 


heal 


406 
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Table 9.3 


BESSEL FUNCTIONS—MODULUS AND PHASE OF ORDERS 10, 11, 20 AND 21 
In(z)=Man(r) cos n(x) 


a-l a! Mio(z) 
0. 050 0.85676 701 
0, 048 0.85136 682 
0.046 0, 84633 336 
0. 044 0. 84164 245 
0. 042 0.83727 251 
0,040 0. 83320 419 
0. 038 0. 82942 012 
0. 036 0.82590 472 
0. 034 0, 82264 403 
0, 032 0.81962 546 
0. 030 0. 81683 775 
0.028 0.81427 076 
0. 026 0.81191 546 
0, 024 0.80976 370 
0, 022 0.80780 825 
0, 020 0, 80604 267 
0. 018 0.80446 127 
0.016 0.80305 902 
0. 014 0. 80183 156 
0, 012 0. 80077 512 
0. 020 0.79988 647 
0. 008 0.79916 297 
0, 006 0.79860 244 
0, 004 0.79820 323 
0. 002 0.79796 417 
0. 000 0.79788 456 

(-5) *| 
5 
rol a M29(z) 
0. 050 1, 474083 
0.048 1, 320938 
0. 046 1.211667 
0. 044 1.131459 
0. 042 1, 070845 
0, 040 1, 023762 
0. 038 0. 986284 
0, 036 0. 955823 
0, 034 0. 930635 
0. 032 0. 909513 
0. 030 0. 891605 
0, 028 0. 876293 
0. 026 0. 863121 
0. 024 0. 851743 
0. 022 0. 841895 
0,020 0. 833375 
0. 018 0. 826019 
0.016 0. 819702 
0, 014 0. 814321 
0, 012 0. 809796 
0. 010 0. 806062 
0, 008 0. 803071 
0. 006 Q. 800781 
0, 004 0. 799165 
0. 002 0. 798204 
0. 000 0. 797885 


ea 


Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. 
Royal Society Shorter Mathematical Tables No. 3(Cambridge Univ. Press, Cambridge, England, 


1954) (with permission). 


619(x)—a 


~13. 94798 
-14. 05389 
~14, 15926 
-14, 26413 
-14, 36853 


-14, 47247 
-14, 57600 
-14, 67912 
~14, 78187 
-14, 88428 


-14. 98636 
~15. 08815 
~15, 18965 
-15. 29090 
-15, 39191 


-15, 49271 
-15, 59332 
-15, 69375 
-15. 79403 
~15. 89418 


-15, 99422 
~16, 09416 
~16. 19402 
-16, 29383 
-16, 39360 


-16, 49336 
ee 
5 


629 (x) —a: 
-21. 047407 
~21, 606130 
-22, 149524 
~22. 676802 
-23, 188535 


-23. 685951 
~24. 170500 
~24, 643620 
-25. 106640 
-25, 560748 


-26, 006988 
-26, 446280 
~26. 879433 
~27, 307159 
-27, 730098 


~28. 148822 
-28, 563847 
-28, 975650 
-29, 384666 
-29. 791303 


-30. 195941 
-30, 598942 
-31, 000652 
-31, 401404 
-31, 801522 


-32, 201325 
(4 


864 


Yn (z) =M, (z) SIN (x) 
wt M11 (2) 


0, 87222 
0. 86513 
0, 85857 
0, 85250 
0, 84689 


0. 84170 
0, 83689 
0, 83246 
0, 82836 
0, 82459 


0, 82112 
0, 81794 
0, 81503 
0. 81237 
0, 80997 


0, 80781 
0. 80588 
0. 80416 
0. 80267 
0, 80139 


0. 80031 
0. 79943 
0. 79875 
0. 79827 
0. 79798 


0, 79788 


790 


456 


is 


aM 21 (2) 
1.791133 
1.525581 
1, 347435 
1, 224460 
1.136653 


1.071741 
1.022171 
0. 983229 
0. 951902 
0. 926211 


0, 904821 
0. 886799 
0, 871483 
0. 858385 
0, 847145 


0. 837487 
0. 829198 
0. 822114 
0. 816105 
0. 811069 


0. 806925 
0, 803612 
0, 801081 
0. 799297 
0. 798237 


0, 797885 


ee 


<z>=nearest integer to 2. 


611 (2) —a 
-14, 96758 686 
-15. 09771 672 
-15, 22701 466 
~15. 35552 901 
-15, 48330 635 


-15, 61039 144 
-15. 73682 771 
-15, 86265 679 
-15. 98791 896 
-16.11265 291 


-16, 23689 620 
-16. 36068 504 
-16. 48405 469 
~16, 60703 912 
-16. 72967 149 


-16, 85198 406 
-16. 97400 835 
~17. 09577 505 
-17. 21731 438 
-17. 33865 590 


-17. 45982 880 
-17.58086 166 
-17. 70178 302 
-17, 82262 084 
-17. 94340 316 


-18, 06415 776 
a 


691 (x) —2 
-21, 290925 
-21, 927545 
~22. 550082 
-23. 154248 
-23. 738936 


-24, 304948 
-24. 853951 
-25. 387848 
-25. 908478 
-26, 417500 


26. 916369 
-27, 406346 
-27. 888527 
-28. 363869 
-28, 833211 


~29, 297299 
~29, 756800 
-30. 212318 
~30. 664405 
~31. 113569 


-31, 560285 
-32, 005000 
-32. 448139 
-32. 890109 
-33, 331307 


~33, 772121 


(F 
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WOONTOM HPWNEFO 38 


BESSEL FUNCTIONS—VARIOUS ORDERS Table 9.4 

Jn(1) Jn(2) Jn(5) 
1)7.65197 6866 - 1)2.23890 7791 - 1)-1.77596 7713 
1) 4.40050 5857 - 1)5.76724 8078 - 1)-3.27579 1376 
1)1.14903 4849 - 1)3.52834 0286 - 2)+4.65651 1628 
2)1. 95633 5398 ~ 1)1.28943 2495 - 1) 3,64831 2306 
3)2.47663 8964 - 2)3.39957 1981 (- 1) 3.91232 3605 
4) 2.49757 7302 - 3)7.03962 9756 (- 1) 2.61140 5461 
5) 2.09383 3800 - 3)1.20242 8972 - 1) 1.31048 7318 
6)1. 50232 5817 - 4)1.74944 0749 - 2) 5.33764 1016 
8) 9. 42234 4173 - 5)2.21795 5229 - 2) 1.84052 1665 
9)5. 24925 0180 - 6)2.49234 3435 (- 3) 5.52028 3139 
- 10)2. 63061 5124 - 7)2.51538 6283 - 3) 1.46780 2647 
- 11)1.19800 6746 - 8)2,.30428 4758 - 4) 3,50927 4498 
- 13)4,.99971 8179 - 9)1.93269 5149 - 5) 7.62781 3166 
~ 14)1.92561 6764 - 10)1. 49494 2010 - 5) 1.52075 8221 
- 16) 6.88540 8200 - 1.07294 6448 - 6) 2,80129 5810 
- 17)2.29753 1532 - 7.18301 6356 - 7) 4.79674 3278 
- 19)7.18639 6587 - 14) 4.50600 5896 - 8) 7.67501 5694 
- 20)2.11537 5568 - 2.65930 7805 ~ 8) 1.15266 7666 
- 22)5, 88034 4574 - 16)1. 48173 7249 - 9) 1.63124 4339 
- 23)1.54847 8441 - 18)7. 81924 3273 - 10) 2.18282 5842 
~ 25)3. 87350 3009 - 3.91897 2805 - 11) 2.77033 0052 
~ 42)3. 48286 9794 ~ 33)3.65025 6266 - 21) 2.67117 7278 
~ 60)1,10791 5851 - 48)1.19607 7458 - 33) 8.70224 1617 
- 80)2.90600 4948 - 3.22409 5839 ~ 45) 2.29424 7616 
-189) 8. 43182 8790 -158)1. 06095 3112 (-119) 6.26778 9396 

Jn(10) J n(50) J7,(100) 
- 1)-2. 45935 7645 - 2)+5,.58123 2767 -2)+1. 99858 5030 
- 2)+4. 34727 4617 - 2)-9.75118 2813 -2)-7. 71453 5201 
~ 1)+2.54630 3137 - 2)-5.97128 0079 ~2)-2.15287 5734 
- 2)+5, 83793 7931 - 2)+9. 27348 0406 -2)+7. 62842 0172 
- 1)-2.19602 6861 ~ 2)+7. 08409 7728 -2)+2. 61058 0945 
- 1)-2. 34061 5282 ~ 2)-8.14002 4770 (-2)-7. 41957 3696 
~ 2)-1. 44588 4208 - 2)-8.71210 2682 -2)~3. 35253 8314 
- 1)+2.16710 9177 - 2)+6.04912 0126 -2)+7, 01726 9099 
- 1) 3.17854 1268 - 1)+1.04058 5632 -2)+4. 33495 5988 
- 1) 2.91855 6853 (- 2)-2. 71924 6104 -2)-6, 32367 6141 
- 1) 2.07486 1066 (- 1)-1.13847 8491 -2)-5. 47321 7694 
- 1) 1.23116 5280 ~ 2)-1. 83466 7862 -2)+5, 22903 2602 
- 2) 6.33702 5497 - 1)+1.05775 3106 ~2)+6. 62360 4866 
- 2) 2.89720 8393 - 2)+6.91188 2768 -2) ~3, 63936 7434 
~ 2) 1.19571 6324 - 2)-6.98335 2016 -2)-7. 56984 0399 
- 3) 4.50797 3144 - 1)-1. 08225 5990 -2)4+1. 51981 2122 
- 3) 1.56675 6192 - 3)+4, 89816 0778 -2)+8,02578 4036 
~ 4) 5.05646 6697 - 1)+1,.11360 4219 -2)+1. 04843 8769 
- 4) 1.52442 4853 - 2)+7.08269 2610 ~2)-7. 66931 4854 
- 5) 4.31462 7752 ~ 2)-6,. 03650 3508 -2) -3. 80939 2116 
5) 1.15133 6925 - 1)-1.16704 3528 -2) +6, 22174 5850 
-12) 1.55109 6078 ~ 2)+4, 84342 5725 -2)4+8.14601 2958 
-21) 6.03089 5312 - 1)-1.38176 2812 -2)+7,27017 5482 
-30) 1.78451 3608 - 1)4+1. 21409 0219 -2)-3. 86983 3973 
-89) 6.59731 6064 (-21)+1.11592 7368 (-2)+9. 63666 7330 


408 


Table 9.4 


OMNIA HPWNHEHO 38 


ODN PWNFMO 38 


100 


a 


*See page Il. 
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~6, 78020 
-1. 21618 


-8, 86684 
-3, 01195 
-1, 08341 


22) -4. 11397 
39) -3. 04812 
57) -7. 18487 
77) -2,19114 


85) -3. 77528 


BESSEL FUNCTIONS—VARIOUS ORDERS 


6422 
8213 
2607 
7606 
2303 


8666 
0243 
5705 
6185 
4939 


0143 
0081 
4376 
1870 
6748 


3276 
1366 
3398 
2974 
6386 


0315 
8783 
4797 
2813 


7810 


¥,(10)" 


-2)45. 56711 
~1)42. 49015 
- 3) -5. 86808 
~1)-2. 51362 
-1)-1. 44949 


-1)+1, 35403 
~1) +2. 80352 
-1) +2. 01020 
-3)41. 07547 
-1)-1. 99299 


~5. 20329 
-7, 84909 
1. 36345 
2. 76007 


}-3 203a9 


6728 
4242 
2442 
6572 
5119 


0477 
5596 
0238 
3734 
2658 


1522 
0386 
7327 
4320 
1499 


5877 
6613 
8575 
4254 
5457 


3848 
2316 
3297 
6502 


8271 


: 


1 


Perpbero ote tte tbo ote btoues ob be be tt 


NO DO Mrmr pr NNN Ww 


+ 


: 
| 
| 
| 


Y,(2) 


-1. 27728 


9) -2.14114 


10) -2, 98102 
11) -4. 45012 
12) -7. 09038 
14) -1. 20091 
15) -2, 15455 


16) -4, 08165 

-2, 91322 
45) -6, 66154 
62) -1.97615 


55) -3. 00082 


6726 
4315 
1042 
3777 
3226 


9128 
0242 
0254 
2175 
2938 


5422 
5593 
5698 
1981 
3619 


3646 
4034 
8217 
5873 
8183 


1389 
3848 
1235 
0576 


6049 


¥,(50)" 


2) -9. 80649 
2)-5. 67956 
Be ances 
2) +6. 44591 
2) -8. 80580 


2) -7. 85484 
Sy eaica 
2) +9. 59120 
mot toece 
1)-1. 10469 


+5, 72389 
+1.12759 
+4, 38902 
-9, 16920 
)-9.15700 


)+4. 04128 
+1. 15817 
+3. 37105 
-9, 28945 
-1, 00594 


+1. 64426 
~1.16457 
-4, 53080 
-2.10316 


18) -3. 29380 


9547 
6856 
6873 
2206 
7408 


1391 
9130 
2782 
2351 
7953 


7182 
3542 
1867 
4926 
8429. 


02C5 
7655 
6788 
7936 
6650 


3395 
2349 
1120 
5546 


0188 


Y,(5) 


-3.08517 6252 
+1. 47863 1434 
+3, 67662 8826 
+1. 46267 1627 
~1.92142 2874 


53694 8225 
15247 3576 
- 26289 8836 
. 82086 9383 
- 76388 3188 


1 
4 
7 
1 
2 
7 
2.51291 1010 
9.27525 5719 
3.82982 1416 
1. 74556 1722 
8, 69393 8814 
4 
2 
l 
1 
7 
-5. 


- 69404 9564 
72949 0350 
- 69993 3328 
- 12865 9760 
95635 6938 


93396 5297 
~4.02856 8418 
29) -9. 21681 6571 
42) -2. 78883 7017 


| 
| 
( 
| 
( 
| 
( 


115) -5. 08486 3915 


Y,(100)" 


-2)-7. 72443 1337 
By cess 1200 
-2)+7. 68368 6713 
-2)+2. 34457 &669 
-2)-7. 54301 1992 


~2) -2.94801 9628 
-2) +7, 24821 0030 
-2) +3, 81780 4832 
-2) -6. 71371 7353 
-2) -4. 89199 9608 


( 
(-2)+5. 83315 7424 
2 +6, 05863 1093 
~4,50025 8533 
-7, 13869 3153 
3h ao eadlo 8363 
( 
( 


2) +7. 87906 8695 
3)-2. 80477 7550 
-7, 96882 1576 
-2, 42892 1581. 
+7, 09440 9807 
)- 


+5,12479 7308 
+6, 13883 9212 
2)4+4.07468 5217 
2)4+7. 65052 6394 


1.66921 4114 


2 


-1 
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Table 9.5 


ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 


rary 
OVOOyter NPWNHEH & 


J0, 8 
2.40482 55577 
5.52007 81103 
8.65372 79129 

11. 79153 44391 
14, 93091 77086 


18, 07106 39679 
21, 21163 66299 
24. 35247 15308 
27. 49347 91320 
30. 63460 64684 


33. 77582 02136 
36. 91709 83537 
40, 05842 57646 
43.19979 17132 
46. 34118 83717 


49. 48260 98974 
52. 62405 18411 
55. 76551 07550 
58. 90698 39261 
62. 04846 91902 


J3, 8 
6, 38016 
9, 76102 
13, 01520 
16, 22347 
19, 40942 


22, 58273 
25, 74817 
28, 90835 
32. 06485 
35. 21867 


38. 37047 
41. 52072 
44, 66974 
47. 81779 
50. 96503 


54. 11162 
57. 25765 
60. 40322 
63. 54840 
66. 69324 


J6, 8 
9. 93611 
13, 58929 
17. 00382 
20, 32079 
23. 58608 


26, 82015 
30. 03372 
33. 23304 
36. 42202 
39. 60324 


42. 77848 
45. 94902 
49.11577 
52. 27945 
55. 44059 


58. 59961 
61. 75682 
64. 91251 
68, 06689 
71. 22013 


J'1(A1, a) 


3.83171 -0.40276 
7.01559 +0,30012 
10.17347 -0, 24970 
13. 32369 +0, 21836 
16.47063 -0,19647 


19,61586 +0.18006 
22.76008 -0,16718 
25.90367 +0.15672 
29,04683 -0.14801 
32.18968 +0.14061 


35.3323) -0,13421 
38.47477 = +0, 12862 
41.61709 -0,12367 
44,75932 +0.11925 
47.90146  -0,11527 


51.04354 +0.11167 
54,18555 -0,10839 
57.32753 +0.10537 
60.46946 -0,10260 
63,61136 +0,10004 


J’ o(Jo, a) 
-0,51914 74973 
+0. 34026 48065 
~0,27145 22999 
+0. 23245 98314 
-0. 20654 64331 
+0,18772 88030 
-0.17326 58942 
+0.16170 15507 
-0,15218 12138 
+0.14416 59777 
-0.13729 69434 
+0.13132 46267 
~0.12606 94971 
+0.12139 86248 
-0.11721 11989 
+0.11342 91926 
-0,10999 11430 
+0.10684 78883 
-0.10395 95729 
+0,10129 34989 
J'3(ja, s) J4, 8 
-0, 29827 7. 58834 
+0, 24942 11, 06471 
~0. 21828 14, 37254 
+0, 19644 17, 61597 
-0, 18005 20, 82693 
+0.16718 24, 01902 
-0. 15672 27.19909 
+0. 14801 30. 37101 
-0. 14060 33, 53714 
+0. 13421 36, 69900 
-0. 12862 39, 85763 
+0. 12367 43, 01374 
-0.11925 46. 16785 
+0.11527 49. 32036 
-0. 11167 52. 47155 
+0. 10839 55. 62165 
~0. 10537 58. 77084 
+0. 10260 61. 91925 
-0, 10004 65. 06700 
+0. 09765 68, 21417 
J’6(Je, 8) is 
-0, 22713 11. 08637 
+0, 20525 14, 82127 
-0. 18726 18, 28758 
+0, 17305 21. 64154 
-0. 16159 24. 93493 
+0.15212 28.19119 
~0. 14413 31. 42279 
+0.13727 34, 63709 
~0, 13131 37, 83872 
+0.12606 41, 03077 
-0, 12139 44, 21541 
+0. 11721 47, 39417 
-0. 11343 50, 56818 
+0. 10999 53, 73833 
-0. 10685 56. 90525 
+0. 10396 60. 06948 
-0, 10129 63, 23142 
+0. 09882 66. 39141 
-0. 09652 69. 54971 
+0, 09438 72. 70655 


J'4( 54, 0) 


-0. 26836 
+0. 23188 
-0, 20636 
+0. 18766 
-0,17323 


+0. 16168 
-0, 15217 
+0. 14416 
-0, 13729 
+0. 13132 


-0. 12607 
+0. 12140 
-0.11721 
+0. 11343 
~0. 10999 


+0. 10685 
~0. 10396 
+0. 10129 
-0. 09882 
+0. 09652 


J (37, a) 


-0. 21209 
+0. 19479 
-0, 17942 
+0. 16688 
-0, 15657 


+0. 14792 
-0, 14055 
+0. 13418 
~0, 12859 
+0,12365 


-0,11924 
+0.11526 
-0, 11166 
+0. 10838 
-0, 10537 


+0. 10260 
-0, 10003 
+0, 09765 
-0. 09543 
+0. 09336 


J2,8 
5.13562 
8.41724 

11, 61984 
14, 79595 
17. 95982 


21.11700 
24, 27011 
27. 42057 
30. 56920 
33, 71652 


36, 86286 
40. 00845 
43.15345 
46, 29800 
49. 44216 


52. 58602 
55. 72963 
58. 87302 
62, 01622 
65, 15927 


45,8 
8.77148 
12, 33860 
15. 70017 
18. 98013 
22. 21780 


25. 43034 
28. 62662 
31. 81172 
34. 98878 
38, 15987 


41. 32638 
44. 48932 
47. 64940 
50. 80717 
53. 96303 


57. 11730 
60. 27025 
63. 42205 
66. 57289 
69. 72289 


J8, 8 
12, 22509 
16. 03777 
19, 55454 
22. 94517 
26, 26681 


29. 54566 
32. 79580 
36, 02562 
39. 24045 
42, 44389 


45. 63844 
48, 82593 
52, 00769 
55. 18475 
58. 35789 


61. 52774 
64. 69478 
67. 85943 
71, 02200 
74, 18277 


J'2(j2, ) 
-0. 33967 
+0. 27138 
-0. 23244 
+0. 20654 
-0. 18773 


+0.17326 
-0. 16170 
+0. 15218 
-0. 14417 
+0, 13730 


-0, 13132 
+0. 12607 
-0,12140 
+0. 11721 
~0. 11343 


+0. 10999 
-0. 10685 
+0. 10396 
-0, 10129 
+0, 09882 


J's( 3s, s) 


-0. 24543 
+0. 21743 
~0,19615 
+0. 17993 
-0. 16712 


+0. 15669 
-0. 14799 
+0. 14059 
-0. 13420 
+0. 12861 


-0. 12366 
+0. 11925 
-0.11527 
+0. 11167 
-0, 10838 


+0. 10537 
-0, 10260 
+0. 10003 
-0, 09765 
+0. 09543 


J’3(Js, s) 


-0. 19944 
+0. 18569 
~-0.17244 
+0. 16130 
-0, 15196 


+0. 14404 
-0. 13722 
+0. 13127 
-0, 12603 
+0. 12137 


-0. 11719 
+0, 11342 
~0. 10998 
+0. 10684 
-0. 10395 


+0. 10129 
-0. 09882 
+0. 09652 
-0. 09438 
+0. 09237 


409 
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Table 9.5 

ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 
5 YO, s Y’o(yo, s) Yi, 8 Y's(1, 8) Y2, 8 Y'2(y2, s) 
1 0.89357 697 +0, 87942 080 2.19714 +0, 52079 3.38424 +0, 39921 
2 3.95767 842 -0, 40254 267 5. 42968 -0, 34032 6, 79381 ~0, 29992 
3 7.08605 106 +0, 30009 761 8. 59601 +0. 27146 10, 02348 +0, 24967 
4 10, 22234 504 -0. 24970 124 11, 74915 ~0, 23246 13. 20999 -0. 21835 
5 13. 36109 747 +0, 21835 830 14, 89744 +0, 20655 16, 37897 +0. 19646 
6 16, 50092 244 -0.19646 494 18. 04340 -0, 18773 19, 53904 -0, 18006 
7 19. 64130 970 +0.18006 318 21, 18807 +0,17327 22. 69396 +0. 16718 
8 22, 78202 805 ~-0.16718 450 24, 33194 -0. 16170 25. 84561 -0. 15672 
9 25.92295 765 +0.15672 493 27. 47529 +0, 15218 28. 99508 +0. 14801 


10 29, 06403 025 -0.14801 108 30, 61829 -0,14417 32. 14300 -0, 14061 


ll 32. 20520 412 +0.14060 578 33. 76102 +0. 13730 35, 28979 +0, 13421 
12 35. 34645 231 ~0. 13421 123 36. 90356 -0, 13132 38. 43573 -0. 12862 
13 38.48775 665 +0.12861 661 40. 04594 +0. 12607 41, 58101 +0, 12367 
14 41. 62910 447 0.12366 795 43, 18822 -0. 12140 44, 72578 -0.11925 
15 44. 77048 661 4+0.11924 981 46, 33040 +0.11721 47. 87012 +0.11527 


16 47.91189 633 -0.11527 369 49, 47251 ~0. 11343 51. 01413 -0, 11167 
17 51, 05332 855 +0,11167 049 52. 61455 +0, 10999 54.15785 +0, 10839 
18 54.19477 936 -0.10838 535 55. 75654 -0. 10685 57. 30135 -0, 10537 
19 57. 33624 570 +0.10537 405 58. 89850 +0. 10396 60. 44464 +0. 10260 
20 60. 47772 516 -0.10260 057 62. 04041 -0, 10129 63. 58777 -0. 10004 


s Y3, 8 Y’3(ya, s) YA, 5 Y'a(ya, s) Y5, 8 Y's (ys, s) 
1 4.52702 +0, 33256 5. 64515 +0, 28909 6 74718 +0, 25795 
2 8, 09755 -0, 27080 9. 36162 -0. 24848 10, 59718 ~0. 23062 
3 11. 39647 +0, 23232 12. 73014 +0. 21805 14, 03380 +0, 20602 
4 14, 62308 -0, 20650 15. 99963 -0. 19635 17. 34709 -0, 18753 
5 17. 81846 +0. 18771 19, 22443 +0, 18001 20. 60290 +0. 17317 
6 20. 99728 ~0.17326 22. 42481 -0. 16716 23. 82654 -0.16165 
7 24, 16624 +0. 16170 25, 61027 +0. 15671 27. 03013 +0.15215 
8 27. 32880 -0.15218 28. 78589 -0. 14800 30. 22034 -0. 14415 
9 30. 48699 +0, 14416 31, 95469 +0. 14060 33. 40111 +0. 13729 
10 33. 64205 -0. 13730 35, 11853 -0. 13421 36, 57497 -0. 13132 
11 36. 79479 +0. 13132 38, 27867 +0. 12861 39. 74363 +0. 12606 
12 39, 94577 -0. 12607 41, 43596 ~0, 12367 42, 90825 ~0.12140 
13 43, 09537 +0. 12140 44, 59102 +0, 11925 46. 06968 +0, 11721 
14 46, 24387 -0,11721 47. 74429 -0, 11527 49. 22854 -0. 11343 
15 49. 39150 +0. 11343 50, 89611 +0. 11167 52. 38531 +0. 10999 
16 52. 53840 -0, 10999 54. 04673 -0. 10838 55. 54035 -0. 10685 
17 55. 68470 +0, 10685 57. 19635 +0. 10537 58. 69393 +0. 10396 
18 58, 83049 -0. 10396 60. 34513 -0. 10260 61. 84628 ~0. 10129 
19 61. 97586 +0, 10129 63. 49320 +0, 10003 64, 99759 +0, 09882 
20 65. 12086 -0, 09882 66. 64065 -0, 09765 68. 14799 -0, 09652 
s Y6, 8 Y’e(ye, s) Yi, 8 Y'7(y7, s) YB, 8 Y's(ys, s) 
1 7. 83774 +0. 23429 8.91961 +0. 21556 9.99463 +0, 20027 
2 11. 81104 -0, 21591 13. 00771 -0, 20352 14. 19036 -0. 19289 
3 15, 31362 +0, 19571 16, 57392 +0, 18672 17, 81789 +0. 17880 
4 18. 67070 -0.17975 19. 97434 ~0, 17283 21. 26093 -0. 16662 
5 21. 95829 +0, 16703 23. 29397 +0. 16148 24, 61258 +0. 15643 
6 25, 20621 -0. 15664 26. 56676. -0, 15206 27. 91052 -0. 14785 
7 28. 42904 +0. 14796 29. 80953 +0. 14409 31.17370 +0.14051 
8 31. 63488 -0. 14058 33. 03177 ~0. 13725 34, 41286 -0.13415 
9 34, 82864 +0.13419 36. 23927 +0. 13130 37, 63465 +0. 12857 
10 38, 01347 -0, 12860 39, 43579 -0, 12605 40, 84342 -0, 12364 
11 41,19152 +0. 12366 42, 62391 +0. 12138 44, 04215 +0,11923 
12 44, 36427 -0. 11924 45, 80544 -0. 11720 47. 23298 -0. 11526 
13 47. 53282 +0,11527 48, 98171 +0, 11342 50, 41746 +0, 11166 
14 50. 69796 -0,11167 52. 15369 -~0. 10999 53. 59675 -0, 10838 
15 53. 86031 +0. 10838 55. 32215 +0. 10684 56. 77177 +0, 10537 
16 57, 02034 -0, 10537 58. 48767 ~0. 10396 59. 94319 -0, 10260 
17 60, 17842 +0, 10260 61. 65071 +0. 10129 63.11158 +0. 10003 
18 63. 33485 -0, 10003 64. 81164 -0. 09882 66, 27738 -0, 09765 
19 66, 48986 +0, 09765 67.97075 +0, 09652 69. 44095 +0, 09543, 


20 69, 64364 -0, 09543 71. 12830 -0, 09438 72, 60259 ~0. 09336 


ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 
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J0,s 
0.00000 00000 
3.83170 59702 
7.01558 66698 

10.17346 81351 
13,32369 19363 


16.47063 00509 
19.61585 85105 
22.76008 43806 
25.90367 20876 
29.04682 85349 


32.18967 99110 
35.33230 75501 
38.47476 62348 
41.61709 42128 
44.75931 89977 


47.90146 08872 
51.04353 51836 
54,18555 36411 
57.32752 54379 
60.46945 78453 


+ 
J 3,8 


4.20119 
8.01524 
11.34592 
14.58585 
17.78875 


20.97248 
24.14490 
27.31006 
30.47027 
33.62695 


36.78102 
39,93311 
43.08365 
46.23297 
49.38130 


52.52882 
55.67567 
58.82195 
61.96775 
65,11315 


76, x 


7.50127 
11.73494 
15.26818 
18.63744 
21.93172 


25.18393 
28.40978 
31.61788 
34,.81339 
37.99964 


41.17885 
44,35258 
47.52196 
50.68782 
53.85079 


57.01138 
60.16995 
63.32681 
66.48221 
69.63635 


Fo(F'o, x) Js Ai(7'1,s) 
+1.00000 00000 1.84118 +0,58187 
-0.40275 93957 5.33144 -0.34613 
4+0.30011 57525 8.53632 +0,.27330 
-0.24970 48771 11.70600 -0,.23330 
+0.21835 94072 14.86359 +0,.20701 
-0.19646 53715 18,01553 -0.18802 
+0,18006 33753 21,16437 +0.17346 
~0.16718 46005 24,31133 -0.16184 
+0.15672 49863 27.45705 +0.15228 
-0.14801 11100 30.60192 -0.14424 
+0.14060 57982 33.74618 +0.13736 
-0.13421 12403 36.88999 -0.13137 
+0.12861 66221 40.03344 +0.12611 
-0.12366 79608 43.17663 -0,.12143 
+0,11924 98120 46,31960 +0,11724 
-0.11527 36941 49.46239 ~0,11345 
+0.11167 04969 52.60504 +0.11001 
-0.10838 53489 55.74757 -0.10687 
+0,10537 40554 58.89000 +0,10397 
-0.10260 05671 62,03235 -0.10131 

J3(7'3, ») Jas T4(7'4, «) 
+0,43439 5.31755 +0.39965 
~0,29116 9.28240 -0.27438 | 
+0,24074 12,68191 +0,22959 
-0.21097 15,96411 -0.20276 
+0.19042 19.19603 +0,18403 
-0.17505 22,40103 -0,16988 
+0,16295 25,58976 +0.15866 
~0.15310 28.76784 -0.14945 
+0.14487 31.93854 +0.14171 
-~0.13784 35.10392 -0.13509 
+0,13176 38,26532 +0.12932 
-0.12643 4142367 -0.12425 
+0,.12169 44.57962 +0,11973 
-0.11746 47.73367 -0.11568 
+0,11364 50.88616 +0.11202 
-0.11017 54,.03737 -0.10868 
+0,10700 57.18752 +0.10563 
-0,10409 60,.33677 -0.10283 
+0,10141 63.48526 +0.10023 
-0.09893 6663309 -0.09783 
JF6(7'6, s) 7s I7(7'7, 5) 
+0.35414 8.57784 +0,33793 
-0.25017 12.93239 -0,24096 
+0,.21261 16.52937 +0,20588 
-0.18978 19.94185 -0.18449 
+0.17363 23.26805 +0.16929 
-0.16127 26.54503 -0.15762 
+0.15137 29.79075 +0.14823 
-0.14317 33.01518 ~0,14044 
+0,13623 36,22438 +0,13381 
-0.13024 39.42227 -0,12808 
+0,12499 42,61152 +0.12305 
-0.12035 45.79400 ~0,11859 
+0,11620 48.97107 +0.11460 
-0,11246 52,14375 -0,11099 
+0.10906 55,31282 +0,10771 
-0.10596 58.47887 ~0,10471 
+0,10311 61.64239 +0,10195 
-0,10049 64.80374 ~0.09940 
+0.09805 67.96324 +0.09704 
-0.09579 71.12113 -0,09484 


J 6 
3.05424 
6.70613 
9.96947 

13,17037 
16,.34752 


19,51291 
22.67158 
25.82604 
28.97767 
32,12733 


35.27554 
38.42265 
41.56893 
44.71455 
47.85964 


51.00430 
54.14860 
57.29260 
60.43635 
63.57989 


+ 
J5,s 


6.41562 
10,51986 
13.98719 
17,31284 
20,57551 


23.80358 
27,01031 
30.20285 
33.38544 
36.56078 


39.73064 
42.89627 
46.05857 
49.21817 
§2.37559 


§5.53120 
58.68528 
61,83809 
64.98980 
68.14057 


- 
JS, 


9.64742 
14.11552 
17.77401 
21.22906 
24.58720 


27.88927 
31.15533 
34.39663 
37,62008 
40.83018 


44,03001 
47.22176 
50.40702 
53.58700 
56.76260 


59.93454 
63.10340 
66.26961 
69.43356 
72.59554 


Table 9.5 


J2(J'2, s) 
+0,48650 
-0.31353 
+0,.25474 
~0,22088 
+0,19794 


-0.18101 
+0.16784 
-0.15720 
+0,14836 
-0.14088 


+0.13443 
-0.12879 
+0.12381 
-0.11937 
+0,11537 


-0.11176 
+0.10846 
-0.10544 
+0,10266 
-0.10008 


S5(7'5, 8) 


+0.37409 
-0,26109 
+0.22039 
-0,19580 
+0,17849 


-0.16533 
+0,15482 
-0.14616 
+0.13885 
-0.13256 


+0.12707 
-0,12223 
+0.11790 
-0.11402 
+0.11049 


-0.10728 
+0.10434 
-0.10163 
+0,09912 
-0.09678 


Is(7's, «) 


+0.32438 
-0.23303 
+0.19998 
-0.17979 
+0.16539 


-0.15431 
+0.14537 
~0,13792 
+0.13158 
~0,12608 


+0.12124 
-0.11695 
+0.11309 
-0.10960 
+0.10643 


-0,10352 
+0,10084 
-0.09837 
+0,09607 
-0.09393 


411 


412 BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.5 
ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 
8 y'0,6 Yo(y'o, s) Yin Yi(y'1,«) 2, « Yo(y'2, ») 
1 2.19714 133 +0.52078 641 3.68302 +0.41673 5.00258 +0.36766 
2 5.42968 104 -0,34031 805 6.94150 ~0,30317 8.35072 -0.27928 
3 8.59600 587 +0.27145 988 10,12340 +0.25091 11.57420 +0,23594 
4 12.74915 483 -0.23246 177 13.28576 -0.21897 14.76091 -0.20845 
5 14,89744 213 +0.20654 711 16.44006 +0.19683 17,.93129 +0.18890 
6  18,04340 228 -0,18772 909 19,59024 -0,18030 21.09289 -0.17405 
7 —«-:21,18806 893 +0.17326 604 22.73803 +0.16735 24.24923 +0.16225 
8 24.33194 257 -0.16170 163 25.88431 -0,15684 27.40215 ~0.15259 
9 27,47529 498 +0,15218 126 29,02958 +0.14810 30.55271 +0.14448 
10 30.61828 649 -0.14416 600 32,17412 -0,14067 33.70159 -0.13754 
11 3376101 780 +0.13729 696 35,31813 +0.13427 36,84921 +0.13152 
12 36.90355 532 ~0,13132 464 38,46175 -0,12866 39.99589 -0.12623 
13 40.04594 464 +0.12606 951 41.60507 +0,12370 43.14182 +0,12153 
14 = 43,18821 810 -0,12139 863 44,74814 -0,11928 46.28716 ~0.11732 
15 46.33039 925 +0.11721 120 47.89101 +0.11530 49.43202 +0,11352 
16 49.47250 568 -0.11342 920 51.03373 ~0,11169 52.57649 -0.11007 
17 = 52,61455 077 +0,10999 115 54.17632 +0.10840 55.72063 +0.10692 
18 55.75654 488 -0,10684 789 57.31880 -0.10539 58.86450 0.10402 
19 58.89849 617 +0.10395 957 60.46118 +0.10261 62.00814 +0,10135 
20 62.04041 115 -0.10129 350 63.60349 -0.10005 65,.15159 -0.09887 
3 Y'3,8 Y3(y's, «) y'4, x Ya(y'4,s) U5, « Ys(y's, s) 
1 6.25363 +0,33660 7.46492 +0,.31432 8.64956 +0.29718 
2 9.69879 -0,26195 11.00517 ~0,24851 12,28087 -0,23763 
3 12.97241 +0,22428 14.33172 4+0.21481 15.66080 +0.20687 
4 16.19045 ~0.19987 17,.58444 -0.19267 18.94974 -0.18650 
5 19.38239 +0.18223 20,80106 +0.17651 22.19284 +0.17151 
6 22.55979 -0,16867 23.99700 -0.16397 25,40907 ~0.15980 
7 25.72821 +0.15779 27.17989 +0,15384 28.60804 +0.15030 
8 28,89068 -0.14881 30,35396 -0,14543 31.79520 ~0,14236 
9 32,04898 +0.14122 33,52180 +0,13828 34.97389 +0.13559 
10 35.20427 -0.13470 36,68505 -0.13211 38.14631 -0.12973 
ll 38,35728 +0.12901 39,84483 +0.12671 41,31392 +0.12458 
12 41.50855 -0.12399 43,00191 -0,12193 44.47779 -0,12001 
13 44.65845 +0.11952 46,15686 +0.11765 47.63867 +0.11591 
14 47,80725 -0,11550 49,31009 -0,11380 50.79713 -0,11221 
15 50.95515 +0.11186 52.46191 +0,11031 53.95360 +0.10885 
16 54,10232 -0.10855 55.61257 -0,10712 57.10841 -0.10578 
17 57.24887 +0.10552 58.76225 +0.10420 60.26183 +0.10295 
18 60.39491 ~0,10273 61.91110 -0.10151 63.41407 -0.10035 
19 63.54050 +0,10015 65,05925 +0,09901 66.56530 +0.09793 
20 66.68571 -0.09775 68,20679 -0.09669 69.71565 -0,09568 
s Y'6,« Yo(y's, «) y'7, 8 Y7(y'7, ») Y's, Ya(y’s, a) 
1 9.81480 +0.28339 10,96515 +0,27194 12,10364 +0,26220 
2 13,53281 -0.22854 14,76569 -0,22077 15.98284 -0.21402 
3 16.96553 +0.20007 18.25012 +0.19414 19.51773 +0,18891 
4 20,29129 -0,18111 21.61275 -0,17634 22.91696 -0.17207 
5 23.56186 +0,.16708 24,91131 +0.16311 26.24370 +0.15953 
6 26.79950 -0.15607 28.17105 -0.15269 29.52596 -0.14962 
7 30.01567 +0,14709 31.40518 +0,14417 32.77857 +0.14149 
8 33.21697 -0,13957 34.62140 -0,13700 36.01026 -0,13463 
9 36.40752 +0.13313 37.82455 +0.13085 39.22658 +0,12874 
10 39.59002 -0.12753 41,01785 -0.12549 42.43122 ~0.12359 
ll 42.76632 +0.12260 44,20351 +0.12076 45.62678 +0,11904 
12 45.93775 -0,11822 4738314 -0.11654 48.81512 -0,11497 
13 49,10528 +0,11428 50.55791 4+0,11275 51.99761 +0,11131 
14 52.26963 -0.11072 53.72870 -0,10931 55.17529 -0.10798 
15 55.43136 +0,10748 56.89619 +0,10618 58.34899 +0,10494 
16 58.59089 ~0.10451 60,06092 -0,10330 61.51933 -0.10216 
17 61.74857 +0.10177 63,22331 +0,10065 64.68681 +0.09958 
18 64,90468 -0.09925 66.38370 -0.09820 67.85185 -0.09720 
19 68.05943 +0.09690 69.54237 +0.09592 71.01478 +0.09498 


20 71.21301 -0.09471 72,69955 -0,09379 74,17587 -0.09291 


BESSEL FUNCTIONS OF INTEGER ORDER 


x Jo(5o,1%) 
0. 00 1.00000 
0. 02 0. 99942 
0.04 0.99769 
0. 06 0. 99480 
0. 08 0. 99077 
0.10 0. 98559 
0.12 0. 97929 
0.14 0. 97186 
0.16 0. 96333 
0.18 0. 95370 
0. 20 0, 94300 
0. 22 0. 93124 
0, 24 0. 91844 
0. 26 0. 90463 
0. 28 0. 88982 
0. 30 0. 87405 
0. 32 0. 85734 
0, 34 0. 83972 
0. 36 0. 82122 
0, 38 0. 80187 
0. 40 0. 78171 
0. 42 0. 76077 
0. 44 0. 73908 
0, 46 0. 71669 
0, 48 0. 69362 
0.50 0. 66993 
0.52 0. 64565 
0,54 0. 62081 
0,56 0.59547 
0,58 0.56967 
0. 60 0.54345 
0. 62 0.51685 
0. 64 0. 48992 
0. 66 0. 46270 
0, 68 0. 43524 
0. 70 0. 40758 
0.72 0.37977 
0.74 0. 35186 
0.76 0. 32389 
0.78 0, 29591 
0. 80 0. 26796 
0. 82 0. 24009 
0, 84 0. 21234 
0. 86 0.18476 
0. 88 0.15739 
0.90 0.13027 
0.92 0.10346 
0.94 0.07698 
0. 96 0. 05089 
0.98 0.02521 
1, 00 0. 00000 


[cs] 


From E. T. Goodwin and J. Staton, Table of Jo(jonr), Quart. J. Mech. Appl. 


BESSEL FUNCTIONS—Jo(jo, ~~) 


J 0( 50,2") 
1.00000 
0. 99696 
0. 98785 
0.97276 
0. 95184 


0. 92526 
0, 89328 
0. 85617 
0. 81429 
0. 76800 


0. 71773 
0. 66392 
0. 60706 
0. 54766 
0. 48623 


0. 42333 
0, 35950 
0. 29529 
0. 23126 
0.16795 


0.10590 
+0. 04562 
-0, 01240 
~0, 06769 
-0, 11983 


-0. 16840 
-0. 21306 
-0. 25349 
-0. 28941 
~0. 32062 


-0. 34692 
-0. 36821 
-0. 38441 
-0. 39551 
-0. 40152 


-0. 40255 
-0. 39871 
-0. 39019 
-0. 37721 
-0. 36003 


-0. 33896 
-0. 31433 
-0, 28652 
-0, 25591 
-0, 22293 


-0, 18800 
-0. 15157 
~0,11411 
-0. 07605 
-0. 03787 


0. 00000 


ae 


Jo(Jo3%) 
1, 00000 
0.99253 
0.97027 
0. 93373 
0. 88372 


0. 82136 
0. 74804 
0. 66537 
0.57518 
0. 47943 


0. 38020 
0.27960 
0.17976 
+0. 08277 
-0. 00942 


-0. 09498 
~0. 17226 
-0. 23986 
-0. 29664 
-0. 34171 


-0. 37453 
-0. 39482 
-0. 40264 
-0. 39835 
~0. 38259 


-0. 35628 
-0, 32056 
-0. 27678 
~0, 22648 
-0.17130 


-0.11295 
~0. 05320 
+0, 00622 
0. 06363 
0.11745 


0.16625 
0. 20878 
0. 24399 
0. 27107 
0. 28945 


0. 29882 
0. 29915 
0. 29063 
0. 27374 
0. 24914 


0. 21774 
0. 18059 
0. 13891 
0. 09399 
0. 04722 


0. 00000 


CP 


Math. 1, 220-224 (1948) (with permission). 


To(Jos®) 


1. 00000 
0. 98614 
0.94515 
0. 87872 
0. 78961 


0. 68146 
0.55871 
0. 42632 
0, 28958 
0.15386 


+0. 02438 
~0. 09404 
-0.19716 
~0. 28155 
-0. 34466 


-0. 38498 
~0, 40207 
-0. 39653 
-0. 36998 
-0, 32493 


-0. 26467 
-0, 19304 
-0.11431 
-0, 03289 
+0. 04684 


0.12078 
0.18527 
0. 23725 
0. 27445 
0. 29541 


0. 29959 
0. 28731 
0. 25977 
0. 21892 
0.16735 


0.10814 
+0. 04470 
-0, 01945 
-0. 08082 
-0. 13618 


-0. 18270 
-0. 21808 
-0, 24067 
-0, 24957 
-0. 24461 


~0. 22637 
~0. 19613 
-0. 15580 
-0, 10779 
~0. 05486 


0. 00000 
(—3)3 
5 


Table 9.6 


Jo( Jos") 


1. 00000 
0. 97783 
0. 91280 
0. 80920 
0. 67388 


0. 51568 
0. 34481 
0.17211 
+0. 00827 
-0. 13693 


-0. 25533 
-0. 34090 
-0. 39013 
-0, 40225 
-0. 37917 


-0. 32527 
-0. 24698 
-0. 15223 
-0. 04980 
+0, 05137 


0. 14293 
0. 21767 
0.27011 
0. 29684 
0. 29671 


0. 27086 
0. 22252 
0.15667 
+0, 07960 
-0. 00168 


-0. 08007 
-0. 14891 
-0. 20259 
-0. 23697 
-0, 24965 


-0, 24019 
~0. 21003 
~0, 16237 
-0.10179 
~0, 03389 


+0, 03525 
0. 09960 
0. 15369 
0. 19306 
0, 21464 


0. 21694 
0. 20021 
0. 16630 
0.11854 
0. 06138 


0. 00000 
Pa | 


413 


414 


Table 9.7 


\s 
0. 00 
0. 02 
0. 04 
0. 06 
0. 08 
0.10 


0. 20 
0. 40 
0. 60 
0. 80 
1. 00 


r»-\s 
1, 00 
0. 80 
0. 60 
0. 40 
0.20 


0.10 
0. 08 
0. 06 
0. 04 
0. 02 
0. 00 


~ 
a 
an 


roessse 
ouUOnN aw 


Compiled from H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids (Oxford 
Univ. Press, London, England, 1947) and British Association for the Advancement 


Functions of orders zero and unity, Math- 
ematical Tables, vol. VI (Cambridge Univ. Press, Cambridge, England, 1950)(with 


of Science, Bessel functions, Part I. 


BESSEL FUNCTIONS OF INTEGER ORDER 


BESSEL FUNCTIONS—MISCELLANEOUS ZEROS 
sth Zero of tJ) (2) —dAJ0 (2) 


1 
0. 0000 
0.1995 
0. 2814 
0. 3438 
0. 3960 
0.4417 


0. 6170 
0. 8516 
1, 0184 
1.1490 
1, 2558 


1 
1, 2558 
1.3659 
1.5095 
1, 7060 
1. 9898 


2.1795 
2, 2218 
2.2656 
2. 3108 
2.3572 
2. 4048 


1 
0. 0000 
1.1231 
1.4417 
1.6275 
1.7517 
1, 8412 


1 
1. 8412 
1, 9844 
2.1092 
2.2192 
2.3171 


2. 3621 
2.3709 
2.3795 
2. 3880 
2.3965 
2. 4048 


permission). 


2 
3. 8317 
3. 8369 
3, 8421 
3. 8473 
3, 8525 
3, 8577 


3, 8835 
3. 9344 
3. 9841 
4, 0325 
4, 0795 


2 
4.0795 
4.1361 
4, 2249 
4, 3818 
4.7131 


5. 0332 
5.1172 
5. 2085 
5. 3068 
5. 4112 
5.5201 


3 
7. 0156 
7, 0184 
7, 0213 
7, 0241 
7.0270 
7. 0298 


7. 0440 
7, 0723 
7.1004 
7, 1282 
7. 1558 


3 
7.1558 
7.1898 
7. 2453 
7. 3508 
7, 6177 


7. 9569 
8. 0624 
8.1852 
8. 3262 
8. 4840 
8. 6537 


4 
10,1735 
10.1754 
10,1774 
10,1794 
10,1813 
10. 1833 


10.1931 
10, 2127 
10, 2322 
10, 2516 
10, 2710 


4 
10,2710 
10. 2950 
10. 3346 
10. 4118 
10. 6223 


10. 9363 
11, 0477 
11.1864 
11.3575 
11, 5621 
11.7915 


sth Zero of J; (x) —ArJ0 (2) 


2 
5.1356 
5, 2008 
5.2476 
5, 2826 
5. 3098 
5. 3314 


2 
5. 3314 
5. 3702 
5. 4085 
5. 4463 
5. 4835 


5.5019 
5.5055 
5.5092 
5. 5128 
5.5165 
5.5201 


3 
8. 4172 
8.4569 
8. 4853 
8.5066 
8.5231 
8. 5363 


3 
8. 5363 
8. 5600 
8, 5836 
8. 6072 
8. 6305 


8, 6421 
8. 6445 
8. 6468 
8. 6491 
8. 6514 
8. 6537 


4 
11, 6198 
11. 6486 
11. 6691 
11, 6845 
11. 6964 
11. 7060 


4 
11. 7060 
11. 7232 
11, 7404 
11. 7575 
11. 7745 


11. 7830 
11. 7847 
11. 7864 
11. 7881 
11. 7898 
11.7915 


<A> =nearest integer to i. 


5 
13. 3237 
13. 3252 
13. 3267 
13, 3282 
13. 3297 
13, 3312 


13. 3387 
13. 3537 
13. 3686 
13. 3835 
13. 3984 


5 <A> 
13. 3984 1 
13. 4169 1 
13, 4476 2 
13,5079 3 
13, 6786 5 


13. 9580 10 
14, 0666 13 
14, 2100 17 
14. 3996 25 
14, 6433 50 
14. 9309 © 


5 
14. 7960 
14, 8185 
14, 8346 
14. 8467 
14, 8561 
14, 8636 


5 <A 
14, 8636 1 
14, 8771 1 
14. 8906 2 
14, 9041 3 
14,9175 5 


14, 9242 10 
14. 9256 13 
14, 9269 17 
14, 9282 25 
14, 9296 50 
14, 9309 © 


** 


BESSEL FUNCTIONS OF INTEGER ORDER 415 


BESSEL FUNCTIONS—MISCELLANEOUS ZEROS Table 9.7 


sth Zero of Jo(x) Yo(ax) — Yo(x) Jo (az) 


r»—'\s 1 2 3 4 5 <A> 
0. 80 12. 55847 031 25.12877 37. 69646 50. 26349 62. 83026 1 
0. 60 4.69706 410 9. 41690 14, 13189 18. 84558 23. 55876 2 
0. 40 2.07322 886 4.17730 6.27537 8. 37167 10. 46723 3 
0.20 0. 76319 127 1.55710 2.34641 3.13403 3.92084 5 


0.10 0. 33139 387 0. 68576 1.03774 1. 38864 1. 73896 10 
0. 08 0.25732 649 0.53485 0. 81055 1. 08536 1. 35969 13 * 
0. 06 0.18699 458 0. 39079 0. 59334 0. 79522 0. 99673 17 
0. 04 0.12038 637 0. 25340 0. 38570 0.51759 0. 64923 25 
0. 02 0.05768 450 0.12272 0.18751 0.25214 0. 31666 50 
0. 00 0.00000 000 0. 00000 0, 00000 0.00000 0. 00000 ) 


sth Zero of J; (x) Yi (Av) ~— Yi (x) Ji (Az) 


rA7\s 1 2 3 4 5 <A> 
0. 80 12.59004 151 25. 14465 37. 70706 50. 27145 62, 83662 1 
0. 60 4.75805 426 9, 44837 14, 15300 18, 86146 23.57148 2 
0. 40 2.15647 249 4, 22309 6. 30658 8. 39528 10, 48619 3 
0.20 0.84714 961 1, 61108 2, 38532 3.16421 3.94541 5 


0.10 0.39409 416 0. 73306 1, 07483 1, 41886 1. 76433 10 
0. 08 0.31223 576 0.57816 0. 84552 1. 11441 1. 38440 13 * 
0. 06 0. 23235 256 0. 42843 0. 62483 0. 82207 1, 02001 17 


0. 04 0.15400 729 0. 28296 0. 41157 0.54044 0. 66961 25 
0. 02 0.07672 788 0. 14062 0. 20409 0. 26752 0. 33097 50 
0. 00 0.00000 000 0. 00000 0. 00000 0.00000 0. 00000 x.) 


sth Zero of J, (x) Yo(Ar) — Yi (et) Joe) 


A7\s 1 2 3 4 5 <A> 
0. 80 6.56973 310 18. 94971 31. 47626 44. 02544 56. 58224 1 
0. 60 2.60328 138 7, 16213 11. 83783 16, 53413 21, 23751 2 
0. 40 1.24266 626 3.22655 5. 28885 7. 36856 9. 45462 3 
0. 20 0.51472 663 1, 24657 2. 00959 2. 78326 3.56157 5 


0.10 0.24481 004 0. 57258 0.90956 1.25099 1.59489 10 


0.08 0.19461 772 0. 45251 0. 71635 0. 98327 1. 25203 13 = 
0. 06 0.14523 798 0.33597 0.53005 0.72594 0, 92301 17 
0. 04 0.09647 602 0. 22226 0, 34957 0. 47768 0. 60634 25 


0. 02 0.04813 209 0.11059 0.17353 0. 23666 0. 29991 50 
0. 00 0.00000 000 0. 00000 0.00000 0.00000 0. 00000 00 
<A> =nearest integer to X. 


Compiled from British Association for the Advancement of Sciente, Bessel func- 
tions, Part I. Functions of orders zero and unity, Mathematical Tables, vol. VI 
(Cambridge Univ. Press, Cambridge, England, 1950) (with permission). 


*See page 0. 
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BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.8 


a 


1. 00000 
0. 90710 
0. 82693 
0. 75758 
0. 69740 


0. 64503 
0.59932 
0. 55930 
0.52414 
0. 49316 


0, 46575 
0, 44144 
0, 41978 
0, 40042 
0. 38306 


0. 36743 
0. 35331 
0.34051 
0. 32887 
0. 31824 


0. 30850 
0. 29956 
0. 29131 
0. 28369 
0, 27662 


0. 27004 
0. 26391 
0. 25818 
0, 25280 
0. 24775 


0. 24300 
0, 23851 
0. 23426 
0. 23024 
0. 22643 


0. 22280 
0. 21934 
0. 21604 
0. 21290 
0. 20988 


0, 20700 
0, 20423 
0. 20157 
0.19902 
0.19656 


0.19419 
0.19191 
0.18971 
0,18758 
0, 18552 


0, 18354 


. 


. 


. 


ee 8 Ss a a) ae en Or Ae OT Oe A ee at ee) aos . ee eee ost. ee ee 
OO CONC PUNK O YOON SPWNHO OONTCN PWNKO OOBHNOEM PWNHHO YOWBWYNHKU PWNrO 


e—* (x) 


00000 
09258 
85516 
06252 
21705 


52706 
72031 
55265 
89420 
29662 


96077 
03776 
20789 
49127 
25154 


36090 
49978 
56880 
19497 
31629 


83225 
30945 
73331 
29857 
23231 


64416 
39957 
01238 
55337 
57304 


03542 
26187 
88316 
79845 
14011 


24380 
62245 
94417 
01308 
75279 


19211 
45274 
73840 
32571 
55589 


82777 
59151 
34330 
62042 
99721 


08126 


(7 


Compiled from British Association for the Advancement of Science, Bessel 

functions, Part I.Functions of orders zero and unity, Mathematical Tables, 
vol. VI , Part 1I. Functions of positive integer order, Mathematical Tables, 
vol. X(Cambridge Univ. Press, Cambridge, England, 1950, 1952)and L. Fox, 
A short table for Bessel functions of integer orders and large arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cam- 
bridge, England, 1954) (with permission). 


e—z (x) 


0. 00000 
0. 04529 
0, 08228 
11237 
13676 


15642 
17216 
. 18466 
19449 
. 20211 


0.20791 
0, 21220 
0, 21525 
0, 21729 
0, 21850 


0. 21903 
0, 21901 
0, 21855 
0. 21772 
0. 21661 


0, 21526 
0. 21374 
0, 21208 
0, 21032 
0, 20848 


0, 20658 
0, 20465 
0. 20269 
0, 20073 
0.19877 


0. 19682 
0.19489 
0.19297 
0.19109 
0. 18922 


0.18739 
0, 18560 
0, 18383 
0, 18210 
0.18042 


0.17875 
0.17712 
0.17553 
0.17397 
0.17245 


0. 17095 
0.16949 
0, 16807 
0. 16667 
0, 16530 


0. 16397 


ooooo oo 
. oe oe 


90000 
84468 
31235 
75606 
32243 


08032 
44195 
99828 
86933 


65309 


04154 
16132 
68594 
75878 
75923 


93874 
94899 
28066 
62788 
19112 


92892 
76721 
77328 
30051 
10887 


46495 
22544 
90640 
74113 
72816 


67133 
21309 
86229 
01727 
98511 


99766 
22484 
78580 
75810 
18543 


08394 
44763 
25260 
46091 
02337 


88223 
97311 
22681 
57058 
92936 


22669 
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2-22 (2) 


0.12500 
0.12510 
0.12541 
0.12594 
0.12667 


0.12762 
0.12879 
0.13018 
0.13180 
0, 13365 


0.13574 
0.13809 
0, 14069 
0.14356 
0. 14670 


0.15014 
0.15389 
0.15795 
0. 16235 
0.16711 


0.17223 
217775 
. 18368 
- 19006 
- 19690 


. 20423 
. 21209 
- 22050 
» 22951 
0. 23915 


0. 24946 
0. 26049 
0, 27229 
0. 28490 
0. 29839 


0, 31281 
0. 32823 
0. 34472 
0. 36235 
0. 38121 


0. 40138 
0. 42296 
0. 44605 
0. 47075 
0. 49719 


0.52550 
0. 55581 
0. 58827 
0. 62304 
0. 66030 


0. 70022 


OCooo0 o9000 


00000 
41992 
71878 
01407 
50222 


45967 
24416 
29658 
14318 
39819 


76698 
04952 
14455 
05405 
88837 


87192 
34944 
79288 
80900 
14772 


71119 
56370 
94251 
26964 
16460 


45837 
20841 
71509 
53938 
52213 


80490 
85252 
47757 
86686 
61010 


73100 
72078 
57467 
83128 
61528 


68359 
47539 
16629 
72701 
98689 


70272 
63319 
61978 
67409 
07270 


45988 
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MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.8 


£ et Ko (x) et Ky (2) uw? K9 (x) 
0.0 00 00 2.00000 0000 
01 2. 68232 61023 10. 89018 2683 1.99503 9646 
0.2 2.14075 73233 5. 83338 6037 1. 98049 7172 
0.3 1, 85262 73007 4.12515 7762 1.95711 6625 
0. 4 1, 66268 20891 3.25867 3880 1.92580 8202 
0.5 1, 52410 93857 2.73100 97082 1, 88754 5888 
0.6 1, 41673 76214 2. 37392 00376 1. 84330 9881 
0.7 1.33012 36562 2.11501 13128 1, 79405 1681 
0.8 1.25820 31216 1.91793 02990 1. 74067 2762 
0.9 1.19716 33803 1. 76238 82197 1, 68401 1992 
1.0 1.14446 30797 1.63615 34863 1. 62483 8899 
1.1 1, 09833 02828 1.53140 37541 1. 56385 0953 
1.2 1.05748 45322 1. 44289 75522 1.50167 3576 
1.3 1.02097 31613 1. 36698 72841 1. 43886 2011 
1.4 0. 98806 99961 1, 30105 37400 1.37590 4446 
1.5 0. 95821 00533 1, 24316 58736 1, 31322 5917 
1.6 0. 93094 59808 1.19186 75654 1.25119 2681 
1.7 0.90591 81386 1.14603 92462 1.19011 6819 
1.8 0. 88283 35270 1.10480 53726 1.13026 0897 
1.9 0. 86145 06168 1.06747 09298 1.07184 2567 
2.0 0. 84156 82151 1. 03347 68471 1. 01503 9018 
2.1 0. 82301 71525 1.00236 80527 0.95999 1226 
2.2 0.80565 39812 0.97377 01679 0.90680 7952 
2.3 0. 78935 61312 0.94737 22250 0. 85556 9487 
2.4 0.77401 81407 0.92291 36650 0. 80633 1113 
2.5 0.75954 86903 0.90017 44239 0.75912 6289 
2.6 0. 74586 82430 0. 87896 72806 0.71396 9565 
2.7 0. 73290 71515 0.85913 18867 0.67085 9227 
2.8 0.72060 41251 0. 84053 00604 0.62977 9698 
2.9 0.70890 49774 0. 82304 20403 0.59070 3688 
3.0 0. 69776 15980 0.80656 34800 0.55359 4126 
3.1 0. 68713 11010 0.79100 30157 0.51840 5885 
3.2 0. 67697 51139 0.77628 02824 0.48508 7306 
3.3 0.66725 91831 0.76232 42864 0. 45358 1550 
3.4 0.65795 22725 0.74907 20613 0. 42382 7789 
3.5 0. 64902 63377 0. 73646 75480 0. 39576 2241 
3.6 0.64045 59647 0.72446 06608 0. 36931 9074 
3.7 0.63221 80591 0.71300 65010 0. 34443 1194 
3.8 0, 62429 15812 0.70206 46931 0. 32103 0914 
3.9 0.61665 73147 0.69159 88206 0.29905 0529 
4.0 0.60929 76693 0. 68157 59452 0.27842 2808 
4.1 0.60219 65064 0.67196 61952 0. 25908 1398 
4.2 0.59533 89889 0.66274 24110 0. 24096 1165 
4.3 0.58871 14486 0.65387 98395 0. 22399 8474 
4.4 0.58230 12704 0.64535 58689 0.20813 1411 
4.5 0.57609 67897 0.63714 97988 0.19329 9963 
4.6 0.57008 72022 0. 62924 26383 0.17944 6150 
4.7 0.56426 24840 0.62161 69312 0.16651 4127 
4.8 0.55861 33194 0.61425 66003 0.15445 0249 
4.9 0.55313 10397 0.60714 68131 0.14320 3117 
5.0 0.54780 75643 0.60027 38587 0.13272 359 


On (-8) 1 
Kyi (0)=—= Kn (0) + Kn—1@) 11 
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Table 9.8 MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


8 


0.18354 
0.18161 
0.17974 
0.17794 
0.17618 


0.17448 
0.17282 
0.17122 
0.16965 
0. 16813 


0.16665 
0.16521 
0, 16381 
0.16244 
0, 16110 


0, 15980 
0.15853 
0.15729 
0.15608 
0, 15489 


0. 15373 
0.15260 
0.15149 
0, 15041 
0.14935 


0.14831 
0.14729 
0. 14630 
0.14532 
0.14436 


0.14343 
0.14251 
0.14160 
0.14072 
0.13985 


0. 13900 
0.13816 
0.13734 
0.13653 
0.13573 


0.13495 
0. 13419 
0. 13343 
0.13269 
0.13196 


0.13125 
0. 13054 
0.12985 
0.12916 
0.12849 


0. 12783 


. 
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e 


e—*Io(x) 


08126 
51021 
94883 
08646 
63475 


32564 
90951 
15362 
84061 
76726 


74327 
59021 
14064 
23718 
73175 


48490 
36513 
24831 
01720 
56090 


77447 
55844 
81855 
46530 
41371 


58301 
89636 
28062 
66611 
98642 


17818 
18095 
93695 
39098 
49027 


18430 
42474 
16526 
36147 
97082 


95247 
26720 
87740 
74691 
84094 


12609 
57016 
14223 
81248 
55220 


33371 


Ge 


e—*11(z) 


0, 16397 
0.16266 
0.16138 
0.16012 
0, 15890 


0.15770 
0.15652 
0.15537 
0.15424 
0.15313 


0.15205 
0.15098 
0.14994 
0.14892 
0.14792 


0. 14693 
0.14597 
0.14502 
0.14409 
0.14318 


0.14228 
0.14140 
0.14054 
0.13969 
0. 13886 


0.13804 
0.13723 
0, 13644 
0.13566 
0. 13489 


0.13414 
0.13340 
0.13267 
0.13195 
0.13124 


0.13054 
0.12986 
0.12918 
0.12852 
0.12786 


0.12722 
0.12658 
0.12596 
0.12534 
0.12473 


0.12413 
0.12354 
0.12296 
0.12238 
0.12182 


22669 
38546 
32850 
97913 
26150 


10090 
42405 
15922 
23641 
58742 


14593 
84754 
62978 
43212 
19595 


86457 
38314 
69866 
75991 
51745 


92347 
93186 
49809 
57915 
13353 


12115 
50333 
24270 
30318 
64995 


24933 
06883 
07705 
24362 
53923 


93551 
40505 
92134 
45873 
99242 


49839 
95342 
33501 
62139 
79145 


82477 
70154 
40258 
90929 
20364 


0.12126 26814 
ie 


e—*Io(x) 


0.11795 
0.11782 
0.11767 
0.11751 
0. 11733 


0.11713 
0.11692 
0.11670 
0.11647 
0.11622 


0.11597 
0.11571 
0.11544 
0.11516 
0. 11488 


0.11459 
0.11429 
0.11400 
0.11369 
0.11339 


0.11308 
0.11277 
0.11245 
0.11214 
0.11182 


0.11150 
0.11118 
0.11086 
0.11054 
0.11021 


0. 10989 
0.10957 
0.10925 
0.10892 
0. 10860 


0.10828 
0.10796 
0.10764 
0, 10732 
0.10700 


0, 10668 
0. 10637 
0.10605 
0.10574 
0.10542 


0.10511 
0. 10480 
0.10449 
0.10419 
0. 10388 


0. 10358 


1906 
5355 
8994 
4528 
3527 


7435 
7581 
5188 
1384 
7207 


3613 
1484 
1633 
4809 
1705 


2958 
9157 
0845 
8525 
2660 


3678 
1974 
7913 
1833 
4046 


4840 
4481 
3215 
1268 
8852 


6158 
3368 
0645 
8142 
6000 


4348 
3305 
2983 
3481 
4894 


7306 
0796 
5437 
1294 
8428. 


6893 
6740 
8015 
0759 
5010 


0801 


ee 
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MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.8 


A e*Ko(2) e*Ki (x) etK2(x) 
5.0 0.54780 75643 0.60027 38587 0.78791 711 
5.1 0.54263 53519 0.59362 50463 0.77542 949 
5.2 0.53760 73540 0.58718 86062 0. 76344 913 
5.3 0.53271 69744 0.58095 36085 0.75194 475 
5.4 0.52795 80329 0.57490 98871 0.74088 762 
5.5 0.52332 47316 0.56904 79741 0. 73025 127 
5.6 0.51881 16252 0.56335 90393 0.72001 128 
5.7 0.51441 35938 0.55783 48348 0.71014 511 
5.8 0.51012 58183 0.55246 76495 0. 70063 190 
5.9 0.50594 37583 0.54725 02639 0.69145 232 
6.0 0.50186 31309 0.54217 59104 0.68258 843 
6.1 0.49787 98929 0.53723 82386 0.67402 358 
6.2 0. 49399 02237 0.53243 12833 0. 66574 225 
6, 3 0.49019 05093 0.52774 94344 0.65773 001 
6. 4 0. 48647 73291 0.52318 74101 : 0. 64997 339 
6.5 0. 48284 74413 0.51874 02336 0.64245 982 
6.6 0, 47929 77729 0.51440 32108 0.63517 753 
6.7 0.47582 54066 0.51017 19097 0.62811 553 
6.8 0.47242 75723 0.50604 21421 0.62126 350 
6.9 0. 46910 16370 0.50200 99471 0.61461 177 
7,0 0. 46584 50959 0.49807 15749 0.60815 126 
Te.1 0. 46265 55657 0.49422 34737 0.60187 345 
7.2 0. 45953 07756 0. 49046 22755 0.59577 030 
7.3 0.45646 85618 0. 48678 47842 0.58983 426 
7.4 0. 45346 68594 0. 48318 79648 0.58405 820 
7.5 0.45052 36991 0.47966 89336 0.57843 541 
7.6 0. 44763 71996 0.47622 49486 0.57295 955 
7.7 0.44480 55636 0.47285 33995 0.56762 463 
7.8 0. 44202 70724 0. 46955 18010 0.56242 497 
7.9 0. 43930 00819 0. 46631 77847 0.55735 522 
8.0 0. 43662 30185 0. 46314 90928 0.55241 029 
8.1 0. 43399 43754 0. 46004 35709 0.54758 538 
8.2 0. 43141 27084 0. 45699 91615 0.54287 592 
8. 3 0. 42887 66329 0.45401 39001 0.53827 757 
8. 4 0. 42638 48214 0.45108 59089 0.53378 623 
8.5 0. 42393 59993 0.44821 33915 0.52939 797 
8.6 0.42152 89433 0. 44539 46295 0.52510 909 
8.7 0.41916 24781 0.44262 79775 0.52091 604 
8.8 0. 41683 54743 0. 43991 18594 0.51681 544 
8.9 0.41454 68462 0.43724 47648 0.51280 410 
9.0 0.41229 55493 0. 43462 52454 = 0.50887 894 
9.1 0.41008 05783 0.43205 19116 0.50503 704 
9.2 0. 40790 09662 0. 42952 34301 0.50127 562 
9.3 0.40575 57809 0.42703 85204 0. 49759 202 
9. 4 0. 40364 41245 0. 42459 59520 0.49398 369 
9.5 0. 40156 51322 0.42219 45430 0. 49044 819 
9.6 0. 39951 79693 0.41983 31565 0. 48698 321 
9.7 0. 39750 18313 0.41751 06989 0. 48358 651 
9.8 0. 39551 59416 0. 41522 61179 0.48025 597 
9.9 0. 39355 95506 0.41297 84003 0. 47698 953 
0. 0 0. 39163 19344 0.41076 65704 0. 47378 525 
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Table 9.8 MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


x e—7Io(z) e—*I;(z) e-*Jo(x) 
10,0 0.12783 33371 0.12126 26814 0.10358 0801 
10, 2 0.12653 91639 0.12016 64024 0.10297 7124 
10. 4 0.12528 35822 0.11909 89584 0.10237 9936 
10.6 0.12406 47082 0.11805 91273 0.10178 9401 
10.8 0.12288 07840 0.11704 57564 0.10120 5644 
11.0 0.12173 01682 0.11605 77582 0.10062 8758 
11.2 0.12061 13250 0.11509 41055 0.10005 8806 
11.4 0.11952 28165 0.11415 38276 0. 09949 5829 
11.6 0.11846 32942 0.11323 60059 0.09893 9845 
11.8 0.11743 14923 0.11233 97710 0. 09839 0853 
12.0 0.11642 62212 0.11146 42993 0. 09784 8838 
12.2 0.11544 63616 0.11060 88096 0.09731 3770 
12. 4 0.11449 08594 0.10977 25611 0. 09678 5608 
12.6 0.11355 87206 0.10895 48501 0.09626 4300 
12.8 0.11264 90074 0.10815 50080 0.09574 9787 
13.0 0.11176 08338 0.10737 23993 0.09524 2003 
13.2 0.11089 33621 0.10660 64190 0.09474 0874 
13.4 0.11004 57995 0.10585 64916 0. 09424 6323 
13.6 0.10921 73954 0.10512 20685 0.09375 8268 
13.8 0.10840 74378 0.10440 26267 0.09327 6622 
14.0 0.10761 52517 0.10369 76675 0. 09280 1299 
14,2 0.10684 01959 0.10300 67148 0. 09233 2208 
14, 4 0.10608 16613 0.10232 93142 0.09186 9257 
14.6 0.10533 90688 0.10166 50311 0.09141 2352 
14.8 0.10461 18671 0.10101 34506 0.09096 1401 
15.0 0.10389 95314 0.10037 41751 0.09051 6308 
15.2 0.10320 15618 0.09974 68245 0.09007 6980 
15.4 0.10251 74813 0.09913 10348 0.08964 3321 
15.6 0.10184 68351 0.09852 64572 0, 08921 5238 
15.8 0.10118 91887 0.09793 27574 0.08879 2637 
16. 0 0.10054 41273 0. 09734 96147 0. 08837 5426 
16.2 0.09991 12544 0.09677 67216 0.08796 3511 
16.4 0.09929 01906 0.09621 37828 0.08755 6802 
16. 6 0. 09868 05729 0.09566 05145 0.08715 5210 
16. 8 0.09808 20539 0.09511 66444 0.08675 8644 
17.0 0.09749 43005 0.09458 19107 0. 08636 7017 
17.2 0.09691 69938 0.09405 60614 0.08598 0242 
17.4 0. 09634 98277 0.09353 88542 0.08559 8235 
17.6 0.09579 25085 0. 09303 00560 0. 08522 0911 
17.8 0.09524 47546 0.09252 94423 0.08484 8188 

] 
18.0 0.09470 62952 0.09203 67968 0.08447 9984 
18,2 0.09417 68703 0.09155 19113 0.08411 6221 
18.4 0.09365 62299 0.09107 45848 0. 08375 6819 
18.6 0.09314 41336 0.09060 46237 0. 08340 1701 
18.8 0.09264 03503 0.09014 18411 0. 08305 0793 
19.0 0.09214 46572 0.08968 60569 0.08270 4020 
19.2 0.09165 68400 0.08923 70968 0. 08236 1309 
19.4 0.09117 66923 0.08879 47929 0. 08202 2590 
19.6 0.09070 40151 0.08835 89829 0.08168 7792 
19.8 0.09023 86167 0.08792 95099 0.08135 6848 
20.0 0.08978 03119 0.08750 62222 0.08102 9690 
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BESSEL FUNCTIONS 


e*K (2) 


0. 39163 
0. 38786 
0. 38419 
0. 38063 
0.37716 


0. 37379 
0, 37051 
0. 36731 
0. 36419 
0. 36115 


0. 35819 
0. 35530 
0. 35247 
0. 34972 
0. 34703 


0, 34439 
0. 34182 
0. 33931 
0. 33684 
0. 33444 


0. 33208 
0, 32977 
0.32751 
0. 32530 
0. 32312 


0. 32100 
0. 31891 
0. 31687 
0. 31486 
0. 31289 


0. 31096 
0. 30906 
0. 30720 
0. 30537 
0. 30357 


0. 30180 
0. 30007 
0. 29836 
0. 29668 
0. 29504 


0. 29341 
0. 29182 
0. 29025 
0. 28870 
0. 28718 


0. 28569 
0. 28421 
0. 28276 
0. 28133 
0. 27993 


0.27854 


19344 
02539 
55846 
29549 
77125 


54971 
22156 
40243 
73076 
86616 


48784 
29318 
99643 
32746 
03081 


86455 
59943 
01806 
91405 
09142 


36383 
55402 
49332 
02091 
98364 


23534 
63655 
05405 
36051 
43424 


15880 
42269 
11919 
14592 
40487 


80193 
24678 
65276 
93657 
01817 


82062 
26987 
29472 
82654 
79933 


14944 
81554 
73848 
86117 
12862 


48766 


om 


OF INTEGER ORDER 


e*K1(2) 


0. 41076 
0. 40644 
0, 40225 
0. 39819 
0. 39425 


0. 39043 
0. 38671 
0. 38309 
0. 37958 
0. 37616 


0. 37283 
0. 36958 
0. 36642 
0. 36334 
0. 36033 


0. 35740 
0. 35454 
0.35175 
0. 34902 
0. 34635 


0. 34374 
0. 34119 
0. 33870 
0. 33626 
0. 33387 


0. 33153 
0, 32924 
0. 32700 
0. 32480 
0, 32264 


0. 32053 
0. 31846 
0. 31643 
0. 31443 
0. 31248 


0. 31056 
0. 30867 
0. 30682 
0. 30500 
0. 30321 


0, 30146 
0.29973 
0. 29803 
0. 29637 
0. 29472 


0. 29311 
0, 29152 
0. 28996 
0. 28842 
0, 28691 


0. 285 


65704 
68479 
98277 
88825 
78391 


09362 
27920 
83725 
29618 
21391 


17534 
79032 
69191 
53438 
99192 


75702 
53922 
06397 
07143 
31558 


56322 
59314 
19539 
17039 
32858 


48949 
48132 
14043 
31080 
84361 


59682 
43471 
22766 
85164 
18807 


12340 
54888 
36027 
45765 
74518 


13089 
52642 
84697 
01096 
94003 


55877 
79458 
57766 
84068 
51886 


42 5497 
ce] 


Table 9.8 


e*Ko(z) 
0. 47378 525 
0. 46755 571 
0.46155 324 
0.45576 482 
0.45017 842 


0. 44478 294 
0.43956 807 
0.43452 427 
0. 42964 265 
0.42491 496 


0. 42033 350 
0. 41589 111 
0.41158 108 
0. 40739 714 
0. 40333 342 


0. 39938 443 
0. 39554 499 
0. 39181 028 
0. 38817 572 
0. 38463 702 


0.38119 016 
0. 37783 131 
0.37455 687 
0.37136 346 
0. 36824 785 


0. 36520 701 
0. 36223 805 
0. 35933 826 
0.35650 503 
0, 35373 592 


0.35102 858 
0. 34838 081 
0.34579 049 
0. 34325 562 
0.34077 427 


0. 33834 464 
0.33596 497 
0. 33363 361 
0.33134 898 
0.32910 956 


0. 32691 391 
0. 32476 064 
0. 32264 843 
0. 32057 602 
0. 31854 218 


0. 31654 577 
0.31458 565 
0.31266 076 
0. 31077 008 
0, 30891 262 


0. 30708 743 
Ree 


421 


422 
Table 9.8 


go) 
0,050 
0. 048 
0, 046 
0.044 
0, 042 


0. 040 
0. 038 
0. 036 
0. 034 
0. 032 


0. 030 
0. 028 
0. 026 
0. 024 
0, 022 


0. 020 
0. 018 
0. 016 
0.014 
0, 012 


0. 010 
0. 008 
0, 006 
0. 004 
0. 002 


0. 000 


BESSEL FUNCTIONS OF INTEGER ORDER 


MODIFIED BESSEL FUNCTIONS—AUXILIARY TABLE FOR LARGE ARGUMENTS 


xte-*Io(z) 


0. 40150 
0. 40140 
0. 40129 
0. 40119 
0, 40108 


0. 40098 
0. 40087 
0. 40077 
0. 40067 
0. 40056 


0. 40046 
0. 40036 
0. 40025 
0. 40015 
0. 40005 


0. 39995 
0. 39984 
0. 39974 
0. 39964 
0. 39954 


0. 39944 
0. 39934 
0. 39924 
0, 39914 
0. 39904 


0. 39894 


9761 
4058 
8619 
3443 
8526 


3868 
9466 
5319 
1424 
7781 


4387 
1241 
8340 
5684 
3270 


1098 
9164 
7469 
6009 
4785 


3793 
3033 
2503 
2202 
2128 


2280 


[SF 


1 1 
For interpolating near s~-!=0 note that if fn(z—1) =x?e-*I n(x) then fa(—2—-!) =x~ 122K ,(z). 


zte-*I, (z) 


0. 39133 
0. 39164 
0. 39195 
0. 39226 
0. 39257 


0. 39288 
0. 39318 
0. 39349 
0. 39380 
0. 39410 


0. 39441 
0. 39471 
0. 39502 
0. 39532 
0. 39562 


0. 39593 
0. 39623 
0. 39653 
0. 39683 
0, 39714 


0. 39744 
0. 39774 
0. 39804 
0. 39834 
0, 39864 


0. 39894 


9722 
8743 
7336 
5502 
3245 


0567 
7470 
3958 
0032 
5695 


0950 
5798 
0243 
4286 
7929 


1176 
4028 
6487 
8556 
0236 


1530 
2440 
2968 
3116 
2886 


2280 


4 


ate-#I2(z) 


0. 36237 
0. 36380 
0. 36523 
0. 36667 
0, 36811 


0. 36955 
0. 37099 
0. 37244 
0. 37389 
0. 37534 


0. 37679 
0. 37825 
0.37971 
0, 38118 
0. 38264 


0. 38411 
0, 38558 
0. 38705 
0. 38853 
0. 39001 


0. 39149 
0, 39297 
0. 39446 
0.39595 
0. 39744 


0. 39894 


579 
578 
854 
408 
237 


342 
722 
375 
302 
502 


973 
716 
729 
012 
564 


385 
474 
830 
453 
342 


496 
915 
599 
546 
756 


228 


cu 


n—trber Ko (@) 
0.39651 5620 
0. 39661 0241 
0.39670 5057 
0. 39680 0069 
0. 39689 5278 


0.39699 0686 
0.39708 6293 
0.39718 2101 
0.39727 8110 
0.39737 4322 


0. 39747 0738 
0. 39756 7359 
0.39766 4186 
0.39776 1221 
0.39785 8465 


0. 39795 5918 
0.39805 3583 
0.39815 1460 
0. 39824 9551 
0. 39834 7857 


0. 39844 6379 
0.39854 5119 
0.39864 4077 
0. 39874 3256 
0. 39884 2657 


0. 39894 2280 


i 


<z> =nearest integer to x. 


r—later Ky (x) 


0. 40631 
0. 40601 
0. 40572 
0. 40543 
0. 40514 


0. 40485 
0. 40456 
0. 40426 
0. 40397 
0. 40368 


0. 40338 
0. 40309 
0. 40280 
0. 40250 
0. 40221 


0. 40191 
0. 40162 
0. 40132 
0. 40102 
0. 40073 


0. 40043 
0. 40013 
0. 39983 
0. 39953 
0. 39924 


0. 39894 


0355 
9771 
8854 
7604 
6017 


4094 
1832 
9230 
6286 
2998 


9365 
5386 
1058 
6380 
1349 


5965 
0226 
4130 
7674 
0858 


3679 
6136 
8226 
9949 
1300 


2280 


ie 


1 
a— 1x7 et Ka(2x) 


0. 43714 
0. 43558 
0. 43403 
0. 43247 
0. 43092 


0. 42937 
0. 42783 
0. 42628 
0. 42474 
0, 42321 


0. 42167 
0. 42014 
0. 41860 
0. 41708 
0.41555 


0. 41403 
0. 41251 
0. 41099 
0. 40947 
0. 40796 


0. 40645 
0. 40494 
0. 40344 
0. 40193 
0. 40043 


0. 39894 


666 
814 
211 
858 
754 


901 
299 
949 
850 
003 


410 
070 
984 
153 
576 


256 
191 
383 
833 
540 


505 
730 
214 
958 
962 


228 


i eo J 


Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 
permission). 


ooooce 
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SO COMAKN PWNHHO 


MODIFIED BESSEL FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 


Ko(x)+To(z) In z 


0. 11593 
0.11872 
0.12713 
0.14124 
0.16121 


0. 18726 
0, 21967 
0. 25879 
0, 30504 
0. 35892 


0. 42102 


152 
387 
128 
511 
862 


857 
734 
579 
682 
957 


444 


cy 


a[K.(z)—11(z) In 2] 


1, 00000 
0. 99691 
0. 98754 
0. 97158 
0. 94852 


0.91759 
0. 87784 
0. 82804 
0. 76669 
0. 69201 


0. 60190 


000 
180 
448 
819 
090 


992 
980 
659 
810 
997 


723 


(4 


8 


I al cl oll ool oo cel cel ol cl 
SO OWMNEH AWNrRroO 


Ko(z) +Io(z) In z 


0. 42102 
0. 49199 
0.57261 
0. 66373 
0. 76632 


0. 88149 
1.01045 
1.15456 
1. 31536 
1. 49454 


1, 69398 


444 
896 
444 
364 
938 


436 
200 
879 
786 
429 


200 


ica 


a[K1(x) —11(z) In 2} 


0. 60190 
0. 49390 
0. 36514 
0, 21236 
+0. 03176 


~0. 18096 
-0, 43076 
-0. 72326 
~1, 06486 
-1. 46281 


-1. 92535 


723 
093 
944 
381 
677 


553 
964 
976 
242 
214 


914 


ica 


x 


ee 


. 


wow owouwne WoMow Qo OolhnNnoe OR PNnNo Orc Ano ODoaNO OC ANOS arsnoe arAne OrPnNne OPrSNnNo BDOLNO 


_- 


~ 


desler 
NRR 
ee 


ed 
w 
e . 


ra 
> 
. 


-2)6.9611 
22 7.0861 
-2) 7.1989 
3 7.3005 
-2)7,3917 


~2) 7.4736 
-2) 7.5468 
-2) 7.6121 
-2) 7.6702 
-2) 7.7216 


~2)7.7670 
ee 


-2) 7.6236 


2)7.5749 
2)7.5256 
2) 7.4759 
2)7,.4260 
2)7.3761 
2) 7.3263 
2)7.2768 
2) 7.2275 
2) 7.1785 
2) 7.1300 


BESSEL FUNCTIONS 


eI, (x) 
0.0000 
3.4182 
4.5047 


-2)1. 4234 
21-806 


2.4065 


3.2854 


Were SSSsC S 
ee) 
- 
N 
Nn 
- 


| SO ee | 


tw MN Mw MNP NNNNM NNN 


4.0005 


4.1238 
=) 4.2408 
-2) 4.3518 
-2) 4.4570 
-2) 4.5567 


-2) 4.6509 
-2) 4.7401 
-2) 4.8244 
-2) 4.9040 
-2) 4.9791 


-2)5, 0500 


ate 


5.9497 
5.9723 
5.9896 
6.0022 


6.0106 
6.0155 
0170 


) 

2) 

2 

2) 

2) 

2)5. 

2)5.9211 

-2 

-2 

-2) 

-2) 

=2 

-2 

-256, 
-2) 6.0158 
-2) 6.0119 
=2) 6.0059 
-2) 5.9978 
As '9880 
2 


or operetta ee em en en ee ATES ESTTETR ee 


5.9767 
2)5.9640 


| 


eth (x) 


6.1288 


7.2431 


4.3670 
-2) 4.4225 


-2) 4.4726 
-2)4.5179 
-2) 4.5585 
-2)4,5951 
-2)4,6278 


-2)4.6571 
-2) 4.6831 
-2) 4.7062 
-2) 4.7266 
-2) 4.7444 


e-tI,(x) 


0,0000 


inane 


-2) 3.1251 
-2) 3.1918 
-2) 3.2543 
-2) 3.3128 
-2)3.3675 


~2) 3.4186 
-2) 3.4664 
-2)3,5111 
-2)3.5528 
-2)3.5917 


e—tl;(x) 
0.0000 


2.4084 
1.4902 


5.8832 
1.7497 


9.0974 


4.9776 


. 
uw 
re 
w 
~~ 


2 bb 
tS : : ; wee 
sw oO Pra be 
> + wR GDeEoOwr 
> o GC wonunn 
o so ion ~ Puen 


taped 


2.3187 


- 2)2.3780 
~ 2)2.4346 
~ 2)2.4886 
- 2)2.5402 
- 2)2.5894 


WR ew Sess as CS sl Ss Oe eee eee eee aes lees ee eee SO 
one r4 ee . . . . a 


OF INTEGER ORDER 


3-9 
e-*h(x) 


ans 
Mao 
Non 
wo 


1806 


Py 
Se) 
oO 
NR 
Qo 


ae ae 
Pwreo 
OwoL 
NW oO 
Pros 


Ne Pre PR ONT Ss SUNN 
a a 
Ww oo 
a 2 
~I o 


3) 9.3836 
2)1.0068 
2)1.0744 
2)1.1410 
2)1.2064 


1.2705 
1.3333 
1.3946 
1.4543 
1.5125 


1.5691 
1.6240 
1.6774 
1.7291 
1.7792 


erat ters 


NMMN MP NN MNP 


423 


Table 9.9 


e- ty (x) 


) 

) 2.0301 

)8,6707 
) 2.8797 
eae 
1.9131 


- 7)4,1199 
~ 7)8,1206 
- 6)1,.4883 
- 6)2,5669 
- 64,2048 


6) 9.9425 

1.4507 
5) 2.0556 
5) 2.8380 


3) 3.8284 


i 6.5905 
5 


- 5)5,0587 
- 5)6.5607 
- 5)8.3667 
- 4)1.0508 


- 4)1,3015 
~ 4)1.5916 
- 4)1.9240 
- 4)2,3010 
~ 4)2.7249 


4) 3.1978 
4) 3.7214 
4) 4.2971 
4)4.9261 
4) 5.6094 


4) 6.3475 
4) 7.1409 
4) 7.9897 
4) 8.8937 
4)9.8527 


3) 1.0866 
3) 1.1933 
3 


311955 
j-gz24 
3) 1.5446 
3) 1.6716 
3) 1.8035 
3) 1.9399 
3) 2.0808 
3) 2.2260 


- 3)2.3753 


- 3)2,7653 
- 3)3.1769 
- 3)3.6073 
- 3) 4.0537 
- 3)4.5134 


3) 4.9837 
3) 5.4622 
3) 5.9469 
3) 6.4354 
3) 6.9260 


3) 7.4171 
3)7.9071 
3 8.3947 


3) 8.8788 
3) 9.3584 


3) 9.8324 
2)1.0300 
2)1.0761 
2)1.1215 
2)1.1661 


Compiled from British Association for the Advancement of Science, Bessel func- 


tions, Part II. 


Functions of positive integer order, Mathematical Tables, vol. 


X (Cambridge Univ. Press, Cambridge, England, 1952) (with permission). 


*See page Il. 


424 BESSEL FUNCTIONS OF INTEGER ORDER 

Table 9.9 MODIFIED BESSEL FUNCTIONS—ORDERS 3-9 

x eck: 3(x) etK4(x) etK 5(X ) erKe(x ) etK, (x) erKg( x) etKo(x) 
0.0 ta) () Co C) -) rs) r) 
0.2 3) 1.2153 4) 3.6520 6)1.4620 7) 7.3138 9) 4.3897 11) 3.0735 13) 2.4593 
0.4 2) 1.8282 3) 2.7602 4) 5.5388 6) 1.3875 7) 4.1679 9) 1.4602 10) 5.8448 
0.6 1) 6.4573 2) 6.5506 3) 8.7987 5) 1.4730 6) 2.9548 7) 6.9092 9) 1.8454 
0.8 1) 3.2183 2) 2.4743 3) 2.5064 4) 3.1578 5) 4.7618 6) 8.3647 8) 1.6777 
1.0 1) 1.9303 2)1.2024 2)9.8119 3) 9.9322 5) 1.2017 6) 1.6923 7) 2.7197 
1.2 1) 1.2984 1) 6.8382 2) 4.6886 3) 3.9756 4) 4.0225 5) 4.7326 6) 6.3504 
1.4 0) 9.4345 1) 4.3280 2) 2.5675 3) 1.8772 4) 1.6347 5) 1.6535 6) 1.9061 
1.6 0) 7.2438 1) 2.9585 291.5517 2) 9.9939 3) 7.6506 4) 6.7942 5) 6.8707 
1.8 0) 5.7946 1) 2.1426 2) 1.0102 2) 5.8265 3) 3.9853 4) 3.1580 5) 2.8469 
2.0 0) 4.7836 1) 1.6226 1) 6.9687 2) 3.6466 3) 2.2576 4) 1.6168 5) 1.3160 
2.2 0) 4.0481 1)1.2731 1)5.0344 2) 2.4157 3)1.3680 3) 8.9469 4) 6.6436 
2.4 0) 3.4948 1) 1.0280 1) 3.7762 2) 1.6762 2) 8.7586 3) 5.2768 4) 3.6055 
2.6 0) 3.0667 0) 8.4989 1) 2.9217 2) 1.2087 2) 5.8709 3) 3.2821 4) 2.0785 
2.8 0) 2.7276 0) 7.1659 1) 2.3202 1) 9.0029 2) 4.0904 3) 2.1352 4) 1.2610 
3.0 0) 2.4539 0) 6.1432 1) 1.8836 1) 6.8929 2) 2.9455 3) 1.4435 3) 7.9932 
3.2 0) 2.2290 0) 5.3415 1) 1.5583 1) 5.4037 2) 2.1822 3) 1.0088 3) 5.2620 
3.4 0) 2.0415 0) 4.7013 1) 1.3103 1) 4.3240 2) 1.6572 2) 7.2560 3) 3.5803 
3.6 0) 1.8833 0) 4.1817 1)1,1176 1) 3.5226 2) 1.2860 2) 5.3532 3) 2.5078 
3.8 0) 1.7482 0)3.7541 0) 9.6515 1) 2.9153 2)1.0171 2) 4.0388 3) 1.8023 
4.0 0) 1.6317 0) 3.3976 0) 8.4268 1) 2.4465 1) 8.1821 2) 3.1084 3) 1.3252 
4.2 0) 1.5303 0) 3.0971 0) 7.4295 1) 2.0786 1) 6.6819 2) 2.4352 2) 9.9450 
4.4 0)1.4414 0) 2.8412 0) 6.6072 1) 1.7858 1) 5.5310 2) 1.9384 2) 7.6019 
4.6 0) 1.3629 0) 2.6213 0)5.9217 1) 1.5495 1) 4.6342 291.5654 2) 5.9082 
4.8 0) 1.2931 0) 2.4309 0)5.3445 1) 1.3565 1) 3.9258 2) 1.2807 2) 4.6615 
5.0 0)1.2306 0) 2.2646 0) 4.8540 1)1,1973 1) 3.3589 2) 1.0602 2) 3.7285 
5.2 091.1745 0) 2.1186 0) 4.4338 1) 1.0645 1)2.9000 1) 8.8721 2) 3.0199 
5.4 0) 1.1237 0) 1.9895 0) 4.0711 0) 9.5285 1) 2.5245 1) 7.4980 2) 2.4741 
5.6 0) 1.0777 0) 1.8746 0) 3.7557 0) 8.5813 1) 2.2144 1) 6.3942 2) 2.0483 
5.8 0) 1.0357 0)1.7720 0) 3.4798 0)7.7717 1) 1.9559 1) 5.4983 291.7124 
6.0  (~1)9.9723 0) 1.6798 0) 3.2370 0) 7.0748 1) 1.7387 1) 4.7644" 2)1.4444 
6.2 (-1)9.6194 0) 1.5967 0) 3.0221 0) 6.4711 1)1.5547 1) 4.1577 2)1.2284 
6.4 (-1)9.2942 0) 1.5213 0) 2.8311 0) 5.9448 1) 1.3978 1) 3.6521 2)1.0528 
6.6 (-1)8.9936 0) 1.4528 0) 2.6603 0) 5.4835 1) 1.2630 1) 3.2275 1) 9.0873 
6.8 (-1)8.7149 0) 1.3902 0) 2.5071 0) 5.0771 1) 1.1467 1) 2.8685 1) 7.8960 
7.0  (-1)8.4559 0)1.3329 0) 2.3689 0) 4.7171 1) 1.0455 1) 2.5628 1) 6.9034 
7.2 (-1)8.2145 0) 1.2803 0) 2.2440 0) 4.3970 0) 9.5723 1) 2.3010 1) 6.0705 
7.4 (-1)7.9890 0) 1.2318 0) 2.1306 0) 4.1110 0) 8.7970 1) 2.0754 1) 5.3671 
7.6 (-1)7.7778 0) 1.1870 0) 2.0273 0) 3.8544 0) 8.1132 1) 1.8800 1) 4.7692 
7.8  (-1)7.5797 0)1.1455 0) 1.9328 0) 3.6235 0) 7.5074 1)1.7098 1) 4.2581 
8.0  (-1) 7.3935 0) 1.1069 0) 1.8463 0) 3.4148 0) 6.9684 1) 1.5610 1) 3.8188 
8.2 (~1)7.2182 0) 1.0710 0) 1.7667 0) 3.2256 0) 6.4871 1)1.4301 1) 3.4392 
8.4 (~1)7.0527 0) 1.0376 0) 1.6934 0) 3.0535 0) 6.0556 1) 1.3146 1) 3.1096 
8.6 (-1)6.8963 0) 1.0062 0) 1.6257 0) 2.8966 0) 5.6674 1) 1.2123 1) 2.8221 
8.8  (-1)6.7483 -1) 9.7693 0) 1.5629 0) 2.7530 0) 5.3170 1)1,1212 1) 2.5702 
9.0  (-1)6.6079 -1)9.4941 0) 1.5047 0) 2.6213 0) 4.9998 1) 1.0399 1) 2.3486 
9.2 (-1)6.4746 ~1) 9.2354 0) 1.4505 0) 2.5002 0) 4.7117 0) 9.6702 1) 2.1529 
9.4 (~1)6.3480 -1)8.9918 0) 2.4001 0) 2.3886 0) 4.4493 0) 9.0153 1) 1.9794 
9.6 (1) 6,2274 -1) 8.7620 0) 1.3529 0) 2.2855 0) 4.2098 0) 8.4247 1)1.8251 
9.8 (-1)6.1125 -1) 8.5449 0) 1.3088 0) 2.1900 0) 3.9904 0) 7.8906 1) 1.6873 
10.0 (-1)6.0028  (-1)8.3395 ( 0)1.2674 ( 0)2.1014 ( 0)3.7891 ( 0)7.4062 ( 1)2.5639 
10.5  (-1)5.7493 ~1) 7.8717 0) 1.1747 0) 1.9059 0) 3.3529 0) 6.3764 1)1.3069 
11.0 (-1)5.5217 -1) 7.4597 0) 1.0947 0)1.7411 0) 2.9941 0) 5.5518 1)1.1070 
11.5 (-1)5.3161 1) 7,0942 0)1.0251 0) 1.6008 0) 2.6956 0) 4.8824 0) 9.4885 
12.0 (-1)5.1294 ~1) 6.7680 -1) 9.6415 0) 1.4803 0) 2.4444 0) 4.3321 0) 8.2205 
12.5 (-1)4.9591 -1) 6.4751 1) 9.1031 0) 1.3758 0) 2.2310 0) 3.8745 0) 7.1904 
13.0  (-1) 4.8030 ~1) 6.2106 -1) 8.6249 0) 1.2845 0) 2.0482 0) 3.4902 0) 6.3439 
13.5 (+1) 4.6593 ~1) 5.9706 -1) 8.1974 0) 1.2043 0) 1.8902 0) 3.1645 0) 5.6407 
14.0  (-1)4.5266 -1)5.7519 ~1) 7.8133 0) 1.1333 0) 1.7527 0) 2.8860 0)5.0510 
14.5 (-1)4.4036 =1)5.5517 ~1) 7.4666 0)1,0701 0) 1.6323 0) 2.6461 0) 4.5521 
15.0  (-1)4.2892 ~1)5,3678 -1) 7.1520 0) 1.0136 0) 1.5261 0) 2.4379 0) 4.1265 
15.5  (-1)4,1826 ~1) 5.1982 -1) 6.8656 -1) 9.6276 0) 1.4319 0) 2.2561 0) 3.7608 
16,0  (-1)4,0829 -1) 5.0414 ~1) 6.6036 -1) 9.1686 0) 1.3480 0) 2.0964 0) 3.4444 
16.5  (-1)3.9895 -1) 4.8959 -1) 6.3633 -1) 8.7524 0) 1.2729 0) 1.9552 0) 3.1689 
17.0  (-1)3.9017 1) 4.7605 ~1) 6.1420 -1) 8.3734 0)1,2053 0) 1.8299 0) 2.9275 
17.5 (-1)3.8191 1) 4.6343 ~1) 5.9376 -1) 8.0272 0) 1.1442 0) 1.7181 0) 2.7150 
18.0 (-1)3.7411 -1) 4.5162 -1) 5.7483 -1) 7.7097 0) 1.0838 0) 1.6178 0) 2.5269 
18.5  (-1)3.6674 1) 4.4055 -1) 5.5725 -1) 7.4176 0) 1.0384 0) 1.5276 0) 2.3595 
19.0  (-1)3.5976 1) 4.3015 -1) 5.4087 1) 7.1482 ~1) 9.9234 0) 1.4460 0) 2.2100 
19:5  ¢-1) 3.5313 -1) 4.2037 -1) 5.2559 -1) 6.8990 ~1) 9.5015 0) 1.3721 0) 2.0759 
20.0 (-1)3.4684 ~1) 4.1114 ~1) 5.1130 -1) 6.6679 -1) 9.1137 0) 1.3048 0) 1.9552 
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MODIFIED BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 
10'1z-1101(z) 


s 


0.26911 
0.26935 
0.27009 
0.27132 
0.27305 


0.27529 
0.27805 
0.28135 
0.28519 
0.28961 


0.29462 
0.30025 
0.30653 
0.31350 
0.32118 


0.32963 
0.33888 
0.34899 
0.36002 
0.37203 


0.38508 
0.39925 
0.41464 
0.43132 
0.44940 


0.46899 
0.49022 
0.51322 
0.53813 
0.56513 


0.59438 
0.62610 
0.66050 
0.69781 
0.73832 


0.78229 
0.83007 
0.88201 
0.93850 
0.99998 


eee @ 


1.06693 
1.13989 
1.21945 
1.30625 
1.40103 


1.50460 
1.61784 
1.74175 
1.87744 
2.02612 


2.18917 


e e °° . 
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permission). 


Tn41(v)= 


Compiled from British Association for the Advancement of Science, Bessel functions, Part II. 
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng- 
land, 1952) and L. Fox, A short table for Bessel functions of integer orders and larg2 arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 


1.22324 
1.22426 
1.22733 
1.23245 
1.23965 


1.24897 
1.26045 
1.27414 
1.29011 
1.30843 


1.32920 
1.35250 
1.37845 
1.40718 
1.43883 


1.47355 
1.51153 
1.55295 
1.59803 
1.64700 


1.70012 
1.75766 
1.81995 
1.88733 
1.96016 


2.03886 
2.12388 
2.21572 
2.31490 
2.42204 


2.53777 
2.66282 
2.79796 
2.94406 
3.10208 


3.27303 
3.45808 
3.65847 
3.87560 
4.11098 


4.36629 
4.64339 
4.94432 
5.27132 
5.62688 


6.01375 
6.43496 
6.89386 
7.39417 
7.93999 


8.53588 


748 


02 


ey 
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Fo 


10-8219 Kio(x) 1024r—20Lg9(x) 10262-21291 (z) 10-2220 K29(x) 


1.85794 
1.85588 
1.84970 
1.83947 
1.82524 


1,80713 
1.78527 
1.75981 
1.73095 
1.69887 


1.66381 
1.62600 
1.58569 
1.54314 
1.49861 


1.45238 
1.40471 
1,35587 
1.30613 
1.25574 


1.20496 
1.15402 
1,10314 
1.05255 
1.00243 


0.95298 
0.90435 
0.85670 
0.81016 
0.76484 


0.72085 
0.67827 
0.63718 
0.59762 
0.55964 


0.52326 
0.48851 
0.45539 
0.42389 
0.39401 


0.36571 
0.33898 
0.31377 
0.29004 
0.26776 


0.24687 
0.22732 
0.20905 
0.19202 
0.17616 


0.16142 


560 


553 


ic 


* In(t) +In—1(2) 


0.391990 
0.392177 
0.392738 
0.393674 
0.394988 


0.396684 
0.398766 
0.401239 
0.404112 
0.407392 


0.411087 
0.415209 
0.419768 
0.424778 
0.430253 


0.436209 
0.442662 
0.449632 
0.457139 
0.465205 


0.473853 
0.483111 
0.493006 
0.503569 
0.514832 


0.526830 
0.539601 
0.553186 
0.567630 
0.582979 


0.599284 
0.616599 
0.634984 
0.654501 
0.675219 


0.697210 
0.720554 
0.745333 
0.771639 
0.799570 


0.829231 
0.860735 
0.894204 
0.929769 
0.967571 


1.007764 
1.050510 
1,095988 
1.144389 
1.195919 


1.250800 


ro 


0.933311 
0.933736 
0.935008 
0.937136 
0.940123 


0.943974 
0.948703 
0.954321 
0.960843 
0.968285 


0.976669 
0.986016 
0.996351 
1.007703 
1.020101 


1.033581 
1.048178 
1.063935 
1,080893 
1.099102 


1.118613 
1.139481 
1.161768 
1.185538 
1.210861 


1.237813 
1.266475 
1.296933 
1.329281 
1.363622 


1.400061 
1.438715 
1.479709 
1.523176 
1.569259 


1.618113 
1.669904 
1.724808 
1.783016 
1.844734 


1.910180 
1.979593 
2.053225 
2.131351 
2.214264 


2.302281 
2.395741 
2.495011 
2.600488 
2.712593 


2.831786 


re 
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6.37771 
6.37435 
6.36429 
6.34757 
6.32424 


6.29437 
6.25807 
6.21545 
6.16665 
6.11184 


6.05118 
5.98488 
5.91314 
5.83620 
5.75428 


5.66764 
5.57655 
5.48128 
5.38210 
5.27932 


5.17321 
5.06408 
4.95224 
4.83797 
4.72159 


4.60339 
4.48367 
4.36272 
4.24084 
4.11830 


3.99537 
3.87234 
3.74945 
3.62695 
3.50507 


3.38405 
3.26411 
3.14543 
3.02821 
2.91264 


2.79887 
2.68705 
2.57733 
2.46983 
2.36466 


2.26193 
2.16172 
2.06411 
1.96916 
1,87692 


1.78744 


ce 


Kn4+1 (x) _2n Ky (x) +Kn-1 (x) 
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Table 9.10 MODIFIED BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 
x e-*I\9(z) e~7I11(z) e*K 10(z) 10247 —20foo(x) 1026¢—21Jo1 (x) 10-22x20Ko0(x) 

10.0 0.00099 38819 0.00038 75284 35.55633 91 1.25080 2.83179 1.787443 
10.2 0.00107 29935 0.00042 45861 32.60759 68 1.30927 2.95856 1.700753 
10.4 0.00135 52835 0.00046 37417 29.98423 91 1.37160 3.09345 1.616873 
10.6 0.00124 06973 0.00050 50080 27.64297 29 1.43806 3.23703 1.535814 
10.8 0.00132 91744 0.00054 83934 25.54714 23 1.50895 3.38992 1.457578 
11.0 0.00142 06490 0.00059 39013 23.66558 79 1.58462 3.55278 1.382160 
11.2 0.00151 50508 0.00064 15309 21.97172 20 1.66540 3.72634 1.309546 
11.4 0.00161 23051 0.00069 12768 20.44277 46 1.75169 3.91139 1.239714 
11.6 0.00171 23339 0.00074 31298 19.05917 72 1.84390 4.10876 1.172637 
11.8 0.00181 50559 0.00079 70766 17.80405 56 1.94249 4.31937 1.108279 
12.0 0.00192 03870 0.00085 31003 16.66281 24 2.04795 4.54421 1.046601 
12.2 0.00202 82412 0.00091 11805 15.62277 97 2.16080 4.78434 0.987556 
12.4 0.00213 85303 0.00097 12937 14.67293 16 2.28162 5.04093 0.931095 
12.6 0.00225 11650 0.00103 34132 13.80364 34 2.41105 5.31521 0.877164 
12.8 0.00236 60548 0.00109 75097 13.00649 O1 2.54975 5.60856 0.825703 
13.0 0.00248 31086 0.00116 35512 12.27407 71 2.69846 5.92244 0.776652 
13.2 0.00260 22347 0.00123 15035 11.59989 74 2.85799 6.25845 0.729947 
13.4 0.00272 33415 0.00130 13301 10.97821 07 3.02921 6.61832 0.685520 
13.6 0.00284 63375 0.00137 29926 10.40394 07 3.21306 7.00393 0.643305 
13.8 0.00297 11314 0.00144 64509 9.87258 79 3.41058 7.41731 0.603230 
14.0 0.00309 76327 0.00152 16634 9.38015 52 3.62289 7.86068 0.565225 
14.2 0.00322 57518 0.00159 85870 8.92308 36 3.85121 8.33644 0.529218 
14.4 0.00335 53999 0.00167 71776 8.49819 79 4.09686 8.84722 0.495137 
14.6 0.00348 64894 0.00175 73898 8.10265 95 4.36131 9.39585 0.462910 
14.8 0.00361 89341 0.00183 91776 7.73392 53 4.64613 9.98543 0.432464 
15.0 0.00375 26491 0.00192 24942 7.38971 31 4.95305 10.61932 0.403728 
15.2 0.00388 75510 0.00200 72921 7.06797 04 5.28394 11.30119 0.376630 
15.4 0.00402 35583 0.00209 35235 6.76684 87 5.64087 12.03503 0.351101 
15.6 0.00416 05908 0.00218 11403 6.48467 94 6.02608 12.82520 0.327070 
15.8 0.00429 85705 0.00227 00942 6.21995 46 6.44202 13.67643 0.304470 
16.0 0.00443 74209 0.00236 03366 5.97130 87 6.89137 14,59389 0.283235 
16.2 0.00457 70675 0.00245 18192 5.73750 35 7.37705 15.58322 0.263299 
16.4 0.00471 74378 0.00254 44936 5.51741 43 7.90228 16.65059 0.244598 
16.6 0.00485 84612 0.00263 83118 5.31001 78 8.47055 17,80271 0.227071 
16.8 0.00500 00690 0.00273 32259 5.11438 19 9.08571 19.04691 0.210658 
17.0 0.00514 21947 0.00282 91884 4.92965 63 9.75197 20.39124 0.195301 
17.2 0.00528 47735 0.00292 61523 4.75506 40 10.47392 21.84444 0.180944 
17.4 0.00542 77427 0.00302 40709 4.58989 42 11.25663 23.41611 0.167532 
17.6 0.00557 10418 0.00312 28982 4.43349 60 12.10562 25.11674 0.155012 
17.8 0.00571 46119 0.00322 25887 4.28527 20 13.02697 26.95781 0.143336 
18,0 0.00585 83964 0.00332 30977 4.14467 40 14.02734 28.95188 0.132454 
18,2 0.00600 23403 0.00342 43808 4.01119 75 15.11406 31.11272 0.122321 
18,4 0.00614 63909 0.00352 63948 3.88437 85 16.29515 33.45541 0.112891 
18.6 0.00629 04971 0.00362 90969 3.76378 89 17.57946 35.99648 0.104124 
18.8 0.00643 46098 0.00373 24450 3.64903 41 18.97668 38.75407 0.095978 
19.0 0.00657 86817 0.00383 63982 3.53974 93 20.49749 41.74804 0.088414 
19.2 0.00672 26672 0.00394 09161 3.43559 74 22.15363 45.00024 0.081397 
19,4 0.00686 65226 0.00404 59590 3.33626 62 23.95803 48,53460 0.074892 
19.6 0.00701 02059 0.00415 14885 3.24146 65 25.92489 52.37745 0.068865 
19.8 0.00715 36768 0.00425 74667 3.15093 00 28.06989 56.55768 0.063285 
20.0 0.00729 68965 0.00436 38567 3.0644 5 30.41029 61.10706 0.058124 
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Table 9.10 


a—1 In [tse 2Io(z)] In [a2e—eIy, (2) In [tater Kio(o)] In oe #Io9(z) | In [a2e— *191(2)] In festa eg) <x“> 
-11.346341 
-11.160467 
-10,973471 
-10.785351 
-10.596108 


-10.405744 
~-10.214259 
-10,021658 


0.050 
0.049 
0.048 
0.047 
0,046 


0,045 
0.044 
0.043 
0.042 
0.041 


0.040 
0.039 
0,038 
0.037 
0,036 


0.035 
0.034 
0,033 
0,032 
0,031 


0.030 
0.029 
0,028 
0,027 
0.026 


0,025 
0,024 
0.023 
0.022 
0.021 


0.020 
0.019 
0.018 
0.017 
0.016 


0.015 
0.014 
0.013 
0.012 
0.011 


0.010 
0.009 
0,008 
0.007 
0.006 


0.005 
0.004 
0.003 
0.002 
0,001 


0,000 


3.42244 
-3.37318 
-3.32386 
~-3.27447 
~3,22501 


~-3.17548 
-3.12590 
~3.07625 
-3.02655 
-2.97678 


-2.92697 
-2.87711 
~2.82719 
-2.77723 
2.72722 


-2.67718 
~2.62709 
~2.57696 
-2,52681 
~2.47661 


~2.42639 
2.37615 
~2.32588 
~2.27558 
-2.22527 


-2.17494 
-2.12460 
~2.07424 
~2,02388 
-1,97351 


-1.92313 
-1.87276 
~1.82238 
-1.77201 
-1.72165 


-1.67130 
-1.62096 
~-1.57064 
~1.52033 
~1.47004 


-1.41978 
~1,.36954 
-1.31933 
-1.26914 
~1.21900 


~1.16888 
-1.11881 
~1.06877 
-1,01878 
-0,96883 


-0,91893 8 


002 
689 
306 
055 
139 


766 
147 
496 
033 
979 


559 
002 
539 
405 
837 


076 
365 
948 
074 
992 


955 
216 
032 
659 
356 


384 
002 
475 
063 
031 


643 
162 
853 
979 
806 


595 
610 
113 
365 
626 


154 
207 
040 
908 
063 


754 
229 
735 
514 
808 


eal 


Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 
permission). 


-3.93653 
~3.87762 
-3.81861 
-3.75949 
-3.70026 


-3.64094 
-3.58151 
-3,52199 
-3.46237 
-3,40267 


-3,34287 
~3.28300 
3.22304 
-3.16300 
-3,10288 


-3.04270 
2.98245 
~2.92213 
~2,.86175 
-2.80131 


-2.74082 
~2.68027 
-2,61968 
-2.55904 
~2,.49837 


2.43765 
-2.37691 
~2.31613 
~2.25533 
2.19451 


2.13367 
-2.07281 
-2.01195 
-1.95107 
~1.89020 


-1.82933 
-1.76846 
~1.70760 
-1.64675 
1.58592 


-1,52511 
-1.46432 
~1.40356 
-1.34284 
-1.28214 


-1,22149 
-1.16088 
~1.10031 
-1.03980 
-0.97934 


292 
888 
524 
454 
938 


242 
639 
408 
835 
211 


833 
006 
039 
246 
949 


472 
146 
308 
298 
461 


147 
709 
504 
894 
243 


918 
291 
733 
620 
329 


239 
731 
186 
986 
514 


153 
286 
295 
564 
472 


400 
725 
824 
072 
841 


499 
414 
949 
463 
314 


-0.91893 853 


ea 


1.47299 0 
1.42771 
1.38232 
1.33681 
1.29118 


1.24543 
1.19956 
1.15358 
1.10748 
1.06126 


1,01493 
0.96848 
0.92192 
0.87525 
0.82847 


0.78157 
0.73457 
0.68746 
0.64024 
0.59291 


0.54548 
0.49795 
0.45031 
0.40257 
0.35474 


0.30680 
0.25876 
0.21063 
0.16241 
0.11409 


0.06568 
+0,.01718 
-0.03139 
-0.08007 
-0,12883 


~0,.17767 
-0.22659 
~0.27559 
-0.32467 
-0.37383 


-0.42305 
-0.47235 
-0,52172 
-0,57116 
~0,62066 


-0.67023 
-0.71986 
0.76954 
-0.81929 
~0,86908 


~0,.91893 


48 
939 
785 
644 
575 


642 
910 
449 
332 
635 


437 
822 
874 
686 
349 


961 
624 
441 
520 
975 


920 
475 
764 
915 
059 


331 
871 
822 
332 
551 


636 
745 
959 
306 
128 


247 
485 
659 
581 
061 


904 
911 
881 
608 
881 


489 
215 
839 
138 
886 


853 


(4 


<x>=nearest integer to x. 


-10.434749 
-10,263511 
~10,091302 


1tpretpr ot bhrbt  ftbhputt ttt tt prtrtebt brtetettebt ttbitttuewstts 


tered 


9.918126 
9.743983 


9.568876 
9.392809 
9.215785 
9.037810 
8.858889 


8.679029 
8.498236 
8.316519 
8.133888 
7.950352 


7.765923 
7.580613 
7.394434 
7.207403 
7.019533 


6.830842 
6.641348 
6.451070 
6.260027 
6.068243 


5.875738 
5.682539 
5.488669 
5.294155 
5.099025 


4.903309 
4.707035 
4.510235 
4.312943 
4.115190 


3.917011 
3.718443 
3.519520 
3.320281 
3.120763 


2.921004 
2.721043 
2.520921 
2.320676 
2.120350 


1.919982 
1.719613 
1.519284 
1.319036 
1.118907 


0.918939 


ics 


9.827944 
9.633121 


9.437195 
9.240173 
9.042063 
8.842873 
8.642612 


8.441293 
8.238927 
8.035529 
7.831113 
7.625695 


7.419294 
7.211929 
7.003620 
6.794389 
6.584261 


6.373261 
6.161416 
5.948754 
5.735305 
5.521102 


5.306177 
5.090565 
4.874302 
4.657427 
4.439978 


4.221995 
4.003521 
3.784599 
3.565272 
3.345586 


3.125587 
2.905322 
2.684838 
2.464184 
2.243408 


2.022558 
1.801685 
1.580838 
1.360065 
1.139416 


0.918939 


ea 


8.250182 
8.088946 
7.926737 
7.763551 
7.599386 


7.434240 
7.268110 
7.100994 
6.932893 
6.763806 


6.593733 
6.422673 
6.250630 
6.077603 
5.903597 


5.728614 
5.552659 
5.375732 
5.197843 
5.018998 


4.839203 
4.658466 
4.476796 
4.294202 
4.110696 


3.926290 
3.740995 
3.554826 
3.367799 
3.179929 


2.991233 
2.801730 
2.611440 
2.420383 
2.228582 


2.036059 
1.842840 
1.648949 
1.454415 
1.259264 


1.063526 
0.867231 
0.670412 
0.473099 
0.275328 


+0,077133 
~-0.121451 
-0,320388 
-0.519640 
-0.719170 


-0.918939 


ea 
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MODIFIED BESSEL FUNCTIONS—VARIOUS ORDERS 


T,(1) 


1, 26606 
5. 65159 
1.35747 
2.21684 
2. 73712 


2. 71463 
2. 24886 
1.59921 
9. 96062 
5. 51838 


2.75294 
1. 24897 
5.19576 
1. 99563 
7.11879 


! 37046 
| 
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7. 40090 
2.17495 
6, 03714 
1.58767 


3. 96683 
3. 53950 
1.12150 
2. 93463 


(-189) 8. 47367 


: 
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| 


1. 75838 
1. 22649 


7.77188 
4. 49302 
2. 38025 
1.16066 
5, 23192 
2.18917 
8, 53588 
3.11276 
1, 06523 
3. 43164 
) 


1. 04371 
3. 00502 
8, 21069 
2.13390 
5. 28637 


1. 25079 
7. 78756 
2, 04212 
4. 75689 
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-30 


-88) 1. 08234 


5878 
1040 
6698 
2492 
0221 


1560 
6148 
8231 
4033 
5863 


8040 


NS eee 
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In(2) 
2.27958 
1, 59063 
6. 88948 
2.12739 
5.07285 


9. 82567 
1, 60017 
2. 24639 
2. 76993 
3. 04418 


3. 01696 
2. 72220 
2, 25413 
1. 72451 
1, 22598 


8, 13943 
5. 06857 
2.97182 
1, 64621 
8. 64160 


19) 4, 31056 
33) 3. 89351 
48) 1.25586 
65) 3. 35304 


Son KCUSPWW NRF OO 


ee 
Ho 
ee i tie tie ti al ee ee ee te a tie ati all 


-158)1. 08217 


: 
| 
| 
: 


2. 49509 


2, 27854 
2. 03938 
1, 78909 
1, 53844 
1, 29679 
20)1. 07159 
8. 68154 
6. 89609 
5.37141 
4.10295 
) 


3. 07376 
2. 25869 
1. 62819 
1,15152 
7.99104 


5. 44200 
4. 27499 
6. 00717 
1. 76508 


5302 
6855 
4477 
9592 
6998 


9323 
3364 
1420 
6951 
5903 


3879 


In(5) 
2. 72398 
2. 43356 
1. 75056 
1.03311 
5. 10823 


2.15797 
7. 92285 
2. 56488 
7. 41166 
1.93157 


: 
: 


9. 95541 
1. 99663 
3. 71568 
6. 44800 


1, 04797 
1, 60139 
2. 30866 
3.14983 
4, 07841 


11) 5. 02423 
21) 3. 99784 
1.18042 
45) 2. 93146 


(-119) 7. 09355 


0 CO ~I1O AUS WwW NONE EH Oo OH et et 


rier 
w 
nN 


| 
: 
: 
| 


I,(100) 


1, 07375 
1, 06836 
1. 05238 
1. 02627 
9. 90807 


9, 47009 
8. 96106 
8. 39476 
7. 78580 
7.14903 


6. 49897 
5. 84924 
5. 21214 
4, 59832 
4, 01657 


3. 47368 
2.97447 
2.52185 
2.11704 
1.75972 


1. 44834 
1.20615 
3. 84170 
4, 82195 


(21) 4. 64153 
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ery" 
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MODIFIED BESSEL FUNCTIONS—VARIOUS ORDERS 


| 
| 
| 


<0 0 sO BD Wo ND Foor 


: 
Be 
se 
iL 
i 


4. 42324 


3. 60960 
3. 65383 
4. 42070 
6. 22552 
1, 00050 


1, 80713 
3. 62427 
7.99146 
1, 92157 
5. 00409 


1, 40306 
4, 21420 
1, 34994 
4, 59403 
1. 65520 


6. 29436 
4. 70614 
1.11422 
3, 40689 


185) 5. 90033 


1, 86487 
2.15098 
2. 72527 
3. 78614 


5. 75418 
9. 54032 
1. 72025 
3. 36239 
7. 10008 


1. 02789 
2. 86081 
8. 46600 


2. 65656 
8. 81629 
3, 08686 
1.13769 
4, 40440 


1. 78744 
2, 03024 
17) 5. 93822 
27) 2. 06137 


(85) 4. 59667 


: 
: 
| 


| 
: 
: 
| 


WOON oul PWNEHO oOrrEr 


eee eee ene eee 


6, 47385 
2.19591 


9. 43104 
4.93511 
3. 05538 
2.18811 
1. 78104 


1. 62482 
1, 64263 
1. 82314 
2, 20420 
2. 88369 


4, 05921 
6.11765 
9, 82884 
1. 67702 
3. 02846 


5. 77085 
4.27112 
9. 94083 
2. 97998 


155) 4. 61941 


3. 99528 


4, 36718 
4, 86872 
5. 53567 
6. 41870 
7. 58966 


-23) 9, 15098 
1.12500 
1. 41010 
1. 80185 
2. 34706 


3.11621 
4, 21679 
5. 81495 
8.17096 
1, 16980 


1, 70614 
2, 00581 
1, 29986 
4. 00601 


+13) 1. 63940 


E 
E 


LOL Lf in, I OI i in in, 


( 


Table 9.11 
K,(5) 


3. 69109 
3) 4. 04461 
5. 30894 
3) 8. 29176 
2)1. 52590 


3. 27062 
8. 06716 
2, 26318 
7.14362 
2.51227 


9. 75856 
4.15465 
1. 92563 
9. 65850 
5.21498 


3, 01697 
1, 86233 
1, 22206 
8. 49627 
6. 23952 


) 4, 82700 
30) 11213 


-2 
~1 
-1 
0 
0 
1 
2 
2 
3 
4 
5 
6 
6 
7 
8 


30)1. 05075 
42) 3. 39432 


115) 7, 03986 


8334 
3445 
3712 
8415 
6581 


7371 
1323 
1455 
4206 
7891 


2829 
2921 
2913 
3277 
4995 


6630 
5828 
4696 
3517 
3402 


0521 
2063 
6722 
2243 


0193 


K,(100) 


4. 65662 
4. 67985 
4. 75022 
4. 86986 
5. 04241 


5. 27325 
5. 56974 
5. 94162 
6. 40157 
6. 96587 


~45) 7. 65542 
8. 49696 
9.52475 
1. 07829 
1, 23283 


1, 42348 
1. 65987 
1. 95464 
2. 32445 
2. 79144 


-44) 3, 38520 
~43) 3.97060 
-41) 1, 20842 
~40) 9. 27452 


-25) 7. 61712 


823 


429 
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Table 9.12 KELVIN FUNCTIONS—ORDERS 0 AND 1 

ber wr bei x ber, bei, + 
1.00000 90000 0.00000 00000 0.00000 00000 0.00000 00000 
0.99999 84375 0.00249 99996 -0,03539 95148 0.03531 11265 
0.99997 50000 0.00999 99722 -0,07106 36418 0.07035 65360 
0.99987 34379 0.02249 96836 -0,10725 47768 0.10486 83082 
0.99960 00044 0.03999 82222 -0, 14423 08645 0.13857 41359 


0.99902 34640 0. 06249 32184 ~0.18224 31238 0,17119 51797 
0.99797 51139 0.08997 97504 ~-Q, 22153 37177 0, 20244 39824 
0, 99624 88284 0.12244 89390 -0. 26233 33470 0. 23202 24623 
0. 99360 11377 0.15988 62295 -0, 30485 87511 0. 25962 00070 
0, 98975 13567 0. 20226 93635 -0. 34931 01000 0. 28491 16898 


0. 98438 17812 0. 24956 60400 ~0, 39586 82610 0.30755 66314 
0.97713 79732 0. 30173 12692 -0. 44469 19268 0.32719 65305 
0.96762 91558 0.35870 44199 -0. 49591 45913 0. 34345 43903 
0,95542 87468 0. 42040 59656 -0. 54964 13636 0. 35593 34649 
0.94007 50567 0.48673 39336 -0. 60594 56099 0. 36421 64560 


0.92107 21835 0.55756 00623 -0, 66486 54180 0. 36786 49890 
0. 89789 11386 0. 63272 56770 -0. 72639 98786 0. 36641 93986 
0.86997 12370 0.71203 72924 -0. 79050 51846 0.35939 88584 
0. 83672 17942 0.79526 19548 -0, 85709 05470 0, 34630 18876 
0.79752 41670 0. 88212 23406 -0.92601 39357 0.32660 72722 


0.75173 41827 0.97229 16273 -0.99707 76519 0.29977 54370 
0, 69868 50014 1, 06538 81608 -1.07002 37462 0.26525 03092 
0. 63769 04571 1.16096 99438 ~1,14452 92997 0. 22246 17120 
0.56804 89261 1.25852 89751 -1. 22020 15903 0.17082 83322 
0.48904 77721 1.35748 54765 -1.29657 31717 0.10976 13027 


0.39996 84171 1.45718 20442 -1. 37309 68976 +0.03866 84440 
0. 30009 20903 1.55687 77737 ~1. 44914 09315 -0. 04304 07916 
0.18870 63040 1.65574 24073 -1.52398 37854 -0.13594 96285 
+0.06511 21084 1.75285 05638 -1. 59680 94413 -0. 24062 74875 
-0. 07136 78258 1.84717 61157 ~1, 66670 26139 ~0. 35762 26713 


-0. 22138 02496 1.93758 67853 -1. 73264 42211 -0. 48745 41770 
-0. 38553 14550 2.02283 90420 ~1. 79350 71373 ~0. 63060 25952 
-0. 56437 64305 2.10157 33881 ~1. 84805 23125 ~0. 78750 00586 
-0. 75840 70121 2.17231 01315 -1. 89492 53482 -0. 95851 92089 
-0. 96803 89953 2. 23344 57503 ~1..93265 36306 -1. 14396 11510 


-1.19359 81796 2. 28324 99669 1.95964 41313 ~1. 34404 23731 
-1. 43530 53217 2.31986 36548 -1. 97418 19924 -1,55888 06139 
-1. 69325 99843 2. 34129 77145 -1. 97443 00262 -1. 78847 96677 
-1..96742 32727 2. 34543 30614 -1.95842 92665 -2,03271 31257 
-2.25759 94661 2.33002 18823 -1.92410 07174 -2. 29130 70630 


-2.56341 65573 2.29269 03227 ~1. 86924 84590 -2, 56382 16886 
-2, 88430 57320 2.23094 27803 -1.79156 42730 ~2. 84963 19932 
-3. 21947 98323 2.14216 79867 -1. 68863 39648 -3.14790 74393 
-3, 56791 08628 2. 02364 70694 -1.55794 55649 -3.45759 07560 
-3.92830 66215 1.87256 37958 -1. 39689 95997 -3. 77737 59182 


~4. 29908 65516 1. 68601 72036 ~1,. 20282 16315 
-4, 67835 69372 1.46103 68359 -0.97297 72697 
~-5, 06388 55867 1.19460 07968 -0. 70458 98649 
~5. 45307 61749 0. 88365 68537 -0, 39486 10961 
-5. 84294 24419 0.52514 68109 -0, 04099 46681 ~5. 46179 58790 


-6, 23008 24787 0.11603 43816 +0, 35977 66668 -5.79790 79018 
eg (oe (—3)6 we 
8 8 8 8 
KELVIN FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 
a ker x+ber + In + kei rtbeie Ine r(kery e+bers Inv) r(keit rt+bei: + In) 


eeere eeree, 


ee ee 


ry 


oe 


eee 


° 


Oo DONT PWNRFO OONoOW PYNKYO OMOAInw PUNO ODMSICW LBWNHO OONOMw PUNO” 


-4,10568 54084 
~4. 44064 68813 
-4. 78006 93721 
-5.12141 92170 


. 


0.11593 1516 
0.11789 2485 
0.12374 5076 
0.13339 8210 
0.14669 9682 


0.16343 5574 
re 


-0. 78539 8163 
-0. 78260 7108 
-0. 77421 9267 
-0. 76019 0919 
-0. 74045 0212 


-0. 71489 8693 
[a 


-0. 70710 6781 
-0.70651 7131 
-0. 70486 2164 
-0. 70248 3157 
-0. 69994 6658 


-0. 69804 1049 


i 


-0.70710 6781 
-0. 70215 4903 
~0. 68733 0339 
-0. 66272 8003 
-0. 62851 1738 


~0, 58492 2770 


ce 


Compiled from National Bureau of Standards, Tables of the Bessel functions ./o(z) and /;(z) for complex 
arguments, 2d ed. (Columbia Univ. Press, New York, N.Y., 1947) and National Bureau of Standards, 
Tables of the Bessel functions ¥o(:) and ¥1(:) for complex arguments (Columbia Univ. Press, New York, 
N.Y., 1950) (with permission). 


Cee ee ee) 
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ry 
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KELVIN 


ker x 

foo} 
2.42047 3980 
1. 73314 2752 
1.33721 8637 
1, 06262 3902 


0.85590 5872 
0. 69312 0695 
0.56137 8274 
0.45288 2093 
0. 36251 4812 


0. 28670 6208 
0, 22284 4513 
0.16894 5592 
0.12345 5395 
0.08512 6048 


0. 05293 4915 
0.02602 9861 
+0, 00369 1104 
-0, 01469 6087 
-0.02966 1407 


~0. 04166 4514 
-0..05110 6500 
-0. 05833 8834 
-0. 06367 0454 
-0. 06737 3493 


-0. 06968 7972 
-0. 07082 5700 
-0.07097 3560 
~0,07029 6321 
-0. 06893 9052 


-0.06702 9233 
-0. 06467 8610 
-0, 06198 4833 
~0. 05903 2916 


. -0.05589 6550 


~0.05263 9277 
0.04931 5556 
-0, 04597 1723 
-0. 04264 6864 
-0. 03937 3608 


-0, 03617 8848 
-0. 03308 4395 
-0. 03010 7574 
~0.02726 1764 
-0,02455 6892 


-0, 02199 9875 
0.01959 5024 
~0. 01734 4409 
-0, 01524 8188 
-0. 01330 4899 


0.01151 1727 


FUNCTIONS—ORDERS 0 AND 1 


kei + 
-0. 78539 8163 
-0. 77685 0646 
~0. 75812 4933 
~0, 73310 1912 
~0, 70380 0212 


~0. 67158 1695 
-0, 63744 9494 
-0. 60217 5451 
~0. 56636 7650 
~0. 53051 1122 


-0. 49499 4636 
-0. 46012 9528 
-0. 42616 3604 
-0. 39329 1826 
-0. 36166 4781 


-0, 33139 5562 
~0. 30256 5474 
-0. 27522 8834 
-0. 24941 7069 
-0. 22514 2235 


~0. 20240 0068 
-0,18117 2644 
-0.16143 0701 
-0.14313 5677 
~0.12624 1488 


-0.11069 6099 
-0. 09644 2891 
—0, 08342 1858 
-0.07157 0648 
~0. 06082 5473 


-0.05112 1884 
-0, 04239 5446 
-0. 03458 2313 
~0.02761 9697 
-0. 02144 6287 


~0.01600 2568 
-0. 01123 1096 
-0. 00707. 6704 
-0, 00348 6665 
-0. 00041 0809 


+0, 00219 8399 
0. 00438 5818 
0. 00619 3613 
0.00766 1269 
0, 00882 5624 


0.00972 0918 
0.01037 8865 
0.01082 8725 
0.01109 7399 
0.01120 9526 


0.01118 7587 


ker, ao 


-7.14668 1711 
-3, 63868 3342 
-2,47074 2357 
-1, 88202 4050 


~1.52240 3406 
-1,27611 7712 
-1,09407 2943 
-0, 95203 2751 
~0. 83672 7829 


-0. 74032 2276 
-0. 65791 0729 
-0.58627 4386 
~0, 52321 5989 
-0. 46718 3076 


0.41704 4285 
-0. 37195 1238 
~0. 33125 0485 
-0, 29442 5803 
-0, 26105 9495 


-0. 23080 5929 
-0. 20337 3135 
-0,17850 9812 
0.15599 6054 
-0.13563 6638 


~0.11725 6136 
~0,10069 5314 
-0.08580 8451 


-0.07246 1339 . 


~0. 06052 9755 


-0, 04989 8308 
~0, 04045 9533 
-0, 03211 3183 
-0. 02476 5662 
-0, 01832 9556 


0.01272 3249 
-0. 00787 0585 
-0. 00370 0576 
-0,00014 7138 
+0. 00285 1155 


0.00535 1296 
0.00740 6063 
0.00906 4226 
0.01037 0752 
0.01136 6998 


0.01209 0904 
0.01257 7182 
0.01285 7498 
0.01296 0651 
0.01291 2753 


0.01273 7390 


Table 9.12 
kei, a 


= Li) 

-6. 94024 2153 
-3, 32341 7218 
-2. 08283 4751 
-1. 44430 5150 


-1,05118 2085 
-0. 78373 8860 
~0.59017 5251 
0. 44426 9985 
-0, 33122 6820 


-0, 24199 5966 
-0.17068 4462 
-0.11325 6800 
-0, 06683 2622 
-0, 02928 3749 


+0.00100 8681 
0.02530 6776 
0.04461 5190 
0.05974 7779 
0, 07137 3592 


0. 08004 9398 
0, 08624 3202 
0.09035 1619 
0.09271 2940 
0.09361 7161 


0. 09331 3788 
0.09201 8037 
0.08991 5810 
0.08716 7762 
0.08391 2666 


0, 08027 0223 
0.07634 3451 
0.07222 0724 
0. 06797 7529 
0. 06367 7999 


0.05937 6256 
0.05511 7592 
0. 05093 9514 
0, 04687 2681 
0, 04294 1728 


0.03916 6011 
0.03556 0272 
0.03213 5235 
0.02889 8142 
0.02585 3229 


0. 02300 2160 
0, 02034 4409 
0.01787 7607 
0.01559 7847 
0.02349 9960 


0.01157 7754 


KELVIN FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 


ker x+ber z Ins 


0.16343 5574 
0.18332 9435 
0. 20604 1279 
0. 23116 6407 
0. 25823 4099 


0. 28670 6208 
ic 


kei x+bei x In = x(kery x+ber: «In +r) r(keiy x+bei: x In 2) 


-0. 71489 8693 
-0, 68341 3456 
-0. 64584 9920 
-0, 60204 5231 
-0.55182 2327 


-0. 49499 4636 


ica 


~0. 69804 1049 
0.69777 1567 
-0. 70035 3648 
-0. 70720 4389 
-0, 71993 1903 


-0, 74032 2276 


ee 


-0, 58492 2770 
~0, 53229 1460 
~0, 47105 2294 
~0, 40176 2012 
-0. 32512 0736 


-0. 24199 5966 


ie 
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Table 9.12 KELVIN FUNCTIONS—MODULUS AND PHASE 


ber x=.1fo(x) cos 0 (r) ber: x =Jf(x) cos 4(+) 

bei «=:-Uo(r) sin ¢(x) bei: x =Jf,(z) sin % (7) 

r Mo(e) 69(x) JE, (x) 0 (7) 

0.0 1, 000000 0. 000000 0. 000000 2.356194 
0.2 1, 000025 0. 010000 0.100000 2, 361194 
0.4 1. 000400 0. 039993 0. 200013 2. 376194 
0.6 1, 002023 0. 089919 0. 300101 2. 401189 
0.8 1, 006383 0.159548 0. 400427 2. 436166 
1.0 1, 015525 0. 248294 0. 501301 2. 481086 
1.2 1, 031976 0. 354999 0. 603235 2. 535872 
1.4 1, 058608 0. 477755 0. 706982 2, 600386 
1.6 1, 098431 0. 613860 0, 813585 2. 674406 
1.8 1.154359 0. 759999 0. 924407 2. 757605 
2.0 1. 229006 0. 912639 1, 041167 2. 849536 
2,2 1, 324576 1. 068511 1.165949 2.949617 
2.4 1. 442891 1, 225011 1, 301211 3. 057139 
2.6 1, 585536 1, 380379 1. 449780 3.171285 
2.8 1. 754059 1, 533667 1. 614838 3. 291160 
3.0 1.950193 1. 684559 1. 799908 3.415839 
3.2 2.176036 1, 833156 2, 008844 3.544415 
3.4 2. 434210 1. 979784 2, 245840 3, 676044 
3.6 2.727979 2.124854 2.515453 3, 809981 
3.8 3. 061341 2. 268771 2, 822653 3. 945601 
4.0 3, 439118 2, 411887 3. 172896 4, 082407 
4.2 3. 867032 2. 554483 3.572227 4, 220023 
4.4 4, 351791 2.696771 4, 027393 4, 358179 
4.6 4. 901189 2. 838893 4.545990 4, 496691 
4.8 5.524209 2. 980942 5.136619 4. 635441 
5.0 6, 231163 3.122970 5. 809060 4. 774362 
5.2 7, 033841 3, 265002 6.574474 4, 913417 
5.4 7. 945700 3. 407044 7. 445618 5. 052589 
5.6 8. 982083 3. 549094 8, 437083 5.191872 
5.8 10, 160473 3. 691142 9. 565568 5. 331267 
6,0 11. 500794 3, 833179 10, 850182 5.470772 
6.2 13. 025757 3.975197 12. 312791 5. 610390 
6.4 14, 761257 4.117190 13. 978402 5.750117 
6. 6 16, 736836 4, 259152 15. 875614 5, 889950 
6.8 18, 986208 4, 401083 18, 037122 6. 029884 
7.0 21. 547863 4, 542982 20, 500302 6. 169913 


—2)4 (—3)2 (—2)4 » T(3)l 

[] a et a [e] 
KELVIN FUNCTIONS—MODULUS AND PHASE FOR LARGE ARGUMENTS 
wot ghe“72Mo(x) 60(r)—(e/ JB) ehe~247 (7) H1(@)—(0/YB) <> 


0.15 0, 40418 ~0. 40758 0, 38359 1, 22254 7 
0.14 0. 40383 -0, 40644 0. 38457 1, 21922 7 
0.13 0. 40349 ~0, 40534 0. 38556 1.21598 8 
0,12 0, 40315 -0. 40427 0. 38655 1, 21280 8 
0.11 0. 40281 ~0, 40323 0, 38755 1, 20968 9 
0.20 0, 40246 -0. 40221 0. 38856 1. 20660 10 
0. 09 0. 40211 -0. 40119 0. 38957 1.20356 ll 
0, 08 0. 40176 -0. 40019 0. 39060 1, 20057 13 
0, 07 0. 40141 -0. 39921 0. 39162 1.19762 14 
0, 06 0. 40106 -0. 39824 0. 39266 1.19471 17 
0.05 0. 40071 -0, 39728 0. 39369 1.19184 20 
0, 04 0. 40035 -0, 39634 0. 39474 1, 18901 25 
0, 03 0. 40000 ~0, 39541 0. 39578 1.18622 33 
0, 02 0. 39965 -0. 39449 0. 39683 1, 18348 50 
0, 01 0. 39930 -0. 39359 0. 39789 1.18077 100 
0, 00 9. 39894 -0, 39270 0. 39894 1.17810 © 


PP Ge 


<r>=nearest integer to =. 
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KELVIN FUNCTIONS—MODULUS. AND PHASE Table 9.12 


ker z=No(z) cos ¢0 (2) ker, « =N (x) cos 41 (x) 
kei z=No(z) sin ¢0(z) kei, v =M1 (x) sin 41 (2) 
© No(z) $0 (x) N, (2) $1 (2) 

0.0 00 0. 000000 0 ~2, 356194 
0.2 1, 891702 -0, 412350 4.927993 ~2. 401447 
0.4 1, 274560 -0. 584989 2.372347 ~2, 487035 
0.6 0. 941678 -0, 743582 1, 497572 -2, 590827 
0.8 0, 725172 -0. 896284 1,050591 -2, 704976 
1,0 0. 572032 -1, 045803 0. 778870 -2, 825662 
1.2 0. 458430 -1. 193368 0, 597114 ~2,. 950763 
1.4 0, 371548 -1. 339631 0. 468100 -3, 078993 
1.6 0. 303683 -1. 484977 0.372811 -3, 209526 
1.8 0. 249850 ~1, 629650 0, 300427 ~3, 341804 
2.0 0. 206644 -1, 773813 0, 244293 -3. 475437 
2.2 0.171649 -1, 917579 0, 200073 -3, 610143 
2.4 0. 143095 -2. 061029 0, 164807 -3. 745715 
2.6 0.119656 -2, 204225 0, 136407 -3. 881994 
2.8 0, 100319 ~2, 347212 0.113353 -4, 018860 
3,0 0. 084299 ~2. 490025 0.094515 ~4, 156217 
3.2 0. 070979 -2. 632692 0, 079039 -4, 293990 
3.4 0. 059870 -2. 775236 0. 066264 -4, 432118 
3.6 0, 050578 -2, 917672 0, 055677 -4, 570551 
3.8 0, 042789 ~3. 060017 0. 046873 4, 709250 
4,0 0. 036246 -3, 202283 0. 039530 -4, 848179 
4.2 0, 030738 -3. 344478 0, 033389 -4, 987312 
4.4 0, 026095 -3. 486612 0, 028242 -5. 126623 
4.6 0. 022174 -3. 628692 0. 023918 -5, 266093 
4.8 0, 018859 -3, 770724 0. 020280 ~5. 405705 
5.0 0. 016052 -3. 912712 0.017213 -5. 545443 
5.2 0. 013674 ~4, 054662 0. 014624 -5. 685295 
5.4 0.011656 ~4. 196576 0. 012435 ~5, 825250 
5.6 0. 009942 -4. 338460 0. 010583 -5. 965298 
5.8 0, 008485 -~4, 480314 0, 009013 -6. 105430 
6.0 0. 007246 -4. 622142 0. 007682 -6. 245638 
6.2 0. 006191 -4, 763947 0. 006551 -6, 385917 
6.4 0. 005292 -4. 905730 0. 005590 -6, 526260 
6.6 0. 004526 -5. 047493 0. 004773 ~6. 666662 
6.8 0. 003872 -5. 189238 0. 004077 -6. 807119 
7.0 Q. 003315 ~5, 330966 0. 003485 -6. 947625 


KELVIN FUNCTIONS—MODULUS AND PHASE FOR LARGE ARGUMENTS 
n-1 ——aahetN®No(z) — 40(2)+(0/y8) wbe?M®Ni(z) 41 (2)+(@/y9) <2> 


0.15 1. 23695 -0. 38070 1. 30377 -1, 99943 7 
0.14 1, 23802 -0. 38142 1. 30039 ~1..99725 7 
0.13 1. 23909 -0, 38217 1, 29701 -1. 99505 8 
0.12 1.24017 -0. 38291 1, 29363 ~1. 99281 8 
0.11 1. 24125 ~0, 38367 1, 29024 -1. 99055 9 
0.10 1. 24233 ~0. 38444 1, 28687 -1. 98825 10 
0. 09 1, 24342 ~0, 38522 1, 28349 -1. 98592 ll 
0. 08 1. 24451 -0. 38600 1. 28012 ~1. 98357 13 
0, 07 1. 24560 -0, 38680 1.27675 -1, 98118 14 
0. 06 1, 24670 -0, 38761 1, 27339 ~1, 97876 17 
0, 05 1, 24779 -0. 38843 1, 27002 -1, 97630 20 
0, 04 1, 24889 -0. 38926 1. 26667 ~1. 97381 25 
0. 03 1, 25000 -0. 39010 1, 26332 -1. 97128 33 
0. 02 1.25110 -0, 39096 1, 25998 -1. 96872 50 
0. 01 1, 25221 -0. 39182 1. 25664 -1, 96613 100 
0. 00 1, 25331 -0, 39270 1, 25331 -1. 96350 © 


ce) 


<a>=nearest integer to z. 


10. Bessel Functions of Fractional Order 


H. A. Anrosrewicz! 
Contents 


Mathematical Properties... . 2... 1 ee ee ee et ee 
10.1. Spherical Bessel Functions ............... 
10.2. Modified Spherical Bessel Functions. ........2.. 
10.3. Riccati-Bessel Functions... ...... 1... 2 eee 
10.4. Airy Functions... 2... 1. ee ee ee ee ee 


Table 10.1. Spherical Bessel Functions—Orders 0, 1, and 2 (0<2z<10) . 
jn(X), Yn(2) 
n=0, 1, 2;2=0(.1)5, 6—8S, z=5(.1)10, 5S 
Table 10.2. Spherical Bessel Functions—Orders 3-10 (0<2<10)... 
ju(@), yn(z) 
n=3(1)8;2=0(.1)10, 5S 
z-"j,(z), z"¥y,(x) 
n=9, 10;2=0(.1)10, 7-88 
Table 10.3. Spherical Bessel Functions—Orders 20 and 21 (0<2z<25) . 
x” exp (2*/(4n+2))7,(z) 
a**? exp (—2?/(4n+2))yn(x) 
n=20, 21; x=0(.5)25, 6-85 
Table 10.4. Spherical Bessel Functions—Modulus and Phase—Orders 
Oy TO S20 Se leets fo ee. po a te ca Ges Wa we eS 
¥372M,.43(2), On44(z)—2 where 
j n(2) = V3n/eM nth (x) COS O44 (2) 
Yn(t)=V97/2M44(z) 31D On44(2) 
n=9, 10; 2 '=.1(—.005)0, 8D 
n=20, 21; x 1=.04(—.002)0, 8D 


Table 10.5. Spherical Bessel Functions—Various Orders (0<n<100) . 
jn{X), Yn(2) 
n=0(1)20, 30, 40, 50, 100 
z=1, 2, 5, 10, 50, 100, 10S 


Table 10.6. Zeros of Bessel Functions of Half-Integer Order (0<n<19) . 
Zeros j», s, Y»,, Of J,(z), Y,(x) and Values of J3(j,, 5), Yi(yr, s) 
v=n+}, n=0(1)19, 6-7D 


Table 10.7. Zeros of the Derivative of Bessel Functions of Half-Integer 
Order (O77 519) cs ascii: ee Bk ee Re ee ae 1k, a DR 
Zeros jy, 5, Ys, of J;(x), Yi(x) and Values of J,(7),.), Y>(y?. s) 
v=n-+3, n=0(1)19, 6D 


! National Bureau of Standards. (Presently, University of Southern California.) 
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Table 10.8. Modified Spherical Bessel Functions—Orders 0, 1 and 2 
eo) ce Sensi tts ae Ss he a ak ee 469 
V30/t1 n44 (2), VE4/tK 44 (2) 
n=0, 1, 2;2=0(.1)5, 4-9D 
Fable 10.9. Modified Spherical Bessel Functions—Orders 9 and 10 
S92 oe. + eee ee ee we ee Bob es 470 
a" Fn [rT ny (a), 2 94/2 Kn 44(2) 
n=9, 10;2=0(.1)5, 7-85 
e-*Tna3(@), (2/3) e7Kn sa (2) 
n=9, 10;2=5(.1)10, 6S 
V2xz exp [—2-+n(n+1)/(22)|Z.4(2) 
V2u/m exp [zx—n(n-+1)/(22)] Kaya (z) 
n=9, 10; 27!=.1(—.005)0, 7—85S 
Table 10.10. Modified Spherical Bessel Functions—Various Orders 
(0505100) "2-8 4036 Ae ee RS ee RR Be eS 473 
V4 /21n43(2), V9T/2K a 44(2) 
n=0(1)20, 30, 40, 50, 100 
x=1, 2, 5, 10, 50,100, 10S 
Table 10.11. Airy Functions (0<z<?e~)............02.4., 475 
Ai(z), Ai’(z), Bi(a), Bi’(x) 
2=0(.01)1, 8D 
Ai(—z), Ai’(—z), Bi(—z), Bi’(—z) 
2=0(.01)1(.1)10, 8D 
Auxiliary Functions for Large Positive Arguments 
Ai(x) = 427 “*e78f(—£) ; Bi(z) =a" “eff (E) 
Ai’ (2) = —4a"4e~§g(—£); Bi’ (x) =a" *e8g(£) 
F(+6), g( +8); f= 92"?, &'=1.5(—.1).5(—.05)0, 6D 
Auxiliary Functions for Large Negative Arguments 
Ai(—2z)=27"*[fi(&) cos E+f2(£) sin § 
Bi(—z)=2-"4| f2(¢) cos £—f,(€) sin é] 
Ai’(—2) =2""[9,(€) sin £—g2(€) cos £] 
Bi’ (—z) =2""[g.(&) sin £-+9,(€) cos §] 
Ail, fol), g(é), g2(€); i= 92” 
&'=.05(—.01)0, 6-7D 
Table 10.12. Integrals of Airy Functions (0<z<10)......4... 478 


f ” Ai(t)dé, 2=0(.1)7.5; f, * Ai(—t)dt, 2=0(.1)10, 7D 


f ” Bi()dt, 2=0(.1)2; f ” Bi(—d)dt, 2=0(.1)10, 7D 
0 0 


Table 10.13. Zeros and Associated Values of Airy Functions and Their 
Detivetives (16510) 6 Gs Ss ee ee we ew 478 
Zeros a,, a;, b,, 6; of Ai(x), Ai’(z), Bi(z), Bi’(x) and values of Ai’(a,), 
Ai(a,), Bi’(b,), Bi(b;) + s=1(1)10, 8D 
Complex Zeros and Associated Values of Bi(z) and Bi’(z) 
(1<s<5) 
Modulus and Phase of e~**/8g,, e~**/?g/, Bi’(8,), Bi(6;) s=1(1)5, 3D 


The author acknowledges the assistance of Bertha H. Walter and Ruth Zucker in the 
preparation and checking of the tables and graphs. 


10. Bessel Functions of Fractional Order 


Mathematical Properties 


10.1. Spherical Bessel Functions 
Definitions 


Differential Equation 
10.1.1 


2w'’+2ew’ +-[22—n(n+1)]w=0 
(n=0,+1, +2,...) 


Particular solutions are the Spherical Bessel 
Junctions of the first kind 


ja(2)=V44/2J n44(2); 
the Spherical Bessel functions of the second kind 
yn(2)=V¥a/2¥ wale), 
and the Spherical Bessel functions of the third 
kind 
h® (2)=Jja(2) +tyn(2)=V90/2H (2), 
h? (2)=ju(z) —tyn(2) =V90/2H 24 (2). 


The pairs j,(2), ya(z) and A@(z), h@(z) are 
linearly independent solutions for every n. For 
general properties see the remarks after 9.1.1. 


Ascending Series (See 9.1.2, 9.1.10) 
10.1.2 


oe: a Le 
ile) “a *T@n3) 


2)? 
+ 3Gn-+3) (2n+5) °° } 


10.1.3 
= 18:5 Go“) f ercmorae Lemans 
Yn(z)= aes aT Z ay 
Ta a 2m) ** +} 
— —2n) 
(n=0, 1, 2, eee 
Limiting Values as 20 
— . 1 
10.14 2 in) T3555 -~ Gn) 
10.1.5 


ently, (z)>—1-3-5.. . (2n—1) (n=0,1,2,...) 


Wronskians 


10.1.6 W{on(2), Yn(2) } = 27? 
10.1.7 


W{h2 (2), kh? (2)}=—2iz-* ss (n=0, 1, 2, .. .) 


Representations by Elementary Functions 


10.1.8 
jn(2) =2-"[P(n+3, 2) sin (e—4nr) 
+Q(n+4, 2) cos (2—4nr)] 


10.1.9 
Yn(2)=(—1)"**!2-[P(n+ 3, z) cos (2+4nz) 
—Q(n+4, 2) sin (2+ 4nz)] 
P (n-+}p Joe (22)-2 
(n+4)! e 
+ar@—3 22)‘ 


= (—1)*(n+4, 2k)(22)-™ 


Qen+4, )= TE ay, (2e)~* 
(+5)! ps 
tiir@—4 22) 


"5" (nt 4, 2+ 1) 22) 
(n=0,1,2,...) 


___ (n+b)! 
(n+4, ERG) 


1 2 

2 6 12 

3 12 60 120 

4 20 180 840 1680 

5 30 420 3360 | 15120 30240 
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10.1.10 Yn (x) 
jun(2)=fn(2) sin 2+(—1)"*"f-n-1(2) cos 2 
fo(a=2", filz)=2-? 
fn—1(2) +h ngs (2)= (2n+1)27 "fr (2) 
(n=0, +1, +2,...) 


The Functions j,(z), ya(2) for n=0, 1, 2 


sin 2 
Fo 


1.1.11  jo(z)= 


sinz cos2 
2? 2 


jley= 
qe(2) -(5-*) sin pen cos 2 * 
2 2 2 zt 


10.1.12 
. OSs 
yo(2)=—j-a(2)=- 


cosz sing Figure 10.2. ya(z). n=0(1)3. 


yi (2) =j-2(z) eS ae 


. 3,1 3). 
Y2(2) = —j-a(2) -(-3+5) cos 2 sing * 


Jnlx) 


FieureE 10.3. ja(z), yn(x). 2=10. 


Poisson’s Integral and Gegenbauer’s Generalization 


. 2” = : 
10.1.13  j,(2)= satin f. cos (2 cos 8) sin?**+16 dé 
(See 9.1.20.) 
10.1.14 


=} (—2) “f" et °8 6P (eos 6) sin 6.d6 
0 


Fioure 10.1. j,(z). n=0(1)3. (n=0, 1, 2,...) 


*See page I. 
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Spherical Besse] Functions of the Second and Third 


Kind 
10.1.15 
Yyn(2)=(—1)"*17_-n-1(2)  (n=0, +1, +2,...-) 
10.1.16 


h®(2)—=6-*12-Hel* D3 (n-+-4, k) (—2iz)* 
0 


10.1.17 
hy? (2) mitt tee) (n+ 4 k) (202)-* 


10.1.18 
AQ 1 (2)=1(—1)"hP (2) 
h®_,(2)=—4(—1)"2P(z) —s (n=0, 1, 2,.. 


Elementary Properties 
Recurrence Relations 


Fal2) ? Jnl), Yn(Z), hy? (z), AY (z) 


(n=0, +1, +2,...) 
10.119 fa-1(Z) +fn4i(2) = (2n+1)27"f, (2) 


10.1.20  nf,-1(2)—(@ +1) faaa(2z)=(2n+1) + fn(2) 


10.1.21 att e+ fn(2)=fn-1(2) 
(See 10.1.23.) 

10.1.22 ohn (2) Fh (2)=fn4s (2) 
(See 10.1.24.) 


Differentiation Formulas 


Fa2) 2 Jn(2), Yaz), AM (2), AE (z) 
(n=0, +1, +2,...) 


10.1.23 G S) le fal =e™ ful) 


10.1.24 BEY eld (-2-fram(2) 


(m=1, 2, 3,...) 
Rayleigh’s Formulas 
10.1.25 
-¢,\—o2(_1 @\*sin z 
j(e)=er (2) Se 
10.1.26 
1d\* 
Yn(z)=—2" (-25 — (n=0, 1, 2,...) 


*See page ni. 


Modulus and Phase 


Jn(2) =V 977/2M,43(2) cos 9n+4(Z), 


Yn(2) ae V37/2M,44(2) sin 6n+4(2) 
(See 9.2.17.) 


10.1.27 


(b x/2) Miye)= 4, Ss On CR 


(See 9.2.28.) 
(3/2)Mi,2(z)=90(2) +ys(z)=27? 


(2z2)2*-2" 


10.1.28 
10.1.29 
(30/2z)M3,2(2z)=Ji(z) +yi(z2)=27 +2" 

10.1.30 

(an/2z)M5i2(2)=92(2) +2 (2) = 277 +32-*+ 927% 

Cross Products 
10.1.31 9,2) Yn—1(2) —Jn—-1(2) Yn (2) = 2? 
10.1.32 
ju+1(2)Yn—1(2) —Jn—1(2) Yn (2) = (2n+1) 27% 

10.1.33 
jo(2) jn(2) + Yyo(2) yn (2) 


(n=0, 1, 2,...) 
Analytic Continuation 
10.1.34 jn(ze™™*) — euart,.. (2) 
10.1.35 Yyn(ze™**) = (— 1)™e""**y,(z) 
101.36 AL (ze@tY*4) = (—1)*h (2) 
10.1.37 — h2(ze@™+*4) = (—1)"h(z) 
10.1.38 h® (ze™*") =h (2) 
(l=1, 2; m,n=0, 1, 2,...) 
Generating Functions 
10.1.39 
1 : 3 o (—t)" 
g sinve?+22t= 3) Ty ye-il2) 2 tl<lel) 


) ”% 
10.1.40 s cos V2'—22t= 3) = In—1(2) 
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Derivatives With Respect to Order 
10.1.41 


[2i@] = Gals) (Cicee) sin 2—Si(2a) cos 2} 
10.1.42 
[2 ste) | Gia) (Cie) cos 2+Si22) sin 2) 
10.1.43 
[Zev] | —Caa/z) (Cia) cos 2+{Si(22)—z] sin 2) 
10.1.4 


[Zea] = 
(42/zx) { Ci(2z) sin z—[Si(2z)—] cos x} 
Addition Theorems and Degenerate Forms 
r,p,6, \ arbitrary complex; R= (r?-+ p?—2rp cos @) 


SAE 55 (2n+1)ja(d1)jale)Pa(08 6) 


10.1.45 


28 A 


*10.1.46 — => (2n+1)jn(Ar)yn(d.p)Px (cos 6) 


lre*?1<|p| 


10.1.47 ef °° => (2n+1) e3*** 7,.(2)P,(cos 6) 


10.1.48 
Jo(e sin =) (An+1) sey dn 2)Pan(008 0 


Duplication Formula 


10.1.49 
jn (22) = 
” n—2k+1 . 
+ —alestt 53 Aon Ey Inn (2)Yn—2(2) 


Some Infinite Series Involving j2?(z) 


10.1.50 ya (2n-+1) j2(z)=1 
WOLSL  S (—1)*2n+1)j%(2)= sine 
10.1.52 3 ike = SiGe) 


*See page Il. 
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Fresnel Integrals 


10.1.53 


C( 2am) =} f * J-4(t)dt 
=vBleos $e 3} (—1)"Jansi(Ba) 


+sin }z a (—1)"J 2n43/2(42)] 
10.1.54 


S(Viajn) =) _Ju(Oat 


=yJsin 32 > (—1)*Jon4(42) 


—cos }z = (—1)*J on43/2(32)]. 


(See also 11.1.1, 11.1.2.) 


Zeros and Their Asymptotic Expansions 


The zeros of 7,(z) and y,(z) are the same as the 
zeros Of Jn43(z) and Y,4;(x) and the formulas for 
jv, and y,, given in 9.5 are applicable with 
v=n-+ 4. There are, however, no simple relations 
connecting the zeros of the derivatives. Ac- 
cordingly, we now give formulas for a, ,, b,,., the 
s-th positive zero of 7;,(2), y,(2), respectively; 
z=0 is counted as the first zero of 7,(z). 


(Tables of aj, One, jn(Gns), Yn(bn,s) are given in 
[10.31].) 


Elementary Relations 
Sn(Z)=Jn(Z) cos xt+y,(z) sin at 
(t a real parameter, 0 <¢<1) 


If r, is a zero of f,(2) then 


10.1.55 fa(ta)=[ta/(2+1)] fri (70) 
(See 10.1.21.) 


10.1.56 
(See 10.1.22.) 


— (rn/ nf, n+l (rn) 


-{? [2—n(n+1)] ae\ 


10.1.57 


BESSEL FUNCTIONS 
McMahon’s Expansions for n Fixed and s Large 
10.1.58 
Ona Ons~B— (u+7) (88) 


—S (ru? + 1544-95) (86)-* 


2 
-= (85243535 .2+3561 u-+6133)(86)-> 


aot 
105 


+9046780u—5075147)(88)-"— ... 


(6949 yu‘ +-474908u3 + 3306382 


B=n(s+ 4n—}3) for a,,,, B=7(s+4n) for b,,; 
p=(2n-+1)? 


Asymptotic Expansions of Zeros and Associated Values 
for n Large 


10.1.59 
dn, ~ (n+ $) +.8086165(n-+ 4) /?—.236680(n-+4)-¥8 


—.20736(n+-4)—!+ .0233(n+4)-544 ... 
10.1.60 


bh s~(n +4) +1.8210980(n+4)18 
+ .802728(n-+ 4) -*”—.11740(n+4) 7! 


+.0249(n+4)-2384 .., 
10.1.61 


Jn(Qn, 1) ~-8458430 (n+ 4) ~*/° { 1 —.566032(n-+ 4) - 7/3 
+.38081 (n+4)~*8—.2203(n+4)—2+ ...} 

10.1.62 

Yn(b,, 1) ~~-7183921 (n+ $)-*/ { 1—1.274769(n 4+ 3)-28 


+1.23038 (n+- 4) -*®—1.0070 (n+3)-2-+ .. .} 


See [10.31] for corresponding expansions for 
s=2, 3. 


OF FRACTIONAL ORDER, 
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Uniform Asymptotic Expansions of Zeros and 
Associated Values for n Large 


10.1.63 
ye ~ (m+ 4$) { 2[(n+-4)-?7a/] 


+3 hil (n-+4)-?ai |(n-++4)-*} 
10.1.64 
b, .~(n-+4) { 2[(n-+-4)-278/] 


+35 he (n+ 4)? 8; \(n-+-4) -*} 
10.1.65 


Jn (On, 2) ~V¥r Ai(as) (n+-4)-¥ 
Al(-+4)~*°a,] (2l +4) -*a,]) - 


(1+ 33 Hilln+4)-*0,](n+4)-*} 
10.1.66 


Yn(On, .) ~ —V4xBi(b,) (n+-4) ~/ 
Al (n+) -*°6,) (21 @+4) 776) -? 


(14+50 Hil (n-+4)-?b)|(n-+4)-*} 


h(é), 2(&) are defined as in 9.5.26, 9.3.38, 9.3.39. 
a,, 6; s-th (negative) real zero of Ai’(z), Bi’(z) 
(see 10.4.95, 10.4.9.) 


Complex Zeros of hi?(z), h&?’(z) 


A(z) and AM (ze"**), m any integer, have the 
same zeros. 

h{ (z) has n zeros, symmetrically distributed with 
respect to the imaginary axis and lying approxi- 
mately on the finite arc joining z=—n and z=n 
shown in Figure 9.6. If is odd, one zero lies on 
the imaginary axis. 

h®’(z2) hasn+1 zeros lying approximately on the 
same curve. If n is even, one zero lies on the 
imaginary axis. 
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-¢ (—H ka) (—)ke) (—f) s(t) (—5)? A) (—¢)4 ARs) (—5)°H3(t) 
0.0 —, 4409724 —. 122500 —. 06806 . 000000 00000 0000 
0.2 —! 4572444 —, 114201 —_ 05986 027518 00575 ‘0023 
0.4 —_ 4702250 —! 107243 —_ 05279 ‘049069 01118 ‘0043 
0.6 —) 4802184 —~_ 101318 —! 04674 065677 01592 ‘0061 
0.8 —_ 4875705 —| 096159 —_ 04160 078255 01983 ‘0075 
1.0 —. 4926355 —. 091561 —. 03725 . 087587 02290 0085 
-t h(t) halt) a(t) HG) H(t) 
1.0 —, 4926355 —. 09156 —. 037 . 087587 0229 
1.2 —! 4131280 —! 05056 ~!014 ‘065507 0121 
1.4 —_ 3551700 —! 03043 —! 006 050524 0070 
1.6 —_ 3108548 —_ 01950 —_ 003 : 039890 ‘0042 
1.8 —_ 2757704 —. 01310 —! 001 032085 ‘0027 
2.0 —, 2472521 —. 00914 . 026206 . 0018 
2.2 —! 2235898 —! 00658 021682 0012 
2. 4 —_ 2036314 —) 00485 ' 018141 0008 
2.6 —. 1865701 —_ 00366 "015326 0006 
2.8 —! 1718217 —! 00280 "013061 0004 
3.0 —. 1589519 —. 00219 . 011217 0003 
3.2 —_ 1476304 —! 00173 ‘009701 0002 
3.4 —! 1376005 —! 00138 ‘ 008443 0002 
3.6 —_ 1286601 —_ 00112 ‘007391 "0001 
3.8 —! 1206469 —_ 00091 "006505 ‘0001 
4.0 —. 1134296 —. 00075 . 005753 
4.2 —_ 1069004 —! 00062 ‘005111 
4.4 —_ 1009699 —_ 00052 004560 
4.6 —! 0955634 —! 00044 "004085 
4.8 —_ 0906180 —; 00037 003672 
5.0 —, 0860804 —, 00032 . 003313 
5.2 —_ 0819049 —_ 00027 002998 
5.4 —. 0780523 —_ 00023 ‘ 002722 
5.6 —_ 0744888 —_ 00020 ‘002478 
5.8 —! 0711850 —! 00018 " 002262 
6.0 —. 0681152 —. 00015 . 002070 
6.2 —! 0652570 —! 00013 ‘001899 
6.4 —| 0625905 —! 00012 "001746 
6.6 —_ 0600985 —! 00010 001609 
6.8 —_ 0577653 —_ 00009 001486 
7.0 —. 0555773 —. 00008 . 001375 
(-9)-3 his) he(S) A, (¢) 
0.40/ —.0645731 | —. 00013 . 001859 
‘36 |  —.0487592 | --. 00005 001056 
"32 | —. 0352949} —. 00002 000551 
“93 | —.0242415 | —; oo001 ‘ 000259 
‘24| —. 0158683 "000106 
.20| —.0091416 *, 000037 
"16 | —. 0047276 "000010 
"12 | —! 0020068 ‘000002 
‘08 | —. 0005965 
‘04 | —. 0000747 
.00 | —. 0000000 
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10.2. Modified Spherical Bessel Functions 
Definitions 


Differential Equation 
10.2.1 


ew’ +2ew’ —[2?-+n(n+1)]w=0 
(n=0, +1, +2,...) 


Particular solutions are the Modified Spherical 
Bessel functions of the first kind, 


10.2.2 

V¥0/2In43(2) = 67" "7, (ze™"/”) 
= einrtl4j,(ze2rt) 

of the second kind, 

10.2.3 


V40/2I_n-3(2) eter Drtlty (ger?) 
(—3<arg 2<}n) 
Se ere (Ze 8tts) 


(—m<arg z< 4m) 
(gr<arg 2X7) 


(4r<arg 2<m) 
of the third kind, 
10.2.4 
VEFPeK p92) =40(—1)"" "Viral Ina —I 0-42] 
The pairs 


V97/2T n43(2), ¥ 30/2] —-n-4(2) 
V aT, ZL n+4 (z) »v 5m/2Kn+y (2) 


are linearly independent solutions for every n. 

Most properties of the Modified Spherical 
Bessel functions can be derived from those of the 
Spherical Bessel functions by use of the above 
relations. 


and 


Ascending Series 


10.2.5 


Vine HOTS BD 


ra eee 
tees To@n+3)(On+5) > 


10.2.6 
PRI oe 
(422)? 
{1+7¢f 5 Sa) + MAI) GLa) * a } 
(n=0, 1, 2,...) 
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Wronskians 
10.2.7 
Wivom/2ln43(2), V9m/21-n-4(2) } =(—1)"t27? 
10.2.8 


Wivix 2In44(2), Vim/2Ku44 (2) }=—}re"? 


Representations by Elementary Functions 


10.2.9 


Vit/2In43(2)= (22) [RO+4,—2) 6 


—(-1)"R@+3,2)e77] 
10.2.10 
Vinal -n-4(2)=(22)-“[R@+4,—2) 7 
+(-1)"R(nt+3,2)e77] 


10.2.11 
Rents, 2)=14+ GEE (2a)? 
tye Be) t+. 
=> (n+4, B@e)* 
(n=0,1,2,.-.) 


(See 10.1.9.) 
10.2.12 
V40/21n44(2)=ga(z) sinh 2+g-n-1(z) cosh 2 
go(z)=27', n(z)=—2 


Qn—1(2) —Gn4i(2) = (2n-+1)27"gn(z) 
(n=0, +1, +2,...) 


The Functions V3n/el ins) (2); n=0,1,2- 


10.2.13 
Vivfelin(e) =e? 


V¥elelon ejoasohe 2 cosh zZ 


2 zZ 


V 90/2] 5/2(2) -(S+ +) sinh 25 cosh z 
10.2.14 


v40/el -12(2)= 
inh h 
V4n/2 -sn(2)=— ar 2 


V4n/el _n(=—; sinh o+( +2) cosh 2 


*See page il. 


cosh 2 
Z 
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Modified Spherical Bessel Functions of she Third Kind 


y 
10.2.15 


VER EE ny(2)= frie PHO (zed?) 


(—x<arg 2S3n) | © 
== —dyrie~ + D 8/2h, 2 (ze 4") 


7 

l 

| 

1 4 

; 3 

tt 

(am<argz<m) | or! | 

n l 

=(Br/2)e-* 3) (n-+4, Bz) ! 

| 

10.2.16 bl 
\ 


Kn+s(2)=K-n-s(2) — (n=0,1,2,.. .) ; 


The Functions V}7/2Kn+4(z),n=0, 1, 2 : 
10.2.17 V3a/2K1;2(2)=($a/z)e7* \ 1 ‘ 
V¥a[eKsnle)=(anl2)e"-+27) oo Et, 

VPP nla) =Car +321482) | YES 
Elementary Properties == 


Recurrence Relations 


Figure 10.4. Vz In44(2), Vz Kent. n=0(1)3. 
falz): V9t/2ln4y9(Z), (—1)*tV30/2K a 44(2) 


(n=0, +1, +2,...) 


10.2.18  fr—1(2)—Ffn4i(z) = (2n+1)27fn(2) 


FF X00 


10.2.19  nf,-1(2) + (n4+1) fogs (2)=(20+1) £ Sn (2) 


10.2.20 net +H Fr(2)=fn-1 (2) 
(See 10.2.22.) 


10.2.21 -= f(z) +¢ Fn(2)=fn41(2) 
(See 10.2.23.) 


Differentiation Formulas 


Fa2): V¥m/2Insa(2) , (—1) "FV b0/2K nay (2) 
(n=0, +1, +2,...) 


10.2.2 (2 J) let fa =e Yaan(2) 


10.2.23 (2 EY [e-fale) =e" Yurn(2) 


(m=1, 2,3,...) Frovan 10.6. Vz In+3 (2), Vz Knss(z). 2=10. 
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Formulas of Rayleigh’s Type 


10.2.24 -/En/2lna3(2)=2" ¢ 4 P sinh 2 
10.2.25 
id h 
Viral» (=a (ZY) combe 
(n=0,1,2,...) 


Formulas for 1244(2) —I? 4-3 (2) 
10.2.26 
(3n/z) Ti, i —I?,-4(2)] 
=5 S (—1)#1 na 
(n=0,1,2,...) 
(20/2) Linz) —I?12(z)]=—27? 
10.2.28 (41/2) Io (2)—I2 40 (2))=2-2@— 2-4 


(22)*-2" 


10.2.27 


10.2.29 


(31/2) Tb0(2) —I2 5/2(2z)]=—2-°+327*—92-° 


Generating Functions 


16.2.30 
+ sinhyF—2izt= >> ay" [Vin/el-ni(2)] 

(2|t|<|2)) 
10.2.31 


{cosh yf Biat—= 3) cy [V37/2I,~3(2)] 


Derivatives With Respect to Order 
10.2.32 


[F To(a) haa =— 5 [Bi(22)e-*—E, (—22)e4 


10.2.33 


Lae] 


10.2.34 eal =F vaPBaEi (—2a)et 


Ing Mie)e*+ Ey (— 2x)e7} 


For £,(z) and Ei(z), see 5.1.1, 5.1.2. 


*See page 0. 
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Addition Theorems and Degenerate Forms 

r, p, 0, \ arbitrary complex; R=+/r?+ p?—2rp cos 6 

10.2.35 


SES Cnt) (Palas) 
[V37/ApK,44(Xp)|P,(cos 6) 
10.2.36 


603) (nt1) [VEr/eln44(2)|Pa(cos 6) 


10.2.37 
on? o>) (—1)"2n+1)[V4n/2In43(2)P, (cos @) 


Duplication Formula 


10.2.38 
Kasy (2 z)= = 


“aa By (—1)H(2n— 2-41) 
nate Lb? H@n—ktpr &* 


10.3. Riccati-Bessel Functions 


3~244(2) 


Differential Equation 


10.3.1 
Aw’ +[2—n(n+1)]w=0 
(n=0, +1, +2,...) 
Pairs of linearly independent solutions are 
23n(2), 2Yn(2) 
zh; (2), zhn (2) 


All properties of these functions follow directly 
from those of the Spherical Bessel functions. 


The Functions zj,(z), zyn(z), n=0, 1, 2 
10.3.2 
2jo(2)=sin 2, 27,(2) = 27! sin z—cos 2 
(2) =(32-?— 
10.3.3 


ZYo(2) = —cos 2, 
2y2(2)=—327 sin z—(32-2-— 


zy,(2)=—sin z—27! cos 2 


Wronskians 
10.3.4 W{2n(2); zyn(z)}=1 


10.3.5 W{zh®(z), 2h (2)} =—27 
(n=0, 1,2, .. .) 


1) sin z—327' cosz * 


1) cos 2 * 
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10.4. Airy Functions 
Definitions and Elementary Properties 
Differential Equation 
10.4.1 w’’—zw=0 
Pairs of linearly independent solutions are 
Ai (2), Bi (2), 
Ai (z), Ai (ze?**/%), 
Ai (2), Ai (ze7?*#/%), 
Ascending Series 
Ai (z)=¢, f(z) —¢2g(z) 
Bi (2)= 3 {ef(z) +e29(2)] 


fat y e+e ete 


10.4.2 
10.4.3 
l 2+... 


gk 


=3 = ay 


g(z)= eta aA 58 § 8 Pe 


_ 
okt 


=33 Ose GEFiyi 
on 


3 (a+5) = (3e-++1)(3a-+4) .. . (3a-+3k—2) 


(a arbitrary; k=1, 2,3,...) 


(See 6.1.22.) 
10.4.4 
¢,=Ai (0)=Bi (0)/¥3=3-?4/T (2/3) 


=.35502 80538 87817 
10.4.5 


¢:=—Ai’ (0)=Bi’ (0)/¥3=3-!4/T (1/3) 
=.25881 94037 92807 
Relations Between Solutions 
10.4.6, Bi (z) =e! Ai (ze***) + ¢-*# Aj (ze-2*t2) 
10.4.7 
Ai (2) be? Ai (ze?*#®) +4 ¢-2t8 Ai (ze-28t8) 0 
10.4.8 
Bi (z)+e?**® Bi (ze?*#) + ¢-?## Bi (ze-2#t8) —0 
10.4.9 Ai (ze*?"#/3) —4e+*#/3/ Aj (2) = 7 Bi (z)] 
Wronskians 
10.4.10 W{Ai (2), Bi (2)}=9 
10.4.11 W{Ai (z), Ai (ze?*/)} 


a= dq7le-*t/8 


OF 


FRACTIONAL ORDER 
10.4.12 W{Ai (z), Ai (ze~2*#/)} = 
W{ Ai (ze?*/), Ai (ze~?*#/8) } = dig! 


=47- Ig xt/6 


10.4.13 


Figure 10.6. Ai (iz), Ai’ (42). 


Fiaure 10.7. Bi (+2), Bi’ (+2). 


— Ai'(2)=$2[T_2/3(¢) 


Le: 
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Representations in Terms of Bessel Functions 


t= 32972 
10.4.14 
Ai (2)=4V a0 1 a(—Aa())=9- 2/3 Kil) 
10.4.15 


Ai (—2)=4vV 2 Jia() +d-10(9)] 
= 42/8 e"HR($) +e” A(0)] 
10.4.16 
—Tnj($))=4-'(2/-V3) Kaia($) 
10.4.17 
Ai’ (—2) =—4 ed - 2/3($) —Ja/3(¢)) 
=4(2/V3) le" HERS) Fe" HR(S)] 
10.4.18 Bi (2)=V2/3[T-1a($) +hald)] 
10.4.19 
Bi (—2)=V23[J1a($) An] 
= hy 2/3le"* HR (5) —e-*"" HA (5) 
10.4.20 Bi’ (2) =(2/¥3)[T_2/3(¢) + Ioa(¢)] 
10.4.21 
Bi’ (—2) = (2/¥3)[J-21a(8) +J2/0(t)) 
=Hi(2/3)[e-** "HA (¢) —e** "3 (0)] 


Representations of Bessel Functions in Terms of Airy 
Functions 


ot é “J” 


10.422 Js1a($)=4v3/e[ v3 Ai (—2)¥ Bi (—2)] 
104.23 HY (¢)=ex*/*V/3/2[Ai (—2)—i Bi (—2)] 


10.4.24 H2}/3(¢) =e**/*V3/2[Ai (—2)-+4 Bi (—2)] 


104.25 Tesa(3)=4v3/AF V3 Ai (2) +Bi (2)] 


10.4.26 Kain (g) =1y3/z Ai (2) 
104.27) Js20($)=(v38/22)[4-¥3 Ai’ (—2)+Bi’ (—2)] 


10.4.28 
HSY(6) =e (6) 
=er"!%(3/2)[Ai’ (—2)—i Bi’ (—2)] 
10.4.29 
HE) = eH, (5) 
=e" y8/2) [Ai (—2) +4 Bi’ (~2)] 


*See page 1. 
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10.4.30  I2,5(5) =(¥3/22)[4v3 Ai’ (z)+Bi’ (2)] 


10.4.31 Ks2($) =—7(v3/z) Ai’ (2) 
Integral Representations 
10.4.32 


(3a)—'? Ai [+ (3a)~!42]= f : cos (at? + 2t)dt 
0 
10.4.33 
(3a)! Bi [4 (3a)-!42] 
as f [exp (—at? zt) +sin (at?-2t)|dt 
0 
The Integrals f "Ai (+0dt, f Bi (40d 


f=22 3/2 


10.4.34 f ee (yat=t * L-anlt) —Lya(t) dt 


10.4.35 { Ai (—Hat=3 f [J_1/3(t) +J1/3(t) Jat 


2 1 ft 
10.4.36 if Bi ()at= f, [Zya(t) +1,)9(t) ld 
10.4.37 f “Bi (—)dt= ih [J —1/3(t) —J1,a(t) |dt 


Ascending Series for f Ai (40dt, f *Bi(4odt 
10.4.38 if * Ai (t)dt=c,F(2)—c2G(2) 
(See 10.4.2.) 
10.4.39 rf Oy ee ee ee 


10.4.40 f * Bi (t)dt=y3{e.F (2) +e.4(2)] 


(See 10.4.3.) 
10.4.41 


f Bi ee Eee ery 


1-4-7 


Tr a 


F(z)= =etq tit ca ea oa 


-$() fh 


ape? aut... 


Pat? 


Q()=5 e+e 38 


oo ‘ gikt2 
ae Or GTR)! 
The constants ¢,, c, are given in 10.4.4, 10.4.5. 
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Tbe Functions Gi(z), Hi(z) 
10.4.42 


Gi (z) =r" sin G +2) dt 
=; Bi (2)+ f ‘LAi (z) Bi (#)—Ai (4) Bi (2) dt 
10.4.43 
Gi’ (2) =;Bi’ (2) 4 f. ‘[Ai’(2) Bi (t)—Ai (t) Bi’ (2)]at 
10.4.44 
Aiea if oED (-5 +2) dt 
= Bi (z)-+ i ‘[Ai (t) Bi (2)—Ai(e) Bi (dt 


10.4.45 
Hi’ (=3 Bi’ (z) + [tai (t) Bi’ (2) —Ai’ (z) Bi (¢) Jat 


10.4.46 Gi (z) ++Hi (z)=Bi (2) 


Representations of f, i Ai(+ dé, f, Bi(+d)dt 
0 0 


by Gi (+2), Hi (+2) 
10.4.47 


f Ai (dt s+ a1Ai’ (2) Gi(z)—Ai (2) Gi’ (2)] 


10.4.48 


=~ F—a[Ai’ (2) Hi (2)—Ai (2) Hi’ (2)] 


10.4.49 
f “Ai (—t)dt=—1—af Ai’ (—2) Gi (—2) 
—Ai (—2) Gi (—2)) 
10.4.50 
=f +a1Ai’ (—z) Hi (—2) 
—Ai (—2)Hi’ (—2)] 
10.4.51 
f ° Bi (t)dt=n[Bi’ (2) Gi (2)—Bi (2) Gi’ (2) 


10.452 = 
10.4.53 
f * Bi (—t)dt=—z[Bi’ (—2) Gi (—2) 
—Bi (—2) Gi’ (—2)] 
—n[Bi’ (—2) Hi (—2) 
—Bi (—2) Hi’ (—2)] 


—n[Bi’ (2) Hi (2)—Bi (z) Hi’(z)] 


10.4.54 


Differential Equations for Gi (z), Hi (2) 


10.4.55 ww’ —2zw=—17 


w(0)=5 Bi (0)= =F Ai (0)=.20497 55424 78 
, _l ‘7 aes 7 Pere 
w )=3 Bi’ (0)= 3 Ai’ (0)=.14942 94524 49 
w(z) =Gi(z) 
-1 


10.4.56 ~ w'—zw=T 


w(0) == Bi =z Ai (0) =.40995 10849 56 


wo" (0)=5 Bi’ @=-% Ai’ (0) =.29885 89048 98 


w(z)=Hi (2) 
Differential Equation for Products of Airy Functions 
10.4.57 w’!’—4zw’ —2w=0 


Linearly independent solutions are Ai? (2), 
Ai (z) Bi (2), Bi? (2). 


Wronskian for Products of Airy Functions 
10.4.58 W{Ai? (2), Ai (z) Bi (2), Bi? (2)}=20- 
Asymptotic Expansions for [z| Large 


T(3k+3) _ (2k+1)(2k+8)... 
54k (k+4) _ 216*K! 


Ge+1 | 
6k—1 © 


(64-1) 


C=l, = 


a=1)46,=—-— (k=1,2,3,...) 


r=3 23/2 

10.4.59 
Ai ()~j ate Met 3 (—1)fag* (larg el<a) 
10.4.60 
Ai (—2)~a7¥22g-M4 [sin (+3 p> (—1)*ex,¢7** 

—cos (:+4) a (—1)fearst | 

(larg 2|<37) 
10.4.61 
Ail (2) ~— dara“ (—1) 8g * 
0 


(larg 2| <7) 
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10.4.62 ; 
Ai’ (—2)~—a-tat [ cos (:+4) 3 (-1)fdas™ 
+sin (:+5) > (—1)*dox41 fa | 
(larg 2|<3 7) 
10.4.63 


Bi (2)~a727tet pm cet-* (larg e|<4-m) 


10.4.64 
Bi (—z)~a-}z7t [ cos (s+4) pa (—1)*eo,¢-™ 


+sin (: +5) ya (—1)Feaast™* | 


(larg 2|<3 7) 
10.4.65 


Bi (ze**#/3) 
w\Dmetttlg7t [sin (s4+535 if 2) >a (—1)*ent 


—cos (14545 In 2) = (“1h | 
(larg 2|<37) 
10.4.66 
Bi’ (2) ~a-tatet pa d,¢~* (jarg 2|<3 7) 
10.4.67 
Bi’ (—2)~a-4ai] sin(s+9) 3 (1) 


—cos (744) pa (—1)"dos1 i] 


(larg 2|<3 7) 
10.4.68 


Bi’ (ze**#/?) 
!5 >. 7i/6 T a = - 
~y2/rett teat [cos (s+ 35 In 2) py» (—1)*da.g¢~* 
tsin (¢4+545 In 2) 5 (1d? 
(larg 2|<3 7) 


Modulus and Phase 
10.4.69 


Ai (—z)=M(z) cos 6(x), Bi (—z) = M(z) sin 6(z) 
M(z)=viA? (—zx)+Bi? (—2)], 
6(x) =arctan [Bi (—2x)/Ai (—z)] 


*See page Il. 
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10.4.70 


Ai’ (—z)=N(z) cos ¢(z), Bi’ (—z)=N(z) sin $(z) 


N(a)=yIAi”? (—z)+Bi”? (—2)], 
$(x)=arctan [Bi’ (—zx)/Ai’ (—z)] 


Differential Equations for Modulus and Phase 


Primes denote differentiation with respect to z 


10.4.71 M?@’ =—7, N°¢’=—2!z 

10.4.72 N?=M?+M%?=M"+q72M-2 * 
10.4.73 NN! = —2MM’ 

10.4.74 


tan (¢—6)=Me6’/M’=—(71MM’)"", 
MN sin (¢—6)=7" 


10.4.75 M"+2M—r*M-*=0 
10.4.76 (M2)'"" +. 42(M?)’—2M?=0 
10.4.77  6”2-+4(0’""/6’)—3(0’//6")*=2 


Asymptotic Expansions of Modulus and Phase for 
Large x 


Ae (—1)* (5) ~3t 
2 ~* 1 3k 3 
10.4.78 M?(z) pd: 2K 2 2) 
10.4.79 
~ir 3/ 41105... 
a¢e) ~$ x5 28 [ 1-3 ay 20? (an) 
82825 9 , 1282031525 4, ] 
Tag (22) “+ —Ta33q 22) aa 
10.4.80 
(=1)***6k+1 =). —3k 
N*@)~2 zx Soa iD k= 6k—1- 5 (2z) 
10.4.81 
otay~ Be Bane [143 (y2 88 nyt 
4 495271 (9) -» 2065 30429 9,1 ] 
aan (2a) - == aaa (2z)-+... 


Asymptotic Forms of (“Ai (49 at, {Bi (+O dt for Large z 
0 0 
* AS Lol aye aya 2 3/2 
10.4.82 Ai (t)dt~5—5 37 /?a-*/* exp | —Z2 
0 3 2 3 
10.4.83 


are a es ~1/2.—3/4 G 3/2 i) 
fo aic t)dt gm eS" cos 37 v4 
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10.4.84 f * Bi (t)dt~-!2-24 exp € 2”) 
0 


10.4.85 f * Bi (—Bdt~a-%2- sin ( v4) 
0 


Asymptotic Forms of Gi (+2), Gi’ (42), Hi (+2), Hi’ (+2) 
for Large x 


10.4.86 Gi (x) ~T 1y-1 

i —1/26—1/4 2 3/27 
10.4.87 Gi (—2) ~T xt cos 3 x +3 
10.4.88 Gi’ (2) ~-6 te? 

96 

: . {2 T 
10.4.89 Gi’ (—2)~a-'z" sin G 73? +4) 
10.4.90 Hi (2) ~~ ¥?x~-™* exp (32°/?) 
10.4.91 Hi (—2)~9-'z7? 
10.4.92 Hi’ (2) ~a-¥y4 exp (22°/2) 
10.4.93 Hi’ (—2)~-3 Hips 


Zeros and Their Asymptotic Expansions 


Ai (2), Ai’ (z) have zeros on the negative real 
axis only. Bi (2), Bi’ (2) have zeros on the nega- 
tive real axis and in the sector 47<| arg 2|<}r. 
Gs, a; bs, b; s-th (real) negative zero of Ai (2), 
Ai’ (z); Bi (2), Bi’ (z), respectively. 6, 8); Br, B. 
s-th complex zero of Bi (z), Bi’ (2) in the sectors 
in<arg 2<dm, —in<arg 2<—4n, respectively. 


10.4.94 a,= —f[3a(4s—1)/8] 
10.4.95 a; = —g[3x(4s—3)/8] 
10.4.96 Ai’ (a,)=(—1)*'f,[34(4s—1)/8] 
10.4.97 Ai (a;)=(—1)*19,[32(4s—3)/8] 
10.4.98 b= —f[32(4s—3)/8] 


10.4.9 b! = —g[3x(4s—1)/8] 
10.4.100 Bi’ (b,)=(—1)*f,[34(4s—3)/8] 
10.4.101 Bi (b/)=(—1)'g,[34(4s—1)/8] 


10.4.102  B,=e**3f [# (4s—1) +5 In 2 | 


10.4.103 B= er#3g [= (4s—3) + In 2| 


*See page 1. 


10.4.104 

Bi’ (6,)=(—1)*y2e-*/*f, [= (4s—1) +2 an 2 
10.4.105 
Bi (6}) =(—1)*-! y2er*/*g, |? (4s—3) + In 2| 


|2| sufficiently large 


5 5 77125 
mw o2l3 27-29 5-4 278 
Lane (452°; +39944 7 


_1080 56875 __, 
69 67296 7 


16 23755 96875 __,, 
+—saaz mg 2 Oe 
3344 30208 ) 


7 


35 181223 
~ 02/3 fyi oe -6 
g(z)~2 (1 a8 27 *+ag5 zZ 


207360 ~ 


186 83371 _, 
12 44160 * 


__9 11458 84361 
1911 02976 


file) ~a-N2g1/6 (+z gt 1525 _, 


+ 


g7W4 |, ) 
4608 * 


23 97875 ) 


+6 63552 * 


7 7 1673 
mop Ay 1/6 “4-2 gut 
giz s (=; 96° +6144? 


__843 94709 
265 42080 


a ) 


Formal and Asymptotic Solutions of Ordinary Differ- 
ential Equations of Second Order With Turning 
Points 


An equation 
10.4.106 W’’+a(z, \)W’+)(z, ))W=0 


in which ) is a real or complex parameter and, 
for fixed \, a(z, d) is analytic in z and 0(z, d) is 
continuous in z in some region of the z-plane, may 
be reduced by the transformation 


10.4.107 W(z)=w(z) exp (3) a(t, dat) 


to the equation 
10.4.108 
w’’+o(z, yw=0 


gz, \)=d(z, »)-} a*(z, »)-5 ¢ az, d). 
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If o(z, \) can be written in the form 
o(2, )=’p(z)+ Q(z, dr) 


where q(z, A) is bounded in a region R of the 2. 
plane, then the zeros of p(z) in R are said to be 
turning points of the equation 10.4.108. 


10.4.109 


The Special Case w’’ +[\?z2+¢(z, )Jw=0 


Let A=|Ale** vary over a sectorial domain S: 
|A|>Ap(>0), w:<w<w,., and suppose that g(z, A) is 
continuous in z for |z|<7 and \ in S, and g(z, A) 


~>) Qn(2)A-* as A> © in 8. 
0 


Formal Series Solution 


10.4.110 
w(z)=u(z) pm Pn(2)A-*+A1U’ (2) 2 Wa(z)r-* 
u’’+)h?2z2u=0 
go(z)=Co, Yo(z)=2 41, Co, ¢; constants 


exssl)=—5 VI [3 as a(OveCoae 


Waser [rs] O+E aaertt) |e 
(n=0,1,2,...) 
Uniform Asymptotic Expansions of Solutions 
For z real, i.e. for the equation 
10.4.111 y’’ +(Mx+q(a, »)]y=0 


where x varies in a bounded interval a<z<b that 
includes the origin and where, for each fixed ) in S, 
q(z, 4) is continuous in x for a<az<6, the following 
asymptotic representations hold. 

(i) If A is real and positive, there are solutions 
yo(t), ¥:(z) such that, uniformly in z on a<z<0, 
10.4.112 

Yo(r) = Ai (—A?*z)[1+ O(A7})] 
yi (x) = Bi (—4z)[1+ O(7))] 
and, uniformly in z on 0<2<b 
10.4.113 
yo(z) = Ai (—)?42z)[1 + O(A~))] + Bi (—?4z) O(A74), 
(x) = Bi (—d?4x)[1 + O(A-4)] + Al (— 242) O(A7) 
(A ) 


(Ae) 


(ii) If BAD>0, £r¥0, there are solutions 
yo(z), y:1(z) such that, uniformly in z on a<z<b, 


*See page H. 
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10.4.114 
Yo(x) =Ai (—WFzx)[1+O0(A~)] 
yi(z) =Bi (—¥2)[1+0(A)] 


For further representations and details, we refer 
to [10.4]. 

When 2z is complex (bounded or unbounded), 
conditions under which the formal series 10.4.110 
yields a uniform asymptotic expansion of a solu- 
tion are given in [10.12] if g(z, A) is independent 
of \ and |A|->© with fixed w, and in [10.14] if A 
lies in any region of the complex plane. Further 
references are [10.2; 10.9; 10.10]. 


The General Case w!’ +([)?p(z) +¢(2, )Jw=0 


Let A=|Ale** where |A]>A9(>0) and —r<w<z; 
suppose that p(z) is analytic in a region # and has 
& zero 2=2 in R, and that, for fixed \, (2, A) is 
analytic in z for z in R. The transformation 
&=£(z), v=[p(z)/é]'4w(z), where & is defined as 
the (unique) solution of the equation 


é (F) =e, 


yields the special case 


(JAl>@ ) 


10.4.115 


10.416 %24 12 = * 
ok. at [A ELSE, A) ]v=0, 


é, n-(F Ey" g(2, 4)— z: “el y} 


Example: 
Consider the equation 
10.4.117  y’?+[\?—(a?—3) 27?]Jy=0 


for which the points x=0, © are singular points 
and z=1 is a turning point. It has the functions 
aJ,(vz), 2'¥,(Ax) as particular solutions (see 
9.1.49). 

The equation 10.4.115 becomes 


(3) 
é dz} x? 
whence 


3 (—#)?= —VY1—2?+In 2-"(1+-y1—2") 
(0<21) 
(l<z<). 


2 $= /2?—1—arccos x7! 


Thus 


10.4.118 v(t) = (Se =) y(z) 
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satisfies the equation 


eo? (22+ #(4?-++4) 


10.4.119 set eat t G@niy |°=° 


which is of the form 10.4.111 with x replaced by é 
and q(é, \) independent of d. 

Suppose ZrA>0, %r’+0. By the first equation 
of 10.4.114 there is a solution »(£) of 10.4.119, 
ie., a solution y)(z) of 10.4.117 for which the 
representation 


10.4.120 
2 
(SS) w= Ai(—")1+400-9] 
holds uniformly in z on 0<z<@ as |A|>&. 
To identify yo(x) in terms of ziJ,(Az), 2tY(Az), 
restrict x to 0<r<b<1 so that by 10.4.118 ¢ is 


negative, and replace the Airy function by its 
asymptotic representation 10.4.59. This yields 


10.4.121 
Yo(z) 


~(G) 3 ew m7 2,18 ( os exp (5 1 2) 
[1+0(-)] 


_! 1/2, -1/8 Cy)" G “) 
=5 7D Z exp (5 A(—£) 


f1+00~)] 


Let now J be fixed and x0 in 10.4.121. There 
results 


10.4.122  yo(x)~ 3 wo V*A- Mog? (5 x) ed. 


On the other hand, y(x) is a solution of 10.4.117 
and therefore it can be written in the form 


10.4.123 = yo(z) = 2! [e, J, (Ax) +ee¥x(Az)] 


where, from 9.1.7 for \ fixed and z—0 


(3Ax)* 
J, (Az) ~ POE’ 
Yi(z)~ meee j cot Ar— ae ese AT. 


Thus, letting z—>0 in 10.4.123 and comparing the 
resulting relation with 10.4.122 one finds that 
co=0 and 


10.4.124 yo(x) = dr~¥2A-A>- V6 eAT (A +41) 2/2, (Az). 
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It follows from 10.4.120 that uniformly in z on 
0<2r< 
10.4.125 


J (Az) 


Qe 7 e2—1 -1/4 : 7 
=r eo) AHI +-007) 
(A-+@) 


Numerical Methods 
10.5. Use and Extension of the Tables 


Spherical Bessel Functions 


To compute j,(x), yn(z), n=0, 1, 2, for values of 
x outside the range of Table 10.1, use formulas 
10.1.11, 10.1.12 and obtain values for the circular 
functions from Tables 4.6~4.8. 

Example 1. Compute ji(x) for r=11.425, 


From 10.1.11, j,(z)= = foe 


x 
Tables 4.6 and 4.8, 


Hence, using 


90920 500 .41634 873 


j(1.425) =—y poe — 71 495 
= — 00696 54535—.03644 1902 
=— .04340 7356. 


To compute j,(z), 11<n<20, for a value of z 
within the range of Table 10.3, obtain from Table 
10.3, directly or possibly by linear interpolation, 
ju(Z), jzo(z) and use these as starting values in the 
recurrence relation 10.1.19 for decreasing n. 

An alternative procedure which often yields 
better accuracy and which also applies to compu- 
tations of 7,(z) when both n and z are outside the 
range of Table 10.1 is the following device essen- 
tially due to J. C. P. Miller [9.20]. 

At some value N larger than the desired value 
nm, assume tentatively Fiy,,;=0, Fy=1 and use 
recurrence relation 10.1.19 for decreasing N to 
obtain the sequence Fy, ..., Fo. If N was 
chosen large enough, each term of this sequence 
up to Ff’, is proportional, to a certain number of 
significant figures, to the corresponding term in 
the sequence jy-:(z), . . ., jo(z) of true values. 
The factor of proportionality, p, may be obtained 
by comparing, say, /, with the true value 7)(z) 
computed separately. The terms in the sequence 
plo, ... pF, are then accurate to the number 
of significant figures present in the tentative 
values. If the accuracy obtained is not sufficient, 
the process may be repeated by starting from a 
larger value N. - 
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Example 2. Compute ji:(x) for z= 24.6. 
Interpolation in Table 10.3 yields for x=24.6 
a *4¢7/86 9,1 (x) = (— 28)3.934616 
7202/82. (z2) == (—27) 9.48683 
whence 
ja(24.6) = .05604 29, j29(24.6)=.03896 98. 


From the recurrence relation 10.1.19 there 
results 


jro(24.6)= .00890 67660 [.00890 70] 
jre(24.6) = — 02484 93173 [—.02485 90] 
jin(24.6)= —.04628 17554  [—.04628 16] 
J1e(24.6) = —.04099 87086  [—.04099 88] 
j1s(24.6) = —.00871 65122  [—.00871 67] 


For comparison, the correct values, are shown in 
brackets. 

To compute jis(z) for z=24.6 by Miller’s de- 
vice, take, for example, N=39 and assume 
Fo=0, F39=1. Using 10.1.19 with decreasing JN, 
ie, Fy_1=[(2N+1)/2]Fv—Fwa1, N=39, 38, . . ., 
1, 0, generate the sequence Fs, F7, . . ., Fi, Po, 
compute from Table 4.6, 7)(24.6)=(sin 24.6)/24.6 
=—.02064 620296, and obtain the factor of pro- 
portionality 


p=jo(24.6)/Fyo=.00000 03839 17642. 


The value pF\5 equals 7:;(24.6) to 8 decimals, 
The final part of the computations is shown in 
the following table, in which the correct values 
are given for comparison. 


N Fy pFy jn (24.6) 
15 | —22704. 71107 |—. 00871 67391 |—. 00871 674 
14 | + 78178. 88236 |+. 03001 42522 |+. 03001 425 
13 |+ 114866. 80811 |+. 04409 93941 |+. 04409 939 
12 | + 47894. 44353 |+. 01838 75218 |+. 01838 752 
11 | —661938. 59317 |—. 02541 28882 |—. 02541 289 
10 |—109782. 76234 |—. 04214 75392 |—. 04214 754 
9 | —27523. 39903 |—. 01056 67185 |—. 01056 672 
8 | +88524. 85252 |+. 03398 62526 |+. 03398 625 
7 | +88699. 11017 |+.03405 31532 |+. 03405 315 
6 | —34440. 02929 |—. 01322 21348 |—. 01322 213 
5 |—106899. 12565 |—. 04104 04602 |—. 04104 046 
4 | —13360. 39272 |—. 00512 92905 |—. 00512 929 
3 |+102011. 17704 |+. 03916 38905 |+. 03916 389 
2 | + 42387. 96341 |+.01627 34870 |+. 01627 349 
1 | —93395. 73728 |—. 03585 62712 |—. 03585 627 
0 | —53777. 68747 |—. 02064 62030 |—. 02064 620 


It may be observed that the normalization of the 
sequence Fy, Fy_1, . . ., Fo can also be obtained 
from formula 10.1.50 by computing the sum 
= (2k+1)F2 and finding p=1/V¥c. This 


yields, in the case of the example, p=1/jc= 
.00000 03839 177. 
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Modified Spherical Bessel Functions 


To compute V$7/21n44(z), Vin/zKny(2), n=0, 
1,2, ... for values of z outside the range of 
Table 10.8, use formulas 10.2.13, 10.2.14 together 
with 10.2.4 and obtain values for the hyperbolic 
and exponential functions from Tables 4.4 and 
4.15. In those cases when +37/2Jn4;(z) and 
vin/rI_,-3(z) are nearly equal, ie., when zx is 
sufficiently large, compute 42/zK,.,(z) from 
formula 10.2.15, for which the coefficients (n+4, k) 
are given in 10.1.9. 

Example 3. Compute ¥$2/z15/2(z), -V}2/2K,2(x) 
for z= 16.2. 

From 10.2.13, ¥$2/2J5/2(z)=(8+27) sinh 2/2— 
3 cosh z/z’; from Table 4.4, cosh 16.2= (6)5.4267 
59950 and this equals the value of sinh 16.2 to the 
same number of significant figures. Hence 


J3n/16.215/2(16.2) = (.06243 402371 
—.01143 118427)[(6)5.4267 59950] 
=338814.4594—62034.29298 
=276780.1664. 


To compute y37/16.2K5/2.(16.2) use 10.2.17 and 
obtain 


2 
V4¥7/16.2K52(16.2)=re-"*-? lsatapaet ery :| 


= (—7)2.8945 38069[.036932 60400} 
= (—8)1.0690 28283. 


To compute y37/r[n43(z), 3<n<8, for a 
value of x within the range of Table 10.9, obtain 
from Table 10.9, Vin/tlion(2), J 4n/t1n (2) for 
the desired value of + and use these as starting 
values in the recurrence relation 10.2.18 for 
decreasing n. 

To compute ~37/rK,j+;(z) for some integer n 
outside the range of Table 10.9, obtain from 
10.2.15 or from Table 10.8, 32/zK;(z), 


¥37/2K3/.(x) for the desired value of x and use 
these as starting values in the recurrence relation 
10.2.18 for increasing n. If a lies within the 
range of Table 10.9 and n>10, the recurrence 
may be started with /32/rKyo,(x), ¥37/tKu (2) 
obtained from Table 10.9. 

Example 4. Compute ¥37/rKj, (x) for c=3.6. 

Obtain from Table 10.8 for z=3.6 


V4x/2K, p(x) =.01192 222 


Vv 4m/2K32(x) = ,01523 3952 
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The recurrence relation 10.2.18 yields successively 
— V41/3.6K52(3.6) = — 01192 222 


3 
—3% (.01523 3952) 
=— 02461 718 


5 
+35 (.02461 718) 
= 04942: 4480 


—i1/3.6Ko2(3.6) = —.02461 718 


7 
—36 (.04942 4480) 
=— .12072 034 


V41/3.6 Ky 2(3.6) =.04942 4480 
9 
ag (.12072 034) 
= 35122 533. 


As a check, the recurrence can be carried out until 
n=9 and the value of ¥47/3.6Ki92(3.6) so obtained 
can be compared with the corresponding value 
from Table 10.9. 

To compute ¥$7/z2J,44(z) when both n and z 
are outside the range of Table 10.9, use the device 
described in [9.20]. 


Airy Functions 


To compute Ai(zx), Bi(z) for values of x beyond 
1, use auxiliary functions from Table 10.11. 

Example 5. Compute Ai(z) for s=4.5. 

First, for r=4.5, 


t= 27°/2— 6.36396 1029, £1=.15713 48403. 


Hence, from Table 10.11, {(—#)=.55848 24 and 
thus 


=3(4.5)-”*(.55848 24) exp (—6.36396 1029) 
=(.68658 905)(.55848 24)(.00172 25302) 
=,00033 02503. 


To compute the zeros c, c’ of a solution y(z) of 
the equation y’’—zy=0 and of its derivative 


BESSEL FUNCTIONS OF FRACTIONAL ORDER 


y’(z), respectively, the following formulas may be 
used, in which d, d’ denote approximations to c, c’ 
and u=y(d)/y’(d), v=y’'(d’)/d”y(d’). 


us 


= wut 


us uw 
+88d 5) —(88+7200°) 


8 9 
+5856d? gi (16640d-+ 403200") + -_ 


ead’ { 1-0-2 3-00") rye 
~ oF B+2d") 5 — (15+ 10d), 


5 
— (105-+76d"?-+-24d"*)— 
: 6 
— (945+-756d"?-+-2724"*) = — de .} 
ae wus ut ue 
y’ (c)=y'@) { 1—d aitay 3? qiti4d BI 
6 7 
= (144-450) +4710? ri 


— (1432441575094 + a .} 


a , ? v? v v / , v4 
yo’ =va’) { 1a? a" Fa" 30°9 
? 7 v 
—(15d'3 414d") 
6 
—(105d’*+101d"*-4-45d")— _ } 


Example 6. Compute the zero of y(z)=Ai(z) 
—Bi(z) near d= —.4. 
From Table 10.11, 


y(—.4)=.02420 467, y’(—.4)=—.71276 627 


whence u=y(—.4)/y’(—.4) = —.03395 8776. From 
the above formulas 


c=—.4+.03395 8776—.00000 5221 
+,00000 0111-+.00000 0001 
= — 36604 6333. 
y’(c)=(—.71276 627){1-+.00023 0640 
— 00000 6527 —.00000 0027-+ .00000 0002} 
=(—.71276 627)(1.00022 4088) 
=—.71292 599. 
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0.23938 
0.19826 
0.15828 
0.11963 
0.08249 


0.04704 
+0,01341 
-0,01824 
-0.04780 
-0.07515 


-0.10022 
-0,12292 
-0.14319 
~0.16101 
~0.17635 


-0.18920 
-0.19957 
-0.20751 
~0.21306 
-0.21627 


-0.21722 
-0.21601 
0.21274 
~0.20753 
-0.20050 


-0.19178 
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000 
417 
665 
736 
586 


108 
079 
098 
511 
323 


098 
851 
924 
860 
266 


666 
350 
224 
646 
268 


871 
208 
837 
966 
299 


886 
976 
884 
863 
9769 


0003 
3117 
1920 
1726 
9148 


378 
235 
896 
523 
030 


062 
978 
804 
185 
320 


892 
978 
963 
429 
053 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


5, @) 


0.00000 
0.03330 
0.06640 
0.09910 
0.13121 


0.16253 
0.19289 
0.22209 
0.24998 
0.27639 


0.30116 
0.32417 
0.34528 
0.36438 
0.38137 


0.39617 
0.40870 
0.41892 
0.42679 
0.43228 


0.43539 
0.43614 
0.43454 
0.43065 
0.42451 


0.41621 
0.40583 
0.39346 
0.37923 
0.36326 


0.34567 
0.32662 
0.30626 
0.28475 
0.26224 


0.23892 
0.21495 
0.19051 
0.16577 
0.24091 


0.11611 
0.09152 
0.06731 
0.04365 
+0.02069 


-0.00142 
-0.02257 
~0.04262 
-0.06146 
~0.07898 


-0.09508 


0000 
0012 
0381 
2888 
215 


703 
196 


9408 


ica 


jn @)=4) 3*/2F 44 (2) 


Jq(2) 


0.00000 
0.00066 
0.00265 
0.00596 
0,01054 


0.01637 
0.02338 
0.03153 
0.04075 
0.05094 


0.06203 
0.07392 
0.08651 
0.09968 
0.11334 


0.12734 
0.14159 
0.15595 
0.17029 
0.18450 


0.19844 
0.21200 
0.22506 
0.23749 
0.24920 


0.26006 
0.26999 
0.27889 
0.28668 
0.29328 


0.29863 
0.30267 
0.30536 
0.30666 
0.30655 


0.30501 
0.30205 
0.29766 
0.29189 
0.28474 


0.27628 
0.26654 
0.25560 
0.24352 
0.23038 


0.21627 
0.20129 
0.18553 
0.16911 
0.15214 


0.13473 


000000 
619061 
90561 
15249 
5302 


1107 
8995 
8780 
0531 
5155 


5052 
4849 
2186 
8571 
028 


928 
426 
157 
628 
320 


795 
791 
330 
812 
113 


673 
585 
675 
572 
784 


750 
895 
678 
620 
336 


551 
107 
961 
179 
912 


369 
781 
355 
220 
368 


586 
380 
900 
850 
407 


121 


ce 


Yq(@) 
-o 
-9,95004 
4.90033 
~3.18445 
-2,30265 


-1.75516 
~1.37555 
-1,09263 
-0.87088 
- 0.69067 


~0,54030 
-0.41236 
-0.30196 
-0,20576 
0.12140 


~0.04715 
+0.01824 
0.07579 
0.12622 
0.17015 


0.20807 
0.24040 
0.26750 
0.28968 
0.30724 


0.32045 
0.32957 
0.33484 
0.33650 
0.33481 


0.32999 
0.32230 
0.31196 
0.29923 
0.28435 


0.26755 
0.24909 
0.22921 
0.20814 
0.18613 


0.16341 
0.14020 
0.11672 
0.09320 
0.06984 


0.04684 
0.02438 
+0,00263 
-0.01822 
~ 0.03806 


~0.05673 


17 
29 
50 
25 


51 
94 
17 
339 
774 


231 
oll 
480 
833 
510 


8134 
9701 
0879 
339 
240 


342 
291 
051 
523 
738 


745 
260 
153 
798 
316 


750 
166 
712 
629 
241 


905 
956 
622 
940 
649 


091 
096 
877 
9110 
8380 


3511 
0984 
5886 
8955 
3749 


2437 


y, (2) 
-@ 
~100,49875 
-25.495011 
-11.599917 
-- 6.73017 


- 4.46918 
— 3.23366 
- 2.48121 
-1.98529 
- 1.63778 


~1.38177 
~ 1.18506 
-1,02833 
- 0.89948 
~ 0.79061 


- 0.69643 
- 0.61332 
- 0.53874 
~ 0.47090 
- 0.40849 


- 0.35061 
- 0.29657 
~ 0.24590 
- 0.19826 
~ 0.15342 


- 0.11120 
~ 0.07151 
- 0.03427 
+ 0.00054 

0.03295 


0.06295 
0.09055 
0.11573 
0.13847 
0.15879 


0.17666 
0.19211 
0.20514 
0.21579 
0.22407 


0.23005 
0.23377 
0.23531 
0.23473 
0.23214 


0.22763 
0.22132 
0.21331 
0.20373 
0.19273 


0.18043 


Table 


Y_(2) 


- 3005.0125 
~ 377.52483 
~112,81472 
- 48.173676 


~ 25,059923 
-14.792789 
-9.54114 
- 6.57398 
- 4.76859 


- 3.60501 
- 2.81962 
- 2.26887 
-1,86995 
-1.57276 


-1.34571 
~1.16823 
-1.02652 
- 0.91106 
~ 0.81515 


- 0.73399 
~ 0.66408 
- 0.60282 
-0,54829 
- 0.49902 


- 0.45390 
~ 0.41208 
- 0.37292 
- 0.33592 
~ 0.30072 


~0,26703 
- 0.23466 
- 0.20346 
- 0.17334 
~ 0.14424 


- 0.11612 
- 0.08900 
- 0.06287 
- 0.03778 
~0,01376 


+ 0.00912 
0.03085 
0.05135 
0.07056 
0.08843 


0.10491 
0.12995 
0.13351 
0.14556 
0.15606 


0.16499 


10.1 


Y_(2)= $1 ent s(= (Ih [2 ns) 


Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, Il. Columbia 
Univ. Press, New York, N.Y., 1947 (with permission). 
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Table 10.1 SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 
x Jo() J, (2) Jo (2) Yq(2) y, (2) Y9(@) 
5.0 ~1)-1. 9178 -2) -9. 5089 -1) 1.3473 -2)-5. 6732 -1) 1.8044 -1) 1.6500 
5.1 -1)-1. 8153 -1)-1. 0971 -1) 1.1700 ~2)-7, 4113 -1) 1.6700 -1) 1.7235 
5.2 -1)-1. 6990 ~1)-1. 2277 ~2) 9.9065 -2)-9, 0099 -1) 1.5257 -1) 1.7812 
5.3 -1) -1. 5703 ~1)-1. 3423 -2) 8.1054 -1)-1. 0460 ~1) 1.3730 -1) 1.8231 
5.4 ~1)~1. 4310 -1)-1. 4404 ~2) 6, 3084 -1)-1.1754 -1) 1.2134 -1) 1.8495 
5.5 -1)-1. 2828 -1)-1. 5217 -2) 4.5277 -1)-1, 2885 -1) 1.0485 -1) 1.8604 
5.6 -1)-1,. 1273 -1)-1. 5862 -2) 2.7749 ~1)~1. 3849 ~2) 8.7995 -1) 1.8563 
5.7 ~2)-9, 6611 ~1)-1. 6339 -2)+1. 0617 -1)-1. 4644 -2) 7.0920 -1) 1.8377 
5.8 -2)-8, 0104 -1)-1. 6649 -3) ~6. 0100 -1)-1. 5268 -2) 5.3780 -1) 1.8049 
5.9 -2) -6. 3369 ~1)-1. 6794 ~2)~2. 2024 ~1)-1. 5720 -2) 3.6725 -1) 1.7587 
6,0 -2)-4, 6569 -1)-1. 6779 ~2)-3. 7326 ~1)-1. 6003 -2) 1.9898 -1) 1.6998 
6.1 --2) ~2. 9863 -1)-1. 6609 -2)-5, 1819 -1)~1. 6119 -3) +3. 4379 -1) 1.6288 
6,2 -2)-1. 3402 -1)-1. 6289 -2)-6. 5418 -1)-1. 6073 -2)-1, 2523 -1) 1.5467 
6.3 -3) +2. 6689 -1)~1. 5828 ~2)-7. 8042 i ~1. 5871 ~2)-2, 7861 -1) 1.4544 
6.4 -2) 1.8211 -1)-1. 5234 -2)-8, 9620 -1)-1, 5519 -2)-4, 2458 -1) 1.3528 
6.5 -2) 3, 3095 ~1)-1. 4515 -1)-1. 0009 -1)-1, 5024 ~2)-5. 6210 -1) 1.2430 
6.6 ~2) 4, 7203 ~1)-1. 3682 ~1)-1. 0940 -1)-1. 4397 ~2) -6. 9018 -1) 1.1260 
6.7 -2) 6.0425 -1)-1. 2746 -1)-1.1750 ~1)-1. 3648 -2)-8. 0795 -1) 1.0030 
6.8 -2) 7.2664 -1)-1.1717 -1)-1. 2435 -1) ~-1. 2785 -2) -9, 1466 -2) 8.7500 
6.9 -2) 8.3832 ~1)~1. 0607 -1)-1. 2995 -1)-1. 1822 -1)-1, 0097 -2) 7.4323 
7.0 ~2) 9.3855 -2)~9, 4292 -1)-1. 3427 ~1)-1. 0770 -1)-1. 0924 -2) 6.0883 
71 -1) 1.0267 ~2) ~8. 1954 -1)-1. 3730 ~2)~9. 6415 -1)-1. 1625 ~2) 4.7295 
7.2 -1) 1.1023 -2) -6. 9183 -1)-1. 3906 -2)-8. 4493 -1)-1. 2197 -2) 3.3674 
7.3 -1) 1.1650 -2)~-5. 6107 ~1)-1. 3956 -2)-7. 2065 -1)-1. 2637 ~2) 2.0132 
7.4 -1) 1.2145 ~2)-4, 2851 -1) -1. 3882 ~2)-5. 9263 ~1)-1, 2946 ~3)+ 6. 7812 
7.5 -1) 1.2507 -2)-2. 9542 -1)-1. 3688 ~2)-4, 6218 -1)-1. 3123 -3) -6. 2736 
7.6 -1) 1.2736 -2)-1. 6303 -])-1. 3379 -2)-3, 3061 ~1)-1. 3171 ~2)-1. 8929 
7.7 -1) 1.2833 ~3) ~3. 2520 -1)-1. 2960 -2)-1. 9919 -1) -1. 3092 ~2)-3. 1089 
7.8 ~-1) 1.2802 -3)+9. 4953 -1)-1. 2437 -3)-6.9174 ~-1)-1. 2891 -2)~4, 2662 
7.9 -1) 1.2645 -2) 2.1829 ~1)-1. 1816 -3)+5,. 8231 -1)-1, 2571 -2)-5. 3561 
8.0 -1) 1.2367 ~2) 3.3646 -1)-1.1105 -2) 1.8188 ~1)-1. 2140 -2)-6, 3711 
8.1 -1) 1.1974 ~2) 4. 4850 -1)-1. 0313 -2) 3.0067 ~1)-1. 1603 -2)-7. 3040 
8.2 -1) 1.1472 ~2) 5.5351 -2)-9. 4473 -2) 4.1360 -1)-1. 0968 -2}-8. 1487 
8.3 -1) 1.0870 -2) 6.5069 -2)-8.5177 -2) 5.1973 -1)-1. 0243 -2)~8. 8997 
8.4 -1) 1.0174 ~-2) 7.3932 -2)-7. 5334 -2) 6.1820 ~2) -9. 4378 ~2)-9. 5527 
8.5 -2) 9.3940 ~-2) 8.1877 ‘3 -6. 5042 -2) 7.0825 -2) -8. 5607 -1)-1. 0104 
8.6 -2) 8.5395 -2) 8.8851 -2)-5. 4401 -2) 7.8921 -2)-7. 6218 -1)-1. 0551 
8.7 -2) 7.6203 -2) 9.4810 -2) -4. 3510 -2) 8.6051 -2)-6, 6312 -1)-1. 0892 
8.8 -2) 6. 6468 -2) 9.9723 13 -3. 2471 -2) 9.2170 -2)~5. 5994 -1)-1.1126 
8.9 ~-2) 5.6294 -1) 1.0357 -2) -2.1385 ~-2) 9.7240 ~2)-4, 5369 -1)-1. 1253 
9.0 ~2) 4.5791 -1) 1. 0632 -2) -1, 0349 -1) 1.0124 -2) -3. 4542 -1)-1.1275 
9.1 -2) 3.5066 -1) 1.0800 -4) +5. 3818 -1) 1.0415 -2)-2, 3621 -1)-1, 1193 
9.2 ~2) 2.4227 -1) 1.0859 -2) 1.1184 -1) 1.0596 ~2)-1. 2710 -1)-1.1011 
9.3 -2) 1.3382 -1) 1.0813 -2) 2.1498 -1) 1.0669 -3)-1. 9101 -1)-1. 0731 
9.4 ~3)+2. 6357 -1) 1.0663 -2) 3.1395 -1) 1.0635 -3)+8, 6782 ~1) -1. 0358 
9.5 -3) -7. 9106 ~1) 1.0413 ~2) 4.0795 -1) 1.0497 -2) 1.8960 -2)-9. 8978 
9.6 -2)-1. 8159 ~-1) 1.0068 -2) 4.9622 -1) 1.0257 -2) 2.8844 ~2)-9. 3558 
9.7 -2)-2, 8017 -2) 9.6325 -2) 5.7808 -2) 9.9213 -2) 3.8245 -2)-8. 7385 
9.8 -2) -3. 7396 -2) 9.1126 -2) 6.5291 -2) 9.4941 ~2) 4, 7084 -2)-8. 0528 
9.9 -2)-4. 6216 -2) 85149 -2) 7.2018 -2) 8.9817 -2) 5, 5288 -2)~7. 3063 
10.0 (-2) -5, 4402 (-2) 7. 8467 (-2) 7.7942 (-2) 8. 3907 (-2) 6.2793 (-2) -6. 5069 


jn @)= -y3 a/oJ.,, (2) Yq) =4/32/2¥ ny =O y/ 52/2 _ nt yy) 
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SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 Table 10.2 

- . : : . 0? 11,,—10- 
Jy (x) J4(*) j5(2) Jg(*) Jy (2) j,(*) Or” (2) 10x 0? 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 : 52734 93 7.27309 1 
Sy 25185 (-7)1.0577 me 9.6163 (-12)7.3975 (-14)4.9319 (-16)2.9012 1.52698 56 7.27151 i0 
5)7.6021 (-6)1.6900 (~ 8)3.0737 (-10)4.7297 (-12)6.3072 (-14)7.4212 1.52589 53 7.26677 00 
aKa 25586 (-6)8,5364 (- 7} 2.3296 (- 9)5.3784 er ~10)1.0761 (-12)1.8995 1.52407 96 7.25887 47 
4)6.0413 (-5)2.6894 (- 7)9.7904 (- 8)3.0149 0)8.0448 (-11)1.8938 1.52154 09 7.24783 46 
~3)1.1740 (-5)6.5390 (- 6)2.9775 (- 7)1.1467 (- 9)3.8259 (-10)1.1261 1.51828 26 7.23366 29 
-3)2.0163 (-4)1.3491 (- 6)7.3776 (- 7)3.4113 (- 8)1.3665 (-10)4.8282 1.51430 88 7.21637 65 
-3)3.1787 (-4)2.4847 (- 5)1.5866 (- 7)8,5649 (- 8)4.0046 (- 9)1.6515 1.50962 48 7.19599 61 
~3)4.7053 (-4)4,.2098 (- 5)3.0755 (- 6)1.8989 (- 7)1.0153 (- 9)4.7873 1.50423 66 7.17254 61 
~-3) 6.6361 ~4) 6.6912 - 5)5.5059 (- 6)3.8277 (- 7)2.3040 - 8)1.2228 1.49815 12 7,14605 44 
-3)9,0066 (-3)1.0110 (- 5)9,2561 (- 6)7.1569 (~ 7)4,7901 (- 8)2.8265 1.49137 65 7.11655 26 
-2)1.1847 (-3)1.4661 (- 4)1.4786 (- 5)1.2590 (- 7)9.2769 (- 8)6.0254 1.48392 11 7.08407 57 
-2)1.5183 (-3)2.0546 (- 4)2,.2643 (- 5)2.1058 (- 6)1.6942 (- 7)1.2013 1.47579 48 7.04866 21 
-2)1.9033 (-3)2.7976 (- 4)3.3461 (- 5)3.3756 (- 6)2.9451 (- 7)2.2640 1.46700 80 7.01035 39 
~2)2.3411 (-3)3.7164 (- 4)4.7963 (- 5)5,2181 (- 6)4.9082 (- 7)4.0669 1.45757 18 6.96919 61 
-2)2.8325 (-3)4.8324 (- 4)6.6962 (- 5)7.8174 (- 6)7.8875 (- 7)7,0086 1.44749 84 6.92523 71 
-2)3.3774 (-3)6.1667 (- 4)9.1354 (- 4)1.1395 (- 5)1.2279 (- 6)1.1649 1.43680 05 6.87852 85 
-2)3.9754 (-3)7.7397 (= 3)1.2212 (- 4)1.6212 (- 5)1.8587 (- 6)1.8756 1.42549 17 6,82912 49 
13 4.6252 13 9.5709 {(- ao tges ~ 4)2.2577  (- ate cea - Bacco 1.41358 63 6.77708 37 
-2)5.3249 (-2)1.1679 (- 3)2.0705 (- 4)3.0840 (- 5)3.9632 (- 6)4.4800 1.40109 93 6.72246 53 
-2)6,0722 (-2)1.4079 (- 3)2.6352 (- 4)4.1404 (- 5)5,6097 (- 6)6,.6832 1.38804 63 6.66533 28 
-2)6.8639 (-2)1.6788 (- 3)3.3094 (- 4)5.4720 (- 5)7.7975 (- 6)9.7670 1.37444 35 6.60575 19 
-2)7.6962 (-2)1.9817 (~ 3)4.1059 (- 4)7.1289 (- 4)1,0661 (- 5)1.4009 1.36030 78 6.54379 07 
-2)8.5650 (-2)2.3176 Ce 3)5.0375 (- 4)9.1665 (- 4)1.4358 (~- 5)1.9754 1.34565 67 6.47951 98 
(-2)9.4654 (-2)2.6872 (- 3)6,1171 (- 3)1.1645 (- 4)1.9071 (- 5)2.7420 1.33050 81 6.41301 19 
-1)1.0392 (-2)3.0911 (- 3)7.3576 (- 3)1.4630 (- 4)2.5009 (- 5)3.7516 1.31488 05 6.34434 22 
-1)1.1339 -2)3.5292 (- 3)8.7717 (- 3)1.8192 ~ 4)3.2410 (- 5)5.0647° 1.29879 28 6.27358 74 
-1)1.2301 (-2)4,0014 (- 2)1.0372 (- 3)2.2404 (- 4)4,.1542 (- 5)6.7532 1.28226 44 6.20082 63 
-1)1.3270 (-2)4.5071 (- 2)1.2169 (- 3)2.7345 (- 4)5.2705 (- 5)8.9013 1.26531 50 6.12613 95 
-1)1.4241 (-2)5.0454 (- 2)1.4174 (- 3)3.3096 (- 4)6.6231 (- 4)1.1607 1.24796 48 6.04960 91 
-1)1.5205 (~-2)5.6150 (- 2)1.6397 (- 3)3.9744 (- 4)8.2484 (- 4)1.4983 1.23023 41 5.97131 85 
-1)1.6156 (-2)6.2142 (- 2)1.8848 (- 3)4.7374 (- 3)1.0187 (- 4)1.9160 1.21214 38 5.89135 26 
-1)1.7087 (-2)6.8409 (- 2)2,1532 (- 3)5.6074 (- 3)1.2481 (- 4)2.4283 1.19371 48 5.80979 75 
-1)1.7989 (-2)7.4929 (- 2)2.4457 (- 3)6.5935 (- 3)1.5177 (- 4)3.0520 1.17496 82 5.72674 00 
-1)1.8857 (-2)8.1673 (- 2)2.7626 (- 3)7.7045 (- 3)1.8326 (- 4)3.8056 1.15592 54 5.64226 82 
-1)1.9681 (-2)8.8610 (- 2)3.1042 (- 3)8.9491 (- 3)2.1980 (- 4)4/7098 1.13660 79 5.55647 05 
-1)2.0456 (-2)9.5706 (- 2)3.4705 (- 2)1.0336 (- 3)2.6195 (- 4)5.7875 1.11703 73 5.46943 61 
-1)2.1174 (-1)1.0292 (- 2)3.8614 (- 2)1.1873 (- 3)3.1030 (- 4)7.0639 1.09723 52 5,38125 47 
~1)2.1829 (-1)1.1022 (- 2)4.2765 (- 2)1.3569 (- 3)3.6544 (- 4)8.5665 1.07722 33 5.29201 62 
-1)2.2414 (-1)1.1756 (- 2)4.7151 (- 2)1.5429 (- 3)4.2801 (- 3)1.0325 1.05702 31 5,20181 05 
~1)2.2924 (-1)1.2489 (- 2)5.1766 (- 2)1.7462 (- 3)4.9865 (- 3)1.2372 1.03665 63 5.11072 78 
-1)2.3354 (-1)1.3217 (- 2)5.6596 (- 2)1.9673 (- 3)5.7801 (- 3)1.4743 1.01614 44 5.01885 80 
~1)2.3697 (-1)1.3935 (- 2)6.1630 (- 2)2.2065 (- 3)6.6676 (- 3)1.7473 0.99550 88 4.92629 07 
-1)2.3951 (-1)1.4637 (- 2)6.6851 (- 2)2.4645 (- 3)7.6554 (- 3)2.0603 0.97477 06 4.83311 51 
-1)2.4110 (-1)1.5319 (- 2)7.2242 (- 2)2.7413 (- 3)8.7501 (- 3)2.4174 0.95395 10 4.73942 00 
-1)2.4174 (-1)1.5976 (- 2)7.7780 (- 2)3.0371 (- 3)9.9581 (- 3)2.8229 0.93307 06 4.64529 34 
-1)2.4138 (-1)1.6602 (- 2)8,3444 (- 2)3.3520 (- 2)1.1286 (- 3)3.2814 0.91215 01 4.55082 25 
-1)2.4001 (-1)1.7193 (- 2)8.9207 (- 2)3.6857 (- 2)1.2739 (~- 3)3.7976 0.89120 97 4.45609 35 
~1)2.3763 (-1)1.7743 (- 2)9,5043 (- 2)4,0381 (- 2)1.4322 (- 3)4.3763 0.87026 94 4.36119 18 
-1)2.3423 (-1)1.8247 (- 1)1.0092 (- 2)4.4086 (- 2)1.6042 (- 3)5,0226 0.84934 88 4.26620 13 

(-1)2.2982 (-1)1.8702 (- 1)1.0681 (- 2)4.7967 (- 2)1.7903 (- 3)5.7414 0.82846 70 4.17120 


50 
i= Vie/z J,,,() is ad [ ra 


Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia 
Univ. Press, New York, N.Y., 1947 (with permission). 
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Table 10.2 SPHERICAL BESSEL FUNCT IONS—ORDERS 3-10 
—8,_10 
" ¥5(0 y4(2) ¥s(2) ye(®) 1) y9(*) 2 Ya(2) 10-°2! yy9(2) 
0.0 - «0 - - @ - -0.34459 42 -0,65472 90 
0.1 5 ae 5015 7) -1.0507 8) -9.4553 11) -1.0400 (13 ei 3519 15)-2.0277 -0,.34469 56 -0,65490 14 
0.2 3) 9.4126 5) -3.2906° 7) -1.4798 g) ~8.1359 (19 -5.2868 (12)-3.9643 -0,34499 99 -0.65541 86 
0.3 3) -1,8686 4) -4.3489 6) ~1,.3028 7) -4.7726 5 -2.0668 (11)-1.0329 -0,34550 77 -0,65628 18 
0.4 ( 2)-5,9544 ( 4)~1.0372 5) -2.3278 6) -6.3910 ( 8)-2,0747  ( 9)-7.7739 -0.34622 02 -0.65749 23 
0.5 2) -2.4613 3) -3.4208 4) -6.1328 6) -1.3458 7) -3.4929 9)-1.0465 -0.34713 86 -0.65905 23 
0.6 2) -1.2004 3) -1.3857 4) -2.0665 5) -3.7747 6) -8,1579 8)-2.0357 -0.34826 48 -0.66096 47 
0.7 1) -6.5670 3) -6.4716 3) -B.2549 5) -1.2907 6) -2,3888 7)-5.1060 -0.34960 12 ~0.66323 28 
0.8 1) -3.9102 2) -3.3557 3) -3,7361 4) -5.1035 5) ~8,2559 7)-1.5429 -0.35115 04 -0.66586 06 
0.9 1) -2.4854 2) -1.8854 3) -1,8606 4) -2.2552 5) -3.2389 6)-5.3756 -0.35291 56 ~-0.66885 29 
1,0 1)-1.6643 ( 2)-1.1290 2) -9.9944 4) -1,0881 5) -1.4045 6)-2,0959 -0.35490 04 -0.67221 50 
11 1)-1,1631 1) -7.1198 2)-5.7090 3) -5.6378 4) -6,6058 5)-8.9515 -0.35710 89 -0.67595 30 
1,2 0) -8.4253 1) -4.6879 2) -3,4317 3) -3.0988 4) -3.3227 5)-4.1224 -0.35954 56 -0.68007 37 
1.3 0) -6,2927 1) -3.2014 2) -2,1534 3) -1.7901 4) -1.7686 5)-2.0227 -0,36221 57 -0.68458 47 
1.4 0) -4.8264 1) -2.2559 2)-1,4020 3) -1.0790 3) -9.8790 5)-1.0477  ~0,36512 46 -0,68949 42 
1.5 0) -3,7893 1) -1.6338 1) -9.4236 2) 6.7473 3) ~5.7534 4)-5.6859 -0,36827 87 -0.69481 14 
1.6 0) -3.0374 3) -1.2120 1) -6.5140 2) ~4.3572 3) -3.4751 4)~-3.2143 -0.37168 46 -0.70054 60 
1.7 0) -2.4804 0) -9.1871 1)-4,6157 2) ~2,8948 3) -2,1675 4)-1.8835 -0.37534 96 -0.70670 90 
1.8 0) -2.0598 0) -7.0994 1) -3,3437 2) -1.9724 3) ~1.3911 4)-1.1395 -0.37928 17 -0.71331 20 
1.9 0) -1.7366 53 ~5,5830 1) -2.4709 2) -1.3747 2) -9.1587 3)-7.0931 -0.38348 96 -0.72036 75 
2.0 0) -1.4844 0) -4.4613 1)-1.8591 1) -9.7792 2) -6.1705 3)-4,5301 -0,38798 26 -0,72788 93 
2.1 6} ~1,2846 0) -3.6178 1)-1.4220 1) ~7.0870 2) -4.2450 3)-2.9613 -0.39277 08 -0.73589 19 
2.2 0) -1.1242 0) -2.9740 1)-1.1042 1) -5.2238 2) -2.9764 3)-1.9771 -0,39786 50 -0.74439 11 
2.3 (-1)-9.9368 0) ~2.4760 0) -8.6948 1) -3.9108 a -2.1235 3)-1.3458 -0.40327 71 -0.75340 38 
2.4 (-1)-8,8622 { 5} -2,0858 0) -6.9354 1) -2.9702 2) -1.5395 2)-9.3247 -0,40901 97 -0.76294 81 
2.5 -1)-7.9660 0) -1.7766 0)-5.5991 1) -2.2859 2) -1.1327 2)-6.5676 -0.41510 62 -0.77304 34 
2.7 "1 6. 5632 0 ~1,3287 0) -3.7725 3) -1.4041 1) -6.3832 2)-3.4058  ~0,42837 10 -0.79497 18 
2.8 (-1)-6.0041 0) -1.1651 0) -3.1446 ne -1,1189 1) -4.8802 t 2)-2,5025 -0,43558 18 -0,80685 08 
2.9 is cle 5.5144 0) -1.0303 0) ~2,6462 0) 9.0069 1) -3.7729 2)-1.8615 -0.44320 20 -0,81937 31 
, 3.0 (-1)-5.0802 (-1 -9,1835 0) -2.2470 0) -7.3207 1) -2.9476 2)-1.4006 -0,45125 11 -0,83256 59 
3.1 -1)-4.6905 (-1)-8.2448 0)-1.9246 0) -6.0048 1) -2.3257 2)-1.0653 -0.45975 01 -0.84645 82 
3.2 (-1)-4.3365 (-1)-7.4514 0)-1.6621 0) 4.9682 1) -1,8521 1)-8.1850 -0.46872 14 -0,86108 11 
3.3 (-1)-4.0112 {-1)-6.7752 0) -1.4467 0) ~4.1447 1)-1.4881 1)-6.3496 -0.47818 95 -0,87646 78 
3.4 (-1)-3.7091 (-1)-6.1940 0) -1.2687 0) ~3.4851 1) -1.2057 1)-4.9707 -0,48818 03 -0.89265 39 
3,5 (-1)-3.4257 (-1)—5.6901 0) -1.1206 0) 72.9528 0) -9.8471 1)-3.9249 -0.49872 20 -0.90967 72 
3.6 (-1)-3.1573 (-1)-5.2492  (-1)-9.9657 0) -2.5201 0) ~8,1040 1)-3.1246 -0.50984 49 -0,92757 84 
3.7. (-1)-2.9012 (-1)-4.8600 (-1)-8,9204 0) -2.1660 0) -6.7182 1)-2.5070 -0.52158 17 -0.94640 10 
3.8 (-1)-2.6551 (-1)-4.5131 {-1)-8.0339 0) -1.8743 0) -5.6086 1)-2.0265 -0,53396 75 -0.96619 15 
3.9 a 1)-2.4173 (-1)-4.2011 (-1)-7.2774 0) -1.6325 0) -4.7139 1)-1.6498 -0.54704 05 -0.98699 97 
4.0 (-1)-2.1864 (-1)-3.9175 (-1)-6.6280 0) -2.4310 0) -3.9878 1)-1.3523 -0,56084 19 -1,00887 91 
4.1 (-1)-1.9615 (-1)-3.6574 (-1)-6,0670 0) -1.2620 0) -3.3947 1)-1.1158 -0.57541 63 -1,03188 69 
4.2 -1) -1.7418 ~1) -3.4165 -5.5793 0) -1.1196 0) -2.9075 0)-9,2642 ~0,59081 20 -1.05608 44 
4.3 (-1)-1.5269 (-1)-3.1913 -5,1525 ti -9,9895 0) -2.5048 0)-7.7389 -0.60708 14 -1.08153 78 
4.4 iG ~1)-1.3165 (-1)-2.9788 (-1)-4.7765 -~1) -8.9625 0) -2.1704 0)-6.5027. -0.62428 15 ~-1.10831 79 
4.5 (-1)-1.1107 (-1)-2.7768 (-1)-4.4430 -1) ~8.0839 0) -1,.8910 0)-5.4951 -0,64247 43 -1.13650 10 
4.6 (-2)-9.0931 (-1)-2.5833 {- ~4,1450 -1) 7.3286 0) -1.6566 0)-4.6692  -0,66172 73 -1.16616 90 
47 (-2)-7.1268 (-1)-2.3966 (-1) -3.8766 -1) ~6.6763 0) -1.4590 0)-3.9887 -0.68211 42 -1.19741 05 
4.8 (-2)-5,.2107 -1)-2.2155 {-1)-3.6331 ta -6,1102 a -1.2915 0)-3.4251 -0.70371 55 -1.23032 08 
4.9 e -2) 3.3484 (-1)-2.0390 (- ~3.4102 -1) -5.6166 -1.1491 0)-2.9560 -0.72661 94 -1.26500 29 
5.0 (-2)-1.5443 (-1)—1.8662 (-1)-3.2047 (- 1) -5.1841 ( 0)-1.0274 ( 0)-2.5638  -0.75092 23 -1,30156 8 
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SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 Table 10.2 
. : 7 - i —9. 11,,—10.- 
j,(2) iy) is(2) ig”) j,(2) Jg(z) 10°a "7, (2) 102" F,g(2) 
-1) 2.2982 -1) 1.8702 -1) 1.0681 -2)4.7967 (-2)1.7903 -3)5.7414 0.82846 70 4.17120 50 
-1) 2.2441 -1) 1.9102 -1) 1.1268 (-2)5.2015 (-~2)1.9908 (-3)6.5379 0.80764 29 4.07628 42 
~1) 2.1803 (-1) 1.9443 (-1) 1.1849 (-2)5.6221 ~-2) 2.2061 -3)7.4172 0.78689 50 3.98151 88 
~-1) 2.1069 (-1) 1.9722 -1) 1.2421 -2) 6.0573 -2) 2.4365 -3)8.3843 0.76624 10 3.88698 72 
-1) 2.0245 -1) 1.9935 (-1) 1.2980 (-2)6.5057 (-2)2.6821 ~3)9.4443 0.74569 86 3.79276 59 
-1) 1.9335 (~1) 2.0078 (-1) 1.3522 tse 6.9660 (-2)2.9429 (-2)1,0602 0.72528 47 3.69892 98 
-1) 1.8340 (-1) 2.0150 {-1) 1.4044 (~2)7.4364 ~2) 3.2191 -2)1.1862 0.70501 58 3.60555 18 
-1) 1.7270 (-1) 2.0147 -1) 1.4542 (-2)7.9151 -2)3.5104 (~2)1.3229 0.68490 78 3.51270 30 
~1) 1.6131 -1) 2.0069 (-1) 1.5011 ‘3 8.4000 -2)3.8166 (-2)1.4707 0.66497 60 3.42045 23 
-1) 1.4928 -1) 1.9913 (-1) 1.5448 (-2)8.8889 (-2)4.1374 -2)1.6299 0.64523 54 3,32886 66 
-1) 1.3669 -1) 1.9679 (-1) 1.5850 (-2)9.3796 (-2)4.4722 (-2)1.8010 0.62570 01 3.23801 06 
-1) 1.2361 ~-1) 1.9367 -1) 1.6213 (-2)9.8696 (-2)4,8205 -2)1.9842 0.60638 37 3.14794 66 
-1) 1.1014 (-1) 1.8977 (-1) 1.6533 (-1)1.0356 (-2)5.1815 (-2)2.1797 0.58729 93 3.05873 50 
-2) 9.6346 (-1) 1.8509 (-1) 1.6807 (-1)1.0837 (-2)5.5543 (-2)2.3877 0.56845 94 2.97043 34 
-2) 8.2324 (-1) 1.7966 (-1) 1.7033 (-1)1.1309 -2)5.9379 (-2)2.6084 0.54987 57 2.88309 73 
~2) 6.8161 -1) 1.7349 (-1) 1.7206 (~-1)1.1769 -2) 6.3311 -2)2.8417 0.53155 94 2.79677 98 
-2) 5.3947 -1) 1.6661 -1) 1.7325 -1)1.2214 (-2)6.7327 (-2)3.0876 0.51352 10 2.71153 12 
-2) 3.9773 -1) 1.5905 (-1) 1.7388 (-1)1.2642 ~2) 7.1412 -2)3.3461 0.49577 04 2.62739 98 
-2) 2.5729 -1) 1.5084 (-1}) 1.7391 -1)1.3049 (-2)7.5551 -2)3.6168 0.47831 68 2.54443 09 
-2)+1.1905 -1) 1.4203 (-1) 1.7335 ~1)1.3432 -2)7.9728 ~2)3.8996 0.46116 89 2.46266 76 
-3)-1.6120 (-1) 1.3265 (-1) 1.7217 (-1)1.3789 (-2)8.3923 (-2)4.1940 0.44433 45 2.38215 03 
-2)-1.4736 (-1) 1.2277 (-1) 1.7036 (-1)1.4117 (-2)8.8118 (-2)4.4994 0.42782 11 2.30291 70 
-2) -2.7385 -1) 1.1243 (-1) 1.6793 (-1)1.4412 (-2)9.2292 -2)4.8154 0.41163 52 2.22500 27 
~2)-3.9479 (-1) 1.0170 (-1) 1.6486 (-1)1.4672 (-2)9.6425 (-2)5.1412 0.39578 30 2.14844 05 
-2) -5,0945 -2) 9.0628 (-1) 1.6117 (-1)1.4895 (-1)1.0049 (~-2)5.4759 0.38026 97 2.07326 03 
-2)-6.1713 (-2) 7.9285 (-1) 1.5685 ‘3 1.5077 (-1)1.0448 (-2)5.8188 0.36510 02 1.99948 99 
-2)-7.1719 -2) 6.7736 (-1) 1.5193 (-1)1.5217 (-1)1.0835 -2)6.1686 0.35027 86 1.92715 45 
~2) -8.0904 3 5.6051 -1) 1.4642 -1)1.5312 -1)1.1209 (-2)6.5244 0.33580 85 1.85627 66 
-2)~-8.9217 (-2) 4.4300 (-1) 1.4033 ie 1.5360 (-1)1.1568 (-2)6.8849 0.32169 28 1.78687 63 
-2)-9.6613 (-2) 3.2552 (-1) 1.3370 (-1)1.5361 -1)1.1908 (-2)7.2486 0.30793 39 1.71897 14 
-1)-1.0305 (-2) 2.0880 (-1) 1.2654 -1)1.5312 ~1)1.2227 -2)7.6143 0.29453 36 1.65257 72 
-1)-1.0851 -3)+9.3549 -1) 1.1890 -1)1.5212 -1)1.2524 -2)7.9804 0.28149 30 1.58770 64 
-1)-1.1296 -3)-1.9533 (-1) 1.1081 -1)1.5060 -1)1.2795 -2)8.3451 0.26881 29 1.52436 97 
-1)-1.1638 (-2)-1.2975 (-1) 1.0231 -1)1.4857 (-1)1.3039 (-2)8.7069 0.25649 33 1.46257 53 
~1)-1.1877 -2)-2.3644 (-2) 9.3440 (-1)1.4601 -1)1.3252 -2)9.0640 0.24453 39 1.40232 92 
~1)-1.2014 (-2)-3.3894 (-2) 8.4249 ~1)1.4292 -1)1.3434 (-2)9.4145 0.23293 38 1.34363 53 
-1)-1.2048 (-2)-4.3664 (-2) 7.4784 (-1)1.3932 -1)1.3581 -2)9.7564 0.22169 16 1.28649 51 
-1)-1,1982 ~2)-5.2894 (-2) 6.5099 (-1)1.3520 (-1)1.3693 -1)1.0088 0.21080 54 1.23090 84 
-1)-1.1817 (-2)-6.1529 (-2) 5.5245 (-1)1.3059 -1)1.3767 -1)1.0407 0.20027 29 1.17687 25 
-1)-1.1558 (-2)-6.9520 (-2) 4.5278 (-1)1.2548 (-1)1.3801 -1)1.0712 0.19009 14 1.12438 32 
~1)-1.1207 (-2)-7.6819 (-2) 3.5255 (-1)1.1991 (-1)1.3795 (-1)1.1000 0.18025 78 1.07343 42 
-1)-1.0770 -2)-8,.3387 (-2) 2.5233 (-1)1.1389 -1)1.3746 (-1)1.1270 0.17076 84 1.02401 72 
-1)-1.0252 -2)-8.9186 (-2) 1.5269 (-1)1.0744 (-1)1.3655 (-1)1.1520 0.16161 93 0.97612 24 
~-2)~-9,6572 -2)-9.4187 (-3)+5.4232 -1)1.0060 (-1)1.3520 -1)1.1747 0.15280 62 0.92973 83 
-2) -8.9931 -2)-9.8365 (-3)-4.2485 (-2)9.3394 (-1)1.3341 -1)1.1949 0.14432 46 0.88485 16 
2) -8.2662 -1)-1.0170 (-2)-1.3689 (-2)8.5853 -1)1.3117 (-1)1.2126 0.13616 93 0.84144 75 
-2)-7.4836 (-1)-1.0419 (-2)-2.2842 (-2)7,8016 (-1)1.2849 (-1)1.2275 0.12833 53 0.79950 99 
-2)-6.6527 -1) -1.0582 -2)-3.1654 (-2)6.9921 -1)1.2536 (-1)1.2394 0.12081 68 0.75902 10 
-2)-5.7814 (-1)-1.0659 (-2)-4.0072 -2)6.1608 (-1)1.2180 (-1)1.2482 0.11360 83 0.71996 20 
-2)-4.8776 (-1)-1.0651 -2)-4,.8048 (-2)5,3120 (-1)1.1780 -1)1.2537 0.10670 35 0.68231 26 
-2)-3.9496 (~1)-1.0559 (-2)-5.5535 (-2)4,4501 (-1)1.1339 (-1)1.2558 0.10009 64 0.64605 15 
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Table 10.2 SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 
‘ ¥5(2) y4(2) ys(@) 46 (2) ¥, (2) yg(2)  107*2!yq(z) 10~*x!"y,9(2) 
5.0 -1,5443 ~1.8662 (-1)-3.2047 (- : -5.1841 0) -1.0274 0) -2.5638 -0,75092 23 ~1,30156 80 
5.1 +1.9691 ~1.6965 (-1)-3.0134 1)-4.8031 (-1)-9.2298 0) -2.2343 -0.77673 O01 -1,34013 68 
5.2 2 1.8700 1) -1.5295 4 -2.8341 “1 -4.4658 (-1)-8.3305 0) -1.9564 -0.80415 92 -1,38083 98 
5.3 (-2) 3.4698 -1.3649 -2,.6647 (-1)-4,1656 (-1)-7.5528 0)-1.7210 -0.83333 74 -1,42381 86 
5.4 (-2) 4.9908 -1.2025 ‘ -2.5033 (-1)-3.8967 (-1)-6.8777 0) -1.5208 ~-0.86440 56 -1,46922 70 
5.5 (-2) 6.4276 1)-1.0424 (-1)-2.3484 (-1)-3.6545 (-1)-6.2895 0) -1.3499 -0.89751 90 -1,51723 25 
5.6 (-2) 7.7750 ~8.8447 (-1)~-2.1990 (~-1)-3.4349 (-1)-5,7750 0) -1.2034 -0,93284 85 -1,56801 75 
5.7 (-2) 9.0279 ~-7.2898 (-1)-2.0538 (-1)-3.2345 (-1)-5,3232 0)-1.0774 -0.97058 31 -1.62178 08 
5.8 (-1) 1.0182 5.7610 (-1)-1,9121 (-1)-3.0503 (-1)-4.9248 (-1)-9.6863 -1.01093 09 -1.67873 97 
5.9 (-1) 1.1232 -4,2612  (-1)-1.7732  (-1)-2.8799  (-1)-4.5723 (-1)-8.7446 ~1,05412 18 -1,73913 16 
6.0 (-1) 1.2175 -2.7936 (-1)-1.6365 (-1)-2.7210 (-1)-4.2589 (-1)~7.9262 -1.10040 93 -1,80321 67 
6.1 (-1) 1.3007 ~1,3619 (-1)-1.5017 (-1)-2.5717 (-1)-3.9791 (-1)-7.2128 -1.15007 32 -1,87128 02 
6.2 (-1) 1.3726 ~4 42.9727 (-1)-1.3683 (-1)-2.4306 (~1)-3,7281 (-1)-6.5889 ~-1,20342 16 -1,94363 49 
6,3 (-1) 1.4329 z 1.3770 (-1)-1.2362 (-1)-2.2961 yy -3.5018 (-1)-6.0416 -1.26079 38 -2,02062 45 
6.4 (-1) 1.4815 2.6754 (-1)-1.1052 (-1)-2.1672 (-1)-3.2969 (-1)-5.5598 -1.32256 26 -2,10262 69 
6.5 (-1) 1.5183 (2 3.9204 (-2)-9,7544 (-1)-2,0428 (-1)-3.1101 (-1)-5.1344 -1.38913 71 -2,19005 78 
6.6 (-1) 1.5432 5.1073 (-2)-8.4678 (-1)-1.9220 (-1)-2.9390 (-1)-4.7576 -1.46096 57 -2,28337 46 
6.7 (-1) 1.5564 6.2315 3 ~7,1937 (-1)-1.8042 (-1)-2.7813 (-1)~4.4227 -1.53853 78 -2,.38308.14 
6.8 (-1) 1.5580 7.2886 ~5.9337 (-1)-1.6887 (-1)-2.6351 (~1)-4.1239 -1,62238 69 -2,48973 26 
6.9 (-1) 1.5482 3 8.2743 -4,6896 (-1)-1.5751 (-1)-2.4985 (-1)-3.8565 -1.71309 24 -2,60393 95 
7.0 (-1) 1.5273 (-2) 9,1846 ~3.4641 (-1)-1.4628 (~-1)-2.3703 (-1)~-3.6163 -1.81128 11 -2,72637 44 
7.1 (-1) 1.4956 {(-1) 1.0016 % -2.2599 (-1)-1.3517 (-1)-2.2489 (-1)—3.3996 -1.91762 85 -2,85777 73 
7.2 (-1) 1.4535 (-1) 1.0764 (-2)-1,0801 (-1)-1.2414 (-1)-2.1334 (-1)-3.2032 -2.03285 95 -~2,99896 17 
7.3 (-1) 1.4016 Ey 1.1427 zs +7.1768 (-1)-1.1319 (-1)-2.0228 (-1)~3.0246 -2,15774 75 -3,15082 08 
7.4 (-1) 1.3404 1.2001 1.1922 (-1)-1.0229 (-1)-1.9162 (-1) -2.8613 -2.29311 31 -3,31433 45 
7.5 (-1) 1.2705 : 1.2485 2.2774 (-2)-9.1449 (~-1)-1,8129 (-1)~2.7112 -2,43982 13 -3,49057 53 
7.6 (7 1.1925 1.2877 3.3235 (-2)-8.0665 (-1)-1.7122 (-1)-2.5726 -2.59877 67 -3,68071 56 
7.7 (-1) 1.1073 1.3176 4.3267 (-2)-6.9945 (-1)-1.6136 (-1) ~2.4439 -2.77091 77 -3,88603 37 
7.8 (-1) 1.0156 1.3380 5.2830 (~-2)-5.9299 (-1)-1.5166 (-1) ~2.3236 -2,95720 73 ~4,10791 96 
7.9 (-2) 9.1812 1.3491 6.1887 (-2)-4.8741 (-1)-1.4209 (-1) ~2.2106 ~3,15862 24 -4,34788 05 
8.0 (-2) 8.1577 1.3509 7.0400 (-2)-3,.8290 (-1)-1.3262 (-1)—2.1038 -3.37613 93 -4,60754 55 
8.1 (-2) 7.0941 1.3435 7.8334 (-2)-2.7968 (-1)-1.2322 (-1) ~2.0022 -3.61071 67 -4,88866 85 
8.2 (-2) 5.9992 1.3270 8.5654 (-2)-1.7798 (-1)-1.1387 (-1) —1.9050 -3,86327 49 -5,19312 95 
8.3 (-2) 4.8821 1.3017 9.2329 (-3)-7.8077 (-1)-1.0456 (-1) ~1.8115 ~4.13466 98 -5,52293 51 
8.4 (-2) 3.7517 1.2679 9.8330 (-3)+1.9747 (-2)-9.5274 (-1) “1.7211 -4.42566 38 -5,88021 45 
8.5 (-2) 2.6172 1.2259 1.0363 (-2) 1.1519 (-2)-8.6015 (-1) ~1.6331 -4.73689 09 -6,26721 41 
8.6 (-2) 1.4876 1.1762 1.0821 (-2) 2.0793 (-2)-7.6780 (-1) —1.5471 -5.06881 69 -6,68628 70 
8.7 (-3)+3.7160 1.1191 1.1205 (-2) 2.9765 (-2)-6.7573 (-1) “1.4627 -5,42169 35 -7,13987 95 
8.8 (-3)-7.2210 1.0551 1.1513 (-2) 3.8403 (-2)-5.8403 (-1) “1.3795 -5.79550 68 -7,63051 13 
8.9 (-2)-1.7852 9.8492 1.1745 (-2) 4.6672 (-2)-4.9278 (-1) —1.2973 - 6.18991 88 -8.16074 96 
9.0 (-2)-2.8097 9.0898 1.1899 (-2) 5.4540 (~2)-4.0214 33 71,2156 -6,60420 33 =8.73317 65 
9.1 (-2)-3.7880 8.2794 1.1976 (~2) 6.1976 (-2)-3.1227 (-1) 71.1345 -7.03717 50 -9,35034 96 
9.2 (-2)-4.7130 7.4246 1.1976 (-2) 6.8948 (-2)-2.2335 (-1) —1.0536 -7.48710 95 -10.01475 2 
9.3 (-2)-5.5782 6.5321 1.1900 (-2) 7.5427 (-2)-1.3560 (-2) —9.7298 -7.95166 19 -10,72873 2 
9.4 (-2)-6.3774 5.6089 1.1748 (-2) 8.1384 (-3)-4.9250 (-2) ~8.9243 ~8.42777 38 -11,49443 4 
9.5 (-2)-7.1053 4.6623 1.1522 (-2) 8.6793 (-3)+3.5462 (-2) ~8.1193 -8,91157 56 -12,31371 5 
9.6 (~-2)-7.7572 3.6995 1.1225 (-2) 9.1630 (-2) 1.1827 (~2) ~7.3150 ~-9,39828 63 -13,18805 0 
9.7 (-2)-8,3288 2.7280 1.0860 (-2) 9.5874 (-2) 1.9892 (-2) ~6.5114 -9,88210 58 -14,11841 9 
9.8 (-2)-8,.8169 1.7550 1.0429 (-2) 9.9507 (~-2) 2.7712 (-2) ~5.7090 -10.35610 3 -15,10518 2 
9.9 (~2)-9.2189 3 +7,8793 9.9352 (-1) 1.0251 (-2) 3.5259 (-2) ~4.9088~-10.81210 4 -16,14793 9 
10.0 (~2)-9.5327 (-3)-1.6599 (-2) 9.3834 (-1) 1.0488 (-2) 4.2506 (-2) ~4.1117-11.24057 9 -17,24536 7 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


SPHERICAL BESSEL FUNCTIONS—ORDERS 20 AND 21 Table 10.3 
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7.62597 
7.62705 
7.63028 
7.63560 
7.64293 


7.65215 
7.66313 
7.67566 
7.68952 
7.70444 


7.72013 
7.73621 
7.75231 
7.76795 
7.78264 


7.79582 
7.80686 
7.81509 
7.81976 
7.82005 


7.815076 
7.803876 
7.785428 
7.758627 
7.722309 


ws On NAO PPyrvn NRrrOO 


7.675238 
7.616116 
7.543601 
7.456316 
7.352841 


7.231764 
7.091689 
6.931265 
6.749220 
6.544411 


6.315851 
6.062784 
5.784739 
5.481584 
5.153621 


4.801647 
4.427041 
4.031843 
3.618830 
3.191590 


2.754567 
2.313103 
1.873442 
1.442686 
1.028721 


25.0 0.640055 


By 
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Nn 
a 


10”°fo9(2) 


107’ fo (2) 


1.77348 
1.77371 
1.77439 
1.77552 
1.77707 


1.77903 
1.78137 
1.78403 
1.78699 
1.79018 


1.79355 
1.79702 
1.80050 
1.80392 
1.80717 


1,81014- 
1.81270 
1.81472 
1.81605 
1.81653 


1.815979 
1.814208 
1.811016 
1.806185 
1.799482 


1.790664 
1.779472 
1.765639 
1.748885 
1.728929 


1.705481 
1.678251 
1.646956 
1.611324 
1.571096 


1.526041 
1.475960 
1.420698 
1.360155 
1.294299 


1.223178 
1.146936 
1.065826 
0.98022 
0.89065 


0.79/77 
0.70243 
0.60561 
0.50849 
0.41242 


0.31888 


35 


30 


re 
5 
jn (2) = Sn” exp (- a2/4n+2) 


107 “9 o9() 


- 0.31983 
— 0.31988 
- 0.32003 
- 0.32028 
- 0.32065 


- 0.32113 
~ 0.32175 
~ 0.32250 
~ 0.32342 
- 0.32450 


- 0.32579 
~ 0.32730 
- 0.32907 
~ 0.33112 
- 0.33350 


- 0.33625 
~ 0.33943 
- 0.34309 
~ 0.34731 
- 0.35216 


~ 0.35776 
- 0.36420 
~0.37164 
~ 0.38023 
~ 0.39019 


- 0.40176 
- 0.41527 
- 0.43113 
- 0.44987 
- 0.47223 


- 0.49918 
~0.53209 
-0.57279 
- 0.62378 
~0.68821 


- 0.76981 
~ 0.87240 
- 0.99883 
-1.149171 
-1.317987 


-1.490982 
~1,641599 
-1.728777 
- 1.697442 
~ 1.483467 


- 1.024223 
- 0.274630 
+0.773430 
2.072631 
3.508629 


4.901591 


107g; (2) 


~1.31130 
-1,.31149 
-1.31205 
-1.31300 
-1.31436 


-1.31616 
-1.31842 
~1.32121 
-1,.32457 
-1.32856 


-1,33328 
-1.33879 
~1.34521 
-1.35264 
-1.36123 


~1.37113 
-1,38251 
-1.39557 
-1.41055 
-1.42771 


-1.447374 
-1.469891 
-1.495697 
-1.525305 
-1,.559325 


-1.598497 
-1.643728 
-1.696143 
-1.757166 
~1.828625 


~1.912922 
-2.013273 
-2.134049 
-2.281228 
-2.462936 


-2,689957 
-2.975953 
-3.336925 
~3.789188 
-4,344958 


-5,004711 
~5.745922 
-6,508927 
~7.182333 
-7.592679 


~7,504782 
~6.640003 
-4.717888 
-1,.52185 
+3.01816 


+8,74251 


Yn (2) =Gnt— +) exp (x?/4n+2) 
Compiled from National Bureau of Standards, Tables of spherical Bessel func- 
tions, vols. I, II. Columbia Univ. Press, New York, N.Y., 1947(with permission). 
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464. BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.4 
SPHERICAL BESSEL FUNCTIONS—MODULUS AND PHASE—ORDERS 9, 10, 20 AND 21 


J, (2) =V¥m/eMn+4(2) C08 On +4(@) y, (a) =V¥m/eM n+ 4(2) sin Bn +1(2) 


x! V32M134 (x) O196(x) —2 viz 214 (2) 8246(x) —& <t> 
0,100 1.50513 630 1,72311 121 1.84157 799 1. 35401 461 10 
0,095 1.41043 073 1,44562 029 =: 1.65174 534 1.00196 372 11 
0,090 1.33509 121 1.17232 718 1.50947 539 0. 65310 249 11 
0.085 1.27462 197 0.90378 457 1.40190 550 +0. 30984 705 12 
0,080 1.22560 809 0.64017 615 1.31955 792 = -0. 02643 915 13 
0,075 1.18548 011 0.38142 613 =—-:1.25559 223. -0. 35524 574 13 
0.070 1.15231 423 +0.12729 416 1.20514 049 = -0, 67664 889 14 
0.065 1.12467 134  -0,12255 277 1.16476 186 = -0, 99107 278 15 
0.060 1.10147 221 -0,36849 087 1.13202 416 = -1,. 29911 571 17 
0.055 1.08190 340 -0,61090 826 1.10519 883 = -1,60143 947 18 
0.050 1.06534 781  -0,85018 673 1.08304 588 = -1,89870 678 20 
0.045 1.05133 389  ~1,08669 229 = 1.06466 562, = -2.19155 009 22 
0.040 1.03949 892 -1.32077114 1.04939 746 = -2. 48055 907 25 
0.035 1.02956 235 -1.55274 891 1.03675 104  -2, 76627 814 29 
0.030 1.02130 658 -1,78293 175 1.02635 931  -3,.04920 936 33 
0.025 1.01456 304 -2.01160 832 1.01794 637 = -3. 32981 737 40 
0.020 1.00920 210 ~-2,23905 224 1.01130 529  -3, 60853 532 50 
0,015 1.00512 574 -2,46552 469 1.00628 277 = -3, 88577 070 67 
0.010 1.00226 240 ~-2,69127 701 1.00276 864 4.16191 106 100 
0.005 1.00056 327 = -2, 91655 326 «=»s-1.00068 866 = -4. 43732 935 200 
0.000 1.00000 000 -3,14159 265 1.00000 000 -4.71238 898 00 

ee (—4)6 (—3)6 ra 
9 9 9 10 

c-) mzMay (a) Bs6(2) —2 VirzM s34(2) B436(@) —x <u> 
0.040  1,31126' 605 1.12909 207 =—-:1.37979 868 «= +0. 54348 547 25 
0.038 1.25741 042 0.61321 135 1.30763 025 = -0, 04056 472 26 
0.036 1.21433 612  +0.11048 098 1.25205 767 = -0, 60729 830 28 
0.034 1.17917 949 -0,38066 745 1.20806 627 = -1. 15885 172 29 
0.032 1.15001 033 -0,86163 915 1.17245 178 -1.69717 688 31 
0,030 1.12549 256 -1,33366 819 1.14310 153 = -2, 22398 514 33 
0,028 1.10467 736 -1.79783 172 1.11857 851 = -2. 74075 480 36 
0.026 1.08687 488  -2,25507118 1.09787 629 = -3, 24876 024 38 
0.024 1.07157 283 -2,70621 373 1.08027122 -3.74910 503 42 
0.022 1.05838 371 -3.15199 149 1.06523 083 = -4, 24275 239 45 
0.020 1.04700 987 ~3.59305 805 1.05235 561  -4. 73055 105 50 
0,018 1.03721 972 4.03000 220 = 1.04134 092 «= -5, 21325 651 56 
0.016 1.02883 137 -4,46335 928 1.03195 154 -5,69154 843 63 
0.014 1.02170 104 -4,89362 072 = 1.02400 423 = -6, 16604 479 71 
0.012 1.01571 485 -5,32124 187 1.01735 560 -6, 63731 350 83 
0,010 1.01078 282 -5,74664 872 1.01189 351 = -7.10588 196 100 
0.008 1.00683 452 -6,17024 356 1.00753 093 = -7.57224 522 125 
0.006 1.00381 592 -6.59240 995 1.00420 153 = -8, 03687 285 167 
0.004 1.00168 705 -7.01351 707 1.00185 654 = -8,50021 498 250 
0.002 1.00042 044 -7,43392 365 1.00046 253 = -8, 96270 770 500 
0,000 1.00000 000 -7.85398 164 1.00000 000 -9.42477 796 00 

(—8)1 (—3)2 Sal (—8)2 
9 9 10 9 


<x>=nearest integer to x. 
Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, IT. 
Columbia Univ. Press , New York, N.Y., 1947 (with permission). 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 
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ee ee Ne ee eee ee eee Ne eee 


1st 
Whe 


-9 


NN nn OO eee ee 


z=1 
8. 41470 
3. 01168 
6. 20350 
9. 00658 
1.01101 


9, 25611 
7, 15693 
4.79013 
2. 82649 
1, 49137 


: 11655 
| 
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3.09955 
1, 24166 
4, 60463 
1, 58957 


5. 13268 
1.55670 
4.45117 
1, 20385 
3. 08874 


7.53779 
5. 56683 
1.53821 
3. 61527 


90) 7. 44472 


x=10 


-5. 44021 
+7, 84669 
+7,79421 
-3. 94958 
~1, 05589 


~-5, 55345 
+4. 45013 
1.13386 
1, 25578 
1, 00096 


6. 46051 
3. 55744 
1, 72159 
7. 46558 
2. 94107 


1. 06354 
3.55904 
1. 10940 
3. 23884 
8. 89662 


2. 30837 
2.51205 
8. 43567 
2. 23069 


0) 5.83204 


9848 
6789 
5201 
1117 
5808 


5861 
6310 
4199 
8802 
6503 


2640 
1855 
2597 
7678 
5988 


6115 
8271 
7504 
5742 
2364 


5722 
1267 
0374 
4717 


7742 


1109 
4180 
9363 
4498 
2851 


1162 
2233 
2307 
0236 
4095 


5449 
1489 
9974 
4477 
8342 


2715 
0735 
7280 
7439 
7269 


1961 
7385 
1634 
6023 


0182 
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15 
16 
17 
18 


20 
34 
49 


66 


160 


3) 
2 
3 
2 
3 
2 
3 
2 
3 
2 
2 
3 
2 
4 
2 
2 
2 
2 
3 
2 
2 
3 
2 
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J,(2) 


1, 60698 
9. 77323 
5. 60205 
3, 03657 
1.56113 


7. 63264 
5. 83661 
1. 66097 
4, 01157 


)9, 36783 
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2166 
7728 
9151 
8644 
3992 


1101 
7888 
8779 
5290 


2591 


x= 50 


-5, 24749 
~1, 94042 
+4, 08324 
+1, 98125 
~1, 30947 


-2. 00483 
-3,10114 
+1. 92420 
+8. 87374 
-1. 62249 


-1. 50392 
+9. 90845 
+1,95971 
-1, 09899 
~1. 96564 


-1, 12908 
+1, 26561 
+1. 96438 
+1, 09459 
~1. 88338 


-1. 57850 
-1. 49467 
-2. 60633 
+1, 88291 


-22)+1, 01901 


7074 
7051 
0843 
9460 
7600 


0056 
8524 
0195 
9108 
2725 


2146 
4236 
1041 
0300 
5589 


4539 
3175 
9234 
2888 
9360 


2990 
3454 
6952 
0737 


2263 


tart t bt poet tf tt t tt tt top 


Table 10.5 


z=5 


-1, 91784 
-9, 50894 
+1. 34731 
2. 29820 

1.87017 
1. 06811 
4. 79668 
1. 79027 
5. 74143 
1. 61809 
4, 07344 
9, 27461 
1. 92878 
3, 69320 
6, 55454 


1, 08428 
1. 67993 
2. 44802 
3. 36741 
4. 38678 


5.42772 
4, 28273 
1, 21034 
2.85747 


-120) 5, 53565 


( 


8549 
0808 
2101 
6182 
6553 


1615 
9986 
7818 
4675 
9715 


3131 


0182 
9976 
0198 
6303 
6630 


6761 
0217 
7583 
9350 


0303 


x=100 


-~5, 06365 
-8, 67382 
+4, 80344 
+8. 91399 
-4.17946 
-3) -9. 29014 
-3)+3.15754 
+9, 70062 
-1, 70245 
-9. 99004 


~1. 95657 
+9. 94895 
+2, 48391 
-9, 32797 
-5. 00247 


+7. 87726 
+7. 44442 
~5, 42060 
-9. 34163 
41. 96419 


-2)+1. 01076 
~3)+8. 70062 
~2)+1, 04341 
-4) +5. 79714 


-2) +1. 08804 


6411 
5287 
1652 
7370 
1837 


8935 
5454 
9844 
0977 
6510 


8597 
8359 
8282 
8789 
2555 


1748 
3697 
1928 
4372 
7210 


7128 
8514 
0851 
0882 


7701 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


‘SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 


Table 10.5 
n t= 
0 -1).5. 40302 3059 
1 0)~1,. 38177 3291 
2 0).3. 60501 7566 
3 1)~1. 66433 1454 
4 2)-1.12898 1842 
5 2)~9. 99440 3434 
6 4)~1. 08809 4559 
7 5)~1. 40452 8524 
8 6)-2. 09591 1840 
9 7)-3. 54900 4843 
10 8)-6. 72215 0083 
11 10)-1. 40810 2512 
12 11)-3. 23191 3629 
13 12)-8. 06570 3047 
14 14)~2.17450 7909 
15 15)-6. 29800 7233 
16 17)-1. 95020 7734 
17 18)~6. 42938 7516 
18 { 20)-2. 24833 5423 
19 21)-8. 31241 1677 
20 23)-—3. 23959 2219 
30 40)-2. 94642 8547 
40 58)-8. 02845 0851 
50 78)-2. 73919 2285 
100 (186) -6. 68307 9463 
n x=10 
0 -2)+8. 39071 5291 
1 -2)+6. 27928 2638 
2 -2)-6. 50693 0499 
3 -2)-9. 53274 7888 
4 ~3)-1. 65993 0220 
5 -2)+9. 38335 4168 
6 -1)+1, 04876 8261 
7 -2)+4, 25063 3221 
8 -2)-4.11173 2775 
9 ~1)-1.12405 7894 
10 -1)-1. 72453 6721 
11 ~1)-2. 49746 9220 
12 -1)-4,.01964 2485 
13 ~1)-7. 55163 6993 
14 0)-1. 63697 7739 
15 0)-3. 99207 1745 
16 1)-1. 07384 4467 
17 1)-3.14447 9567 
18 1)-9. 93183 4017 
19 2)-3. 36033 0630 
20 3)-1. 21121 0605 
30 9)-6. 90831 8646 
40 18)-1. 51030 4919 
50 27)-4. 52822 7272 
100 (85)-8, 57322 6309 
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Fe iinet et ie iti nd 


(156) 


E 
E 
E 
E 
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Yn(®) 


x=2 
+2, 08073 4183 
~3.50612 0043 
-7, 33991 4247 
~1, 48436 6557 
-4, 46129 1526 


~1. 85914 4531 
-9,77916 5769 
-6,17054 3296 
-4,53011 5815 
-3. 78889 3009 


-3.55414 7201 
-3. 69396 5631 
~4, 21251 9003 
-5., 22870 9098 
-7. 01663 2092 


-1,01218 2944 
-1. 56186 6932 
-2.56695 8608 
-4.47655 8894 
~8. 25596 4368 


-1. 60543 6493 
-1. 40739 3871 
-3. 72092 9322 
~1. 23502 1944 


~2.65595 5830 


x= 50 
2)-1. 92993 2057 
3)+4, 86151 
2)+1.95910 1121 
3)-2.90240 9542 
2)-1. 99973 4855 


4)-6. 97113 1965 


a +1. 98439 8364 


+18)- 


3)+5. 85654 8943 
2)-1. 80870 1896 
2)-1. 20061 


+1. 35246 
2) +1. 76865 
3)-5. 38889 
2)-2. 03809 
3)-5. 61681 


+1. 71231 
+1, 62332 
~6, 40928 4759 
2)-2.07197 0007 
3) ~8. 92329 


+1, 37595 3130 
-2, 24122 
+4, 97879 
2)-4. 19000 


1.12569 2891 
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| 
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z=5 
-5. 67324 
+1, 80438 
+1. 64995 
-1, 54429 
~1. 86615 


foe Ot 
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-3, 20465 
-5. 18407 
-1. 02739 
-2, 56377 
-7, 68944 


~2, 66561 
-1. 04266 
4, 52968 
~2,16057 
-1, 12141 


~6, 28814 
-3. 78650 
-2, 43621 
~1, 66748 
-1,. 20957 


ee eee eee ee eee 


~9. 26795 
18)-7. 76071 
30)-2. 05575 
2)-6. 96410 


116)-1, 79972 


3709 
3675 
4576 
0991 
5315 


0467 
5714 
4639 
6345 
4934 


1441 
2356 
5692 
6611 
4513 


6513 
9387 
4730 
5217 
6913 


1403 
7570 
8716 
9188 


3983 


x=100 


~-3)-8. 62318 
-3)+4. 97742 
-3)+8. 77251 
-3)-4, 53879 
~3)-9, 09022 


-3)+3. 72067 
~3)+9. 49950 
-3)-2. 48574 
-3)-9, 87236 
-4)+8, 07441 


-2)+1. 00257 
-3)+1. 29797 
-3)-9. 72724 
-3)-3. 72978 
-3)+8, 72020 


-3)+6, 25864 
~3)-6, 78002 
-3)~8, 49604 
~3) +3. 80640 
~3)+9, 90441 


~5)+5. 63172 
~3)-5. 41292 
~4)-7, 04842 
-2)+1. 07478 


-2)-2. 29838 


ON mm 9 ee OO 


8723 
4524 
1459 
8951 
7385 


8486 
2019 
3224 
3502 
4285 


7737 
1820 
3855 
2784 
2503 


1510 
3635 
9309 
6377 
9669 


9379 
9349 
0407 
2297 


5049 


1/2 


3/2 


5/2 


7/2 


9/2 


11/2 


13/2 


oUBWNEH NOU PWN SOU PWN NOUS wrk BAIN LPWNr 


AUR WN Ee 


Jue 
3, 141593 
6, 283185 
9. 424778 
12, 566370 
15, 707963 
18, 849556 
21. 991149 


4. 493409 
7, 725252 
10, 904122 
14, 066194 
17, 220755 
20, 371303 
23. 519452 


5. 763459 
9. 095011 
12, 322941 
15. 514603 
18, 689036 
21, 853874 


6. 987932 
10. 417119 
13. 698023 
16, 923621 
20, 121806 
23. 304247 


8. 182561 
11, 704907 
15, 039665 
18, 301256 
21. 525418 
24, 727566 


9, 355812 
12. 966530 
16. 354710 
19, 653152 
22. 904551 


10, 512835 
14, 207392 
17, 647975 
20. 983463 
24, 262768 


TiG,, 2) 
-0. 45015 
+0, 31830 
-0, 25989 
+0, 22507 
-0, 20131 
+0, 18377 
-0,17014 


-0. 36741 
+0. 28469 
-0. 24061 
+0, 21220 
0.19194 
+0, 17656 
-0, 16437 


-0. 31710 
+0. 25973 
-0. 22503 
+0, 20130 
-0. 18376 
+0.17014 


-0, 28223 
+0, 24019 
-0, 21208 
+0.19189 
-0.17654 
+0. 16436 


-0. 25620 
+0. 22432 
-0. 20107 
+0. 18367 
-0. 17009 
+0,15912 


-0, 23580 
+0, 21109 
-0.19155 
+0, 17639 
-0, 16428 


-0, 21926 
+0. 19983 
-0, 18321 
+0. 16988 
~0. 15902 
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I, =0 


8 (-1*t'Y/y,,.) 
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1, 570796 
4. 712389 
7, 853982 
10. 995574 
14. 137167 
17, 278760 
20, 420352 
23. 561945 


2. 798386 
6.121250 
9. 317866 
12. 486454 
15, 644128 
18. 796404 
21, 945613 


3. 959528 
7, 451610 
10, 715647 
13. 921686 
17. 103359 
20. 272369 
23. 433926 


5. 088498 
8. 733710 
12, 067544 
15. 315390 
18. 525210 
21, 714547 
24. 891503 


6.197831 
9. 982466 
13. 385287 
16, 676625 
19, 916796 
23, 128642 


7. 293692 
11, 206497 
14, 676387 
18, 011609 
21, 283249 
24, 518929 


8. 379626 
12, 411301 
15, 945983 
19. 324820 
22. 628417 


-0. 63661 
+0. 36755 
-0. 28470 
+0, 24061 
-0, 21220 
+0. 19194 
-0. 17656 
+0. 16437 


+0. 44914 
~0. 31827 
+0. 25989 
~0, 22507 
+0, 20131 
-0, 18377 
+0.17014 


-0. 36184 
+0, 28430 
-0. 24053 
+0, 21218 
-0. 19193 
+0, 17656 
~0. 16437 


+0. 30882 
-0. 25896 
+0. 22485 
-0. 20124 
+0. 18374 
~-0.17012 
+0.15914 


-0. 27236 
+0. 23908 
-0, 21179 
+0. 19179 
-0. 17649 
+0. 16433 


+0. 24538 
-0, 22293 
+0, 20067 
-0, 18352 
+0. 17002 
~0. 15909 


-0. 22441 
+0. 20946 
-0. 19106 
+0.17619 
-0. 16419 


98 


7 


15/2 


17/2 


19/2 


21/2 


23/2 


25/2 


27/2 


29/2 


31/2 


33/2 


35/2 


37/2 


39/2 


Y,y,, 2) =0 


5 Jus 

11, 657032 
15. 431289 
18, 922999 
22. 295348 


WMPWNe 


12, 790782 
16, 641003 
20. 182471 
23. 591275 


UNE 


13, 915823 
17, 838643 
21, 428487 
24, 873214 


Puwunre 


15. 033469 
19, 025854 
22, 662721 


awn rH 


16, 144743 
20, 203943 
23. 886531 


WNe 


17, 250455 
21. 373972 


whe 


18, 351261 
22, 536817 


w he 


19, 447703 
23. 693208 


Ne 


20. 540230 
24, 843763 


Nr 


1 21. 629221 


1 22, 715002 


1 23, 797849 


FG, 4) 


~0, 20550 
+0, 19008 
-0. 17582 
+0, 16402 


-0. 19382 
+0, 18155 
-0, 16922 
+0, 15870 


-0. 18376 
+0. 17398 
-0. 16326 
+0, 15383 


-0. 17496 
+0. 16722 
-0. 15785 


-0. 16720 
+0, 16113 
~0.15290 


-0. 16028 
+0, 15560 


-0. 15406 
+0. 15056 


~0. 14844 
+0, 14593 


-0. 14333 
+0. 14166 


~0. 13865 


-0, 13434 


-0. 13037 


11 


93 


81 


1 24,878005 -0,12669 81 
Values to greater accuracy and over a wider range are given in [10.31]. 
From National Bureau of Standards, Tables of spherical Bessel functions, vols. I, 11. Columbia Univ. 
Press, New York, N.Y., 1947 (with permission). 


Table 10.6 


467 


Ye (-1)"t'¥hy,, 4) 


9, 457882 
13, 600629 
17.197777 
20, 619612 
23. 955267 


10, 529989 
14, 777175 
18, 434529 
21, 898570 


11, 597038 
15. 942945 
19, 658369 
23. 163734 


12, 659840 
17. 099480 
20. 870973 
24, 416749 


13. 719013 
18, 247994 
22. 073692 


14. 775045 
19, 389462 
23, 267630 


15. 828325 
20. 524680 
24. 453705 


16. 879170 
21. 654309 


17. 927842 
22. 778902 


18, 974562 
23. 898931 


20. 019515 


21. 062860 


22, 104735 


+0. 20754 
-0. 19801 
+0. 18264 
-0, 16964 
+0, 15890 


-0. 19361 
+0. 18810 
-0.17517 
+0, 16373 


+0. 18186 
0.17944 
+0, 16849 
~0. 15837 


-0.17179 
+0.17176 
-0. 16247 
+0, 15347 


+0. 16304 
-0. 16491 
+0.15700 


-0. 15534 
+0,15875 
-0. 15201 


+0. 14852 
-0. 15316 
+0. 14743 


-0. 14242 
+0. 14806 


+0. 13691 
~0, 14340 


-0. 13192 
+0. 13910 


+0. 12738 
-0. 12321 


+0.11937 


83 


05 


13 


34 
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Table 10.7 ZEROS OF THE DERIVATIVE OF BESSEL FUNCTIONS 
OF HALF-INTEGER ORDER 
FG, ) =0 YY, 3)=0 


» 8 nee FG; 4) Wie CDE) om OF iy I Gi, 8) ta ED) 
1/2 1 1.165561 +0. 679192 2.975086 -0.456186 15/2 1 9,113402 +0.330874  11,535731 +0. 266883 
2 4.604217 -0. 369672 6.202750 +0. 319331 2 13.525575 -0. 236854 15, 376058 -0. 217283 
3 7.789884 +0, 285287 9.371475 ~0. 260267 3 17,153587 +0.202841 18° 885886 +0,191447 
4 10.949944 -0.240870 12.526476 +0, 225258 4 20,587450 -0.182077 22.266861 -0.174147 
5 14,101725 +0.212340 15.676078 -0,201419 5 23.929631 +0. 167294 
6 17,249782 -0.192029  18.822999 +0,183841 
7 20, 395842 +0.176620 21.968393 ~-0,170188 
8 23540708 -0.164412 
17/2 1 10,180054 +0.318378  12,669130 -0. 257833 
2 14-702493 -0.229449 16.586323 +0, 210950 
3 18,390930 +0.197291 0.145940 -0, 186505 
4 21.866965 -0.177623 23,563314 +0.170098 
3/2 1 2.460536 +0. 525338 4.354435 +0. 388891 
2 6, 029292 -0. 328062 7.655545 -0. 290138 
3 9.261402 +0. 263295 10.856531 +0. 242910 
4 12,445260 -0.226711 14,029845 -0.213417 49/2 1 41 o4ig75 40, 307606 iaogasnag: sie Das094 
5 15,611585 +0.202245 17.191285 +0,192678 2 is'meaaes 0.222927 te Sgaces “0 208332 
g ee -0. 184363  20.346496 -0.177046 3 leleregs, 40192335 byc aeaaee 400182087 
; +0,170542  23.498023 +0.164709 A DaiaecGn 20 47360. Sy cdceee: na Leeaas 
5/2 1 3632797 +0,457398 «5.634297 -0,350609 71/2 5 12.299124 +0 2087R 14. 910648 -0. 242952 
2 7.367009 -0. 301449 9, 030902 +0. 270006 a “SA RaBtag a0 LBTATO > bet coepae. Oc 7eoKe 
3 10.663561 +0,247304 12.278863 -0. 229783 A 8 Sh aeoaed : 
4 13,883370 -0.215670  15.480655 +0. 203956 4. 385974 . 
5 17,072849 +0.194015  18,661309 -0,185432 
6 20.246945 -0,177917  21.830390 +0,171262 
7 23.412100 +0.165314  24.992411 -0.159953 
23/2 1 13,353045 +0.289825 16021196 +0. 236710 
2  18,173567 -0.211893 20,150142 -0.195742 
3 22,031181 +0.183813 23,851147 +0.174383 
7/2 1 4.762196 +0. 415533 6.863232 +0. 324651 
2 8, 653134 -0. 282237 10. 356373 -0. 254849 
3  12.018262 +0,234875  13,.656304 +0.219318 25/2 1 14,403937 +0.282348  17,126125 -0.231081 
4 15,.279081 -0.206685  16,891400 -0.196124 2  19,314945 -0.207156  21.320300 +0.191594 
5 18,496200 +0.187103  20.095393 +0.179270 3 23, 225333 +0. 180103 
6 21,690284 -0.172377 23.281796 -0.166245 
7 24,870602 +0.160741 
27/2 1 15,452196 +0.275596 18,226109 +0, 225965 
2  20.450018 -0.202830 29.483219 -0.187792 
3 24.411571 +0.176690 
9/2 1 5.868420 +0. 386006 8.060030 -0, 305246 
2 po 2nsone 0. 267385 eet ees 
3.337928 +0. 224788 .999624 -0. 
4 16,641787 -0.199151 18.270330 +0.189472 29/2 Lo, 498138 +0 269455 19, 321702 -0. 221286 
5 19,888934 4+0,181169  21.500029 -0.173929 57945 E 23, 639641 +0. 
6 23105297 -0.167534  24.705942 +0.161826 
31/2 1 417,542024 +0. 263833 20, 413362 +0. 216981 
2 22,703832 + ~-0.195187 24,790191 -0.181040 
11/21 6.959746 +0. 363557 9.234274 +0, 289946 
2 11.129856 -0,255385  12,909478 -0. 232895 
3 14.630406 +0.216349 16,315912 +0.203344 33/2 1 19,594071 +0.258658  27.501477 -0.213000 
4 17.977886 -0.192692 19.623229 -0.183714 2  93,923614 0.191783 
5 21.256291 40.175987 22.879980 +0,169229 
6 24,.496327 -0, 163244 
35/2 1 19,624460 +0. 253871 22, 586374 +0. 209303 
2  24,939214 -0.188612 
13/2 1 8.040535 +0.345649 10.391621 -0.277420 
2 122335631 0.245384 14.151399 +0.224513 27/2 1 20,663347 +0.249423 = 23, 668335 © ~0. 205855 
3  15.901023 +0.209127 17.610124 -0.197009 
4 19.291967 -0.187058  20.954335 +0.178651 
5 22,602185 +0,171399  24.238863 -0.165043 39/2 1 213,700865 +0.245275 24.747606 +0. 202629 


Values to greater accuracy and over a wider range are given in [10.31]. 
From National Bureau of Standards, Tables of spherical Bessel functions,-vols. I, II. Columbia Univ. 
Press, New York, N.Y., 1947 (with permission). 
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MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 10.8 

t0(x) 41 (a) 42(x) ko(x) ki (a) k(x) 
1.00000 000 0.00000 000 0.00000 0000 0 0 00 
1.00166 750 0.03336 668 0.00066 7143 14.21315 293 156.344682 4704,5536 


1.00668 001 0.06693 370 0.00267 4294 6.43029 630 38.58177 78 585.15696 
1.01506 764 0.10090 290 0.00603 8668 3.87891 513 16.80863 22 171.96524 
1.02688 081 0.13547 889 0.01078 9114 2.63234 067 9.21319 233 71.731283 


1.04219 061 0.17087 071 0.01696 6360 1.90547 226 5.71641 679 36.203973 
1.06108 930 0.20729 319 0.02462 3348 1.43678 550 3.83142 801 20.593926 
1.08369 100 0.24496 858 0.03382 5678 1.11433 482 2.70624 170 12.712514 


1.11013 248 0.28412 808 0.04465 2156 0.88225 536 1.98507 456 8.32628 49 
1.14057 414 0.32501 361 0.05719 5452 0.70959 792 1.49804 005 5.70306 48 
1.17520 119 0.36787 944 0.07156 2871 0.57786 367 1.15572 735 4.04504 57 


1.21422 497 0.41299 416 0.08787 7251 0.47533 880 0.90746 4974 2.95024 33 
1.25788 446 0.46064 259 0.10627 7995 0.39426 230 0.72281 4219 2.20129 78 
1.30644 803 0.51112 785 0.12692 2227 0.32930 149 0.58261 0332 1.67378 69 
1.36021 536 0.56477 365 0.14998 6112 0.27668 115 0.47431 0537 1.29306 09 


1.41951 964 0.62192 665 0.17566 6332 0.23366 136 0.38943 5596 1.01253 25 
1.48472 997 0.68295 906 0.20418 1728 0.19821 144 0.32209 3595 0.80213 693 
1.55625 408 0.74827 140 0.23577 5138 0.16879 918 0.26809 2818 0.64190 415 
1.63454 127 =0,81829 550 §=0.27071 5433 0.14425 049 0.22438 9655 0.51823 325 
1.72008 574 0.89349 778 0.30929 9770 0.12365 360 0.18873 4440 0.42165 535 


1.81343 020 0.97438 274 0.35185 6089 0.10629 208 0.15943 8124 0.34544 927 
1.91516 988 1.06149 681 0.39874 5868 0.09159 719 0.13521 4906 0.28476 135 
2.02595 690 1.15543 247 0.45036 7165 0.07911 327 0.11507 3847 0.23603 215 
2.14650 513 1.25683 283 0.50715 7959 0.06847 227 0.09824 2824 0.19661 508 
2.27759 551 1.36639 653 0.56959 9849 0.05937 476 0.08411 4246 0.16451 757 


2.42008 179 1.48488 308 0.63822 2102 0.05157 553 0.07220 5736 0.13822 241 
2.57489 701 1.61311 877 0.71360 6125 0.04487 256 0.06213 1241 0.11656 246 
2.74306 041 1.75200 304 0.79639 0365 0.03909 858 0.05357 9539 0.09863 140 
2.92568 513 1.90251 546 0.88727 5704 0.03411 437 0.04629 8067 0.08371 944 
3.12398 658 2.06572 335 0.98703 1387 0.02980 354 0.04008 0625 0.07126 626 


3.33929 164 2.24279 012 1.09650 152 0.02606 845 0.03475 7931 0.06082 638 
3.57304 872 2.43498 437 1.21661 224 0.02282 681 0.03019 0302 0.05204 323 
3.82683 875 2.64368 983 1.34837 954 0.02000 910 0.02626 1944 0.04462 967 
4.10238 723 2.87041 631 1.49291 787 0.01755 635 0.02287 6452 0.03835 312 
4.40157 747 3.11681 153 1.65144 965 0.01541 84] 0.01995 3243 0.03302 422 


4.72646 494 3.38467 421 1.82531 562 0.01355 255 0.01742 4712 0.02848 802 
5.07929 316 3.67596 831 2.01598 623 0.01192 222 0.01523 3952 0.02461 718 
5.46251 092 3.99283 865 2.22507 418 0.01049 611 0.01333 2903 0.02130 658 
5.87879 128 4.33762 799 2.45434 813 0.00924 735 0.01168 0862 0.01846 908 
6.33105 220 4.71289 572 2.70574 780 0.00815 280 0.01024 3262 0.01603 223 


6.82247 930 5.12143 838 2.98140 051 0.00719 253 0.00899 0668 0.01393 554 
7.35655 060 5.56631 208 3.28363 932 0.00634 934 0.00789 7961 0.01212 834 
7.93706 374 6.05085 704 3.61502 300 0.00560 833 0.00694 3650 0.01056 808 
8.56816 571 6.57872 451 3.97835 791 0.00495 661 0.00610 9316 0.00921 893 
9.25438 538 7.15390 628 4.37672 200 0.00438 300 0.00537 9136 0.00805 059 


10.00066 914 7.78076 689 4.81349 122 0.00387 777 0.00473 9498 0.00703 744 
10,81241 998 8.46407 908 5.29236 840 0.00343 248 0.00417 8666 0.00615 769 
11.69554 012 9.20906 250 5.81741 513 0.00303 975 0.00368 6506 0.00539 284 
12.65647 789 10,02142 620 6.39308 652 0.00269 318 0.00325 4257 0.00472 709 
13.70227 889 10.90741 515 7.02426 961 0.00238 716 0.00287 4331 0.00414 695 


14, (ca i “reat ee i 0.00211 679 0.00254 0146 0.00364 088 
(—2)1 ( a] (—8) 


in(a) =) wie, (2) ka(2) = 4/3 AK, ,@) 
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Table 10.9 MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 


x 10°x~%i, (2) 10}p—103, 5 (2) 10~7x!%o(z) 10-9211 9(2) 
0.0 1.52734 93 0.72730 92 5, 41287 38 1.02844 60 
0.1 1.52771 30 0.72746 73 5.41128 21 1.02817 54 
0.2 1.52880 46 0.72794 19 5.40650 99 1.02736 41 
0.3 1.53062 54 0. 72873 35 5. 39856 70 1.02601 35 
0.4 1.53317 79 0.72984 30 5.38746 92 1.02412 59 
0.5 1, 53646 54 0.73127 18 5.37323 85 1.02170 47 
0.6 1554049 23 0. 73302 17 5.35590 33 1.01875 42 
0.7 1.54526 36 0. 73509 47 5.33549 79 1.01527 95 
0.8 1.55078 57 0.73749 33 5. 31206 23 1,01128 67 
0.9 1.55706 60 0. 74022 04 5. 28564 31 1.00678 27 
1.0 1.56411 27 0.74327 93 5. 25629 13 1.00177 53 
1.1 1.57193 49 0. 74667 38 5.22406 45 0.99627 31 
1.2 1.58054 32 0.75040 79 5.18902 48 0.99028 56 
1.3 1.58994 87 0. 75448 62 5.15123 93 0. 98382 30 
1.4 1.60016 42 0.75891 37 5.11078 Ol 0.97689 61 
1.5 1.61120 30 0. 76369 58 5.06772 38 0.96951 68 
1.6 1, 62308 02 0. 76883 83 5.02215 07 0.96169 72 
1.7 1, 63581 13 0. 77434 76 4.97414 57 0.95345 03 
1.8 1.64941 38 0.78023 05 4.92379 68 0.94478 97 
1.9 1. 66390 60 0. 78649 43 4.87119 57 0.93572 94 
2.0 1.67930 73 0.79314 68 4. 81643 66 0.92628 41 
2.1 1. 69563 90 0.80019 63 4.75961 72 0.91646 88 
2.2 1.71292 33 0.80765 17 4.70083 65 0.90629 89 
2.3 1.73118 39 0.81552 21 4.64019 67 0.89579 04 
2.4 1.75044 59 0, 82381 79 4.57780 09 0, 88495 95 
2.5 1.77073 63 0.83254 94 4.51375 41 0.87382 25 
2.6 1.79208 32 0. 84172 78 4.44816 23 0. 86239 63 
2.7 1.81451 64 0. 85136 49 4, 38113 22 0. 85069 78 
2.8 1, 83806 76 0. 86147 30 4.31277 10 0. 83874 39 
2.9 1. 86277 03 0.87206 54 4. 24318 63 0.82655 20 
3.0 1, 88865 96 0, 88315 57 4.17248 53 0. 81413 92 
3.1 1.91577 24 0.89475 86 4.10077 50 0.80152 28 
3.2 1.94414 79 0.90688 95 4. 02816 19 0. 78872 O1 
3.3 1.97382 74 0.91956 42 3.95475 12 0.77574 83 
3.4 2.00485 39 0.93279 97 3, 88064 76 0.76262 45 
3.5 2.03727 33 0. 94661 40 3, 80595 33 0. 74936 56 
3.6 2: 07113 33 0.96102 55 3.73076 99 0.73598 84 
3.7 2.10648 43 0.97605 38 3.65519 70 0.72250 95 
3.8 2.14337 94 0.99171 97 3.57933 16 0.70894 53 
3.9 2.18187 40 1.00804 44 3.50326 88 0.69531 19 
4.0 2.22202 68 1.02505 08 3.42710 13 0.68162 50 
4.1 2. 26389 90 1.04276 26 3.35091 95 0.66790 02 
4,2 2.30755 54 1.06120 45 3.27481 07 0.65415 25 
4,3 2. 35306 35 1, 08040 28 3.19885 96 0. 64039 66 
4.4 2.40049 43 1.10038 47 3.12314 76 0, 62664 70 
4.5 2. 44992 27 1.12117 91 3.04775 39 0.61291 75 
4.6 2.50142 71 1.14281 58 2.97275 34 0.59922 16 
4.7 2.55508 99 1.16532 63 2. 89821 88 0.58557 24 
4.8 2.61099 74 1.18874 39 2.82421 90 0.57198 25 
4.9 2. 66924 03 1.21310 29 2.75081 98 0.55846 39 
5.0 2.72991 40 1.23843 97 2.67808 38 0.54502 82 

(-4)3 (Py [| [rad 
5 4 5 4 
. 1 1 
in(t)=a/3 rhe! ,,@) ka(a) = 4/3 rie, | @) 


Compiled from C. W. Jones, A short table for the Bessel functions Ty, (2/")K 44: 
Cambridge Univ. Press, Cambridge, England, 1952 (with permission). 


BESSEL FUNCTIONS OF FRACTIONAL ORDER 


MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 Table 10.9 


x e-T19(z) e-*Iai(2) 2 #Kio(2) 2 ¢Ka(2) 
2 2 rf Lane 

5.0 ~5) 6, 40961 ae 1. 45387 {3} 4. 62276 3)1. 88159 
5.1 ~5) 7.16216 -5)1. 65403 2) 4.11899 3)1. 64774 
Sod -5)7. 97716 -5)1. 87488 2) 3. 68187 3)1. 44818 
a2 -5) 8, 85734 -5) 2.11778 2) 3. 30123 3)1.27719 
5.4 -5)9, 80541 -5) 2. 38413 2) 2. 96863 (3)1. 13013 
5.5 -4) 1. 08240 -5) 2. 67535 2) 2. 67706 3) 1. 00320 
5.6 -4)1.19157 -5) 2. 99285 2) 2. 42066 2) 8. 93250 
5.7 ~4) 1. 30831 -5) 3, 33809 2)2.19449 2) 7. 97686 
5.8 -4)1. 43285 ~-5) 3. 71252 Aa AteE 2) 7. 14360 
5.9 ~4) 1. 56545 ~5)4, 11760 2)1. 81692 2) 6. 41477 
6.0 -4)1. 70632 -5) 4. 55480 2)1. 65905 2)5. 77537 
6.1 ~4) 1. 85569 -5)5. 02559 2)1. 51825 2)5. 21281 
6,2 -4) 2, 01376 ~5)5. 53143 2)1. 39236 2) 4. 71647 
6.3 -4) 2.18075 -5) 6, 07377 2)1. 27955 Bea 
6.4 ~4) 2. 35684 -5) 6. 65407 2)1.17821 2) 3. 88791 
6.5 ~4) 2, 54221 -5) 7.27375 2) 1. 08697 2) 3. 54160 
6.6 ~4) 2, 73703 -5) 7. 93423 2)1. 00464 2) 3. 23292 
6.7 -4) 2.94147 -5) 8. 63691 1) 9. 30213 2)2. 95714 
6, 8 ~4) 3.15568 -5) 9. 38317 1) 8, 62775 2)2. 71019 
6.9 ~4) 3, 37978 ~4)1. 01743 1) 8. 01557 2) 2. 48857 
7.0 ~4) 3, 61391 -4)1.10117 1)7. 45880 2) 2. 28926 
71 -4) 3, 85819 -4) 1.18967 1) 6. 95148 2) 2.10966 
7.2 -4) 4.11271 -4)1. 28304 1) 6. 48840 2)1. 94748 
7.3 -4) 4, 37758 -4)1, 38142 1) 6. 06498 2)1. 80076 
7.4 ~4) 4, 65288 ~4)1, 48492 1)5. 67717 2)1. 66777 
7.5 -4) 4, 93867 -4) 1.59365 1) 5. 32140 2)1. 54701 
7.6 5.23503 -4)1. 70773 1) 4, 99452 2)1. 43717 
7.7 one cary ~4) 1. 82727 1) 4. 69371 2) 1. 33708 
7.8 ~4)5. 85960 -4)1. 95236 1) 4. 41649 2)1. 24573 
49 -4) 6. 18789 -4) 2, 08311 1) 4. 16065 2)1. 16223 
8.0 -4) 6, 52688 -4) 2. 21961 1) 3. 92420 2)1. 08577 
8.1 -4) 6, 87657 ~4) 2. 36195 1) 3. 70539 2)1. 01566 
8.2 ~4) 7, 23697 ~4) 2, 51020 1) 3. 50262 1) 9. 51284 
8.3 ~4) 7. 60807 {- -4) 2.66447 (2 3. 31448 1) 8. 92076 
8.4 -4) 7. 98985 4) 2. 82481 1) 3. 13970 1) 8. 37549 
8.5 -4) 8, 38228 -4) 2. 99130 1) 2.97713 1) 7. 87266 
8. 6 -4) 8, 78533 ~4) 3. 16400 1) 2. 82574 1) 7. 40835 
8.7 ~4)9, 19895 -4) 3. 34298 1) 2. 68460 1) 6. 97906 
8.8 ~4) 9, 62308 Hee neat 1) 6. 58165 
8.9 -3)1, 00576 -4) 3. 71997 (1) 2. 42979 1) 6, 21331 
9.0 -3)1. 05026 -4) 3, 91809 1) 2. 31467 1) 5.87149 
9.1 ~3)1. 09579 -4) 4, 12268 1) 2. 20689 1) 5, 55393 
9.2 ~3)1, 14235 ~4) 4, 33377 1) 2. 10586 1) 5. 25858 
9.3 -3)1,18991 -4) 4.55140 eee 1) 4, 98356 
9.4 ~3)1. 23849 ~4) 4.77560 1)1. 92209 1) 4. 72722 
9.5 -3)1, 28806 -4)5. 00639 1)1. 83843 1) 4. 48802 
9.6 -3)1. 33861 -4) 5. 24378 1) 1. 75973 1) 4. 26461 
9.7 -3)1, 39014 -4) 5. 48779 1)1. 68563 1) 4. 05572 
9.8 -3)1. 44263 aver 73844 1) 1. 61578 it 3, 86022 
9.9 -3) 1. 49607 4)5.99571 1)1. 54991 1) 3. 67709 
10,0 (~3)1. 55045 (-4) 6. 25963 (1)1. 48772 (1) 3. 50537 


471 


472 BESSEL FUNCTIONS OF FRACTIONAL ORDER 
Table 10.9 
MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 

gol foe) fio) go(x) gi0(@) <t£> 
0.100 1.10630 573 1.21411 149 0.65502 364 0.56777 303 10 
0.095 1, 08238 951 1.17260 877 0. 68557 030 0. 60351 931 11 
0. 090 1.06167 683 1.13650 462 0.71563 676 0. 63926 956 1l 
0. 085 1, 04394 741 1.10534 464 0.74502 124 0.67473 612 12 
0. 080 1.02899 406 1, 07872 041 0.77352 114 0. 70961 813 13 
0.075 1.01661 895 1.05626 085 0. 80093 667 0. 74360 745 13 
0. 070 1.00662 998 1.03762 412 0.82707 483 0.77639 538 14 
0. 065 0. 99883 728 1.02248 982 0.85175 354 0.80768 018 15 
0. 060 0.99304 985 1.01055 159 0.87480 587 0.83717 510 17 
0.055 0.98907 251 1.00151 009 0.89608 425 0.86461 675 18 
0. 050 0.98670 320 0.99506 643 0.91546 455 0.88977 340 20 
0.045 0.98573 080 0.99091 634 0. 93284 978 0.91245 301 22 
0. 040 0.98593 357 0.98874 519 0.94817 344 0.93251 041 25 
0. 035 0.98707 842 0.98822 421 0.96140 216 0.94985 358 29 
0. 030 0.98892 100 0.98900 824 0.97253 769 0.96444 830 33 
0.025 0.99120 680 0.99073 519 0.98161 804 0.97632 121 40 
0. 020 0, 99367 323 0.99302 746 0.98871 764 0.98556 077 50 
0.015 0.99605 259 0.99549 538 0.99394 654 0.99231 623 67 
0.010 0.99807 595 0.99774 259 0.99744 863 0.99679 434 100 
0.005 0.99947 760 0.99937 316 0.99939 894 0.99925 415 200 
0. 000 1, 00000 000 1.00000 000 1. 000 1.00000 000 © 


00 000 
iw 7] [oF ea 
vara! 19(0) = fo(x)er—452—! 
V2raln (x) = fro(a)e*—552— 
V2z/xKs9(2) =go(x)e-2+452~-! 
V2a/n Kar (x) = gio(x)e-2+ 582—! 


<x>=nearest integer to x. 


WON AWNHROS 


Oanawn PWNHRO 3 


BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.10 


MODIFIED SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 
3 7/21, 4(2) 


Fe cat alates sit cae ealtan“cattn en eile TE ct lan al atten ea cali atin at eatin eatin ama ellie ea alin ai 


1, 00650 
1.10723 


9. 99623 
7, 65033 
5. 08036 
2. 97924 
1.56411 


: 
i 43279 
| 
| 


3. 22604 
1, 28851 
4. 76618 
1, 64168 


5. 29060 
1. 60182 
4. 57312 
1. 23512 
3. 16500 


teteete 
i 
wm 


terete 
nN 
H 


7. 71514 
5. 65589 
1.55685 
3. 65054 


trod 
> 
Ww 


5. 89207 
3. 91520 


2. 36839 
1. 30996 
6. 65436 
3.11814 
1. 35352 


5. 46454 
2. 05966 
7. 27307 
2. 41397 
7.55352 


2. 23450 
6, 26543 


4, 23421 
1, 02488 


2. 37154 
1. 22928 
2. 81471 
5. 88991 


(-90) 9. 54463 


> PWWN NHK OO fe ht RO ND NNN DOW 


Nee et TN ee ee ee ee et ee ee 
e 


: 
: 
| 


1, 66914 ° 


8661 


: 
; 
: 
| 
, 


trprrer tt t!ttt 8 4 ttt treet 


: 
| 
| 
: 
| 


( 


r=2 
1. 81343 
9. 74382 
3.51856 
9. 47425 
2. 02572 


3. 58484 
5. 40595 
7.09794 
8. 24936 
8.59805 


8, 12182 
7, 01394 
5. 57826 
4.11114 
2. 82275 


13)1. 81406 
14)1, 09565 
16) 6. 24163 
17) 3. 36455 
18)1. 72111 


hee 
NVEOWOD VYWRUPYW NNEKEO 


20) 8, 37672 

6, 21921 
49)1. 74298 
66) 4, 17042 


160) 9. 55425 


3. 83039 
3. 39413 
2, 94792 
2.50975 
2. 09460 


1. 71380 
1. 37480 
1, 08139 
8. 34112 
6. 30971 


18) 4. 68149 
3. 40719 
2. 43274 
1, 70426 
1.17158 


7. 90430 
5. 67659 
7. 34905 
2, 00489 


-17)2, 34189 


Peed a ba pid 


testa 


7. 45140 
2. 56465 
7. 83315 
2.14704 
5. 33186 


1, 20941 
2. 52325 
4, 87152 
8. 74937 
1, 46862 


2. 31339 
3. 43223 
4, 81186 
6. 39343 
8. 07224 


OCOOnm ABAOUMhWH WNNER COOrFrF 


9. 70826 
6. 36889 
1, 63577 
3. 64245 


4212 
6128 
5346 
5935 
5037 


8690 
1251 
4364 
9422 
3294 


3702 
7454 
7330 
8858 
7470 


5316 
7424 
1587 
1309 
1852 


6441 
3001 
1994 
9664 


z=100 


1. 34405 
1. 33061 
1. 30414 
1, 26541 
1, 21556 


41)1.15601 
1. 08840 
1, 01451 
9. 36222 
8. 55360 


7. 73703 
6. 92882 
6. 14340 
5. 39297 
4, 68730 


F 
40) 4. 03365 
40) 3. 43686 
40) 2, 89949 
40) 2. 42204 
40) 2. 00333 
(40) 1, 64074 
(37). 937 
37) 3. 95371 
35) 4. 74095 


8571 
7985 
0031 
0984 
1262 


0470 
0111 
8456 
3425 
6574 


8176 
8557 
7607 
6655 
3911 


8521 
9769 
1497 
7745 
3832 


7551 
2327 
9716 
0959 


(20) 3. 73598 8741 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.10 
MODIFIED SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 


WMNTU BPWNHKO 3 


WONDU HPWNHFOS 


r=] 
5. 77863 
1.15572 
4. 04504 
2. 13809 
1.53711 


1. 40478 
1. 56063 
2. 04287 
3, 07991 
5. 25629 


1. 00177 
2.10898 
4. 86068 
1, 21727 
3, 29151 


15)9. 55756 
17) 2. 96613 
18) 9. 79781 
20) 3. 43219 


wo UI & NFoOoOrF 


22) 1. 27089 
23)4.95991 7 


59) 1. 24524 


59}. 24524 
78) 4, 25947 


( 87)1. 04451 


z=10 


7.13140 
7. 84454 
9. 48476 
1. 25869 
1, 82956 


2. 90529 
5. 02539 
9. 43830 
1. 91828 
4. 20491 
~4) 9. 90762 
2.50109 
6. 74327 
1, 93592 
5. 90133 
| B 


1. 90497 
6. 49556 
2, 33403 
0) 8. 81868 
1) 3. 49631 
2) 1. 45175 
9 
17 
(27) 2. 59020 


(85) 8, 14750 


fae 
y ; te ag (x) 


r=2 
1.06292 0829 
1.59438 1243 
3.45449 2694 
1.02306 1298 
3.92616 3812 


1, 86907 9845 
1.06725 5553 
7.12406 9079 
5.44977 7364 
4.70355 1451 


4,52287 1652 
4.79605 0749 
5.56068 7078 
6.99881 9354 
9.50401 2999 


11)1. 38508 0704 
12) 2.15637 9105 
13) 3.57187 6330 
14) 6, 27234 7368 
16)1.16395 6139 


WOONTiN BPWNHNEFE COME 


{ 17) 2.27598 6819 
31) 2. 06581 6824 
46) 5.55624 8963 
63)1. 86314 7755 


(:156) 4. 08894 4237_ 


x=50 
6. 05934 6353 
6.18053 3280 
6. 43017 8350 
6, 82355 1115 
7. 38547 5506 


8.15293 6706 
9.17912 1581 
1.05395 0832 
1.23409 7408 
1. 47354 3950 


-23)1. 79404 4109 
2.22704 2476 
2.81848 3648 
3.63628 4300 
4. 78207 7170 


6. 40988 9058 
8.75620 8386 
1.21889 8659 
1. 72884 9900 
2. 49824 7585 


(-22) 3.67748 3017 
~20) 4.72460 0057 
-17) 3, 32175 1557 
-13) 1.10246 0162 


(+12) 5.97531 1344 


- 66744 6235 
18) 7.97979 3303 
30) 2. 35318 1718 
42)8. 49795 8757 


(116) 2. 49323 8041 


z=100 
5. 84348 1679 
5.90191 6495 
6. 02053 9173 
6. 20294 3454 
6. 45474 5215 


~-46) 6. 78387 0523 
7.20097 0973 
7.71999 6750 
8, 35897 0485 
9.14102 1732 


1.00957 6461 
1.12611 3230 
1, 26858 2504 
1. 44325 8856 
1. 65826 2396 


-45)1.92415 4951 
-45)2.25475 0430 
-45) 2. 66822 2593 
~45) 3.18862 8338 
-45) 3, 84801 5078 


(-45) 4. 68935 4218 
-44)5. 77221 5084 
-42)1. 84121 2999 
~40)1. 47876 1633 


(-25)1. 48279 6529 


ooooo 


eoooo 


ooooe 


eserses 


ee 1 
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AIRY FUNCTIONS Table 10.11 


Ai(x) Ai‘(x) Bi(x) Bi'(x) Xx Ai(x) Ai(x) Bi(x) Bi’ (x) 
0.35502 805 -0.25881 940 0.61492 663 0.44828 836 0.50 0.23169 361 -0.22491 053 0.85427 704 0.54457 256 
0.35243 992 -0.25880 174 0.61940 962 0.44831 926 0.51 0.22945 031 -0.22374 617 0.85974 431 0.54890 049 
0.34985 214 -0.25874 909 0.62389 322 0.44841 254 0,52 0.22721 872 ~-0.22257 027 0.86525 543 0.55334 239 
0.34726 505 ~-0.25866 197 0.62837 808 0.44856 911 0.53 0.22499 894 -0.22138 322 0.87081 154 0.55789 959 
0.34467 901 -0.25854 090 0.63286 482 0.44878 987 0.54 0.22279 109 -0,22018 541 0.87641 381 0.56257 345 


0.34209 435 -0.25838 640 0.63735 409 0.44907 570 0.55 0.22059 527 -0,21897 720 0.88206 341 0.56736 532 
0.33951 139 -0.25819 898 0.64184 655 0.44942 752 0.56 0.21841 158 -0.21775 898 0.88776 152 0.57227 662 
0.33693 047 -0.25797 916 0,64634 286 0.44984 622 0.57 0.21624 012 -0.21653 112 0.89350 934 0.57730 873 
0.33435 191 -0.25772 745 0,65084 370 0.45033 270 0.58 0.21408 099 -0,21529 397 0.89930 810 0.58246 311 
0.33177 603 ~-0.25744 437 0.65534 975 0.45088 787 0.59 0.21193 427 -0.21404 790 0,90515 902 0.58774 120 


0.32920 313 -0.25713 042 0.65986 169 0.45151 263 0.60 0,20980 006 -0,21279 326 0.91106 334 0.59314 448 
0.32663 352 -0.25678 613 0.66438 023 0.45220 789 0.61 0.20767 844 -0,21153 041 0.91702 233 0.59867 447 
0.32406 751 -0.25641 200 0.66890 609 0.45297 457 0.62 0.20556 948 ~-0.21025 970 0.92303 726 0.60433 267 
0.32150 538 ~-0.25600 854 0.67343 997 0.45381 357 0.63 0.20347 327 ~-0.20898 146 0.92910 941 0.61012 064 
0.31894 743 ~0,25557 625 0.67798 260 0.45472 582 0.64 0.20138 987 -0.20769 605 0.93524 011 0.61603 997 


0.31639 395 -0,25511 565 0.68253 473 0.45571 223 0.65 0.19931 937 ~-0.20640 378 0.94143 066 0.62209 226 
0.31384 521 -0.25462 724 0.68709 709 0.45677 373 0.66 0.19726 182 -0.20510 500 0.94768 241 0.62827 912 
0.31130 2150 -0.25411 151 0.69167 046 0.45791 125 0.67 0.19521 729 -0.20380 004 0.95399 670 0.63460 222 
0.30876 307 -0.25356 898 0.69625 558 0.45912 572 0.68 0.19318 584 ~-0.20248 920 0.96037 491 0.64106 324 
0.30623 020 ~-0.25300 013 0.70085 323 0.46041 808 0.69 0.19116 752 -0,20117 281 0.96681 843 0.64766 389 


0.30370 315 -0.25240 547 0.70546 420 0.46178 928 0.70 0.18916 240 -0.19985 119 0.97332 866 0.65440 592 
0.30118 228 -0.25178 548 0.71008 928 0.46324 026 0.71 0.18717 052 -0.19852 464 0.97990 703 0.66129 109 
0.29866 753 -0.25114 067 0.71472 927 0.46477 197 0.72 0.18519 192 -0,19719 347 0.98655 496 0.66832 121 
0.29615 945 -0,25047 151 0.71938 499 0.46638 539 0.73 0.18322 666 -0.19585 798 0.99327 394 0,67549 810 
0.29365 818 -0.24977 850 0.72405 726 0.46808 147 0.74 0.18127 478 -0,19451 846 1.00006 542 0.68282 363 


0.29116 395 -0,24906 211 0.72874 690 0.46986 119 0.75 0.17933 631 ~-0.19317 521 1.00693 091 0.69029 970 
0.28867 701 -0.24832 284 0.73345 477 0.47172 554 0.76 0.17741 128 ~-0.19182 851 1.01387 192 0.69792 824 
0.28619 757 -0,24756 115 0.73818 170 0.47367 549 0.77 0.17549 975 -0,19047 865 1.02088 999 0.70571 121 
0.28372 586 -0,24677 753 0.74292 857 0.47571 205 0.78 0.17360 172 -0,18912 591 1.02798 667 0.71365 062 
0.28126 209 ~-0,.24597 244 0.74769 624 0.47783 623 0.79 0.17171 724 -0,18777 055 1.03516 353 0.72174 849 


0.27880 648 -0.24514 636 0.75248 559 0.48004 903 0.80 0.16984 632 -0,18641 286 1.04242 217 0.7300 690 
0.27635 923 -0.24429 976 0.75729 752 0.48235 148 0.81 0.16798 899 -0,18505 310 1.04976 421 0.73842 795 
0.27392 055 -0,24343 309 0.76213 292 0.48474 462 0,82 0.16614 526 ~-0.18369 153 1.05719 128 0.74701 380 
0.27149 064 ~0.24254 682 0.76699 272 0.48722 948 0.83 0.16431 516 -0,18232 840 1.06470 504 0.75576 663 
0.26906 968 -0.24164 140 0.77187 782 0.48980 713 0.84 0.16249 870 -0.18096 398 1.07230 717 0.76468 865 


0.26665 787 -0.24071 730 0.77678 917 0.49247 861 0.85 0.16069 588 -0,17959 851 1.07999 939 0.77378 215 
0.26425 540 -0.23977 495 0.78172 770 0.49524 501 0.86 0.15890 673 -0.17823 223 1.08778 340 0.78304 942 
0.26186 243 -0.23881 481 0.78669 439 0.49810 741 0.87 0.15713 124 ~0.17686 539 1.09566 096 0.79249 282 
0.25947 916 -0,.23783 731 0.79169 018 0,50106 692 0.88 0.15536 942 ~-0.17549 823 1.10363 385 0.80211 473 
0.25710 574 -0,23684 291 0.79671 605 0.50412 463 0.89 0.15362 128 -0,17413 097 1.11170 386 0.81191 759 


0.25474 235 -0.23583 203 0.80177 300 0.50728 168 0.90 0.15188 680 -0.17276 384 1.11987 281 0.82190 389 
0.25238 916 -0,23480 512 0.80686 202 0.51053 920 0.91 0.15016 600 -0,17139 708 1.12814 255 0.83207 615 
0.25004 630 -0,23376 259 0.81198 412 0.51389 833 0.92 0.14845 886 -0.17003 090 1.13651 496 0.84243 695 
0.24771 395 -0.23270 487 0.81714 033 0.51736 025 0.93 0.14676 538 -0,16866 551 1.14499 193 0.85298 891 
0.24539 226 -0,23163 239 0.82233 167 0.52092 614 0.94 0.14508 555 -0,16730 113 1.15357 539 0.86373 470 


0.24308 135 -0.23054 55€ 0.82755 920 0.52459 717 0.95 0.14341 935 -0,16593 797 1.16226 728 0.87467 704 
0.24078 139 -0,22944 479 0.83282 397 0.52837 457 0.96 0.14176 678 -0.16457 623 1.17106 959 0.88581 871 
0.23849 250 -0.22833 050 0.83812 705 0.53225 956 0.97 0.14012 782 -0.16321 611 1.17998 433 0.89716 253 
0.23621 482 -0.22720 310 0.84346 952 0.53625 338 0.98 0.13850 245 -0.16185 781 1.18901 352 0.90871 137 
0.23394 848 -0.22606 297 0.84885 248 0.54035 729 0.99 0.13689 066 ~-0.16050 153 1.19815 925 0.92046 818 


0.23169 361 -0.22491 053 0.85427 704 0.54457 256 2.00 0.13529 242 -0.15914 744 1.20742 359 0.93243 593 
- —6)4 —6)5 -5)1 -6)2 -6)1 -5)1 =~5)3 
on Te ee a) a ee. try: as 
AIRY FUNCTIONS —AUXILIARY FUNCTIONS FOR LARGE POSITIVE ARGUMENTS 
x f-) fe) e-) @® +! x fe) fe e-) — 8B@) 


1.000000 0.527027 0.619912 0.619954 0.478728 0,50 2.080084 0.548230 0.593015 0.587245 0.526011 
1.047069 0.528783 0.620335 0.617156 0.479925 0.45 2.231443 0.549584 0.589451 0.585235 0,530678 
1.100099 0.530601 0.620327 0.614275 0.481658 0.40 2.413723 0.550980 0.585855 0.583174 0.535345 
1.160397 0.532488 0.619799 0.611305 0.484018 0.35 2.638450 0.552421 0.582330 0.581056 0.539902 
1.229700 0.534448 0.618649 0.608239 0.487107 0.30 2.924018 0.553912 0.578985 0.578878 0.544235 


1.310371 0.536489 0.616764 0.605068 0.491037 0.25 3.301927 0.555456 0.575908 0.576635 0.548255 
1.405721 0.538618 0.614022 0.601782 0.495921 0.20 3.831547 0.557058 0.573135 0.574320 0.551930 
1.520550 0.540844 0.610309 0.598372 0.501859 0.15 4.641589 0.558724 0.570636 0.571927 0,555296 
1.662119 0.543180 0.605543 0.594823 0.508909 0,10 6.082202 0.560462 0.568343 0.569448 0,558428 
1.842016 0.545636 0.599723 0.591120 0.517032 0.05 %.654894 0.562280 0.566204 0.566873 0.561382 


2.080084 0.548230 0.593015 0.587245 0.526011 0.00 oo 0.564190 0.564190 0.564190 ‘0.564190 
od (Te) ee] elie the ie 
Ai(z)-La Sef f(=1) Bilz)ex Fetf(s) AV(e)——bxteTg(—1) BY(x)-a'etg(s) 5-2! 


From J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical 
Tables, Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 (with 
permission). 
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Table 10.11 


x 


0.00 
0.01 
0.02 
0.03 
0.04 


0.05 
0.06 
0.07 
0.08 
0.09 


0.10 
0.11 
0,22 
0.13 
0.14 


0.15 
0.16 
0.17 
0.18 
0.19 


0.20 
0.21 
0.22 
0.23 
0.24 


0.25 
0.26 
0.27 
0.28 
0.29 


0.30 
0.31 
0.32 
0.33 
0.34 


0.35 
0.36 
0.37 
0,38 
0.39 


0.40 
0.41 
0.42 
0.43 
0.44 


0.45 
0.46 
0.47 
0.48 
0.49 


Ai(-x) 
0.35502 805 
0.35761 619 
0.36020 397 
0.36279 102 
0.36537 699 


0.36796 149 
0.37054 416 
0.37312 460 
0.37570 243 
0.37827 725 


0.38084 867 
0.38341 628 
0.38597 967 
0.38853 843 
0.39109 213 


0.39364 037 
0.39618 269 
0.39871 868 
0.40124 789 
0.40376 987 


0.40628 419 
0.40879 038 
0.41128 798 
0.41377 653 
0.41625 557 


0.41872 461 
0.42118 319 
0.42363 082 
0.42606 701 
0.42849 126 


0.43090 310 
0.43330 200 
0.43568 747 
0.43805 900 
0.44041 607 


0.44275 817 
0.44508 477 
0.44739 535 
0.44968 937 
0.45196 631 


0.45422 561 
0.45646 675 
0.45868 918 
0.46089 233 
0.46307 567 


0.46523 864 
0.46738 066 
0.46950 119 
0.47159 965 
0.47367 548 


0.47572 809 


ey 


Ai'(- 


-0.25881 
-0.25880 
-0,25874 
0.25865 
-0,25852 


-0.25836 
-0,25816 
-0,25792 
~0,25763 
~0.25731 


-0.25695 
-0.25655 
-0.25611 
-0,25563 
~0,25510 


-0.25453 
-0,25392 
-0.25326 
-0.25256 
-0,25182 


-0,25103 
-0.25019 
-0.24931 
-0.24838 
-0,24741 


-0.24638 
~0,24531 
-0.24419 
-0.24303 
~0.24181 


-0.24054 
-0.23922 
0.23785 
-0.23643 
-0.23496 


0.23344. 


-0.23186 
-0.23023 
-0.22855 
-0.22682 


-0.22503 
-0,22318 
-0,.22128 
-0,.21933 
-0,21732 


-0.21525 
-0,21313 
-0,21095 
-0,20872 
0.20643 


-0,204 


“7 
ew 


x) 


940 


67 


BESSEL 


Bi(-x) 


0.61492 
0.61044 
0.60596 
0.60147 
0.59698 


0.59249 
0.58800 
0.58351 
0.57901 
0.57450 


0.56999 
0.56548 
0.56096 
0.55643 
0.55189 


0.54735 
0.54280 
0.53824 
0.53367 
0.52909 


0.52450 
0.51990 
0.51529 
0.51067 
0.50604 


0.50139 
0.49674 
0.49207 
0.48738 
0.48268 


0.47797 
0.47325 
0.46851 
0.46375 
0.45898 


0.45419 
0.44939 
0.44457 
0.43974 
0.43488 


0.43002 
0.42513 
0.42023 
0.41531 
0.41037 


0.40541 
0.40043 
0.39544 
0.39043 
0.38540 


0.38035 
bee 
4 


663 
364 
005 
524 
863 


963 
767 
218 
261 
841 


904 
397 
268 
466 
940 


642 
523 
536 
634 
771 


903 
986 
977 
835 
518 


987 
203 
127 
722 
953 


784 
181 
112 
543 
443 


784 
534 
667 
156 
973 


094 
495 
153 
047 
154 


457 
934 
570 
348 
251 


266 


‘| 


FUNCTIONS OF FRACTIONAL 


AIRY FUNCTIONS 
Bi'(-x) 


0.44828 
0.44831 
0.44841 
0.44856 
0.44877 


0.44903 
0.44936 
0.44974 
0.45017 
0.45066 


0.45121 
0.45180 
0.45245 
0.45315 
0.45390 


0.45470 
0.45554 
0.45643 
0.45737 
0.45835 


0.45938 
0.46045 
0.46156 
0.46272 
0.46391 


0.46515 
0.46642 
0.46773 
0.46908 
0.47046 


0.47188 
0.47333 
0.47481 
0.47632 
0.47787 


0.47944 
0.48105 
0.48268 
0.48434 
0.48602 


0.48773 
0.48946 
0.49122 
0.49299 
0.49479 


0.49660 
0.49844 
0.50029 
0.50215 
0.50403 


0.50593 


836 


371 


es 


Ai(-x) 
0.47572 809 
0.47775 692 
0.47976 138 
0.48174 089 
0.48369 487 


0.48562 274 
0.48752 389 
0.48939 774 
0.49124 369 
0.49306 115 


0.49484 953 
0.49660 821 
0.49833 659 
0.50003 408 
0.50170 007 


0.50333 395 
0.50493 511 
0.50650 295 
0.50803 685 
0.50953 620 


0.51100 040 
0.51242 882 
0.51382 087 
0.51517 591 
0.51649 336 


0.51777 258 
0.51901 296 
0.52021 390 
0.52137 479 
0.52249 501 


0.52357 395 
0.52461 101 
0.52560 557 
0.52655 703 
0.52746 479 


0.52832 824 
0.52914 678 
0.52991 982 
0.53064 676 
0.53132 700 


0.53195 995 
0.53254 502 
0.53308 163 
0.53356 920 
0.53400 715 


0.53439 490 
0.53473 189 
0.53501 754 
0.53525 129 
0.53543 259 


0.53556 088 


(3H 


ORDER 


Ai'(-x) 


-0,20408 
-0,20167 
-0,19920 
-0.19668 
~0.19410 


0.19146 
-0,18875 
-0.18600 
-0,18318 
-0,18030 


-0.17736 
~0,17436 
-0.17130 
-0,16818 
-0.16500 


~0.16176 
-0.15846 
~-0.15509 
~0.15167 
-0,14818 


~0.14464 
-0.14103 
~-0,13736 
-0.13363 
-0,12984 


-0,12599 
-0,12207 
-0,11810 
~0.11406 
-0.10996 


-0,10580 
-0,10159 
0.09732 
-0,09297 
-0.08857 


-0.08410 
~0,07958 
-0,07500 
-0,07036 
~0.06566 


-0,06091 
-0,05609 
~0.05121 
-0,04628 
-0.04129 


-0,03624 


0.03114 
-0,02597 
-0.02076 
~0,01548 


-0,01016 


167 
409 
846 
449 
192 


050 
999 
016 
078 
166 


260 
341 
392 
399 
345 


218 
007 
701 
290 
768 


129 
366 
479 
464 
322 


055 
665 
157 
538 
815 


999 
101 
134 
113 
055 


979 
904 
854 
852 
925 


100 
407 
879 
549 
452 


628 
116 
957 
197 
880 


057 


wa 


Bi(-x) 


0.38035 
0.37528 
0.37019 
0.36508 
0.35996 


0.35481 
0.34965 
0.34446 
0.33926 
0.33403 


0.32879 
0.32352 
0.31824 
0.31294 
0.30761 


0.30227 
0.29691 
0.29153 
0.28612 
0.28070 


0.27526 
0.26980 
0.26432 
0.25883 
0.25331 


0.24777 
0.24222 
0.23665 
0.23106 
0.22545 


0.21982 
0.21418 
0.20852 
0.20284 
0.19714 


0.19143 
0.18570 
0.17996 
0.17420 
0.16842 


0.16263 
0.15683 
0.15101 
0.14518 
0.13933 


0.13347 
0.12760 
0.12171 
0.11582 
0.10991 


0.10399 


266 


739 


ea 


Bi'(-x) 


0.50593 
0.50784 
0.50976 
0.51169 
0.51363 


0.51557 
0.51753 
0.51949 
0.52145 
0.52342 


0.52540 
0.52737 
0.52934 
0.53132 
0.53329 


0.53525 
0.53721 
0.53917 
0.54112 
0.54306 


0.54499 
0.54692 
0.54883 
0.55072 
0.55260 


0.55447 
0.55632 
0.55815 
0.55996 
0.56176 


0.56353 
0.56527 
0.56699 
0.56869 
0.57036 


0.57200 
0.57362 
0.57520 
0.57675 
0.57826 


0.57974 
0.58119 
0.58260 
0.58397 
0.58530 


0.58659 
0.58783 
0.58904 
0.59019 
0.59131 


0.59237 


371 


563 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


AIRY FUNCTIONS 


Ai(-x) _ Bi(-x) 


0.86419 722 -0.36781 
0.85003 256 -0,36017 
0.78781 722 -0.33245 
0.67943 152 -0.28589 
0.52962 857 -0.22282 


0.34593 549 -0.14669 


-0,35351 168 +0.13836 394 -0.06182 


0.08106 856 +0.02679 
~0.29899 161 = 0.11373 
-0,50147 985 0.19354 


-0.67495 249 0,26101 
~0.80711 925 0.31159 


-0.07831 247 -0.88790 797 0.34172 
+0.01210 452 -0.91030 401 0.34908 
0.10168 800 -0.87103 106 0.33283 


0.18428 084 -0.77100 817 0.29376 
0.25403 633 -0.61552 879 0.23425 
0.30585 152 ~0,41412 428 0.15821 
0.33577 037 -0.18009 580 +0.07087 
0.34132 375 +0,07027 632 -0.02159 


0.31880 951 ~-0,11246 
0.54671 882 ~-0,19493 
0.73605 242 -0,26267 
0.87115 540 -0.31030 
0.94004 300 -0,33387 


0.93556 094 -0,33125 
0.85621 859 -0,30230 
0.70659 870 -0.24904 
0.49727 679 -0.17550 


-0.31959 219 +0,24422 089 -0,08751 


-0.33029 024 -0.03231 335 +0.00775 
0.31311 245 -0.30933 027 0.10235 
-0.26920 454 -0.56297 685 0.18820 
-0.20205 445 -0.77061 301 0.25778 
-0,11726 631 -0,91289 276 0.30483 


-0,02213 372 ~-0.97566 398 0.32494 
+0.07495 989 -0.95149 682 0.31603 
0.16526 800 -0.84067 107 0.27858 
0.24047 380 -0.65149 241 0.21570 
0.29347 756 -0,39986 237 0.13293 


0.31910 325 -0.10809 532 +0.03778 
0.32465 158 +0.19695 044 -0.06091 


0.48628 629 -0.15379 
0.73154 486 -0.23186 
0.90781 333 -0.28738 


0.99626 504 -0.31467 


345 
223 


983 


a] Se") a 


Ai(-x) Ai(-x)—s:Bi(-x) ~—s BY(-x) x ~——A(-x) 
0.53556 088 -0,01016 057 +0.10399 739 0.59237 563 5.5 +0,01778 154 
0.53381 051 +0.04602 915 +0.04432 659 0.60011 970 5.6 -0.06833 070 
0.52619 437 0.10703 157 0.01582 137 0.60171 016 5.7 -0.15062 016 
0.51227 201 0.17199 181 -0.07576 964 0.59592 975 5.8 -0.22435 192 
0.49170 018 0.23981 912 -0.13472 406 0.58165 624 5.9 -0.28512 278 
0.46425 658 0.30918 697 -0.19178 486 0.55790 810 6,0 -0.32914 517 
0.42986 298 0.37854 219 -0.24596 320 0.52389 354 6.1 
0.38860 704 0.44612 455 0.29620 266 0.47906 134 6.2 -0.35642 107 
0.34076 156 0.50999 763 -0.34140 583 0.42315 137 6.3 -0.33734 765 
0.28680 006 0.56809 172 -0.38046 588 0.35624 251 6.4 -0.29713 762 
0.22740 743 0.61825 902 -0.41230 259 0.27879 517 6.5 -0,23802 030 
0.16348 451 0.65834 069 -0.43590 235 0.19168 563 6.6 ~0.16352 646 
0.09614 538 0.68624 482 -0.45036 098 +0.09622 919 6.7 

+0,02670 633 0.70003 366 -0.45492 823 -0.00581 106 6.8 
-0,04333 414 0.69801 760 -0.44905 228 -0.11223 237 6.9 
-0,11232 507 0.67885 273 -0.43242 247 -0.22042 015 7.0 
-0.17850 243 0.64163 799 -0.40500 828 -0.32739 717 7.1 
-0,24003 811 0.58600 720 -0.36709 211 -0.42989 534 7.2 
~0.29509 759 0.51221 098 -0.31929 389 -0.52445 040 7.3 
-0,34190 510 0.42118 281 -0.26258 500 ~0.60751 829 7.4 
0.37881 429 0.31458 377 -0.19828 963 -0,67561 122 7.5 0.32177 572 
-0.40438 222 0.19482 045 -0.12807 165 -0.72544 957 7.6 0.27825 023 
0.41744 342 +0.06503 115 -0.05390 576 -0.75412 455 7:7 0.21372 037 
-0.41718 094 ~-0.07096 362 +0.02196 800 -0.75926 518 7.8 0.13285 154 
0.40319 048 -0.20874 905 0.09710 619 -0.73920 163 7.9 +0.04170 188 
0.37553 382 -0.34344 343 0.16893 984 -0.69311 628 8,0 -0,05270 505 
-0.33477 748 -0.46986 397 0.23486 631 -0.62117 283 8.1 -0.14290 815 
-0:28201 306 -0.58272 780 0.29235 261 -0.52461 361 8.2 -0.22159 945 
-0.21885 598 0.67688 257 0.33904 647 -0.40581 592 8.3 -0.28223 176 
-0.14741 991 -0.74755 809 0.37289 058 -0.26829 836 8.4 
-0,07026 553 -0.79062 858 0.39223 471 -0.11667 057 8.5 
+0.00967 698 -0.80287 254 0.39593 974 4+0.04347 872 8.6 
0.08921 076 -0.78221 561 0.38346 736 0.20575 691 8.7 
0.16499 781 -0.72794 081 0.35494 906 0.36320 468 8.8 
0.23370 326 -0.64085 018 0.31122 860 0.50858 932 8.9 
0.29215 278 -0.52336 253 0.25387 266 0.63474 477 9.0 
0.33749 598 -0.37953 391 0.18514 576 0.73494 444 9.1 
0.36736 748 -0.21499 018 0.10794 695 0.80328 926 9.2 
0.38003 668 -0.03676 510 +0.02570 779 0.83508 976 9.3 
0.37453 635 +0.14695 743 -0,05774 655 0.82721 903 9.4 
0.35076 102 0.32719 282 -0,13836 913 0.77841 177 9.5 
0.30952 600 0.49458 600 -0.21208 913 0.68948 513 9.6 
0.25258 034 0.63990 517 -0.27502 704 0,56345 898 9.7 0.28023 750 
0.18256 793 0.75457 542 0.32371 608 0.40555 694 9:8 0.21886 743 
0.10293 460 0.83122 307 -0.35531 708 0.22307 496 9.9 0.13623 503 
0.01778 154 0.86419 722 -0.36781 345 0.02511 158 10,0 0.04024 124 
(-3)2) -F(-3)5)~—s[(-3)2)—«[(-3)5 
8 8 8 9 
AIRY FUNCTIONS—AUXILIARY FUNCTIONS FOR LARGE NEGATIVE 
ARGUMENTS 
gol x f,® Sx) 8y() 
0,05 9.654894 0.39752 21 0.40028 87 ~—Ss_:0.40092 31 
0.04  —-11.203512 0.39781 14 «0.40002 58 ~—_ 0.40052 06 
0.03 —-13.572088 0.39809 83 «0.39975 97. ~—Ss«0.40012 11 
0.02  17.784467 0.39838 24 0.39949 03. ~—S «0.39972 48 
0.01  -28.231081 0.39866 38 «0.39921 79 -~—Ss«0.39933. 19 
0.00 0.39894 23 -0,39894 23. «0.39894 23 
(-7)4 (-7)4 (-7)4 
3 3 3 


Ai(-xjex LAG) coss+f,(s) sin £] 


Ai (-x)=x" [g,(:) sin '-8,(t) €08¢] 


8o(*) <I> 
0.39704 87 20 
0.39741 99 25 
0.39779 49 33 
0.39817 37 50 
0.39855 62 100 
0.39894 23 00 

9] 
3 


Bi(-x)=x ! LAA(1) cos:— f(x) sin £] 


Bi(-x)=x' [g,(s) cos s+g,(s) sin s] 


= 2x <t>=nearest integer to :. 
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Table 10.11 
Bi'(-x) 


+0,02511 
-0,17783 
-0.37440 
-0.55300 
~0.70247 


~0.81289 
-0.87622 
-0.88697 
-0,84276 
~0.74461 


~0.59717 
0.40856 
-0.19009 
+0.04437 


158 
760 


678 


0.27926 391 


0.49824 
0.68542 
0.82650 
0.90998 
0.92812 


0.87780 
0.76095 
0.58474 
0.36122 
+0.10670 


~0.15945 
~0,41615 
0.64232 
-0.81860 
~0.92910 


0.96296 
-0.91547 
-0.78882 
~0.59221 
0.34136 


~0.05740 
+0,23484 
0.50894 
0.73928 
0.90348 


0.98471 
0.97349 
0.86898 
0.67936 
0.42147 


0.11941 


459 
058 
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Table 10.12 INTEGRALS OF AIRY FUNCTIONS 

x I, oes, A De wee, Bi(- es xf. Hoe), Ai( Cha f* Bi (- ve 
0.0 0.00000 0 0,00000° 0! ‘i 00000 0 0.00000 0 5.0 0.33328 7 0.71788 22 0.15873 0 
0.1 0.03421 OL 0.03679 oa 0.06373 e 0,05924 a7 5.1 0.33329 5 0.75103 62 0.14113 9 
0.2 0.06585 15 0.07615 70 0.13199 45 0.11398 10 5.2 0.33330 50 0.77926 27 0.11667 30 
0.3 0.09497 09 0.12802 51 0.20487 68 0.16411 57 5.3 0.33331 11 0.80111 58 0.08660 41 
0.4 0.12164 06 0.16229 44 0.28256 70 0.20952 89 5.4 0.33331 59 0.81545 49 0.05250 03 
0.5 0.14595 33 0.20880 95 0.36533 85 0.25006 28 5.5 0.33331 97 0.82151 92 +0.01617 86 
0.6 0.16801 79 0.25736 07 0.45356 50 0.28553 62 5.6 0.33332 27 0.81897 90 -0.02038 99 
0.7 0.18795 52 0.30768 05 0.54773 36 0.31575 56 5.7 0.33332 50 0.80797 96 -0.05518 54 
0.8 0.20589 45 0.35944 15 0.64845 82 0.34052 58 5.8 0.33332 69 0.78914 06 -0,08625 18 
0.9 0.22196 97 0.41225 56 0.75649 64 0.35966 27 5.9 0.33332 83 0.76354 19 ~0,11181 25 
1.0 0.23631 73 0.46567 40 0.87276 91 0.37300 50 6.0 0.33332 95 0.73267 53 -0.13038 11 
11 0.24907 33 0.51918 94 0.99838 41 0.38042 77 6.1 0.33333 03 0.69836 93 ~0.14086 00 
1.2 0.26037 12 0.57224 05 1.13466 38 0.38185 43 6.2 0.33333 10 0.66268 96 ~0.14262 05 
1.3 0.27034 09 0.62421 79 1.28318 00 0.37726 99 6.3 0.33333 16 0.62781 93 -0.13555 73 
1.4 0.27910 66 0.67447 31 1.44579 42 0.36673 34 6.4 0.33333 20 0.59592 62 -0,12011 15 
1.5 0.28678 67 0.72232 88 1.62470 81 0.35038 81 6.5 0.33333 23 0.56902 35 ~0,09726 08 
1.6 0.29349 24 0.76709 26 1.82252 33 0.32847 24 6.6 0.33333 25 0.54883 59 -0.06847 29 
1.7 0.29932 75 0.80807 24 2.04231 52 0.30132 67 6.7 0.33333 27 0.53667 65 -0,03562 42 
1.8 0.30438 82 0.84459 41 2.28772 12 0.26939 97 6.8 0.33333 29 0.53334 74 ~0,00088 80 
1.9 0.30876 29 0.87602 06 2.56304 90 0.23325 04 6.9 0,33333 30 0.53906 98 +0.03340 40 
2.0 0.31253 28 0.90177 28 2.87340 83 0.19354 74 7.0 0.33333 31 0.55345 17 0.06491 67 
2.1 0.31577 11 0.92135 09 ° 0.15106 46 71 0.33333 31 0.57549 72 0.09147 36 
2.2 0.31854 43 0.93435 56 ° 0.10667 18 7.2 0.33333 32 0.60365 96 0.11121 47 
2.3 0.32091 19 0.94050 97 3 0.06132 23 7.3 0.33333 32 0.63593 60 0.12273 90 
2.4 0.32292 74 0.93967 67 Py 4+0.01603 45 7.4 0.33333 33 0.66999 96 0.12521 80 
2.5 0,32463 80 0.93187 78 . -0.02812 94 7.5 0.33333 33 0.70336 19 0.11847 31 
2.6 0.32608 57 0.91730 54 é -0.07009 0} 7.6 . 0.73355 34 0.10300 57 
2.7 0.32730 74 0.89633 20 e ~0,10878 06 7.7 . 0.75830 99 0.07997 85 
2.8 0.32833 55 0.86951 37 . -0.14317 88 7.8 . 0.77575 13 0,05114 35 
2.9 0.32919 83 0.83758 77 sl -0.17234 20 71.9 A 0.78453 65 +0,01872 22 
3.0 0.32992 04 0.80146 29 . 0.19544 25 8.0 ° 0.78398 26 ~0.01475 64 
3.2 0.33052 31 0.76220 32 . -0.21180 21 8.1 = 0.77413 57 -0.04664 84 
3.2 0.33102 49 0.72100 37 . -0,22092 49 8.2 . 0.75578 55 0.07440 43 
3.3 0.33144 15 0.67915 91 . 0.22252 61 8.3 . 0.73041 93 -0.09577 87 
3.4 0.33178 65 0.63802 56 e5 ~0.21655 57 8.4 . 0.70011 70 -0,10902 22 
3.5 0,33207 15 0.59897 71 ° -0.20321 50 8.5 . 0.66739 21 -0,11303 86 
3.6 0.33230 63 0.56335 61 . -0.18296 47 8.6 5 0.63499 08 ~0.10749 35 
3.7 0.33249 93 0.53242 25 Ps -0.15652 33 8.7 ° 0.60566 32 -0,09285 98 
3.8 0.33265 76 0.50730 05 . -0.12485 43 8.8 ° 0.58192 70 ~0.07039 64 
3.9 0.33278 70 0.48892 77 s -0.08914 28 8.9 a 0.56584 22 -0,04205 63 
4.0 0.33289 27 0.47800 75 . -0.05076 01 9.0 ‘ 0.55881 97 -0.01033 04 
4.1 0.33297 86 0.47496 79 . -0.01121 78 91 - 0.56148 12 +0.02196 26 
4.2 0.33304 84 0.47992 95 . +0.02788 79 9.2 . 0.57358 51 9.05192 24 
4.3 0.33310 50 0.49268 51 . 0.06494 00 9.3 5 0.59403 00 0.07682 93 
4.4 0.33315 07 0.51269 28 - 0.09837 02 9.4 ° 0.62093 76 0.09439 87 
4.5 0.33318 76 0.53908 35 . 0.12673 04 9.5 . 0.65181 01 0.10300 27 
4.6 0.33321 73 0.57068 59 . 0.14876 50 9.6 é 0.68375 25 0.10183 70 
4.7 0.33324 11 0.60606 63 e 0.16347 66 9.7 . 0.71373 85 0.09101 44 
4.8 0.33326 02 0.64358 51 ° 0.17018 59 9.8 z 0.73889 84 0.07157 33 
4.9 0.33327 54 p.68146 70 : 0.16857 74 9.9 e 0.75680 07 0.04539 57 
5.0 0.33328 76 0.71788 22 10.0 


a3 3)1 ‘( 3)4 T(3)1] ( 2)3 TC3)1] T(-3)1] 
Peed et ee be oe al ae 
Table 10.13 § ZEROS AND ASSOCIATED VALUES OF AIRY FUNCTIONS 
AND THEIR DERIVATIVES 


®, s + , 

8 a, Ai’(a,) a’, Ai(a’ 2) b, Bi’ (6,) bu’, Bi(v’ s) 

- 2 0 742 +0,70121 082 - 1.01879 297 +0.53565 666 —- 1.17371 322 +0.60195 789 - 2.29443 968 -0,45494 438 
> - 408794 baa -0,80311 137 - 3.24819 758 -0,41901 548 - 3.27109 330 -0.76031 014 - 4.07315 509 +0,39652 284 
3 - 5.52055 983 +0.86520 403 - 4.82009 921 +0.38040 647 - 4.83073 784 +0.83699 101 - 5.51239 573 -0,36796 916 
4 - 6.78670 809 -0.91085 074 - 6.16330 736 -0,35790 794 - 6.16985 213 -0,88947 990 - 6.78129 445 +0,34949 912 
5 ~ 7.94413 359 +0.94733 571 - 7.37217 726 +0.34230 124 - 7.37676 208 +0.92998 364 - 7.94017 869 -0,33602 624 
6 - 9,02265 085 ~-0.97792 281 - 8.48848 673 -0.33047 623 - 8.49194 885 ~-0.96323 443 - 9.01958 336 +0,32550 974 
7 -10.04017 434 +1.00437 012 - 9.53544 905 +0.32102 229 - 9.53819 438 +0.99158 637 -10.03769 633 -0,31693 465 
8 -11,00852 430 -1.02773 869 -10.52766 040 -0,31318 539 -10.52991 351 -1.01638 966 -11.00646 267 +0,30972 594 
9 -11.93601 556 +1.04872 065 -11.47505 663 +0.30651 729 ~-11.47695 355 +1.03849 429 -11.93426 165 -0,30352 766 
10 -12,82877 675 -1.06779 386 -12.38478 837 -0,30073 083 -12.38641 714 -1,05847 184 -12,82725 831 4+0.29810 491 


AUXILIARY TABLE—COMPLEX ZEROS AND ASSOCIATED VALUES OF 
Bi(s) AND Bi’ (s) 


e—i/3p, Bi’(¢,) e- #i/39’, Bi(’,) 
8 Modulus Phase Modulus Phase Medulus Phase Modulus Phase 
1 2.354 0,095 0.993 +2,642 1121 0,331 0.750 +0.466 
2 4.093 0,042 1.136 © -0.513 3.257 0.059 0:92 “2632 
3 5.524 0.027 1,224 42.625 41824 0,033 0.538  +0.515 
4 6.789 (0,020 1.288 = -0.519 6.166 0.023 0.506  -2.624 
5 7.946 0.015 1,340 -+2.622 7.374 0,017 0,484 © +0.519 


From J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical 
Tables Part—vol. B. Cambridge Univ. Press, Cambridge, England, 1946 and 
F. W. J. Olver, The asymptotic expansion of Bessel functions of large order. 
Philos. Trans. Roy. Soc. London {A] 247, 328-368, 1954 (with permission). 


*See page 1. 


11. Integrals of Bessel Functions 


Yupeuit L. Luxe? 


Contents 
Page 
Mathematical Properties. ....... 2.0... eee eee 480 
11.1. Simple Integrals of Bessel Functions. . ......... 480 
11.2. Repeated Integrals of J,(z) and Ko(z)-. . .... 2... 482 
11.3. Reduction Formulas for Indefinite Integrals ....... 483 
11.4. Definite Integrals . 2. 2... 1. 1. eee ee eee 485 
Numerical Methods ...............2..22404.4 488 
11.5. Use and Extension of the Tables .........2... 488 
References: >. i <i eB hoe: he a en Oe ee ay 490 
Table 11.1 Integrals of Bessel Functions ............. 492 
i) * Jo(t)dt, f * y4(t)dt, 10D 
PBA se we 2=0(.1)10 
e { Io(t)dt, e* i} K,(t)dt, 7D 
0 z 
Table 11.2 Integrals of Besse) Functions ........4... +. 494 
f. 1 mC f Yolthdt 8D 
x ° 2=0(.1)5 


e[ Hel) 8D; et [ Ate, 6D 
0 2 


The author acknowledges the assistance of Geraldine Coombs, Betty Kahn, Marilyn 
Kemp, Betty Ruhlman, and Anna Lee Samuels for checking formulas and developing 
numerical examples, only a portion of which could be accommodated here. 
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11. Integrals of Bessel Functions 


Mathematical Properties 


11.1. Simple Integrals of Bessel Functions 
f HI t)dt 
11.1.1 
on) 
los 
. W+2k+1)r (“S71 +4) 


(B(u+vt+1)>0) 


f “wd, (t)dt= 


J y4.2%41(2) 


11.1.2 
f ‘Tolt)dt=2 3 Srgansal2)(By>—1) 


11.1.3 f “Janlt)dt= f “Jo(t)dt—2 = Jear(e) 


11.1.4 f "Jonas (t)dt=1—Ja(2)—2 = Ju(2) 
Recurrence Relations 
11.1.5 
z z 
f. Jnai(t)dt= if Jns(t)dt—2J9(2)  (n>>0) 


11.1.6 i “Ti(t)dt=1—J(2) 


i Jo(t)dt, f Yo(t)dt, f To(t)dt, f Kolt)dt 


11.1.7 

[ Goleyat =a (0) +5 x0 ( Ha(2) G (2) (2) G2) } 
€,(2) = AJ, (2) + BY, (x) ,v=0,1 

A and B are constants. 
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1.1.8 
f "Za t)dt =a Z9(2) +5 war{ Lg a) Zi (2) +a 2) Zal2)} 
Z,(2)=Al,(2) + Be'"K,(2),0=0,1 

A and B are constants. 


H,(z) and L,(z) are Struve functions (see 
chapter 12). 


11.1.9 


f *K,(t)dt=— (2/2) 


y+ing 5) 2) 23) UE aeTD 


(2/2)"* 


+923 Gp ieTip 

(a/2) 1 

+233 gpiaepy (tat «+ +9) 

y (Euler’s constant)=.57721 56649 ... 


In this and all other integrals of 11.1, z is real 
and positive although all the results remain valid 
for extended portions of the complex plane unless 
stated to the contrary. 


11.1.10 
—iz T z .T Zz 

f K,(tdt=o f To(t)dt +47 f Y(t)dt 
0 2 0 2 rr) 


Asymptotic Expansions 


LLU 
f : { Jo(t) +2Y,(t) jdt ~(2) ett—7/4) 


P(e-+4) hy P(s+4) 
m=—Ta) 2h BelTG) 


11.1.12 


11.1.13 
2(k+1arsr=3 (k+5 (bg) 


—(k+5) (#-5) eA 
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W.L14 ate-? f * T9(t)dt~ (2n)-3 Bae 
0 =I 


where the a; are defined as in 11.1.12. 


W115 ate? f : Kyat~(Z) > (—)*a,r-* 


where the a, are defined as in 11.1.12. 


Polynomial Approximations? 


11.1.16 8<z<0@ 
f ” Jolt) +i¥o(t) at 
7 
martes (—)*a,(2/8)-*-? 
+535 (—)%, (2/8) -*+«(2) | 
k=0 


le(x)| <210-° 


k a, b, 

0 . 06233 47304 | . 79788 45600 
1 . 00404 03539 . 01256 42405 
2 . 00100 89872 | .00178 70944 
3 . 00053 66169 | . 00067 40148 
4 . 00039 92825 . 00041 00676 
5 . 00027 55037 . 00025 43955 
6 . 00012 70039 . 00011 07299 
7 . 00002 68482 | . 00002 26238 

1.1.17 8<2r<o 


rhe f : Io(t) dt=3> dy(2/8)~*-+e(z) 


Je(x)}| <2 107° 
dy 
. 39894 23 
. 08117 34 
. 00591 91 
. 00559 56 
—. 01148 58 
. 01774 40 
—. 00739 95 


3 Approximation 11.1.16 is from A. J. M. Hitchcock. 
Polynomial approximations to Bessel functions of order 
zero and one and to related functions, Math. Tables Aids 
Comp. 11, 86-88 (1957) (with permission). 


OoOmrrh ON eH OF” 


11.1.18 7<2<0 


rhe? f " Ke(t)dt=3> (—ee(2/7)*+ (2) 


Je(x)| <2 10-7 


ex 
1. 25331 414 
0.11190 289 
. 02576 646 
. 00933 994 
00417 454 
. 00163 271 
. 00033 934 


f2o2 fre Ko(t)dt 
t t t 


Oar wWNH or” 


11.1.19 
[ 1—JSolt) 4, 
o ¢ 


=22"1 > (2h-+3)[p(k-+2)—¥(1)] Fonsa(2) 
=1—22-1J, (2) 
42¢73 > (2k-+5)[V(k+-3) —¥(1) —1]Jn45(2) 


For ¥(z), see 6.3. 
11.1.20 


© Jo(t)dt 2 (?[1—Jo(t) dt 
f oo tytn 5= fi pasate 


: (—)# (3) 


2 DeRN® 


11.1.21 

“Yo(t)dt__1/, 2 2 a 
f oar ;(i5) F (in aa 6 *) 
11.1.22 


23 7G) {ve+1)+3p-In§ zh 
I mee =3 (Im 5) + vin 5+33+h 
3 


1 z 


+ 


11.1.23 
“© Ky(t)dt_ix { Jo(t)dt x L Yo(t)dt 
t 2 t 2 t 


~& 
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Asymptotic Expansions 


" G(t)dt__29,(z)Golz)__ go(x) G(x) 
11.1.24 i) a 


zx 


where 


go()~S(-(Z) 
n(e)~33(-)' (3) Ba+1)! 


11,1.25 go() = 222 fas gult)dt 
eo Ll e@ 

11.1.26 23/2¢7 i) Boldt (EIS (—Yrae* 
7 t 2 k=O 

where 

11.1.27 Co= 1 ) a= 


2(k+1)er4=| 30-45 | oe—-(k+5) 1 


¥ [I)(t)—1]dt 
t 


} 
11.1.28  2°/?e-7 ~ (24)? 2 ; c,2-* 
0 = 


where ¢; is defined as in 11.1.27. 


Polynomial Approximations 


11.1.29 5< 2rd oe 
"Ade PHBE) _ wo) 
z Ya z 
where 


gu(e)= By (—Yan(z/5)-*+e(2), 
gu 2) = 3 (—)¥by(a5)-™-+e(2) 


le(x)|<2X10-7 


k ay by 

0; 10 1.0 

1} 0. 15999 2815 | 0.31998 5629 
2] .10161 9385 . 80485 8155 
3 | . 13081 1585 . 52324 6341 
4| .20740 4022 1. 03702 0112 
5 | .28330 0508 | 1.69980 3050 
6 | .27902 9488 | 1.95320 6413 
7 | . 17891 5710 1. 43132 5684 
8 | .06622 8328 | 0. 59605 4956 
9] .01070 2234 . 10702 2336 
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© Beh 5 (Ihde (2) tela) 


le(x)|<6x10-* 


k dy 
0 1. 25331 41 
1 0. 50913 39 
2 . 32191 84 
3 . 26214 46 
4 
5 
6 


whe | 


. 20601 26 
. 11103 96 
. 02724 00 


111.31 
ahe-* fees let Sy Si e(Z) Peis) 


[e(a)|<1.1X10-* 


fe 
0. 39893 14 
. 13320 55 
—. 04938 43 
1. 47800 44 
—8. 65560 13 
28. 12214 78 
—48. 05241 15 
40. 39473 40 
—11. 90943 95 
—3. 51950 09 
2.19454 64 


5<r< @ 


SCHON AA EP WNHEH OS BF 


= 


11.2. Repeated Integrals of J,,(2z) and K,(2) 


Repeated Integrals of J ,(z) 
Let 


11.2.1 
So, n(2) =J,(z) ? 


POE f. * Tilidb of= if ” feu a(t)dt 


11.2.2 fon = J,(2) 
Then 


11.2.3 
Sua @=pey [, @-O Vultee (Br>0) 


2° 3 ey 


124 f@=Toy BA 


n+r+2n(2) 
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Recurrence Relations 


11.2.5 
r(r— 1)f r+, a(2Z)=2(r— 1)z,, n(2) 
—[GQ—r)?—n?+ 24f,-1, a(2) 


+ (2r7— 3) 2f,-2,n(2) vai 2f,-2, n(2) 
11.2.6 


1h -41,0(2) = Fr, 0(2Z) — (r—1 Wr-1,0(2) + Br-2, o(2) 


11.2.7 Sra. n+l (2) =fr44, n-1 (2) as 2h. n(2) 
Repeated Integrals of Ky(z) 
Let 
11.2.8 


Ki,(z)=K,(z), 


Kiay= f ” Ky(t)dt, ..  Ki(2)= f ” Ki, (det 


11.2.9 Ki_,(2)=(—)' 75 ©, K,(2) 
Then 
11.2.10 
© e7? cosh ¢ 
Ki,(2) -{' ~eosh’t * 
(#220, Rr>0, #z>0, r=0) 
11.2.11 
Ki,(z) =55 f (t—2)" Ky (t)dt 
(Rz>0, Pr>0) 
© ay I(r) ) 
W212 Kin=Feppy  (Br>0) 
5re+s) 
11.2.13 Ki,,+,(0) =T@rerd) (ar>- 


11.2.14 
rKi,,1(2) = —2Ki,(z) + (7—1)Ki,_1 (2) + 2Ki,_2(2) 


11.3. Reduction Formulas for Indefinite 
Integrals 


Let 


11.3.1 wie f e402, (t) dt 

where Z,(z) represents any of the Bessel functions 
of the first three kinds or the modified Bessel 
functions. The parameters a and } appearing in 


the reduction formulae are associated with the © 


particular type of Bessel function as delineated 
in the following table. 
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11.3.2 Z,(2) a 0b 
J,(2), Y (2), H(z), H® (2) 1 1 
I,(2) —tI 1 
K,(z) 1 —-1 
11.3.3 


PGu, A2)= —e7-?*2#Z,(z) 
+ (Hr) gut, o(Z)— gu r41(2) 
11.3.4 
POn, v41(Z)= —e7?*2#Z,41(2) 
+ (4-9-1) gut ngs (2) +b 9u,0(2) 
11.3.5 
(p?-+ab)9,,»(2) =ae-”*2#Z,,1(z) 
+ (u—v—1)e7??72"-1Z,(2) — pe ?*2#Z, (2) 
+p(2u—1)gu-1.o(2) +1? — (u—1)7lgu_2 »(2) 
11.3.6 
O(v— 1) gur41(2) = —2ve-” 24Z,(z) — 2vpgy »(2Z) 
+b(u+?) gu »-1(2) 


Case 1: p?+ab=0, vp=+ (z—1) 

11.3.7 g,, =F {e (z)—- 9 cen?) } 

11.3.8 g-,,(2)3— 7 {e (2) +5 Z,.s(e) } 

11.3.9 

f e“'t =F —— iJ y41(2)] 
(Av>—}) 

11.3.10 


f ett Jelt)dim— 2 [J.(2) +4J,-1(2)] 


+s RTH (v4) 
1.3.11 
f eeY (die — * We(2)—*¥ va(2)] 
| (@>- 
11.3.12 
| eC CORI aC) 


(Av>—}) 
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11.3.13 
[Fea Odtmze ee) +2)] 

fe To(2) 14267" 5 (nN (2) 
11.3.14 


f e*tt—-L, (t= = (2) FL,-1(2)] 
0 


FIG —DTO) (v4) 
11.3.15 
[fl eK. nd Fa> K@) 2 Kn 
2T (v+1) 7 


King’s integral (see [11.5]) 

11.3.16 f " 'K(t)dt—ze'[K(2)+K,(2)|—1 
0 

11.3.17 


f ” oHt—K,(t)dt 


= -1(2)] (#v>4) 
Case 2: p=0,w=-+y 
11.3.18 bg», »-1(2) =2"Z,(z) 
11.3.19 Ag—»,r41(2)=—2-°Z,(z) 


11.3.20 f. WJ, s(t\dt=2J,(2) (B>0) 


11.3.21 f * 'Inas(t)dt= 
0 
1.3.22 


- f Jn(i)dt__2 33 (2k—1)Fon-1(2) 
; 2 kel 


1 -» 
Tot 2 Jr) 


= 3) (2k—1)Jna2) — @>0) 
n+l 


k= 
11.3.23 


(2n-+1) f, “Fans dt f. * Jolt)adt 


—Jx(2)—5 33 bn (2) 
11.3.24 


2 Te) 


f #Y,()dt=2"Y, (2+ ~~ (Bv>0) 


11.3.28 f “pL s()dt=21,(2)  (Br>0) 


ah Ee ae ae 
11.3.26 f. t"D4i(t)dt=2-"1,(2) 2T (+1) 


11.3.27 
jf. ’ PK, \()dt=—2"K,(2) +25) (Br>0) 


11.3.28 f ” > K, 4(t)dt=2-°K,(2) 


Indefinite Integrals of Products of Bessel Functions 


Let G,(z) and QY,(z) denote any two cylinder 
functions of orders » and »v respectively. 


11.3.29 
J {oe —1y- Eb gan aunat 


=2 {kG u4i(kz) D,(Lz) —lG,(kz) Dr4i(lz) }* 
—(u—v) G,(kz) D, (12) 
11.3.30 


i *$w1G. (1) Das (t)dt 


=— ae =D {G.(2)B(2) + Gis1(2)D1(2)} 
11.3.31 
[wea anae 
Hany (GOBO+GSAlI Bul} 
11.3.32 
f tT3s(t)dt=2 3 (+2) eyn(2) — (Br>0) 
11.3.33 
[070 -FOlMd=w@ — (B>0 
11.3.34 f. "pTUt)dt=Z [S82 + F42)| 
11.3.35 
ff Jul@) Jusnl@)dt—=5 [—J8(@)]- By IRE) 
= 5 


a 
*See page Il. 
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11.3.36 
uty [Go wwat 

— (tytn) [eo 2 sn(t) Dean(t)dt 
=G(2) Ble) + Gorn 2) Ban +255 Gessl@) Basl2) 


Convolution Type Integrals 
11.3.37 


f “Jult) I, (2—t)dt=2 FY (—)Tagrganssl(2) 
(Au>—1, #v>—1) 
11.3.38 
f ' I(t)J,-(2—tdt=Jo(2)—cos 2 (—1< Py<2) 
11.3.39 
f. "Tt)J_(e—t)dt=sin 2 (|Pl<1) 
11.3.40 


f ‘(QI (e— tate) 


(Au>0, Av >—1) 
11.3.41 


* Slt) J, (2—t)dt _ (utr) Iu+»(2) 


0 t(2—t) pz 
(Bp>0, By>0) 
11.4, Definite Integrals 
Orthogonality Properties of Bessel Functions 


Let G(z) be a cylinder function of order ». 
In particular, let, 
11.4.1 G,(2)=Ad,(z)+ BY,(2) 
where A and B are real constants. Then 


11.4.2 


i "1, dmat) Coat) dt=0 (m¥n) 


-|5 ef (1-sm) EH(Ant) + G7? (Ant) }T 
(m=n) (0<a<b) 


provided the following two conditions hold: 
1. d, is areal zero of 


11.4.3 hiAC4.1(A) —hoG(Ab) =0 


2. There must exist numbers k, and k, (both 
not zero) so that for all n 
11.4.4 kinGoar (An@) —kiG (Ana) =0 


In connection with these formulae, see 11.3.29. 
If a=0, the above is, valid provided B=0. This 
case is covered by the following result. 


11.4.5 
1 
f tI (dint) To(ont)dt=0  (mxn,v>—1) 
0 
=43[Ji(an)P 
Ce a meh 
2 
=a] ita? |U.eor 
(m=n, 60, v>—1) 
@, @, ... are the positive zeros of 


aJ,(x) +b2J;(x)=0, where a and 6 are real con- 
stants. 


11.4.6 
f tS 42ns1(t)Fr42m41(t)dt=0 (m ¥n) 


1 
~2(Qn+v+1) 
(m=n) (v-+n+m>—1) 


Definite Integrals Over a Finite Range 


11.4.7 f * Jnn(22z sin t)dt=5 J3(z) 
0 


11.4.8 f * Jo(2z sin t) cos Intdt=nJI2(2) 
0 


11.4.9 [ie Y,(2z2 sin ¢) cos Qntdt =F J,(2)Y,,(2) 
0 


11.4.10 


f? J, (2 sin t) sin*t¢ cos?”*! tdt 
0 
"T(v+1) 


= grt J u4741(2) 


(Au>—1, Av>—1) 
11.4.11 


iM J,(2 sin? t)J,(2 cos? t) csc 2tdt 
0 


_(u+y) 
i 4puv J u4,(2) 


(Bu>0, #v>0) 
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Infinite Integrals 


Integrals of the Form f e~*'t#Z,(t)dt 
0 


11.4.12 


oe Duty) PG—p) 


P({)2T (v—z+1) 
(Bi<p R (u+»)>0) 


f ” ettee-l,(t)dt= 
0 


11.4.13 


= tr cage Potora—w) 
J. ee Lat FP o— at) 


. (2 n<py R (utr) >0) 
11.4.14 
| se _ 
f. cos Kita, (| FBI<1) 
11.4.15 
ef arc sinh } 
f, sine Kote (| SII) 
ytp+l 
or ( tert) 


11.4.16 i IO Comal) 


(Buty >-1, Bu<j) 


naar ff" J(tydt=1 (@y>-1) 
11.4.18 i is 
~ Leola re) Gs") ere 


ar ccl)Y 


11.4.19 
*T ar(S")r (a 


f, eva 
x sin § (u—») ( #ut»)>—1, Bu<5) 


11.4.20 if “"Y,()dt=—tan (|Bv|<1) 
0 
11.4.21 f "Y, (t)dt=0 
0 
11.4,22 


in vK,(t)dt= ap (EEE) p ‘Ca 


(A(ut»)>—1) 
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1.4.28 f K,(t)dt=% 
1.4.24 fiona) (u?<1) 
=0(u™>1) 


where 7;,(w) is the Chebyshev polynomial of the 
first kind (see chapter 22). 


11.4.25 


f t-te fot J, (t)dt 
a (—a"(1—w1(@) (<1) 
=0(w?>1) 


where U,(w) is the Chebyshev polynomial of the 
second kind (see chapter 22). 


11.4.26 


f © te Tyg (dt = (—1)* On) 1Py(w) (<1) 
=0(w?>1) 


where P,(w) is the Legendre polynomial (see 
chapter 22). 


11.4.27 


f 7 ae ‘TAAeoa="42_ (Ba>0, #e>0) 


where (a, 2) is the incomplete gamma function 
(see chapter 6) 


Integrals of the Form fp tee Zakon at 
11.4.28 


oY wt, (bt) dt 


0 
Lal Vay 
(2(utv)>0, Za?>0) 


where the notation M(a, b, z) stands for the con- 
fluent hypergeometric function (see chapter 13). 


11.4.29 
f ” gM ertLy, (bt)dt 
0 


ele 


=a e (Av>—1, Ra*>0) 
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11.4.30 


2 
o 4 —_ 2 
f e**Y,,(bt)dt=—5_ € [z. (5 tan yr 
See \Rl<i, Ra>0 
ls (oa sec pr ¥<5? 
11.4.31 


{ eT, (bt)dt = # Ti (xa) 


(Av>—1, Ba?>0) 
11.4.32 


—ar{2 =" = 
fe K,(bt)dt= IK, (sa) (Ra*>0) 
Weber-Schafheitlin Type Integrals 


ip (ete eth) 
are 


11.4.33 


i Tu(at)IT,(bt)dt _ 
: ® DerP(y-1)P 


>v-+1; 2 


(B(u+r—A+ on Br>—-1, 0<b<a) 


or (oo) 


De rl (y+ 1)P ae, 


xF, (EES A+] v— mae 


11.4.34 


{ J (at) J ,(bt)dt _ 
oo 
xP, (ee poet pee 3 
ape. BRr>—1, 0<a<b) 

For .¥, see chapter 15. 


Special Cases of the Discontinuous Weber-Schafheitlin 


Integral 
11.4.35 
ic Jha ai [} are ain 2] (0<b<a) 
B a 
a sin jak 
Wot eaayip =: (62> 0) 
74 —1 

11.4.36 sas 


f Z{ot) 008 be dt == ¢0 s[ warcsin =| (0<b<a) 


Te 
a’ cos —- 
es 


Tbe aaip  (62e>0) 


(#u>0) 
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11.4.37 
ob 
= cos | » arc sin — 
i Ju(at) cos bt Pel ldabar (0<b<a) 
—o sin 
~ C= a b+ Fa hp 
(6>a>0) (B#u>—1) 
1.4.38 
_—B 
o sin [} arc sin 4 
. a 
fj, Jee sin te t= 4 Oxb<a) 
a cos 
~ Pa Oa 
(b>a>0) (#u>—2) 
1.4.39 [eM Jolat)dt—ae py (OSb<a) 
=p 0<e<b) 
1.4.40 
i} * my, (at)dtm TF a cin? (0<b<a) 


4 2i 
—8—@i (hah 
xn { OOD (aca) 


11.4.41 
i "yh, (at) J-(bt)dt=0 (0<b<a) 
_2eortga(b*— at) 
ae 7 =) 
(b>a>0) 
(Av>Au>—}) 
11.4.42 f “Saat)I,s(b0)dt==—  (0<b<a) 
=  —- (0<b=a) 
=0 (b>a>0) 
(#u>0) 
11.4.43 f, “Lol (1_J(6t)}at=0  (O0<b<0). 
=in 5 (6>a>0) | 
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Hankel-Nicholson Type Integrals 
11.4.44 
"Ertl (at)dt_ a2" # 
So erat orga ko) 
(a>0, Bz>0,-1< Br<2Rwt5) 


11.4.45 


° Jatjdt 
. (+22) Qzrtt 


[Z,(az) —L,(az)] 


(a>0, Rz>0, 2>-3) 
11.4.46 


° Y,(at) dt = __K(az) 


é +2? 2 (a>0, Rz>0) 
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11.4.47 


° Katt? 
o t'(@+22) 42°t! cos vr 


[H,(az)—Y,(az)] 
(Za>0, Rz>0, #v<3) 


11.4.48 
° J,(ai)dt_ ; 
Genial dae) Ky (dae) 
(a>0, #z>0, #v>—1) 
11.4.49 


2a\’ 
o 2 Tw+1) 
f igo (e)Te 1(ha2)K, (a2) 


(a>0, Zz>0, Rv >—}) 


Numerical Methods 


11.5. Use and Extension of the Tables 
if JIn(t)dt, f "V.(é)dt, f ” In(t)dt, f K,(t)dt 
0 0 “Jd z 


For moderate values of x, use 11.1.2 and 11.1.7- 
11.1.10 as appropriate. For z sufficiently large, 
use the asymptotic expansions or the polynomial 
approximations 11.1.11-11.1.18. 


3.05 
Example 1. Compute f J,(t)dt to 5D. 
0 


Using 11.1.2 and interpolating in Tables 9.1 and 
9.2, we have 


3.08 
f J,(t)dt=2[.32019 09+ .31783 69+ .04611 52 
0 


+. 00283 19+.00009 72-+-.00000 21] 
= 1.37415 


3.05 
Example 2. Compute [ J,(t)dt to 5D by 
0 


interpolation of Table 11.1 using Taylor’s formula. 
We have 


ath EF h2 
[, sattyat= f° Joltydt-+ bala) —F Jule) 
? 3 ° h' 
$5 [Tal2) Sola) 4 Be (8a) ala) +» 
Then with z=3.0 and h=.05, 


3. 
if ” Jo\t)dt= 1.387567 -+ (.05)(—.260052) 
0 
— (.00125) (.339059) 
+ (.000010) (.746143) =1.37415 


This value is readily checked using z==3.1 and 
h=—.05. Now |Jo(z)|<1 for all a and |J,(2)| 
<27},n>1 for all z In Table 11.1, we can 
always choose |h|<.05. Thus if all terms of O(h*) 
and higher are neglected, then a bound for the 
absolute error is 24h4/48<.2-10-° for all x if |h/ 
<.05. Similarly, the absolute error for quadratic 
interpolation does not exceed 


h3(24-4+-2)/24< 2-107, 
Example 3. Interpolation of f “Jo(t)dt using 
(0) 


Simpson’s rule. We have 


f.  Ju(t)dt= f. * Jo(t)dt-+ f.  T(t)dt 


f,sotyae—F | ole) +-40( 2-45) +Jola+h) [+2 


hé 


R=—geq5 Jo @),  2<é<eth 


Now 
IP (2) =| [Tala 4 o(2) + 8o(2)] 


[I <SS g2 


and with |h| <.05, it follows that 
|R|<.9- 107% 
Thus if z=3.0 and h=.05 


3.05 (.05) 
J o(t)dt=1.38756 72520-+ ~~ [— .26005 19549 
0 


+4(—.26841 13883) —.27653 49599] 
=1.37414 86481 
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which is correct to 10D. The above procedure 

gives high accuracy though it may be necessary to 
See h 

interpolate twice in Jo(z) to compute Jo(2+5) 


and J(a-+h). A similar technique based on the 
trapezoidal rule is less accurate, but at most only 
one interpolation of Jo(z) is required. 


3 3 
Example 4. Compute f Jn(t)dt and f Y,(t)dt 
0 0 


to 5D using the representation in terms of Struve 
functions and the tables in chapters 9 and 12. 
For s=3, from Tables 9.1 and 12.1 


Jo=—. 260052 J,= . 339059 
Y,= .376850 Y,= . 324674 
Hy)=_ .. 574306 H, = 1. 020110 


Using 11.1.7, we have 


f J(t)dt=3(— .260052) +2 [(.574306) (.339059) 
0 


— (1.020110) (—.260052)! 
=1.38757 


Similarly, : 
f ¥,(t)dt=.19766 
0 


Using 11.1.8 and Tables 9.8 and 12.1, one can 
compute f Jy(t)dt and f ° Ky (t)dt. 
0 0 


For moderate values of z, use 11.1.19-11.1.23. 
For x sufficiently large, use the asymptotic ex- 
pansions or the polynomial approximations 
11.1.24-11.1.31. 


Repeated Integrals of Jo(z) 


For moderate values of z and r, use 11.2.4. 
If r=1, see Example 1. For moderate values of 
z, use the recurrence formula 11.2.5. If x is large 
and a>>r, see the discussion below. 

Example 5. Compute /,, o(z)=/,(z) to 5D for 
z=2 and r=0(1)5 using 11.2.6. We have 


Th 41(2) =2f,(z) —(r— 1)f,-1(z) +af;—-2 (x) 
J-al@)=—A(2), fula) =I), fle) [Joba 


and the terms on this last line are tabulated. Thus 
for =2, 


J-1=—.57672 48, fo=.22389 08, f,=1.42577 03 


The recurrence formula gives 


=2(f,+f_1) =1.69809 10 
Similarly, ea 


frs=1.20909 66, f,=.62451 73, f=.25448 17 


_ When z>>r, it is convenient to use the auxil- 
iary function 


gr(%) = (r—1) la" Ff, (a) 
This satisfies the recurrence relation 
4797-41(2) =2"g,— (r—1)?g,_1(2) 
+(r—1) (r—2)g,~2(a), 7>3 
ou(e)= [" Jalat, gul2) gle) —J.C0) 
93(%) =[x7g2(%) — gi (a) + 2Jo(2) ]/2? 


Example 6. Compute g,(z) to 5D for r=10 
and r=0(1)6. We have for z=10, 


Jo= —.24593 58, J,==.04347 27, g,=1.06701 13 


Thus 
g2= 1.02353 86, g,=.98827 49 


and the forward recurrence formula gives 
1=.96867 36, gs=.94114 12, gg=.90474 64 
For tables of 2~"f,(x), see [11.16]. 


Repeated Integrals of K(x) 


For moderate values of x, use the recurrence 
formula 11.2.14 for all 7. 

Example 7. Compute Ki,(z) to 5D for z=2 
and r=0(1)5. We have 


rKi,4,(%) = —2Ki,(z) + (r—1)Ki,_,(#) +2Ki,_2(2) 


Ki,@)=K,G), Ki) =K(), Kite)= f Ky(t)dt 
and the functions on this last line are tabulated 
Thus for 7=2, 

K,=.11389 39, K,=.13986 59, Ki,=.09712 06 


and 

Similarly, 

Ki,=.07696 36, Kis=.07043 17, Ki,=.06525 22 
If z/r is not large the formula can still be used 
provided that the starting values are sufficiently 


accurate to offset the growth of rounding error. 
For tables of Ki,(z), see [11.11]. 
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fala)=a-™ f. “Ky (t)dt 


Now 


fola)= f. * Ky (t)dt, f,(a)=[1—2K, (2) Ifa 


the latter following from 11.3.27 with v=1. In 
11.3.5, put a=1, b=—1, p=0 and »=0. Let 
p=m. Then 


Fm(2) =[(m—1)?fm—2 (2) —2K,(z) 


—2(m—1)Ky(a)|/? (m>1) 


Using tabular values of f) and /,, one can compute 
in succession fo, fs, . . . provided that m/z is not 
large. 

Example 8. Compute f,,(z) to 5D for z=5 and 
m=0(1)6. We have, retaining two additional 
decimals 


K,= .00369 11 K,=. 00404 46 


So=1. 56738 74 1=. 19595 54 
Thus 


So=.05791 27, fa=.01458 93, f-=.00685 36 


Similarly starting with /,, we can compute f; and fs. 
If m>z, employ the recurrence formula in 
backward form and write 


Sm-2(&) = [27 n(2) +2°K, (2) +2(m—1)Ko(z)]/(m—1)? 


In the latter expression, replace fn by gm. Fix z. 
Take r>m and assume g,=0. Compute g,-2, 
gra, etc. Then 


lim g,~2x(2)=fm(x), m=r—2k 
ro 
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Apart from round-off error, the value of r needed 
to achieve a stated accuracy for given z and m 
can be determined a priori. Let 


€,=|9,—f,| 


ee. eee 
€r~ 2k (p—1)*(r—3)?. . . PDR 1)? 


€, S[2*K, (x) +2(r—1) K(x) ]/(r—1)? 


Then 


since for z fixed, f,(x) is positive and decreases as 7 
increases. 


Example 9. Compute f(z) to 5D for z=3 and 
m=0(2)10. We have 


Ko=.03473 95 K,=.04015 64 


If r=16, 


€e<.86- 107? €io< 1.4- 1078 


Taking ge=0, we compute the following values 
Of gia, 912, - - -» Jo by recurrence. Also recorded 
are the required values of f,, to 5D. 


™ Im Im 

14 . 00855 42 
12 . 01061 09 

10 . 01325 05 . 01325 

8 . 01751 39 . 01751 

. 02548 09 . 02548 

4 . 04447 31 . 04447 

2 . 11936 90 . 11937 

0 | 1. 53994 71 1, 53995 


For tables of f,,(z), see [11.21]. 
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Table 11.1 INTEGRALS OF BESSEL FUNCTIONS 


& 


[Fott)at {i Yo(at e-#["Io(at ef. Ko (tat 


0.00000 00000 0.00000 00000 0.00000 00 1.57079 63 
0.09991 66979 -0. 21743 05666 0.09055 92 1.35784 82 
0.19933 43325 -0. 34570 88380 0.16429 28 1. 25032 54 
0.29775 75802 -0. 43928 31758 0. 22391 79 1.17280 09 
0. 39469 85653 ~0.50952 48283 0.27172 46 1.11171 28 


0.48968 05066 ~0.56179 54559 0. 30964 29 1.06127 17 
0.58224 12719 -0.59927 15570 0. 33929 99 1. 01836 48 
0.67193 68094 -0. 62409 96341 0. 36206 71 0.98109 70 
0.75834 44308 -0, 63786 88991 0.37910 05 0.94821 80 
0. 84106 59149 -0, 64184 01770 0.39137 42 0.91885 56 


0.91973 04101 -0. 63706 93766 0. 39970 88 0. 89237 52 
0.99399 71082 -0. 62447 91607 0. 40479 52 0. 86829 97 
1, 06355 76711 -0. 60490 26964 0.40721 52 0. 84626 10 
1,12813 83885 -0.57911 12548 0.40745 78 0.82596 89 
1.18750 20495 -0. 54783 19295 0.40593 39 0.80719 04 


1.24144 95144 -0,51175 90340 0.40298 85 0. 78973 57 
1, 28982 09734 ~0. 47156 13039 0. 39891 09 0. 77344 80 
1. 33249 68829 -0. 42788 62338 0. 39394 29 0.75819 62 
1. 36939 85727 ~0. 38136 24134 0. 38828 68 0.74386 97 
1. 40048 85208 ~0. 33260 04453 0. 38211 11 0.73037 44 


1.42577 02932 -0. 28219 28501 0.37555 57 0.71762 95 
1.44528 81525 -0. 23071 32490 0. 36873 67 0.70556 50 
1.45912 63387 -0,17871 50399 0. 36174 98 0.69412 02 
1. 46740 80303 ~0.12672 97284 0.35467 38 0. 68324 16 
1.47029 39949 -0. 07526 50420 0.34757 29 0.67288 26 


1.46798 09446 ~0. 02480 29261 0. 34049 93 0. 66300 15 
1. 46069 96081 +0. 02420 24953 0. 33349 48 0. 65356 16 
1. 44871 25408 0.07132 69288 0.32659 30 0.64452 98 
1.43231 16899 0.11617 78353 0. 31981 99 0, 63587 68 
1.41181 57386 0.15839 62206 0. 31319 59 0.62757 60 


1, 38756 72520 0.19765 82565 0. 30673 62 0.61960 34 
1. 35992 96508 0. 23367 66986 0. 30045 18 0.61193 74 
1.32928 40386 0.26620 20748 0.29435 04 0.60455 84 
1.29602 59125 0.29502 36222 0. 28843 67 0.59744 84 
1.26056 17835 0. 31996 99576 0.28271 31 0.59059 11 


1, 22330 57382 0. 34090 94657 0.27718 02 0.58397 14 
1.18467 59706 0.35775 03989 0.27183 70 0.57757 57 
1.14509 13136 0.37044 06831 0, 26668 11 0.57139 13 
1.10496 78009 0. 37896 74266 0.26170 94 0.56540 66 
1.06471 52877 0. 38335 61369 0.25691 78 0.55961 09 


1.02473 41595 0. 38366 96479 0. 25230 18 0.55399 42 
0.98541 21560 0.38000 67672 0.24785 61 0.54854 72 
0.94712 13375 0.37250 06552 0. 24357 56 0.54326 15 
0.91021 52175 0, 36131 69475 0. 23945 46 0. 53812. 91 
0. 87502 60866 0. 34665 16398 0.23548 74 0. 5331427 


0.84186 25481 0.32872 87513 0.23166 83 0.52829 52 
0.81100 72858 0. 30779 77892 0.22799 15 0.52358 03 
0.78271 50802 0. 28413 10351 0. 22445 13 0.51899 19 
0.75721 10902 0.25802 06786 0.22104 21 0.51452 43 
0. 73468 94106 0.22977 58227 0.21775 83 0.51017 24 


0.71531 19178 0.19971 93876 0.21459 46 0.50593 10 
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INTEGRALS OF BESSEL FUNCTIONS Table 11.1 


[5 Jo(t)at f, Yo(wat e-=["Io(at ef. Kode 


0.71531 19178 0.19971 93876 0.21459 46 0.50593 10 
0.69920 74098 0.16818 49405 0.21154 58 0.50179 55 
0. 68647 10457 0.13551 34784 0.20860 68 0.49776 16 
0.67716 40870 0.10205 01932 0.20577 28 0. 49382 50 
0.67131 39407 0. 06814 12463 0. 20303 89 0. 48998 19 


0.66891 44989 0.03413 05806 0. 20040 08 0.48622 86 
0.66992 67724 +0. 00035 67983 0.19785 40 0. 48256 16 
0.67427 98068 -0. 03284 98697 0.19539 44 0.47897 75 
0.68187 18713 -0, 06517 04775 0.19301 81 0.47547 34 
0.69257 19078 -0. 09630 01348 0.19072 13 0.47204 60 


0.70622 12236 ~0.12595 06129 0.18850 02 0.46869 29 
0. 72263 54100 -0.15385 27646 0.18635 16 0. 46541 11 
0.74160 64692 ~0.17975 87372 0.18427 20 0.46219 83 
0. 76290 51256 -0, 20344 39625 0.18225 84 0.45905 20 
0.78628 33012 -0. 22470 89068 0.18030 78 0.45596 99 


0. 81147 67291 -0. 24338 05692 0.17841 74 0.45294 98 
0. 83820 76824 -0. 25931 37161 0.17658 44 0. 44998 97 
0. 86618 77897 ~0.27239 18447 0.17480 64 0. 44708 76 
0.89512 09137 -0. 28252 78684 0.17308 09 0. 44424 15 
0.92470 60635 -0. 28966 45218 0.17140 55 0.44144 97 


0.95464 03155 -0. 29377 44843 0.16977 82 0.43871 05 
0.98462 17153 -0. 29486 02239 0.16819 68 0.43602 22 
1, 01435 21344 -0. 29295 35658 0.16665 93 0. 43338 34 
1.04354 00558 -0. 28811 49927 0.16516 39 0.43079 23 
1.07190 32638 -0. 28043 26862 0.16370 89 0.42824 76 


1.09917 14142 -0. 27002 13202 0.16229 24 0.42574 81 
1.12508 84628 -0. 25702 06208 0.16091 30 0. 42329 20 
1.14941 49299 -0. 24159 37080 0.15956 91 0. 42087 86 
1.17192 99830 -0, 22392 52368 0.15825 93 0.41850 63 
1.19243 33198 -0, 20421 93575 0.15698 21 0.41617 40 


1.21074 68348 -0.18269 75150 0.15573 64 0. 41388 07 
1.22671 60587 ~0.15959 61109 0.15452 08 0.41162 52 
1.24021 13565 -0.13516 40494 0.15333 42 0.40940 65 
1.25112 88778 ~0.10966 01934 0.15217 55 0.40722 37 
1. 25939 12520 -0. 08335 07540 0.15104 36 0.40507 56 


1. 26494 80240 -0.05650 66385 0.14993 74 0.40296 15 
1.26777 58297 -0. 02940 07834 0.14885 61 0.40088 04 
1. 26787 83120 ~0. 00230 54965 0.14779 88 0. 39883 15 
1.26528 57796 +0. 02451 01664 0.14676 44 0. 39681 40 
1.26005 46162 0.05078 29664 0.14575 23 0. 39482 69 


1.25226 64460 0.07625 79635 0.14476 16 0.39286 97 
1.24202 70675 0.10069 08937 0.14379 16 0.39094 15 
1.22946 51666 0.12385 04194 0.14284 16 0. 38904 17 
1.21473 08237 0.14552 02334 0.14191 08 0. 38716 95 
1.19799 38314 0.16550 09969 0.14099 87 0.38532 41 


1.17944 18392 0.18361 20962 0.14010 46 0. 38350 53 
1.15927 83464 0.19969 32017 0.13922 78 0.38171 20 
1.13772 05614 0. 21360 56169 0.13836 79 0. 37994 39 
1.11499 71504 0. 22523 34059 0.13752 43 0.37820 03 
1.09134 58985 0. 23448 42919 0.13669 65 0. 37648 06 


1.06701 13040 0.24129 03183 0.13588 40 0.37478 43 
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Table 11.2 INTEGRALS OF BESSEL FUNCTIONS 
z1—Jo(t) © Yo(t) _,f7fo®-1 ° Ko(t) 
x f, at f rat e j, at et f edt 
0.0 0.00000 000 = 0.00000 000 0. 000000 
0.1 0.00124 961 -1, 34138 382 0.00113 140 0. 368126 
0.2 0.00499 375 -0. 43423 067 0.00409 877 0. 460111 
0.3 0.01121 841 -0. 05107 832 0.00835 768 0. 506394 
0.4 0, 01990 030 +0. 15238 037 0. 01347 363 0. 532910 
0.5 0.03100 699 0. 26968 854 0.01910 285 0. 548819 
0.6 0.04449 711 0. 33839 213 0.02497 622 0. 558366 
0.7 0.06032 057 0. 37689 807 0.03088 584 0. 563828 
0.8 0.07841 882 0. 39543 866 0, 03667 383 0. 566545 
0.9 0.09872 519 0.40022 301 0.04222 295 0. 567355 
1.0 0.12116 525 0.39527 290 0.04744 889 0. 566811 
1.1 0.14565 721 0, 38332 909 0.05229 376 0. 565291 
1.2 0.17211 240 0. 36633 694 0.05672 080 0. 563058 
1.3 0.20043 570 0. 34572 398 0.06070 995 0. 560302 
1.4 0. 23052 610 0.32256 701 0. 06425 420 0. 557163 
1.5 0.26227 724 0.29769 696 0.06735 663 0. 553745 
1.6 0.29557 796 0.27176 713 0.07002 797 0. 550126 
1.7 0. 33031 288 0.24529 896 0.07228 458 0. 546364 
1.8 0. 36636 308 0.21871 360 0.07414 688 0. 542506 
‘ 19 0.40360 666 0.19235 409 0.07563 806 0. 538587 
2.0 0.44191 940 0.16650 135 0.07678 298 0. 534635 
2.1 0.48117 541 0.14138 594 0.07760 744 0. 530670 
2.2 0.52124 775 0.11719 681 0.07813 746 0.526711 | 
2.3 0.56200 913 0.09408 798 0.07839 884 0. 522768 
2.4 0. 60333 248 0.07218 365 0.07841 674 0. 518854 
2.5 0. 64509 164 0.05158 229 0.07821 544 0.514976 
2.6 0.68716 194 0.03235 987 0.07781 809 0.511139 
2.7 0. 72942 081 +0.01457 248 0.07724 664 0. 507350 
2.8 0.77174 836 -0.00174 144 0.07652 168 0. 503610 
2.9 0.81402 795 -0.01655 931 0.07566 245 0. 499924 
3.0 0.85614 669 -0. 02987 272 0.07468 681 0. 496292 
3.1 0.89799 596 ~0. 04168 613 0.07361 124 0. 492717 
3.2 0.93947 188 -0. 05201 554 0.07245 090 0, 489198 
3.3 0.98047 571 -0. 06088 740 0.07121 963 0. 485736 
3.4 1.02091 428 -0. 06833 756 0.06993 006 0. 482332 
3.5 1.06070 032 -0.07441 025 0.06859 360 0. 478984 
3.6 1.09975 277 -0.07915 722 0.06722 060 0. 475694 
3.7 1.13799 707 -0. 08263 683 0. 06582 033 0. 472459 
3.8 1.17536 536 -0, 08491 323 0.06440 109 0. 469280 
3.9 1.21179 667 -0.08605 553 0.06297 029 0. 466155 
4.0 1.24723 707 -0. 08613 706 0.06153 450 0. 463085 
4.1 1, 28163 975 -0, 08523 459 0.06009 952 0. 460067 
4.2 1. 31496 504 -0. 08342 762 0.05867 042 0. 457100 
4.3 1. 34718 044 -0. 08079 769 0.05725 166 0. 454185 
4.4 1.37826 060 -0. 07742 769 0. 05584 708 0. 451320 
4.5 1. 40818 716 -0. 07340 123 0.05446 000 0. 448503 
4.6 1. 43694 870 -0. 06880 199 0.05309 325 0. 445734 
4.7 1. 46454 052 -0. 06371 317 0.05174 921 0. 443012 
4.8 1.49096 446 -0. 05821 690 0.05042 989 0. 440335 
4.9 1.51622 864 -0, 05239 371 0.04913 691 0. 437703 
5.0 1. 54034 722 -0. 04632 205 0. 04787 161 0. 435114 
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Mathematical Properties 


12.1. Struve Function H,(z) 
Differential Equation and General Solution 


12.1.1 
ae) 


dat (PO Fr 


= ates 


The general solution is 
12.1.2 w=aJ,(z)+bY,(z)+H,(z) (a,6, constants) 


where 2~’H,(z) is an entire function of z. 


Power Series Expansion 
12.1.3 


H,(z)=(42)"* or EERE 
5 
12.1.4 H,(2)=2| 2— Tee ti 


12.1.5 


2 24 2 
Hi, (2)= ARS 3 12.3%. jegzgt ]2.32.52.7 ‘| 


Integral Representations 


If Zv>—4, 
12.1.6 
__ 2 ($2) _ a 
H, (z)= “EG LD (l t?)”"7 gin (2t) dt 
12.1.7 -paer sin (z cos @) sin?” 6d0 
12.1.8 =Y, (2) 
2(3 2)” eo a 2 »—} 
Treas © Pe 
(larg 2l<3) 
Recurrence Relations 
(42)" 
12.1.9 H,..+H, 2 , 
an Bet erotb T(v+#) 
: (32)" 
12.1.10 H,_,—H,..=2H,——+ 
7 vn T+4) 
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12.1.11 


12.1.12 


12.1.13 


j= (2/r) —H, 


d v 
dz (z H,)= @ "H,_1 


£ (eH y= —27°H,41 


le mae +%) 


Figure 12.1. Struve functions. 


H,(z), n=0(1)3 


Figure 12.2. Struve functions. 


H,(z), —n=1()3 
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Struve’s Integral 


12.1.25 


. { Hy (t)dt== (2) +2 2{- t-! Hy(t)dt 


12.1.26 


2°" 1 ee.) eee ae 
2 f t-"Hy(t)dt=1 *l: —_ 


2 
TRB oa 
12.1.27 


ete faygp 2G tan Fru) 
is amy 7 


(IBul<i, Bv>Bu—-}) 
If f.(2)= iM "BL (t) edt 


12.1.28 
Figure 12.3. Struve functions. i= (20+) f,(z)—2""H, (2) 
gate 
Cece Torperarety 7 —® 
Special Eropertice Asymptotic Expansions for Large || 

12.1.14 H,(z)>0 (z>0 and v>4) | 12.1.29 

be, Tk 

12.1.15 H,(z)—Y.(z)=- 30 PEt cont Bn 


T k=0 
He sn(2)=(—1)"Jasa(2) (ran integer>0) ro+4—b (§) 


(larg 2i<*) 
where #,,=O(l2|’"2"-'). If » is real, 2 positive * 
and m+4—yv>0, the remainder after m terms is 
12.1.17 of the same sign and numerically less than the 


H,(2)= ( 2 y (14 : \- ( 2 y (sin 4 +282) first term neglected. 


12.1.16 B,(2)=(2) (1—cos 2) 


12.1.30 
12.1.18 H,(ze™**!)=e"°+*! H(z) (m an integer) H,(2)— ~¥(2)~2 wt HF 3t_ 1 Fp os . cae 7 ] 
2 2 2 
2 J41(2) 
12.1.19 H,(2)= >> oh (larg 2|<m) 
2k+1 
™ eit 127-3, 1?. 37-5 
12.1.20 Hy(2)=" te 2 Jo(2) +235 Jnl) H,(z)—Yi(z)~= 2pitao get ag | 
2(2/2)"#3 i 2 (larg 2l<x) 
12.1.21 Be) KB (3 34, 3._#) 12.1.82 
soe f (H,(t)—Yo(t)]at—2 [In (2z) +] 
Integrals (See chapter 11) 0 ie ey 
© wee l= 1)**"(2k) '(2k—1 
12.1.22 f, et manae=¥ ret Daa ——C« I I<) 
12.1.23 where +=.57721 56649 . . . is Euler’s constant. 
2 12.1.33 
ii Bide 2|§- 12.32.4 at 17.37.52.6 ‘| P =  (—1)*{(2k)!}? 
124 (tH y()t=—— HL) J, Hho -¥. Old~Z 3B Gyaernes 
ae { real a re He (jarg 2|<x) 


Vewae wage page I. 
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Asymptotic Expansions for Large Orders 
12.1.34 


H, (2)—Y, (2)~ 2)”. SF He 


va (v+4) k=0 eri 
(larg 2l< 97, |»|<I2) 


bo=1, b:=2v/z, by=6(v/z)"—4, bp =20(v/z)*—4(v/2) 
12.1.35 “2Gar kb 
. 2. 
H(A) +i) Zo (>| >I) 


12.2. Modified Struve Function L,(z) 
Power Series Expansion 
tor 
12.2.1 L,(z)=—te ? (iz) 


ae (2/2)? 
=e" 2 TEP 


Integral i aa i 


12.2.2 L,(z)= er |, tah (2 cos @) sin?” 6d 
(Av>—}) 
12.2.3 
1-1(@) Lila) = : sin (tz)(1-+#2)""4 dt 
(Av<4,z>0) 
Recurrence Relations 
(2/2)" 
12.2.4 L,-1—L, = y 
7 set ero tp T(v+#) 
, (z/2)” 
12.2.5 Litb,i=2L,—-———— 
Biss vrT (+9) 
byt) 


Fieure 12.4. Modified Struve functions. 
L,@), +n=0(1)5 


*See page II. 
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Asymptotic Expansion for Large | z ! 
12.2.6 L,(z)—I_,(2) 
is k+1 
wt CUED (largel<de) 
re-+43—b (Z) 


Integrals 
12.2.7 


z 27 2? 2 2 
Joan! Stiga ‘| 
12.2.8 f, ‘ [To(t) —Lo(t)]dt—2 [In (22) +7] 


(2k)! (2k—1)! 
~— aa 


WT kat 


(larg 2|<3r) 


12.2.9 f : Li(t)dt=n(2)—2 4 
0 


Relation to Modified Spherical Bessel Function 


12.2.10 L_ (ty) (2)=Lnsy)(2) (van integer >0) 


12.3. Anger and Weber Functions 


Anger’s Function 


12.3.1 I,(2) = ii cos (v8—2z sin 6) dé@ 


12.3.2 J,(2)=d, (2) (n an integer) 
Weber’s Function 
12.3.3 E,(2)= f, * sin (s6—2 sin 6) dé 


Relations Between Anger’s and Weber’s Function 
12.3.4 sin (vr) J,(z)=cos (vr) E,(z)—E_,(z) 
12.3.5 sin (vr) E,(z)=J_,(z)— cos (vm) J,(z) 


Relations Between Weber’s Function and Struve’s 
Function 


If n is @ positive integer or zero, 


i i : ; 
123.6 E,(e)=2 3) OE ae) * 


12.3.7 “y 
(- 1)" “2 T'(n—k—}) (2)~ tt . 
E_.(2) =" ake) 
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12.3.8 E,(z)=— H(z) 


12.3.9 E,(2)="—H,(2) 
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12.3.10 B,(2)=32-H,(2) 


Numerical Methods 


12.4. Use and Extension of the Tables 


Example 1. Compute L,(2) to 6D. From 
Table 12.1 J,(2) —L,(2)=.342152; from Table 9.11 
we have J)(2)=2.279585 so that L)(2)=1.937433. 


Example 2. Compute H,(10) to 6D. From 
Table 12.2 for z-!=.1. H)(10)— Y,(10)=.063072; 
from Table 9.1 we have Y,(10)=.055671. Thus, 
Hy (10) =.118743. 

Example 3. Compute f “Hy(t)dt for z=6 to 

0 
5D. Using Tables 12.2, 11.1 and 4.2, we have 


f "Hi, (t)dt—= f ; Yo(thdt +2 In 6-+f,(6) 


= — .125951+ (.636620) (1.791759) 
++.816764 


= 1.83148 


Example 4. Compute H,(z) for z=4, —n= 
0(1)8 to 6S. From Table 12.1 we have Hy(4)= 


1350146, H,(4)=1.0697267. Using 12.1.9 we find 
H_, (4) = —.433107 H_.(4)=  .689652 
H_.(4)= .240694 H_,(4) =—1.21906 
H_,(4)= .152624 H,(4)= 2.82066 


H_,(4) = —.439789 H_,(4) = —8.24933 

Example 5. Compute H,(z) for z=4, n= 
0(1)10 to 7S. Starting with the values of Hy(4) 
and H,(4) and using 12.1.9 with forward recur- 
rence, we get 


H,(4)= .13501 46 
H, (4) =1.06972 67 
H,(4) =1.24867 51 
H;(4)= .85800 95 
H,(4)= .42637 41 
H,(4)= .16719 87 


H,(4) =.05433 54 
H,(4) =.01510 37 
H,(4) =.00367 33 
H,(4) =.00080 02 
Hyo(4) =.00018 25 


We note that for n>6 there is a rapid loss of 
significant figures. On the other hand using 12.1.3 
for z=4 we find H,(4)=.0007935729, Hy(4)= 
.00015447630 and backward recurrence with 12.1.9 
gives 


H, (4) =.00367 1495 
H,(4)=.01510 315 
H, (4) =.05433 519 
H,(4) =.16719 87 
HL, (4) =.42637 43 


Example 6. Compute L,(.5) for n=0(1)5 to 
8S. From 12.2.1 we find L,;(.5) =9.6307462 X 107’, 
L,(.5) =2.1212342 10-5. Then, with 12.2.4 we 
get 


L,(.5) =3.82465 031074 
L,(.5)=5.36867 341073 


Example 7. Compute L,(.5) for —n=0(1)5 
to6S. From Tables 12.1 and 9.8 we find L,(.5)= 
.327240, L,(.5) =.053942. Then employing 12.2.4 
with backward recurrence we get 


H,(4)= .85800 94 
H,(4) =1.24867 6 
H, (4) =1.06972 7 
H,(4)= .13501 4 


L,(.5) =.05394 2181 
Ly(.5) =.32724 068 


L_,(.5)=  .690562 L_,(.5) =—75.1418 
L_.(.5) = —1.16177 L_5(.5) =1056.92 
L_;(.5)= 7.43824 


Example 8. Compute L,(z) for z=6 and 
—n=0(1)6 to 8S. From Tables 12.2 and 9.8 
we find L,(6)=67.124454, ,(6)=60.725011. 
Using 12.2.4 we get 


L_,(6) =61.361631 
L_,(6) =46.776680 
L_,(6) =30.159494 


L_,(6) =16.626028 
L_,(6)= 7.984089 
L.,(6)= 3.32780 


We note that there is no essential loss of accuracy 
until n=—6. However, if further values were 
necessery the recurrence procedure becomes un- 
stable. To avoid the instability use the methods 
described in Examples 5 and 6. 
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H(z) 


0.00000 00 
0, 06359 13 
0.12675 90 
0.18908 29 
0.25014 97 


0.30955 59 
0. 36691 14 
0. 42184 24 
0.47399 44 
0.52303 50 


0.56865 66 
0.61057 87 
0. 64855 00 
0, 68235 03 
0.71179 25 


0. 73672 35 
0.75702 55 
0.77261 68 
0. 78345 23 
0.78952 36 


0.79085 88 
0.78752 22 
0.77961 35 
0.76726 65 
0.75064 85 


0.72995 77 
0.70542 23 
0.67729 77 
0.64586 46 
0.61142 64 


0.57430 61 
0.53484 44 
0. 49339 57 
0.45032 57 
0. 40600 80 


0. 36082 08 
0. 31514 40 
0.26935 59 
0. 22382 98 
0.17893 12 


0.13501 46 
0.09242 08 
0.05147 40 
+0. 01247 93 
-0.02427 98 


-0. 05854 33 
-0, 09007 71 
-0.11867 42 
-0.14415 67 
-0. 16637 66 


-0. 18521 68 
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STRUVE FUNCTIONS. AND RELATED FUNCTIONS 


Hi (2) 


0. 00000 
0. 00212 
0. 00846 
0. 01898 
0. 03359 


0. 05217 
0. 07457 
0. 10063 
0. 13012 
0.16281 


0.19845 
0. 23675 
0.27742 
0. 32012 
0. 36452 


0. 41028 
0. 45704 
0.50444 
0. 55210 
0. 59966 


0. 64676 
0. 69304 
0. 73814 
0. 78174 
0. 82351 


0. 86315 
0, 90036 
0. 93489 
0. 96649 
0. 99496 


1, 02010 
1, 04177 
1. 05983 
1.07418 
1, 08477 


1.09157 
1.09457 
1, 09380 
1. 08934 
1. 08127 


1, 06972 
1.05484 
1, 03681 
1, 01584 
0. 99214 


0. 96597 
0. 93759 
0.90729 
0. 87535 
0. 84208 


0. 80781 


e 


STRUVE FUNCTIONS 


Jo Ho(ae In(z)—Lp(z) — (@) —Li(z) 


0. 000000 
0.003181 
0. 012704 
0. 028505 
0. 050479 


0. 078480 
0. 112322 
0, 151781 


0. 196597 


0. 246476 


0. 301090 
0. 360084 
0. 423074 
0. 489655 
0. 559399 


0. 631863 
0. 706590 
0, 783111 
0. 860954 
0. 939643 


1, 018701 
1, 097659 
1. 176053 
1. 253434 
1. 329364 


1. 403427 
1, 475227 
1, 544392 
1, 610577 
1. 673465 


1, 732773 
1. 788248 
1.839675 
1, 886873 
1.929699 


1. 968046 
2, 001847 
2.031071 
2. 055726 
2. 075858 


2.091545 
2.102905 
2.110084 
2,113265 
2.112655 


2. 108492 
2.101037 
2.090574 
2. 077406 
2. 061852 


2. 044244 


me 


1, 000000 
0. 938769 
0. 882134 
0. 829724 
0. 781198 


0. 736243 
0, 694573 
0. 655927 
0, 620063 
0, 586763 


0. 555823 
0. 527058 
0. 500300 
0. 475391 
0, 452188 


0. 430561 
0. 410388 
0. 391558 
0. 373970 
0, 357530 


0. 342152 
0. 327756 
0. 314270 
0. 301627 
0, 289765 


0. 278627 
0. 268162 
0. 258319 
0. 249056 
0. 240332 


0. 232107 
0. 224348 
Q. 217022 
0. 210099 
0. 203553 


0.197357 
0. 191488 
0.185924 
0. 180646 
0. 175634 


0. 170872 
0. 166343 
0. 162032 
0.157926 
0. 154012 


0. 150279 
0. 146714 
0. 143309 
0. 140053 
0. 136938 


0, 133955 
os") 


0. 000000 
0. 047939 
0.091990 
0. 132480 
0. 169710 


0. 203952 
0. 235457 
0. 264454 
0.291151 
0. 315740 


0. 338395 
0. 359276 
0. 378530 
0. 396290 
0. 412679 


0. 427810 
0. 441783 
0. 454694 
0. 466629 
0. 477666 


0. 487877 
0. 497329 
0. 506083 
0.514194 
0.521712 


0. 528685 
0. 535156 
0.541164 
0. 546746 
0. 551933 


0. 556757 
0.561246 
0. 565426 
0.569319 
0.572948 


0. 576333 
0.579492 
0. 582442 
0.585199 
0. 587776 


0. 590187 
0. 592445 
0.594560 
0. 596542 
0. 598402 


0. 600147 
0. 601787 
0. 603328 
0. 604777 
0. 606142 


0. 607426 
Ss" 


f [1o(t)—Lo(#) Jdt—=fo(2) 


Ho(z), H:(z), Lo(z), Li(z), compiled from Mathematical Tables Project, Table of the Struve functions 
L,(z) and H,(z), J. Math. Phys. 25, 252-259, 1946 (with permission). 


fo(2) 


0. 00000 
0. 09690 
0. 18791 
0. 27347 
0. 35398 


0. 42982 
0.50134 
0. 56884 
0, 63262 
0, 69294 


0. 75005 
0. 80418 
0. 85553 
0. 90430 
0. 95066 


0. 99479 
1. 03682 
1. 07691 
1.11518 
1.15174 


1, 18672 
1, 22020 
1. 25230 
1. 28309 
1, 31265 


1, 34106 
1. 36840 
1. 39472 
1. 42008 
1.44455 


1. 46816 
1. 49098 
1, 51305 
1.53440 
1.55508 


1.57512 
1.59456 
1. 61343 
1. 63176 
1, 64957 


1. 66689 
1. 68375 
1. 70017 
1.71616 
1. 73176 


1.74697 
1, 76182 
1. 77632 
1, 79049 
1, 80434 


1, 81788 


ina 


Table 12.1 
2.= Ho) 
J t a 


1. 000000 
0. 959487 
0. 919063 
0. 878819 
0. 838843 


0. 799223 
0. 760044 
0, 721389 
0. 683341 
0. 645976 


0. 609371 
0.573596 
0. 538719 
0. 504803 
0. 471907 


0. 440086 
0. 409388 
0. 379857 
0. 351533 
0. 324450 


0. 298634 
0. 274109 
0. 250891 
0. 228992 
0. 208417 


0. 189168 
0.171238 
0. 154618 
0. 139293 
0. 125242 


0.112439 
0. 100857 
0. 090460 
0. 081212 
0. 073071 


0. 065992 
0. 059928 
0. 054829 
0. 050642 
0. 047311 


0. 044781 
0. 042994 
0. 041891 
0. 041414 
0. 041502 


0. 042096 
0. 043139 
0. 044571 
0. 046335 
0. 048376 


0. 050640 
ee 


f, Hol)dt, {> Hol) —Lo(@) lat, 2 1 : Hol! dt, compiled from M. Abramowitz, Tables of integrals of Struve 
functions, J. Math. Phys. 29, 49-51, 1950 (with permission). 
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Table 12.2 


z+ H,(z)~ ¥.(z) 


0. 20 0. 123301 
0.19 0.117449 
0.18 0. 111556 
0.17 0. 105625 
0. 16 0. 099655 


0.15 0. 093647 
0.14 0. 087602 
0.13 0. 081521 
0.12 0. 075404 
0.11 0. 069254 


0.10 0, 063072 
0.09 0.056860 
0.08 0.050620 
0.07 0.044354 
0.06 0.038064 


0.05 0. 031753 
0.04 §=0,.025425 
0.03 0.019082 
0.02 0.012727 
0, 01 0. 006366 


0.00 0.000000 


eg 


Starting with H,(z) and H(z), 
(approx.), H,(z) may be generated by forward recurrence. 
instability, choose n> >z, compute H,(z) and H.4:(z) with 12.1.3, and then use backwar 

If n>0, L,(z) must be generated by backward recurrence. If n<0, L,(z) may be generat 


ne 


STRUVE FUNCTIONS AND RELATED FUNCTIONS 


STRUVE FUNCTIONS FOR LARGE ARGUMENTS 


H,(@¢)~— Y.@) 


0. 659949 
0. 657819 
0. 655774 
0. 653818 
0. 651952 


0. 650180 
0. 648504 
0. 646927 
0, 645452 
0. 644081 


0. 642817 
0. 641663 
0. 640622 
0. 639696 
0. 638888 


0. 638200 
0. 637634 
0. 637191 
0. 636874 
0. 636683 


0. 636620 


ig 


f(z) 


0. 819924 
0. 818935 
0. 817981 
0. 817062 
0, 816182 


0. 815341 
0. 814541 
0, 813785 
0. 813074 
0. 812411 


0. 811796 
0. 811232 
0. 810722 
0. 810266 
0. 809866 


0. 809525 
0. 809244 
0. 809023 
0. 808865 
0. 808770 


0. 808738 


[ep | 


I,(z) — L(x) 
0. 133955 
0. 126683 
0, 119468 
0, 112319 
0. 105242 


0, 098241 
0. 091318 
0. 084474 
0. 077706 
0. 071010 


0. 064379 
0. 057805 
0. 051279 
0. 044793 
0. 038340 


0. 031912 
0. 025506 
0.019116 
0. 012738 
0. 006367 


0. 000000 


oy 


1(z) —L,(z) 


0. 607426 
0. 610467 
0. 613348 
0. 616060 
0. 618598 


0. 620955 
0, 623129 
0. 625119 
0. 626927 
0. 628558 


0. 630018 
0. 631315 
0. 632457 
0. 633450 
0. 634302 


0. 635016 
0. 635596 
0. 636045 
0. 636365 
0. 636556 


0. 636620 


oP 


foo - Yoo] =2 in 2+ he) 


fe - top Jae =? In 2+ f.(2) 


rc [Bo Jane 


<z> = nearest integer to'z. 


recurrence formula 12.1.9 may be used to generate H., 


f(x) 


0. 793280 
0. 794902 
0. 796448 
0. 797910 
0.799279 


0. 800551 
0, 801721 
0, 802787 
0. 803750 
0. 804611 


0. 805374 
0. 806047 
0. 806634 
0. 807140 
0. 807572 


0. 807933 
0. 808225 
0. 808450 
0. 808611 
0. 808706 


0. 808738 


(2 


as long as L,(z) increases. If n<0 and L,(z) is decreasing, forward recurrence should be used. 
See Examples 4-8. 


fal) <2> 


0. 125868 
0.119694 
0.113505 
0.107299 
0. 101079 


0. 094843 
0. 088593 
0. 082328 
0. 076051 
0. 069761 


0.063460 10 
0.057147 = 11 
0.050824 413 
0.044492 14 
0.038152 17 


0.031805 20 
0.025451 25 
0.019093 33 
0.012731 50 
0.006366 100 


0, 000000 o 


re 
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(x) forn<0. As long as n<2/2 
When n>z/2, forward recurrence is unstable. To avoid the 
d recurrence with 12.1.9. 

ed by backward recurrence 
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Table 13.1. Confluent Hypergeometric Function M(a, 6, z) 
z=.1(.1)1(1)10, a=—1(.1)1, 6=.1(.1)1, 8S 


Table 13.2. Zeros of M(a, 6,2)... 1. 1 ee ee ee ee 
a=—1(.1)—.1, b=.1(.1)1, 7D 
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The tables were calculated by the author on the electronic calculator EDSACI in the 
Mathematical Laboratory of Cambridge University, by kind permission of its director, Dr- 


M. V. Wilkes. 


to eight significant figures. 


1 University Mathematical Laboratory, Cambridge. 
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The table of M(a, b, z) was recomputed by Alfred E. Beam for uniformity 
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13. Confluent Hypergeometric Functions 


Mathematical Properties 


13.1. Definitions of Kummer and Whittaker 
Functions 


Kummer’s Equation 


dw dw - 
13.1.1 Zz qat (-2) qe wo 


It has a regular singularity at z=0 and an irregular 
singularity at ©. 
Independent solutions are 


Kummer’s Function 


13.1.2 
(a)22" (a) ,2" 
Mca, b,z)= Gilead + tey3 ites tant: 
where 
(a),=a(a+1)(a+2) ... (a+n—1), (@)o=1, 
and 
13.1.3 
Ma, }, 2) 
OG, 02) sin aS {Fa+a—b TO) 


1» M(+a—b,2—6, 2), 
oe T(@r(2—b) 


M(a, b, 2) 
a convergent series for 
all values of a, 6 and z 


Parameters 
(m, n positive integers) 


b¥-—n axX—m 


b¥—n a=—m a polynomial of degree m 
in 2 
b=—n ax¥—m 
=-—n a=—m, a simple pole at b=—n 
m>n 
b=—-—n a=—m, undefined 
men 


Ua, b, 2) is defined even when b>+7 
As |2|>@, 


13.1.4 
M(a,d,2)—F% etet-1+0((el")]_ (B20) 
and 
13.1.5 
i re) ng s 
(@,d,2) =p (—2)-*+Ollel")] (Re<O) 


504 


U(a, 6, 2) is a many-valued function. Its princi- 
pal branch is given by ~x<arg z<r. 


Logarithmic Solution 
13.1.6 


U(a,n+1, )= 


+33 5 ED. r! {y(a-+r)—y(1-+r) —y(1-+n+7) i] 


(n—1)! 
> T(a@) 


for n=0, 1, 2, . . ., where the last function is the 
sum to 7 terms. It is to be interpreted as zero 
when n=0, and ¥(a@)=I°’(a)/T (a). 


13.1.7 U(a, 1—n, 2)=2"*U(a+n, 1+n7, 2) 
As Zz>@ 


[ ma, n+1,2) In 2 


2-"M(a—n,1—n, 2)n 


13.1.8 U(a, b, z2)=27[1+O({2|-)] 
Analytic Continuation 
13.1.9 
em? M(b—a, b, 2) 
Ua, b, cee (Ee HPO) 


et ttl—d) 21- 0A (1 —a, 2-5, z) } 
P'(a@)r(2—6) 


where either upper or lower signs are to be taken 
throughout. 


13.1.10 


r(1—d) 
Ta+a—5) 4?) 


+e-2*[7 (a, b, 2) 


U(a, b, ze?***) =[1—e727"] 


Alternative Notations 

F(a; 6; z) or (a; b; 2) for M@a, b, 2) 

2-*.Fy(a, 1+a—b; ;—1/z) or ¥(a; b; 2) for U(a, d, 2) 
Complete Solution 

13.111 y=AM<@az, b, 2)+BU(a, }, 2) 

where A and B are arbitrary constants, b#—n. 

Eight Solutions 

13.112 y,=—Maa, 6, 2) 

13.113 y,=2'~’M(1+a—), 2—8, z) 

13.1.14 y,;=e*M(b—a, b, —2) 


CONFLUENT HYPERGEOMETRIC FUNCTIONS 


13.1.15 
13.1.16 


Y= 2! "e*M(1—a, 2—6, —2) 
ys= U(a, }, 2) . 

Ye=2' -U(1+a—6, 2—8, 2) 
yr=e7U(b—a, b, —2) 
=z'~'etU(1—a, 2—b, —2) 


13.1.17 

13.1.18 

13.1.19 Ys 

Wronskians 
If W{m, n}=YnYn—YaYm and 
e=sgn (%z)=1 if F%z>0, 

=—1 if £z<0 

13.1.20 


Wil, 23=W{3, 4}=W{1, 4}=— W{2, 3} 


=(1—b)2~°e* 

13.1.21 

W{1, 3}=W{2, 4}=W{5, 6}=W{7, 8}=0 
13.1.22 W{1, 5}=—T(6)27e*/T(a@) 
W{1, 7}=T(b)et**2~"e*/T'(b—a@) 
W{2, 5}=—I(2—b)27e*/T(1+a—5) 
W{2, 7}=—T(2—))2-°e?/T(1—a) 
W{5, 7} =ettt(0-@ 2- gt 


13.1.23 

13,1.24 

13.1.25 

13.1.26 
Kummer Transformations 

13.1.27 M(a, b, z2)=e*M(b—a, b, —2) 

13.1.28 

z'°>M(1+a—b, 2—6, z)=2'—"e*M(1—a, 2—b, —z) 

13.1.29 U(a, b, z2)=2'"°U(1+a—5, 2—8, z) 

13.1.30 

e’U(b—a, b, —z)=et**- e721 (1a, 2—b, —2) 


Whittaker’s Equation 


13.1.31 ot [pt i+ SO) w=0 
Solutions: 
Whittaker’s Functions 
13.132 M,,.(2)=e7#2!*+M(4+py—x, 1+2zy, 2) 
13.1.33 
W.,s(2)=e-¥2tt4U ($+ —x, 1+2y, 2) 
(—a<arg 2a, «= }b—a, p= 3b—}) 


*See page I. 
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13.1.34 
_T(=20) _ Pu) 

Mh TO pm) Mo) FG tyme MoH) 
13.135 General Confluent Equation 

w’! h’ ‘ , 

+H v8) we A) 1) 
yor =a f+ 4+f7— ah!* “— lw=0 

Solutions: 

13.1.36 Z-4e-")M (a, b, h(Z)) 


13.1.37 Z~4e@)U (a, 6, h(Z)) 


13.2. Integral Representations 


Bb>Ra>0 
13.2.1 


lr'(b—a)T (a) 


T(b) Mca, b, 2) 


1 
-{ e7t2-1(1 —t)?-2- dt 
0 
13.2.2 
+1 
m2 f e~4*(1+£)?-4-1(1—t)*" dt 
-1 
13.2.3 


motel e747 £088 sin? 19 cot?-™ (40) de 
0 


13.2.4 


B 
mea f e#(t—A)*-'(B—t)-*"'dt 
A 
(A=B-—1) 
Ra>0, #z>0 
13.2.5 
r(a)U(a, b, 2)= f en 4-114 £)?-e—Nae 
0 


13.2.6 
=e[ et (t¢— 1) 1z2-4- \dt 
1 


13.2.7 
—2!-09t I * @7t cost # sinh?-19 coth’-™ (46)d0 * 
0 


506 
13.2.8 I(a)U(a, 6, 2) 
a aa e7 (¢—A)*-!(¢+ B)’-*" dt 
(A=1—B) 


Similar integrals for M,,,(z) and W,,,(z) can 
be deduced with the help of 13.1.32' and 13.1.33. 


Barnes-type Contour Integrals 


13.2.9 

T'(a) _ 1 pe (—s)P@t+s) ,_), 
roy eb a [rere Oe 
for larg (—2)|<4, a, b+0, al, —2, sea. The 


contour must separate the poles of T(—s) from 
those of '(a+s); ¢ is finite. 


13.2.10 
T'(a)T(1+a—6)2°U (a, 5, 2) 
=n oe r(—s) F(a+s)P(1+a—b+2)2~"de 


for larg l<%, a0, —1, —2, . . ., b—a#1, 2, 


3, ... . The contour must separate the poles of 
T'(—s) from those of ['(a+s) and r'(1+a—6+s). 


13.3. Connections With Besse] Functions 
(see chapters 9 and 10) 


Bessel Functions as Limiting Cases 
If 6 and 2 are fixed, 
13.3.1 lim{ (a, b, 2/a)/T'(b) } =2*-?J,_, (22) 
a—>@ 
13.3.2 lim {M@, b,—2/a)/T(b) } =24-#Sy_, (22) 
a->@ 


13.3.3 
lim {T(1+a—b) U@, 6, z/a)} =22!-?K,_,(2yz) 


13.3.4 
lim {f'(1+a—b)U (a, b, —2/a)} 
=—rie™?2t-P A (2¥z)  (Fz2>0) 
13.3.5 =rie*A-PH® (273)  (F2<0) 
Expansions in Series 
13.3.6 


Mca, b, 2)=e#IF (b—a—})(32)2-? +4 


|S b—2a—1)q(6=2a)q (ba 3 + m2) 
n=O n!(b), 
(—1)* Ty-a-44n(32) (640,—1,—2, ++) 
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13.3.7 
pe hbe— a2) 

2 An(d2)"(6—2a) P°I-14nVBzD—Fe)) 
where 


Ay=1, A,=0, A,=4), 
+1) Any=M+b—1)A,a+ (2a—b)A,-2, 


(a real) 
13.3.8 
M(a, }, z) 
r(6) 
=e" 2 C,2"(—az)8-- Jy_ 4 n(2V(—az)) 
where 


Co=1, = —bh, = —4F(2h—1)a+4b6+))M, 
(n+1)Cry=[(1—2h)n—bh]C, 
+[(1—2h)a~h(h—1)(6+n—1)]Cy-1 


—h(h—1)aC,_2 (h real) 
13.3.9 M(a,b, 2)=2iC,(a, b)I,(z) 
where 


Q=1, C(a, 6)=2a/6, 
Cri(a, 6)=2aC,(a+1, 6+1)/6—C,_1(a, 6) 
13.4. Recurrence Relations and Differential 
Properties 
13.4.1 
(b—a)M(a—1, 6, 2) +-(2a—b+2)M(a, }, 2) 
—aM(a+1, 6, z)=0 
13.4.2 
b(6—1)Mca, b—1, 2) +6(1—b—z) Maa, 4, 2) 
+2(b—a)M(a, b+1, 2)=0 
13.4.3 
(l+a—b)Mca, b, z2)—aM(a+1, b, 2) 
+(b—1)M(a, b—1, 2)=0 
13.4.4 
bMaa, b, z2)—bM(a—1, 6, z2)—2zM(a, 6+1, z2)=0 
13.4.5 
b(a+2)M(a, 6, z)+2(a—b)Mea, 6+1, 2) 
—abM(a+1, b, z)=0 
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13.4.6 

(a—-1+2)M(a, b, 2) +(b—a)M(a—1, 6, 2) 
+(1—6b)M(a, b—1, z2)=0 

13.4.7 

b(1—b+2)Maa, b, 2)-+5(6—1)M(a—1, 6-1, 2) 
—azM(a+1, 6+1, z)=0 


13.4.8 M’(a, b, 2) =F M(a+1, 6+1, 2) 


13.4.9 £ {Mca, 6, a= 5 M(a-+n, b+n, 2) 


13.4.10 aM(a+1, b, z2)=aM (a, b, 2) +2M’(a, b, z) 


13.4.11 
(b—a)M(a—1, 6, 2)=(6—a—z)Maa, b, 2) 
+2M’'(a, 6, z) 
13.4.12 
(6—a)M(a, 6+1, z2)=bM (a, b, z2)—bM’(a, b, 2) 


13.4.13 
(6—1)M(a, b—1, 2)=(6—1) Maa, }, 2) 
+2M’(a, }, 2) 
13.4.14 
(6-1) M(a—1, b6—1, 2)=(6—1—2)M(a, 4, 2) 
+2M’'(a, 6, 2) 
13.4.15 
U(a—1, 6, 2) +(6—2a—2) Ua, b, 2) 
+a(1+a—b)U(a+1, b, z2)=0 
13.4.16 
(6—a—1)U(a, 6-1, 2)+(1—b—z) Ufa, }, 2) 
+2U(a, b+1, z2)=0 
13.4.17 
U(a, 6, 2) -aU(a+1, 6, 2) —U(a, 6-1, z)=0 


13.4.18 
(6—a)U(a, b, z2) + U(a—1, 4, 2) 
—2U(a, 6+1, 2)=0 


13.4.19 
(a+z2)U(a, 6, 2)—2U(a, 6+1, 2) 
+a(b—a—1)U(a+1, b, 2)=0 
13.4.20 
(a+z2—1)U(a, b, z2)—U(a—1, 8, 2) 
+(i+a—b)U(a, b—1, 2)=0 


13.4.21 U’(a, 6, 2)=—aU(a+1, 6+1, 2) 


13.4.22 


£ (U(a, b, 2)}=(1)"@)aU(a-tn, b+, 2) 


13.4.23 
a(1+a—b)U(a+1, b, z2)=aU(a, b, 2) 
+2U(a, b, 2) 
13.4.24 
(1+a—6) U(a, 6—1, 2) =(1—8) U(a, 5, 2) 
—2U"(a, }, 2) 
13.4.25 U(a, 6+1, z2)=U(a, 6, z2)—U'"(a, b, 2) 


13.4.26 
U(a—1, b, 2)=(a—b+2)U(a, 6, 2)—2U'"(a, 5, 2) 
13.4.27 
U(a—1, b—1, z2)=(1—b+ 2) U(a, 4, 2) 
—2U'(a, 6, 2) 


13.4.28  2u Mis, 4-3(2) —24My, (2) = 26 Mey, wa(2) 


13.4.29 
(1+ 2p4-2«) Migs, u(2) —(14+2u—2«)M,-1, u(2) 
=2(2x—z) M,, (2) 
13.4.30 
Wr44.ul2)—24We,u49(2) + e+) Wey, u(2) =0 


13.4.31 
(2xk— 2)W,. w(z) +Wiet, u(2) 
=(u—«+4)(ut«—4) We-1, (2) 
13.4.32 
2M, u(2)=(92—«) My, (2) + tH +4) Met, n (2) 


13.4.33 2W!, ,(z)=(42—n)W., (2) —Weatu(2) 
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13.5. Asymptotic Expansions and Limiting 
Forms 


For || large, (a, b fixed) 
13.5.1 
Maa, b, 2) z)_ 
~ T(b) 


etirag—a R-i (a), (1 ten 


b)n = 
T(b—a) ‘<4 (—z)~*+O(|z|-*)} 


peers * Gael) e 2s 
+t (4 2-*+O(|2|~*)} 
the upper sign being taken if—4}1<arg z<§1, the 
lower sign if —gr<arg z<—4r. 
13.5.2 
U (a,b, 2) =2-*{ Sy OO ta Pe (_ 2)» 
n=0 
+O(|2|-*)} (—S4r<arg 2<$n) 


Converging Factors for the Remainders 
13.5.3 


O(\e|-*) — att tae (_p)-» 
py Etaha der be 3) O(\z|-3)] 


and 

13.5.4 

O(\2|-)— Co Meas g-8 
[$-b+2a+z2—S+O(z|-)) 


where the R’th and S’th terms are the smallest in 
the expansions 13.5.1 and 13.5.2. 


For small s (a, b fixed) 


13.5.5 As|z|-0, M(a, b, 0)=1,b#—n 


13.5.6 U(a,, TO 24.0(|2| 4-2) 


(#b>2, b2) 
13.5.7 o> wy 2!-4.0((In 2]) 
(b=2) 
13.5.8 aoe 2'-*40(1) 
(1<#b<2) 
*13.5.9 =F [In 2+-¥(a)+27] 


+O(|zIn 2) (b=1) 


*See page u. 
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13.5.10 U(a,}, 2) =F 40(\z)!- 4» 
(0<#b<1) 
13.5.11 =ra ty + zInz|) (6=0) 
r(1—b) 

13.5.12 =F ta— Fa tap tle) 

(#b<0, b¥0) 
13.5.13 For large a (b, x fixed) 
M(a, b, 2) = 


I (b)e#(4b2—az)t-#J,_, (¥(2b2—4a2)) 
[1+ 0(|45—a}-*)] 


where 


|el=|4 0—al! 


and o=min (1—p, $—$p), O< p<}. 


13.5.14 
M(a, 6, z)=1'(b)e#(4b2—ax)t-P x3 

cos (V(2b2—4az) —4br-+42) 

[1+-0(|4b—a]-')} 


as a—>—o for 6 bounded, z real. 


13.5.15 

Uca, 6, z)= 
T'(4b—a-+ 4) eH2t-# [cos (ax) Jo_1(¥(2b2z—402)) 
—sin (ax) ¥y_i(¥(2bz—4az))] [1+O0(/4b—a]~)] 


where o is defined in 13.5.13. 


13.5.16 
Ua, 6, 2) =1(4b—a+4) x tet*zt-? 
cos (¥(2bz—4azr) —4bxr+ax+ 3r) 
(1+ 0(|}5—a|-4)] 


as a—>—o for 6 bounded, z real. 


For large real a, b, x 
If cosh? 6=2/(2b—4a) so that x>2b—a>1, 


13.5.17 
M(a, b, x)=T(b) sin (ax) 
exp [(6—2a)(4 sinh 26—6-+ cosh? 6)] 
[(6—2a) cosh 6]!—"{x(45—a) sinh 26]-? 
[1+0(|46—a|-")] 
13.5.18 


U(a, 6, z)=exp [(b—2a) (4 sinh 28@—8@-+ cosh? 6)] 
[(6—2a) cosh 6}'-=[(4b—a) sinh 26)-* 
([1+0(|3b—a|-4)] 
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If = (2b—4a)([1+¢/(6—2a)}], so that 


z~2b—4a 
13.5.19 


Mca, b, z)=e(b—2a)i-°T(b)[ Ai(t) cos (a7) 


+Bi(d) sin (ar) + O(|4b—a|-9] 
13.5.20 


Uca, b, z) =e#+2-P (4) a 326-t 
{1—tP(8) (bz —2ax)-13!a-#-+ O(|3b—a|-4) } 


If cos? @=2z/(2b—4a) so that 2—4a>z>0, 


13.5.21 
M(a, b, z)=T'(b) exp { (b—2a) cos? 6} 
[(b—2a) cos 6]'~"*[x($5—a) sin 26]-? 
{sin (ax)-+sin { (3b—a) (26—sin 26) +327} 


+0(\$o—al~! 
13.5.22 (28—al™} 


U(a, 6, x) =exp [(b—2a) cos? 6][(b—2a) cos 6]'~* 
{($6—a) sin 26]-*{sin [($6—a) 
(26—sin 26) +47]+0(|3b—a|~)} 


13.6. Special Cases 


M(a, }, 2) 


Relation Function 
13.6.1 T(1+»)e'*(4z)-"J,(2) Bessel 
13.6.2 I(1 —»)eé*($z) [cos (vr) J,(2) —sin (vr) Y,(z)] | Bessel 
13.6.3 T(1+y)e*($2z)—71,(z) Modified Bessel 
13.6.4 P(g +n)et*(hz)—*- 3 n49 (2) Spherical Bessel 
13.6.5 T(4—n)e'*(4z)9+4J_4-3(2) Spherical Bessel 
13.6.6 T'(§+ne*(9z)—"- bi n+ 4 (2) * Spherical Bessel 
13.6.7 T(1+n)e-***(}izw)—"(ber, 2+4 bei, 2) Kelvin 
13.6.8 e*F L(y, z)z-*/Ci(2) Coulomb Wave 
(«) 
13.6.9 (a+). m 1). L‘S’ (2) Laguerre 
13.6.10 ax~*y(a, 2) Incomplete Gamma 
4,4" 
13.6.1 ae, entra) Poisson-Charlier 
13.6.12 e Exponential 
iT 

13.6.13 ne sin £ Trigonometric 
13.6.14 = sinh £ Hyperbolic 
13.6.15 274 exp (422) ZO (2) 

Weber 

3 or 
13.6.16 exp (2) prem (4) Parabolic Cylinder 
13.6.17 co (—4)-* Hess (x) Hermite 
13.6.18 ain (—4)-" * Heansi(z) * Hermite 
13.6.19 oe erf x Error Integral 
tp—-2n+m— 

13.6.20 | 4m-+4 l+n 3 4h Tia; +) * | Toronto 


r(4m+4) 


*See page Il. 


‘ A , es [ne Se 
—$_—$ 
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13.6. Special Cases—Continued 
—ooEEESEEEoEoaaalSSSSSaESaa=EeE=Es=EamEeaESssaSaaasSsass=asQQ=qQeomunnq SSS 


U (a, b, z) 


Relation 


Function 


Modified Bessel 
Hankel 

Hankel 
Spherical Bessel 
Airy 

Kelvin 
Laguerre 


Incomplete Gamma 


Exponential Integral 
Exponential Integral 


Logarithmic Integral 


Cunningham 


I'(1+ 4v)e*k,(z) for z>0 Bateman 


Sine and Cosine Integral 
Sine and Cosine Integral 
Weber 

or 
Parabolic Cylinder 


13.6.21 w—te*(2z)-"K,(z) 

13.6.22 jrte Ie (e+) —2] (22)-2 (ay 
13.6.23 gate Ax (9 +4) — 2] (22) (aft 
13.6.24 a3—te*(2z)-*-1Ku44(2) 

13.6.25 xtz-! exp (3z*/2)2-2/335/6 Ai (2) 
13.6.26 i*a-teV* (2Viz)"[ker, z+ kei, z] 
13.6.27 (—1)"n!L& (2) 

13.6.28 e*I'(a, 2) 

13.6.29 —e~* Ei (z) 

13.6.30 e* E(x) 

13.6.31 —li@) 

13.6.32 P(1+4+-n—4m)e-"4"— ay, (2) 
13.6.33 

13.6.34 e*[—4ni+i Si (z) —Ci (2)] 
13.6.35 e~*[}ni—i Si (x) —Ci (2)] 
13.6.36 2-¥ e*7/4D, (2) 

13.6.37 23-¥e"4D, (z)/z * 

13.6.38 2-"Hy(x)ja * Hermite 
13.6.39 vx exp (z*) erfex 


13.7. Zeros and Turning Values 
If jo-1,, is the 7’th positive zero of J,_,(zx), then 
a first approximation X, to the r’th positive zero 
of M(a, b, x) is 


13.7.1 Xo=Ji-1..{1/(2b—4a)+ O(1/(4b—a)?) } 


13.7.2 Re mit ey 


A closer approximation is given by 


13.7.3 Xi=X )—Mé@, b, Xo)/M’ (a, b, Xo) 


*See page I. 


Error Integral 


For the derivative, 


13.7.4 


M’ (a, b, X}) = 
M’ (a,b, X,) (1+ (6— Xo) AA) 


MG, 6, Xo)! 


If Xo is the first approximation to a turning value 
of M(a, 6, z), that is, to a zero of M’(a, 6, x) then 
a better approximation is 


XoM'(a, b, Xo) 


13.7.5 X= Xo tta, b, X) 
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The self-adjoint equation 13.1.1 can also be 
written 


d t) -, dw, _ b~1,—2, 
13.7.6 qa? ere J=az?-'e-*7w 


The Sonine-Polya Theorem 


The maxima and minima of |w| form an in- 
creasing or decreasing sequence according as 


—az-\e-% 
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is an increasing or decreasing function of z, that is, 
they form an increasing sequence for M(a, b, x) 
if a>0, r<b—} or if a<0, 2 >b—3, and a decreas- 
ing sequence if a>0 and z>b—} or if a<0 and 
r<cb—}. 

The turning values of |w| lie near the curves 


13.7.7 
w= £1 (b)a-"e*/?(3b2—az)t-¥{ 1—2/(2b—4a) }-4 


Numerical Methods 


13.8. Use and Extension of the Tables 
Calculation of M(a, b, x) 
Kummer’s Transformation 

Example 1. Compute M(.3, .2, —.1) to 7S. 
Using 13.1.27 and Tables 4.4 and 13.1 we have 
a=.3, b=.2 so that 

M(.3, .2, —.1)=e"1M(—.1, .2, .1) 
=.85784 90. 


Thus 13.1.27 can be used to extend Table 13.1 to 
negative values of z. Kummer’s transformation 
should also be used when a and 6 are large and 
nearly equal, for z large or small. 
Example 2. Compute M(17, 16,1) to 7S. 
Here a=17, b=16, and 
M(17, 16, 1)=e'M(—1, 16, —1) 
=2.71828 18X1.06250 00 
=2.88817 44, 
Recurrence Relations 


Example 3. Compute M(—1.3, 1.2, .1) to 7S. 
Using 13.4.1 and Table 13.1 we have a=—.3, 
b=.2 so that 


M(—1.3, .2,.1)=2[.7 M(—.3, .2, .1)—.3 M(.7,.2, .1)] 
=.35821 23. 
By 13.4.5 when a= — 1.3 and b=.2, 


M(—1.3, 1.2, .1)=[.26 M(—.3, .2, .1) 
— .24 M(—1.3, .2, .1)]/.15 


= .89241 08. 
Similarly when a=—.3 and b=.2 
M(—.3, 1.2, .1)=.97459 52. 
Check, by 13.4.6, 


M(—1.3, 1.2, :1)=[.2 M(—.3, .2, .1) 
+1.2 M(—.3, 1.2, .1)]/1.5 


= 89241 08. 


In this way 13.4.1-13.4.7 can be used together 
with 13.1.27 to extend Table 13.1 to the range 


—10<a<10, —10<b<10, —10<z<10. 


This extension of ten units in any direction is 
possible with the loss of about 1S. All the re- 
currence relations are stable except i) if a<0, d<0 
and |a|>|b|, z>0, or ii) b<a, 5<0, |b—a/>|dj, 
z<0, when the oscillations may become large, 
especially if |x| also is large. 

Neither interpolation nor the use of recurrence 
relations should be attempted in the strips 
b=—n+.1 where the function is very large nu- 
merically. In particular M(a, 6,2) cannot be 
evaluated in the neighborhood of the points 
a=—m, b=—n, m<n, as near these points 
small changes in a, 6 or x can produce very large 
changes in the numerical value of M(a, 6, x). 


Example 4. At the point (—1,—1,z), M(a, b,z) 
is undefined. 
When a=—1, M(—1, 6, 2)=1—F for all x. 
Hence lim M(—1, 6,z)=1+2. But M(,b,2)=e 

-1 
for all z, when a=b. Heace lim M(, b, z)=é. 
-1 

In the first case >>—1 along the line a= —1, and 
in the second case b—>—1 along the line a=b. 


Derivatives 


Example 5. To evaluate M’(—.7, —.6, .5) to 
7S. By 13.4.8, when a=—.7 and b= —.6, we have 


M’'(—.7, —.6, =i M3, A, .5) 


= 1.724128. 
Asymptotic Formulas 


For z>10, a and } small, M(a, 6, xz) should be 
evaluated by 13.5.1 using converging factors 
13.5.3 and 13.5.4 to improve the accuracy if 
necessary. 
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Example 6. Calculate M(.9, .1, 10) to 7S, 


using 13.5.1. 


N 


T(1) sopa.g So (=-8) 0 Dn )—N 


=—.198(.869) + 1237253(.99190 285) 
+0(1) 
=1227235.23—.17+O(1) 


=1227235-+ O(1) 
Check, from Table 13.1, M(.9, .1, 10) =1227235. 


To evaluate M(a, 6, x) with a large, x small and b 


small or large 13.5.13-14 should be used. 
Example 7. Compute M(—52.5, .1, 1) to 38, 


using 13.5.14. 
M(—52.5, .1, 1)=T(.1)e*(.05 +52.5):%--% 
.5642 cos [(.2—4(—52.5)) >— 052+ .257] 
[1+ 0((.05+52.5)—-*)]= — 16.34 + O(.2) 
By direct application of a recurrence relation, 
M(—52.5, .1, 1) has been calculated as — 16.447. 


To evaluate M(a, 6, x) with x, a and/or 6 large, 
13.5.17, 19 or 21 should be tried. 


Example 8. Compute M(—52.5, 
13.5.21 to 3S, cos @=-+1/210.2. 
M(—52.5, .1, 1) 

=T(.1)e!-! 9" ¢(105.1 cos 6}!--1.5641 
52.5574 sin 26-#sin (—52.57) 
+sin {52.55(20—sin 26)+37} 
+0((52.55)~)]= — 16.47 + O(.02) 


.1, 1) using 


A full range of asymptotic formulas to cover all 
possible cases is not yet known. 


Calculation of U(a, b, x) 


For —10<z<10, —10<a<10, —10<d<10 
this is possible by 13.1.3, using Table 13.1 and the 
recurrence relations 13.4.15-20. 

Example 9. Compute U(1.1, .2, 1) to 5S. 
Using Tables 13.1, 4.12 and 6.1 and 13.1.3, we 
have 


U(1, 2, D= 
r Ma, 2,1) _ M(.9,1.8,1) 
sin (27) ‘T(.9)F(.2)  T(C.1)TG.8) i 
But M(.9, 1.8, 1)=.8[M(.9, .8, 1)—M(—.1, .8, 1)] 
= 1.72329, using 13.4.4. 


Hence 
U(.1, .2, 1) =5.344799(.371765 —.194486) 
= .94752. 
Similarly 


U(—.9, .2, 1)=.91272. 
Hence by 13.4.15 


U(i.1, .2, 1)=[U(.1, .2, 1)—U(—.9, 2, 1)]/.09 
= 38664. 


Example 10. To compute U’(—.9 
5S. By 13.4.21 
U(—.9, —.8, 1)=.9U(.1, .2, 1) 


=(.9)(.94752) 
=.85276. 


, —.8, 1) to 


Asymptotic Formulas 


Example 11. To compute U(1, .1, 100) to 5S. 


By 13.5.2 
1.9 1.9 2.9 
Ud, 1, 100) =755{1— 100+ 100 100 
1.9 2.9 3.9 . 
700 100 1007 200" *)}- 


=.01 {1—.019+ .000551 — .000021 


+0(10-*)}, 
=.00981 53. 


Example 12. To evaluate U(.1, .2, .01). For 
z small, 13.5.6-12 should be used. 
r(1—.2) 
T.1—.2) 


_T(.8) 
~ T¢9) 


=1.09 to 3S, by 13.5.10. 


U(.1, .2, .01)= +0((.01)!>-2) 


Tay t OU(.01)-*) 


To evaluate U(a, 6, x) with a large, x small and 
6 small or large 13.5.15 or 16 should be used. 

To evaluate U(a, 6, x) with z, a and/or 6 large 
13.5.18, 20 or 22 should be tried. In all these 
cases the size of the remainder term is the guide to 
the number of significant figures obtainable. 


Calculation of the Whittaker Functions 


Example 13. Compute M o,_.4(1) and Wo, —4(1) 
to 5S. By formulas 13.1.32 and 13.1.33 and 
Tables 13.1, 4.4 


Mo. _a(1) =e *M(.1, 2, 1) =1.10622, 
Wo,-4(1)=e75U(.1, 2, 1)=.57469. 
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Thus the values of M,,(z) and W,,,(z) can 
always be found if the values of M(a, b, x) and 
U(a, 6, x) are known. 


13.9. Calculation of Zeros and Turning Points 


Example 14. Compute the smallest positive 
zero of M(—4, .6,z). This is outside the range of 


Table 13.2. Using 13.7.2 we have, as a first 
approximation 
__ (557)? | 
Xo= 17.2 =.174. 


Using 13.7.3 we have 
Xi=X)—M(—4, 6, Xo)/M’(—4, .6, Xo). 
But, by 13.4.8, 
M’(—4, .6, Xo)=—(.15)-'M(—3, 1.6, Xo) 
Hence 
X= Xot+ .15M(—4, .6, Xo)/M(—3, 1.6, Xo), 


=.174+ (.15) (.030004) 
=.17850 as a second approximation. 


If we repeat this calculation, we find that 


&,=X,+.00002 99=.17852 99 to 7S. 


Calculation of Maxima and Minima 


Example 15. Compute the value of z at which 
M(—1.8, —.2,2) hasa turning value. Using 13.4.8 
and Table 13.2, we find that M’(—1.8, —.2,z) 
=9M(—.8, .8, z)=0 when z=.94291 59. 
Also M’’(-1.8, —.2, z)=9M’(—.8, .8, z)= 
—9M(.2, 1.8, z) and M(.2, 1.8, .94291 59)>0. 
Hence M(-1. 8, —.2, 2) has a maximum in z when 
z=.94291 59. 

Example 16. Compute the smallest positive 
value of z for which M(—3, .6, x) has a turning 
value, X;. This is outside the range of Table 13.2. 
Using 13.4.8 we have 


M’'(—3, .6, 1) =—3M(—2, 1.6, 2)/.6. 
By 13.7.2 for M(—2, 1.6, 2), 
Xo=(1.05r)?/(11.2) =.9715. 
This is a first approximation to X94 for M(—3, .6, 2). 


Using 13.7.5 and 13.4.8 we find a second approxi- 
mation 
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M’(—3, .6, Xo) 
—3M(—3, .6, Xo) 


=X [1—M(—2, 1.6, Xo)/.6M(—3, .6, Xo)] 
=.9715 X1.0163=.9873 to 4S. 


Verne 


This process can be repeated to give as many 
significant figures as are required. 
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Fieure 13.1. 


Figure 13.1 shows the curves on which M(a, 6, z) 
=0 in the a, b plane when z=1. The function is 
positive in the unshaded areas, and negative in the 
shaded areas. The number in each square gives 
the number of real positive zeros of M(a, b, z) as a 
function of z in that square. The vertical 
boundaries to the left are to be included in each 
square, 

13.10. Graphing M(a, b, x) 


Example 17. Sketch M(—4.5, 1, 2). Firstly, 
from Figure 13.1 we see that the function has 
five real positive zeros. From 13.5.1, we find 
that M—-—o, M’->—o as z->+o and that 
M+, M’>+o as z>—o. By 13.7.2 we 
have 4s first approximations to the zeros, .3, 1.5,3.7, 
6.9, 10.6, and by 13.7.2 and 13.4.8 we find as first 
approximations to the turning values .9, 2.8, 5.8, 
9.9. From 13.7.7, we see that these must lie near 
the curves 


y= tei (52)~-#(1—2/11) ~tr - 3. 


From these facts we can form a rough graph of 
the behavior of the function, Figure 13.2. 
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Figure 13.2. M(—4.5, 1, 2). 


(From F, G. Tricomi, Funzioni, ipergeometriche confluenti, Edizioni. 
Cremonese, Rome, Italy, 1954, with permission.) 
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4 “8 ce 
3 -8 
2 -I0 
1 ° 
0 - Ficure 13.4. M(a, .5, 2). 
5 I 1.5 2 2.5 (From E. Jahnke and F. Emde, Tables of functions, Dover Publications, 
M Inc., New York, N.Y., 1945, with permission.) 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 
z=0.1 
a\b 0.1 0.2 0.3 0.4 0.5 


0.00000 00 -1) 5.00000 00 -1) 6.66666 67 -1) 7.50000 00 ~1) 8.00000 00 
-2) 9.58364 34 -1) 5.48093 23 ~1) 6.98827 46 -1) 7.74183 96 ~1) 8.19391 07 
-1) 1.92586 25 ~1) 5.96605 00 -1) 7.31245 77 -1) 7.98547 23 -1) 8.38915 99 
~1) 2.90253 86 -1) 6.45537 25 -1) 7.63922 74 -1) 8.23090 56 -1) 8.58575 33 
-1) 3.88843 71 -1) 6.94891 92 -1) 7.96859 49 ~1) 8.47814 73 ~1) 8.78369 61 


-1) 4.88360 25 -1) 7.44670 94 -1) 8.30057 19 -1) 8.72720 49 -1) 8.98299 40 
-1) 5.88807 94 -1) 7.94876 28 -1) 8.63516 97 -1) 8.97808 60 ~1) 9.18365 22 
-1) 6.90191 26 ~1) 8.45509 89 -1) 8.97239 98 -1) 9.23079 84 -1) 9.38567 64 
~1) 7.92514 70 ~1) 8.96573 73 -1) 9.31227 38 -1) 9.48534 97 -1) 9.58907 21 
-1) 8.95782 77 -1) 9.48069 78 -1) 9.65480 34 ~1) 9.74174 76 -1) 9.79384 48 


1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


e 


rFOoOOooo ooocoe So OOoo°ce oooor 
OD ONSA nN PWR ee =) MPMwWpu Ow OOO 
- 
i=) 
— 


. 0) 1.10517 09 0) 1.05236 64 0) 1.03478 75 0) 1.02601 15 0) 1.02075 43 
. 0) 1.21130 01 0) 1.10517 09 0) 1.06984 41 0) 1.05220 99 0) 1.04164 80 
. 0) 1.31839 21 0) 1.15841 56 0) 1.10517 09 0) 1.07859 61 0) 1.06268 16 
. 0) 1.42645 14 0) 1.21210 24 0) 1.14076 91 0) 1.10517 09 0) 1.08385 58 
° 0) 1.53548 28 0) 1.26623 34 0) 1.17663 99 0) 1.13193 51 0) 1.10517 09 
. 0) 1.64549 07 0) 1.32081 05 0) 1.21278 44 0) 1.15888 93 0) 1.12662 77 
. 0) 1.75647 99 0) 1.37583 59 0) 1.24920 38 0) 1.18603 45 0) 1.14822 66 
° 0) 1.86845 49 0) 1.43131 14 0) 1.28589 94 0) 1.21337 14 0) 1.16996 83 
° 0} 1.98142 05 0) 1.48723 92 0) 1.32287 23 0) 1.24090 08 Q) 1.19185 34 
. 0) 2.09538 12 0) 1.54362 12 0) 1.36012 38 0) 1.26862 36 0) 1.21388 22 
a\b 0.6 0.7 0.8 0.9 1.0 


-1.0 -1) 8.33333 33 -1) 8.57142 86 -1) 8.75000 00 -1) 8.88888 89 -1) 9.00000 00 
-0.9 -1) 8.49524 54 -1) 8.71045 21 -1) 8.87183 35 -1) 8.99733 47 -1) 9.09772 21 
-0.8 ~1) 8.65820 31 -1) 8.85031 91 -1) 8.99436 39 -1) 9.10636 73 -1) 9.19594 59 
-0.7 -1) 8.82221 06 -1) 8.99103 26 -1) 9.11759 38 ~-1) 9.21598 87 -1) 9.29467 31 
-1) 8.98727 18 ~1) 9.13259 59 -1) 9.24152 56 -1) 9.32620 11 -1) 9.39390 52 


-1) 9.15339 10 -1) 9.27501 22 -1) 9.36616 18 -1) 9.43700 64 -1) 9.49364 42 
-1) 9.32057 22 -1) 9.41828 47 -1) 9.49150 52 -1) 9.54840 68 -1) 9.59389 16 
-1) 9.48881 96 -1) 9.56241 64 -1) 9.61755 81 -1) 9.66040 42 -1) 9.69464 91 
-1) 9.65813 72 ~1) 9.70741 08 -1) 9.74432 32 -1) 9.77300 09 -1) 9.79591 86 
-1) 9.82852 93 -1) 9.85327 09 -1) 9.87180 29 -1) 9.88619 88 ~-1) 9.89770 16 


( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


roooo Coeeo oO oooo°o 
ouoane WPwWN eH oO HPNW Du oa 


. 0) 1.01725 53 0) 1.01476 01 0) 1.01289 17 0) 1.01144 07 0) 1.01028 15 

0) 1.03461 94 0) 1.02960 78 0) 1.02585 56 Q) 1.02294 21 0) 1.02061 50 
° 0) 1.05209 25 0) 1.04454 34 0) 1.03889 21 0) 1.03450 45 0) 1.03100 04 
° 0) 1.06967 52 0) 1.05956 71 0) 1.05200 13 0) 1.04612 80 0) 1.04143 81 
. 0) 1.08736 79 0) 1.07467 94 0) 1.06518 35 0) 1.05781 30 0) 1.05192 82 
. 0) 1.10517 09 0) 1.08988 06 0) 1.07843 90 0) 1.06955 95 0) 1.06247 09 
. 0) 1.12308 48 0) 1.10517 09 0) 1.09176 81 0) 1.08136 79 0) 1.07306 64 
le 0) 1.14110 98 0) 1.12055 08 0) 1.10517 09 0) 1.09323 83 0) 1.08371 47 
. 0) 1.15924 65 0) 1.13602 05 0) 1.11864 79 0) 1.10517 09 0) 1.09441 62 
. 0) 1.17749 53 0) 1.15158 03 0) 1.13219 91 0) 1.11716 60 0) 1.10517 09 


For 0<2z<1, linear interpolation in a, b or z provides 3-4S. Lagrange four-point interpolation gives 7S in a, b or x over 
most of the table, but the Lagrange six-point formula is needed over the range 1<r<10. Any interpolation formula 
can be reapplied to give two dimensional interpolates in a and b,a andzorbandz. This calculation can be checked 
by being repeated in a different order. 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 
z=0.2 
a\b 0.1 0.2 0.3 0.4 0.5 
-l. 0)-1.00000 00 0.00000 00 -1) 3.33333 33 ~1) 5.00000 00 -1) 6.00000 00 


-1) -8,16955 02 
pee 72 
~1)-4,39817 97 
-1) -2.45653 39 


“1 ~4.77093 96 


9.22415 48 -1) 3.95232 64 -1) 5.46684 38 -l 
1.86164 63 -1) 4.58166 34 -1) 5.94088 89 -1 
2.81785 03 -1) 5.22143 72 -1) 6.42219 72 -1 
3.79118 64 ~1) 5.87174 11 ~-1) 6.91083 10 -1 


} | 6.37527 43 
| 4.78181 44 ~1) 6.53266 92 -1) 7.40685 28 : 7.93056 84 


6.75592 38 
7.14199 30 
7.53352 62 


-1)+1.54050 87 
3.59664 50 


5.78989 52 -1) 7.20431 59 -1) 7.91032 56 -1) 8.33316 46 
6.81559 07 -1) 7.88677 63 ~-1) 8.42131 28 ~1) 8.74136 01 


-1 


7.85906 39 -1) 8.58014 62 -1) 8.93987 82 -1) 9,15520 06 


-1) 5.69168 81 
-1) 7.82601 37 8.92047 86 (-1) 9.28452 18 (-1) 9.46608 57 (-1) 9.57473 18 


( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


KFOoOOoo°o ooooo hd ooooo Qooor 
oDana WPWNH oO MMW hu anwworvso 


0} 1.22140 28 1.10977 94 1.07266 78 1.05416 86 1.04310 51 
0) 1.44684 80 1.22140 28 1.14646 55 1.10912 09 1.08679 33 
0) 1.67637 41 1.33488 69 1.22140 28 1.16486 34 1.13106 91 
0} 1.91002 01 1.45024 87 1.29748 97 1.22140 28 1.17593 74 
0) 2.14782 49 1.56750 53 1.37473 61 1.27874 56 1.22140 28 


2.38982 79 1.68667 37 1.45315 23 1.33689 87 1.26747 01 
2.63606 85 1.80777 12 1.53274 81 1.39586 86 1.31414 41 
2.88658 67 1.93081 51 1.61353 39 1.45566 22 1.36142 97 
3.14142 25 2.05582 28 1.69551 97 1.51628 63 1.40933 17 
3.40061 61 2.18281 20 1.77871 60 1.57774 76 1.45785 51 


ee @ 


OoOo0o000 OOoOCoo 


oOoo°00o 

eooo0o90 ooo°oeo 
SNe 
oOoo°oo ooo°0o°o 
Qoooooeo ooo0oo 


a\b 0.6 0.7 0.8 0.9 1.0 
=) 6.66666 67 -1) 7.14285 71 -1) 7.50000 00 -1) 7.77777 78 -1) 8.00000 00 


6.98070 53 -1) 7.41302 26 -1) 7.73716 33 -1) 7.98920 01 -1) 8.19077 41 
7.29894 21 -1) 7.68657 38 -1) 7.97712 40 -1) 8.20297 76 -1) 8.38356 13 


-1) 7.62141 04 ~1) 7.96353 68 -1) 8.21990 25 -1) 8.41912 68 ~-1) 8.57837 54 
-1) 7.94814 35 -1) 8.24393 73 ~-1) 8.46551 94 ~-1) 8.63766 45 -1) 8.77523 03 


-1) 8.27917 51 -1) 8.52780 14 ~-1) 8.71399 57 -1) 8.85860 76 -1) 8.97413 99 
-1) 8.61453 89 -1) 8.81515 54 -1) 8.96535 20 -1) 9.08197 30 -1) 9.17511 81 
~-1) 8.95426 91 -1) 9.10602 57 -1) 9.21960 95 -1) 9.30777 78 -1) 9.37817 91 
-1) 9.29839 97 -1) 9.40043 88 -1) 9.47678 92 -1) 9.53603 91 -1) 9.58333 69 
-1) 9.64696 51 -1) 9.69842 13 -1) 9.73691 22 -1) 9.76677 40 -1) 9.79060 58 


( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


1.03575 39 
1.07196 17 
1.10862 70 
1.14575 32 
1.18334 39 


1.22140 28 
1.25993 33 
1.29893 91 
1.33842 39 
1.37839 12 


1.03052 02 1.02660 74 1.02115 34 
1.06140 54 1.04252 22 
1.09265 84 1.06410 78 
1.12428 18 1.08591 18 
1.15627 85 1.10793 56 


1.18865 12 1.13018 06 
1.22140 28 1.15264 83 
1.25453 59 1.17534 02 
1.28805 34 1.19825 79 
1.32195 81 1.22140 28 


1.05351 56 
1.08072 66 
1.10824 29 
1.13606 64 


0 
0 
0 
0 
0 
1.16419 94 0 
0 
0 
0 
0 


1.07147 98 
1.09581 63 
1.12041 07 


1.14526 47 
1.17038 02 
1.19575 89 
1.22140 28 
1.24731 35 


1.19264 41 
1.22140 28 
1.25047 76 
1.27987 08 


MrMOoOOOCOO ooo0oo ° oo°ceo oooor 
ovouane WS WwWN Fe Q MMW pu aOn~wowoo 


ocooo eoo°oo 
OoOoooo e000co 


1.02357 34 
1.04739 95 
) 


oooo°co ooo°oo 
Sees nr 
Qooo0o00o ooooeo 


e 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION Ma, b, x) 
x=0.3 
a\b 0.1 0.2 0.3 0.4 0.5 
-1.0 0)-2.00000 00 -1)-5.00000 00 0.00000 00 -1) 2.50000 00 -1) 4.00000 
-0.9 0) -1.73884 94 -1) -3.67762 19 ~2) 8.90939 59 -1) 3.17420 35 ~1) 4.54351 
-0.8 0) ~1.46940 36 ~1)-2.31724 76 -1) 1.80524 85 -1) 3.86467 39 ~1) 5.09916 
-0.7 0)-1.19153 81 ~2) -9,18332 95 -1) 2.74324 64 ~l) 4.57162 39 -1) 5.66711 
-0.6 -1)-9.05127 09 -2)+5.19671 16 -1) 3.70525 58 -1) 5.29526 85 ~1) 6.24750 
-0.5 -1)-6.10043 44 ~-1) 1.99731 93 -1) 4.69160 23 -1) 6.03582 44 -1) 6.84049 
~0.4 -1)-3.06158 84 -1) 3.51517 11 -1) 5.70261 46 ~-1) 6.79351 05 -1) 7.44624 
~0.3 -3)+6.65629 62 -1) 5.07379 19 -1) 6.73862 42 -1) 7.56854 74 -1) 8.06491 
-0.2 -1) 3.28532 83 -1) 6.67375 21 -1) 7.79996 60 -1) 8.36115 78 -1) 8.69665 
-0.1 -1) 6.59602 92 -1) 8.31562 77 -1) 8.88697 76 -1) 9.17156 65 -1) 9.34162 
0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 
0.1 0) 1.34985 88 0) 1.17274 56 0) 1.11393 77 0) 1.08466 87 0) 1.06719 
0,2 0) 1.70931 54 0) 1.34985 88 0) 1.23054 56 0) 1.17118 59 0) 1.13575 
0.3 0) 2.07850 71 0) 1.53139 94 0) 1.34985 88 0) 1.25957 47 0) 1.20571 
0.4 0) 2.45757 28 0) 1.71742 78 0) 1.47191 26 0) 1.34985 88 0) 1.27707 
0.5 0) 2.84665 23 0) 1.90800 49 0) 1.59674 26 0) 1.44206 18 0) 1.34985 
0.6 0) 3.24588 71 0) 2.10319 22 0) 1.72438 49 0) 1.53620 75 0) 1.42408 
0.7 0) 3.65541 99 0) 2.30305 18 0) 1.85487 58 0) 1.63232 02 0) 1.49976 
0.8 0) 4.07539 50 0) 2.50764 63 0) 1.98825 19 0) 1.73042 41 0) 1.57691 
0.9 0) 4.50595 77 0) 2.71703 89 0) 2.12455 03 0) 1.83054 38 0) 1.65556 
1.0 0) 4.94725 50 0) 2.93129 36 0) 2.26380 82 0) 1.93270 41 0) 1.73572 
a\b 0.6 0.7 0.8 0.9 1.0 

~1.0 -1) 5.00000 00 -1) 5.71428 57 -1) 6.25000 00 -1) 6.66666 67 -1) 7.00000 
-0.9 -1) 5.45594 63 ~-1) 6.10737 55 -1) 6.59572 25 -1) 6.97537 97 -1) 7.27897 
~0.8 -1) 5.92137 29 -1) 6.50811 03 -1) 6.94776 02 -1) 7.28940 91 -1) 7.56249 
~0.7 ~1) 6.39639 42 -1) 6.91657 86 -1) 7.30618 39 -1) 7.60881 20 -1) 7.85061 
-0.6 -1) 6.88112 54 -1) 7.33287 00 -1) 7.67106 45 ~-1) 7.93364 63 -1) 8.14336 
-0.5 -1) 7.37568 28 -1) 7.75707 44 -1) 8.04247 38 -1) 8.26397 01 -1) 8.44079 
-0.4 ~l1) 7.88018 36 -1) 8.18928 28 ~-l1) 8.42048 41 -1) 8.59984 20 -1) 8.74297 
-0,3 -1) 8.39474 59 -1) 8.62958 68 ~1) 8.80516 81 -1) 8.94132 11 -1) 9.04993 
-0.2 -1) 8.91948 91 ~1) 9.07807 88 -1) 9.19659 93 -1) 9.28846 71 -1) 9.36172 
-0,1 ~1) 9.45453 34 -1) 9.53485 19 -1) 9.59485 17 ~1) 9.64133 99 -1) 9.67839 
0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 
0.1 0) 1.05560 11 0) 1.04736 18 0) 1.04121 19 0) 1.03645 08 0) 1.03265 
0.2 0) 1.11226 90 0) 1.09558 01 0) 1.08312 85 0) 1.07349 27 0) 1.06582 
0.3 0) 1.17001 62 0) 1.14466 45 0) 1.12575 75 0) 1.11113 16 0) 1.09949 
0.4 0) 1.22885 51 0) 1.19462 48 0) 1.16910 65 0) 1.14937 40 0) 1.13367 
0.5 0) 1.28879 84 0) 1.24547 07 0) 1.21318 32 0) 1.18822 61 0) 1.16837 
0.6 0) 1.34985 88 0) 1.29721 20 0) 1.25799 56 0) 1.22769 42 0) 1.20360 
0.7 0) 1.41204 93 0) 1.34985 88 0) 1.30355 15 0) 1.26778 47 0) 1.23936 
0.8 0) 1.47538 27 0) 1.40342 10 0) 1.34985 88 0) 1.30850 41 0) 1.27565 
0.9 0) 1.53987 22 0) 1.45790 88 0) 1.39692 56 0) 1.34985 88 0) 1.31248 
1.0 0) 1.60553 08 0) 1.51333 23 0) 1.44475 99 0) 1.39185 54 0) 1.34985 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 519 
CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 


z=0.4 
0.1 0.2 0.3 0.4 0.5 


0)-3.00000 00 0)-1.00000 00 -3.33333 33 0.00000 00 -1} 2.00000 00 
0)-2.67035 54 ~1)-8.32139 43 -2.19718 27 -2) 8.63057 33 ~1) 2.69801 05 
0)-2.32590 02 -1)-6.57495 96 ~-1.01932 12 ~-1) 1.75514 40 -1) 3.41768 30 
0) -1.96633 24 -1)-4.75937 91 -2)+2.01024 24 -1) 2.67677 48 -1) 4.15938 56 
0)-1.59134 63 -1)-2.87331 90 1.46463 65 -1) 3.62847 08 -1) 4.92349 10 


0)-1.20063 19 -2)-9.15428 01 
-1)-7.93875 31 ~-1)+1.11566 21 
~1) ~3.70758 28 -1) 3.22133 74 
~2)+6.90415 20 -1) 5.40300 15 
~1) 5.25850 66 -1) 7.66207 59 8.45979 18 -1) 8.85661 23 ~-1) 9.09340 66 


( 
0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( G) 1.00000 00 ( 0) 1.00000 00 
1.49182 47 1.24182 32 1.15892 34 1.11772 81 1.09317 29 
1.32283 59 


2.77230 84 -1) 4.61075 95 ~1) 5.71037 59 
4.12484 23 ~1) 5.62417 45 -1) 6.52042 19 
5.52305 08 -1) 6.66925 61 ~-1) 7.35401 47 
6.96775 63 -1) 7.74655 09 -1) 8.21154 46 


2.00166 43 1.49182 47 1.23890 28 1.18890 02 
2.52986 27 1.75015 41 1.36358 21 1.28722 33 
3.07676 82 2.01696 26 1.49182 47 1.38818 41 
3.64273 38 2.29240 35 1.62369 00 1.49182 47 


2.57663 20 1.75923 82 1.59818 80 
2.86980 51 1.89852 99 1.70731 73 
3.17208 18 2.04162 67 1.81925 64 
3.48362 30 2.18859 08 1.93404 94 
3.80459 19 2.33948 51 2.05174 12 


1.49182 47 
1.66597 84 
1.84538 67 


2.03014 00 
2.22033 03 
2.41605 02 
2.61739 39 
2.82445 63 


4.22811 68 
4.83327 91 
5.45858 73 
6.10441 27 
6.77113 12 


Qooooo oo°o°oo 


QOoooo0o oooocoe 
eocoooo0o ceo°co9c 
ooo°o°o oooo00o 
ooooo ooo0oo 


-1) 8.52000 13 -1) 8.73924 56 
-1) 9.25039 46 ~-1) 9.36191 40 


( 0) 1.00000 00 ( 0) 1.00000 00 


8.90289 30 ~1) 9.02958 86 -1) 9.13049 86 
9.44510 72 -1) 9.50948 02 -1) 9.56072 51 


1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


0.6 0.7 0.8 0.9 1.0 
~-1) 3.33333 33 -1) 4.28571 43 -1) 5.00000 00 ~-1) 5.55555 56 -1) 6.00000 00 
-1) 3.92050 85 ~1) 4.79315 51 ~1) 5.44722 84 -1) 5.95564 45 -1) 6.36214 28 
-1) 4.52459 74 -1) 5.31423 36 -1) 5.90572 12 ~-1) 6.36521 50 -1) 6.73238 89 
-1) 5.14587 62 -1) 5.84916 36 ~1) 6.37564 87 ~-1) 6.78440 52 ~-1) 7.11085 21 
-1) 5.78462 40 -1) 6.39816 17 -1) 6.85718 29 -1) 7.21335 46 -1) 7.49764 78 
-1) 6.44112 32 ~1) 6.96144 64 -1) 7.35049 77 -1) 7.65220 44 -1) 7.89289 21 
-1) 7.11565 94 -1) 7.53923 92 -1) 7.85576 88 -1) 8.10109 70 -1) 8.29670 27 
-1) 7.80852 14 -1) 8.13176 35 ~-1) 8.37317 41 -1) 8.56017 66 -1) 8.70919 82 


Fae alias caliente rain catia etn eaten “cal ants cia TE cam teat alien ae a a a alae 
oOo 
~— 


0) 1.07691 20 0) 1.06537 37 0) 1.05677 57 0) 1.05012 98 0) 1.04484 47 
0) 1.15580 59 0) 1.13233 62 0) 1.11485 65 0) 1.10135 26 0) 1.09061 91 
0) 1.23671 28 0) 1.20091 13 0) 1.17426 15 0) 1.15368 38 0) 1.13733 58 
0) 1.31966 37 0) 1.27112 31 0) 1.23500 97 0) 1.20713 88 0) 1.18500 76 
0) 1.40469 04 0) 1.34299 62 0) 1.29712 04 0) 1.26173 33 0) 1.23364 74 
0) 1.49182 47 0) 1.41655 50 0) 1.36061 33 0) 1.31748 31 0) 1.28326 80 
0) 1.58109 90 0) 1.49182 47 0) 1.42550 81 0) 1.37440 41 0) 1.33388 28 
0) 1.67254 59 0) 1.56883 03 0) 1.49182 47 0) 1.43251 25 0) 1.38550 48 
0) 1.76619 84 0) 1.64759 75 0) 1.55958 33 0) 1.49182 47 0) 1.43814 76 
0) 1.86208 99 0) 1.72815 18 0) 1.62880 44 0) 1.55235 70 0) 1.49182 47 


520 


Table 13.1 
a\b 0.1 
-1.0 ( 0)-4,00000 
~0.9 3 -3.61201 
~0.8 0) -3.20079 
-0.7 4 -2.76573 
-0.6 0) -2.30622 
-0.5 0) -1.82163 
-0.4 0) -1.31133 
-0.3 ~1)-7.74681 
-0,2 -1) -2.11019 
-0.1 -1)+3,80315 
0.0 ( 0) 1.00000 
0.1 0) 1.64872 
0.2 0) 2.32717 
0.3 0) 3.03607 
0.4 0) 3.77614 
0.5 0) 4.54811 
0.6 0) 5.35272 
0.7 0) 6.19073 
0.8 0) 7.06291 
0.9 0) 7.97004 
1.0 0) 8.91291 
a\b 0.6 
-1.0 -1) 1.66666 
~0.9 -1) 2.37390 
-0.8 -1) 3.10765 
-0.7 -1) 3.86848 
-0.6 -1) 4.65693 
-0.5 ~1) 5.97357 
~0.4 -1) 6.31897 
-0.3 -1), 7.19372 
-0.2 -1) 8.09841 
-0.1 -1) 9.03363 
0.0 ( 0) 1.00000 
0.1 0) 1.09981 
0.2 0) 1.20286 
0.3 0) 1.30921 
0.4 0) 1.41892 
0.5 0) 1.53207 
0.6 0) 1.64872 
0.7 0) 1.76892 
0.8 0) 1.89276 
0.9 0) 2.02030 
1.0 0) 2.15161 


CONFLUENT HYPERGEOMETRIC FUNCTIONS 


CONFLUENT HYPERGEOMETRIC FUNCTION Ma, b, x) 


ooo00oo ooo°oco 


ee 


eee 


0.2 


-1,50000 
~1,30112 
-1,09161 
~8.71196 
-6.39608 


~-3.96579 
~1.41832 
+1.24911 
4.03938 
6.95536 


1.00000 


1.31762 
1.64872 
1.99359 
2.35254 
2.72590 


3.11399 
3.51714 
3.93567 
4.36993 
4.82026 


0.7 


2.85714 
3.46998 
4.10420 
4.76023 
5.43849 


6.13943 
6.86349 
7.61111 
8.38276 
9.17890 


1.00000 


1.08465 
1.17189 
1.26178 
1.35435 
1.44966 


z=0.5 


ooooo oooo0oo 


ooooo oo0o00o 


0.3 


-6,66666 
~5.31342 
-3.89475 
-2.40912 
~8.54965 


+7.69319 


2.46534 
4.23474 
6.07918 
8.00036 


1,00000 


1.20798 
1.42416 
1.64872 
1.88183 
2.12369 


2.37449 
2.63441 
2.90364 
3.18240 
3.47086 


0.8 


3.75000 
4.29138 
4.85042 
5.42745 
6.02283 


6.63689 
7.26999 
7.92248 
8.59474 
9.28712 


1.00000 


1.07337 
1.14887 
1.22654 
1.30640 
1.38852 


1.47291 
1.55963 
1.64872 
1.74021 
1.83415 


-1) 


ooo0o0o ooo0o°o 


SoOo0o0oeo C0000 


0.4 


-2.50000 
-1.46751 
-3,89499 
+7.35066 


1.90722 


3.12803 
4.39857 
5.71992 
7.09319 
8.51950 


1.00000 


1.15358 
1.31281 
1.47782 
1.64872 
1.82563 


2.00868 
2.19799 
2.39370 
2.59593 
2.80482 


0.9 


4.44444 
4.92975 
5.42992 
5.94522 
6.47594 


7.02236 
7.58475 
8.16342 
8.75865 
9.37074 


1.00000 


1.06467 
1.13112 
1.19938 
1.26947 
1.34145 


1.41532 
1.49114 
1.56892 
1.64872 
1.73055 


oOooo°o ooo0o00o 


ooooo ooo0o°o 


0.5 


0.00000 
8.38114 
1.71019 
2.61697 
3.55920 


4.53763 
5.55303 
6.60617 
7.69784 
8.82884 


1.00000 


1.12121 
1.24660 
1.37626 
1.51027 
1.64872 


1.79169 
1.93928 
2.09159 
2.24869 
2.41068 


1.0 


5.00000 
5.44007 
5.89284 
6.35854 
6.83739 


7.32963 
7.83550 
8.35522 
8.88905 
9.43722 


1.00000 


1.05776 
1.11703 
1.17784 
1.24020 
1.30416 


1.36973 
1.43695 
1.50583 
1.57641 
1.64872 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 521 


CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 


z=0.6 
0.1 0.2 0.3 0.4 0.5 


0)-5.00000 00 0)-2,00000 00 0)-1.00000 00 -1)-5.00000 00 -1)-2.00000 00 
0) -4.56442 36 Q)-1.77497 83 ~1) -8,.45926 51 -1)-3.81848 50 -1)-1.03687 14 
0) ~4.09525 03 0)-1.53457 51 ~1) -6.82397 09 ~1)+2.57117 79 -3)-2.46606 50 
0) -3.59141 57 0)-1.27832 65 -1)-5.09139 76 -1)~1.25627 00 -1)+1.03792 44 
0) -3.05183 34 0)-1.00575 96 (-1)-3.25877 35 ~2)+1.28080 81 -1) 2.15219 91 


0) -2.47539 54 -1) -7.16392 12 ~1) -1.32327 40 -1) 1.58375 09 -1) 3.31950 22 
0) -1.86097 11 -1)-4,09732 38 ~2)+7.17978 94 -1) 3.11265 10 -1) 4.54119 67 
0)-1,.20740 73 ~2)-8.52791 51 ~1) 2.86791 75 -1) 4.71672 67 -1) 5.81866 96 
-1)-5.13527 80 -1)+2.57478 49 -1) 5.12952 90 -1) 6.39795 93 -1) 7.15333 26 
-1)+2.21866 89 -1) 6.19061 29 -1) 7.50585 66 -1) 8.15836 59 -1) 8.54662 21 


| 
( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 90 


1.82211 88 1.40083 55 1.26151 16 1.19249 52 1.15149 54 
2.68949 50 1.82211 88 1.53544 21 1.39353 51 1.30929 96 
3.60342 49 2.26441 16 1.82211 88 1.60333 61 1.47356 68 
4.56523 O1 2.72828 58 2.12187 52 1.82211 88 1.64445 34 
5.57625 77 3.21432 45 2.43505 08 2.05010 75 1.82211 88 


6.63788 04 3.72312 11 2.76199 12 2.28753 06 2.00672 51 
7.75149 76 4.25528 05 3.10304 83 2.53462 03 2.19843 71 
8.91853 48 4.81141 85 3.45858 04 2.79161 30 2.39742 24 
1.01404 45 5.39216 24 3.82895 20 3.05874 93 2.60385 15 
1.14187 08 5.99815 10 4.21453 44 3.33627 37 2.81789 78 


lan) ooo0oo 
ooo0°o ooo0o°o 
oooce ooo°o°o 
oOoooeo oooo0oa 
ooo0o aoo0o°0co 


0.6 0.7 0.8 0.9 1.0 


0.00000 00 -1) 1.42857 14 -1) 2.50000 00 -1) 3.33333 33 -1) 4.00000 00 
~2) 8.15612 80 -1) 2.13746 25 -1) 3.12786 69 -1) 3.89744 84 -1) 4.51255 49 
-1) 1.66954 03 -1) 2.87723 99 -1) 3.78124 01 -1) 4.48302 85 ~1) 5.04345 12 
-1) 2.56274 99 -1) 3.64865 28 -1) 4.46071 49 -1) 5.09055 63 -1) 5.59308 68 
~1) 3.49622 62 -1) 4.45246 33 -1) 5.16689 67 -1) 5.72052 24 -1) 6.16186 59 


~1) 4.47097 05 ~-1) 5.28944 63 -1) 5.90040 05 ~1) 6.37342 52 -1) 6.75019 92 
-1) 5.48800 20 -1) 6.16039 00 ~1) 6.66185 18 -1) 7.04977 12 -1) 7.35850 35 
-1) 6.54835 72 -1) 7.06609 56 -1) 7.45188 61 -1) 7.75007 48 -1) 7.98720 24 
-1) 7.65309 05 -1) 8.00737 79 -1) 8.27114 95 -1) 8.47485 87 -1) 8.63672 59 
-1) 8.80327 45 -1) 8.98506 53 -1) 9.12029 84 ~1) 9.22465 40 -1) 9.30751 06 


( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 


0) 1.12443 77 0) 1.10530 38 0) 1.09109 32 0) 1.08014 45 0) 1.07146 44 
0) 1.25375 32 0) 1.21450 50 0) 1.18537 84 0) 1.16295 44 0) 1.14519 01 
0) 1.38806 15 0) 1.32769 20 0) 1.28292 55 0) 1.24848 64 0) 1.22122 33 
0) 1.52747 91 0) 1.44495 47 0) 1.38380 56 0) 1.33679 79 0) 1.29961 13 
0) 1.67212 47 0) 1.56638 46 0) 1.48809 10 0) 1.42794 70 0) 1.38040 19 
0) 1.82211 88 0) 1.69207 45 0) 1.59585 51 0) 1.52199 31 0) 1.46364 36 
0) 1.97758 41 0) 1.82211 88 0) 1.70717 25 0) 1.61899 63 0) 1.54938 57 
0) 2.13864 53 0) 1.95661 34 0) 1.82211 88 0) 1.71901 75 0) 1.63767 83 
0) 2.30542 91 0) 2.09565 57 0) 1.94077 10 0) 1.82211 88 0) 1.72857 22 
0) 2.47806 43 0) 2.23934 48 0) 2.06320 72 0) 1.92836 31 0) 1.82211 88 


522 CONFLUENT HYPERGEOMETRIC FUNCTIONS 


Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION Ma, b, 


2=0.7 

0.2 0.3 0.4. 

.00000 00 ~-2.50000 00 0) -1.33333 33 
0 


-6 0 
5.52819 79 ( 0)-2.25396 47 -1,16362 83 
-5,01049 23 ( 0)-1.98691 64 (-1)-9.81007 12 
-4 0 
-3, 0 


a 
— 


-4,79194 


244515 47 -1.69810 26 ~1)-7,85028 60 
83041 49 


-3.30020 


-1.38675 31 ~1)-5.75241 82 -1.71267 


0) 
0 
0 
0 
0 
0) -1.05207 99 ~1)-3.51185 70 


-3.16446 06 
0) -2.44543 68 -6.93277 09 -1)-1.12388 92 


0 ~2.63083 
-1 
0)-1.67144 46 ~1) -3.09520 29 ~1)+1.41630 28 
-1 
-l 


+1.76203 


3.65553 


-8.40541 00 +1.00033 57 -1) 4.11364 25 
2)+4.92624 47 5.36246 53 -1) 6.97316 13 


1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 


5.65746 
) 
! 2.01375 27 1.49219 50 1.31994 11 


-7.50000 
~6.19090 


7.77115 


7 


1.23474 
1.48171 
1.74125 
2.01375 
2.29957 


3.09264 92 2.01375 27 1.65767 60 
4.23886 64 
5.45463 06 
6.74221 79 


8.10395 56 
9.54222 25 
1.10594 50 
1.26581 24 
1.43407 83 


2.56561 44 
3.14874 21 
3.76411 90 


4.41274 94 
5.09565 95 
5.81389 76 
6.56853 43 
7.36066 31 


2.01375 27 
2.38873 10 
2.78318 26 


3.19769 12 
3.63285 27 
4.08927 57 
4.56758 14 
5.06840 38 


oe 
OoOoo°0eo ooo0o0o 
Soe en ws 


2.59910 
2.91274 
3.24088 
3.58393 
3.94232 


Hee OO oo0o00oo 
ooo°co QIo0oo0o0o 


ooo0o ooo0o 


rPoOoCoOoo ooo°o9o So oo0o°0o0o oooocr 
ovane WRPWNe oO BNW Pu An wooo 


|g 
: 
3 


a\b 0.7 0.8 0.9 
-1.0 -1.66666 67 0.00000 00 -1) 1.25000 00 -1) 2.22222 
-0.9 -7,.54915 03 -2) 7.95165 75 -1) 1.95634 74 ~1) 2.85846 
-0.8 S +2.09154 67 -1) 1.63250 20 -1) 2.69751 66 -1) 3.52400 
-0.7 By 1.22710 86 -1) 2.51322 11 -1) 3.47447 03 {73 4.21962 
-0.6 2.30054 51 -]) 3.43855 96 -l1) 4.28819 01 -1) 4.94612 
-0.5 -1) 3.43109 52 -1) 4.40977 87 ~1) 5.13967 66 -1) 5.70431 
-0.4 -1) 4.62042 36 -1) 5.42816 47 -1) 6.02994 98 -1) 6.49501 
-0.3 -1) 5.87022 82 ~1) 6.49502 91 ~1) 6.96004 90 -1) 7.31906 
~0.2 -1) 7.18224 16 ba 7.61170 97 -1) 7.93103 40 -1) 8.17733 
-0,1 -1) 8.55823 13 -1) 8.77956 99 -1) 8.94398 42 -1) 9.07068 

0.0 ( 0) 1.00000 00° ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 
0.1 0) 1.15093 86 0) 1.12744 17 0) 1.11002 02 0) 1.09661 

0.2 0) 1.30882 66 0) 1.26042 67 0) 1.22457 33 0) 1.19701 

0.3 0) 1.47385 50 0) 1.39910 20 0) 1.34377 57 0) 1.30129 
0.4 0) 1.64621 90 0) 1.54361 79 0) 1.46774 58 0) 1.40953 
0.5 0) 1.82611 74 0) 1.69412 73 0) 1.59660 44 0) 1.52184 
0.6 0) 2.01375 27 0) 1.85078 59 0) 1.73047 46 0) 1.63831 

0.7 0) 2.20933 17 0) 2.01375 27 0) 1.86948 15 0) 1.75905 

0.8 0) 2.41306 50 0) 2.18318 94 0) 2.01375 27 0) 1.88416 

0.9 0) 2.62516 74 0) 2.35926 09 0) 2.16341 82 0) 2.01375 

1.0 0) 2.84585 75 0) 2.54213 50 0) 2.31861 02 0) 2.14791 


x) 


ooo0o°o oOoo0o°0o 


nee ne me eae ee ee ee 


ooooo ooo°0o°o 


| 
: 
: 


0.5 


-4,00000 
-2,.92768 
-1,78834 
-5.79886 
+6.99831 


2.05299 
3.48181 
4.98858 
6.57561 
8.24528 


1.18422 
1.37745 
1.57993 
1.79195 
2.01375 


2.24561 
2.48782 
2.74065 
3.00440 
3.27935 


1.0 


3.00000 
3.57936 
4.18377 
4.81385 
5.47027 


6.15369 
6.86479 
7.60426 
8.37280 
9.17114 


1.00000 


1.08601 
1.17522 
1.26772 
1.36357 
1.46286 


1.56566 
1.67207 
1.78216 
1,89603 
2.01375 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 


CONFLUENT HYPERGEOMETRIC FUNCTION M (a, b, x) 


0.1 


~7,00000 
-6,50401 
-5.94785 
-5.32888 
-4,64439 


-3,89159 
-3.06762 
-2.16953 
-1.19431 
-1,38863 


( 0)+1.00000 


Hee oO ooo0o0°o 


ooo0co oooo0o 


2.22554 
3.54111 
4.95014 
6.45617 
8.06281 


9.77377 
1.15928 
1.35239 
1.55710 
1.77383 


0.6 


-3.33333 
-2.33826 
-1.27465 
-1.40115 
+1,06779 


2.35156 
3.71375 
5.15699 
6.68394 
8.29734 


1.00000 


1.17947 
1.36846 
1.56724 
1.77614 
1.99547 


2.22554 
2.46668 
2.71923 
2.98352 
3.25992 


0.2 


0) -3.00000 
0) -2.73837 
0) -2.44921 
0) -2,13135 
0) -1.78363 


0) -1.40483 
-9.93710 
-5.48990 
~6.93656 
+4.46505 


( 0) 1.00000 


1.59252 
2.22554 
2.90051 
3.61898 
4.38249 


5.19265 
6.05109 
6.95949 
7.91957 
8.93309 


ooo°o°o oooo0g 


0.7 


-1)-1.42857 
2) -5.57356 
~2)+3.69102 
~1) 1.35264 
-1) 2.39517 


3.49860 
4.66490 
5.89611 
7.19428 
8.56152 


1.00000 


1.15119 
1.30995 
1.47651 
1.65110 
1.83397 


2.02537 
2.22554 
2.43473 
2.65322 
2.88127 


ooo°c”]e ooo0o°o 


a} 
= 


0) 


mmm mn een es ee es 


ooo0o°o oooo9o 


ooooeo ocooooo 


z=0.8 


0.3 


-1.66666 
-1.48461 
~1,.28563 
~1,06906 
-8.34197 


~5,80333 
3.06747 
-1.26930 
+3.02591 

6.39888 


1.00000 


1.38374 
1.79197 
2.22554 
2.68533 
3.17225 


3.68723 
4.23121 
4.80517 
5.41011 
6.04704 


0.8 


0.00000 
7.76467 
1.59854 
2.46770 
3.38544 


4.35327 
5.37278 
6.44555 
7.57323 
8.75747 


1.00000 


1.13025 
1.26668 
1.40948 
1.55882 
1.71491 


1.87792 
2.04806 
2.22554 09 
2.41055 26 
2.60331 27 


oooc”e ooo°cko 


oooo°d ooo0o°o 


0.4 


~1,00000 
8.58588 
-7,05401 
~5.39992 
-3,61905 


~1,70668 
+3.41976 
2.53186 
4.86802 
7.35564 


1.00000 


1.28065 
1.57807 
1.89284 
2.22554 
2.57675 


2.94709 
3.33719 
3.74769 
4.17923 
4.63249 


0.9 


1.11111 
1.81250 
2.55227 
3.33161 
4.15173 


5.01386 
5.91927 
6.86926 
7.86514 
8.90826 


1.00000 


1.11417 
1.23349 
1.35811 
1.48816 
1.62382 


1.76522 
1.91253 
2.06591 
2.22554 
2.39157 


ooo0oo ooo0eo 


ooo°o°o ooo°o°o 
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0.5 


-6.00000 
-4,83512 
-3.58242 
-2.23871 
~8,00722 


+7,34885 
2.37153 
4.11274 
5.96208 
7.92325 


1,00000 


1.21961 
1.45157 
1.69626 
1.95411 
2.22554 


2.51097 
2.81085 
3.12563 
3.45577 
3.80174 


1.0 


2.00000 
2.64028 
3.31335 
* 4.02018 
4.76178 


5.53917 
6.35337 
7.20546 
8.09652 
9.02766 


1.00000 


1.10146 
1.20729 
1.31758 
1.43248 
1.55209 


1.67656 
1.80600 
1.94055 
2.08035 
2.22554 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 
z=0.9 
a\b 0.1 0.3 0.4 0.5 
-1,0 0)-8.00000 00 He ~3.50000 00 0)-2.00000 00 0)-1.25000 00 -1) -8.00000 
~0.9 0)~7.49259 77 0)-3.22852 60 0)-1.80907 26 0) -1.10046 05 ~1)-6.76001 
-0.8 0)-6,.90878 25 0) -2.92208 06 0) -1.59665 35 -1) -9,35972 27 -1)-5.40855 
-0.7 0) -6.24470 96 0) -2.57899 21 0) -1.36176 43 -1)-7.55885 89 -1) -3.94096 
-0.6 0)-5.49641 35 0) -2.19753 81 0 -1,10339 79 -1) -5,59533 56 ~1) -2.35250 
-0.5 0) -4.65980 55 0) -1.77594 43 -1)-8.20518 02 -1) -3.46228 53 ~2) -6,38272 
~-0.4 0) -3.73067 11 0) -1.31238 34 -1)-5.12058 10 ~1)-1.15264 70 -1)+1.20674 
-0.3 0)-2.70466 65 ~1)-8.04973 88 -1)-1.76920 97 ~1)+1.34083 75 -1) 3.18771 
-0,2 0)-1.57731 62 zi -2.51778 79 -1)+1.86021 91 ~1) 4.02562 81 -1) 5.30992 
-0.1 -1)-3.44010 11 1)+3.49195 37 ~-l1) 5.77931 14 -1) 6.90939 03 -1) 7.57882 
0.0 ( 0)+1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 6) 1.00000 
0.1 0) 2.45960 31 0) 1.70274 56 0) 1.45345 52 0) 1.33055 47 0) 1.25791 
0.2 0) 4.03983 23 0) 2.45960 31 0) 1.93955 77 0) 1.68343 42 0) 1.53222 
0.3 0) 5.74586 78 0) 3.27280 52 0) 2.45960 31 0) 2.05949 16 0) 1.82352 
0.4 0) 7.58304 06 0) 4.14464 74 0) 3.01492 28 0) 2.45960 31 0) 2.13244 
0.5 0) 9.55683 50 0) 5.07749 00 0) 3.60688 44 0) 2.88466 81 0) 2.45960 
0.6 1) 1.16728 93 0) 6.07375 88 0) 4.23689 27 0) 3.33560 96 0) 2.80566 
0.7 1) 1.39370 17 0) 7.13594 69 0) 4.90639 03 0) 3.81337 52 0) 3.17129 
0.8 1) 1.63551 72 0) 8.26661 58 0) 5.61685 85 0) 4.31893 69 0) 3.55718 
0.9 1) 1.89334 94 0) 9.46839 74 0) 6.36981 80 0) 4.85329 20 0) 3.96403 
1.0 1) 2.16782 87 1) 1.07439 95 0) 7.16683 00 0) 5.41746 38 0) 4.39255 
a\b 0.6 0.7 0.8 0.9 1.0 

-1,0 -1)-5.00000 00 ~1)-2.85714 29 -1)-1.25000 00 0.00000 00 -1) 1.00000 
-0.9 -1)-3.93506 44 -1)-1.92058 43 -2)-4.12148 81 -2) 7.59274 35 -1) 1.69504 
-0.8 -1)-2.78312 29 -2)-9.13906 92 ~2)+4,83592 97 -1) 1.56725 54 -1) 2.43169 
-0.7 -1)-1.54071 44 -2)+1.65565 38 -1) 1.43934 85 -1) 2.42566 24 -1) 3.21136 
-0.6 ~2)-2.04284 74 -1) 1.32057 89 -1) 2.45729 51 -1) 3.33625 68 -1) 4.03551 
-0.5 -1)+1,22981 53 -1) 2.55395 12 -1) 3.53966 52 -1) 4.30084 39 -1) 4.90562 
~0.4 -1) 2.76533 21 -1) 3.86857 31 -1) 4.68874 74 -1) 5.32127 33 -1) 5.82320 
-0.3 -1) 4.40611 09 -1) 5.26740 93 -1) 5.90688 76 -1) 6.39943 94 -1) 6.78982 
-0.2 -1) 6.15609 81 -1) 6.75350 07 -l1) 7.19649 04 -1) 7.53728 29 -1) 7.80706 
-0.1 -1) 8.01934 30 ~-1) 8.32996 53 -1) 8.56001 96 -1) 8.73679 14 -1) 8.87657 
0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 
0.1 0) 1.21023 31 0) 1.17668 82 0) 1.15190 18 0) 1.13289 93 0) 1.11790 
0.2 0) 1.43307 07 0) 1.36339 71 0) 1.31197 24 0) 1.27259 03 0) 1.24155 
0.3 0) 1.66896 10 0) 1.56047 09 0) 1.48048 31 0) 1.41929.15 0) 1.37111 
0.4 0) 1.91836 37 0) 1.76826 25 0) 1.65771 19 0) 1.57322 64 0) 1.50677 
0.5 0) 2.18175 01 0) 1.98713 34 ( 0) 1.84394 34 0) 1.73462 38 0) 1.64871 
0.6 0) 2.45960 31 0) 2.21745 38 0) 2.03946 90 0) 1.90371 79 0) 1.79714 
0.7 0) 2.75241 80 0) 2.45960 31 0) 2.24458 71 0) 2.08074 81 0) 1.95224 
0.8 0) 3.06070 20 0) 2.71396 99 0) 2.45960 31 0) 2.26595 96 0) 2.11421 
0.9 0) 3.38497 53 0) 2.98095 21 0) 2.68482 96 0) 2.45960 31 2.28326 
1.0 0 0 0 0 


3.72577 04 3.26095 72 2.92058 65 2.66193 52 2.45960 
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CONFLUENT HYPERGEOMETRIC FUNCTION M (a, b, x) Table 13.1 
z=1.0 
a\b 0.1 0.3 0.4 0.5 
-1,0 0)-9.00000 00 0) -4.00000 00 0) -2,33333 33 0)-1.50000 00 0)-1.00000 00 
-0.9 0) -8.49472 34 0) -3.72474 63 0) -2.13718 91 0)-1.34483 48 ~1) -8.70327 28 
-0.8 0)-7,89481 34 0) -3.40618 57 0) -1.91443 23 0)-1.17116 05 -1)-7.26851 39 
-0.7 0)-7.19487 27 byes 04197 32 0) -1.66369 18 ~l1)-9.78067 35 -1) -5.68924 14 
~0.6 0) -6.38931 44 0)-2.62968 42 0) -1.38355 11 -1)-7.64616 83 -1)-3.95877 20 
-0.5 0) -5.47235 71 0) -2.16681 22 0)-1.07254 74 ~1)-5.29840 46 -1)-2.07021 66 
-0,4 0) -4.43802 02 0) -1.65076 69 ~-1)-7.29170 37 -1) -2.72739 30 -3)-1.64753 21 
-0,3 0)-3.28011 86 0)-1.07887 24 ~1)-3.51861 30 ~-3)+7.71680 36 -1)+2.20976 75 
-0,2 0) -1.99225 77 -1) -4.48364 63 -2)+6,09884 13 -l) 3.12589 94 -1) 4.61604 79 
-0.1 ~-1)-5.67828 07 ~1)+2.43610 69 -1) 5.11038 28 -1) 6.42974 92 ~1) 7.21012 79 
0.0 ( 0)+1,00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 
0.1 0) 2.71828 18 0) 1.82384 44 0) 1.52963 87 0) 1.38482 77 0) 1.29938 93 
0.2 0) 4.59430 40 0) 2.71828 18 0) 2.10177 40 0) 1.79865 55 0) 1.62002 78 
0.3 0) 6.63559 00 0) 3.68654 94 0) 2.71828 18 0) 2.24271 69 0) 1.96278 70 
0.4 3 8.84990 62 0) 4.73198 60 0) 3.38109 51 0) 2.71828 18 0) 2.32856 41 
0.5 1) 1.12452 68 0) 5.85803 42 0) 4.09220 54 0) 3.22665 79 0) 2.71828 18 
0.6 1) 1.38299 44 0) 7.06824 32 0) 4.85366 43 0) 3.76919 11 0) 3.13288 93 
0.7 1) 1.66124 65 0) 8.36627 13 0) 5.66758 48 0) 4.34726 65 0) 3.57336 26 
0.8 1) 1.96016 30 0) 9.75588 81 0) 6.53614 27 0) 4.96230 95 Q) 4.04070 56 
0.9 1) 2.28065 08 1) 1.12409 78 0) 7.46157 79 0) 5.61578 62 0) 4.53595 02 
1.0 1) 2.62364 52 1) 1.28255 41 0) 8.44619 60 0) 6.30920 50 0) 5.06015 69 
a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 -1)-6.66666 67 -1)-4.28571 43 -1) -2,50000 00 -1)-1.11111 11 0.00000 00 
-0.9 ~1)-5,54597 35 -1)-3.29502 50 -1)-1.60990 29 -2)-3.01549 81 -2) 7.43386 23 
-0.8 -1)-4.31756 71 -1)-2.21753 45 -2)-6.48146 54 -2)+5,68299 01 -1) 1.53827 23 
-0.7 -1)-2.97660 48 -1)-1.04950 02 -2)+3.88236 65 -1) 1.50083 68 -1) 2.38663 42 
-0.6 ~1)-1.51809 81 -2)+2.12929 76 -1) 1.50229 88 -1) 2.49853 18 -1) 3.29050 15 
-0.5 -3)+6,.30910 70 -1) 1.57371 99 ~-1) 2.69717 87 -1) 3.56392 05 -1) 4.25195 83 
-0.4 -1) 1.77225 36 -1) 3.03694 92 -1) 3.97610 35 -l1) 4.69960 88 -1) 5.27314 45 
-0.3 -1) 3.61483 67 -1) 4.60681 41 -1) 5.34239 08 -1) 5.90827 38 -1) 6.35625 70 
-0,2 -1) 5.59644 73 ~1) 6.28763 08 ~-1) 6.79945 04 -1) 7.19266 55 -1) 7.50355 07 
-0.1 -1) 7.72285 59 -1) 8.08383 81 -1) 8.35078 67 -1) 8.55560 76 -1) 8.71734 O1 
0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 
0.1 0) 1.24339 88 0) 1.20408 08 0) 1.17507 89 0) 1.15288 20 0) 1.13539 67 
0.2 0) 1.50311 03 0) 1.42110 86 0) 1.36069 55 0) 1.31451 22 0) 1.27817 41 
0.3 Q) 1.77978 05 0) 1.65157 89 0) 1.55723 97 0) 1.48520 44 0) 1.42858 86 
0.4 0) 2.07407 40 0) 1.89600 10 0) 1.76511 25 Q) 1.66528 05 0) 1.58690 33 
0.5 0) 2.38667 38 0) 2.15489 81 0) 1.98472 52 0) 1.85507 07 0) 1.75338 77 
0.6 0) 2.71828 18 0) 2.42880 78 0) 2.21650 01 0) 2.05491 39 0) 1.92831 84 
0.7 0) 3.06961 97 0) 2.71828 18 0) 2.46087 06 0) 2.26515 76 0) 2.11197 89 
0.8 0) 3.44142 89 0) 3.02388 72 0) 2.71828 18 0) 2.48615 84 0) 2.30465 98 
0.9 0) 3.83447 12 0) 3.34620 59 0) 2.98919 01 0) 2.71828 18 0) 2.50665 90 
1.0 0) 4.24952 89 0) 3.68583 55 0) 3.27406 39 0) 2.96190 29 0) 2.71828 18 
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4.56085 43 


5.89272 84 
7.40173 79 
9.10260 50 
1.10109 32 
1.31432 41 


2.12317 23 1.33611 54 


| 
| 


9.57185 22 


1.20276 42 
1.47777 93 
1.78448 86 
2.12527 66 
2.50266 00 


7.38905 


9.19634 
1.12129 
1.34543 
1.59372 
1.86788 


2.09837 67 
2.54981 38 
3.05299 98 
3.61185 28 


HOOoOO0O escscss oO 
bot et et bet CO oo0o0o0 


NMR RR Bee 


Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 
z=2.0 

a\b 0.2 0.3 0.5 
-1.0 Lan 00 | 0)-9.00000 00 0) -5.66666 67 0) -4.00000 00 0) -3.00000 
~0.9 1) -1.94803 05 0) -9.11450 17 0) -5.67351 46 0) -3.96130 19 0) -2.93919 
-0.8 1)-1.95774 57 0) -9.05346 68 0) -5.57239 85 0) -3.84746 13 0) -2,.82231 
-0.7 1) -1.92363 39 0)-8.79313 67 0) -5.34952 69 0) -3.64939 40 0) -2.64293 
-0.6 1) -1.83976 09 0) -8.30798 80 0)-4.99011 57 0) -3.35738 15 0) -2.39419 
-0.5 1)-1.69974 68 0)-7.57063 96 0) -4.47833 69 0) -2.96103 91 0) -2.06875 
-0.4 1)-1.49674 24 0)-6.55175 56 0) -3.79726 52 0) -2.44928 29 0) -1.65883 
-0.3 1)-1.22340 44 0)~5.21994 53 0) -2,.92882 34 0)-1.81029 53 0) -1.15610 
~0.2 0)-8.71869 85 0) -3.54165 86 0)-1.85372 46 0)-1.03148 90 (-1)-5.51740 
-0.1 0) -4.33729 58 0)-1.48107 68 (-1)-5,51412 64 (-2)-9.94703 39 (-1)+1.63639 

.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0) 1.00000 

1 0) 7.38905 61 2.82379 65 2.28204 66 1.96790 

2 1.49320 73 4.94472 25 3.76272 10 3.07855 

3 2.37378 96 1.13864 24 7.38905 61 5.45904 52 4.34381 

4 3.39223 44 1.59833 25 1.01846 79 7.38905 61 5.77622 

5 

6 

7 

8 

| 

0 ( 


) 
3.94227 09 
7.38905 61 


a\b 0.6 0.7 0.8 0.9 1.0 
-1.0 0) -2.33333 33 0)-1.85714 29 0)-1.50000 00 0)-1.22222 22 0) -1.00000 
-0.9 0)-2.26126 09 0)-1.77944 34 0)-1.41981 77 0)-1.14139 10 -1)-9.19616 
~0.8 0)-2.14541 69 0)-1.66645 90 0)-1.31049 88 0) -1.03604 27 ~1) -8.18288 
-0.7 0} -1.98102 67 0)-1.51452 14 0)-1.16915 08 ~1) -9.03849 17 -1) -6.94107 
-0.6 0)-1.76300 12 0)-1.31972 79 -1)-9.92701 33 -1)-7.42341 04 -1) -5.45057 
~0.5 0) -1.48592 22 0)-1.07793 00 ~1)-7.77889 97 ~1)-5.48901 84 ~1) ~3.69000 
~0.4 0)-1.14402 63 ~1)-7.84722 05 -1)-5.21259 33 -1)-3.20761 19 -1)-1.63679 
-0.3 -1)-7.31188 76 -1)-4.35429 49 -1)-2.19146 36 -2)-5.49879 73 -2)+7.32914 
-0.2 ~1)-2.40906 72 -2)-2.50963 14 -1)41.32327 01 ~1}+2.51516 76 -1) 3.44431 
-0.1 -1)+3.33718 60 (-1)+4.51527 65 -1) 5.37263 41 ~1) 6.02027 13 ~1) 6.52400 

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 
0.1 0) 1.76568 32 0) 1.62619 96 0) 1.52511 88 0) 1.44908 29 0) 1.39018 
0.2 0) 2.63896 63 0) 2.33634 06 0) 2.11745 72 0) 1.95312 22 0) 1.82606 
0.3 0) 3.62852 02 0) 3.13698 76 0) 2.78211 92 0) 2.51617 15 0) 2.31092 
0.4 0) 4.74350 99 0) 4.03507 07 0) 3.52448 69 0) 3.14250 04 0) 2.84820 
0.5 0) 5.99361 56 0) 5.03790 12 0) 4.35023 19 0) 3.83660 34 0) 3.44152 
0.6 0) 7.38905 61 0) 6.15318 83 0) 5.26532 81 0) 4.60320 94 0) 4.09470 
0.7 0) 8.94061 15 0) 7.38905 61 0) 6.27606 41 0) 5.44729 15 0) 4.81173 
0.8 1) 1.06596 48 0) 8.75406 09 0) 7.38905 61 0) 6.37407 66 0) 5.59682 
0.9 1) 1.25581 43 1) 1.02572 10 0) 8.61126 21 0) 7.38905 61 0) 6.45439 
1.0 1) 1.46487 09 1) 1.19079 79 0) 9.94999 53 0) 8.49799 64 0) 7.38905 


CONFLUENT HYPERGEOMETRIC FUNCTIONS 527 


CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 
2=3.0 
a\b 0.1 0.2 0.3 0.4 0.5 
~-1.0 tos oa0e2 00 1)-1.40000 00 0)-9.00000 00 0) -6.50000 00 0)-5.00000 00 
-0.9 1) -3.33062 11 1)-1.57397 85 0) ~9.93407 08 0) -7.05978 63 0) -5.35304 11 
-0.8 1)-3.67972 78 1) -1.71028 23 1) -1.06346 98 0) -7.45607 06 0) -5.58342 63 
-0.7 1)-3.92295 55 1) -1.79849 94 1) =1.10419 34 0) -7.64967 21 0) -5.66362 13 
-0.6 1) -4.03286 65 1) -1.82694 57 ~1,10887 39 0)-7,.59691 35 0)-5.56302 55 
-0.5 pee 07 1)-1.78256 05 1)-1.07004 00 0) -7.24926 51 0) ~5.24773 50 
-0.4 1) -3.72604 95 1)-1.65079 47 0) ~-9.79393 09 0) ~6.55296 82 0) -4.68029 11 
-0.3 1)-3.23666 24 1) -1.41549 22 0)-8.27742 10 0) ~5.44863 43 0) -3.81941 32 
-0.2 1) -2.46803 49 1)-1.05876 41 0) -6.04935 06 0) -3.87082 13 0)-2.61971 67 
~0.1 1)-1.37312 67 ( 0)-5.60854 66 ( 0)-2.99786 41 0)-1.74758 43 0)-1.03141 44 
0.0 ( 0)41.00000 00 ( 0)+1.00000 00 ( 0)+1.0000 00 ( 0)+41.00000 00 ( 0)+1.00000 00 
0.1 1) 2.00855 37 3 9.47722 60 0) 6.07912 54 0) 4.45833 69 0) 3.53408 59 
0.2 1) 4.41540 99 1) 2.00855 37 1) 1.23871 81 0) 8.72184 59 0) 6.63580 90 
0.3 1) 7.38953 06 1) 3.31122 04 1) 2.00855 37 1) 1.38935 23 1) 1.03759 15 
0.4 3 1.10064 09 1) 4.88711 46 1) 2.93502 26 1) 2.00855 37 1) 1.48313 21 
0.5 2) 1.53485 39 1) 6.77048 23 1) 4.03729 70 1) 2.74198 55 1) 2.00855 37 
0.6 3) 2.05059 14 1) 8.99862 23 1) 5.33622 57 1) 3.60289 07 1) 2.62290 97 
0.7 2) 2.65765 56 2) 1.16120 98 1) 6.85444 79 1) 4.60562 86 1) 3.33600 27 
0.8 3 3.36670 66 2) 1.46549 60 1) 8.61651 37 1) 5.76574 86 1) 4.15843 31 
0.9 2) 4.18932 19 2) 1.81749 79 2) 1.06490 11 1) 7.10006 77 1) 5.10165 02 
1.0 ( 2) 5.13805 80 2) 2.22239 01 2) 1.29806 99 1) 8.62675 30 1) 6.17800 67 
a\b 0.6 0.7 0.9 1.0 

-1,0 0)-4.00000 00 0) -3.28571 43 0) -2.75000 00 0) -2.33333 33 0)-2.00000 00 
-0,9 0} -4.22698 22 0) -3.43076 30 0) -2.83937 20 0) -2.38362 40 0)-2.02218 41 
-0.8 0) -4.35776 62 0) -3.49795 59 0) -2.86423 28 0) -2.37946 93 0)-1.99773 27 
-0.7 Serer, 21 0) -3.47180 10 me -2,81244 38 0)-2.31115 68 0)~1.91873 96 
-0.6 0) -4.24734 55 0) ~3.33517 91 0) ~2.67062 69 0) -2.16800 92 0)-1.77653 50 
-0.5 0) -3.95879 09 0)-3.06922 34 0) -2.42407 50 0) -1.93831 65 0) -1.56163 15 
-0.4 0)-3.47899 58 0) -2.65319 12 0) -2.05665 59 0)-1.60926 29 0)-1.26366 85 
-0.3 0)-2.77784 38 0) -2.06432 89 0)-1.55071 23 0) -1.16684 98 -1)-8.71351 71 
~0.2 0)-1.82229 72 aes -1,.27772 88 -1) -8.86954 74 -1)-5.95815 42 -1)-3.72391 35 
-0.1 -1)-5.76188 60 -1)-2.66178 30 -2) -4.43495 10 ~1)41.20451 21 -1)+2.46564 64 
0.0 ( 0)4+1.00000 00 ( 0)41.00000 00 ( 0)+1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 
0.1 ( 0) 2.94937 02 ( 0) 2.55311 64 ( 9} 2.27097 84 0) 2.06241 49 0) 1.90360 36 
0.2 0) 5.31885 34 03 4.42829 20 0) 3.79559 01 0) 3.32891 38 0) 2.97434 69 
0.3 0) 8.15947 04 0) 6,66364 61 5} 5.60309 84 0) 4.82245 42 0) 4.23056 48 
0.4 1) 1.15266 06 3 9.30049 38 0) 7.72517 18 0) 6.56784 35 0) 5.69204 18 
0.5 1) 1.54802 96 ( 1) 1.23835 54 1) 1.01960 38 0) 8.59185 66 0) 7.38010 13 
0.6 1) 2.00855 37 3 1.59611 70 1) 1.30526 48 1) 1.09233 58 0) 9.31770 09 
0.7 1) 2.54126 00 1) 2.00855 37 1) 1.63348 43 1) 1.35934 30 1) 1.15295 31 
0.8 1) 3.15373 75 1} 2.48129 50 1) 2.00855 37 1) 1.66355 12 1) 1.40421 20 
0.9 1) 3.85417 22 1) 3.02040 57 1) 2.43509 06 1) 2.00855 37 1) 1.68839 43 
1.0 1) 4.65138 52 1) 3.63241 26 1) 2.91805 85 1) 2.39820 88 1) 2.00855 37 
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Table 13.1 

a\b 0.1 
~1.0 Neeeesee 
~0.9 1) -5,28985 
-0,8 1) -6.56662 
~-0.7 1) -7.65252 
-0.6 1) -8.45540 
-0.5 1) -8,86704 
-0.4 1) -8.76134 
-0.3 1) -7,99228 
-0,2 1) -6.39183 
-0,1 1) -3.76752 
0.0 ( 0)41.00000 
0.1 1) 5.45981 
0.2 2) 1.25936 
0.3 2) 2.18189 
0.4 3 3.34927 
0.5 2) 4.80147 
0.6 2) 6.58320 
0.7 2) 8.74427 
0.8 3) 1.13401 
0.9 3) 1.44322 
1.0 3) 1.80888 

a\b 0.6 
-1.0 0) -5.66666 
-0.9 0) -6.66432 
-0.8 0) -7.50985 
-0.7 0) -8,14117 
~0.6 0) -8.48636 
-0.5 0) -8.46261 
-0.4 0) -7.97509 
-0.3 0) -6.91578 
-0.2 0) -5.16209 
-0.1 0) -2.57549 
0.0 ( 0)+1.00000 
0.1 0) 5.73952 
0.2 1) 1.18390 
0.3 1) 1.95174 
0.4 1) 2.90181 
0.5 1) 4.06117 
0.6 1) 5.45981 
0.7 1) 7.13090 
0.8 1) 9.11107 
0.9 2) 1.14406 
1.0 2) 1.41640 


CONFLUENT HYPERGEOMETRIC FUNCTIONS 


CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 


LO a i Ni, gn A i A gn, 


Fat cain aalian alliance Talis alien alin a “atin EE ame ct cate a eae atten a ea “ei al eee 


0.2 


-1,90000 
-2,48147 
-3,00867 
-3,44868 
~3.76267 


~3.90525 
-3,82372 
-3.45726 
~2.73610 
-1.58055 


0) +1.00000 


2.40818 
5.45981 
9.38520 
1.43304 
2.04591 


2.79535 
3.70166 
4.78740 
6.07756 
7.59977 


pe 


h MNP PO NM eee 


0.7 


~4.71428 
-5.44175 
-6,04428 
~6,47484 
-6.67916 


~6.59496 
6.15120 
-5.26711 
-3,85134 
-1,80088 


0)+1.00000 


4.68094 
9.38676 
1.52787 
2.25363 
3.13582 


4.19644 
5.45981 
6.95271 
8.70463 
1.07479 


ooo0o°o oo0o00°o0 


NER Ee BS RH OO 


z=4.0 


LLL yl, A N,N el, ln oilin, 


F aae amen ailin ain aat caian “cate alan ala ai eee cine cea alin ane eat ela “oat aa 


0.3 


~1,23333 
-1.55982 
~1,85166 
-2,09004 
-2.25292 


-2.31462 
2.24546 
-2,.01126 
-1.57295 
-8,86027 


0) +1.00000 


1.44217 
3.20473 
5.45981 
8.28815 
1.17799 


1.60355 
2.11665 
2.72967 
3.45631 
4.31169 


COMM ee Mee Ep 


NOM NO PO PO NRE 


0.8 


-4,00000 
-4.54078 
-4.97675 
-5.27129 
~5.38234 


-5.26181 


ooo0ogo ooo0oo0o 


-1,.25577 
0)+1.00000 


3.93968 
7.67325 
1.23229 
1.80245 
2.49282 


3.31999 
4.30227 
5.45981 
6.81475 
8.39140 


elt aed ool ool oo od kK) 


Ft en cil cen atin cate retin ae atin cee tii cae “eaten at ant TE cae at ean “aan 


0.4 


-9.00000 
-1.10723 
-1.28958 
-1.43486 
-1.52885 


1.55505 
~1.49445 
~1.32524 
~1,02255 
-5,58125 


)+1.00000 


9.87867 
2.14598 
3.61972 
5.45981 
7.72277 


1.04714 
1.37755 
1.77124 
2.23672 
2.78343 


NNN BRHEHHO OC COPPER BPRERHO 


0.9 


-3.44444 
~3.85159 
-4,16932 
-4.36854 
-4,41593 


-4,27354 
-3,89828 
~3.24149 
-2.24839 
-8.57483 


0)+1.00000 


3.40078 
6.43024 
1.01831 
1.47644 
2.02901 


2.68883 
3.46999 
4.38798 
5.45981 
6.70412 


RFoOoooo ooo0oo 


PRR Ee PH OO 


ORR EEE een es eee 


NNR H Hee RHO 


LLL LO LLL 


0.5 


-7.00000 
~8.40761 
-9,62460 
-1.05661 
~1.11333 


-1.12123 
-1.06719 
-9.36252 
-7.11353 
-3.73199 


0) +1.00000 


7.32759 
1.55257 
2.59017 
3.87987 
5.45981 


7.37235 
9.66443 
1.23879 
1.56000 
1.93640 


ooOoOrFF KFKHOOoO 


1.0 


-3.00000 
-3.30880 
-3.54030 
-3.67096 
-3.67394 


-3.51873 
-3.17081 
-2.59132 
~1.73656 
-5.57651 


0) +1.00000 


2.99716 
5.50132 
8.58729 
1.23377 
1.68439 


2.22065 
2.85359 
3.59535 
4.45924 
5.45981 


BRMoOooooOo co00°o 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 


CONFLUENT HYPERGEOMETRIC FUNCTION M(a, 6, x) 


z=5.0 

a\b 0.1 0.2 0.3 0.4 
-1.0 1) -4,90000 00 1)-2.40000 00 1)-1.56666 67 1) -1.15000 
-0.9 1) -8.48135 46 1)-3.90138 34 1) -2.41382 36 1) -1.69201 
-0.8 2)~-1.20177 53 1)-5.37054 86 1)-3.23511 34 1) -2.21244 
-0.7 2) -1.52985 90 1) -6.71922 90 1) -3.98065 33 1) -2.67925 
-0.6 2)-1.80596 42 1) -7.83737 80 1) -4.58862 62 1) -3.05298 
-0.5 2)-1.99749 08 1) -8.58991 93 1) -4.98353 39 1) -3.28566 
-0.4 2)-2.06475 40 1) -8.81313 79 1) -5.07426 08 1) ~-3,31965 
-0.3 2)-1.95997 71 1) -8.31068 13 1) -4,.75193 11 1) -3.08632 
-0.2 2)-1.62617 59 1) -6.84913 57 1) -3,88754 12 1) -2,.50460 
-0,1 1)-9.95925 89 1) -4.15313 99 1) -2.32934 93 1) -1.47944 
0.0 ( 0)+1.00000 00 ( 0)4+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 
0.1 2) 1.48413 16 1) 6.28624 01 1) 3.60663 62 1) 2.36223 
0.2 2) 3.53395 30 2) 1.48413 16 1) 8.42893 34 1) 5.45552 
0.3 2) 6.28371 74 2) 2.62678 96 2) 1.48413 16 1) 9.55023 
0.4 2) 9.87643 86 2) 4.11434 26 2) 2.31584 25 2) 1.48413 
0.5 3) 1.44760 74 2) 6.01287 11 2) 3.37396 77 2) 2.15510 
0.6 3) 2.02699 13 2) 8.39773 11 2) 4.69942 40 2) 2.99320 
0.7 3) 2.74711 92 3) 1.13545 79 2) 6.33864 72 2) 4.02706 
0.8 3) 3.63219 45 3) 1.49804 92 2) 8.34418 40 2) 5.28902 
0.9 3) 4.70961 17 3) 1.93851 85 3) 1.07753 37 2) 6.81553 
1,0 3) 6.01029 56 3) 2.46923 43 3) 1.36988 66 2) 8.64757 

a\b 0.6 0.7 0.8 0.9 
-1.0 0) -7.33333 33 0) -6.14285 71 0)-5.25000 00 0) -4.55555 
-0.9 1)-1.00125 62 0) -8.13469 15 0)-6.76712 82 0) -5.73274 
-0.8 1)-1.25327 68 0)-9.98761 99 0) -8.16187 54 0) -6,80132 
~0.7 1) -1,47334 02 1)-1.15809 94 0) -9.34109 21 0) -7.68780 
-0.6 1)-1.64188 17 1)-1.27685 52 1)-1.01924 14 0) -8.30396 
-0.5 1) -1.73534 19 1)-1.33749 40 1)-1.05817 04 0) -8,54492 
-0.4 1) -1.72563 11 1)-1.31918 93 1)-1.03502 42 0) -8.28701 
-0.3 1) -1.57953 99 1) -1.19740 11 0) -9,31162 41 0) -7.38548 
-0.2 1)-1.25808 94 Oh ceose27 73 =«( 0)-7.24837 36 0) -5.67194 
-0.1 0)-7.15818 24 0) -5.23827 09 0) -3.90821 47 0) -2.95155 
0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 
0.1 1) 1.25021 43 0) 9.72559 33 0) 7.81074 40 0) 6.43982 
0.2 1) 2.80473 44 1) 2.14485 95 1) 1.69066 81 1) 1.36614 
0.3 1) 4.84355 66 1) 3.67515 33 1) 2.87239 67 1) 2.29989 
0.4 1) 7.45788 26 1) 5.62973 09 1) 4.37580 33 1) 3.48308 
0.5 2) 1.07513 41 1) 8.08378 40 1) 6.25698 73 1) 4.95851 
0.6 2) 1.48413 16 2) 1.11223 46 1) 8.57928 78 1) 6.77444 
0.7 2) 1.98603 96 2) 1.48413 16 2) 1.14140 27 1) 8.98511 
0.8 2) 2.59579 43 2) 1.93485 65 2) 1.48413 16 2) 1.16513 
0.9 2) 3.33018 07 2) 2.47651 46 2) 1.89509 28 2) 1.48413 
1.0 2) 4.20801 74 2) 3.12265 96 2) 2.38432 45 2) 1.86309 


LO i i I I, I NN 


Table 13.1 


0.5 


~9,00000 
~1.27235 
-1.62630 
-1.93973 
-2.18551 


2.33084 
-2.33646 
-2,15579 
-1.73399 
-1.00692 


0)+1.00000 


1.67304 
3.81153 
6.62935 
1.02565 
1.48413 


2.05515 
2.75772 
3.61329 
4.64598 
5.88289 


halal alles ala ahaak—) 


NNN MEE 


1.0 


~4,00000 
-4.92670 
-5.75641 
-6.43011 
-6.87726 
-7.01437 
-6.74333 
-5.94963 


~4.50048 
—2.24261 


)+1.00000 


5.42870 
1.12729 
1.87930 
2.82840 
4.00784 


5.45508 
7.21214 
9.32612 
1.18496 
1.48413 


So ececeo ScooSoo 


NNER BPE RHO 


eee ee Ne eee ae ee 
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530 CONFLUENT HYPERGEOMETRIC FUNCTIONS 


Table 13.] - CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 
z=6.0 
a\b 0.1 0.2 0.3 0.4 
-1.0 1)-5.90000 00 1)-2,.90000 00 1)-1.90000 00 1) -1.40000 
-0.9 2) -1.44132 92 1) -6.43961 14 1) -3.88390 81 1) -2.66287 
-0.8 2)-2.33128 14 2)-1.01116 95 1) -5.92627 62 1) -3.95288 
~0.7 2) -3.20791 31 2)-1.37008 05 1) -7.90656 11 1) -5.19335 
-0.6 2)-4.00174 16 2)-1.69209 38 1) -9,66592 36 1) -6.28400 
~-0.5 2) -4.62243 63 2) -1.94024 69 2)-1.10002 61 1) -7.09668 
-0.4 2) ~4.95505 80 2)-2.06773 13 2)-1.16523 15 1) -7.47062 
-0.3 2) -4.85579 61 2)-2.01621 45 2) -1.13027 51 1) -7.20700 
-0.2 2)-4.14715 07 2)-1.71394 56 1)-9.56011 20 1) -6.06296 
-0.1 2)-2.61250 17 2)-1.07362 31 1) -5.94951 89 1) -3.74471 
0.0 ( 0)4+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 ¢ 
0.1 2) 4.03428 79 2) 1.66280 07 1) 9.26969 34 1) 5.89051 
0.2 2) 9.83405 67 2) 4.03428 79 2) 2.23669 33 2) 1.41226 
0.3 3) 1.78513 43 2) 7.30095 48 2) 4.03428 79 2) 2.53795 
0.4 3) 2.86060 97 3) 1.16700 13 2) 6.43121 54 2) 4.03428 
0.5 3) 4.27068 45 3) 1.73835 48 2) 9.55746 91 2) 5.98067 
0.6 3) 6.08625 44 3) 2.47231 35 3) 1.35639 99 2) 8.46913 
0.7 3) 8.38957 36 3) 3.40149 55 3) 1.86253 97 3) 1.16059 
0.8 4) 1.12757 14 3) 4.56354 65 3) 2.49428 70 3) 1.55134 
0.9 4) 1.48541 80 3) 6.00176 64 3) 3.27475 26 3) 2.03319 
1.0 4) 1.92506 91 3) 7.76580 14 3) 4.23039 92 3) 2.62218 
a\b 0.6 0.7 0.8 0.9 
-1.0 0)-9.00000 00 0)-7.57142 86 0) -6.50000 00 0) -5.66666 
-0.9 1)-1.52103 70 1)-1.21887 04 1) -1.00236 52 0) -8.41150 
~0.8 1) -2.14539 69 1)-1.67928 88 1)-1.35080 52 1) -1.11025 
-0.7 1) -2.73534 89 1) -2.11028 68 1) -1.67379 50 1) -1.35713 
-0.6 1)-3.24219 87 1) -2.47582 00 1) -1.94390 70 1) -1.56045 
-0.5 1) -3.60439 87 1) -2.73056 65 1) -2,.12682 93 1) -1.69364 
~0.4 1) -3.74541 77 1) -2.81841 55 1) -2.18026 23 1) -1.72410 
-0.3 1) -3.57134 39 1)-2.67076 84 1) -2,05268 12 1) -1.61224 
-0,2 1) -2.96819 67 1) -2.20463 65 1) -1.68195 09 1) -1.31050 
-0.1 1)-1.79891 61 1)-1.32051 32 0) -9.93780 50 0) -7.62137 
0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 
0.1 1) 2.92224 67 1) 2.19683 71 1) 1.70335 65 1) 1.35491 
0.2 1) 6.89588 66 1) 5.13440 78 1) 3.93817 92 1) 3.09503 
0.3 2) 1.22879 89 1) 9.10486 02 1) 6.94664 31 1) 5.42797 
0.4 2) 1.94097 77 2) 1.43316 97 2) 1.08938 21 1) 8.47842 
0.5 2) 2.86223 27 2) 2.10737 78 2) 1.59705 69 2) 1.23903 
0.6 2) 4.03428 79 2) 2.96297 41 2) 2.23967 22 2) 1.73291 
0.7 2) 5.50517 98 2) 4.03428 79 2) 3.64245 98 2) 2.34847 
0.8 2) 7.33002 58 2) 5.36065 25 2) 4.03428 79 2) 3.10736 
0.9 2) 9.57187 15 2) 6.98699 63 2) 5.24808 61 2) 4.03428 
1.0 3) 1.23026 21 2) 8.96449 42 2) 6.72131 30 2) 5.15728 


Fa cali alin ean eatin Ti atin cin atten ili EE eens atin came atn al ce asia eee ae eli ain 


WWW MN Nee 


0.5 


~1.10000 
-1.96459 
~2.84081 
-3.67618 
~4.40252 


4.93318 
~5.15995 
~4.94954 
-4.13963 
~-2.53449 


0) +1.00000 


4.04184 
9.61906 
1.72165 
2.72837 
4.03428 


5.69983 
7.79473 
1.03990 
1.36045 
1.75159 


ee et pt 


1.0 


-5.00000 
~7.17389 
-9.28639 
-1,12032 
~1,27553 


-1.37333 
-1.38810 
-1,28887 
-1,03853 
-5.92948 


ORFPHHE FROOoO 


0) +1.00000 


1.10148 
2.48291 
4.32726 
6.73053 
9,80333 


1.36726 
1.84838 
2.44026 
3.16176 
4.03428 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 531 


CONFLUENT HYPERGEOMETRIC FUNCTION Ma, b, x) Table 13.1 
2=7.0 
0.1 0.2 0.3 0.4 0.5 
1)-6.90000 00 1) -3.40000 00 1) -2.23333 33 1)-1.65000 00 1)-1.30000 00 
2) -2.66288 80 2)-1.15002 17 1)-6.72111 28 1) -4.47674 11 1) -3.21693 87 
2) -4.82834 55 2) -2.03315 80 2)-1.15809 32 1)-7.51697 57 1) -5.26450 27 
2)-7.06530 95 2)-2.93971 82 2)~-1,.65375 76 2)-1.05973 99 1)-7.32517 82 
2)-9.19980 13 2) -3.79893 33 2)-2.12025 19 2)-1.34754 31 1) -9.23583 79 
3) -1.09929 51 2) -4.51426 47 2) -2.50491 09 2) -1.58243 03 2)-1.07780 84 
3)-1.21270 91 2) -4.95796 49 2) -2.73838 73 2)-1.72158 27 2)-1.16671 10 
3)~1.21896 61 2) -4.96479 64 2) -2.73134 11 2)-1.71005 68 2)-1.15389 05 
3) -1.06546 71 2) -4.32480 32 2)-2.37063 77 2)-1.47850 91 1) -9.93558 67 
2)-6,86139 84 2)-2.77502 15 2) -1.51499 28 1) -9,40594 48 1) -6.28867 03 
0)4+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 
3) 1.09663 32 2) 4.42900 71 2) 2.41753 11 2) 1.50292 87 2) 1.00798 98 
3) 2.72330 73 3) 1.09663 32 2) 5.96600 60 2) 3.69501 44 2) 2.46763 45 
3) 5.02903 83 3) 2.02058 34 3) 1.09663 32 2) 6.77457 83 2) 4.51182 31 
3) 8.19139 01 3) 3.28466 83 3) 1.77901 54 3) 1.09663 32 2) 7.28692 93 
4) 1.24220 89 3) 4.97211 80 3) 2.68791 51 3) 1.65368 85 3) 1.09663 32 
4) 1.79722 28 3) 7.18148 47 3) 3.87554 96 3) 2.38009 49 3) 1.57543 68 
4) 2.51381 30 4) 1.00289 02 3) 5.40336 15 3) 3.31282 90 3) 2.18907 73 
4) 3.42679 34 4) 1.36506 23 3) 7.34333 78 3) 4.49515 29 3) 2.96556 40 
4) 4.57689 88 4) 1.82058 62 3) 9.77948 66 3) 5.97748 66 3) 3.93749 79 
4) 6.01161 32 4) 2.38799 82 4) 1.28094 89 3) 7.81838 27 3) 5.14269 05 
0.6 0.7 0.8 0.9 1.0 

1) -1.06666 67 0)-9.00000 00 0)-7.75000 00 0)-6.77777 78 0)-6.00000 00 
1) -2.43203 85 1)-1.90770 95 1)-1.53927 06 1)-1.27012 46 1) -1.06732 11 
1) -3.88035 55 1)-2.96917 41 1) -2.33863 78 1)-1.88526 21 1)-1.54912 65 
1) -5,.32790 43 1) -4.02257 88 1)-3.12617 60 1) -2.48676 78 1) -2,01662 21 
1) -6.65941 15 1) -4.98346 93 1) -3.83826 01 1) ~3.02562 11 1) -2.43133 06 
1)-7.72147 28 1)-5.74011 58 1) -4.39120 14 1) -3.43770 69 1) ~2.74320 50 
1) -8.31498 75 1) -6.14818 51 1) -4.67738 87 1) -3.64095 75 1) -2.88847 09 
1) -8.18647 83 1) -6.02463 60 1) -4.56087 46 1)-3.53208 76 1) -2.78716 65 
1)-7.01816 36 1) -5.14074 94 1)-3.87234 20 1) -2.98287 74 1) -2.34034 55 
1) -4,.41663 81 1) -3.21419 15 1) -2.40338 13 1) -1.83595 18 1) -1.42690 55 
0)+1.00000 00 ( 0)4+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 
1) 7.11674 98 1) 5.21962 63 1) 3.94472 08 1) 3.05562 65 1) 2.41701 00 
2) 1.73382 30 2) 1.26468 67 1) 9.49891 56 1) 7.30700 42 1) 5.73511 61 
2) 3.16073 31 2) 2.29812 96 2) 1.72012 72 2) 1.31824 90 2) 1.03047 87 
2) 5.09262 36 2) 3.69345 22 2) 2.75715 27 2) 2.10704 18 2) 1.64217 15 
2) 7.64800 47 2) 5.53466 48 2) 4.12222 44 2) 3.14277 19 2) 2.44332 54 
3) 1.09663 32 2) 7.92047 08 ( 2) 5.88720 07 2) 4.47895 79 | 2) 3.47456 13 
3) 1.52109 75 3) 1.09663 32 2) 8.13601 69 2) 6.17802 12 2) 4.78318 84 
3) 2.05725 48 3) 1.48067 73 3) 1.09663 32 2) 8.31248 87 2) 6.42409 85 
3) 2.72726 12 3) 1.95979 60 3) 1.44913 63 3) 1.09663 32 2) 8.46076 16 
3) 3.55678 22 3) 2.55205 62 3) 1.88419 29 3) 1.42364 54 3) 1.09663 32 
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1.35492 
-1.37997 
~1,22131 
-7.94021 


1.32662 
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1.57360 
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~2.51375 
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2.07532 
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5.40715 
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-1.90000 
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~1.48115 
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2.20264 
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-9.00000 
-5.21121 
-1.02772 
-1.58596 
-2.15560 


-2.67503 
-3.05522 
~3.17236 
~2.85915 
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0) +1.00000 


3.22252 
8.21055 
1.55600 
2.59995 
4.04275 


5.99449 
8.58922 
1.19892 
1.63901 
2.20264 
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ZEROS OF M(a, b, x) Table 13.2 
a\b 0.1 0.2 03 0.4 0.5 
-1,0 0.10000 00 0.20000 00 0.30000 00 0. 40000 00 0.50000 00 
-0.9 0.11054 47 0.22012 64 0. 32894 15 0. 43713 15 0.54480 16 
-0.8 0.12357 83 0.24477 52 0.36411 44 0. 48196 35 0.59858 98 
-0.7 0.14010 11 0.27567 24 0.40779 72 0.53721 21 0.66443 91 
-0.6 0.16173 42 0. 31555 72 0. 46354 99 0.60707 04 0. 74705 02 
-0.5 0.19128 98 0. 36906 09 0. 53728 03 0. 69839 96 0.85403 26 
-0.4 0.23411 73 0. 44470 78 0. 63961 58 0. 82334 00 0.99868 55 
-0, 3 0. 30182 31 0.56019 88 0.79200 44 1.00591 69 1.20695 84 
-0.2 0. 42537 31 0. 75993 80 1, 04632 32 1.30289 37 1.53918 36 
-01 0. 72703 16 1.20342 40 1.58016 05 1.90320 51 2.19258 90 
a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 0, 60000 00 0. 70000 00 0. 80000 00 0. 90000 00 1.00000 00 
-0.9 0. 65203 19 0.75888 50 0. 86541 05 0.97164 85 1.07763 19 
-0. 8 0.71419 38 0, 82892 89 0.94291 59 1. 05625 10 1.16901 22 
-0.7 0. 78986 07 0.91376 55 1, 03637 62 1.15786 85 1.27838 33 
-0.6 0.88415 45 1, 01887 44 1.15158 21 1. 28256 70 1, 41205 79 
-0.5 1.00529 53 1.15298 99 1.29771 21 1. 43991 63 1.57995 68 
-0.4 1.16751 37 1.33112 03 1.49044 27 1, 64618 10 1. 79887 13 
-0.3 1. 39828 59 1.58200 88 1.75960 56 1.93215 19 2.10045 49 
-0,2 1.76075 91 1, 97114 63 2.17271 84 2. 36714 89 2.55566 24 
-0.1 2. 45881 88 2.70808 56 2. 94434 51 3.17028 02 3, 38779 57 


Table 13.2 gives the smallest zeros in z of M(a, b, z), near a=b=0, that is, the smallest positive roots in 
z of the equation M(a,b,z)=0. Linear interpolation gives $-4S. Interpolation by the Lagrange six-point 
formula in two dimensions gives 75. 


14. Coulomb Wave Functions 


Mivton ABRamMowi!tTz ! 


Contents 

Page 
Mathematical Properties... 2... 2... 1... eee ee es 538 
14.1. Differential Equation, Series Expansions ......... 538 
14.2. Recurrence and Wronskian Relations ........ .. 639 
14.3. Integral Representations... .........2.. .. 8389 
14.4. Bessel Function Expansions. ..........2..2.. 539 
14.5. Asymptotic Expansions ...... ego ke pte tee a SED 
14.6. Special Values and Asymptotic Behavior GA eS wk eae 
Numerical Methods ......... etés toe eek, Sy Oe BS ot ts : 543 
14.7, Use and Extension of the Tables be aig, Se Ag ee ok ~ ee .)~©=6548 
References .......... Fo faa ee Be a Gee eG sob 544 

Table 14.1. Coulomb Wave Functions of Order Zero (.6<<20 
Spee PO ae Sk i Pe eres Hee ad ede Beek eS ae Bes es ee ee 546 

Fy(n,0), o Fy(n,p), Got, p), = Go(n,p) 
dp dp 
n=.5(.5)20, p=1(1)20, 5S 

Table 14.2. Cy(q)=e7#"|T(1+in)| 2. 0 6 ee . 554 


1=0(.05)3, 6S 


The author wishes to acknowledge the assistance of David S, Liepman in checking the 
formulas and tables. 


1 National Bureau of Standards (deceased). 


537 


14. Coulomb Wave Functions 


Mathematical Properties 


14.1. Differential Equation, Series Expansions 
Differential Equation 
14.1.1 
dw 1 Qn lease 
p? 


(p>0, —~<n<o, L a non-negative integer) 


The Coulomb wave equation has a regular 
singularity at p=O with indices L+-1 and —JL; 
it has an irregular singularity at p=. 


General Solution 


14.1.2 
w=CFi(n, p)+C:Gr(n, p) 


where F,(y, p) is the regular Coulomb wave 
function and G,(n, p) is the irregular (logarithmic) 
Coulomb wave function. 


(C,, C, constants) 


Regular Coulomb Wave Function F ;(, p) 
14.1.3 
F,(n, p)=Cr(n) pte" °M (L+1—27, 2L42, 2%) 


14.1.4 
=C,(n) p"*4,(n, p) 


14.1.5 ,(n, p)= D2 AE(n) pt#-! 
koL+1 
14.1.6 
Aiwi=1, Ab 7 7 
(k+L) (k—L—1) AX =2nAz-,.—Af-2 = (K>L+2) 
4 
_2e ? |T(Z+1+i%n)| 
14.1.7 C1(n) = TOL+2) 
(See chapter 6.) 
14.1.8 C2(n) =2rn(e?*"—1)7! 
_ rn) Con) 
14.1.9 i) 5 @E-+1) @L+i) 
_ (L?+n*)3 
14.1.10 Cx(n) ~ L2@L+}) Cr-1(n) 
- (Z?+-7)2* 


Pol) _ (1-+n?) (4+n’) . 
pe Bg QL+IIGL)IF 
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rae! 
14.1.12 Fi=7, F,(n, p) =C1z(n) p’PE(n, p) 


PF (7, p)= > kAz(n) p*-2-* 


k=L+1 


14.1.13 


Irregular Coulomb Wave Function G(x», p) 


14.1.14 


Gi(n, )=cats F,(n, p)[In 29+ seit on p) 


14,1.15 9x(n, e)=Dz() px (1, p) 
14.1.16 Dz(n)Cx(n) = 
WALT ¥en, 0)= 3), ak (a) ot 
14.1.18 


Lb — bo 
a-,=1, @r4:=0, 


(k—L—1) (k+- L)ag=2naz_,—az-.— (2k—1) p(n) At 


14.1.19 
qu(n) _ & ask 
Pin) aml Se aul & 
‘(1+7n) rz (n) 
+I T Gp ip tert 
(See Table 6.8.) 
14.1.20 
(—1)*t 42Gn—L) 
ru OTy “I seat LCN 
2*(in—L) (in —L+1) 
tw" GE-nen tt 
42 Ga— EL) — LI) a ae caw 
(2L)! 
141.21 
Gi= Fim Ft (Pill 26+ 2 | 9 Fe(a, 0)} 


“Cin ) Pr{n) 


+6:(n, p) 
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14.1.22 tis 0.(n, p)=Dz(n) p-*-VE(n, p) 


14.1.23 Yio, d= = kak(n) p+” 


Figure 14.1. F,(n, p), Gr(a, p). 


n=1, p=10 


yp ow > ws ®» NN @ wo SS 


Ficure 14.2. F;,, Fr, G, and G,. 
n=10, p=20 


14.2. Recurrence and Wronskian Relations 
Recurrence Relations 


If U,=F,(n, p) or Gz(n, p); 


14.2.1 Loe (L?-+9)up 1 —E tau, 
14.2.2 
(L-+1) 


te 


eS a}uz—[(L+1)?-+ 0? Pz 


14.2.3 


L(L+1)*+ 9? luz y= BED iy tt, 


(2L-++-1)[9+-————+ 
—(L+1)[L?+77}uz-1 


Wronskian Relations 
FiGi— FLGi= 1 
F,-1:G,—F1LG,-.=L(L? +n’) 3 


14.2.4 
14.2.5 


14.3. Integral Representations 
14.3.1 


F de p= 
F,+14,= e 


LEHI), oe eBid 
14.3.2 . 
F,—i@,= 
entaghtl -1° 
@LFIICG)) -1 
14.3.3 


F,+iGh= 


e- (1 —t)2-(1 + 4)e+ dt 


e7 tpt tt 


QL+1)!CL(n) 
, f, ” ¢(1—tanh? #)4+? exp [—2(p tanh t—2nt)] 
+i(1 +4)" exp [—pt-+2y arctan t]}dt 
14.4, Bessel Function Expansions 


Expansion in Terms of Bessel-Clifford Functions 


14.4.1 

Fala, 0)=Cula) Cords 0! 3 byt 4D 2) 
(t=2np, 1>0) 

14.4.2 


Goin, 0)~Dela) x(n) 0 | on (—1)*byt*?K, (22) 


540 COULOMB WAVE FUNCTIONS 


14.4.3 
borgi=1, bez42=0, 
*  An*(k—2L) basi tkb-itbe-2=0  (k>2L+2) 
14.4.4 
Az(n) oP (—1)*(k—-1)1b,=2 
(See chapter 9.) 


Expansion in Terms of Spherical Bessel Functions 
14.4.5 


F,(a, p)= = ra 
1-3-5... @L+1)eCx(n) 3 rn X Tasso) 
14.4.6 
br=1, bri= a Y 
pee (2+) 
ELI) —L(L+) 
(2b, EE EE) 4,4) 
(k>L-+1) 
14.4.7 
Fi(n, p)=1-3-5 . . . (2241) pCr(n) 
(L-+1) (L+2) 
{orp bal E oe 0+ ores bra 
fF Tent. alg unl) 
,__ (k+2) (k-1) 
14.4.8 b= OET3) begi— (2k—1) 1) bp-1 


Expansion in Terms of Airy Functions 
z= (2n—p)/(2n)"8 — w= (2n)?*, n> >0 


|p—2n|<2n 

14.4.9 

Fo(n, p) _ Ai(z) 1 91) 9 

Gln, aon 2n) REG) [1 tae see] 
4 Ai’ (2) fr Jax sos 
tp (2) tat }} 

14.4.10 

eof = —ri(2n 1 Ai@) patch 


o(7, p Bi(z) 


4 otehe a. 4 A'@) plats 
we rm 


Bi’ (z) 
+ ath), ove ‘}} 


*See page Il. 


A= ee 
hi=s 35 (22°+6) 


i= aan (842’+-14802*-+2320z) 
n=—(1/5)z 


a= 355 (72°—30z2*) 


6 
n= aa (10562°—116023—2240) 


(See chapter 10.) 


14.5. Asymptotic Expansions 


Asymptotic Expansion for Large Values of » 


14.5.1 F,=g cos 6,+f sin 6, 

14.5.2 =f cos O.—g sin 6, 

14.5.3 Fi=g* cos 6,+f* sin 6, 

14.5.4 G_=f* cos 6,—g* sin 6,, gf*—fg*=1 
14.5.5 6,=p— n In 2p— Lote 


(See 6.1.27, 6.1.44.) 


14.5.7 Op41;==0,+ arctan TH 

(See Tables 4.14, 6.7.) 

14.5.8 I~pahe g~ 2, gn S*~ 2a Sis g*~ 24 go 
where 


fo=1, go=0, fo=0, =1—n/p 
Feri=Oefr—ige 
GJrii= get befe 
Sin=a.fi—bigi—frle 
G1=Agt +o fi—gesrilp 


(Qk+1)q » _L(L+1)—k(k+1) +9" 
oes 7 (2k+2)p 


a= 
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14.5.9 
«oq qin D) in LN) | (64D) (in L-+1) Gn L-41) En -L+2) 
f+t9~1+-——Fiaipy 2N(2ip)? 


4 a-D) (in—L-+-1) Gn—L+2) (tg + L4+1) (in + L+2) Gat L+3) 


3!(2¢p)8 
Asymptotic Expansion for L=0, p=27>>0 
Fy(2n) _ T'(1/3)6% 2 (2/3) 1 32 ~«1_ 92672 (2/3) 1 
145.10 Qy(2n) [V3 Vr 1 T35 T'(1/3) 6’ 8100 B 7371. 10* F(1/3) B? } 
14.5.11 


Fn) TR), 1 TU) 1, 8 1, 1488 Pays) 1 
Gi(2n) V3 ~ 2yap4 =! t75 TER) #56700 at isnLie 10° (2/3) 6 


B= (2n/3)%, P'(1/3) =2.6789 38534... , P'(2/3)=1.3541 17989... 


agit. ..} 


14.5.12 
F,(2n) ~ {70833 26373, 4 (1 ¢ 04959 570165 _.00888 88888 89 
o(2n) ‘1.22340 4016 2” 7 a) 
00245 51991 81 .00091 08958 061 __.00025 34684 115 
ar ea ag ag J} 
14.5.13 
F(2n) ~{ 40869 57323 | {1 4.17282 60369 , .00031_74603 174 
@i(2n)~ ‘—.70788 17734)" a OR ae 
.00358 12148 50. .00031 17824 680 . .00090 73966 427 
a to ee «} 


20 7" WNNO 
: azs £ oe ae 


Fieure 14.3. F(n, p). Fieure 14.5. @(n, p). 
n=O, 1, 5, 10, p/2 


n=0, 1, 5, 10, p/2 


24 Fo'scosp 


Fieure 14.4. F(x, p). Ficure 14.6. Gi(n, p). 
n=0, 1, 5, 10, p/2 n=0, 1, 5, 10, p/2 
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14.6. Special Values and Asymptotic Behavior 


14.6.1 L>0, p=0 
F,=0, F,=0 
G,=°, G.=—@ 

14.6.2 L=0, p=0 


Fo=0, Fo=Co(n) 
Go= 1/C(n), l= = 


14.6.3 La 
F,~C,(n)e"", Gp~Dz(n)o* 
14.6.4 L=0, 7=0 


Fy=sin p, Fo=cos p 
G=cos p, G==—sin p 


14.6.5 p> o@ 
G4 iF, ~exp i[p—n In 2p“ + 01] 
14.6.6 L>0, n=0 
F,=(4mp)* Jis4(p) 
Gir=(—1)"Gap)* Jai (o) 
14.6.7 L>0,2n>>p 


r BE ee (2np)8Zon-4112(2np)4] 


22)” 
* @L+1)!C,() 
14.6.8 L=0, 2n>>p 
Fy~ e-*"(arp)4Z[2 (2np)*] 
Fo~e-** (21) ol2(2np)?] 


(2np)*Kox+1[2 (2np)?] 


Gy~ 20" (2) Kil2@ne)s 


4 
—2 (=) eK J22ne)] 
14.6.9 L=0, 2n>>p 
Fy~5 Be; Fi~s B-te* 
Go~ Be-*; Go~ —B-'e-* 


a=2V2np—1) 
B=(p/2n)* 


14.6.10 L=0, 2n>>p 
| ee re 
Fo~5 Bet; Fo~ {8 “+3, t~*B*} Fy 


Gh~Be-*; Co~ {Be t-*6} Gy 
t=p/2n 
a=2y {[¢(1—t)]#+ arcsin t#—47} 


={t/(1—t)}} 
14.6.11 L=0, p>>2n 
Fy=a sin 8; Fo =—t?(bFy—aG)) 
Gyo=a cos B; Go= — t?(aFy+ bG)) 


8t?§—3t* 
a= GS Top exp [- 4m)! 


(1—2 1—(1—#)! 


i-a—o!} 
=t-*(1—1)3, b=[8n(1—t)]-? 
14.6.12 n>>0, 2n~p 


F,(n, p) L(L Ai (z) 

Ga) #{5 : vate} ys 
pr=n+[n? + L(L+1)}? 

Hye 


1 
p=Ft2n{ +5In[ 


a= (o1 — a aer ae 


14.6.13 n> >0, 2n~p 
a= (2y—p) (29) -¥? 
[Go+iFo]~a'?(2n)"{[Bi(z) +7Ai(2)] 
(Go+iFol~ —a'?(2n)- Bi’ (x) +2Ai’ (z)] 
14.6.14 1>>0 
ex=n+[+L(L+1)]"? 


Filo) __T/3) my" {4 Eu) “ue 
Gi (on) V3 Qe 


a APG) "(aga 
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14.6.15 p=2n>>0 14.6.17 90 
- I~ ae ze oo(n)~—vn (y=Euler’s constant) 
0 a 
FT) Cul) ~ aryl FT 
—Gi/V3 2-Vr(2n/3)¥° 
14.6.16 17> © 14.6.18 Lo 
20) 
o0(n) ~iptndn n—1)] Cx (n) ~@L+D! eta? 
Co(n) ~ (24n)'7e-™, 
(Equality to 8S for 7>3.) 
Numerical Methods 


14.7. Use and Extension of the Tables 


In general the tables as presented are not simply 
interpolable. However, values for L>0 may be 
obtained with the help of the recurrence relations. 
The values of G,(n, p) may be obtained by 
applying the recurrence relations in increasing 
order of ZL. Forward recurrence may be used for 
F,(n, p) as long as the instability does not produce 
errors in excess of the accuracy needed. In this 
case the backwards recurrence scheme (see Ex- 
ample 1) should be used. 

Example 1. Compute F,(n, p) and Fi (n, p) for 
n=2, p=5, L=0(1)5. Starting with F%=1, 
F*=0, where F}=cF,, we compute from 14.2.3 in 
decreasing order of L: 


(1) (2) (3) (4) 


L F? P, FP, F;, 
11 0. 
10 1. 
9 4, 49284 
8 17. 5225 
7 61. 3603 
6 191.238 
5 623. 472 .090791 .091 . 1043 
4 1238. 53 . 21481 .215 . 2030 
3 2486. 72 - 43130 . 4313 . 8205 
2 4158. 46 . 72124 .72125 .3952 
1 5727. 97 - 99346 . 99347 .3709 
0 6591. 81 1. 1433 1, 1433 . 29380 


F,|F¥=1.7344X10-*=c7. 

The values in the second column are obtained 
from those in the first by multiplying by the 
normalization constant, F,/F$ where F, is the 
known value obtained from Table 14.1. 

Repetition starting with F4=1 and F*=0 
yields the same results. 

In column 3, the results have been given when 
14.2.3 is used in increasing order of L. 

F,, (column 4) follows from 14.2.2. 


Example 2. Compute G,(n, p) and Gz(n, p) for 
n=2, p=5, L=1(1)5. 

Using 14.2.2 and G)(2, 5)=.79445, Gj = —.67049 
from Table 14.1 we find G,(2, 5)=1.0815. Then 
by forward recurrence using 14.2.3 we find: 


L GL —G', . 
1 1. 0815 . 60286 
2 1. 4969 . 56619 
3 2. 0487 . 79597 
4 3. 0941 1. 7318 
5 5. 6298 4, 5493 


The values of G; are obtained with 14.2.1. 
Example 3. Compute G)(n, p) for 7=2, p=2.5. 
From Table 14.1, G)(2, 2)=3.5124, G%(2, 2) 

=—2.5554. Successive differentiation of 14.1.1 

for L=0 gives 

d* thy dw 


+2 dw 
p arta 21—p) ae pert ges} 


Taylor’s expansion is w(p+Ap)=w(p)+ (Ap) w’ 


2 
+e) phe. inc. With w—OiG@spyand apes 
we get: 
d*G, (A0)* dG, 
k dp* ki! dp* 
0 3. 5124 3. 5124 
1 —2. 5554 —1.2777 
2 3. 5124 . 43905 
3 —6. 0678 —. 12641 
4 12. 136 . 03160 
5 —29. 540 —. 00769 
6 83. 352 "00181 
7 


— 268. 26 —. 00042 


Go(2, 2. 5) =2. 5726 


As a check the result is obtained with 7=2, p=3, 
Ap=—.5. The derivative Gj(n, p) may be ob- 
tained using Taylor’s formula with w=G)(n, p). 


*See page 11. 
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Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO 
; Fo(1P) 

n\ 1 2 3 4 

0.5 - 1) 5.1660 0) 1.0211 0) 1.0432 - 1) 4.1924 ~ 1)-4.9046 
1.0 - 1) 2.2753 - 1) 6.6178 0) 1.0841 0) 1.1572 - 1346. 8494 
1.5 - 2) 8.4815 - 1) 3.3159 - 1) 7.3013 0) 1.1186 0) 2.2327 
2.0 ~ 2) 2.8898 -1) 1.4445 - 1) 3.9861 ~ 1) 7.7520 0) 1.1433 
2.5 ~ 3) 9, 3008 - 2) 5.7560 - 1) 1.9162 - 1) 4.4865 - 1) 8.0955 
3.0 - 3) 2.8751 - 2) 2.1538 - 2) 8.4417 - 1) 2.3093 - 1) 4.8882 
3.5 - 4) 8.6200 - 3) 7.6857 - 2) 3.4863 - 1) 1.0927 - 1) 2.6473 
4.0 - 4) 2.5224 - 3) 2.6417 - 2) 1.3692 - 2) 4.8493 - 1) 1.3227 
4.5 - 5) 7,2358 - 4) 8.8072 - 3) 5.1636 - 2) 2.0448 ~ 2) 6.2060 
5.0 ~ 5) 2.0413 - 4) 2,8622 - 3) 1.8829 - 3) 8.2690 ~ 2) 2.7673 
5.5 ~ 6) 5.6770 - 5) 9.1017 - 4) 6.6735 - 3) 3.2283 - 2) 1.1829 
6.0 ~ 6) 1.5593 - 5) 2.8403 ~ 4) 2.3080 - 3) 1.2230 - 3) 4.8778 
6.5 - 7) 4.2367 - 6) 8, 7187 - 5) 7.8131 ~ 4) 4.5136 - 3) 1.9502 
7.0 - 7) 1.1400 - 6) 2.6375 - 5) 2.5954 - 4) 1.6280 - 4) 7.5886 
7.5 - 8) 3.0407 ~ 7) 7.8750 - 6) 8.4780 - 5) 5.7536 - 4) 2.8831 
8.0 - 9) 8.0474 - 7) 2.3238 - 6) 2.7278 - 5) 1.9966 - 4) 1.0722 
8.5 ~ 9) 2.1146 - 8) 6, 7842 - 7) 8.6573 - 6) 6.8154 - 5) 3.9115 
9.0 ~10) 5.5203 - 8) 1,9614 - 7) 2.7136 - 6) 2.2918 - 5) 1.4023 
9.5 -10) 1.4325 - 9) 5.6202 - 8) 8.4089 - 7) 7.6019 ~ 6) 4.9481 
10.0 -11) 3.6966 ~ 9) 1.5971 ~ 8) 2.5785 - 7) 2.4900 - 6) 1.7207 
10,5 -12) 9.4903 -10) 4.5043 - 9) 7.8306 ~ 8) 8, 0621 - 7) 5.9043 
11.0 -12) 2.4248 -10) 1.2613 - 9) 2.3567 - 8) 2.5824 - 7) 2.0009 
11.5 -13) 6.1679 -11) 3.5086 10) 7.0332 - 9) 8.1895 ~ 8) 6, 7032 
12.0 -13) 1.5623 -12) 9.6998 -10) 2.0826 ~ 9) 2.5730 - 8) 2.2216 
12.5 -14) 3.9419 -12) 2. 6660 ~11) 6.1216 ~10) 8, 0134 - 9) 7.2896 
13.0 -15) 9.9089 ~13) 7.2878 -11) 1.7870 -10) 2.4754 - 9) 2.3694 
13.5 ~15) 2.4822 -13) 1.9819 -12) 5.1827 -11) 7.5877 -10) 7. 6337 
14,0 -16) 6.1972 -14) 5.3636 -12) 1.4939 -11) 2.3090 -10) 2.4390 
14.5 ~16) 1.5424 -14) 1.4449 ~13) 4.2812 ~12) 6.9781 -11) 7.7314 
15.0 -17) 3.8274 -15) 3.8752 -13) 1.2201 -12) 2.0952 11) 2.4326 
15.5 -18) 9.4708 -15) 1.0350 -14) 3.4592 -13) 6.2521 -12) 7.5998 
16.0 ~18) 2, 3372 ~16) 2. 7536 -15) 9, 7586 -13) 1.8547 -12) 2.3584 
16.5 -19) 5.7529 -17) 7, 2980 -15) 2.7399 -14) 5.4712 ~13) 7.2719 
17.0 ~19) 1.4126 -17) 1.9272 -16) 7.6580 -14) 1.6053 -13) 2.2286 
17.5 -20) 3, 4602 -18) 5.0719 ~16) 2.1311 -15) 4. 6864 -14) 6.7904 
18.0 ~21) 8.4571 -18) 1.3304 -17) 5.9063 -15) 1.3614 -14) 2.0575 
18.5 -21) 2. 0625 -19) 3.4785 ~17) 1.6304 -16) 3.9364 ~15) 6.2009 
19.0 -22) 5.0197 -20) 9, 0677 -18) 4.4834 -16) 1.1331 -15) 1.8594 
19.5 -22) 1.2192 -20) 2.3568 -18) 1.2284 -17) 3.2476 -16) 5.5480 
20.0 -23) 2.9556 -21 Ser -19) 3.3538 -18) 9.2696 -16) 1.6477 

7 FF 
dp o(1,p) 

0.5 ~ 1) 5.9292 - 1) 3.2960 ~ 1)-3.1699 ~ 1)-8. 6672 - 1)-8, 3314 
1,0 ~ 1) 3.4873 ~ 1) 4.8156 ~ 143, 0292 ~ 1)-1.9273 ~ 1)-7.2364 
1.5 - 1) 1.5684 - 1) 3.3632 = 1) 4,3300 - 1)42.9671 - 1)-1.0456 
2.0 - 2) 6.1308 ~ 1) 127962 = 1) 3.2695 -1) 4.0401 ~ 1)42.9380 
2.5 - 2) 2.1980 ~ 2) 8.2804 - 1) 1.9237 - 1) 3,1922 - 1) 3.8386 
3.0 - 3) 7.4239 - 2) 3.4693 - 2) 9.8019 - 1) 2.0030 - 1) 3.1264 
3.5 = 3) 2.3993 ~ 2) 123575 - 2) 4.5336 ~ 1) 1.0945 - 1) 2.0555 
4.0 ~ 4) 7.4933 - 3) 5.0436 - 2) 1.9532 - 2) 5.4362 - 1) 1.1839 
4.5 ~ 4) 2.2767 - 3) 1.7984 - 3) 7.9650 ~ 2) 2.5140 ~ 2) 6.2113 
5.0 - 5) 6.7615 - 4) 6.2008 - 3) 3.1077 ~ 2) 1.0992 - 2) 3.0360 
5.5 - 5) 1.9700 - 4) 2.0789 - 3) 1.1690 - 3) 4.5914 - 2) 1.4028 
6.0 ~ 6) 5.6457 ~ 5) 6.8046 - 4) 4.2638 - 3) 1.8462 - 3) 6.1885 
6.5 - 6) 1.5950 ~ 5) 2.1817 - 4) 1.5145 - 4) 7.1867 ~ 3) 2.6259 
7.0 - 7) 4.4497 - 6) 6.8691 ~ 5) 5.2563 - 4) 2.7200 ~ 3} 1.0777 
7.5 - 7) 1.2276 = 6) 2.1283 - 5) 1.7875 - 4) 1.0045 - 4) 4.2964 
8.0 - 8) 3.3527 - 7) 6.5001 = 6) 5.9696 - 5) 3.6292 - 4) 1.6695 
8.5 - 9) 9.0744 - 7) 1.9597 ~ 6) 1.9614 - 5) 1.2859 - 5) 6.3417 
9.0 - 9) 2.4359 - 8) 5.8395 ~ 7) 6.3501 = 6) 4.4771 - 5) 2.3601 
9.5 -10) 6.4900 - 8) 1.7215 - 7) 2.0285 - 6) 1.5341 ~ 6) 8.6225 
10.0 -10) 1, 7173 ~ 9) 5.0256 - 8) 6.4011 - 7) 5.1804 - 6) 3.0976 
10.5 -11) 4.5150 - 9) 1.4539 - 8) 1.9973 ~ 7) 1.7262 - 6) 1.0958 
11,0 -11) 1.1801 -10) 4.1713 - 9) 6.1672 - 8) 5.6813 - 7) 3.8219 
11.5 -12) 3.0676 -10) 1.1875 ~ 9) 1.8860 - 8) 1.8487 - 7) 1.3157 
12.0 -13) 7.9334 -11) 3.3562 ~10) 5.7160 - 9) 5.9521 - 8) 4.4743 
12.5 -13) 2.0420 -12) 9, 4217 ~10) 1.7179 - 9) 1.8975 - 8) 1.5045 
13.0 ~14) 5, 2322 -12) 2.6282 “11) 5.1227 -10) 5.9935 - 9) 5.0060 
13.5 ~14) 1.3350 -13) 7.2879 -11) 1.5163 -10) 1, 8768 - 9) 1.6492 
14.0 ~15) 3.3929 -13) 2,0096 -12) 4.4571 -11) 5.8291 -10) 5. 3830 
14.5 -16) 8.5905 ~14) 5.5121 -12) 1.3016 -11) 1.7966 -10) 1.7417 
15.0 -16) 2.1673 -14) 1.5043 -13) 3.7774 -12) 5.4972 -11) 5.5888 
15.5 -17) 5.4495 -15) 4.0861 -13) 1.0899 -12) 1.6705 -11) 1.7794 
16.0 -17) 1.3659 -15) 1.1049 -14) 3,1270 ~13) 5.0433 ~12) 5.6234 
16.5 -18) 3.4129 -16) 2.9747 -15) 8.9243 -13) 1.5132 -12) 1.7647 
17.0 -19) 8, 5032 -17) 7.9764 -15) 2.5341 -14) 4.5133 -13) 5.5009 
17.5 -19) 2.1127 -17) 2.1304 ~16) 7.1612 -14) 1.3386 -13) 1.7038 
18.0 ~20) 5.2352 -18) 5.6690 -16) 2.0144 -15) 3.9490 -14) 5.2453 
18.5 ~20) 1.2940 -18) 1,5031 -17) 5.6414 -15) 1.1590 -14) 1.6054 
19.0 -21) 3.1905 ~19) 3.9718 -17) 1.5733 -16) 3.3848 15) 4.8863 
19,5 ~22) 7.8484 ~19) 1.0461 -18) 4, 3698 -17) 9. 8388 -15) 1.4793 
20.0 ~22) 119263 -20) 2.7464 -18) 1.2090 -17) 2.8470 -16) 4.4556 


For use of this table see Examples 1-3. 
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COULOMB WAVE FUNCTIONS 


COULOMB WAVE FUNCTIONS OF ORDER ZERO Table 14.1 


Go(1e) 
av? 1 2 4 5 
0.5 0) 1.1975 - 1) 5.3221 - 1)-3, 4105 - 1)-9.8570 - 1)-9, 3493 
1.0 0) 2.0431 0) 1.2758 ~ 1)+6.2704 - 1)-1.8901 - 1)-8, 9841 
15 0) 4.0886 0) 2.0276 0) 1.3423 - 1)+7.1836 - 2)-5.3716 
2.0 0) 9. 8003 0) 3.5124 0) 2.0405 0) 1.3975 = 1347. 9445 
2.5 1) 2.6401 0} 7.1318 0) 3.2733 0) 2.0592 0} 1, 4442 
3.0 1) 7.6551 1) 1.6390 0) 6.0195 0) 3.1445 0) 2.0788 
3.5 2) 2.3355 2) 4.0982 1) 1.2493 0) 5.4049 0) 3.0657 
4.0 2) 7.4015 2) 1.0878 1) 2.8313 1) 1.0423 0) 5.0146 
4.5 3) 2.4167 2) 3.0209 1) 6.8403 1) 2.1964 0) 9.1424 
5.0 3) 8.0855 2) 8.6969 2) 1.7354 1) 4.9434 1) 1.8193 
5.5 A) 2.7606 3) 2.5792 2) 4.5790 2) 1.1708 1) 3.8704 
6.0 4) 9.5899 3) 7.8428 3) 1.2482 2) 2.8891 1) 8.6736 
6.5 5) 3.3815 4) 2.4367 3) 3.4980 2) 7.3782 2) 2.0275 
7.0 6) 2.2081 4) 7.7137 4) 1,0041 3) 1.9403 2) 4.9202 
7.5 6) 4. 3664 5) 2. 4826 4) 2.9432 3) 5.2344 3) 1.2258 
8.0 7) 1.5946 5) 8.1086 4) 8. 7893 4) 1.4441 3) 3.1422 
8.5 7) 5.8778 6) 2. 6837 5) 2. 6689 4) 4.0648 3) 8.2458 
9.0 8) 2.1850 6) 8.9891 5) 8.2266 5) 1.1648 4) 2.2097 
9.5 8) 8.1855 7) 3.0439 6) 2.5706 5) 3.3928 A) 6.0344 
0.0 9) 3, 0882 8) 1.0421 6) 8.1333 6) 1.0029 ( 5) 1.6764 
0.5 10) 1.1727 8) 3.5934 7) 2.6029 6) 3.0052 5) 4. 7305 
1.0 10) 4.4801 9) 1.2509 7) 8.4187 (6) 9.1181 6) 1.3542 
15 11) 1.7211 9) 4: 3888 8) 2.7496 7) 2. 7986 6) 3.9285 
2.0 11) 6.6465 10) 1.5511 8) 9. 0625 7) 8. 6825 7) 121537 
2.5 12) 2.5793 10) 5.5199 9) 3.0124 8) 2.7207 7) 3.4272 
3.0 13) 1.0055 11) 1.9769 10) 1.0093 8) 8.6053 8) 1.0290 
3.5 13) 3.9366 11) 7.1230 10) 3.4069 9) 2.7457 8) 3.1205 
4.0 14) 1.5474 12) 2.5811 11) 1.1581 9) 8.8331 8) 9.5523 
4.5 14) 6.1062 12) 9.4029 11) 3.9629 10) 2.8638 9) 2.9500 
5.0 15) 2.4181 13) 3.4429 12) 1.3645 10) 9.3530 9) 9.1867 
5.5 15) 9.6091 14) 1.2667 12) 4.7264 11) 3.0758 10) 2.8835 
6.0 16) 3.8309 14) 4.6814 13) 1.6463 12) 1.0182 10) 9.1182 
6.5 17) 1.5320 15) 1.7377 13) 5. 7652 12) 3.3917 11) 2.9039 
7.0 17) 6.1445 15) 6.4769 14) 2.0292 13) 1.1365 11) 9.3107 
7.5 18) 2.4714 16) 2.4236 14) 7.1771 13) 3.8299 12) 3.0045 
8.0 18) 9.9670 16) 9.1034 15) 2.5502 14) 1.2976 12) 9.7548 
8.5 19) 4.0300 17) 3.4316 15) 9.1019 14) 4.4194 13) 3.1857 
20 20) 1.6335 18) 1.2981 16) 3.2623 15) 1.5126 14) 1.0462 
25 20) 6.6365 18) 4.9263 17) 1.1741 15) 5.2016 14) 3.4544 
. 0 21) 2.7024 19) 1.8756 17) 4.2418 16) 1.7969 15) 1.1464 
2 Co(q p) 
dp 
0.5 ~ 1)-5. 6132 - 1)-8, 0753 ~ 1)-8.5494 ~ 1)-3.4747 - 1)44, 5076 
1,0 0) -1. 2636 ~ 1)-5,8273 ~ 1)-7.4783 ~ 1)-8. 3273 - 1)-5. 1080 
1:5 0) -4. 2300 - 15-9. 5930 ~ 1)-5. 7358 ~ 1)-7.0346 - 1)-8, 0665 
220 1)-2, 3813 0) -2. 5554 ~ 1)-8. 3499 = 1)-5. 6167 ~ 1)-6. 7049 
2.5 1) -4. 5128 0) -7.1137 0) -1. 9326 ~ 1)-7. 6379 ~ 1)-5.5046 
3.0 2)-1. 5015 1)-2. 0029 0) ~4. 8566 0) -1. 6029 ~ 1)-7.1618 
3.5 2)-5. 1001 1)-5. 7725 1)-1: 2438 0) -3. 7375 0) -1. 3970 
40 3) ~1. 7657 2) -1. 7086 1) -3. 2646 0) -8. 9366 0) -3. 0719 
4.5 3) -6. 2161 2)-5.1859 1) -8. 8150 1) -2.1901 0} -6. 9633 
5.0 4) -2. 2206 3) -1. 6097 2) -2, 4467 1) ~5. 5222 1)-1. 6176 
5.5 4)-8, 0354 3)~5. 0961 2) -6. 9635 2) ~1. 4325 1) -3. 8642 
6.0 5) -2. 9409 4)~-1. 6418 3) -2, 0268 2)-3. 8154 1) -9, 4968 
6.5 6)-1. 0873 4) -5. 3723 3) -6. 0185 3) 1. 0408 2) -2. 3977 
7.0 6) -4. 0566 5) -1. 7825 4) ~1. 8195 3) -2. 9006 2) -6. 2044 
7.5 7)-1. 5259 5)-5. 9890 4) -5, 5897 3) ~8. 2422 3) 1, 6419 
8.0 7)-5. 7831 6) -2. 0352 5) -1. 7425 4) -2. 3835 3) -4. 4339 
8.5 8) -2. 2067 6)-6. 9879 5) -5. 5045 4) -7. 0031 4) -1. 2197 
9.0 8) -8, 4732 7) -2. 4222 6)-1. 7601 5) -2. 0878 4) ~3, 4122 
9.5 9)-3, 2724 7)-8. 4693 6) -5. 6909 5) ~6. 3080 4) ~9; 6943 
0.0 10) -1. 2706 8) -2. 9853 7) ~1. 8591 6) -1. 9295 5)-2. 7937 
0.5 10)-4. 9580 9)~1. 0602 7) 6.1315 6) -5. 9693 5) -8.1574 
1,0 11)-2. 9437 9)-3. 7915 8) -2. 0402 7)-1. 8664 6)-2. 4111 
1.5 11)-7. 6530 10) ~2. 3647 8) -6.. 8449 7) -5. 8932 6}-7. 2077 
250 12) -3, 0256 10) -4. 9424 9)-2. 3143 8) -1. 8780 7)-2.1776 
12.5 13) -1. 2008 11)-1. 8002 9) ~7. 8819 8) -6. 0367 7) -6. 6446 
13.0 13) -4. 7827 11) -6. 5922 10) -2. 7027 9) ~1. 9562 8) -2. 0464 
13.5 14)-1,9115 12) -2, 4263 10) -9. 3274 9) -6. 3878 8) -6. 3581 
14,0 14) -7, 6643 12)-8. 9735 11) -3. 2386 10) -2, 1009 9) -1, 9918 
14,5 15) ~3. 0826 13) -3. 3339 12)-1, 1310 10) -6. 9573 9} -6. 2887 
15.0 16) -1: 2434 14) -1. 2440 12)-3,9713 11) -2, 3188 10) ~2, 0003 
15.5 16) -5. 0296 14) -4, 6610 13)-1, 4017 11)-7. 7763 10) ~6. 4071 
16.0 17) -2. 0399 15) -1. 7532 13) -4.9720 12) -2. 6230 11) -2. 0660 
16.5 17)-8. 2942 15) -6. 6194 14) -1, 7719 12) -8. 8973 11) -6. 7044 
17.0 18) -3. 3805 16) -2. 5081 ~6. 3433 13) -3. 0340 12) -2, 1889 
17.5 19)-1. 3810 16) -9. 5361 15) -2. 2806 14) -1. 0399 12) -7. 1879 
18.0 19) ~5. 6545 17) -3. 6376 15) -8. 2334 14) -3, 5813 13) -2. 3735 
18.5 20) -2. 3201 18) -1. 3919 16) -2. 9841 15) -1, 2392 13) -7. 8789 
19.0 20) -9. 5394 18) -5. 3424 17)-1. 0857 15) -4, 3069 14) -2, 6288 
19.5 21) -3. 9299 19)-2. 0564 17) -3, 9642 16) -1, 5033 14) -8, 8139 
20.0 22)-1. 6221 19)-7, 9378 18) -1. 4526 16) -5, 2691 15) -2. 9690 


*See page Il. 
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Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO 


Fo(1,P) 
a? 11 12 13 14 15 
0.5 - 1)+2, 0734 - 1)-6,9792 0)-1. 0101 ~- 1)-4. 5964 - 1)4+4,.8492 
1,0 0)+1. 0298 - 1)4+7,9515 - 2)-5,. 5932 - 1)-8. 6120 - 1)-9. 7879 
15 ~ 2)4+2, 4612 - 1)4+8. 3008 0)+1, 0493 =~ 1)4+5,1243 - 1)-3, 9930 
2.0 0)-1, 0170 - 1)-3.6119 - 1)+5,1844 0)+1. 0566 - 1)+8, 8343 
2.5 - 1)-9. 6841 0) -1. 3262 ~ 1)-6,5977 - 1)+1. 8869 - 1)+9,1875 
3.0 - 1)-1. 2613 - 1)-8. 5079 0) -1, 1642 ~ 1)~8. 7866 ~ 1}-1.1758 
3.5 - 1)+7. 8227 = 2)4+3.2549 - 1)~-7.2395 0)-1. 1551 0}-1. 0318 
4.0 0) 1.3156 1) 8.8532 = 1)+1, 7404 1)-5, 9595 0)-1.1153 
4.5 0) 1.4169 0) 1.3600 - 1) 9.7341 - 1)+3, 0035 - 1)-4, 7101 
5.0 0) 1.2318 0) 1.4324 0) 1.3978 0) 1.0496 1) +4, 1342 
5.5 - 1) 9.3335 0) 1.2422 0) 1.4462 0) 1.4305 0) 1.1161 
6.0 - 1) 6.3994 - 1) 9.4757 Q) 1.2519 0) 1.4586 0) 1.4592 
6.5 - 1) 4.0596 - 1) 6.5749 ~ 1) 9.6077 0) 1.26190 0) 1.4698 
7.0 - 1) 2.4178 - 1) 4.2347 - 1) 6.7378 - 1) 9.7312 0) 1.2697 
7.5 - 1) 1.3660 - 1) 2.5662 - 1) 4.3989 - 1) 6.8900 - 1) 9, 8472 
8.0 - 2) 7.3768 - 1) 1.4773 - 1) 2.7074 - 1) 4.5535 - 1) 7.0328 
8.5 ~ 2) 3.8306 - 2) 8.1375 - 1) 1.5852 - 1) 2,8422 - 1) 4.6997 
9,0 - 2) 1.9215 - 2) 4.3132 - 2) 8.8895 - 1) 1.6898 ~ 1) 2.9711 
9.5 ~ 3) 9.3472 - 2) 2.2096 ~- 2) 4,8001 - 2) 9.6316 - 1) 1.7913 
10,0 - 3) 4.4228 - 2) 1.0980 - 2) 2.5064 - 2) 5.2898 ~- 1) 10363 
10.5 - 3) 2.0410 - 3) 5.3087 - 2) 1.2700 - 2) 2,8108 - 2) 5.7809 
11,0 - 4) 9.2064 - 3) 2.5036 - 3) 6.2624 - 2) 1.4498 - 2) 3.1214 
11,5 - 4) 4.0667 - 3) 1.1541 - 3) 3.0126 - 3) 7.2798 - 2) 1.6367 
12,0 - 4) 1.7621 - 4) 5.2102 - 3) 1.4168 - 3) 3.5666 - 3) 8.3567 
12.5 - 5) 7.5001 - 4) 2.3072 - 4) 6.5253 - 3) 1.7085 - 3) 4.1640 
13.0 - 5) 3.1398 - 4) 1.0036 ~ 4) 2.9480 ~ 4) 8,0157 - 3) 2.0290 
13.5 - 5) 1.2943 ~- 5) 4.2931 - 4) 1.3082 - 4) 3.6890 - 4) 9.6841 
14.0 - 6) 5.2587 - 5) 1.8082 - 5) 5.7090 - 4) 1.6677 - 4) 4.5343 
14.5 - 6) 2.1078 - 6) 7.5055 - 5) 2.4529 - 5) 7.4139 - 4) 2.0854 
15.0 - 7) 83417 - 6) 3.0731 ~ 5) 1.0386 - 5) 3.2448 - 5) 9.4326 
15.5 - 7) 3.2617 - 6) 1.2422 - 6) 4,3371 - 5) 1.3994 - 5) 4.2002 
16.0 - 7) 1.2609 ~ 7) 4.9601 ~ 6) 1.7878 - 6) 5.9525 - 5) 1.8429 
16.5 - 8) 4.8223 - 7) 1.9580 - 7) 7.2797 - 6) 2.4990 - 6) 7.9746 
17.0 - 8) 1.8255 - 8) 7.6449 - 7) 2.9299 - 6) 1.0363 - 6) 3.4058 
17.5 - 9) 6.8436 - 8) 2.9542 - 7) 1.1663 - 7) 4.2471 - 6) 1.4366 
18,4 - 9) 2,5420 ~ 8) 1.1303 - 8) 4.5940 - 7) 1.7213 - 7) 5.9886 
18.5 -10) 9, 3587 ~ 9) 4.2845 ~- 8) 1.7916 - 8) 6.9031 - 7) 2.4686 
19.0 -10) 3.4166 ~ 9) 1.6095 - 9) 6.9206 ~ 8) 2.7406 - 7) 1.0068 
19.5 -10) 1.2373 -10) 5.9943 - 9) 2.6491 - 8) 1.0776 - 8) 4.0646 
20.0 -11) 4, 4462 -10) 2.2143 d - 9) 1.0052 - 9) 4.1981 - 8) 1.6250 
— Fi 
dof ome) 
0.5 - 1)-9. 5680 - 1)-7,1349 - 1)+1. 3869 - 1)+8. 7670 — 1)+8, 6352 
1.0 - 1)+1. 8546 - 1)-6. 2449 - 1)-9. 5769 - 1)-5, 3599 - 1)+3.1951 
15 - 1)+9. 2360 - 1)+5. 8520 - 1)-1. 7814 - 1)-8, 2728 - 1)-8. 7421 
2.0 - 1)+3. 8476 - 1)+8. 5839 ~ 1)4+7.9972 ~ 1)4+2.0967 - 1)-5. 3804 
2.5 - 1)-4.5774 - 1)4+1. 6399 = 1)47. 2679 ~ 1)+8. 8132 ~- 1)4+4,9591 
3.0 - 1)-8.1670 - 1)-5. 7064 - 2)-2. 2037 - 1)+5. 7220 - 1)+8, 7738 
3.5 - 1)-6. 4636 - 1)-8.0763 - 1)-6. 4688 - 1)-L. 7427 - 1)+4. 1643 
4.0 - 1)-2, 5453 - 1)-5. 9550 - 1)-7. 8882 - 1)-6.9700 - 1)-2. 9695 
4.5 - 2)48, 9270 - 1)-2,1713 - 1)-5. 4930 - 1)-7. 6466 - 1)-7. 2842 
5,0 - 1) 2, 7803 - 1)+41, 0182 - 1)-1. 8523 - 1)-5. 0747 ~ 1)-7.3777 
5.5 - 1) 3.2469 - 1) 2.7572 ~ 1)41.1221 - 1)-1,5772 - 1)-4, 6963 
6,0 - 1) 2.8649 - 1) 3.1907 - 1) 2.7353 ~ 1)4+1. 2094 - 1)-1,. 3378 
6.5 ~ 1) 2.1649 - 1) 2.8342 - 1) 3.1402 - 1) 2.7144 - 1)+1, 2836 
7.0 -~ 1) 1.4725 ~ 1) 2.1694 - 1) 2.8059 - 1) 3.0946 - 1) 2.6945 
75 - 2) 9.2538 - 1) 1.4994 - 1) 2.1722 - 1) 2.7794 - 1) 3.0530 
8.0 - 2) 5.4607 - 2) 9.5947 - I) 1.5231 - 1) 2.1737 - 1) 2.7548 
8.5 - 2) 3.0589 - 2) 5.7724 - 2) 9.9053 - 1) 1.5440 - 1) 2.1743 
9.0 - 2) 1.6394 ~ 2) 3.2995 ~ 2) 6,0640 - 1) 1.0189 - 1) 1.5625 
9.5 - 3) 8.4560 - 2) 1.8054 - 2) 3.5301 - 2) 6.3375 - 1) 1.0450 
10.0 - 3) 4.2172 - 3) 9.5118 - 2) 1.9685 - 2) 3.7513 - 2) 6.5943 
10.5 - 3) 2.0412 ~ 3) 4.8467 - 2) 1.0573 - 2) 2.1282 - 2) 3.9633 
11.0 - 4) 9.6175 - 3) 2.3971 - 3) 5.4937 - 2) 1.1634 - 2) 2.2844 
11.5 - 4) 4.4224 ~ 3) 1.1542 - 3) 2.7714 - 3) 6.1551 - 2) 1.2693 
12,0 - 4) 1.9888 - 4) 5.4237 - 3) 1.3612 - 3) 3.1620 - 3) 6.8276 
12.5 - 5) 8. 7636 - 4) 2.4927 - 4) 6.5256 ~- 3) 1, 5818 - 3) 3.5670 
13,0 - 5) 3.7897 ~ 4) 1.1224 - 4) 3.0596 - 4) 7.7243 - 3) 1.8150 
13.5 - 5) 1.6105 - 5) 4.9597 - 4) 1.4055 - 4) 3.6892 - 4) 9.0158 
14,0 - 6) 6.7342 ~- 5) 2.1535 - 5) 6.3355 - 4) 1.7264 - 4) 4.3806 
14.5 - 6) 2.7736 - 6) 9.1993 - 5) 2.8061 - 5) 7.9271 - 4) 2.0855 
15.0 - 6) 1.1263 ~ 6) 3.8704 - 5) 1.2227 - 5) 3.5765 - 5) 97427 
15.5 - 7) 4.5133 ~ 6) 1.6053 - 6) 5.2466 - 5) 1.5873 - 5) 4.4720 
16.0 - 7) 1.7861 ~ 7) 6.5690 - 6) 2.2191 - 6) 6.9375 - 5) 2,0192 
16.5 - 8) 6.9850 - 7) 2.6544 - 7) 9.2602 - 6) 2.9885 ~ 6) 8.9777 
17,0 - 8) 2.7014 - 7) 1.0598 - 7) 3.8151 - 6) 1.2700 - 6) 3.9341 
17.5 - 8) 1.0337 - 8) 4.1839 - 7) 1.5529 - 7) 5.3278 - 6) 1.7006 
18,0 - 9) 3.9159 - 8) 1.6340 ~- 8) 6.2491 - 7) 2.2081 - 7) 7.2565 
18.5 - 9) 1.4693 - 9) 6.3169 - 8) 2.4875 - 8) 9.0465 - 7) 3.0587 
19.0 -10) 5. 4629 - 9) 2.4184 - 9) 9.8001 - 8) 3, 6658 - 7) 1.2744 
19.5 -10) 2.0135 -10) 9.1730 - 9) 3.8231 ~ 8) 1.4700 - 8) 5.2514 
20.0 -11) 7.3598 -10) 3.4487 - 9) 1.4774 - 9) 5.8367 ~ 8) 2.1413 
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COULOMB WAVE FUNCTIONS OF ORDER ZERO 
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-1.9549 
9. 3312 
-3. 0001 
+8, 0730 
+7. 2980 
+1.1621 
4, 4342 
-6. 9211 
-6. 7991 
5. 6855 


~1. 0663 


~2.3257 
-5. 1822 
-1.1779 
~2.7275 
-6, 4259 
-1, 5386 
-3. 7400 
~9, 2211 
~2. 3041 
-5. 8301 


-1, 4929 
-3, 8658 
-1.0118 
~2. 6753 
-7.1420 
-1.. 9243 
-5. 2302 
-1. 4335 
-3. 9609 
-1,1028 
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-2. 8667 


-6, 6551 


-5. 5863 
—4. 9764 
~5. 7431 
-8. 7431 
-1, 5360 
~2. 8442 
-5. 4029 
-1, 0496 
-2. 0879 
~4, 2551 


—6. 4624 
-1. 5808 


-3. 9163 


-8,1738 
-2.2141 
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+1. 4266 
-1. 0410 
~1, 9619 
+9, 6524 
+9, 1486 
-5. 4999 
-9, 6933 
-1, 2515 
-9, 0670 
~2. 2730 


+5. 0322 
1.1399 


1.5529 


+5. 5060 


-6. 8530 


-6, 5243 
5. 4972 
~4, 9245 
-5. 6396 
-B. 4240 
-1, 4516 
-2. 6410 
4.9315 
-9. 4124 
-1, 8382 


~3. 6758 
-7, 5239 
1.5749 
~3. 3666 
-7. 3407 
-1, 6305 
—3, 6849 
—8. 4644 
~1.9742 
~4, 6712 


-1. 1203 
-2. 7217 
—6, 6925 
-1, 6647 
4. 1862 
-1. 0637 
-2. 7299 
-7, 0724 
-1, 8489 
-4, 8757 
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+9, 0905 
-5, 8152 
~9, 3005 
+2, 5664 
+1. 0999 
+7, 4014 
-2. 7342 
-1, 0783 
~1, 2510 
~8. 5560 


8. 7394 


+4. 4173 
+7..9924 
~4, 4998 
—-8, 9553 
—1,6218 
+6. 5611 
+8. 2450 
+4, 1682 
-1, 4460 
5, 3907 


-6, 8002 
-6. 4050 
-5. 4165 


—4, 5385 


-1.1670 


Table 14.1 
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+8. 9435 
+3. 4046 
-9, 7885 
~6, 2172 
+6, 1593 
+1. 1292 
+5, 4881 


5. 5902 


9. 7253 


~4, 2061 
-7, 1837 


-3. 0133 
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552 


Table 14.1 
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+1. 0105 
-3. 0813 


-3, 5128 


+5. 1503 
1.1748 


2. 5646 


1.1789 
5. 3346 


+1. 0374 
+9. 2398 
-2. 6352 
-9. 2711 
-2.1794 
+6, 8521 
+8, 2181 
+2, 6981 
3.9491 
-7, 4641 


-7,0977 


1, 7529 
7.3379 


me men ee enn men eee, en eee, ne ee ee eee 


COULOMB WAVE FUNCTIONS 


treat 


HME OCOCOOHPrY HOP OHMMHE HE 


torurrad ave turret ervouvesg rete tet veut btprttterreres 
NNN HWwworrrnhr L staal apts ael aed a Anal alee! te 


teraitretarea 


Prrpbrprereurnr’d 


SNOW S PWVWVUWUNNNN Ee 


ee ee 


ee 


Nee eee een 


Fo(1,p) 
17 18 
+6, 6039 - 1)-2. 6356 
+6,1193 0) +1. 0298 
~8, 5450 - 2)-4, 2659 
~7. 4809 0) -1. 0620 
+5, 2505 - 1)-3. 6504 
+1,1097 = 1)+8, 3235 
+4, 6531 0)+1, 0517 
~6. 0877 - 1)+2. 2016 
-1:1932 ~ 1)-7.9196 
~9. 8377 0)-1: 2226 
-2.3772 - 1)-9.0447 
+6, 0673 ~ 1)-1. 3066 
1.2270 - 1)+6. 8982 
1, 5072 0) 1.2736 
1, 4897 Oy 1.5276 
1, 2856 0) 1.4986 
1, 0060 0) 1.2930 
7.2948 0) 1,0159 
4, 9703 - 1) 7.4157 
3. 2134 (- 1) 5.0960 
1.9857 - 1) 3.3276 
1.1794 = 1) 20789 
6. 7632 ~ 1) 1.2493 
3.7577 ~ 2) 7.2527 
2, 0290 - 2) 4.0816 
1, 0674 = 2) 2.2331 
5. 4824 - 2) 1.1907 
2. 7546 ~ 3) 6.2000 
1; 3560 - 3) 3.1586 
6.5497 ~ 3) 1.5768 
3.1079 ~ 4) 7.7245 
1, 4504 ~ 4) 3.7177 
6. 6636 - 4) 1.7598 
3, 0167 - 5) 8.2016 
1, 3469 ~ 5) 3.7665 
5, 9345 - 5) 1, 7058 
2.5824 ~ 6) 7.6243 
1.1105 ~ 6) 3.3654 
4, 7213 = 6) 1.4679 
1.9859 = 7) 6.3305 
5. F; 
dp (1) 
-7, 4873 - 1)-9.5176 
+7. 7918 ~ 3)-6,9768 
+5, 5592 = 149.5486 
~6, 6487 ~ 2)48. 1839 
78.0683 = 1)-8, 6636 
+7. 3796 = 1)-6.0125 
+7, 9551 = 1)43,1511 
47.3722 = 1)48, 4585 
+1, 3669 = 1)46, 3816 
~4, 7259 = 2)41, 8327 
-7, 5469 ~ 1)-5. 3380 
~6. 8162 = 1)-7, 5595 
~4, 0420 = 1)-6.5393 
~9. 4232 ~ 1)-3. 7584 
+1, 4020 ~ 2)-7.7728 
2.6574 - 1)+1. 4497 
2.9796 - 1) 2.6401 
2: 7098 - 1) 2.9470 
2.1730 = 1) 2.6893 
1.5938 - 1) 21715 
1, 0912 - 1) 1.6072 
7. 0640 - 1) 1.1118 
4, 3620 - 2) 7.2792 
2. 5860 ~ 2) 4.5494 
1.4792 ~ 2) 2.7313 
8. 1964 ~ 2) 1.5829 
4, 4133 ~ 3) 8.8984 
2. 3153 - 3) 4.8514 
1. 1861 ~ 3) 2.5805 
5.9443 = 3) 1.3405 
2.9194 - 4) 6.8135 
1, 4071 - 4) 3.3940 
6. 6637 = 4) 1,6592 
3, 1043 = 5) 7.9706 
1.4240 - 5) 3.7665 
6. 4378 ~ 5) 1.7526 
2.8708 ~ 6) 8.0374 
1, 2636 ~ 6) 3.6355 
5, 4935 ~ 6) 1.6231 
2) 3605 - 7) 7.1576 
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-9, 5714 
+5. 9819 
+8, 0098 
-6. 0110 
-1. 0050 
+3. 2093 
+1, 0266 
+9, 2908 
-1. 3928 
-9, 3827 


~1, 2281 
-8, 2121 
-3, 0049 
+7, 6541 
1.3157 
1.5461 
1.5069 
1. 3001 
1, 0253 
7. 5308 


5.2163 
3. 4376 
2.1696 
1, 3181 
7.7405 
4. 4084 
2. 4418 
1, 3185 
6.9542 
3, 5893 


+5. 3380 
-8, 5571 


2. 0531 
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-8, 1320 
-3, 2923 
+1. 0154 
+3. 0159 
-9, 4813 
-7. 8654 
+3, 8780 
+1.1240 
+7. 6776 
-2. 2935 


-1. 0524 
-1, 2155 


1. 2032 
5. 4529 


+5. 8913 
-9. 2215 
~2,1544 
+9, 0561 
+4. 4171 
~6. 3111 
8. 4454 
-1, 3528 
+6, 3846 
+8, 2868 


+4.2976 
-1. 7601 
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COULOMB WAVE FUNCTIONS OF ORDER ZERO Table 14.1 


Ne eee ener 


Go nyP 
16 17 (HP) 18 19 20 
+1, 0821 - 1)-7,7111 - 1)-9, 7953 ~ 1)-3. 3354 - 1)+6, 0387 
+9, 8687 — 1)48, 3065 ~ 3)-5. 5146 ~ 1)-8, 3622 - 1)-9. 7243 
-2. 9626 - 1)+6, 0950 0) +1. 0457 - 1)+6. 6931 - 1)-2. 3123 
~1. 0694 - 1)-7. 6383 - 2)+8, 8035 - 1)+8. 7398 0)+1. 0133 
-2, 5363 - 1)-9.5594 0) -1. 0212 - 1)-3..9315 ~- 1)+5, 0534 
+8. 7388 - 1)41, 0254 - 1)-7, 2872 0)-1. 0987 - 1)-7. 5896 
+1, 0876 0) +1, 0419 - 1)+4,1434 ~ 1)-4, 5088 0) -1, 0436 
+3, 5629 0) +1, 0004 0)+1.1362 - 1)+6, 7042 - 1)-1. 6256 
-6, 2482 ~ 1)4+1, 7088 - 1)+8, 8526 0) 41.1729 1) +8. 7013 
-1. 2237 1)-7. 6338 ~ 3)-3. 2476 - 1)+7. 5425 0) +41. 1657 
~1. 2251 0)-1. 2701 - 1)-8. 8135 1)-1. 6427 - 1)+6,1562 
~7, 5801 0) -1. 2045 0) -1. 3038 - 1)-9, 8158 1)-3..1172 
~7. 4816 - 1)-7.1189 0) -1, 1808 0)-1. 3275 0) -1. 0666 
+6. 1662 ~ 2)-3.0805 - 1)-6.6763 0)-1. 1549 0) -1. 3430 
1, 2182 ~ 1)+6. 4936 - 2)41. 0458 1) -6, 2518 0)-1.1277 
1, 7353 0) 1.2413 - 1) 6.8010 - 2)4+4. 9276 ~ 1)-5, 8448 
2.2476 0) 1.7525 0) 1.2631 1) 7,.0906 - 2)+8.5910 
2. 8903 0) 2.2593 0) 1.7689 0) 1.2839 - 1) 7.3645 
3. 8625 0) 2.8897 0) 2.2705 0) 1.7846 0) 1.3037 
5. 4768 0) 3.8316 0) 2.8898 0) 2.2814 0) 1.7997 
8, 2695 0) 5.3768 0) 3.8044 0) 2.8904 0) 2.2919 
1, 3223 0) 8, 0193 0) 5, 2879 0) 3. 7803 0) 2.8915 
2. 2207 1) 1.2652 0) 7.7978 0) 5.2085 0) 3.7589 
3, 8880 1) 2.0953 1) 1.2151 0) 7.6004 0) 5.1370 
7.0544 1) 3.6163 1) 1, 9863 1) 1.1707 0) 7.4234 
1, 3205 1) 6. 4666 1) 3.3826 1) 1.8906 1) 1.1312 
2, 5411 2) 1.1927 1) 5.9669 1) 3.1797 1) 1.8061 
5, 0139 2) 2.2615 2) 1.0855 1) 5.5380 1) 3, 0021 
1.0121 2) 4.3958 2) 2.0297 1) 9.9453 1) -5. 1664 
2, 0860 2) 8.7404 2) 3.8903 2) 1.8354 1) 9.1659 
4, 3833 3) 1.7745 2) 7. 6267 2) 3.4717 2) 1.6708 
9.3774 3) 3.6727 3) 1.5265 2) 6.7162 2) 3.1213 
2, 0400 3) 7.7388 3) 3.1148 3) 1.3264 2) 5.9630 
4, 5079 4) 1.6582 3) 6.4702 3) 2.6703 3) 1.1629 
1.0109 4) 3.6090 4) 1.3667 3) 5.4726 3) 2.3115 
2. 2987 4) 7.9717 4) 2.9323 4) 1.1404 3) 4.6772 
5.2957 5) 1.7855 4) 6.3851 4) 2.4141 3) 9.6229 
1, 2353 5) 4.0519 5) 1.4098 4) 5.1860 4) 2.0110 
2. 9156 5) 9.3105 5) 3.1542 5) 1.1297 4) 4.2650 
6.9590 6. nie 5) 7.1454 5) 2.4935 4) 9.1723 
Gola 
dp ola, ) 
-9, 7855 - 1)-6. 4000 - 1)4+2.5695 - 1)+9, 3189 - 1)+7.9224 
+2, 8609 ~ 1)-5. 7650 - 1)-9. 7102 - 1)-5, 6460 ~ 1)+3.1370 
+9, 1227 - 1)+7. 7374 - 2)+3. 6067 - 1)-7. 3679 - 1)-9. 3578 
~8, 3491 ~ 1)+6. 5787 - 1)+9. 3570 ~ 1)+5. 3119 - 1)-2. 7296 
-8. 8452 ~ 1)-4, 3562 - 1)+3.1578 ~ 1)+8. 6483 - 1)4+8,1928 
-5. 6757 - 1)-8.9431 ~ 1)-6. 7512 ~ 2)-1.9960 ~ 1)+6, 6241 
+2. 7609 - 1)-3. 6790 - 1)-8, 2667 - 1)-8.1315 - 1)-3, 0592 
+7. 9794 - 1)+4, 3113 ~ 1)-1. 7673 - 1)-7.1410 - 1)-8, 7013 
+7,1352 ~- 1)+8,1848 - 1)+5. 4934 - 3)-3. 4829 - 1}-5. 7890 
+2. 4665 - 1)+6.4978 ~ 1)+8.1799 - 1)+6. 3669 ~- 1)+1. 4822 
~2.5327 - 1)41. 7444 - 1)+5, 8546 - 1)+8. 0282 ~ 1)+6. 9880 
~5. 7031 - 1)-2.9499 - 1)+1. 0993 - 1)+5. 2246 ~ 1)+7, 7756 
-6. 6792 - 1)-5,. 8050 - 1)-3. 3031 - 2)+5. 2317 ~ 1)+4, 6186 
-6,1949 - 1)-6. 6155 - 1)-5. 8814 - 1)-3. 6035 - 4)+8. 3738 
5. 2752 ~ 1)-6,1017 - 1)-6,5515 - 1)-5.9378 - 1)-3. 8601 
-4, 7892 - 1)-5,2127 - 1)-6.0151 - 1)-6. 4880 - 1)-5.9783 
-5, 3860 - 1)-4. 7495 - 1)-5,1547 - 1)-5.9344 - 1)-6. 4254 
-7. 6818 - 1)-5, 3157 - 1)-4. 7121 - 1)-5, 1007 - 1)-5, 8590 
-1. 2605 - 1)-7. 4860 - 1)-5. 2509 - 1)-4. 6767 - 1)-5. 0502 
-2,1932 0)-1, 2115 - 1)-7. 3093 - 1)-5.1908 - 1)-4, 6431 
~3.9217 0) -2. 0812 0) -1. 1677 - 1)-7.1488 - 1)-5.1349 
-7.1592 0)-3. 6757 0)-1. 9822 0)-1.1284 - 1)-7, 0023 
~1, 3348 0) -6. 6261 0) -3. 4609 0)-1. 8942 0) -1, 0929 
-2, 5439 1)-1, 2193 0) -6. 1663 0) -3. 2719 0)-1. 8154 
4, 9562 1)-2. 2921 1)-1. 1209 0) -5. 7662 0) -3. 1044 
-9, 8652 1)-4, 4031 1) -2. 0805 1)-1, 0363 0) -5. 4152 
-2, 0042 1) -8. 6387 1) -3. 9443 1) -1. 9007 0) -9. 6285 
-4,1515 2)-1. 7295 1) -7. 6350 1) -3. 5594 1)-1. 7465 
-8. 7576 2)-3. 5297 2) -1. 5077 1) -6, 8033 1) -3. 2330 
-1. 8795 2)-7. 3354 2) -3. 0346 2)-1, 3263 1) -6. 1066 
4, 0993 3)-1. 5507 2) -6, 2186 2)-2, 6348 2)-1.1761 
-9, 0788 3) -3. 3317 3) -1, 2962 2) -5, 3284 2) -2, 3079 
2.0399 3)-7. 2680 3)-2. 7456 3)-1. 0960 2)-4, 6095 
-4, 6466 4)-1. 6085 3)-5, 9047 3) -2. 2906 2)-9, 3627 
~1, 0722 4) -3. 6089 4)-1. 2883 3) -4. 8605 3)-1, 9322 
2, 5048 4)-8. 2028 4) -2. 8495 4) -1. 0463 3) -4. 0483 
5, 9202 5)~-1. 8875 4) -6. 3850 4)-2, 2832 3) -8. 6039 
-1, 4150 5)-4. 3947 5)~1, 4484 4) -5. 0474 4)-1. 8537 
-3. 4181 6)~1. 0347 5)-3. 3247 5)-1. 1297 4) -4, 0457 
8. 3412 6) -2. 4624 5)-7. 7176 5) -2. 5583 4) -8. 9396 
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Co(n) =e— $79 (TA. +in)| 


Table 14.2 
0 Co(n) 0 

0. 00 1. 000000 1,00 
0,05 0. 922568 1.05 
0.10 0. 847659 1.10 
0.15 0, 775700 1.15 
0. 20 0. 707063 1.20 
0.25 0. 642052 1.25 
0. 30 0. 580895 1. 30 
0. 35 0. 523742 1.35 
0. 40 0. 470665 1.40 
0, 45 0. 421667 1.45 
0.50 0. 376686 1.50 
0.55 0. 335605 1.55 
0. 60 0.298267 1. 60 
0.65 0. 264478 1.65 
0. 70 0. 234025 1.70 
0.75 0. 206680 1,75 
0. 80 0.182206 1.80 
0. 85 0. 160370 1.85 
0.90 0. 140940 1.90 
0.95 0.123694 1.95 
1. 00 0.108423 2.00 


4 


For In ['(1+7y), see Table 6.7. 


Co(n) 


1. 80558 
1. 56632 


1. 35817 
1.17720 
1.01996 
8. 83391 
7. 64847 


Co(n) 


“3}5: 7270 
-3)5. 72791 
-3) 4. 95461 
Sy aac 
-3) 3. 70402 


-3) 3. 20136 
-3) 2. 76623 
-3) 2. 38968 
~3) 2, 06392 
-3)1. 78218 


~3)1, 53858 
~3)1. 32801 
-3)1. 14604 
-4) 9. 88816 
-4) 8. 53013 


“a} 3447 
~4) 6. 34476 
~4) 5. 47066 
-4) 4, 71626 
-4) 4, 06528 


(-4) 3. 50366 
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15. Hypergeometric Functions 


_ Mathematical Properties 


15.1. Gauss Series, Special Elementary Cases, 
Special Values of the Argument 


Gauss Series 


The circle of convergence of the Gauss hyper- 
geometric series 


15.1.1 
F(a, b; ¢; 2) =2Fi(a, 6; ¢; 2) 


=F(b, a;¢; 2) a2) YnO)n (@)n(d)n (b), 2" 


n=0 (ce), nt 


Tc) = T(a+n)r(b-+n) 2" 
~T(ar(b) T'(c+n) nt 


is the unit circle |z2|=1. The behavior of this 
series on its circle of convergence is: 

(a) Divergence when & (c—a—b)S —1. 

(b) Absolute convergence when &# (c—a—b)>0. 

(c) Conditional convergence when —1< FY (e—a 
—b) $0; the point z=1 is excluded. The Gauss 
series reduces to a polynomial of degree n in z 
when a or b is equal to —n, (n=0, 1, 2,...). 
(For these cases see also 15.4.) The series 15.1.1 
is not defined when c is equal to —m, (m=0, 1, 
2, .. .), provided a or 6 is not a negative integer 
nwithn<m. Forc=—m 


Jim Fy 7G y F(a, 6; ¢; z)= 


rey til 2" (gt+m-+1, b-+m+41; m-+2:; 2) 


Special Elementary Cases of Gauss Series 


(For cases involving higher functions see 15.4.) 


15.1.3 F(1, 1; 2; 2)=—z-!In (1—2) * 
15.1.4  F(4,1; 3; 22)=427'In (=) 
15.1.5 F(4, 1; 3; —2*)=27! arctan 2 
15.1.6 
F(4, 4% 2)=(1—2)4F (1, 1; 8; 22) =27" arcsin 2 
*See page 0. 
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15.1.7 
FO, 3; 4 —2)=(1+2)'F(1, 1; $; —2’) 
=27' In [2+(1+2?)}] 

F(a, 6; 6; 2)=(1—2)~* 
15.1.9 F(a, +4; 3; 2’)=3[(1+2)-*+(1—2)-™] 
15.1.10 
F(a, 3+4; $; 2)= 

g27*(1—2a)~* [(1-++2)*"*—(1—z) 


15.1.8 


15.111 
F(—a,a;3;—2’)= 
15.1.12 
F(a, 1—a; 3; —2)= 

a(L+ 2") 4 {[(1+-2?)§ +228 +[ (0 +-27)}—2}} 
15.1.13 
F(a, +4; 1+2a; z)=2™*[1+(1—z)!]-* 

=(1—z)iF(1+4, 3+; 1+2a; 2) 


4{[(+22)}-+2P*-+[(1+2)!—2)*} 


15.1.14 
F(a, 3+4; 2a; z)=2%-1(1—z)-[1+(1—2)8]!-™ 


sin [(2a—1)z] 
(2a—1) sin z 


15.1.15 F (a, 1—a; $; sin? z)= 


sin [(2a—2) 2] 


15.1.16 (a@—}) sin (22) 


F(a, 2—a; 3; sin? z)= 


15.1.17 F(—a, a; 3; sin? z)=cos (2az) 


cos [(2a—1) 2] 
COs 2 


15.1.18 F(a, 1—a; 3; sin? z)= 


15.1.19 F(a, 4-+a; $; —tan? z)=cos” 2 cos (2a2) 


Special Values of the Argument 
15.1.20 


Fla, b; ¢; j=l T'(c—a—b) 


IT'(c—a)T (c—)) 


(c¥0, —1, —2, . . .. B(e—a—b)>0) 
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15.1.21 


F(a, 6; a—b-+-1; —1)=2-*m4 T'(i+a—b) 


(ita—b0, —1, —2,...) 


15.1.22 
F(a, 6; a—b+2;—1) =2-n"/*(6—1)—"T(a—b +2) 


1 ] 
Lpaaratecn-Taeratean | 
(a—b+20, —1, —2,...) 


15.123 F(1,a;a+1; —1)=$al¥(4+4a) —¥(4a)] 


15.1.24 
Fab tat gate 
(ja-+356+440, <4; —2,.. ) 
15.1.25 
F(a, 6; $a-+-36+-1; §)=203(@—b)-'F(1+4a+})) 
{[T (4a) (9-+$6)]-'—[T (4+ 4a) F (45) )-7} 
(4(a+5b)+1 #0, —i, —2, o° 2) 
15.1.26 
F(a, 1—a; 6; )= 
2! (b) [T.(4a-+45) T ($+-496—4a))“* 
(60, =, —2, se ) 
15.1.27 
F(1, 1; a+1; 4) =aly(4+4e) —y(4e)] 
(a#—1, —2, —3,...) 
15.1.28 
F(a, a; a-+1; 3) =2°—aly(4+- 9a) —¥(4a)] 
(a#—1, —2, —3,...) 


15.1.29 

F (a, +4; 3—2a;—4)=(§)-* pores 
(§—-2a0, —1, —2,...) 

15.1.30 

F (a, $+4; §+4; 4)=(@*a op ay 


(§+ $a +0, —1, —2,...) 
16.1.31 
F(a, to+4; 40-+%; 6”) 


_ oft thé _4.,-f+) trae (G+) 
wero s © 6 FGat Dr ® 


(5 a~—§,—48,—12, oe ) 


T(1+ ja—6)T (3 + 3a) 


15.2. Differentiation Formulas and Gauss’ 
Relations for Contiguous Functions 


Differentiation Formulas 
15.2.1 4 F(a, 6; ¢; a2 F(a+1, b+1; e+1; 2) 
15.2.2 
a «ney — 42) (0) n ‘ . 
ade F(a, 6; ¢; 2) = i F(a+n, b+; e+n; 2) 
15.2.3 
Jy letF(a, B; 6; 2)]=(@neF(a-+n, 8 6; 2) 
15.2.4 
© (et 'F(a,b; ¢; 2) =(e—n)n2** F(a, B; o—n; 2) 
15.2.5 
d" c—a+n—1 atd—c cae 
dz” [2 (1—z) Fe, b; ¢; 2)] 
= (c—a) ,2°~*(1—2)*t?---"* F(a—n, b; ¢; 2) 
15.2.6 
a” 1 atb—c Ff “fe 
dz” [( —z) (a, b; ¢; 2)] 
= C—a)n(—b)n (1—z)*t°-¢-" F(a, b; e-+-n; 2) 
(c)n 
15.2.7 
a" atn-1 7 igs 
dz" [(l—z) (a, b;e; 2)] 


cs Cure fers (1—2)*"F(a-+n, b; e+; 2) 


yn 
15.2.8 
OP ees = 
gen l2° "A 2)? *** FG, b; 6; 2)] 
=(c—2) ,2°—*" "(1—2)’-*“F(a—n, b; e—n; 2) 
15.2.9 


oy le —2)*¥*-<F(a, B56; 2)] 


=(c—7n) ,2°-*-1(1—2)°t?-*- * F(a—n, b—n; c—N; 2) 


Gauss’ Relations for Contiguous Functions 
The six functions F(a+ 1, }; ¢; 2), F(a, b+1; ¢; 2), 
F(a, 6; e+1; 2) are called contiguous to 
F(a, 6; c; z). Relations between F(a, 6; c; 2) and 
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any two contiguous functions have been given by 
Gauss. By repeated application of these rela- 
tions the function F(a+m, b+n; c+/; 2) with 
integral m, n, (c+l/¥0, —1, —2, .. .) can be 
expressed as a linear combination of F(a, 6; ¢; 2) 
and one of its contiguous functions with coefficients 
which are rational functions of a, ), c, 2. 


15.2.10 


(c—a)F(a—1, b; c; 2) +(2a—c—az+bz)F(a, b; ¢; 2) 
+a(z—1)F(a+1, 5; c; z2)=0 

15.2.11 

(c—b) F(a, b—1; ¢; z)+(2b—c—bz+a2z)F(a, 5; ¢; 2) 
+6(z—1)F(a, 6+1; ¢; 2)=0 


15.2.12 
c(e—1)(z—1) F(a, 6; e—1; 2) 
+¢efe—1—(2e—a—b—1)z]F(a, 5; c; 2) 
+ (ec—a) (c—b)2F(a, 6; c+1; 2)=0 
15.2.13 
[c—2a—(b—a)z]F(a, ); ¢; 2) 
+a(1—z2)F(a+1, 5; ¢; 2) 
—(c—a)F(a—1, 5; c; 2) =0 
15.2.14 
(b—a) F(a, b; c; z)+aF(a+1, ); e; 2) 
—bF (a, b+1; ¢; z2)=0 
15.2.15 
(c—a—b)F(a,.b; ¢; 2)+a(1—z)F(a+1, 5; ¢; 2) 
—(c—b) F(a, b—1; ¢; 2)=0 
15.2.16 
cla— (c—b) 2] F(a, 6; c; 2) —ac(1—z)F(a+1, 5; c; 2) 
+(c—a)(c—b)2F(a, 6; e+1; 2)=0 
15.2.17 
(c—a—1) F(a, b; c; 2) +aF(a+1, b; c; 2) 
—(c—1)F(a, 6; e—1; 2)=0 
15.2.18 
(c—a—b) F(a, b; c; 2) —(c—a) F(a—1, ); ¢; 2) 
+6(1—2) F(a, b+1; ¢; 2)=0 
15.2.19 
(b—a)(1—z) F(a, b; ¢; 2)—(c—a) F(a—1, b; ¢; 2) 
+(c—b) F(a, b—1; ¢; 2)=0 
15.2.20 
c(1—z) F(a, b; c; 2)—cF(a—1, ); ¢; 2) 
+(c—6)2F(a, b; c+1; z2)=0 


*See page I. 


15.2.21 
[a—1—(c—b—1)z2] F(a, 5; ¢; 2) 
+(c—a) F(a—1, 5; ¢; 2) 
—(c—1)(1—2) F(a, 6; e—1; z)=0 
15.2.22 
{[c—26+ (b—a)z]F(a, b; ¢; 2) 
+6(1—2) F(a, b+1; ¢; 2) 
—(c—b) F(a, b—1; ¢; 2)=0 
15.2.23 
c[b—(c—a)z] F(a, b; c; 2)—bce(1—2) F(a, 6+1; ¢; 2) 
+(c—a)(c—b)2zF(a, 6; e+1; 2)=0 
15.2.24 
(c—b—1) F(a, 6; c; z2)+bF (a, 6+1; ¢; 2) 
—(c—1)F(a, 6; e—1; z)=0 
15.2.25 
c(1—2) F(a, b; c; 2) —cF(a, b—1; ¢; 2) 
*« +(c—a)zF(a, b; c+1; 2)=0 
15.2.26 
[6—1—(c—a—1)z2]F(a, 5; c; 2) 
+(c—b) F(a, b—1; ¢; 2) 
—(c—1)(1—2) F(a, 6; e—1; z2)=0 
15.2.27 
c[c—1—(2c—a—b—1)z]F(a, b; e; 2) 
+(c—a) (c—b)2F (a, 6; e+1; 2) 
—ce(c—1)(1—2) F(a, 6; e—1; 2)=0 


15.3. Integral Representations and Transfor- 
mation Formulas 


Integral Representations 


15.3.1 
F(a, 6; ¢; z2)= 
T'(c) 


TOrens J, @ oe Ute) dt 


(Re>B#b>0) 


The integral represents a one valued analytic func- 
tion in the z-plane cut along the real axis from 1 to 
eo and hence 15.3.1 gives the analytic continua- 
tion of 15.1.1, F(a, 6; c; 2). Another integral 
representation is in the form of a Mellin-Barnes 
integral 
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P(e) f° T(a+s)T(b+s)T(—s) : 
2) aT GTO J te T(e+s) ee 


. Te) f* Pa@+s)ro+s) 
=! FOr Jim FO+s8)Fe+s) 


15.3.2 F(a, }; ¢; 
cse(s) (—2z)*ds 


Here —x<arg(—z)<m and the path of integration is chosen such that the poles of [(¢+s) and 
T(b+s) ie. the points s=—a—n and s=—b—m(n, m=0, 1, 2, .. .) respectively, are at its left 
side and the poles of csc(xs) or T'(—s) i.e. s=0, 1, 2, are at its right side. The cases in which —a, —} 
or —c are non-negative integers or a—b equal to an integer are excluded. 


Linear Transformation Formulas 


From 15.3.1 and 15.3.2 a number of transformation formulas for F(a, 6; c; 2) can be derived. 
15.3.3 F(a, 6; c; z2)=(1—z)°-* °F (c—a, c—); ©; 2) 
— os oe 
15.3.4 =(1—z)~*F (a, c—); ¢; +) 


15.3.5 =«(1—z) °F (3, C—G; C; =) 


_F()r(c—a—d) 


15.3.6 TP (c—a)F (e—b) 


F(a, 6; a+6—e+1; 1—2) 
M(e)T(@+b—c) 


a alae Os) 


F (c—a, e—b; e—a—b+1; 1—2) 


(larg (1—z)|<z) 
_T@r(b—a),_. 1 
15.3.7 T(b)r (e—a) (—2) F a, 1—c-+a; 1—b+4; *) 
T'(c)'(a—d) 


+F(@)F(e—) 


(—2) °F (5, 1-00; 1-a+0;2) (arg (—2)I<x) 


15.3.8 =(1—2z) ee F(a, e—b; a—b-+41; 


T'(6)T (c—a) res —Z 


+12)? HTC? F(8,0-a b—a+1; +2) (lang 0-2) <x) 


_T@T(c—a—d) oF 


15.3.9 T'(c—a)T(c—d) 


a, a—e+1; a+b—c+]1; 1-2) 


(ce) P(a+b—c) gig tine _ — 1 
t~ Tare (1—2) bga-¢ F'( c—a, 1—a; c—a—5b+1; as 


(larg z2|<m, larg Galen 
Each term of 15.3.6 has a pole when c=a+b+m, (m=0, 1, 2, . . .); this case is covered by 


15.3.10 F(a, b; a+b; 2)= POT) Sr an toy n4.1)—y(at-n)—y(b-+n)—In (1—2)|(1—2)" 


T(@)T(b) s=0 (nt)? 
(jarg (1—z2)|<x, |1—2]<1) 
Furthermore for m=1, 2, 3, ... 
15.311 F(a, b; a-+b-+m; )= ee es a) 


—¥(n+m+1)+¥(a+n+m)+y¥(b+n4+m)] (larg (1—z)|<x,|1—2| <1) 
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T'(m)T(a+b—m) _m A (a—m),(b—m), 
Tore 9-2)" 2.°—aid—m. 


_ (IP @+b—m) 2 @rWn are 
Ta—m)F(G—m) sb al(n-tmyi 2)" (2) —¥(n-+1) 


—¥(n-+m-+1)-+Y(a+n)+¥(b+2)] 
(larg (1—2)|<x,|1—z| <1) 


SimiJarly each term of 15.3.7 has a pole when b=a+m or b—a= +m and the case is covered by 


15.3.12 F(a, 6; a+b—m; z)= (1—z)* 


15.3.13 F(a,a;¢; d=7g (—2)7? Pa Oe 2-*{In (—2z)+2y(n+1)—Y(a-+n)—Y(e—a—n)] 
(larg (—2z)| <x, |2|>1, (ea) #0, +1, +2,...) 

The case b—a=m, (m=1, 2, 3, . . .) is covered by 

15.3.14 F(a,a+m;c; ee a; ¢; 2) 


—¥(a+m-+n)—¥(e—a—m—n)]+ (—2)~* 5 ary >) eee 2" 


(larg (—2)|<z, |z|>1, (c—a)#0, +1, +2,...) 
The case c—a=0, —1, —2, . . . becomes elementary, 15.3.3, and the case c—a=1, 2, 3, . . . can be 
obtained from 15.3.14, by a limiting process (see [15.2]). 
Quadratic Transformation Formulas 


If, and only if the numbers +(1—c), +(a—6), +(a+b—c) are such, that two of them are equal 
or one of them is equal to 4, then there exists a quadratic transformation. The basic formulas 
are due to Kummer [15.7] and a complete list is due to Goursat [15.3]. See also [15.2]. 


15.3.15 F(a,b; 2b;2)=(1—z)-*F (42, b—4a; b-+4; 3) 


15.3.16 =(1—4z)~*F (4a, $+ 40; 6+-4; 2°(2—z)-*) 

15.3.17 =(3-+4V1—2 )-*P| aa b+ 544 (=) ] 
15.3.18 = 0-2-8 (0,26—a5 44 aTee) 
15.3.19 F(a,a+4;¢;2)=(4+4V1—2)-*F (2, 2a—e+1; ¢; ves) 
15.3.20 = (1b V2)-*F (24,04 ne 

15.3.21 =(1—2)-*F| 2a, 2e—2a—1; ¢; wet) 


15.3.22 F(a,b; a+b+4;2)=F(2a, 2b; a-+6+4; 4-47 1—2) 


15.3.23 =(14+4-J1=2)-* F (24, a—b-+4; a-+b+4; =n) 
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15.3.24 F(a, b; a-+b—}4; 2)=(1—z) “$F (2a—1, 26—-1;0+b—4; 3-4 1—2) 


15.3.25 =(1—z)-4 ($+4 ¥l—z)!-™F (20-1, a—b+5; a+b—3; 4a) 
15.3.26 F(a, 6; a—b+1; 2)=(1+2)-°F (4a, $a+4; a—b+1; 42(1+2)-) 

15.3.27 =(1+yz)~*F (a, a—b+4; 2a—26+1; +4Vz(1+V2)~*) 

15.3.28 =(1—z)-*F (ge, fa—b+-4; a—5b+1;—42(1—2)-*) 

153.29 F(a, 0 4o+45+4; 2)=(—22)*F (40, do-+4 $0444; Goo) 

15.3.30 =F ($a, $b; $a-+-46+-4; 42—42’) 

15.3.31 F(a, 1—a; ¢c; 2)=(1—z)*"F (4c—}4a, $c+-4a—4; c; 42—42’) 

15.3.32 = (1—z)*-!(1—2z)*-°F (4c—4a, $c—40-+4; €; (427—42) (1—2z)-*) 


Cubic transformations are listed in [15.2] and [15.3]. 
In the formulas above, the square roots are defined so that their value is rea] and positive when 
0S$z<1. All formulas are valid in the neighborhood of z=0. 


15.4. Special Cases of F(a, 5; ¢; 2) 
Polynomials 
When a or 6 is equal to a negative integer, then 


15.4.1 F(—m, b; 6; => CBOn : 


This formula is also valid when c=—m—lI; m, l=0, 1,2, . . 


184.2 F(—m, b;—m—l; 2)= 3) Fans = 
Some particular cases are 
15.4.3 F(—n,n; 4; z)=T,(1—2z) 


15.4.4 F(—n,n+1; 1; 2)=P,(1—2z) 


15.4.5 P(—n, n+20; ats 2 C@(1—22) 


~ a), 
15.4.6 F(—n, a+1+8+7; a+1; 2)= 


ay. P (6) (1—2z2) 


Here T,, P,, Ci, P&- denote Chebyshev, Legendre’s, Gegenbauer’s and Jacobi’s polynomials re- 
spectively (see chapter 22). 
Legendre Functions 


Legendre functions are connected with those special cases of the hypergeometric function for which 
& quadratic transformation exists (see 15.3). 


15.4.7 F(a, 6; 2b; 2)=2”—1'(4-+5) 24? (1—z)@-e-P =a 1-5) (—z)-4 


15.4.8 = 2 a~t oe - 271 — z)i0-9) efx(a—d) Qb-3 (2-1) 


15.4.9 F(a, B325;~2)=2%-4 TEED) 2-114 2yN0-mg tee» 5 - (1+ (larg 2|<r, |arg (1 2)i<n)* 


*See page m1. 
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15.4.10 


15.4.11 


15.4.12 


15.4.13 


15.4.14 


15.4.15 


15.4.16 


15.4.17 


15.4.18 


15.4.19 


15.4.20 


15.4.21 


15.4,22 


15.4.23 


15.4.24 


*15.4.25 


15. 4.26 
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F(a, a+4; ¢; 2)=2°-'P(e)2t- (1 — 2)? Page [(1—2) 3] 
(larg 2|<<m, |arg (1—z)|<x, 2 not between 0 and — ~) 
F(a, a+}; ¢; 2)=2°-'P'(c)(—z)}-#(1—2)*-* 4P3e¢ [(1—2) ~4] (— 0 <x<0) 
F(a, bja+b+4; 2)=2-ITh-+0-+5) (—2))-*- PHI H(1—2) 
(larg (—2z)|<z, 2 not between 0 and 1) 
F(a, b; a-+6+4; 2) =2"*?-1P($-+-0-+ bate PIS [(1—2)!] (0<2<1) 


F(a, b;a—b+1; a= T'(a—b+1)z¥-#(1—2) P52 (2) 


(larg (1—z)|<m, 2 not between 0 and — ~) 
F(a, bsa—b-+1;2)=F(a—b-+1) (1—2)-*(—2)?-#P2* (72) (—@<2<0) 


F(a, 1—a;¢; z2)=T (c)(—2z)#-#*(1—2) “P41 —22) 
(larg (—z)|<<z, |arg (1—z)|<c7, z not between 0 and 1) 


F(a, 1—a; ¢;z)=T (c)z$-¥(1—z)#-§PL (122) (0<2r<1) 


F(a, b; 3a-+45+-4; 2) =0 (4440+ 46)[2(2—1) # 4-8 PHEG-3 (1 —22) 
(larg 2 |<<, jarg (z—1)|<c7, 2 not between 0 and 1) 


F (a, b; 4a-+45+4; 2) =0(4+40-+ 4b) (2—27)t4-2- PH 9-8 (122) (0<z<1) 
F(a, b;a+b—4; z)=2*?-P(a-++b—4)(—z)-8- (1 —z) PE —2)8] 

(| arg (—2)|<<a, | arg (1—z)|<x, B[(1—z)*]>0, z not between 0 and 1) 
F(a, 63 a-+6—4; 2) =2**?-47 (a+ b— 9) a! 8-8-1 — 2) “P84 (1 —z)}] (0<z<1) 
F(a, b; 4; 2)=a-428*?- 8 (4-0) (4-5) (2—1)19-4-PA-4-4( 21) + Pa-3-4(—2)] 

(larg z|<x, | arg(z—1)|<a, 2 not between 0 and 1) 

F(a, b; 4; z)=4-42**?-41(4-+-a)P(44+-6)(1—a)84-2- [P54 (at) + PA-3-4(—2!)) (0<2<1) 
Fla, b; 4;—2)=a- 12-1 (ha) P(1—b)(2-41) Pe 2 OO (Paes eh +2) -H] 


+P233-:[—24(1+2)-4]} 
(t+ according as .%2=0, z not between 0 and ~) 


F(a, 6; 4; —2)=9-#2*-?-' 1 (g-++-a) TP (1—b) (1 +a, -#-? (P253_ [zt +2) +P 255 -f 241 +2)-H} 
(0<z<@) 


F(a, b; $32) =—m-42¢t?-4F (a— 9) TP (6— 9) z-4(1—2) 84-8 { P24. F (at) —P3-4-4(—a2t)} (0 a<1) 


15.5. The Hypergeometric Differential Equation 


The hypergeometric differential equation 


15.5.1 2(1—z) oes te— (a+6+1)z2] 4 abw=0 


*See page IL. 
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has three (regular) singular points z=0,1,. The pairs of exponents at these points are 


respectively. The general theory of differential equations of the Fuchsian type distinguishes between 
the following cases. 

A. None of the numbers c, c—a—b; a—b is equal to an integer. Then two linearly independent solutions 
of 15.5.1 in the neighborhood of the singular points 0, 1, © are respectively 


15.5.3 Wi) =F (a, 6; ¢; 2) =(1—2)°" 4’ F(e—a, c—); ¢; 2) 

15.5.4 Wo) =2!-°*F(a—e+1, b—ce4+1; 2—c; 2) =2'-*(1—2z)*-* "F(1—a, 1—6b; 2—e; 2) 

15.5.5 Wiagyn=F(a, 6; a+6+1—c; 1-2) =2'-*F(1+b—c, 1+a—c; a+b+1—c; 1—2) 

15.5.6 Weqay=(1—2)°* °F (c—b, ce—a;c—a—b+4+1; 1—2z) =2'- “(1 —2) 4 °F (1 —a, 1-8; c—a —6+ 1; 1—2) 
15.5.7 Wi.) =2 °F (a, a—e+1; a—b4+1; 27) =2""*(2—1) 9 (1 —b, c—b; a—b4+1; 27") 

15.5.8 Wao0)=2 °F (6, b—e+1; b—a4+1; 27") =2*-*(z—1) 2° F(1—a, c—a; b—a+1; 274) 


The second set of the above expressions is obtained by applying 15.3.3 to the first set. 
Another set of representations is obtained by applying 15.3.4 to 15.5.3 through 15.5.8. This 
gives 15.5.9~15.5.14. 


15.5.9 wo) =(1—z) ““F' (a, ce—); ¢; 4) (l—z)-'F (3, C—da; ¢; <3) 
15.5.10 = we) =2!-*(1—2)°-*7 FF’ ( a—e+1, 1—); 2—c; eer ye (b—c+1, 1—a; 2—c; =) 


15.5.1 wiqy=2-*F (a, a—e+1; a+b6—c4+1; 1-27) =2-°F (6, b—-c +1; a+b—e+1; 1-27) 

15.5.12 

Way = 2% (1 —2)*-* °F (e—a, 1—a; e—a—b +1; 1-27“) = 2 “(1 —2) 8" F(e— 4, 1b; e—a—b +1; 1-27") 
15.513 w)=(2-1)-*F (a, e—b; a—b+1; «> )=e- )- °F (6, e—a; b—a-+1; 


15.5.14 
Wate) =2!-°(2—-1)°-*F (a—e-+1, 1-5; a—b+1; += )x2 Meer (5-041, 1—a; b—-a-+1; i) 


er 


15.5.3 to 15.5.14 constitute Kummer’s 24 solutions of the hypergeometric equation. The analytic con- 
tinuation of w, 20)(z) can then be obtained by means of 15.3.3 to 15.3.9. 

B. One of the numbers a, b, c—a, c—b is an integer. Then one of the hypergeometric series for 
instance W 20), 15.5.3, 15.5.4 terminates and the corresponding solution is of the form 


15.515 w=2"(1—z)*p,(z) 


where p,(z) is a polynomial in z of degree n. This case is referred to as the degenerate case of the 
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.2]. 

C. The number c—a—b is an integer, c nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu- 
ation of w, 2) into the neighborhood of z=1. Similarly 15.3.13 and 15.3.14 give the analytic continu- 
ation of w, 2 into the neighborhood of z= in case a—b is an integer but not c, subject of 
course to the further restrictions c—a=+0, +1, +2... (For a detailed discussion of all possible 
cases, see [15.2]). 

D. The number c=1. Then 15.5.3, 15.5.4 are replaced by 


15.5.16 wie =F (a, 6; 1; 2) 
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15.517 w= F(a,551; 2)n 2+ oe Oat) etwo-+n)— —(a) +K(b-+n)—W(b) —24(n-+1) +.2V(1)] 


E. The number c=m+1, m=1, 2,3,... 
=F (a, b;m-+1; 2) 

b)n 

15.5.19 wao)=F (a, 6; m+1; z) In e+ 3) es 


15.5.18 Wi0) 


F. The number c=1—m, m=1, 2, 3,.... 
15.5.20 Wo) = 2"F (a+m, b+m; 1+m; 2) 
15.5.21 | 


Wo) = 2"F(a+m, b-+m;1-+m; z) In ete" >) 2" 
—V(b-+m)—Uim +1 +n) +4 m+1)—Wn+1) +H) 3s G 


15.6. Riemann’s Differential Equation 


The hypergeometric differential equation 15.5.1 
with the (regular) singular points 0, 1, © is a 
special case of Riemann’s differential equation 
with three (regular) singular points a, }, ¢ 


15.6.1 
—a—a’ ipl 1—s—6’ 1—-y—y'" ] dw 
ort? 2—a 2—b res eae z—c |dz 
acc’ (a—b)(a—c) 3. BB (b—«)(6— a) 
{See 2—a z—b 


477 "(e—a)(c—b) 


2—Cc 


| eee eee 
(z—a)(z—b)(z—c) _ 


The pairs of the exponents with respect to the 
singular points a; 5; ¢ are a, a’; B, B’; y, y’ respec- 
tively subject to the condition 


15.6.2 ata! +B+ 8’ +y+7'=1 


The complete set of solutions of 15.6.1 is denoted 
by the symbol 


15.6.3 a 6b e 


(a+m)n(b6+m), 
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(lel<1) 


A fundamental system is 


2"[¥(a-+n) —¥(a) ++¥(b-+n) —¥(b) —W(m+1-+n) 


+¥(m+1)—W(n+1) +H) )—- aera ms 


(je|< 1 and a, 60, 1, 2,... (m—1)) 


A fundamental system is 


[Wa+m-+n)—Y(a+m)+(b-+-m-+n) 


(n—1)(—™)n 
=i (1—a—m),(1—b—m), 


.—(m—1)) 


(1+m),n! 


gm-n 
(j2|<1 and a, b+0, —1,—2,.. 


Special Cases of Riemann’s P Function 


(a) The generalized hypergeometric function 


15.6.4 


w=P < a B v Zz 


(b) The hypergeometric function F(a, b; c; 2) 
15.6.5 


0 © 1 
w=P 0 a 0 zZ 
l~—e b e—a—b 


(c) The Legendre functions P?(z), Q}(z) 
15.6.6 


0 co 1 
w=P< — 4 du 0 (l1—2*)"? 
Mth -b 4 


(d) The confluent hypergeometric function 


15.6.7 


0 © c 
w=P<3+u —e c—k 2 
g—-4u 0 k 
provided lim co. 
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Transformation Formulas for Riemann’s P Function 


a b c a b c 
368 (0) (Z5)P4a 8 oy epePyatk p-klo ortl 2 
& BO’ atk p’—k—-l yl 
a b ¢ aq & G 
15.69 P4Ha B vy 2¢=P4a By A 
a = Bh’ ao 6B 
where 
15.6.10 Gt ats b= Rap enone 


and A, B, C, D are arbitrary constants such that AD—BCx0. 
Riemann’s P function reduced to the hypergeometric function is 


a b c 
15.6.11 P< a B Y 


a’ g’ 7’ 


a) =: 


The P function on the right hand side is Gauss’ hypergeometric function (see 15.6.5). 


0 © 1 
(2z—a)(c—b) 
at+B+y 0 G=b)G=a) 

a’—a at fl t+y 


If it is replaced 


by Kummer’s 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann’s differential 
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5 


15.6.12 w= (3 =) (5) P| at B+7,0-+8' +7; 1-+a—a 


15.7. Asymptotic Expansions 


The behavior of F(a, b; c; 2) for large |{2| is 
described by the transformation formulas of 15.3. 


For fixed a, 6, z2.and large |c| one has [15.8] 


15.7.1 
(@)n(b)n 2” ti 
F(a, B03 2)= 34 8 4 Olle) 
For fixed a, c, 2, (e*0, —1, —2,... , 0<|2|<1) 


and large || one has [15.2] 


,, (2—a) (c—b) 
” (2—b) (c—a) 
15.7.2 
F(a, b; c; 2)=e~**[T'(e)/T(e—a)] (b2)~ [1+ O(|b2|-")] 
+[I'(e)/T(a)} e*(b2)*-[1+0(|bz2|—7)] 


(—$< arg (bz)<én) 
15.7.3 
F(a, 6; ¢; z2)=e'[T'(c)/T'(c—a)] (b2)-[1+O0(|bz2|-*)] 
+[I'(e)/T(a)]e"*(bz)*-[1+O([bz|-")] 
(—$r< arg (bz)< $m) 
For the case when more than one of the param- 
eters are large consult [15.2]. 
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16. Jacobian Elliptic Functions and Theta Functions 


Mathematical Properties 


Jacobian Elliptic Functions 


16.1. Introduction 


A doubly periodic meromorphic function is 
called an elliptic function. 
Let m, m, be numbers such that 


m+m=1. 


We call m the parameter, m; the complementary 
parameter. 

In what follows we shall assume that the param- 
eter m is a real number. Without loss of gen- 
erality we can then suppose that 0<m<1 (see 
16.10, 16.11). 

We define quarter-periods K and iK’ by 


16.1.1 


w/2 dé 
Kimy=K= | oa star 


iK' (m)=iK’ =i f ia a6 
0 


(1—m, sin? @)'? 


so that K and K’ are real numbers. K is called 
the real, 7K’ the imaginary quarter-period. 
We note that 


16.1.2 K(m)=K’ (m)=K’ (1—m). 


We also note that if any one of the numbers m, 
m, K(m), K’(m), K’(m)/K(m) is given, all the 
rest are determined. Thus K and K’ can not 
both be chosen arbitrarily. 

In the Argand diagram denote the points 0, K, 
K+1K’, iK’ by s, c, d, n respectively. These 
points are at the vertices of a rectangle. The 
translations of this rectangle by \K, nik’, where 
d, w are givén all integral values positive or nega- 
tive, will lead to the lattice 


3 c 8 .c 
n d n .d 
8 .c 8 Cc 
n d By d 


the pattern being repeated indefinitely on all 
sides, 


Let p, q be any two of the letters s, c, d, n. 
Then p, q determine in the lattice a minimum 
rectangle whose sides are of length K and K’ and. 
whose vertices s, c, d, n are in counterclockwise 
order. 

Definition 

The Jacobian elliptic function pq w is defined by 
the following three properties. 

(i) pq u has a simple zero at p and a simple 
pole at q. 

(ii) The step from p to q is a half-period of pq wu. 
Those of the numbers K, 1K’, K+ik’ which differ 
from this step are only quarter-periods. 

(iii) The coefficient of the leading term in the 
expansion of pq wu in ascending powers of wu about 
u=0 is unity. With regard to (iii) the leading 
term is u, 1/u, 1 according as u=0 is a zero, a 
pole, or an ordinary point. 

Thus the functions with a pole or zero at the 
origin (i.e., the functions in which one letter is s) 
are odd, and the others are even. 

Should we wish to call explicit attention to the 
value of the parameter, we write pq (u|m) instead 
of pq w. 

The Jacobian elliptic functions can also be 
defined with respect to certain integrals. Thus if 


C4 
16.1.3 w= [ (— msin? 6)" 


the angle ¢ is called the amplitude 
16.1.4 g=am u 

and we define 

16.1.5 


sl U=sin ¢, cn U=COS ¢, 
dn u=(1—™m sin? g)”?=A(¢). 


Similarly all the functions pq u can be expressed 
in terms of gy. This second set of definitions, 
although seemingly different, is mathematically 
equivalent to the definition previously given in 
terms of a lattice. For further explanation of 
notations, including the interpretation, of such 
expressions as sn (y\a), cn (u|m), dn (u, k), see 17.2. 
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16.2. Classification of the Twelve Jacobian Elliptic Functions 
According to Poles and Half-Periods 


Pole 
0 
ns u Periods 24K’, 4K+4iK’, 4K 
ds u Periods 44K’, 2K+2iK’, 4K 
cS u Periods 41K’, 4K+-4:K’, 2K 


Pole Pole Pole 

tK’ K+1tK’ K 
Half period 1K’ sD U ed u dc u 
Half period K+71K’ cn u sd u nec u 
Half period K dn u nd u 


The three functions in a vertical column are 
copolar. 

The four functions in a horizontal line are 
coperiodic. Of the periods quoted in the last line 
of each row only two are independent. 


Figure 16.1. Jacobian elliptic functions 
sn U, cn u, dn u 

a! 

a. 


The curve for cn (u|#) is the boundary between those 
which have an inflexion and those which have not. 


m 


Pte , 


acu ” nau se 
> 


FieureE 16.2. Jacobian elliptic functions 
ns U, ne u, nd u 
1 


2 


.. 


‘ 
de vy 
‘ 


' ‘ 


Figure 16.3. Jacobian elliptic functions 
sc U, cs u, cd u, de u 
1 


ibaa 


16.3. Relation of the Jacobian Functions to the 
Copolar Trio sn uv, cn u, dnu 


UU cn sn u 

nw cnu sn u 

163.3 ndu=z~— scum nae 
ne cnu sn wu 


And generally if p, q, r are any three of the letters 
8, Cc, d, n, 


Prt 
Pq re 


16.3.4 
provided that when two letters are the same, e.g., 
pp u, the corresponding function is put equal to 
unity. 
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16.4. Calculation of the Jacobian Functions by | and then compute successively gy.1, gy-2, . . .; 
Use of the Arithmetic-Geometric Mean | ¢,, ¢ from the recurrence relation 
(A.G.M.) 
For the A.G.M. scale see 17.6. 
To calculate sn (ulm), cn (ulm), and dn (ulm) | Then 


16.4.3 sin (2¢,-1—@n) =" sin ¢,. 


form the A.G.M. scale starting with 16.4.4 
16.4.1 a=1, b= Vm, o=Vm, sn (ulm) =sin gp, cn (ulm) =cos gp 
terminating at the step N when cy is negligible to COS 
: . : dn (u|m)=———_ 
the accuracy required. Find gy in degrees where COS (%,—¢) 
16.4.2 = acu 180° _| From these all the other functions can be deter- 
en DE OS ge mined. 
16.5. Special Arguments 
u sD % cn u dn u 
16.5.1 | 0 0 1 1 
1 1 mis 

16.5.2 3K emia Cima me 

16.5.3 | K 1 0 mys 

16.5.4 ; (K’) im-™4 Ot (1+ mi/ayi/a 

1 sK 1/2 - 4 1/3) 1/ mV mi\"4 1/2)1/2 
feos g(K+1K ) racic et Fmt 4m (1-1) ( 4 ) Oa reiltytay 

16.5.6 | K+5GK") | mv a omy" (1—muayur 

16.5.7 | 1K’ © @ © 

16.5.8 | 3K+iK’ (1— myi/2)-w2 ait on)" im 

16.5.9 K+1tK’ m-V2 —1(m,/m)¥? 0 


16.6. Jacobian Functions when m=0 or 1 


16.6.1 sn (u|m) sin u tanh u 
16.6.2 cn (ulm) cos u sech u 
16.6.3 dn (ulm) 1 sech % 
16.6.4 ed (ulm) COs & 1 

16.6.5 sd (u|m) sin u sinh u 
16.6.6 nd (ulm) 1 cosh u 
16.6.7 de (ulm) sec u 1 

16.6.8 ne (ulm) sec u cosh u 
16.6.9 sc (u|m) tan u sinh 4 
16.6.10 | ns (u|m) csc & coth u 
16.6.11 ds (ulm) C8C & esch u 
16.6.12 | cs (u|m) cot u esch u 


16.6.13 | am (ujm) u gd u 


*See page 0. 


16.7. Principal Terms 


When the elliptic function pq u is expanded in ascending powers of (w—K,), where K, is one of 
0, K, 1K’, K+-1K’, the first term of the expansion is called the principal term and has one of the 
forms A, BX(u—K,), C--(u—K,) according as K, is an ordinary point, a zero, or a pole of pq u. 
The following list gives these forms, where < means that the factor (u—K,) has to be supplied 
and -- means that the divisor (u—K,) has to be supplied. 


K,= 0 K tK’ K+iK’ 
16.7.1 snu | 1x 1 mat m1 
Pi m 12 
16.7.2 enu |} 1 —m 2x | —im-la-| —7 m1) 
16.7.3 dnu | 1 myi/2 t+ im!2xK 
16.7.4 edu | 1 —1x mW miu 
16.7.5 sdu | 1X | mi im Gmm,)i73 
16.7.6 ndu | 1 m2 x —im 1a 
16.7.7 deu | 1 -—1l+ mi2 pen 
L 
16.7.8 | neu | 1 —mevt| imax |G >) 
16.7.9 seu | 1X — m3 | t tmy7 1/2 
16.7.10 nsu | 1+ 1 minx m2 
16.7.11 dsu } 1+ mi ima a(mm)12 X 
16.7.12 esu | le —m/?x —1t —im 2 


u —u utkK u—K K-u ut+2K | u—2K | 2K—u ut+iK’ ut2k’ utK+iK’ ut+2Kk 
+27K’ 
16.8.1 sn | snow | — snu ed u -cedu cd u —snu | —sn u sn u m— ns u sn u mde u —sn u 
16.8.2 en j chu cn u —m'"sd u | msd u med u —enu | —enu } en u | —im "ds u| —en u —tm'?2m-'ne u en u 
16.8.3 dnj dnu dn u mi2nd u | m)"nd u miJfnd u dn u dn u dn u | —ics u —dn u im} se u —dn u 
16.8.4 ed | edu ed u —sn u sn u sn u —cedu | —edu | —edu mde u edu | —m ns u —ed u 
16.8.5 sd | sdu | —sdu mofen ul —ma!"en wu} men u —sd u | —sd u sd u im4ne u| —sd u —im4m-ds u sd u 
16.8.6 nd | nd « nd u manu} mo2dn u m—@dn u nd u nd u nd u isc u —nd u | —im,'"es u —ndu 
16.8.7 de | deu de u —ns u ns u ns u —deu | —deu } —deu milled u de u — msn u —de u 
16.8.8 ne | nc u ne u —my ds u | mds u mds u —ne u | —ne u | —ne wu tmifsd u | —ne u im, 4m'fen u ne u 
16.8.9 sc | seu | —seu — mes u | — mes wu | maces u sc u secu | —seu md u —se u im, fdn u —se u 
16.8.10 | ns | nsu | —nsu dc u —dce u de u —ns u | —ns u ns u msn u ns u med u —nSs u 
16.8.11 | ds | dsu | —dsu m}2ne u | —m)“ne u | m!?ne u —ds u | —ds u dsu | —imi@cn u | —ds u im) ?2@m\sd u ds u 
16.8.12 | cs | cesu | —cesu —m ge u | —m se u m 8c u cs & esu | —esu | —idnu —esu | —im)4nd u —cs u 


GLS 
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16.9. Relations Between the Squares of the 


Functions 
16.9.1 —dn?u-+-m=—m cn*u=m sn?u—m 
16.9.2 —mnd*u-+-m,=—mmsd?u=m cd?u—m 
16.9.3 = m,sc?u-+m,=mne*u=de’u—m 
16.9.4 cs*u-+ m= ds’u—=ns’u—m 


In using the above results remember that 
m+m=1. 

If pq u, rt wu are any two of the twelve functions, 
one entry expresses tq’u in terms of pq’w and 
another expresses qt’w in terms of rt?u. Since 
tq’u- qt?u=1, we can obtain from the table the 
bilinear relation between pq’wv and rt’u. Thus 
for the functions cd wu, sn u we have 


1—m cd?u 
™m 


16.9.5 nd?u= -» dn?’u=1—m sn*u 


and therefore 


16.9.6 (1—m ed?u)(1—m sn?u) =m. 


16.10. Change of Parameter 


Negative Parameter 


If m is a positive number, let 


16.10.1 (0<r<1) 


et IS i Seed 
Tm Tm oa 


16.10.2 sn (u|—m)=p:3sd (|x) 
16.10.3 en (u|—m)=ed (|x) 
16.10.4 dn (u|—m)=nd (vy). 


16.11. Reciprocal Parameter (Jacobi’s Real 


Transformation) 
16.11.1 m>0, p=m"!, v=um? 
16.11.2 sn (ulm) =n"’sn (o|x) 
16.11.3 cn: (ulm) =dn (o|n) 
16.11.4 dn (u|m)=cn (vp) 


Here if m>1 then m-?=p< 1. 

Thus elliptic functions whose parameter is real 
can be made to depend on elliptic functions whose 
parameter lies between 0 and 1. 


16.12. Descending Landen Transformation 
(Gauss’ Transformation) 


To decrease the parameter, let 
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1— m7? u 
16.12.1 b= iam) ? oT? 


then 
__ (1+ u"?) an (o]n) 
16.12.2 sn (w|m) 1+ en? (lu) 
_en (|x) dn (2) 
16.12.3 cen (u|m)= itp! sn (oln) 
16.124 dn (ul m)=98 *(o|4) —Q—2"?) 


(1-44?) — dn?(o|u) 


Note that successive applications can be made 
conveniently to find sn (u|m) in terms of sn (v|x) 
and dn (u|m) in terms of dn (v|x), but that the 
calculation of cn (u|m) requires all three functions. 


16.13. Approximation in Terms of Circular 
Functions 


When the parameter m is so small that we may 
neglect m? and higher powers, we have the 
approximations 


16.13.1 


: 1 : 
sn (u|m) ~sin uF m(u—sin u COs u) COs 


16. 13.2 


cn (u|m) ~cosuts m(u—sin u cos u) sin u 


16.13.3 dn (ulm) ~1—5 m sin? u 


16.13.4 am (u|m) wu m(u—sin u& COs 2). 


One way of calculating the Jacobian functions 
is to use Landen’s descending transformation to 
reduce the parameter sufficiently for the above 
formulae to become applicable. See also 16.14. 


16.14. Ascending Landen Transformation 


To increase the parameter, let 


16.141 bee eel ee se 
16.14.2 sn (ulm) =(1-+ 4") mn ia) eo ole 
16.14.3 cn (ulm =e ee 
16.14.4 dn (u|m)-=1 ee" Sat ele Eo 


574 


Note that, when successive applications are to 
be made, it is simplest to calculate dn (ujm) since 
this is expressed always in terms of the same func- 
tion. The calculation of cn (u|m) leads to that of 
dn (v|x). 

The calculation of sn (ulm) necessitates the 
evaluation of all three functions. 


16.15. Approximation in Terms of Hyperbolic 
Functions 


When the parameter m is so close to.unity that 
m,? and higher powers of m, can be neglected we 
have the approximations 


16.15.1 
sn (u|m) + tanh ut; m, (sinh u cosh u—w) sech? u 


16.15.2 
en (u 


m) =sech u 


~j m, (sinh wu cosh u—wu) tanh u sech u 
16.15.3 
dn (u 


m) =sech u 


+4 m, (sinh u cosh u+) tanh uw sech u 
16.15.4 
am (u|m) ~gd utt m, (sinh uw cosh w—4) sech wz. 
Another way of calculating the Jacobian func- 
tions isto use Landen’s ascending transformation 


to increase the parameter sufficiently for the above 
formulae to become applicable. See also 16.13. 


16.16. Derivatives 


Fune- Derivative 

tion 
16.16.1 sn u en u dn u 
16.16.2 cen u —sn udnu Pole n 
16.16.3 dn u —msnucn u 
16.16.4 ed u —m sd und u 
16.16.5 sd u ed und u Pole d 
16.16.6 nd u mesducd u 
16.16.7 de u m, 8c une u 
16.16.8 ne u se u dc u Pole c 
16.16.9 sc u de une u 
16.16.10 | ns u —ds ucs u 
16.16.11 ds u —¢c8 u DB U Pole s 
16.16.12 | esu —ns u ds u 


Note that the derivative is proportional to the 
product of the two copolar functions. 


JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS 


16.17. Addition Theorems 
16.17.1 sn(u+v) 


__sn w-en v-dn v+sn v-en u-dn u 
7 1—m sn?u-sn2y 
16.17.2 cn(u+2) 
cn u-cn v—sn u-dn u-snv-dnv 
Ee i—m sn*u sn’v 
dnwu-dnv— msnu-cnu-snv- end 
1— msn*u - sn*v 


16.17.3 dn(u-+v)= 


Addition theorems are derivable one from 
another and are expressible in a great variety of 
forms. Thusns(u-+v) comes from 1/sn(z-+-2) in the 
form (1—msn?u sn’v) / (sn ucnv dn v+snvenudn 4) 
from 16.17.1. 

Alternatively ns(u-+v)=m'sn {(1K’—u)—»} 
which again from 16.17.1 yields the form (ns u csv dsu 
—nsvcs udsv)/(ns?u—ns?»v). 

The function pq(w+v) is a rational function of 
the four functions pq wu, pq v, pq’, pq’. 


16.18. Double Arguments 

16.18.1 sn 2u 
_2snu-cnu-dnwu_ 2sn u-cn w-dnu 
~  I—msn’u  ——en®’u-+sn?u- dn’u 

16.18.2 cn 2u 
_en’u—sn’u-dn?u _cn?u—sn*u - dn*u 
~ 1—msntu ——sen*u-+sn*u- dn’u 

16.18.3 dn 2u 
_ dn?u—msn?u-cn?u _dn*u-+-en’u(dn?u—1) 


l—msn’u— dn®’u—cn?u(dn’u—1) 
16.18.4 ee a 
16.18.5 1 dn u_ mane env 
16.19. Half Arguments 
16.19.1 OT ae u 
16.19.2 entyu=" ten u 
16.19.38  dn*4 ya tan a tmen 


16.20. Jacobi’s Imaginary Transformation 
16.20.1 
16.20.2 
16.20.3 


sn (iu|m)=isc(ulm;) 
en(iu|m)=nc(ul m) 


dn(iu|m)=de(u| m) 
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16.21. Complex Arguments 
With the abbreviations 
16.21.1 
s=sn(z|m), e=cn(z|m), d=dn(z|m), s,=sn(y|m;), 
e,=cn(y|m)), di=dn(y| m) 


8-dtic-d-s,-¢ 
c?-++ ms? - 8? 


—is-d-s,-d, 
east 3? 


d-c,-d;—ims-c-8, 
ci+ ms? - si 


16.21.2  sn(x+déy|m) = 
16.21.38 en(z+ty|m) = 


16.21.4 dn(z+¢y|m)= 


16.22. Leading Terms of the Series in Ascending 
Powers of u 


16.22.1 


ue nu 
sn(u|m)=u—(1+m) gt dtimtm ) BI 


—(1+135m +135 m?+ m’) ve bet 
16.22.2 
cn(u| m)= 1-5 +(144m) 4 
—(14+44m+16m?) at 
16.22.3 
uw us 
da(u|m)=1—m att m(4-++m) a 
—m(16+44m-+ m?) at 


No formulae are known for the general coeffi- 
cients in these series. 


16.23. Series Expansions in Terms of the Nome 
qg=e**'/* and the Argument v=7u/(2K) 


or Cs gute 2 
16.23.1 sn (ulm) =— a 22 ee sin (2n+1)v 


16.23.2 cn (u|m)= a Te (2n+1)o 


ane pa : om 


16.23.3 dn (u|m) ante a oF cos 2nv 


16.23.4 
(- 1) Sgt 
ed (ul m)= sae “j-gt cos (2n+1)o 
16.23.5 
sd (ul) = Cm, AR Cam 1)" foeerin (2n-+1)o 


16.23.6 
v 27 = i 
nd (ulm) =soiagt minK (—1)* cos nv 


16.23.7 
de (u|m)=5% sec v 

+3: zy (— "5 a aA igri cos (2n+1)v 
16.23.8 


u T 
ne (ulm) = sR sec v 


2 CJ n+ 
~ ang 2 (—1)" Gen cos (2n-+1)v 


16.23.9 
se (ulm) = ia mia tan v 
ar ome 
TPR 2 (— 1)* rae sin 2nv 
16.23.10 


ns (u|m)= =5R csc 0— 
16.23.11 

ds (ulm) =s% csc 9— > > on sin (2n+1)v 
16.23.12 


Fi os sin (2n-+1)o 


cs (u|m)=s7e cot v—F >> 1 ge sin 2no 

16.24. Integrals of the Twelve Jacobian Elliptic 
Functions 

16.24.1 fsn u du=m— In (dn u—m!cn u) 
16.24.2 feu u du=m"* arccos (dn u) 
16.24.3 J dn u du=arcsin (sn uz) 
16.24.4 fcd u du=m"'? In (nd u+m'sd wu) 
16.24.5 Sfsd u du=(mm,)—” arcsin (—m'cd u) 
16.24.6 Snd u du=m,"'” arccos (cd u) 
16.24.7 JS dc u du=iIn (ne u+sc u) 
16.24.8 fne u du=m;!” In (de u+mi"se u) 
16.24.9 fsc u du=my;'? In (de u+m}nc u) 
16.24.10 fns u du=lIn (ds u—es u) 
16.24.11 fds u du=lIn (ns u—cs u) 
16.24.12 {cs vu du=ln (ns u—ds wu) 


In numerical use of the above table certain re- 
strictions must be put on wu in order to keep the 
arguments of the logarithms positive and to avoid 
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trouble with many-valued inverse circular func- 
tions. 


16.25. Notation for the Integrals of the Squares 
of the Twelve Jacobian Elliptic Functions 


16.25.1 Pq u=[" pq’t dt when qs 
0 


16.25.2 Ps u=[" (pat—3) dt— 
0 


Examples 


Cdu= f * ed’t dt, Ns u= f "(astt—5 at 
0 0 t u 


16.26. Integrals in Terms of the Elliptic Inte- 
gral of the Second Kind (see 17.4) 


16.26.1 mSn u=— E(u) +u 
16.26.22 mCn u=E(u)—mu Pole n 
16.26.3 Dn u=E(u) 
16.26.4 mCd u=—E(u)+ut+msn u ed u 
16.26.5 
mmSd u=E(u)—mu—msn u cd u Pole d 

16.26.6 m Nd u=E(u)—msn u cd u 
16.26.7 De w=—E(u)+ut+sn ude u 
16.26.8 

mNe u=—E(u)+mutsn u de u Pole c 
16.26.9 mSec u=— EH(u)+sn u de u 
16.26.10 Ns w=—E(u)+u—en u ds u 
16.26.11 

Ds u=—E(u)+mu—en u ds u Pole s 


16.26.12 


All the above may be expressed in terms of 
Jacobi’s zeta function (see 17.4.27). 


Cs u=—E(u)—cn u ds u 


Z(uy=E(u ou, where E=E(K) 


16.27. Theta Functions; Expansions in Terms. 


of the Nome q 
16.27.1 
8, (2, g)=0, (2) =2q"4* >) (—1)%g"*” sin (2n+1)2 
n=0 


16.27.2 
82(z, g)=02(z) =2g"* 2 qg”"**» cos (2n+1)z 
R= 


16.27.3  33(2, g)=03(2)=14+2 pa q” cos 2nz 
16.27.4 
9,(z, g)=d,(2)=1+2 > (—1)"q” cos 2nz 
n=l 


Theta functions are important because every 
one of the Jacobian elliptic functions can be ex- 
pressed as the ratio of two theta functions. 
See 16.36. 

The notation shows these functions as depend- 
ing on the variable z and the nome gq, |q|<1. 
In this case, here and elsewhere, the convergence 
is not dependent on the trigonometrical terms. 
In their relation to the Jacobian elliptic functions, 
we note that the nome q is given by 


—p-tK'/K 
q=e" a 


where K and 7K’ are the quarter periods. Since 
qg=q(m) is determined when the parameter m is 
given, we can also regard the theta functions as 
dependent upon m and then we write 


8,(z, qg) =9,(2|m), a=1, 2,3,4 


but when no ambiguity is to be feared, we write 
8,(z) simply. 

The above notations are those given in Modern 
Analysis [16.6]. 

There is a bewildering variety of notations, for 
example the function %(2) above is sometimes 
denoted by %(z) or 3(z); see the table given in 
Modern Analysis [16.6]. Further the argument 
u=2K2/x is frequently used so that in consulting 
books caution should be exercised. 


16.28. Relations Between the Squares of the 
Theta Functions 


87(2) 94(0) =83(2) 03(0) — 83(z) 93 (0) 
83(z) 84(0) = 94(2) 83 (0) — di (z) 93(0) 
33(2) 94 (0) =Si(z) 02 (0) —97(z) 93 (0) 
8i(z) 940) =83(z) 930) —82(z)93(0) 
83(0) + 81(0) =05(0) 
Note also the important relation 
16.28.6 ;(0)=28,(0)83(0)8,(0) or 3} = 32939, 


16.28.1 
16.28.2 
16.28.3 
16.28.4 
16.28.5 


16.29. Logarithmic Derivatives of ‘the Theta 
Functions 


di (u 
16. e ] 
Boe 5a) 


=cot u+4 rae iis sin 2nu 
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16.29.2 


82(u) _ 


= sin 2nu 
de (u) 


—tan u+4 Ds (— ae 


03(u) n 
at ye 


3, (wu) _~oa_ gt 
#,(u) =e q 


16.30. Logarithms of Theta Functions of Sum 
and Difference 


16.29.3 sin 2nu 


16.29.4 


i sin 2nu 
peli” 


16.30.1 
d(a-+8)_, sin (a+8) 
o 3,(a—B) me sin (a—8) 
+4 y= : re sin 2na sin 2n8 
n=1N 
16.30.2 
re 2(a+8)_, cos (a-+8) 
3.(a—B) cos (a—8) 
44 3)" 2, sin 2na sin 2n8 
16.30.3 
8 1)” gi 
In stot hw 4s (=1)" = sin 2 na sin 2n8 
16.30.4 
9,(a+8) q” ‘ i 
in FB) =4 = sf m sin 2ne sin 2ng 


The corresponding expressions when B=7y are 
easily deduced by use of the formulae 4.3.55 and 
4.3.56. 


16.31. Jacobi’s Notation for Theta Functions 


16.31.1 Q(u|m)=O(u)=9,(v), =a 

16.31.2 0,(u|m)=0,(u) =9,(v)=O(u+K) 
16.31.3 H(u|m) =H(u)=2,(v) 

16.31.4 H,(ulm)=H,(uv)=2.(v)=H(u+K) 

16.32. Calculation of Jacobi’s Theta Function 


Q(u|m) by Use of the Arithmetic-Geometric 
Mean 


Form the A.G.M. scale starting with 


16.32.1 dyp=1, bb5= Vm, = Vm 


terminating with the Nth step when cy is negligible 
to the accuracy required. Find gy in degrees, 
where 

\e] 
16.32.2 = 


v 


¢xn= Want 


and then compute successively gy1, gw-2, - + + 
#1, %o from the recurrence relation 


16.32.3 sin (2p,-1—) = sin gp. 

Then 

16.32.4 

In @(u| m) =5 In to En) st In cos (vi—¥0) 


COS Yo 


+} In sec (2¢.—¢1) te In sec (2g,—g2) + . . . 


town In sec (2gy-1—¢y) 


16.33. Addition of Quarter-Periods to Jacobi’s Eta and Theta Functions 


u —u ut+K u+t2K utiK’ ut2@iK’ utK+iK’ |u+2K4+2iK’ 
Ha | — (a) | i —H(u) | iM(@u)O™@) | —N@H@) | M@Ou) | Nw) Hu) 
Bi) | By(u) —H(u) | -Au) | MOM | NOH) | —iMMOW | —N@E Cu) 
ae Qu) | Ow Ou) | MB) | NWO | iM@H@) | NO.) 
ony Q(u) Qu) | Ow) iM(@u)H(u) | —N(WO@ | M@EH) | —N@)O) 
where H(u) and H,(u) have the period 4K. O(u) and 


©,(u) have the period 2K. 

2iK’ is a quasi-period for all four functions, 
that is to say, increase of the argument by 27K’ 
multiplies the function by a factor. 
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16.34. Relation of Jacobi’s Zeta Function to the 
Theta Functions 


Zu) =2 in @(u) 


(TU 
, % (FR) cn udn u 


16.34.1 Z(u U)=59 i ee sn U 
2K. 
% (FR) dn wsn u wsnDU 
16.34.2 = mK 5 a(t ‘i aa 
2K 
16.34.3 (Ge) m Sh uvenu 
pias “OK ~dnw 
a (%) 
ru 
% ez) 
T 2K 
16.34.4 “OK ».(™) 
*\OK 


16.35. Calculation of Jacobi’s Zeta Function 
Z(u|m) by Use of the Arithmetic-Geometric 
Mean 


Form the A.G.M. scale 17.6 starting with 


16.35.1 G=1, bo>= mM, = ¥m 


terminating at the Nth step when cy is negligible 
to the accuracy required. Find gy in degrees 
where 


180° 


16.35.2 gy= Vayu cer 


and then compute successively yy-1, ¢w-2, - - 
1, ¢ from the recurrence relation 


16.35.3 sin (241m) =" sin gp. 
Then 
16.35.4 


Z(u|m)=c, sin y,+e, sin + ... +ey sin gy. 


16.36. Neville’s Notation for Theta Functions 


These functions are defined in terms of Jacobi’s 
theta functions of 16.31 by 


8,(u) =H, 9,(u) eT) 


16.36.1 H’(0) =H) 
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_ @+K) @(u) 
Pe) =" OK) 60) 


If A, w are any integers positive, negative, or 
zero the points %+2\K+2yiK’ are said to be 
congruent to Uo. 


16.36.2 


? o,(u w=am 


3,(u) has zeros at the points congruent to 0 

3,(u) has zeros at the points congruent to K 

J,(w) has zeros at the points congruent to iK’ 

3,(u) has zeros at the points congruent to 
K+1K’ 

Thus the suffix secures that the function #,(w) 
has zeros at the points marked p in the intro- 
ductory diagram in 16.1.2, and the constant by 
which Jacobi’s function is divided secures that the 
leading coefficient of 3,(u) at the origin is unity. 
Therefore the functions have the fundamentally 
important property that if p, q are any two of the 
letters s, c, n, d, the Jacobian elliptic function 
pq wu is given by 


3, (u) 
16.36.3 SF ay 


These functions also have the property 


my "*9,(K—u)=9,(u) 


16.36.4 


16.36.5 m;/*3,(K—u)=9,(u), 


for complementary arguments wu and K—uw. 
In terms of the theta functions defined in 16.27, 
let v=ru/(2K), then 


16.36.6 — ¥,(u) Ene, ou) =2 ® 
MT My MO“ RD 


42 


+1.0 Se(u) 


1.2 is (u) 
Ficure 16.4. Neville’s theta functions 
b, (u) ’ d, (u) ’ os (u) ’ on (w) 
m=; 
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\gin 8, (u) \ 


Ficure 16.5. Logarithmic derivatives of theta 
functions 
d 


d 
du Ind, (x), du In 3,,(u) 


2 
16.37. Expression as Infinite Products 
q=q(m), o=ru/ (2K) 
16.37.1 
9,(u)=( 0h 169)" sin» HT (1—2g%* cos 20-+-q!") 
16.37.2 si 


0,(u) —(famry" cos v a (1+2¢"* cos 20+ q") 


16.37.3 a 
0,(u)= a) a (1-++297"—! cos 2n-+- ¢**~) 
16.37.4 


g 0 =(senna “a) a 


H ( —2¢**-' cos 2+ q""-?) 
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16.38. Expression as Infinite Series 
Let v=ru/(2K) 
16.38.1 


2rqi? 1/2 © 


d,(u) = Poe 24 (—1)"g""*» sin (2n-+1)0 


1/2 @ 


16.38.2 3,(u) =| te 24 g"@*» cos (2n+1)0 


a 


v2 ) 
16.38.3 3,(u)= a {1+2 53 gq" cos 2nv} 
n=l 
16.38.4 


T 1/2 oo 2 
d, (tt) = aE | (142.55 (—1)*¢"* cos 2n0} 


16.38.5 (2K/)#=1+29+2q'+29°+ .. . =8,(0, 9) 
16.38.6 

(2K'/x)'®=1+2q, +2g+2G¢+ . . . =d3(0, ) 
16.38.7 
(2m'?K/x)'2=2g' "(1 +e +g+q?+qrt . . .) 

=0,(0, 9) 

16.38.8 

(2m\/*K/x)!?=1—29+-2q'—29"+ . . . =34(0, 9). 


Numerical Methods 


16.39. Use and Extension of the Tables 


Calculate ne (1.99650|.64) to 4S. 
From the 


Example 1. 
From Table 17.1, 1.99650=K-+.001. 
table of principal terms 


ne u=—m;!2/(u—K)+.. 
—(.36)-1? 
.001 


10000 
ate. 


ne (K+.001].64) = 


=—1667+... 


and since the next term is of order .001 this value 
— 1667 is correct to at least 4S. 

Example 2. Use the descending Landen trans- 
formation to calculate dn (.20|.19) to 6D. 

Here m=.19, mi/?=.9 and so from 16.12;1 


20 
(4), 1 +z! Maro? v=.19, 
Also 


-(5)=1 0-°7 67 
which is negligible. 


From 16.12.4 wo sf(8Y H(i-8) 
(+g) aml 19 | (Ay) 


Now from 16.13.3 


1 
dn [19 | (75) |--990081 


whence dn (.20|.19) = .996253. 

Example 3. Use the ascending Landen trans- 
formation to calculate dn (.20].81) to 5D. 

From 16.14.1 


dn(.20|.19) = 


_ 4(.9) 360 -(3) 
™(1.9)? 361’ ~\i9 
an vie X. 20=.19, 


ui is negligible to 4D. Thus 
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. (. 19 ED y+ Example 4. Use the ascending Landen trans- 
dn (.20|.81)= 2 361 an? (19] 357) +75 formation to calculate cn (.20].81) to 6D. 
n ~ 20 360 Using 16.14.4, we calculate dn (.20].81) and 
dn( .19 361 


From 16.15.3 


1 
dn (19 | 35° )=sech (. 19) +4X 361 tanh .19 sech .19 
ee .19 cosh .19+.19] 
ua (.187746) (.982218) 
i ne) (1.01810) +.19] 
= 98221844 X=—, (.184408)[.384605] 


= .982218+4X 


36 
= .982218-+- .000049= .982267. 
Thus dn (.20|.81)=.98406. 


from Figure 16.1. 

As in the preceding example, we reduce the 
calculation of dn (.20].81) to that of dn (19 ae ) 
when 


30) .982267 


dn (19/5 361 


dn (.20|.81)=.984056 
cn (.20|.81)=.980278. 


Example 5. Use the A.G.M. scale to compute dc (.672|.36) to 4D. 


From 16.9.6 we have dc?(.672|.36) =.36+ 


method given in 16.4. Form the A.G.M. scale 


64 
1—sn?(.672|.36) 


We now calculate sn(.672|.36) by the 


n Qn ba Cn Ln SIN Gp sin (2¢n-1— ¢n) 2¢en-1— Pn 
an 
0 ji .6 65546 . 60952 
I] .9 89443 | .1 41111 1, 2069 . 93452 10383 10402 
2]. 89721 | . 89721 00279 00311 2. 4117 . 66679 00207 00207 
3 | . 89721 | . 89721 {0 4. 8234 —. 99384 
Gn= 274,Uu ~3= 23(.89721) (.672) = 4.8234 


continuing until c,=0 to 5D. 


Then complete as indicated in 16.4 to find gy and so sn u and hence dc u, 


go=.65546 sn u=.60952 de w=1.1740. 


Example 6. Use the A.G.M. scale to compute 0(.6].36) to 5D. 
We use the method explained in 16.32 with a=1, bb=.8, m=.6. 


Computing the A.G.M. as explained in 17.6, we find 


(For values of an, bn, Cn, see Example 5.) 


n n SiN ¢n sin (2¢n-1— ¢n) 2en-1— On sec (2¢n-1— $n) sain sec (2¢n—1— ¢a) 
0 . 58803 . 55472 

1 1. 0780 . 88101 09789 09805 1. 0048 . 00120 
2) 2.1533 . 83509 00260 00260 1. 0 

3 | 4. 3066 —. 91879 1 0 


and then complete the calculation outlined in 16.32 to give 


In O(u|m) = —.05734+ .02935+ .00120 
= -— .02679 


@ (ulm) =.97357. 


The series expansion for © is preferable. 
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Example 7. Use the g-series to compute 


cs (.53601 62].09). 

Here we use the series 16.23.12, K= 1.60804 862, 
q=.00589 414, v= Fo pradians or 30°. 

Since q is negligible to 8D, we have to 7D 
es (.53601 62].09) 


oR cot 30°27 = z sin ao } 

= (.97683 3852) (1.73205 081) 

—3.90733 541[(.00003 4740)(.86602 5404)] 
=1.69180 83. 


Example 8. Use theta functions to compute 
sn (.61802|.5) to 5D. 


Here K(}4)=1.85407 
o__ 61802 


o Oo 
o= 1 g5407 
sin? a=1/2, a=45°. 
Thus (30°\ 45°) 
8, (3 
sn (. 61802|. 5) =3,(30°\45°) 
_59128 
704729 96458 
from Table 16.1. 
Example 9. Use theta functions to compute 


sc (.61802|.5) to 5D. 
As in the preceding example 


e°=30°, a°=45° 
8,(30°\45°)_ 
#,(30°\ 45°) 
We use Table 16.1 to give 


so that 
sc (.61802|.5)= 
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3,(30°\ 45°) = .59128 
(sec 45°)#8,(30°\45°) = 1.02796. 


Therefore 
_ 59128 ae 
sc (61802|.5)=7Go796 (sec 45°) 
= 68402. 


Example 10. Find sn (.75342|.7) by inverse 
interpolation in Table 17.5. 

This method is explained in chapter 17, Example 
7. 

Example 11. Find wu, given that cs (u|.5)=.75. 

From 16.9.4 we have 


ih 
sn? U=i Tos ty 
Thus 
sn? (u|.5)=.64 
and 
sn (u|.5)=.8. 


We have therefore replaced the problem by 
that of finding wu given sn (u|m), where mis known. 
If p=am u 

sin g=sn wu and so 
g=.9272952 radians or 53.13010°. 


From Table 17.5, 
u= F(53.13010°\ 45°) = .99391. 


Alternatively, starting with the above value of 
y we can use the A.G.M. scale to calculate F(¢\a) 
as explained in 17.6. This method is to be pre- 
ferred if more figures are required, or if @ differs 
from a tabular value in Table 17.5. 
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Table 16.1 


0° 
0.00000 0000 
0.08715 5743 
0.17364 8178 
0.25881 9045 
0.34202 0143 


0.42261 8262 
0.50000 0000 
0.57357 6436 
0.64278 7610 
0.70710 6781 


0.76604 4443 
0.81915 2044 
0.86602 5404 
0.90630 7787 
0.93969 2621 


0.96592 5826 
0.98480 7753 
0.99619 4698 
1.00000 0000 


30° 


0.00000 0000 
0.09353 4894 
0.18636 3367 
0.27778 4006 
0.36710 5393 


0.45365 1078 
0.53676 4494 
0.61581 3814 
0.69019 6708 
0.75934 4980 


0.82272 9031 
0.87986 2121 
0.93030 4365 
0.97366 6431 
1,00961 2870 


1.03786 5044 
1.05820 3585 
1.07047 0366 
1.07456 9932 


60° 
0.00000 0000 
0.11968 1778 
0.23861 4577 
0.35604 4091 
0.47120 6153 


0.58332 3727 
0.69160 6043 
0.79525 0355 
0.89344 6594 
0.98538 4972 


1.07026 6403 
1.14731 5349 
1.21579 4546 
1.27502 0900 
1.32438 1718 


1.36335 0417 
1.39150 0813 
1.40851 9209 
1.41421 3562 


In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use 


Be 
0.00000 0000 
0.08732 1966 
0.17397 9362 
0.25931 2677 
0.34267 2476 


0.42342 4343 
0.50095 3708 
0.57467 0526 
0.64401 3768 
0.70845 5688 


0.76750 5843 
0.82071 4821 
0.86767 7668 
0.90803 6964 
0.94148 5546 


0.96776 8848 
0.98668 6836 
0.99809 5528 
1.00190 8098 


35° 
0.00000 0000 
0.09606 0073 
0.19139 9811 
0.28530 3629 
0.37706 5455 


0.46599 3521 
0.55141 5176 
0.63268 1725 
0.70917 3264 
0.78030 3503 


0.84552 4503 
0.90433 1298 
0.95626 6326 
1.09092 3589 
1.03795 2481 


1.06706 1179 
1.08801 9556 
1,10066 1511 
1.10488 6686 


65° 
0.00000 0000 
0.12814 8474 
0.25558 9564 
0.38160 3032 
0.50544 4270 


0.62633 5361 
0.74345 9784 
0.85596 1570 
0.96294 9380 
1.06350 5669 


1.15670 0687 
1.24161 0747 
1.31733 9855 
1.38304 3549 
1.43795 3601 


1.48140 2159 
1.51284 3876 
1.53187 4716 
1.53824 6269 


THETA FUNCTIONS 


3s(e\e) 


10° 5° 
0.00000 0000 —«-0,00000 0000 
0.08782 4152 0.08867 3070 
0.17497 9967 0.17667 1584 
0.26080 4191 0.26332 6099 
0.34464 3695 0.34797 7361 
0.42586 0446 0.42998 1306 
0.50383 6358  —0,50871 3952 
0.57797 7994 0.58357 6134 
0.64772 1085 0.65399 8067 
0.71253 4820 0.71944 3681 
0.77192 5893 0.77941 4712 
0.82544 2256 0.83345 4505 
0.87267 6562 (0.88115 1505 
0.91326 9273 0.92214 2410 
0.94691 1395 0.95611 4956 
0.97334 6839 0.98281 0311 
0.99237 4367 1.00202 5068 
1,00384 9133 1.01361 2807 
1.00768 3786 1.01748 5224 
40° 45° 
0.00000 0000 ~—-0.00000 0000 
0.09914 2353 0.10287 9331 
0.19754 9961 0.20501 0420 
0.29449 2321 (0.30564 8349 
0.38924 7478 0.40405 4995 
0.48110 6437 0.49950 2749 
0.56937 7735 :0.59127 8602 
0.65339 2178 0.67868 8658 
0.73250 7761 0.76106 3101 
0.80611 4729 0.83776 1607 
0.87364 0739 «0.90817 9128 
0.93455 6042 —«-0.97175 1955 
0.98837 8598 —«1.02796 3895 
1.03467 8996 1.07635 2410 
1.07308 5074 «1.11651 4503 
1.10328 6100 —«:1.14811 2152 
1.12503 6391 «1.17087 7087 
1.13815 8265 «1.18461 4727 
1.14254 4218 —«:1.18920 7115 
70° iy 
0.00000 0000 —-0,00000 0000 
0.13904 1489 «0.15372 0475 
0.27747 6571  —«0.30706 5715 
0.41467 2740 «0.45960 9511 
0.54994 7578 «0.61082 7702 
0.68254 9331 0.76005 8920 
0.81164 3704 0.90647 6281 
0.93630 8263 1.04907 2506 
1.05553 5305 «1.18666 0037 
1.16824 3466 —«1.31788 6740 
1.27329 7730 1.44126 6644 
1.36953 6895 «1.55522 4175 
1.45580 7011 1.65814 9352 
1.53099 8883 1.74846 0610 
1.59408 7380 «1.82467 1332 
1.64417 0149 —-1.88545 5864 
1.68050 3336 «1.92971 0721 
1.70253 2036 «1.95660 6998 
1.70991 3565 —-:1.96563 0511 
vec & W;, €:\@) 
€=90°-€° a@=aresin ym 


JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS 


20° 
0.00000 0000 
0.08988 7414 
0.17909 1708 
0.26693 4892 
0.35274 9211 


0.43588 2163 
0.51570 1435 
0.59159 9683 
0.66299 9145 
0.72935 6053 


0.79016 4790 
0.84496 1783 
0.89332 9083 
0.93489 7610 
0.96935 0025 


0.99642 3213 
1.01591 0350 
1.02766 2527 
1.03158 9925 


50° 
0.00000 0000 
0.10740 5819 
0.21405 3194 
0.31918 5434 
0.42204 9614 


0.52189 9092 
0.61799 6720 
0.70961 8904 
0.79606 0581 
0.87664 1114 


0.95071 1025 
1.01765 9399 
1.07692 1759 
1.12798 8100 
1.17041 0792 


1.20381 2008 
1.22789 0346 
1.24242 6337 
1.24728 6586 


80° 
0.00000 0000 
0.17522 3596 
0.35063 9262 
0.52633 5260 
0.70219 9693 


0.87783 8622 
1.05251 4778 
1.22511 1680 
1.39412 6403 
1.55769 2334 


1.71363 1283 
1.85953 2258 
1.99285 2358 
2.11103 3523 
2.21162 7685 


2.29242 2061 
2.35155 6149 
2.38762 2438 
2.39974 3837 


25° 
0.00000 
0.09149 
0.18229 
0.27171 
0.35907 


0.44370 
0.52497 
0.60225 
0.67495 
0.74253 


0.80446 
0.86028 
0.90955 
0.95189 
0.98700 


1.01458 
1.03444 
1.04641 
1.05041 


55° 
0.00000 
0.11291 
0.22506 
0.33569 
0.44403 


0.54932 
0.65080 
0.74770 
0.83928 
0.92480 


1.00355 
1.07485 
1.13807 
1.19262 
1.23801 


1.27378 
1.29959 
1.31518 
1.32039 


85° 


0.00000 
0.21321 
0.42844 
0.64743 
0.87146 


1.10111 
1.33612 
1.57526 
1.81633 
2.05616 


2.29072 
2.51529 
2.72469 
2.91357 
3.07668 


3.20921 
3.30704 
3.36705 
3.38728 


3, (uim)= 9, ia) 


the descending Landen transformation 16.12 to induce dependence on a smaller modular angle. 


0000 
5034 
6223 
4833 
2325 


5382 
0857 
0597 
6130 
3161 


5863 
0899 
1166 
9199 
0216 


4761 
0908 
6011 
7974 


0000 
2907 
4618 
3043 
4769 


5515 
1843 
4387 
2749 
2089 


1297 
2509 
1621 
9342 
2299 


3626 
2533 
2322 
6454 


0000 
7690 
3440 
4941 
4767 


6239 
3616 
8297 
9939 
7815 


3417 
0558 
4161 
4159 
6743 


2227 
7313 
9918 
7004 


Compiled from E. P. Adams and R. L. Hippisley, Smithsonian mathematical formulae and tables of 


elliptic functions, 8d reprint (The Smithsonian Institution, Washington, D.C., 1957) (with permission). 
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THETA FUNCTIONS Table 16.1 
v,,(€\o) 

0° 5 10° 15° 20° 25° ae, 

1 1.00000 00000 1.00000 00000 1.00600 00000 1.00000 00000  =1,090000 00000 90 

1 1.00001 44942 1.00005 83670 1.00013 28199 1.00023 99605 1.00038 29783 85 

1 1.00005 75362 1.00023 16945 1.00052 72438 1.00095 25510 1.00152 02770 80 

1 1,00012 78184 1.00051 47160 1.00117 12875 1.00211 61200 1.00357 73404 75 

1 1.00022 32051  1,00089 88322 1.00204 53820 1.00369 53131 1.00589 77438 70 

1 1.00034 07982 1.00137 23717 1.00312 29684 1.00564 21475 1.00900 49074 65 

1 1.00047 70246 1.00192 09464 1.00437 13049 1.00789 74700 1.01260 44231 60 

1 1.00062 77451 1.00252 78880 1.00575 24612 1.01039 27539 1.01658 69227 55 

1 1.00078 83803 1.00317 47551 1.00722 44718 1.01305 21815 1.02083 14013 50 

1 1.00095 40492 1.00384 18928 1.00874 26104 1.01579 49474 1.02520 88930 45 

1 1.00111 97181 1.00450 90305 1.01026 07491 1.01853 77143 1.02958 63905 40 

1 1.00128 03532 1.00515 58975 1.01173 27599 1.02119 71444 = 1.03383 08852 35 

1 1,00143 10738 1.00576 28392 1.01311 39167 1.02369 24323 1.03781 34098 30 

1 1.00156 73002 1,00631 14139 1.01436 22536 =:11.02594 77596 +=: 1.04141 29561 25 

1 1.00168 48932 1.00678 49535 1.01543 98405 1.02789 45992 1.04452 01522 20 

1 1.00178 02800 1.00716 90696 1.01631 39354 1.02947 37972 1.04704 05862 15 

1 1.00185 05621 1.00745 20912 1.01695 79795 1.03063 73701 1.04889 76746 10 

1 1.00189 36042 1.00762 54187 1.01735 24037 1.03134 99632 1.05003 49895 5 

1 1.00190 80984 1.00768 37857 1.01748 52237 =—-:1.03158 99246 1.05041 79735 0 

30° 35° 40° 45° 50° 55° ae, 
1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 90° 
1.00056 64294 1.00079 66833 1.00108 26253 1.00143 67802 1.00187 71775 1.00243 05914 85 
1.00224 85079 1.00316 25308 1.00429 76203 1.00570 35065 1.00745 17850 1.00964 88003 80 
1.00499 51300 1.00702 56701 1.00954 73402 1.01267 06562 1.01655 47635 1.02143 61311 15 
1.00872 28461 1.01226 87413 1.01667 23379 1.02212 67193 1.02891 00179 1.03743 56974 70 
1.01331 83978 1.01873 24599 1.02545 62012 1.03378 46028 1.04414 27466 1.05716 29130 65 
1.01864 21583 1.02622 04548 1.03563 21191 1.04729 03271 1.06179 07561 1.08002 00285 60 
1.02453 23743 1.03450 52308 1.04689 09786 1.06223 37524 1.08131 84270 1.10531 40947 55 
1.03081 00797 1.04333 50787 1.05889 07481 1.07816 10137 1.10213 29153 1.13227 78297 50 
1.03728 45330 1.05244 17208 1.07126 68617 1.09458 82886 1.12360 21058 1.16009 27802 45 
1.04375 90125 1.06154 84606 1.08364 32917 1.11101 64844 1.14507 37802 =—1.18791 40899 40 
1.05003 67930 1.07037 85902 1.09564 39724 1.12694 63970 =: 1.16589 54205 1.21489 61356 35 
1.05592 71242 1.07866 37978 1.10690 42279 1.14189 38846 1.18543 40490 1.24021 82552 30 
1.06125 10260 1.08615 23221 1.11708 18582 1.15540 45920 ‘1.20309 54999 =: 1.26310 97835 25 
1.06584 67280 1.09261 66042 1.12586 75438 1.16706 77783 1.21834 25328 1.28287 36204 20 
1.06957 45853 1.09786 02047 1.13299 42539 =—-:1.17652 88244 1.23071 12287 ~=—-:1.29890 75994 15 
1.07232 13226 1.10172 37756 1.13824 53698 1.18350 00363 1.23982 51648 1.31072 29838 10 
1.07400 34764 1.10408 99048 1.14146 12760 1.18776 94140 1.24540 69243 1.31795 95033 5 
1.07456 99318 1.10488 66859 1.24254 42177 ~=—«-:1.18920 71150 1.24728 65857. ~—-: 1.32039 64540 0 
60° 65° 70° 1S 80° 85° oe 
1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 90° 
1.00313 85295 1.00406 92257 1.00534 44028 1.00720 88997 1.01026 06485 1.01663 88247 85 
1.01245 94672 1.01615 50083 1.02121 95717 1.02862 79374 1.04076 43440 1.06618 38299 80 
1.02768 16504 1.03589 51569 1.04715 56657 +—-:1.06363 90673 1.09068 07598 1.14751 59063 75 
1.04834 57003 1.06269 75825 1.08238 38086 1.11122 86903 1.15864 11101 1.25875 62174 70 
1.07382 76019 1.09575 73598 1.12585 71388 1.17001 24008 1.24276 19421 1.39725 25218 65 
1.10335 71989 1.13408 00433 1.17627 97795 1.23826 96285 1.34068 05139 1.55957 26706 60 
1.13604 11010 1.17651 06705 1.23214 31946 1.31398 80140 1.44960 33094 =-:1.74151 57980 55 
1.17088 93642 1.22176 77148 1.29176 91861 1.39491 71251 1.56636 90138 1.93815 19599 50 
1.20684 51910 1.26848 10938 1.35335 85717 +=—-1.47863 07744 =: 1.68752 66770 =: 2.14389 95792 45 
1.24281 67937 1.31523 31927 =—-:1.41504 43413 =: 1.56259 67789 1.80942 88493 = 2.35264 71220 40 
1.27771 04815 1.36060 17261 1.47494 78592 1.64425 25175 192833 82823 2.55792 12198 35 
1.31046 39783 1.40320 31647 1.53123 64694 1.72108 41609 2.04054 54606 2.75309 84351 30 
1.34007 89457 1.44173 53793 =-1.58218 06891 1.79070 70015 2.14249 29245 2.93165 25995 25 
1.36565 16965 1.47501 81348 1.62620 90720 1.85094 39670 = 2,23090 12139 += 3.08742 47870 20 
1.38640 11169 1.50203 00916 1.66195 87940 1.89989 92030 2.30289 04563 3.21489 91220 15 
1.40169 28947 1.52194 10514 1.68832 00831 1.93602 35909 2.35609 12550 3.30946 52989 10 
1.41105 92570 1.53413 83232 1.70447 27784 1.95816 92561 2.38873 86793 3.36764 82512 5 
1.4142] 35624 1.53824 62687 1.70991 35651 1.96563 05108 2.39974 38370 3.38728 70037 0 

Vee 9, €,\cr) | 
= 790° €)=90°-€ a=arcsin ym ,,(u|m) =Iy(E\o2) 


In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use the 
descending Landen transformation 16.12 to induce dependence on a smaller modular angle. 


JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS 


Table 16.2 LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS 
ad 
7, In¥a(u)=S(e\o) 

€\a 0° 5 10° 15° 20° 25° of, 

0° ry C) ry ry o 0 90° 

5 11.43005 11,40829 11.34306 11.23449 11.08275 10,88811 a5 
10 5.67128 5.66049 5.62812 5.57427 5.49902 5.40253 80 
15 3.73205 3.72495 3.70365 3.66823 3.61876 3.55536 75 
20 2.74748 2.74225 2.72658 2.70051 2.66414 2.61756 70 
25 2.14451 2.14043 2.12820 2.10787 2.07952 2.04325 65 
30 1.73205 1.72875 1.71888 1.70248 1.67962 1.65041 60 
35 1.42815 1.42543 1.41729 1.40378 1.38497 1.36096 55 
40 1.19175 1.18949 1.18270 1.17143 1.15577 1.13581 30 
45 1.00000 0.99810 0.99240 0.98296 0.96985 0.95315 45 
50 0.83910 0.83750 0.83273 0.82481 0.81383 0.79987 40 
55 0.70021 0.69888 0.69489 0.68830 0.67915 0.66754 35 
60 0.57735 0.57625 0.57297 0.56754 0.56001 0.55047 30 
65 0.46631 0.46542 0.46277 0.45839 0.45232 0.44464 25 
70 0.36397 0.36328 0.36121 0.35779 0.35306 0.34708 20 
75 0.26795 0.26744 0.26592 0.26340 0.25992 0.25553 15 
80 0.17633 0.17599 0.17499 0.17334 0.17105 0.16816 10 
85 0.08749 0.08732 0.08683 0.08600 0.08487 0.08344 5 
90 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0 
e\a 30° 35° 40° 45° 50° 55° afe, 

0° C) r] C) os) i) 20 90° 

5 10.65083 10,37113 10.04914 9.68479 9.27764 8.82657 85 
10 5.28496 5.14645 4.98711 4.80696 4.60585 4.38332 80 
15 3.47816 3.38730 3.28290 3.16502 3.03365 2.88859 75 
20 2.56090 2.49430 2.41789 2.33179 2.23605 2.13062 70 
25 1.99919 1.94749 1.88828 1.82172 1.74793 1.66695 65 
30 1.61498 1.57348 1.52607 1.47292 1.41419 1.35001 60 
35 1.33189 1.29791 1.25919 1.21591 1.16828 1.11647 55 
40 1.11167 1.08352 1.05154 1.01592 0.97687 0.93462 50 
45 0.93301 0.90958 0.88302 0.85355 0.82139 0.78679 45 
50 0.78307 0.76355 0.74151 0.71714 0.69066 0.66232 40 
55 0.65359 0.63743 0.61923 0.59918 0.57749 0.55441 35 
60 0.53902 0.52579 0.51093 0.49462 0.47705 0.45846 30 
65 0.43543 0.42482 0.41292 0.39991 0.38595 0.37125 25 
70 0.33992 0.33169 0.32248 0.31242 0.30168 0.29042 20 
75 0.25028 0.24424 0.23751 0.23017 0.22235 0.21419 15 
80 0.16471 0.16076 0.15634 0.15155 0.14645 0.14114 10 
85 0.08173 0.07977 0.07759 0.07522 0.07270 0.07009 
90 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0 

da 60° 65° 70° 75° 80° 85 ae, 

0° oo «© 00 00 0 0 90° 

5 eae 7.78200 7.17654 6.49756 5.71041 4.71263 85 
10 ef 3843 3.86930 3.57238 3.24056 2.85790 2.37760 80 
15 Sree 2.55490 2.36323 2.15026 1.90678 1.60605 15 
20 0153 1.88950 1.75208 1.60057 1.42943 1.22261 70 
25 mente 1.48308 1.37931 1.26603 1.13996 0.99169 65 
30 4 47 1.20552 1.12492 1.03795 0.94288 0.83453 60 
35 ¥ 6066 1.00096 0.93737 0.86969 0.79715 0.71737 55 
40 noeene 0.84142 0.79086 0.73784 0.68225 0.62344 50 
45 75000 0.71131 0.67101 0.62941 0.58682 0.54358 45 
50 0.63242 0.60125 0.56918 0.53662 0.50411 0.47247 40 
55 0.53023 0.50526 0.47987 0.45454 0.42988 0.40690 35 
60 0.43911 0.41932 0.39943 0.37992 0.36140 0.34488 30 
65 0.35605 0.34063 0.32532 0.31054 0.29684 0.28513 25 
70 0.27885 0.26719 0.25574 0.24484 0.23497 0.22685 20 
75 0,20584 0.19749 0.18935 0.18170 0.17490 0.16949 15 
80 0.13572 0.13034 0.12512 0.12026 0.11601 0.11272 10 
85 0.06742 0.06478 0.06224 0.05988 0.05784 0.05628 5 
90 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0 


d 

a Inde(u) =—fE\a) 
In calculating elliptic functions from theta functions, when the modular angle exceeds about 
60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod- 


ular angle. 


JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS 


LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS 


° 


> 
°o 
[2E090 29O9O9DSGO CAODDO FGOGD00 0 


E\a 80° 
0° ~—-g, 000000 
5 0.012059 
10 0.023711 
15 0.034569 
20 0.044277 


25 0.052528 
30 0.059074 
35 0.063730 
40 0.066384 
45 0.066987 


50 0.065561 
55 0.062183 
60 0.056989 
65 0.050157 
70 0.041905 


75 0.032483 
80 0.022163 
85 0.011235 
90 0.000000 


e\a 60° 

0° ~— 0.000000 

5 0.052098 
10 0.101680 
15 0.146471 
20 0.184635 


25 0.214885 
30 0.236514 
35 0.249349 
40 0.253651 
45 0.250000 


50 0.239181 
55 0.222085 
60 0.199639 
65 0.172751 
70 0.142285 


75 0.109049 
80 0.073794 
85 0.037222 
90 0.000000 


5° 
0.000000 
0.000331 
0.000651 
0.000952 
0.001224 


0.001458 
0.001649 
0.001788 
0.001874 
0.001903 


0.001873 
0.001787 
0.001647 
0.001457 
0.001222 


0.000951 
0.000650 
0.000330 
9.000000 


35° 
0.000000 
0.016511 
0.032444 
0.047248 
0.060427 


0.071558 
0.080308 
0.086442 
0.089827 
0.090424 


0.088287 
0.083549 
0.076408 
0.067122 
0.055989 


0.043344 
0.029545 
0.014968 
0.000000 


65° 
0.000000 
0.063034 
0.122704 
0.176024 
0.220691 


0.255225 
0.278976 
0.292010 
0.294931 
0.288691 


0.274426 
0.253326 
0.226549 
0.195171 
0.160167 


0.122405 
0.082664 
0.041645 
0.000000 


l , 
‘ia In By (1) =9 (0) 


10° 
0.000000 
0.001324 
0.002607 
0.003811 
0.004897 


0.005833 
0.006591 
0.007147 
0.007486 
0.007596 


0.007476 
0.007129 
0,006566 
0.005805 
0.004868 


0.003786 
0.002589 
0.001314 
0.000000 


40° 
0.000000 
0.021734 
0.042671 
0.062057 
0.079221 


0.093605 
0.104784 
0.112477 
0.116544 
0.116978 


0.113888 
0.107483 
0.098051 
0.085943 
0.071553 


0.055309 
0.037660 
0.019067 
0.000000 


70° 
0.000000 
0.076222 
0.147856 
0.210938 
0.262588 


0.301193 
0.326329 
0.338517 
0.338908 
0.328990 


0.310353 
0.284538 
0.252950 
0.216820 
0.177204 


0.134996 
0.090960 
0.045763 
0.000000 


+, Wn9a(u)=—9(¢,\2) 


15° 
0.000000 
0.002984 
0.005875 
0.008583 
0.011024 


0.013124 
0.014819 
0.016057 
0.016804 
0,017037 


0.016753 
0.015962 
0.014691 
0.012979 
0.010879 


0.008455 
0.005780 
0.002933 
0.000000 


45° 
0.000000 
0.027787 
0.054498 
0.079124 
0.100783 


0.118758 
0.132533 
0.141791 
0.146411 
0.146447 


0.142097 
0.133678 
0.121592 
0.106302 
0.088310 


0.068143 
0.046339 
0.023443 
0.000000 


75° 
0.000000 
0.092860 
0.179233 
0.253725 
0.312762 


0.354775 
0.379918 
0.389553 
0.385698 
0.370590 


0.346389 
0.315020 
0.278119 
0.237026 
0.192823 


0.146375 
0.098382 
0.049423 
0.000000 


20° 
0.000000 
0.005318 
0.010466 
0.015283 
0.019616 


0.023332 
0.026318 
0.028487 
0.029776 
0.030154 


0.029616 
0.028185 
0.025912 
0.022871 
0.019154 


0.014877 
0.010165 
0.005157 
0.000000 


50° 
0.000000 
0.034760 
0.068087 
0.098650 
0.125308 


0.147169 
0.163627 
0.174358 
0.179298 
0.178606 


0.172615 
0.161784 
0.146658 
0.127835 
0.105932 


0.081578 
0.055395 
0.028000 
0.000000 


80° 
0.000000 
0.115687 
0.221544 
0.309882 
0.376371 


0.420046 
0.442452 
0.446532 
0.435687 
0.413176 


0.381811 
0.343874 
0.301140 
0.254956 
0.206331 


0.156015 
0.104574 
0.052449 
0.000000 


Table 16.2 
25° ove 
0.000000 90° 
0.008337 85 
0.016401 80 
0.023933 75 
0.030690 70 
0.036462 65 
0.041075 60 
0.044394 55 
0.046332 50 
0.046846 45 
0.045938 40 
0.043654 35 
0.040077. 30 
0.035328 25 
0.029556 20 
0.022935 15 
0.015661 10 
0.007942 5 
0.000000 0 
55° ae, 
0.000000 90° 
0.042791 85 
0.083685 80 
0.120939 75 
0.153099 70 
0.179081 65 
0.198206 60 
0.210288 55 
0.215082 50 
0.213212 45 
0.205102 40 
0.191402 35 
0.172831 30 
0.150136 25 
0.124058 20 
0.095321 15 
0.064622 10 
0.032631 5 
0.000000 0 
85° afr, 
0.000000 90° 
0.153481 85 
0.289421 80 
0.395712 75 
0.467893 70 
0.507818 65 
0.520777 60 
0.512966 55 
0.490013 50 
0.456422 45 
0.415539 40 
0.369741 35 
0.320668 30 
0.269432 25 
0.216780 20 
0.163217 15 
0.109083 10 
0.054618 5 
0.000000 0 


In calculating elliptic functions from theta functions, when the modular angle exceeds about 


60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod- 


ular angle. 
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17. Elliptic Integrals 


Mathematical Properties 


17.1. Definition of Elliptic Integrals 
If R(z, y) is a rational function of z and y, 
where y” is equal to a cubic or quartic polynomial 
in z, the integral 


17.1.1 f R(x, y)dz 


is called an elliptic integral. 

The elliptic integral just defined can not, in 
general, be expressed in terms of elementary 
functions. 

Exceptions to this are 


(i) when A(z, y) contains no odd powers of y. 
(ii) when the polynomial y* has a repeated factor. 


We therefore exclude these cases. 
By substituting for y? and denoting by p,(z) a 
polynomial in z we get ? 
pr (x) +yp2(x) 
Re, y= 
05 ,@) +yp.a) 


_[pi(x) + yp2(z)] [ps(2)—y (2) ly 
{[pa(x) P—y*[ p(x) PF} y 


_Ps(x) ty Do(z) _ R2(z) 
ya) Oty 


where F(z) and R,(z) are rational functions of z. 
Hence, by expressing R,(z) as the sum of a poly- 
nomial and partial fractions 


f R(z,y)dt= f R,(z)dz-+2,A, f n'y" 'de 
+2,B, { [(e—)'y|-'de 
Reduction Formulae 
Let 
17.1.2 
Prag tae ae +agtay (|ao|+ |a1| #0) 
=bo(x—c)*+-b, (a2—c)® +b2(2—c)*+-b3(2—c) +b, 
([bo| + |b, | 0) 
13 L= f 2'y-ldz, J.= f [y(@—c)"}'dz 
By integrating the derivatives of yz* and 
y(z—c)—* we get the reduction formulae 
17.1.4 
(8+2)dol,4s+ 3 a1(28-+ 3)Letatao(8+1)Le41 
+44,(28+1)I,+saJ,1=2'y (s=0,1,2,.. .) 
4 See [17.7] 22.72. 


17.1.5 


(2—8) bo s_3t+ 4b: (3—28)J,-2+b2(1—8) 1 
+4 b3(1—28)J,—sbeJ,4,:=y(2—e)-* 
(s=1, 2,3, ...) 
By means of these reduction formulae and cer- 
tain transformations (see Examples 1 and 2) 
every elliptic integral can be brought to depend 


on the integral of a rational function and on three 
canonical forms for elliptic integrals. 


17.2. Canonical Forms 
Definitions 
17.2.1 


m=sin? a; m is the parameter, 
a is the modular angle 


17.2.2 2=sin g=sn U 
17.2.3 cos g=cn & 
17.2.4 


(1—m sin? g)t=dn u=A(¢), the delta amplitude 
17.2.5 g=arcsin (sn u)=am wu, the amplitude 


Elliptic Integral of the First Kind 
17.2.6 F(\a)=F(e|m)= f * (1—sin? a sin? 6)-tds 
0 


17.2.7 =fta— (1—m#?)]~idt 
0 


-{" dw=u 
0 


Elliptic Integral of the Second Kind 


17.2.8 E(\a)=E(u|m)= f “(1 —#)-4(1— me?) Ade 


17.2.9 ={"a —sin? a sin? 6)+d6 
0 
17.2.10 = fan’ Ww dw 
0 
17.2.11 =mu+t m{ “entw dw 
0 
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17.2.12 E(g\a)=u— mi sn? wdw 
Q 


_ x 8,(ru/2K) , E(m)u 
Resets =2K(m) 3,(rul2k)* K(m) 
(For theta functions, see chapter 16.) 


Elliptic Integral of the Third Kind 
17.2.14 


II(n; p\a) =[" (1—n sin? 6)~! [1—sin? a sin? 6)- "do 
0 


If z=sn (ulm), 
17.215 
Tn; | m)=—= f (1 —ne)-*[(1—£9) (1 — me) 4d 
0 


17.2.16 =f (1—n sn? (w|m))~'dw 

The Amplitude ¢ 
17.2.17 g=am u=arcsin (sn u)=aresin z 
can be calculated from Tables 17.5 and 4.14. 


The Parameter m 


Dependence on the parameter m is denoted by a 
vertical stroke preceding the parameter, e.g., 
F(¢g|m). 

Together with the parameter we define the 
complementary parameter m, by 


17.2.18 m+ m,=1 


When the parameter is real, it can always be 
arranged, see 17.4, that O<m<1. 


The Modular Angle a 


Dependence on the modular angle a, defined in 
terms of the parameter by 17.2.1, is denoted by a 
backward stroke \ preceding the modular angle, 
thus E(y\a). The complementary modular angle 
is 7/2—a or 90°—a according to the unit and 
thus m,=sin? (90°—a)=cos? a. 


The Modulus k 


In terms of Jacobian elliptic functions (chapter 
16), the modulus & and the complementary 
modulus are defined by 


17.219 k=ns (K+iK’), k’=dn K. 
They are related to the parameter by k?=m, 
k?=m,. 


Dependence on the modulus is denoted by a 
comma, preceding it, thus II(n; u, k). 


In computation the modulus is of minimal im- 
portance, since it is the parameter and its comple- 
ment which arise naturally. The parameter and 
the modular angle will be employed in this chapter 
to the exclusion of the modulus. 


The Characteristic n 


The elliptic integral of the third kind depends 
on three variables namely (i) the parameter, 
(ii) the amplitude, (iii) the characteristic 2. 
When real, the characteristic may be any number 
in the interval (—«, ©), The properties of the 
integral depend upon the location of the charac- 
teristic in this interval, see 17.7. 


17.3. Complete Elliptic Integrals of the First 
and Second Kinds 


Referred to the canonical forms of 17.2, the ellip- 
tic integrals are said to be complete when the 
amplitude is 44 and so r=1. These complete in- 
tegrals are designated as follows 


17.3.1 
[K(m)|=K= f. ‘(1 —¢)(1—mt?)]-"at 


x/2 
={ (1—m sin? 6) ~'/2d9 
0 


17.3.2 K=F(3n|m)=F(3n\a) 
17.3.3 
E(K(m)]=E= f ‘(1—#)-¥2(1 —mt2) dt 


a/2 
= f (1—m sin? 6)"d9 
0 


17.3.4 E=E[K(m)|=E(m)=E (4n\a) 
We also define 
17.3.5 


K'=K(m,)=K(1—m)= f "4 —m, sin? 6)-""d8 


17.3.6 
17.3.7 
2/2 
E'=E(m,)=E(i—m)= ii (1—m, sin? 6) "709 
0 


K! =F (4r|m,) =F Gr\ 77-2) 


17.3.8 E’=E[K(m,)|=E(m,)=E(in\ }1—a) 


K and iK’ are the “real’’ and “imaginary” 
quarter-periods of the corresponding Jacobian 
elliptic functions (see chapter 16). 
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Relation to the Hypergeometric Function 
(see chapter 15) 


17.3.9 K=} nF (4, 3; 1; m) 
17.3.10 E=}7F(—}, 3;1; m) 
Infinite Series 
17.3.1] 
_1 1\? 1-3\? . 
] °. 3 a 5 2 3 | 
+5746 m+... (|m|<1) 
17.3.12 
1 12m (1-3\? m? 
E(m)=5 [1—(G) T-G4 3 
1-3-5\? m3 
-G33) FH ...] amin 


Legendre’s Relation 


17.3.13 EK'+E’ K—KK’'=}« 
Auxiliary Function 
173.14 L(m) = 1 18 _ em) 
T ™m, 


17.3.15 m=1—16 exp [—x(K(m)+ L(m))/K’(m)] 

17.3.16 m=16 exp [—2(K’(m)+L(m,))/K(m)] 

The function L(m) is tabulated in Table 17.4. 
q-Series 


The Nome g and the Complementary Nome q; 


17.3.17 g=q(m) =exp [(—7K’/K] 

17.3.18 gm=q(m,) =exp [—7K/K’] 

17.3.19 int in tae 
gen 

17.3.20 


loge logo in ( logy ¢)?=1.86152 28349 to 10D 
1 
17.3.21 


q=exp [—rK'/K]=7,+8 (2) 494 (2) 


+992 (7%) + wee (lm|<) 


17.3.22 K=} w+2nr >) 


Se a 
a=1 1+ q” 
17.3.23 


i : 
R=3 + m)+ Gl 112-2 3 ge — gy 


17.3.24 am u=o+ 3) ee where v=ru/(2K) 


Limiting Values 


17.3.25 lim K'(E—K)=0 
17.3.26 lim [K—}4 In (16/m,)]=0 
m1 
17.3.27 lim m-'(K—E)=lim m-(EH—m,K)=7/4 
m0 m0 
17.3.28 lim g/m=lim q,/m,=1/16 
m->0 m1 


Alternative Evaluations of K and E (see also 17.5) 
17.3.29 
K(m)=2[1 +m)“ ([(1— md?)/(1-+ m}”)})* 
17.3.30 
E(m)= (1+ mi") E(((1—mi”)/(1+m}”))) 
—2mj?(1+-mi?) "K(((1—m)*)/(1+m!)}*) 
17.3.31 K(a)=2F (arctan (sec! a)\a) 
17.3.32 H(@)=2E (arctan (sec’”? a)\a)—1+-c0s a 
Polynomial Approximations 3? (0 <m< 1) 
17.3.33 
K(m)=[do+ai m,+4,m?]+[bo+b,)m, 
+b,m 4] In (1/m,)+e(m) 
je(m)|<3X10-° 


A= 1.38629 44 by=.5 
a,= .11197 23 6,=.12134 78 
Q@= .07252 96 b,= .02887 29 


17.3.34 


K(m)={apt+ami+ ... +aymi]+[bo+bimi+ ... 
+b,mi] In (1/m,) +(m) 
|e(m)|<2X10- 


b= m3) 

b:=.12498 593597 
b.=.06880 248576 
b;=.03328 355346 
b,=.00441 787012 


3 The approximations 17.3.33-17.3.36 are from C. Has- 
tings, Jr., Approximations for Digital Computers, Prince- 
ton Univ. Press, Princeton, N. J. (with permission). 

*See page H. 


@o= 1.38629 436112 
a= .09666 344259 
@= .03590 092383 
a@;= .03742 563713 
Q@= .01451 196212 
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4.0 


3.5 


k'sF(90°\90°-@) 


3.0 


2.5 


2.0 


@ 
o° 10° = =20° 30° 40° 50° 60° 70° 680° 90° 


Complete elliptic integral of the first 
kind. 


Ficures 17.1. 


6 
a|_E=€(90°\@) 
2 


5 E‘=E(90°\90°-@) 


0° 10° = 20° 30° 40s 50° —s 60" = 70° 80° — ss 90° 


Figure 17.2. Complete elliptic integral of the 
second kind. 
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17.3.35 
E(m)=[1+a,m,+a,mi]+[6,m, + b.mi] In (1/m,) 
+e(m) 
|e(m)|<4X10-§ 


b,=.24527 27 
b.=.04124 96 


a,=.46301 51 

d,==.10778 12 
17.3.36 
E(m)=[1+amit+ ... +ami{]+f[bmit ... 

+5,m] In (1/m1) +e(m) 
|e(m)|<2X10-* 

b,=.24998 368310 
b,=.09200 180037 


b,=.04069 697526 
b,=.00526 449639 


@,= .44325 141463 
@,== .06260 601220 
@3=.04757 383546 
a,=.01736 506451 


17.4. Incomplete Elliptic Integrals of the First 
and Second Kinds 


Extension of the Tables 
Negative Amplitude 


17.4.1 F(—¢|m) =—F(y|m) 
17.4.2 E(—¢|m) =—E(¢|m) 

Amplitude of Any Magnitude 
17.4.3 F(sxt¢lm)=2sK+F(y|m) 
17.4.4 E(u+2K)=E(u)+2E 
17.4.5 E(u+2iK’)=E(u)+2i(K'—E’) 
17.4.6 


E(u+2mK+2niK’) =E(u) +2mE+2ni(K’—E’) 

17.4.7 E(K—u)=E—E(u)+msn u ed u 

Imaginary Amplitude 
If tan 6=sinh ¢ 

17.4.8 F(ig\a) =1F (6\4r—a) 

17.4.9 

E(ig\a) = —iE(60\}x—a) +iF(6\32—a) 

+74 tan 0(1—cos? a sin? 6)! 
Jacobi’s Imaginary Transformation 
17.4.10 
E(iu|m) =i[u+ dn(ulm)se(ulm,) —E(u|m)] 

Complex Amplitude 


17.4.11 F(p-+ip|m) = F(Alm) +7F (ulm) 
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where cot? is the positive root of the equation 
z—[cot? g+tm sinhY csc’y—mJz—m, cot?7,=0 
and m tan? u=tan’g cot?7A—1. 


17.4.12 
E(p+ i\a) =EQ\q) —iE(u\90°— a) . 
+4F(u\90°—a) +8 
where 
b,=sin? a sin d cos ) sin? u(1—sin? a sin? d)} 
b,=(1—sin? @ sin? \)(1—cos? @ sin? y)# sin uw cos yu 
b;=cos? u+sin? @ sin? d sin? » 
Amplitude Near to 7/2 (see also 17.5) 
If cos a tan yg tan y=1 
17.4.13 F(y\a)+FQ\ a) =F(a/2\a) =K 
17.4.14 
E(¢\a) + E(\a) =E(4/2\a)+sin’a sing siny 


Values when ¢ is near to 7/2 and m is near to unity 
can be calculated by these formulae. 


FIp\a) 


2 


ry 
0 10 20 30° 40 # §0° 60° 70° 60° 90° 


Ficure 17.3. Incomplete elliptic integral of the 
first kind. 
F (e\a), 


¢ constant 
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Parameter Greater Than Unity 
17.415 F(g|m)=m*F(6|m-), sin 6=m!} sin ¢ 
17.4.16 E(ulm)=mtE(um}|m-) —(m—1)u 


by which a parameter greater than unity can be 
replaced by a parameter less than unity. 


Negative Parameter 


17.4.17 
F(o|—m) =(1+-m)*K(m(1+m)-) 
—(1+-m)-F (F—p| m(1-+m)> 
17.4.18 
E(ul—m) =(1+-m)}{ E(u +m) |m(mt 1) 
—m(1+-m)~tsn (u(1-+m)#|m(1 +m)-) 
ed(u(1-+m)§}m(1+m)~)} 


whereby computations can be made for negative 
parameters, and therefore for pure imaginary 
modulus. 


Ftp\a) 
a@=90° 
2.4 
7s? 

2.2 

60° 
2.0 

4s° 
Ln) 

30° 
te 

0° 
4 
t2 
1.0 
6 
& 
4 
2 
: 9 
oe 10° 20° 30° 40° soe 60° 70° 60° 90° 

Ficure 17.4. Incomplete elliptic integral of the 


jirst kind. 
F(¢\a), 


@ constant 
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eo Fip\a E(p\a) 
90 EupAa) 


o° 10° 20° 30° = 40° 50° = 60° 70° go° 90° ? 
Ficure 17.7. Incomplete elliptic integral of the 
second kind. 


E(¢\a),  @ constant 


Elp\a) 
L6 
14 
2 
+90" 
10 80° 
70° 
60° 
8 50° 
‘es 40° 
30° 
ss wh Figure 17.8. 90° Else) _ », a constant. 
: 10° 17.4.21 
Te? 
ge 10" 20" 30" 40" 50" 60" 70" 80" a0" F(¢\90°) =In (sec ¢+tan y)=In tan (7+5) 
Figure 17.6. Incomplete elliptic integral of the | 17.4.99 F(ig\90°) = arctan (sinh ¢) 
second kind. 
E(¢\a@),  ¢ constant 17.4.23 E(¢\0)=¢ 
Special Cases 17.4.24 E(ig\0) =i 
17.4.19 F(¢\0)=¢ 17.4.25 E(¢\90°) =sin ¢ 


17.4.20 Flig\0)=t9 17.4.26 E(ig\90°) =7 sinh ¢ 
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Jacobi’s Zeta Function 
17.4.27 Z(¢\a)=E(¢\a)— E(a)F(¢\a)/K(a) 
17.4.28 Z(ulm)=Z(u) = E(u) —uE(m)/K(m) 


17.4.29 Z(—u)=—Z(u) 
17.4.30 Z(u+2K)=Z(u) 
17.4.31 Z(K—u)=—Z(K+4) 


17.4.32  Z(u)=Z(u—K)—msn(u—K)cd(u—K) 


Special Values 
17.4.34 Z(u|1)=tanh u 


Addition Theorem 
17.4.35 
Z(ut+v)=Z(u)+Z(v)—msn u sn v sn(u+v) 


Jacobi’s Imaginary Transformation 


17.4.36 
1Z(iulm) =Z(u| m,) tae? —dn(u|m,)sc(u|m,) 


Relation to Jacobi’s Theta Function 
11.437  Z(u)=6'(u)/O(u) =£ In @(u) 
q-Series 


1.4.38 Z(u) > ¢'(1—9)-" sin (wsu/K) 


Klalzip\a) 


Figure 17.9. Jacobian zeta function K(a)Z(¢\qa). 


*See page II. 


Heuman’s Lambda Function 


17.4.39 


Ay(o\a) = 42 Ka) Z(@\ 90-0) 


17.4.40 ="{ K(@) E(e\90°—a) 


~[K(@) —E@)]F(¢\90°—a) } 


ee ee * 


o* 1o° 20° 30° 40° so° 60° 70° 80° 90° 
Figure 17.10. Heuman’s lambda function Ao(y\a). 


Numerical Evaluation of Incomplete Integrals of the 
First and Second Kinds 

For the numerical evaluation of an elliptic 
integral the quartic (or cubic *) under the radical 
should first be expressed in terms of #, see 
Examples 1 and 2. In the resulting quartic there 
are only six possible sign patterns or combinations 
of the factors namely 

(@+a7)(?+8), (?—?)(P—6), 
(?—)(b'—-F), (—a)(P—B), (P+a’)(?—6’), 
(f+?) (b?—?). 

The list which follows is then exhaustive for 
integrals which reduce to F(y\a) or E(¢\a). 

The value of the elliptic integral of the first 
kind is also expressed as an inverse Jacobian 
elliptic function. Here, for example, the notation 
u=sn~'z means that z=sn w. 

The column headed ‘‘t substitution” gives the 
Jacobian elliptic function substitution which is 
appropriate to reduce every elliptic integral which 
contains the given quartic. 


‘For an alternate treatment of cubics see 17.4.61 and 
17.4.70. 


Equivalent Inverse 


F(¢\a) Jacobian Elliptic rr) t Substitution E(¢\e) 
Function 
17.4.41 a me » A 
. _, (2|e— _% = (lta dt 
af, [(@+a) (+R) = G a a dae rte a J Gan [(@+a) (e+e) 
cos a=b/a 17.4.42 i rar » 
a 2 t - a— _@ _ ° (b+ dt 
m=(a—P)/a 117), (e+e e+e)” re Gea a) nen omen of (aa) (CF a) C+ ]* 
17.4.43 i F 2(o8—b8) 
* 1 fz|e— og Be — _ 
| ([e=nel ™ 7) a eae). | eat? af 5 @=Be= (e—A ew) 
ore — 2 —. 72 1 Pd 
Ss a _ t 
af” (@— = [((e—a) (@— By an (FS) sit 9 cane ale (@—A) ey 
eee dt B 1 (a?—#)d E 
= -1 (% _ = if? a’? —i*)dt 
af, [(@—A(e—Ay? o re aie 5 cao ado (@—A(R—A]} c 
17.4.46 - wo ) a 
{2 : _a@(—z? = aS 
sinembi af. (@—F = (@-F Pay od (GS) a eae). | ee ae—w ["(a>a) (ene Ar am OS 
Sepia 17.4.47 3 
<n cee ac-(218 int gate fakes ob (-(58,) is 
o[(@—a) (@—P)}* ala? ee pe = e#—w/) (@— AGS (@—a?) (@—)y* 5 
W448 " en 
= (2 $s. 5G 2 t 
of. eH eS HR ns (le sin =~ twansy | af (S") aac 
17.4.49 
= dt _f2|_@ _b = b3 7@+@ dt 
sees or | Term erar| "Glare C00 aoe rT, a eRe 
@ 17.4.50 
m=a?/(a? + 5?) 2 dt 7 x a? ~, 8+) =(q@? 13 °_ 8 dt 
+)" | eraser &(G@pmmlare) | a espe ESO Re at WA | aos (eta) eA) 
17.4.51 
2 dt _, (2@+b2 4 _t(a?+b) |, ab __ ag dt 
tango’ (oon [(@+a?) (h—#)}? ne ( ab a?+3 _ ? B(a?-+22) : (at B73 80? | aP(aP-+ bt) aes (+a [(@+0)(e—a 2 
a@ 17.4.52 
m= b8/(a?+ b3) b dt _(2|_ 2 : “i 1 > (#@+a*)dt 
(atopy racer eG arp) Soa, rene @ry), (+a e—Aya 
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Some Important Special Cases 


4F(¢\a) cos a 
17,4.53 = 
Lute =| ari a 
17,4.54 _ 
Nase ita a 
17.4.55 
+5 ao ] 45° 
1.4.56 
* A Reesor z 45° 


Reduction of J dt//P where P=P(2) is a cubic 
polynomial with three real factors P= 


(t—B:) (t—B2) (t—63) where 6:>8,>8;. Write 
17.4.61 
M=5 (8:—Bs)"?, m=sin? ano 
™M, =cos? ans 
17.4.62 
* dt sg  _ t—Bs 
rf VB F(¢\a) sin? p= BBs 
17.4.63 
fa dt _(6:— 8) (@—B,) 
. yp | P\%) cost = (5 — 8) (Bi —2) 
17.4.64 
(2 | Fw\a) sin? p=2— 4 
ay VP z—-B 
17.4.65 
af 5 F(¢\a@) cos? ot 
17.4.6 
af’ Jos F(e\(90°~a°)) | sint p= B18 
11.4.67 
B. _ 
nf S| FCA G0? 2%) | coe? p= A=8t 
17.4.68 
dt o_o : __(81— 8s) (27 — Bs) 
f, v¥—P BEX OP Sa) aah ee (8:— 8s) (@@— Bs) 
17.4.69 


A dt z—8 
X — F 0° — ° 2 p— V2 
ap (¢\(90°—a°)) | cos? p= Aa, 


*See page m1. 
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aa (\q) cos ¢ a 
17.4.57 

- dt z—1—v3 15° 
2 (@—D} z—1+¥3 
17.4.58 
f dt V3+1—z v 
1 (@—1)} ¥3—1+2 
17.4.59 

1 dt v3—1+2 75° 
2(i—#)} v¥3+1—2 
17.4.6€0 
f dt 1-v3-z | 7., 
-«(i-# 1+ V3—z 


Reduction of J dt/VP when P=P(t)=@+a,t? 
+a,t-+-a, is a cubic polynomial with only one real 
roott=§8. We form the first and second deriva- 
tives P’(t), P’’(t) with respect to ¢ and then write 


11 P’'@®) 


17.4.70 W=[P'(6)|, m=sin’ a=5—<§ cpr 
17.4.71 

ae | Fee) cos o= et 
17.4.72 

fe | Fee cos o= EB 
17.4.73 

Na 75 F(¢\(90°—a°)) | cos oS 
17.4.74 

af? Teas F(e\(00°—a°)) | 008 o= 4 = 3} 


17.5. Landen’s Transformation 
Descending Landen Transformation 5 


Let as, Gn4, be two modular angles such that 
(cn41 <n) 


and let gn, a4: be two corresponding amplitudes 
such that 


17.5.1 (1+8in a_s1)(1+008 a) =2 


17.5.2 (Gai >¢rn) 


5 The emphasis here is on the modular angle since this 
is an argument of the Tables. All formulae concerning 
Landen’s transformation may also be expressed in terms 
of the modulus k=mt=sin a and its complement k’ =ml 
=Ccos a, 


tan (Gn11—n) =COS a, tan Gp 
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Thus the step from n to n-+ 1 decreases the modular 
angle but increases the amplitude. By iterating 
the process we can descend from a given modular 
angle to one whose magnitude is negligible, when 
17.4.19 becomes applicable. 

With a=a we have 


17.5.3 
F(¢\a) =(1+ cos a)~'F(¢:\) 
=43(1+sin a) F(¢,\e) 


17.5.4 F(g\a)=2-" 8 (1-+sin @,) F(e,\an) 


17.5.5 F(e\a)=® 1 (1+sin a,) 
8= 
s ] - Qn 
17.5.6 é=lim = F(¢,\a,)=lim = 
no 2 nom 2 
17.5.7 K=F(}n\a)=19 n (1+sin a,) 
17.5.8 F(¢\a)=2r 'K® 
17.5.9 


E(¢\o) =F(¢\e) [1-5 sinte (145 sas 
+5 sin a, sine,+.. .) ]+sin a [5 (sin a,)'/? sin ¢, 

+35 (sin a, sin a)? sin y+ .. | 
17.5.10 

Th as 1. oe 
E=K 1-5 sin? a I+5 sin arb5s sin a, Sin a, 
14s 5 é 
+55 sin a, SiN a, sINa3+.. )] 


Ascending Landen Transformation 


Let an, a4; be two modular angles such that 


(@a41 > an) 


and let gn, ¢n41 be two corresponding amplitudes 
such that 


17.5.11 (1 +sin Qn) 6! +cos Ons1) =2 


17.5.12 sin (2¢n41— Gn) =siN a, SiN ¢, (Gn41 <n) 
Thus the step from n to n+1 increases the 
modular angle but decreases the amplitude. By 
iterating the process we can ascend from a given 
modular angle to one whose difference from a right 
angle is so small that 17.4.21 becomes applicable. 
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With ay=a we have 


17.5.13 F(~\a)=2(1+sin a)—'F(y,\a;) 


17.5.14 F(¢\o)=2" 1 (1-+sin a,)-Fle,\cn) 
17.58.15  F(¢\a)= TI (1+c08 «,) F(en\ an) 
a=] 


17.5.16 F(¢\a)=[ese a I sin a}! In tan (27-+46) 
s=1 


17.5.17 6=lim ¢, 


N@ 
Neighborhood of a Right Angle (see also 17.4.13) 


When both ¢ and a are near to a right angle, 
interpolation in the table F(¢\a) is difficult. 
Either Landen’s transformation can then be used 
with advantage to increase the modular angle and 
decrease the amplitude or vice-versa. 


17.6. The Process of the Arithmetic-Geometric 
Mean 


Starting with a given number triple (dp, bo, ¢) 
we proceed to determine number triples 
(a1, bi, €1,), (da, be, C2), - - -» (An, by, Cw) according to 
the following scheme of arithmetic and geometric 
means 


17.6.1 
a bo 
= 9 (aot bo) b= (@bo)4 


a2= 4 (a, +b) b.=(a,b,)3 


dy=4(ay-it+by-1) by=(aw_:by-1)! 
Co 
€1=¥ (ap— bo) 


C2= 3 (a,—b,) 


y=} (An-1— by-1). 


Westop at the Nth step when ay=by, i.e., when 
cy=0 to the degree of accuracy to which the num- 
bers are required. 

To determine the -complete elliptic integrals 
K(a), E(a) we start with 


17.6.2 Q=1, bo>=cos a, co=SiNn a 
whence 

Tv 
17.6.3 K (a) ~~ Day 
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K(a)— E(@) aie 
K(a) 2 


To determine K’(a), E’(a) we start with 


17.6.5 


17.6.4 R+23+2'3+ ... +2%c%,] 


a)=1, bo=sin a, c5=COs a 


whence 

11.6.6 K'(a)=57 

17.6.7 

OA =; 5 let t2clt+ Rett... +2%0H7] 


To calculate F(y\a), E(y\a) start from 17.5.2 
which corresponds to the descending Landen 
transformation and determine ¢,, g, ..., ¢n 
successively from the relation 


17.6.8 tan (4n4:—@n)=(bn/aa) tan Gr, Ho=E 


Then to the prescribed accuracy 


17.6.9 F(¢\a)=¢n/(2%an) * 

17.6.10 

Z(p\a)=E(¢\a)— (E/K) Flv\e) 

+ =¢; sin ¢,+¢, sin g+ ... +ew sin gy 


17.7. Elliptic Integrals of the Third Kind 


17.7.1 
Ii(n; a\a=f" (1—n sin? 6)~1(1—sin? a sin? 6)—!d@ 
0 


17.7.2 I (n; $t\a) =I (n\a) 

Case (i) Hyperbolic Case 0<in< sin? a 
e=aresin (n/sin?a)!, O<e<}x 
B=}7F(e\a)/K(a) 
q=q(a) 
v=}aF(y\a)/K(a), 
§,=[n(1—n)-"(sin? a—n)-}} 

17.7.3 


T(n; \ a) = 5, [—% In [8,(v+-8)/5,(0—8)] 


+08; (8)/9;(6)] 


*See page 11. 
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17.7.4 


}In ore? S Dy s-tg'(1— q%)-! sin 2s0 sin 298 
4(0— 
17.7.5 


91(6) 
3, (8) 


=cot B+4 pa: g*(1—2q* cos 28-+g¢*)~! sin 28 
em 
In the above we can also use Neville’s theta 
functions 16.36. 
17.7.6 II(n\ a) = K (a) +6,K(a)Z(e\a) 
Case (ii) Hyperbolic Case n>1 


The case n>1 can be reduced to the case 
0<N<sin? a by writing 


17.7.7 N=n"' sin? a, p,=[(n—1)(1—n™! sin? a)]}! 
17.7.8 
I(n; y\a«)=—TI(N; ¢\e)+ F(¢\e) 

+55, In [(a(@) +p, tan #)(A(e)—P, tan )~" 
where A(¢) is the delta amplitude, 17.2.4. 
I1(n\ a) =K(a) —11(N\a) 


Case (iii) Circular Case sin? a<in< 1 


O<e<hr 


17.7.9 


e=arcsin [(1—7n)/cos? a]! 
=}xF(e\90°—a)/K(a) 
q=4(a) 
17.7.10 
v=4}nF(¢\a)/K(a), &=[n(1—n)“"(n—sin? «)~"}! 
17.7.11 T(n; o\a) =6,(A—4 yr) 
17.7.12 
A=arctan (tanh 6 tan v) 
42 = (—1)'-'s-1g(1— 9) sin 2sv sinh 288 
17.7.13 
[5 sq’ sinh 2se | [2 +2 pa q” cosh 2s8 | 
17.7.14 I(n\a)=K(a) + 378,[1 —Ao(e\@)] 


where A, is Heuman’s Lambda function, 17.4.39. 
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Ti(n,p\a) 


oF 15° 30° 45° 60° 75° 90° 
Figure 17.11. Elliptic integral of the third kind 
II(n; ¢\a). 


Case (iv) Circular Case n<.0 


The case n<0 can be reduced to the case 
sin? a< N<1 by writing 


17.7.15 
N=(sin? a—n)(1—n)™ 
p2=[—n(1—n)7(sin? a—n)}} 
17.7.16 
[(1—n)(1—n™ sin? a)! (n; oa) 
=[(1—N)(1—N sin? a) }#11(N; ¢\a) 
+ p7' sin? aF'(¢\a)+ arctan [}p2 sin 29/A(¢)] 
V.7.17 
II(n\\a) = (—n cos? a) (1—n)~1(sin? a—n) T(N \a) 
+sin? a(sin? a—n)~'K(a) 


Special Cases 
17.7.18 n=0 
11(0; y\a)=F(¢\a) 
17.7.19 n=0, a=0 
I1(0; y\0)=¢ 
17.7.20 a=0 
Ii(n; y\0)=(1—n)~? arctan [(1—n)! tan g], * 
n<l 
=(n—1)7 arctanh [(n—1)! tan gl, 
n>1 
=tan ¢ n=1 
17.7.21 a=n7/2 
II(n; ¢\x/2)=(1—n)~'[In (tan g+sec ¢) 
— ni ln (1+n} sin ¢)(1—7n} sin ¢)7J n#1 


17.7.22 n=+8in a 
(1 sin a){2T(+sin a; y\a)—F(y\a)} 
=arctan [(1Fsin a) tan ¢/A(¢)] 
17.7.23 n=12+008 a 
2 cos all(1+cos a; ¢\a)= +3 In[(1+tan 9 
-A(g))(i—tan g- A(y))~"]+3 In [(A(¢) 
+cos a-tan ¢)(A(y)—cos a tan ¢)™] 


+= (1+ cos a) F(y\a) 
17.7.24 n=sin? a 
TI(sin’ a; y\\a)=sec? oH(y\a)—(tan? a sin 2¢)/(2A(¢)) 
17.7.25 n=1 


II (1; p\a)=F(¢\a)—sec? aH(\a)+sec? a tan gA(y) 


Numerical Methods 


17.8. Use and Extension of the Tables 


Example 1. Reduce to canonical form fyrtae, 
where 
y= — 32‘ 4-342? —1192?+ 1722—90 
By inspection or by solving an equation of the 
fourth degree we find that 
y?=Q,Q2 where Q,=32r—- 10z+9, Q= —2z?+82— 10 
First Method 


Q:—AQ. = (3-+A)2z?— (10+8d)z+9+10A is a per- 
fect square if the discriminant 


*See page I, 


(10-+8n)?—4(3-+-2) (9-+10A) =0; ie., if A= = or} 


and then 
+e =k (2-1), FGF (2-2)" 
Solving for Q, and Q, we get 
Q=(@—1)?+2(z—2)?, Q,=2(¢—1)?—3(@—2)? 
The substitution t=(z—1)/(z—2) then gives 


fyrae— + fi (t?+-2) (2t7—3)]~tdt 


ELLIPTIC INTEGRALS 601 


If the quartic y?=0 has four real roots in z 
(or in the case of a cubic all three roots are real), 
we must so combine the factors that no root of 
Q,:=0 lies between the roots of Q,=0 and no root 
of Q.=0 lies between the roots of Q:=0. Provided 
this condition is observed the method just de- 
scribed will always lead to real values of A. These 
values may, however, be irrational. 


Second Method 
Write 
p—e1_ 3z?—102+9 
~~ Q, —2?+8r—10 


and let the discriminant of Q,t?—Q, be 


4T?= (8t?+ 10)?—4(¢?+3) (10¢?+9) 


—4(3t?-+2) (2t2?—1) 
Then 


f cs f T-'dt= + f@e+2) (2#2—1)|-tdt 


This method will succeed if, as here, T? as a 
function of ¢? has real factors. If the coefficients 
of the given quartic are rational numbers, the 
factors of T? will likewise be rational. 


Third Method 
Write 
_Q:_ 32z?—102+9 
"Q; —x?+82z—10 


and let the discriminant of Q.w—Q, be 
4W=4(3w- 2) (2w—1) =4(Aw*+ Bw+ C) 


Then if 
2—=W/w and Z?=(B—2)?—4AC=(22—1)?+48 


fares + [za 


However, in this case the factors of Z are complex 
and the method fails. 

Of the second and third methods one will always 
succeed where the other fails, and if the coefficients 
of the given quartic are rational numbers, the 
factors of T? or Z?, as the case may be, will be 
rational. 

Example 2. Reduce to canonical form Joyride 
where y’=2(x—1)(x—2). 

We use the third method of Example 1 taking 
Q=(z—1), Q.=a(z—2) and writing 

Q z—1 


»-= 


Q, z?—2z 


The discriminant of Q.w—Q,=22w—(2w+1)z+1 
is 
4W=(2w+1)?—4w=4w?+1 
so that 
W=Au!+Bw+C where A=1, B=0, C=} 
and if we write 2?=W/w and 


Z=(B—2)'-4A0=(2)"-1=(#-1)(# +0), 
frree= + fe- 1)(2+1)}- dz 


The first method of Example 1 fails with the 
above values of Q, and Q, since the root of Q,=0 
lies between the roots of Q.=0, and we get 
imaginary values of >. The method succeeds, 
however, if we take Q,=z, Q.=(x—1)(x—2), for 
then the roots of Q,=0 do not lie between those 
of Q.=0. 

Example 3. Find K(80/81). 


First Method 
Use 17.3.29 with m=80/81, m,=1/81, m1/?=1/9. 
Since [(1 — m}”) (1+ mi”)? =.64, K(80/81) = 
1.8 K(.64) =3.59154 500 to 8D, taking K(.64) from 
Table 17.1. 
Second Method 


Table 17.4 giving L(m) is useful for computing 
K(m) when m is near unity or K’(m) when m is 
near zero. 


K(80/81) == K'(80/81) In (16X81) —L(80/81). 


By interpolation in Tables 17.1 and 17.4, since 
80/81 =.98765 43210, 


K’ (80/81) =1.57567 8423 
£(80/81) =.00311 16543 
K(80/81) =x-(1.57567 8423) (7.16703 7877) 
—.00311 16543 
=3.59154 5000 to 9D. 
Third Method 
oe polynomial approximation 17.3.34 gives to 


K(80/81) =3.59154 501 
Fourth Method, Arithmetic-Geometric Mean 


Here sin? a=80/81 and we start with 
a&=1, b=s, Co=780/81=.99380 79900 
giving 
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n Qn ba Cn 
0 1. 00000 00000 | . 11111 11111 . 99380 79900 
1 . 65555 55555 | . 33333 33333 . 44444 44444 
2 . 44444 44444 | . 48033 14829 . 11141 11111 
3 . 48788 79636 | . 43733 10380 | . 00705 64808 
4 . 48735 95008 | . 43735 94999 . 00002 84628 . 
5 . 43735 95003 | . 43735 95003 
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Thus K(80/81)=5 rdz!=3.59154 5001. 
Example 4. Find £(80/81). 
First Method 
Use 17.3.30 which gives, with m=80/81 


E(80/81) =~ E(64)—5 K(.64) 
=1.01910 6047 
taking E(.64) and K(.64) from Table 17.1. 


Second Method 


Polynomial approximation, 17.3.36 gives 
E(80/81) =1.01910 6060. The last two figures 
must be dropped to keep within the limit of 
accuracy of the method. 


Third Method 


Arithmetic-geometric mean, 17.6. The numbers 
were calculated in Example 3, fourth method, and 
we have 


Eee [B+22+2%h+ ... +2%3] 
=5 [1.43249 71298] 
=.71624 85649, 


Using the value of K(80/81) found in Example 3, 
fourth method, we have 


E(80/81) =1.01910 6048 to 9D. 


Example 5. Find g when m=.9995. 
Here m,=.0005 and so from Table 17.4 


Q(m) =.06251 563013 
G=m,Q(m) =.00003 12578 15. 


From 17.3.19 
in (5)=A"/in (—)=r7/10.37324 1132 
1 


= .95144 84701 
g=.38618 125. 


The computation could also be made using 
common logarithms with the aid of 17.3.20. The 
point of this procedure is that it enables us to 
calculate g, without the loss of significant figures 
which would result from direct interpolation in 
Table 17.1. By this means In (1/q;) can be found 
without loss of accuracy. 

Example 6. Find m to 10D when K’/K=.25 
and when K’/K=3.5. 

From 17.3.15 with K’/K=.25 we can write the 
iteration formula 


mt) —1—16e~** exp [—aL(m™)/K’(m™)}. 


Then by iteration using Tables 17.1 and 17.4 


n mi) 


0] 1. 

1 | .99994 42025 
2| .99994 42041 
3 | .99994 42041 


Thus m=.99994 42041. 
From 17.3.16 with K’/K=3.5 we can write the 
iteration formula, 


m@t) = 16§¢673-5* exp [—7L(m{”)/K(m™)] 


n m6 n) 


0; 0 

1 | .(3)26841 25043 
2| .(3)26837 65 

3 | .(3)26837 65 


Thus m=.00026 83765. 

The above methods in conjunction with the 
auxiliary Table 17.4 of Z(m) enable us to extend 
Table 17.3 for K’/K>3, and for K’/K<.3. 


Example 7. Calculate to 5D the Jacobian 
elliptic function sn (.75342|.7) using Table 17.5. 
Here 


m=sin? a=.7, a=56.789089°. 
Thus, sn (.75342|.7)=sin ¢ where ¢ is determined 
from 
F'(¢\56.789089°) = .75342. 
Inspection of Table 17.5 shows that ¢ lies 


between 40° and 45°. We have from the table 
of F(¢\ a) 
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. o 56° 58° 60° 
| | 

35° . 63803 . 63945 | . 64085 

40° . 73914 . 74138 | . 74358 

45° . 84450 . 84788 | . 85122 

50° . 95479 . 95974 | . 96465 


From this we form the table of F(¢\56.789089°) 


7) F A A; A; 
35° . 63859 

10144 
40° 74003 437 

10581 72 
45° 84584 509 

11090 
50° . 95674 


A rough estimate now shows that ¢ lies between 
40° and 41°. We therefore form the following 
table of F(¢\56.789089°) by direct interpolation 
in the foregoing table 


? F 
40.0° -74003 
40.5° -75040 
41.0° -76082 


whence by linear inverse interpolation 


_ an co, xo [ -75342—.750407] _ ; 
eee e—., = 40.6449 


and so sin y=.65137=sn (.75342|.7). 

This method of bivariate interpolation is given 
merely as an illustration. Other more direct 
methods such as that of the arithmetic-geometric 
mean described in 17.6 and illustrated for the 
Jacobian functions in chapter 16 are less laborious. 

Example 8. Evaluate 


f * (282-41) (#22) "dk. 


First Method, Bivariate Interpolation 
From 17.4.50 we have 


a3 f * [(2#2+1) (2—2)|-""dt= F(e,\a) — Flos\ay 


where 


B on, V2 


; 1 
sin? a cos as" cos A= 
Thus a=26.56505 12°, y,=61.87449 43°, »—=45°, 
F(¢)\\a)=1.115921 and F (¢2\a)=.800380 and 
therefore the integral is equal to .141114. 


Second Method, Numerical Quadrature 


Simpson’s formula with 11 ordinates and interval 
.1 gives .141117, 
Example 9. Evaluate 


f “[(—2) (24) "Ht. 


First Method, Reduction to Standard Form and 
Bivariate Interpolation 


Here we can use 17.4.48 noting that a?==4, 
b?=2, and that 


f, 2 @-orae= f"— f° 


=5 [Fler\45°)—Fler\45°)| 


=5 [1.854075 — .535623]—=.659226 
where 


; ae ae 
sin v1=5’ sin co sin aaa 


Thus 
a=45°, ¢,=90°, g=30°. 
Second Method, Numerical Integration 


Af we wish to use numerical integration we must 
observe that the integrand has a singularity at 
t=2 where it behaves like [8(¢—2)]-}. 

We remove the singularity at t=2, by writing 


f "[(#2—2) (#—4)]-Wdt—= f “f(Odt+ f "[8(t—2) |-tdt 


where 
SO=(C—2) (P—4)]-$—[8(¢—2)] “4. 
If we define f (2)=0, 
f "(tat 


can be calculated by numerical quadrature. Also 


4 1 4 
t—2)]-4 | t—2)' | =1 
f, ee-21-ae=| % 21] 
and thus we calculate the integral as 
4 
1+ i) f (t)dt=1—.340773=.659227. 
2 
Example 10. Evaluate 
u=[" (z?—72+6) ~tdz. 
17 


2—7r+6=(xz—1)(t—2)(x+3) and we use 17.4.65 
with B,=2, B.=1, B= —3, 
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m=sin? a=4/5, A=-+/5/2, cos? p=3/4. 
Thus a=63.434949°, ¢=30° and 


u=2(5)-4F(30°\ 63.434949°) 
=2(5)-4(.543604) =.486214 from Table 17.5. 


The above integral is of the Weierstrass type and 
in fact 17= P(4u; 28, —24) (see chapter 18). 
Example 11. Evaluate 


12/3: 
f (24—12¢+2?—#9)-"? dt. 
0 


We have 
24—12t+ 22—#= — (t—2) (+12) =— P(t). 


There is only one real zero and we therefore 
use 17.4.74 with P(j)=#—2+12t—24, B=2 so 
that P’(2)=16, P’’(2)=8, \=2 and therefore 

in2 1 ae o 
m=sin’ a=7) a=380°, 


Therefore the given integral’ is 


where 
cos any ¢1=70.52877 93° 
1 ° 
COS o2=5? v2=60 


and the integral = 3[1.510344— 1.212597]=.148874. 
Example 12. Use Landen’s transformation to 


evaluate 
5/2 1 7 -1/2 
f (1-3 sin? 0) de to 5D. 
0 


First Method, Descending Transformation 


We use 17.5.1 to give 


1+sin a1 ays 1.071797 


cos a,;= [ (1 —sin a) (1 +sin a) a= .997419 


1+8in a.= =1.001292; cos a,=.999999 


pee Joe 
1+c0s a, 


1+sin a;= =1.000000 


Bes 
1+cos a, 


Thus from 17.5.7, 
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the integral=F(90°\30°) =} (1.071797) (1.001292) 
=1.68575 to 5D. 


Second Method, Ascending Transformation 
We use 17.5.11 to give 


1+¢08 an4:=2/(1-+sin an) 


n COS aan sin an 
1 . 88333 333 . 94280 904 
2 . 02943 725 . 99956 663 
3 . 00021 673 . 99999 998 
sin (2¢,—90°) =sin 30°, ¢1=60° 


2=57.367805° 
a= 57.348426° 
4=57.348425°=6, 


sin (2g.—9,)=sin a, sin ¢, 
gin (2¢;— g_) =siNn az SIN yg, 
sin (2¢,—¢)=SiN ag SiN ¢s, 
From 17.5.16 


2 2 2 


re) OY a a 
F(90°\ 30°) =T 5 1.04280 904 1.00056 663 


2 
1.99999 998 
= 1.37288 050 In tan 73.674213° 
= 1.37288 050(1.22789 30) 


F(90°\30°) = 1.68575 to 5D. 
Example 13. Find the value of F(89.5°\89.5°). 


In tan (45°45 ) 


First Method 


This is a case where interpolation in Table 17.5 
is not possible. We use 17.4.13 which gives 


F(89.5°\89.5°) = F(90°\89.5°) — F(Y\89.5°) 


where 
cot y==sin (.5°) cot (.5°)=cos (.5°) 


y=45.00109 084° 
and F(y¥\89.5°)=.881390 from Table 17.5. 


F(90°\89.5°) = K(sin? 89.5°) = K(.99992 38476) 
=6.12777 88 


Thus F(89.5°\89.5°) = 5,246389. 
Second Method 


Landen’s ascending transformation, 17.5.11, 
gives 
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cos a,=(1—sin 89.5°)/(1+sin 89.5°) 

sin a,=[(1—cos a,)(1-+-cos a;)]'=.99999 99997 

COS a,=0 

sin a,=1. 

17.5.12 then gives 
sin (29,—89.5°)=sin 89.5° sin 89.5° 
= .99992 38476 
2¢, —89.5°=89.2929049°, o, =89.39645 245° 


= 89.39645 602° 
= p=, 


sin (2g.—,)=sin a, sin gy, 
sin (29,—@2)=sin ¢2, 


Thus 17.5.16 gives 
F(89.5°\89.5°) = 
1 } oY 
(sacra) In (tan 89.69822 801°) =5.24640. 
Example 14. Evaluate 
2 
f [(9—29 (16-++4%)*]-Adt to5D. 
1 
From 17.4.51 the given integral 


=|--[ =a [E@\2)—E(y.\q)] 


where 
sina=}; a=36.86990° 
sin 9:=3 5, 9, =48.18968° 
a em p= 23.84264°, 


By bivariate interpolation in Table 17.6 we 
find that the given integral 


= [.80904 —.41192]= .00496. 
Simpson’s rule: with 3 ordinates gives 
4[.00504-++.01975-+.005}=.00496. 
Example 15. Evaluate 
TI (43 45°\30°) = 


w/a 
f (1—4 sin? 6)-1(1—3 sin?6)-4do to 6D. 
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This is case (i) of integrals of the third kind, 
0<n<sin? a, 17.7.3 


N=%) =45°, a=30°, 


e=arcsin (n/sin? a)t=30°, 
B= 3 F(30°\30°)/K(30°) =.49332 60 
v= dF (45°\30°)/K(30°) =.74951 51, 
8,=(16/45)3 
and so from 17.7.3 
a (3 45°\30°) = 
3,(v+8) , 3:(8) 
$4 — 4 . 
(6/85) { bn Sate 
g=.01797 24. 


Using the g-series, 16.27, for the # functions we get 


II (4; 45°\ 30°) = (16/45)#{ —.02995 89 
+ (1.86096 21) (.74951 51) } =.813845. 


Table 17.9 gives .81385 with 4 point Lagrangian 
interpolation. 


Example 16. Evaluate the complete elliptic 
integral 
I (¥s\30°) to 6D. 


From 17.7.6 we have 
II (q!5\30°) =K(30°) + (16/45) 2K (a)Z(e\30°) 


where e=arcsin(n/sin’a)!=30°. Thus using 


Table 17.7 
IL (¢s\30°) =1.743055. 


Table 17.9 gives 1.74302 with 5 point Lagran- 
gian interpolation. 
Example 17. Evaluate 


IL (§; 45°\30°) 
= f "(1 —§ sin? @)~! (1-4 sin? 6)? do 
0 
to 6D. 


This is case (iii) of integrals of the third kind, 
sin? accn<il, 
n=§, y=45°, a=30° 
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e=arcsin [(1—n)/cos? a]#=45° 
B=}xF(45°\60°)/K(30°) =.79317 74 
v= 4x F(45°\30°)/K(30°) =.74951 51 
5.= (40/9)# 
q=.01797 24 
and so from 17.7.11 
II (§; 45°\30°) = (40/9) /?(A— 40) 
=2.10818 51{.55248 32—4(.03854 26) 
(.74951 51)} =.921129. 
Table 17.9 gives .92113 with 4 point Lagrangian 
interpolation. 
Example 18. Evaluate the complete elliptic 
integral 
II (§\30°) to 5D. 


From 17.7.14 we have 


I (§\30°)=K(30°) 2 [1—Ao(e\30°)] 


where e=arcsin [(1—7)/cos? a]*/?= 45°. 
Table 17.8 


Thus using 


II (§\30°) =2.80099. 


Table 17.9 gives 2.80126 by 6 point Lagrangian 
interpolation. The discrepancy results from in- 
terpolation with respect to n for g=90° in Table 
17.9. 

Example 19. 


TT ($; 45°\30°) 
-{" (1—4 sin? 6) ~!(1—} sin? 6)—"/? de 
0 


Evaluate 


to 5D. 
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Here n= g=45°, a=30° and since the character- 
istic is greater than unity we use 17.7.7 

N=n™ sin? a=.2, p,=(1/5)* 
II ($; 45°\ 30°) =—II( 2; 45°\30°) + F'(45°\ 30°) 


(7/8)+4-(1/5)4 
+@V5) In Ga apey 


=— .83612+4 .80437 


+465 In ¥35+-v8 


135—V8 


=1.13214. 


Numerical quadrature gives the same result. 
Example 20. Evaluate 


It (—4; 45°\30°) 
- f "(1-44 sin? 6)-1(1—4 sin? 6)-¥d9 
to 5D. 


Here the characteristic is negative and we there- 


fore use 17.7.15 with n=}, sin? a=} 


N=(1—n)-'(sin? a—n)=.4, p=V.1 
and therefore 
(5/2)# 1 (—4; 45°\30°) = (9/40)4 IT (3; 45°\30°) 
+5(5/2)4F (45°\30°) + arctan (35)-+ 
Using Tables 4.14, 17.5, and 17.9 we get 
I (—4; 45°\ 30°) =.76987 


References 


Texts 


[17.1] A. Cayley, An elementary treatise on elliptic 
functions (Dover Publications, Inc., New York, 
N.Y., 1956). 

[17.2] A. Erdélyi et al., Higher transcendental functions, 
vol. 2, ch. 23 (McGraw-Hill Book Co., Inc., 
New York, N.Y., 1953). 

[17.3] L. V. King, On the direct numerical calculation of 
elliptic functions and integrals (Cambridge 
Univ. Press, Cambridge, England, 1924). 

(17.4] E. H. Neville, Jacobian elliptic functions, 2d ed. 
(Oxford Univ. Press, London, England, 1951). 

[17.5] F. Oberhettinger and W. Magnus, Anwendung der 
elliptischen Funktionen in Physik und Technik 
(Springer-Verlag, Berlin, Germany, 1949). 


{17.6] F. Tricomi, Elliptische Funktionen (Akademische 
Verlagsgeselischaft, Leipzig, Germany, 1948). 

(17.7] E. T. Whittaker and G. N. Watson, A course of 
modern analysis, chs. 20, 21, 22, 4th ed. (Cam- 
bridge Univ. Press, Cambridge, England, 1952). 


Tables 


[17.8] P. F. Byrd and M. D. Friedman, Handbook of 
elliptic integrals for engineers and physicists 
(Springer-Verlag, Berlin, Germany, 1954). 

[17.9] C. Heuman, Tables of complete elliptic integrals, 
J. Math. Phys. 20, 127-206 (1941). 

[17.10] J. Hoitel, Recueil de formules et de tables numé- 
riques (Gauthier-Villars, Paris, France, 1901). 


ELLIPTIC INTEGRALS 607 


[17.11] E. Jahnke and F. Emde, Tables of functions, 4th 
ed. (Dover Publications, Inc., New York, N.Y., 
1945). 

[17.12] L. M. Milne-Thomson, Jacobian elliptic function 
tables (Dover Publications, Inc.,. New York, 
N.Y., 1956). 

(17.13] L. M. Milne-Thomson, Ten-figure table of the 
complete elliptic integrals K, K’, EH, EH’ and a 


table of. == » Proc, London Math. 


1 
83(0[r)’ 837(O]z) 
Soc. 2, 33 (1931). 


[17.14] L. M. Milne-Thomson, The Zeta function of 
Jacobi, Proc. Roy. Soc. Edinburgh 52 (1931). 

{17.15] L. M. Milne-Thomson, Die elliptischen Funktionen 
von Jacobi (Julius Springer, Berlin, Germany, 
1931). 

[17.16] K. Pearson, Tables of the complete and incomplete 
elliptic integrals (Cambridge Univ. Press, Cam- 
bridge, England, 1934). 

[17.17] G. W. and R. M. Spenceley, Smithsonian elliptic 
function tables, Smithsonian Miscellaneous Col- 
lection, vol. 109 (Washington, D.C., 1947). 


608 ELLIPTIC INTEGRALS 


Table 17.1 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS 
AND THE NOME q WITH ARGUMENT THE PARAMETER m 


x 1 
K(m)=[? (1-m sin? 0) “de K’(m)=K(m) 


x 1 
E(m)= {? (1—m sin? 6)*do E'(m)=E(m1) 
q(m)=exp [—K'(m)/K(m)] — ai(m)=9(m1) 

m K(m) K’'(m) q(m) m 
0. 00 1.57079 63267 94897 0 0.00000 00000 00000 1.00 
0. 01 1.57474 55615 17356 3.69563 73629 89875 0.00062 81456 60383 0.99 
0. 02 1.57873 99120 07773 3.35414 14456 99160 0.00126 26665 23204 0.98 
0, 03 1.58278 03424 06373 3.15587 49478 91841 0.00190 36912 69025 0.97 
0. 04 1.58686 78474 54166 3.01611 24924 77648 0.00255 13525 13689 0.96 
0.05 1.59100 34537 90792 2.90833 72484 44552 0.00320 57869 70686 0.95 
0. 06 1.59518 82213 21610 2.82075 24967 55872 0.00386 71356 22010 0.94 
0.07 1.59942 32446 58510 2.74707 30040 24667 0.00453 55438 98018 0.93 
0. 08 1. 60370 96546 39253 2.68355 14063 15229 0.00521 11618 66885 0.92 
0. 09 1.60804 86199 30513 2.62777 33320 84344 0.00589 41444 34269 0.91 
0.10 1.61244 13487 20219 2.57809 21133 48173 0.00658 46515 53858 0.90 
0.11 1.61688 90905 05203 2.53333 45460 02200 0.00728 28484 49518 0. 89 
0.12 1. 62139 31379 80658 2.49263 53232 39716 0.00798 89058 49815 0. 88 
0.13 1.62595 48290 38433 2.45533 80283 21380 0.00870 30002 35762 0. 87 
0.14 1.63057 55488 81754 2. 42093 29603 44303 0.00942 53141 02678 0. 86 
0.15 1. 63525 67322 64580 2.38901 64863 25580 0.01015 60362 37153 0.85 
0.16 1. 63999 98658 64511 2.35926 35547 45007 0.01089 53620 10173 0. 84 
0.17 1, 64480 64907 98881 2.33140 85677 50251 0.01164 34936 87540 0. 83 
0.18 1.64967 82052 94514 2. 30523 17368 77189 0.01240 06407 58856 0. 82 
0.19 1.65461 66675 22527 2.28054 91384 22770 0.01316 70202 86392 0. 81 
0. 20 1.65962 35986 10528 2.25720 53268 20854 0.01394 28572 75318 0. 80 
0. 21 1.66470 07858 45692 2.23506 77552 60349 0.01472 83850 66891 0.79 
0.22 1, 66985 00860 83368 2.21402 24978 46332 0.01552 38457 56320 0.78 
0. 23 1.67507 34293 77219 2.19397 09253 19189 0.01632 94906 37206 0.77 
0. 24 1, 68037 28228 48361 2.17482 70902 46414 0.01714 55806 74605 0.76 
0.25 1.68575 03548 12596 2.15651 56474 99643 0.01797 23870 08967 0.75 
0.26 1.69120 81991 86631 2.13897 01837 52114 0.01881 01914 93399 0.74 
0.27 1.69674 86201 96168 2.12213 18631 57396 0.01965 92872 66940 0.73 
0.28 1, 70237 39774 10990 2.10594 83200 52758 0.02051 99793 66788 0.72 
0,29 1.70808 67311 34606 2.09037 27465 52360 0.02139 25853 82708 0.72 
0. 30 1.71388 94481 78791 2.07536 31352 92469 0.02227 74361 57154 0. 70 
0.31 1.71978 48080 56405 2.06088 16467 30131 0.02317 48765 35013 0. 69 
0. 32 1.72577 56096 29320 2.04689 40772 10577 0.02408 52661 67250 0. 68 
0. 33 1. 73186 47782 52098 2, 03336 94091 52233 0.02500 89803 73177 0. 67 
0. 34 1. 73805 53734 56358 2.02027 94286 03592 0.02594 64110 66576 0. 66 
0.35 1. 74435 05972 25613 2.00759 83984 24376 0. 02689 79677 51443 0. 65 
0. 36 1.75075 38029 15753 1.99530 27776 64729 0.02786 40785 93729 0. 64 
0. 37 1.75726 85048 82456 1.98337 09795 27821 0. 02884 51915 76181 0, 63 
0, 38 1. 76389 83888 83731 1.97178 31617 25656 0.02984 17757 44138 0. 62 
0. 39 1.77064 73233 33534 1.96052 10441 65830 0.03085 43225 51033 0. 61 
0. 40 1.77751 93714 91253 1.94956 77498 06026 0. 03188 33473 13363 0. 60 
0. 41 1.78451 88046 81873 1.93890 76652 34220 0.03292 93907 86003 0.59 
0. 42 1.79165 01166 52966 1.92852 63181 14418 0. 03399 30208 70043 0.58 
0. 43 1.79891 80391 87685 1.91841 02691 09912 0.03507 48344 66773 0.57 
0. 44 1, 80632 75591 07699 1.90854 70162 81211 0.03617 54594 93133 0. 56 
0.45 1, 81388 39368 16983 1.89892 49102 71554 0.03729 55570 75822 0.55 
0. 46 1.82159 27265 56821 1. 88953 30788 53096 0. 03843 58239 43468 0.54 
0.47 1.82945 97985 64730 1. 88036 13596 22178 0.03959 69950 38753 0. 53 
0. 48 1, 83749 13633 55796 1.87140 02398 11034 0.04077 98463 75263 0. 52 
0.49 1.84569 39983 74724 1, 86264 08023 32739 0.04198 51981 67183 0.51 
0.50 1.85407 46773 01372 1.85407 46773 01372 0.04321 39182 63772 0. 50 

mj K' (mn) K(m) qi(m) m 

(7) eal 
11 9 


See Examples 3-4. 
E(m) and E'(m) from L. M. Milne-Thomson, Ten-figure table of the complete elliptic integrals 
K, K',£, E’ and a table of =, * Proc. London Math. Soc.(2)33, 1931(with permission). 


ere 
2(0|r) 92 (0l*) 


ELLIPTIC INTEGRALS 


COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.1 
AND THE NOME q wn GRCUMENT THE PARAMETER m 


K(m)= iE (1—m sin? a 


3 
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1. 00000 
0. 26219 
0. 22793 
0. 20687 
0.19149 


0.17931 
0.16920 
0.16055 
0.15298 
0.14624 


0.14017 
0. 13464 
0.12957 
0.12488 
0.12051 


0, 11643 
0.11261 
0.10900 
0.10558 
0.10235 


0. 09927 
0. 09633 
0. 09353 
0. 09084 
0. 08827 


0.08579 
0. 08341 
0.08111 
0. 07890 
0. 07676 


0. 07468 
0. 07268 
0. 07074 
0. 06885 
0. 06702 


0. 06524 
0. 06351 
0, 06182 
0. 06018 
0. 05858 


0. 05702 
0.05549 
0. 05400 
0. 05255 
0. 05113 


0. 04974 
0. 04838 
0, 04704 
0. 04574 
0. 04446 


0, 04321 


qi (m) 
00000 
62679 
45740 
98108 
63082 


60069 
75311 
42010 
14810 
42694 


31269 
58847 
14695 
01223 
71957 


90607 
03164 
18330 
93457 
24235 


36973 
82749 
32888 
75434 
12359 


57337 
33938 
74173 
17281 
08740 


99435 
44965 
05053 
43052 
25515 


21836 
03934 
45979 
24161 
16483 


02578 
63553 
81850 
41123 
26127 


22621 
17284 
97634 
51959 
69259 


39182 
q(m) 


E(m)= Pp (1—m sin? 6) ais 
q(m)=exp [—7K"(m) /K(m)] 
E(m) 


00000 
17709 
67492 
47842 
09940 


55723 
46133 
73011 
09741 
73236 


54262 
92091 
20553 
52049 
28729 


17472 
23363 
23834 
98477 
13544 


38825 
65990 
80648 
60707 
87862 


02195 
83117 
41165 
26084 
04317 


37179 
37110 
87511 
47167 
69108 


78738 
00746 
15898 
79938 
56838 


14610 
09081 
43499 
42653 
21764 


64574 
53289 
16424 
80149 
25028 


63772 


1.57079 
1. 56686 
1, 56291 
1.55894 
1.55496 


1.55097 
1. 54696 
1. 54293 
1, 53889 
1. 53483 


1.53075 
1. 52666 
1.52255 
1.51842 
1.51428 


1.51012 
1. 50594 
1.50174 
1.49752 
1. 49329 


1. 48903 
1.48476 
1. 48046 
1.47615 
1.47181 


1. 46746 
1. 46308 
1. 45868 
1, 45426 
1, 44982 


1, 44536 
1. 44087 
1. 43636 
1. 43183 
1, 42727 


1, 42269 
1, 41808 
1.41345 
1, 40879 
1. 40410 


1.39939 
1.39465 
1. 38988 
1. 38508 
1, 38025 


1, 37540 
1.37051 
1. 36559 
1, 36064 
1. 35566 


1. 35064 


6327 
1942 
2645 
8244 
8546 


3352 
2456 
5653 
2730 
3465 


7637 
5017 
5369 
8454 
4027 


1831 
1612 
3101 
6026 
0109 


5058 
0581 
6375 
2126 
7514 


2209 
5873 
8155 
8698 
7128 


3064 
6115 
5871 
1919 
3821 


1133 
3394 
0127 
0839 
5019 


2139 
1652 
2992 
5568 
8774 


1972 
4505 
5691 
4814 
1135 


3881 


E"(m) 


(ce 


K'(m)= K (mj) 


Ei’ (m) =E(m) 
qi(m)=q(m:) 


E'(m) 


1, 00000 
1.01599 
1.02859 
1.03994 
1.05050 


1. 06047 
1. 06998 
1.07912 
1. 08793 
1. 09647 


1.10477 
1.11285 
1.12074 
1.12845 
1.13599 


1.14339 
1.15065 
1.15778 
1.16479 
1.17169 


1.17848 
1.18518 
1.19178 
1.19829 
1, 20471 


1.21105 
1. 21732 
1.22351 
1. 22963 
1. 23568 


1.24167 
1.24759 
1. 25345 
1. 25926 
1, 26501 


1.27070 
1.27634 
1, 28194 
1. 28748 
1.29297 


1.29842 
1. 30383 
1, 30919 
1.31451 
1. 31978 


1, 32502 
1, 33022 
1, 33538 
1.34050 
1. 34559 


1. 35064 


0000 
3546 
4520 
6861 
2227 


3728 
6130 
1407 
7503 
7517 


4733 
5607 
1661 
0735 
7843 


5792 
5629 
6979 
8293 
7053 


9924 
2883 
1311 
0087 
3641 


6028 
0955 
1839 
1828 
3836 


0567 
4538 
8093 
3421 
2576 


7480 
9943 
1668 
4262 
9239 


8034 
2008 
2448 
0576 
7557 


4498 
2453 
2430 
5388 
2245 


3881 


E(m) 


m 


1.00 
0.99 
0.98 
0.97 
0. 96 


0.95 
0.94 
0. 93 
0.92 
0.91 


0. 90 
0. 89 
0. 88 
0. 87 
0. 86 


0. 85 
0. 84 
0. 83 
0. 82 
0. 81 


0. 80 
0.79 
0.78 
0.77 
0. 76 


0.75 
0.74 
0. 73 
0.72 
0.71 


0. 70 
0. 69 
0. 68 
0. 67 
0. 66 


0. 65 
0. 64 
0. 63 
0. 62 
0. 61 


0, 60 
0. 59 
0. 58 
0.57 
0. 56 


0.55 
0. 54 
0. 53 
0. 52 
0. 51 


0. 50 
m 


609 


610 
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Table 17.2 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS 
AND THE None q WITH ARGUMENT THE MODULAR ANGLE « 


K’ (2)=K (90-2) 


K(a)= is (1—sin? sin? . 20 


E(a)= p (1—sin? « sin” 0)? ‘a0 
q(«)=exp [—7K' (a) /K («)] 


. K (a) 
O° 1.57079 63267 
1 1.57091 59581 
2 1.57127 49523 
3 1.57187 36105 
4 1.57271 24349 
5 1.57379 21309 
6 1.57511 36077 
7 1.57667 79815 
8 1.57848 65776 
9 1.58054 09338 
10 1. 58284 28043 
11 1.58539 41637 
12 1.58819 72125 
13 1.59125 43820 
14 1.59456 83409 
15 1.59814 20021 
16 1. 60197 85300 
17 1. 60608 13494 
18 1.61045 41537 
19 1.61510 09160 
20 1. 62002 58991 
21 1.62523 36677 
22 1.63072 91016 
23 1. 63651 74093 
24 1.64260 41437 
25 1.64899 52184 
26 1. 65569 69263 
27 1. 66271 59584 
28 1.67005 94262 
29 1.67773 48840 
30 1.68575 03548 
31 1.69411 43573 
32 1. 70283 59363 
33 1.71192 46951 
34 1, 72139 08313 
35 1. 73124 51756 
36 1.74149 92344 
37 1.75216 52364 
38 1. 76325 61840 
39 1.77478 59091 
40 1. 78676 91348 
41 1. 79922 15440 
42 1.81215 98536 
43 1, 82560 18981 
44 1. 83956 67210 
45 1.85407 46773 
90°—a K'(a) 
(G2) 
11 


94897 
27243 
72225 
14009 
95227 


24768 
77251 
92838 
88648 
95721 


38351 
75538 
27520 
13687 
31825 


12540 
86952 
10364 
89663 
67722 


24204 
58843 
30788 
35819 
12491 


78530 
10344 
91370 
69580 
80745 


12596 
05914 
12341 
55678 
74249 


57058 
26774 
68845 
59342 
05608 


85021 
49811 
62126 
35889 
93652 


01372 


5. 43490 
4.74271 
4, 33865 
4.05275 


3, 83174 
3. 65185 
3. 50042 
3, 36986 
3. 25530 


3, 15338 
3, 06172 
2.97856 
2. 90256 
2. 83267 


2. 76806 
2. 70806 
2. 65213 
2.59981 
2. 55073 


2.50455 
2. 46099 
2. 41984 
2. 38087 
2. 34390 


2. 30878 
2, 27537 
2.24354 
2. 21319 
2.18421 


2.15651 
2.13002 
2.10465 
2. 08035 
2. 05706 


2. 03471 
2. 01326 
1. 99266 
1. 97288 
1, 95386 


1, 93558 
1.91799 
1.90108 
1, 88480 
1, 86914 


1. 85407 


K'(2) 


oo 


98296 
72652 
39759 
81695 


19997 
59694 
24991 
80266 
29421 


52518 
86120 
89511 
49406 
25829 


31453 
76145 
80046 
97300 
14496 


00790 
94583 
16537 
01906 
47244 


67981 
64296 
93416 
46949 
32169 


56474 
14383 
76584 
80666 
23227 


53121 
65652 
97557 
22662 
48092 


10960 
75464 
30334 
86573 
75460 


46773 
K(e) 


E’ («)=E(90°-2) 
qi(a)=4(90°—a) 


0. 00000 
0. 00001 
0. 00007 
0. 00017 
0. 00030 


0. 00047 
0. 00068 
0, 00093 
0. 00122 
0. 00154 


0. 00191 
0. 00231 
0. 00276 
0. 00324 
0. 00376 


0. 00433 
0. 00493 
0.00558 
0. 00627 
0. 00700 


0. 00777 
0.00859 
0. 00944 
0. 01035 
0. 01130 


0. 01229 
0. 01333 
0. 01442 
0.01555 
0. 01673 


0.01797 
0. 01925 
0. 02059 
0. 02197 
0. 02341 


0.02491 
0. 02646 
0. 02807 
0. 02974 
0. 03147 


0. 03326 
0. 03511 
0. 03704 
0. 03902 
0. 04108 


0. 04321 


q(«) 
00000 
90395 
61698 
14256 
48651 


65699 
66451 
52197 
24470 
85045 


35945 
79450 
18093 
54674 
92262 


34205 
84132 
45970 
23946 
22602 


46804 
01752 
92999 
26461 
08432 


45605 
45085 
14412 
61584 
95077 


23870 
57475 
05967 
80013 
90910 


50625 
71830 
67957 
53239 
42771 


52566 
99625 
02001 
78889 
50703 


39182 
qi(2) 


00000 
55387 
24680 
42257 
48814 


16867 
27305 
97816 
64294 
16579 


90170 
15821 
29252 
43525 
86978 


09983 
64213 
58517 
95994 
97383 


16442 
53626 
75082 
44729 
78049 


27181 
07947 
80638 
97708 
33023 


08967 
39635 
10437 
16901 
88188 


23981 
76961 
17219 
19583 
20286 


95577 
22096 
87133 
26607 
79885 


63772 


on 


Compiled from G. W. and R. M. Spenceley, Smithsonian elliptic function tables, Smithsonian 
Miscellaneous Collection, vol. 109, Washington, D.C., 1947 (with permission). 
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.2 
AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE a 


” a 
K(a)= {e (1-sin? « sin? 0) “de = K’(a)= K (90°-2) 


x 1 
E()={? (sin? «sin? 0)"de—E"(2) = E(90°-2) 
q(«)=exp [—7K’ (a) /K(«)] q1(2)=9(90°—«) 
. 9, (2) E(a) E'(a) 90°-« 
0° 1, 00000 00000 00000 1.57079 63267 94897 1.00000 00000 00000 90° 
1 0. 40330 93063 38378 1.57067 67091 27960 1, 00075 15777 01834 89 
2 0. 35316 56482 96037 1.57031 79198 97448 - 1.00258 40855 27552 88 
3 0. 32040 03371 34866 1.56972 01504 23979 1,00525 85872 09152 87 
4 0.29548 83855 58691 1, 56888 37196 07763 1, 00864 79569 07096 86 
5 0.27517 98048 73563 1.56780 90739 77622 1.01266 35062 34396 85 
6 0.25794 01957 66337 1.56649 67877 60132 1.01723 69183 41019 84 
7 0.24291 29743 06665 1.56494 75629 69419 1.02231 25881 67584 83 
8 0.22956 71598 81194 1, 56316 22295 18261 1, 02784 36197 40833 82 
9 0.21754 89496 99726 1.56114 17453 51334 1, 03378 94623 90754 81 
10 0.20660 97552 00965 1.55888 71966 01596 1.04011 43957 06010 80 
ll 0.19656 76611 43642 1.55639 97977 70947 1.04678 64993 44049 79 
12 0.18728 51836 10217 1.55368 08919 36509 1.05377 69204 07046 78 
13 0.17865 56628 04653 1.55073 19509 84013 1.06105 93337 53857 77 
14 0.17059 45383 49477 1.54755 45758 69993 1, 06860 95329 78401 76 
15 0.16303 35348 21581 1.54415 04969 14673 1.07640 51130 76403 75 
16 0.15591 66592 65792 1.54052 15741 27631 1, 08442 52193 72543 74 
17 0.14919 73690 67429 1.53666 97975 68556 1.09265 03455 37715 73 
18 0.14283 65198 36280 1.53259 72877 45636 1.10106 21687 57941 72 
19 0.13680 08474 28619 1.52830 62960 54359 1.10964 34135 42761 71 
20 0.13106 18244 99858 1.52379 92052 59774 1.11837 77379 69864 70 
21 * 0.12559 47852 09819 1.51907 85300 25531 1.12724 96377 57702 69 
22 0.12037 82455 07894 1.51414 69174 93342 1.13624 43646 84239 68 
23 0.11539 33684 49987 1.50900 71479 16775 1.14534. 78566 80849 67 
24 0.11062 35386 78854 1.50366 21353 53715 1.15454 66775 24465 66 
25 0.10605 40201 85996 1.49811 49284 22116 1.16382 79644 93139 65 
26 0.10167 16783 93444 1.49236 87111 24151 1.17317 93826 83722 64 
27 0.09746 47524 70352 1.48642 68037 44253 1.18258 90849 45384 63 
28 0.09342 26672 88483 1. 48029 26638 27039 1.19204 56765 79886 62 
29 0.08953 58769 52553 1.47396 98872 41625 1.20153 81841 13662 61 
30 0.08579 57337 02195 1.46746 22093 39427 1.21105 60275 68459 60 
31 0.08219 43773 66408 1.46077 35062 13127 1, 22058 89957 54247 59 
32 0.07872 46415 92073 1.45390 77960 65210 1, 23012 72241 85949 58 
33 0.07537 99738 58803 1. 44686 92406 95183 1.23966 11752 88672 57 
34 0.07215 43668 98737 1.43966 21471 15459 1.24918 16206 07472 56 
35 0.06904 22996 09032 1.43229 09693 06756 1.25867 96247 79997 55 
36 0.06603 86859 10861 1.42476 03101 24890 1.26814 65310 65206 54 
37 0. 06313 88302 96461 1.41707 49233 71952 1.27757 39482 50391 53 
38 0. 06033 83890 33716 1. 40923 97160 46096 1.28695 37387 83001 52 
39 0.05763 33361 79494 1.40125 97507 85523 1.29627 80079 94134 51 
40 0.05501 99336 98829 1.39314 02485 23812 1, 30553 90942 97794 50 
4l 0.05249 47051 04844 1.38488 65913 75413 1, 31472 95602 64623 49 
42 0.05005 44121 29953 1.37650 43257 72082 1. 32384 21844 81263 48 
43 0.04769 60340 17056 1.36799 91658 73159 1, 33286 99541 17179 47 
44 0.04541 67490 83529 1. 35937 69972 75008 1.34180 60581 29911 46 
45 0.04321 39182 63772 1, 35064 38810 47676 1.35064 38810 47676 45 
90°—a q() E'(a) E(a) a 
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611 


612 ELLIPTIC INTEGRALS 


Table 17.3 PARAMETER m WITH ARGUMENT K’'(m)/ K(m) 
Kk’ kK’ K’ 
K ” K m K m 

0. 30 0.99954 69976 1,20 0. 30866 25998 2.10 0.02158 74007 
0. 32 0.99912 85258 1,22 0. 29292 52811 2.12 0.02028 61803 
0. 34 0.99844 79307 1.24 0.27782 39170 2.14 0,01906 26278 
0. 36 0.99740 80762 1,26 0, 26335 17107 2.16 0.031791 21974 
0. 38 0.99590 01861 1,28 0. 24949 94512 2.18 0, 01683 05990 
0. 40 0.99380 79974 1,30 0.23625 58558 2.20 0.01581 37845 
0. 42 0.99101 23521 1,32 0.22360 78874 2,22 0.01485 79356 
0. 44 0, 98739 58502 1.34 0,21154 10467 2.24 0.01395 94517 
0, 46 0. 98284 72586 }. 36 0.20003 96393 2,26 0.01311 49385 
0. 48 0.97726 54540 1.38 0.18908 70181 2.28 0. 01232 11967 
0.50 0.97056 27485 1.40 0.17866 58032 2, 30 0.01157 52117 
0. 52 0.96266 75125 1, 42 0.16875 80773 2.32 0.01087 41433 
0. 54 0.95352 60602 1,44 0.15934 55603 2. 34 0.02021 53165 
0.56 0. 94310 38029 1.46 0.15040 9763 2.36 0.00959 62118 
0. 58 0.93138 57063 1.48 0.14193 21249 2.38 0.00901 44574 
0. 60 0.91837 61134 1,50 0.13389 41273 2.40 0, 00846 78199 
0. 62 0. 90409 80105 1.52 0.12627 73987 2.42 0.00795 41974 
0. 64 0, 88859 18214 1.54 0.11906 38004 2.44 0.00747 16117 
0, 66 0, 87191 38254 1.56 0.11223 54993 2.46 0.00702 82011 
0. 68 0.85413 42916 1.58 0.10577 50300 2.48 0, 00659 22140 
0.70 0. 83533 54217 1, 60 0.09966 53447 2,50 0,00619 20026 
0. 72 0. 81560 91841 1,62 0.09388 98538 2.52 0.00581 60167 
0.74 0.79505 51193 1.64 0. 08843 24583 2.54 0, 00546 27984 
0. 76 0.77377 81814 1, 66 0.08327 75739 2.56 0.00513 09763 
0.78 0.75188 6671) 1, 68 0.07841 01486 2.58 0.00481 92610 
0, 80 0. 72949 03078 1,70 0.07381 56747 2.60 0.00452 64398 
0. 82 0. 70669 84707 1,72 0, 06948 01950 2, 62 0.00425 13725 
0, 84 0. 68361 86358 1,74 0. 06539 03054 2.64 0. 00399 29873 
0. 86 0.66035 50204 1,76 0. 06153 31533 2. 66 0.00375 02764 
0. 88 0.63700 74395 1.78 0, 05789 64327 2.68 0.00352 22924 
0.90 0.61367 03730 1. 80 0.05446 83767 2.70 0.00330 81448 
0.92 0.59043 22404 1, 82 0.05123 77481 2.72 0.00310 69966 
0.94 0.56737 48621 1, 84 0.04819 38272 2.74 0.00291 80610 
0.96 0.54457 30994 1, 86 0.04532 63995 2.76 0.00274 05988 
0. 98 0.52209 46531 1, 88 0.04262 57408 2,78 0.00257 39151 
1, 00 0.50000 00000 1.90 0.04008 26022 2.80 0.00241 73568 
1.02 0.47834 24497 1, 92 0.03768 81947 2. 82 0, 00227 03103 
1,04 0.45716 83054 1,94 0. 03543 41720 2.84 0.00213 21990 
1, 06 0.43651 71048 1,96 0, 03331 26147 2. 86 0.00200 24811 
1, 08 0.41642 19278 1.98 0.03131 60134 2.88 0.00188 06475 
1,10 0. 39690 97552 2.00 0. 02943 72515 2.90 0.00176 62198 
1.12 0.37800 18621 2.02 0.02766 95892 2.92 0.00165 87487 
1.14 0.35971 42366 2,04 0.02600 66464 2.94 0.00155 78119 
1.16 0, 34205 80100 2.06 0.02444 23873 2.96 0.00146 30127 
1.18 0, 32503 98919 2.08 0, 02297 11038 2.98 0,00137 39785 
1,20 0. 30866 25998 2.10 0.02158 74007 3,00 0.00129 03592 


[37 | [PP] (e7] 


K’ Kk’ 
For K >3.0, K< 0.3, see Example 6. 


Table 17.4 
AUXILIARY FUNCTIONS FOR COMPUTATION OF THE NOME q AND THE PARAMETER m 
_f1(m) -,\,K'(m) , 16 
Be L(m)=—K (m)+—~ In 
my Q(m) L(m) m, Q(m) L(m) 


0.00 0,06250 00000 00000 0.00000 00000 0.08 0.06513 95233 36060 0.02111 58281 
0.01 0.06281 45660 38302 0,00251 65276 0.09 0.06549 04937 14101 0.02392 34345 
0.02 0.06313 33261 60188 0.00506 66040 0.10 0.06584 65155 38584 0.02677 14110 
0.03 0.06345 63756 34180 0.00765 09870 0.11 0.06620 77131 77434 0.02966 07472 
0.04 0,06378 38128 42217 0.03027 04595 0.12 0.06657 42154 15123 0.03259 24678 
0.05 0.06411 57394 13714 0.01292 58301 0.13 0.06694 61556 59704 0.03556 76342 
0.06 0,06445 22603 66828 0.01561 79344 0.14 0.06732 36721 61983 0.03858 73466 
0.07 0.06479 34842 57396 0. 01834 76360 0.15 0.06770 69082 47689 0.04165 27452 


as (o"] [<9] [7] [Oq 
amples 3, 5 and 6. 
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ELLIPTIC INTEGRALS 


ELLIPTIC INTEGRAL OF THE FIRST KIND F(¢\c) 
F(e\a)= {° (1-sin? «sin? 6) *do 


5° 
0.08726 646 
0.08726 660 
0.08726 700 
0.08726 767 
0.08726 860 


0.08726 +40 
0.08777 124 
0.08727 294 
0.08727 487 
0.08727 703 


0.08727 940 
0. 08728 199 
0.08728 477 
0. 08728 773 
0. 08729 086 


0, 08729 413 
0.08729 755 
0.08730 108 
0. 08730 472 
0. 08730 844 


0. 08731 222 
0. 08731 606 
0. 08731 992 
0.08732 379 
0, 08732 765 


0. 08733 149 
0.08733 528 
0. 08733 901 
0. 08734 265 
0. 08734 620 


0.08734 962 
0.08735 291 
0.08735 605 
0. 08735 902 
0. 08736 182 


0. 08736 442 
0. 08736 681 
0.08736 898 
0.08737 092 
0. 08737 262 


0.08737 408 
0, 08737 528 
0.08737 622 
0. 08737 689 
0. 08737 730 


0. 08737 744 
al 


0, 08726 730 
0. 08727 387 
C. 08728 623 
0.08730 289 
0. 08732 185 
0. 08734 084 
0. 08735 756 
0. 08736 998 
0.08737 659 


10° 


0.17453 293 
0.17453 400 
0.17453 721 
0.17454 255 
0.17454 999 


0.17455 949 
0.17457 102 
0.17458 451 
0.17459 991 
0.17461 714 


0.17463 611 
0.17465 675 
0.17467 895 
0.17470 261 
0.17472 762 


0.17475 386 
0.17478 119 
0.17480 950 
0.17483 864 
0.17486 848 


0.17489 887 
0.17492 967 
0.17496 073 
0.17499 189 
0.17502 300 


0.17505 392 
0.17508 448 
0.17511 455 
0.17514 397 
0.17517 260 


0.17520 029 
0.17522 690 
0.17525 232 
0.17527 640 
0.17529 903 


0.17532 010 
0.17533 949 
0.17535 712 
0.17537 289 
0.17538 672 


0.17539 854 
0.17540 830 
0.17541 594 
0.17542 143 
0.17542 473 


0.17542 583 
a] 


0.17453 962 
0.17459 198 
0.17469 061 
0.17482 397 
0.17497 630 
0.17512 935 
0.17526 454 
0.17536 525 
0.17541 895 


15° 


0.26179 939 
0.26180 298 
0, 26181 374 
0. 26183 163 
0.26185 656 


0, 26188 842 
0.26192 707 
0.26197 234 
0, 26202 402 
0.26208 189 


0.26214 568 
0.26221 511 
0.26228 985 
0.26236 958 
0.26245 392 


0.26254 249 
0.26263 487 
0. 26273 064 
0. 26282 934 
0. 26293 052 


0.26303 369 
0. 26313 836 
0. 26324 404 
0. 26335 019 
0.26345 633 


0. 26356 191 
0. 26366 643 
0.26376 936 
0. 26387 020 
0. 26396 842 


0.26406 355 
0.26415 509 
0. 26424 258 
0. 26432 556 
0. 26440 362 


0. 26447 634 
0.26454 334 
0.26460 428 
0.26465 883 
0.26470 671 


0.26474 766 
0.26478 147 
0. 26480 795 
0. 26482 697 
0. 26483 842 


0.26484 225 
val 


0. 26182 180 
0.26199 739 
0.26232 912 
0.26277 965 
0, 26329 709 
0. 26382 007 
G. 26428 466 
0. 26463 238 
0. 26481 840 


20° 
0. 34906 585 
0. 34907 428 
0. 34909 952 
0.34914 148 
0.34919 998 


0.34927 479 
0, 34936 558 
0. 34947 200 
0. 34959 358 
0.34972 983 


0. 34988 016 
0, 35004 395 
0. 35022 048 
0.35040 901 
0.35060 870 


0.35081 868 
0.35103 803 
Q. 35126 576 
0. 35150 083 
0.35174 218 


0.35198 869 
0. 35223 920 
0.35249 254 
0.35274 748 
0. 35300 280 


0.35325 724 
0.35350 955 
0.35375 845 
0.35400 269 
0. 35424 101 


0. 35447 217 
0. 35469 497 
0. 35490 823 
0.35511 081 
0. 35530 160 


0.35547 959 
0. 35564 377 
0.35579 326 
0.35592 721 
0. 35604 488 


0.35614 560 
0.35622 881 
0. 35629 402 
0.35634 086 
0. 35636 908 


0, 35637 851 
ice 


0.34911 842 
0. 34953 092 
0. 35031 330 
0. 35138 244 
0, 35261 989 
0. 35388 123 
0. 35501 092 
0. 35586 223 
0. 35631 976 


25° 


0. 43633 231 
0. 43634 855 
0. 43639 719 
0, 43647 806 
0. 43659 086 


0, 43673 518 
0. 43691 046 
0.43711 606 
0. 43735 119 
0.43761 496 


0. 43790 635 
0. 43822 422 
0.43856 733 
0. 43893 430 
0, 43932 365 


0. 43973 377 
0.44016 296 
0. 44060 939 
0. 44107 115 
0. 44154 622 


0.44203 247 
0.44252 769 
0. 44302 960 
0. 44353 584 
0. 44404 397 


0.44455 151 
0.44505 593 
0.44555 469 
0. 44604 519 
0.44652 487 


0. 44699 117 
0. 44744 153 
0. 44787 348 
0. 44828 459 
0. 44867 252 


0. 44903 502 
0. 44936 997 
0.44967 538 
0. 44994 944 
0. 45019 046 


0. 45039 699 
0. 45056 775 
0. 45070 168 
0.45079 795 
0.45085 596 


0. 45087 533 
[<8 
5 
0. 43643 361 
0. 43722 998 
0. 43874 792 
0. 44083 848 
0, 44328 233 
0. 44580 113 
0. 44808 179 


0. 44981 645 
0.45075 457 


Table 17.5 


30° 


0.52359 878 
0.52362 636 
0.52370 903 
0.52384 653 
0.52403 839 


0.52428 402 
0.52458 259 
0.52493 314 
0.52533 449 
0, 52578 529 


0.52628 399 
0.52682 887 
0.52741 799 
0.52804 924 
0. 52872 029 


0.52942 863 
0.53017 153 
0.53094 608 
0.53174 916 
0.53257 745 


0.53342 745 
0.53429 546 
0.53517 761 
0. 53606 986 
0.53696 798 


0.53786 765 
0.53876 438 
0.53965 358 
0. 54053 059 
0.54139 069 


0.54222 911 
0. 54304 111 
0.54382 197 
0. 54456 704 
0. 54527 182 


0. 54593 192 
0.54654 316 
0.54710 162 
0.54760 364 
0.54804 587 


0.54842 535 
0. 54873 947 
0. 54898 608 
0.54916 348 
0. 54927 042 


0.54930 614 
Fall 
5 
0.52377 095 
0.52512 754 
0.52772 849 
0.53134 425 
0.53562 273 
0.54009 391 
0.54419 926 


0.54735 991 
0.54908 352 


The table can also be used inversely to find e=amu where u=F(v\2) and so the Jacobian elliptic 
functions, for example sn u=sin v, cn u=cos ¢, dn u= (1—sin? @ sin? ¢)1/2, See Examples 7-11. 
Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals, Cambridge 
Univ. Press, Cambridge, England, 1934 (with permission). Known errors have been corrected. 
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Table 17.5 

a\e ° 

. 35 
0 0.61086 524 
2 0.61090 819 
4 0.61103 691 
6 0. 61125°108 
8 0. 61155 010 
10 0.61193 318 
12 0.61239 927 
14 0.61294 707 
16 0.61357 504 
18 0.61428 140 
20 0.61506 406 
22 0.61592 071 
24 0.61684 871 
26 0.61784 515 
28 0.61890 682 
30 0. 62003 018 
32 0.62121 138 
34 0. 62244 622 
36 0. 62373 019 
38 0.62505 840 
40 0. 62642 563 
42 0.62782 630 
44 0.62925 446 
46 0.63070 385 
48 0. 63216 783 
50 0. 63363 947 
52 0.63511 150 
54 0.63657 639 
56 0. 63802 636 
58 0.63945 343 
60 0. 64084 944 
62 0. 64220 613 
64 0. 64351 521 
66 0. 64476 839 
68 0. 64595 751 
70 0.64707 458 
72 0.64811 189 
74 0.64906 209 
76 0.64991 829 
78 0.65067 415 
80 0.65132 394 
82 0.65186 270 
‘84 0. 65228 622 
86 0. 65259 116 
88 0.65277 510 
90 0. 65283 658 
od 

5 
5 0.61113 335 
15 0.61325 114 
25 0.61733 857 
35 0. 62308 236 
45 0. 62997 691 
55 0.63730 374 
65 0.64414 930 
75 0. 64950 235 
85 0. 65245 368 


ELLIPTIC INTEGRALS 


ELLIPTIC INTEGRAL OF THE FIRST KIND F(¢\q) 


40° 
0. 69813 170 
0.69819 436 
0, 69838 220 
0. 69869 484 
0. 69913 161 


0, 69969 159 
0. 70037 358 
0.70117 608 
0. 70209 730 
0. 70313 511 


0. 70428 706 
0.70555 037 
0. 70692 183 
0. 70839 788 
0.70997 451 


0. 71164 728 
0. 71341 124 
0. 71526 098 
0.71719 052 
0.71919 335 


0.72126 235 
0. 72338 982 
0.72556 741 
0.72778 615 
0.73003 640 


0. 73230 789 
0. 73458 970 
0. 73687 028 
0.73913 751 
0. 74137 870 


0. 74358 072 
0. 74572 998 
0.74781 266 
0.74981 471 
0.75172 208 


0.75352 078 
0.75519 716 
0.75673 800 
0. 75813 076 
0.75936 376 


0. 76042 640 
0.76130 931 
0.76200 457 
0. 76250 582 
0. 76280 846 


0. 76290 965 
ce 


0. 69852 295 
0, 70162 198 
0. 70764 702 
0.71621 617 
0.72667 222 
0.73800 634 
0. 74882 464 
0.75745 364 
0. 76227 978 


45° 
0, 78539 816 
0. 78548 509 
0. 78574 574 
0.78617 974 
0.78678 644 


0. 78756 494 
0. 78851 403 
0. 78963 221 
0.79091 768 
0. 79236 827 


0.79398 143 
0.79575 422 
0.79768 324 
0.79976 461 
0.80199 389 


0. 80436 610 
0. 80687 558 
0. 80951 599 
0, 81228 024 
0. 81516 039 


0. 81814 765 
0. 82123 227 
0. 82440 346 
0.82764 941 
0, 83095 712 


0. 83431 247 
0. 83770 010 
0.84110 344 
0.84450 468 
0.84788 483 


0.85122 375 
0. 85450 024 
0. 85769 220 
0. 86077 677 
0. 86373 057 


0. 86652 996 
0. 86915 135 
0.87157 159 
0.87376 830 
0.87572 037 


0.87740 833 
0.87881 481 
0. 87992 495 
0.88072 675 
0.88121 143 


0. 88137 359 
ce 


0.78594 111 
0.79025 416 
0.79870 514 
0.81088 311 
0.82601 788 
0.84280 548 
0.85924 936 
0.87269 924 
0. 88036 502 


59° 
0.87266 463 
0.87278 045 
0. 87312 784 
0. 87370 649 
0. 87451 593 


0.87555 545 
0.87682 412 
0. 87832 076 
0. 88004 389 
0, 88199 174 


0. 88416 214 
0. 88655 254 
0.88915 992 
0.89198 071 
0. 89501 076 


0, 89824 524 
0.90167 852 
0.90530 415 
0.90911 465 
0.91310 148 


0.91725 487 
0.92156 370 
0.92601 535 
0.93059 558 
0.93528 835 


0.94007 568 
0. 94493 756 
0.94985 177 
0.95479 381 
0.95973 682 


0.96465 156 
0.96950 647 
0.97426 773 
0.97889 946 
0. 98336 406 


0. 98762 253 
0.99163 507 
0.99536 166 
0.99876 287 
1.00180 067 


1.00443 942 
1. 00664, 678 
1, 00839 470 
1, 00966 028 
1.01042 658 


1.01068 319 


0, 87338 828 
0. 87915 412 
0. 89054 388 
0.90718 679 
0.92829 036 
0.95232 094 
0.97660 210 
0.99710 535 
1.00908 899 


F(e\a)= f° (1-sin? «sin? 6) *do 


55° 
0. 95993 109 
0.96008 037 
0.96052 821 
0. 96127 450 
0.96231 911 


0. 96366 180 
0.96530 224 
0. 96723 998 
0.96947 438 
0.97200 462 


0, 97482 960 
0.97794 790 
0, 98135 773 
0.98505 681 
0. 98904 227 


0. 99331 059 
0.99785 743 
1. 00267 749 
1.00776 438 
1. 01311 039 


1.01870 633 
1.02454 127 
1.03060 230 
1.03687 427 
1, 04333 948 


1.04997 735 
1.05676 412 
1. 06367 248 
1.07067 128 
1.07772 516 


1.08479 434 
1.09183 436 
1, 09879 601 
1.10562 535 
1.11226 392 


1.11864 920 
1.12471 530 
1.13039 401 
1.13561 610 
1.14031 304 


1.14441 892 
1.14787 262 
1.15062 010 
1.15261 652 
1.15382 828 


1.15423 455 
ce 
7 
0.96086 405 
0. 96832 014 
0. 98317 128 
1.00518 803 
1, 03371 296 
1.06716 268 
1.10223 077 


1.13306 645 
1.15171 457 


60° 
1.04719 755 
1.04738 465 
1.04794 603 
1. 04888 194 
1.05019 278 


1. 05187 911 
1. 05394 160 
1, 05638 099 
1.05919 813 
1.06239 384 


1.06596 891 
1.06992 405 
1. 07425 976 
1.07897 628 
1, 08407 347 


1.08955 067 
1.09540 656 
1.10163 899 
1.10824 474 
1.11521 933 


1.12255 667 
1.13024 880 
1.13828 546 
1.14665 369 
1.15533 731 


1.16431 637 
1.17356 652 
1.18305 833 
1.19275 650 
1.20261 907 


1.21259 661 
1.22263 139 
1.23265 660 
1, 24259 576 
1. 25236 238 


1.26185 988 
1.27098 218 
1.27961 482 
1. 28763 696 
1.29492 436 


1.30135 321 
1.30680 495 
1.31117 166 
1.31436 170 
1. 31630 510 


1, 31695 790 
C2) 
7 
1.04836 715 
1.05774 229 
1, 07657 042 
1.10489 545 
1.14242 906 
1.18788 407 
1.23764 210 


1, 28370 993 
1. 31291 870 


ELLIPTIC INTEGRALS 
ELLIPTIC INTEGRAL OF THE FIRST KIND F (¢\2) 
F(o\a)= {* (1-sin? «sin? 6) *do 
ae 65° 70° 75° 80° 85° 


0 1.13446 401 1.22173 048 1.30899 694 1.39626 340 1.48352 
2 1.13469 294 1.22200 477 1.30931 959 1.39663 672 1.48395 
4 1.13537 994. 1.22282 810 1.31028 822 1.39775 763 1.48523 
6 1.13652 576 1.22420 180 1.31190 491 1.39962 909 1.48736 
8 1.13813 158 1.22612 810 1.31417 314 1.40225 598 1.49036 
10 1.14019 906 1.22861 010 1.31709 778 1.40564 522 1.49423 
12 1.14273 032 1.23165 180 1.32068 514 1.40980 577 1.49898 
14 1.14572 789 1.23525 808 1.32494 296 1.41474 871 1.50463 
16 1.14919 471 1.23943 470 1.32988 047 1.42048 728 1.51120 
18 1.15313 409 1.24418 827 1.33550 840 1.42703 700 1.51870 
20 1.15754 967 1.24952 627 1.34183 901 1.43441 578 1.52717 
22 1.16244 535 1.25545 700 1.34888 616 1.44264 399 1.53662 
24 1.16782 525 1.26198 957 1.35666 531 1.45174 466 1.54710 
26 1.17369 362 1.26913 385 1.36519 359 1.46174 360 1.55863 
28 1.18005 472 1.27690 045. 1.37448 981 1.47266 958 1.57125 
30 1.18691 274 1.28530 059 1.38457 455 1.48455 455 1.58502 
32 1.19427 162 1.29434 605 1.39547 013 1.49743 384 1.59998 
34 1,20213 489 1.30404 906 1.40720 064 1.51134 644 1.61618 
36 1.21050 542 1.31442 210 1.41979 198 1.52633 523 1.63370 
38 1.21938 520 1.32547 772 1.43327.179 1.54244 734 1.65259 
40 1.22877 499 1.33722 824 1.44766 938 1.55973 441 1.67295 
42 1.23867 392 1.34968 545 1.46301 565 1.57825 301 1.69485 
44 1.24907 904 1.36286 013 1.47934 287 1.59806 493 1.71839 
46 1.25998 475 1.37676 148 1.49668 437 1.61923 762 1.74369 
48 1.27138 210 1.39139 640 1.51507 416 1.64184 453 1.77086 
50 1.28325 798 1.40676 855 1.53454 619 1.66596 542 1.80006 
52 1.29559 414 1.42287 717 1.55513 354 1.69168 665 1.83143 
54 1.30836 604 1.43971 560 1.57686 709 1.71910 125 1.86515 
56 1.32154 149 1.45726 935 1.59977 378 1.74830 880 1.90143 
58 1.33507 910 1.47551 372 1.62387 409 1.77941 482 1.94050 
60 1.34892 643 1.49441 087 1.64917 867 1.81252 953 1.98263 
62 1.36301 803 1.51390 609 1.67568 359 1,84776 547 2.02813 
64 1.37727 323 1.53392 332 1.70336 398 1.88523 335 2.07735 
66 1.39159 384 1.55435 972 1.73216 516 1.92503 509 2.13070 
68 1,40586 195 1.57507 940 1.76199 085 1.96725 237 2.18865 
70 1.41993 796 1.59590 624 1.79268 736 2.01192 798 2.25177 
72 1.43365 925 1.61661 644 1.82402 292 2.05903 582 2.32070 
74 1.44684 001 1.63693 134 1.85566 175 2.10843 282 2.39615 
76 1.45927 266 1.65651 218 1.88713 308 2.15978 295 2.47892 
78 1.47073 163 1.67495 873 1.91779 814 2.21243 977 2.56980 
80 1.48098 006 1.69181 489 1.94682 231 2.26527 326 2,66935 
82 1.48977 975 1.70658 456 1.97316 666 2.31643 897 2.77736 
84 1.49690 410 1.71876 033 1.99562 118 2.36313 736 2.89146 
86 1.50215 336 1.72786 543 2.01290 452 2.40153 358 3.00370 
88 1.50537 033 1.73350 464 2.02384 126 2.42718 003 3,09448 
90 1.50645 424 1,73541 516 2.02758 942 2.43624 605 3,13130 


986 
543 
342 
769 
470 


361 
627 
742 
474 
904 


445 
865 
309 
334 
942 


624 
406 
906 
398 
894 


226 
156 
498 
264 
836 


176 
068 
414 
591 
873 


957 
570 
219 
052 
839 


995 
416 
610 
739 
281 


045 
748 
664 
926 
898 


133 


i ey Ge) ele 


5 1.13589 544 1.22344 604 1.31101 537 1.39859 928 1.48619 
15 1.14740 244 §=1.23727 471 1.32732 612 1.41751 762 1.50780 
25 1.17069 811 1,26548 460 1.36083 467 1.45663 012 1.55273 
35 1.20625 660 1.30915 104 1.41338 702 1.51870 347 1.62477 
45 1.25446 980 1,36971 948 1.48788 472 1.60847 673 1.73081 
55 1.31490 567 1.44840 433 1.58817 233 1.73347 444 1.88296 
65 1.38443 225 1.54409 676 1.71762 935 1.90483 674 2.10348 
75 1.45316 359 = 1.64683 711 1.87145 396 2.13389 514 2.43657 


85 1.49977 412 1.72372 395 2.00498 776 2.38364 709 2.94868 


317 
533 
384 
858 
713 
142 
169 
614 
876 


Table 17.5 


90° 


1.57079 
1.57127 
1.57271 
1.57511 
1. 57848 


1. 58284 
1, 58819 
1. 59456 
1. 60197 
1, 61045 


1. 62002 
1, 63072 
1. 64260 
1. 65569 
1. 67005 


1.68575 
1. 70283 
1. 72139 
1.74149 
1. 76325 


1. 78676 
1. 81215 
1. 83956 
1, 86914 
1. 90108 


1. 93558 
1.97288 
2. 01326 
2. 05706 
2.10465 


2.15651 
2, 21319 
2.27537 
2. 34390 
2. 41984 


2.50455 
2. 59981 
2. 70806 
2. 83267 
2. 97856 


3.15338 
3. 36986 
3. 65185 
4.05275 
4. 74271 


oo 


1, 57379 
1.59814 
1. 64899 
1.73124 
1, 85407 
2. 03471 
2. 30878 
2. 76806 
3. 83174 


633 
495 
244 
361 
658 


280 
721 
834 
853 
415 


590 
910 
414 
693 
943 


035 
594 
083 
923 
618 


913 
985 
672 
755 
303 


110 
227 
657 
232 
766 


565 
470 
643 
472 
165 


008 
973 
762 
258 
895 


525 
803 
597 
817 
727 


213 
200 
522 
518 
468 
531 
680 
315 
200 


615 


616 


Table 17.6 
a\e 9° 5° 

0° 0 0.08726 646 
2 0 0, 08726 633 
4 0 0.08726 592 
6 0 0.08726 525 
8 0 0.08726 432 
10 0 0, 08726 313 
12 0 0. 08726 168 
14 0 0.08725 999 
16 0 0.08725 806 
18 0 0. 08725 590 
20 0 0.08725 352 
22 0 0, 08725 094 
24 0 0.08724 816 
26 0 0.08724 521 
28 0 0.08724 208 
30 0 0. 08723 881 
32 0 0. 08723 540 
34 0 0. 08723 187 
36 0 0.08722 824 
38 0 0.08722 453 
40 0 0. 08722 075 
42 0 0.08721 692 
44 0 0.08721 307 
46 0 0. 08720 920 
48 0 0.08720 535 
50 0 0. 08720 152 
52 0 0.08719 774 
54 0 0.08719 402 
56 0 0. 08719 039 
58 0 0.08718 686 
60 0 0, 08718 345 
62 0 0.08718 017 
64 0 0.08717 704 
66 0 0.08717 408 
68 0 0. 08717 130 
70 0 0.08716 871 
72 0 0.08716 633 
74 0 0.08716 416 
76 0 0.08716 223 
78 0 0.08716 053 
80 0 0. 08715 909 
82 0 0.08715 789 
84 0 0.08715 695 
86 0 0.08715 628 
88 0 0.08715 588 
90 0 0.08715 574 

a | 
3 

5 0.08726 562 
15 0.08725 905 
25 0.08724 671 
35 0.08723 006 


0. 08721 113 
0. 08719 220 
0.08717 554 
0.08716 317 
0.08715 659 


See Example 14. 


> 
wm 
oooooco°oco°o 


10° 
0.17453 
0.17453 
0.17452 
0.17452 
0.17451 


0.17450 
0.17449 
0.17448 
0.17446 
0.17444 


0.17442 
0.17440 
0.17438 
0.17436 
0.17433 


0.17431 
0.17428 
0.17425 
0.17422 
0.17419 


0.17416 
0.17413 
0.17410 
0.17407 
0.17404 


0.17401 
0.17398 
0.17395 
0. 17392 
0.17389 


0.17387 
0.17384 
0.17381 
0.17379 
0.17377 


0.17375 
0. 17373 
0.17371 
0.17370 
0.17368 


0.17367 
0.17366 
0.17365 
0.17365 
0.17364 


0.17364 
4 


0.17452 
0.17447 
0.17437 
0.17424 
0.17409 
0.17394 
0.17380 
0.17370 
0.17365 


ELLIPTIC INTEGRALS 


E(¢\) =|. (1—-sin? « sin? 6)* do 


293 
185 
864 
330 
587 


636 
485 
137 
599 
879 


985 
926 
712 
353 
862 


250 
529 
714 
817 
852 


835 
779 
700 
613 
531 


472 
449 
477 
571 
745 


013 
388 
883 
511 
283 


210 
302 
568 
018 
659 


498 
539 
789 
250 
926 


818 


ce") 


624 
391 
550 
275 
157 
015 
680 
770 
493 


15° 


0.26179 
0. 26179 
0. 26178 
0. 26176 
0. 26174 


0. 26171 
0. 26167 
0. 26162 
0.26157 
0, 26151 


0. 26145 
0. 26138 
0, 26131 
0. 26123 
0. 26114 


0. 26106 
0. 26096 
0. 26087 
0, 26077 
0. 26067 


0, 26057 
0. 26047 
0. 26036 
0, 26026 
0. 26016 


0. 26005 
0. 25995 
0. 25985 
0. 25975 
0. 25966 


0. 25956 
0. 25948 
0, 25939 
0, 25931 
0. 25924 


0. 25917 
0. 25910 
0. 25904 
0. 25899 
0, 25894 


0. 25890 
0. 25887 
0. 25885 
0. 25883 
0, 25882 


0. 25882 


939 
579 
503 
715 
224 


041 
182 
664 
510 
743 


391 
485 
056 
141 
778 


005 
867 
405 
666 
697 


545 
261 
893 
492 
110 


795 
600 
574 
765 
224 


996 
126 
660 
640 
104 


090 
634 
767 
519 
917 


983 
737 
195 
370 
271 


905 


(or 


0. 26177 
0. 26160 
0. 26127 
0. 26082 
0, 26031 
0. 25980 
0. 25935 
0. 25902 
0. 25884 


20° 


0. 34906 
0. 34905 
0. 34903 
0, 34899 
0, 34893 


0. 34885 
0. 34876 
0. 34866 
0. 34853 
0, 34840 


0. 34825 
0. 34809 
0, 34791 
0, 34773 
0. 34753 


0. 34732 
0, 34711 
0. 34689 
0. 34666 
0. 34642 


0. 34618 
0. 34594 
0. 34569 
0. 34545 
0. 34520 


0. 34496 
0. 34472 
0. 34448 
0, 34425 
0, 34402 


0. 34380 
0, 34359 
0. 34339 
0. 34320 
0. 34302 


0. 34285 
0. 34270 
0. 34256 
0. 34243 
0, 34233 


0. 34223 
0. 34215 
0. 34209 
0. 34205 
0. 34202 


0. 34202 


0. 34901 
0. 34860 
0. 34782 
0, 34677 
0. 34557 
0. 34436 
0. 34329 
0. 34250 
0. 34207 


585 
742 


3" ] 


043 
467 


ELLIPTIC INTEGRAL OF THE SECOND KIND E(¢\c) 


25° 
0. 43633 
0. 43631 
0. 43626 
0. 43618 
0. 43607 


0, 43593 
0. 43575 
0. 43555 
0. 43531 
0. 43505 


0. 43476 
0. 43445 
0. 43411 
0. 43375 
0. 43337 


0. 43297 
0. 43256 
0, 43212 
0. 43168 
0, 43122 


0. 43076 
0, 43029 
0. 42981 
0. 42933 
0. 42885 


0. 42838 
0. 42791 
0. 42744 
0. 42699 
0, 42655 


0. 42612 
0. 42571 
0. 42531 
0. 42494 
0. 42459 


0. 42426 
0. 42396 
0. 42368 
0. 42344 
0, 42322 


0. 42304 
0. 42289 
0. 42277 
0. 42268 
0. 42263 


0. 42261 


231 
608 
745 
665 
403 


oll 
552 
106 
765 
633 


831 
488 
749 
767 
709 


749 
075 
880 
368 
748 


236 
055 
431 
594 
776 


212 
134 
775 
368 
138 


308 
097 
712 
358 
224 


495 
339 
913 
363 
817 


389 
175 
258 
700 
547 


826 


ca 


0. 43623 
0. 43543 
0, 43394 
0. 43190 
0. 42957 
0, 42721 
0. 42512 
0. 42356 
0. 42272 


105 
791 
028 
776 
525 
938 
769 
271 
556 


30° 


0. 52359 
0. 52357 
0. 52348 
0.52335 
0, 52315 


0.52291 
0. 52261 
0. 52227 
0, 52187 
0. 52142 


0. 52093 
0. 52040 
0. 51982 
0.51921 
0. 51856 


0. 51788 
0.51716 
0. 51643 
0. 51566 
0. 51488 


0. 51408 
0. 51327 
0, 51246 
0. 51163 
0. 51081 


0. 50999 
0, 50918 


0. 50838 


0. 50759 
0. 50683 


0. 50609 
0. 50537 
0. 50469 
0. 50404 
0. 50343 


0. 50286 
0. 50234 
0. 50186 
0, 50143 
0. 50106 


0. 50074 
0. 50047 
0, 50026 
0.50011 
0. 50003 


0. 50000 


878 
119 
856 
123 
981 


511 
821 
039 
317 
828 


770 
357 
827 
436 
461 


193 
944 
040 
820 
638 


862 
866 
037 
767 
454 


501 
310 
287 
831 
341 


207 
811 
523 
700 
686 


804 
359 
633 
886 
351 


232 
707 
923 
993 
003 


000 


7 


0. 52342 
0, 52207 
0. 51952 
0. 51605 
0. 51204 
0, 50798 
0. 50436 
0. 50164 
0. 50018 


670 
785 
597 
197 
932 
838 
656 
622 
720 


Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals, Cambridge Univ. 
Known errors have been corrected. 


Press, Cambridge, England, 1934 (with permission). 


35° 


0.61086 524 
0. 61082 230 
0.61069 365 
0, 61047 983 
0.61018 171 


0.60980 055 
0. 60933 793 
0.60879 577 
0.60817 636 
0.60748 229 


0.60671 652 
0.60588 229 
0.60498 319 
0, 60402 308 
0.60300 616 


0.60193 687 
0.60081 994 
0.59966 035 
0.59846 332 
0.59723 431 


0.59597 897 
0.59470 312 
0.59341 278 
0.59211 406 
0.59081 324 


0.58951 664 
0.58823 065 
0. 58696 171 
0.58571 622 
0.58450 056 


0. 58332 103 
0.58218 382 
0.58109 497 
0.58006 032 
0.57908 549 


0.57817 584 
0.57733 641 
0.57657 189 
0.57588 663 
0.57528 450 


0.57476 897 
0. 57434 302 
0.57400 912 
0.57376 921 
0.57362 470 


0.57357 644 
Py 


0.61059 734 
0. 60849 557 
0.60451 052 
0.59906 618 
0.59276 408 
0. 58633 563 
0.58057 051 
0.57621 910 
0.57387 732 


ELLIPTIC INTEGRALS 


40° 


0. 69813 170 
0.69806 905 
0.69788 136 
0. 69756 935 
0.69713 427 


0.69657 784 
0. 69590 226 
0.69511 023 
0.69420 492 
0. 69318 999 


0. 69206 954 
0.69084 814 
0. 68953 083 
0, 68812 308 
0. 68663 077 


0.68506 023 
0. 68341 817 
0. 68171 170 
0.67994 830 
0.67813 578 


0.67628 229 
0. 67439 630 
0.67248 651 
0.67056 191 
0. 66863 167 


0. 66670 515 
0. 66479 183 
0.66290 130 
0.66104 317 
0.65922 707 


0.65746 255 
0.65575 905 
0.65412 585 
0.65257 197 
0.65110 612 


0, 64973 667 
0, 64847 154 
0.64731 812 
0. 64628 328 
0. 64537 322 


0.64459 347 
0. 64394 879 
0. 64344 316 
0.64307 973 
0. 64286 075 


0. 64278 761 
ce 


0.69774 083 
0. 69467 152 
0. 68883 790 
0. 68083 664 
0.67152 549 
0, 66196 758 
0. 65333 844 
0. 64678 548 
0, 64324 351 


0. 78539 
0. 78531 
0. 78505 
0. 78461 
0. 78401 


0. 78324 
0. 78230 
0. 78120 
0. 77994 
0. 77853 


0. 77697 
0. 77527 
0. 77343 
0.77147 
0. 76939 


0. 76719 
0. 76489 
0. 76250 
0. 76003 
0. 75749 


0. 75488 
0. 75223 
0. 74954 
0. 74682 
0. 74409 


0. 74137 
0. 73865 
0. 73597 
0. 73332 
0. 73074 


0. 72822 
0. 72578 
0. 72345 
0. 72122 
0.71911 


0.71714 
0. 71532 
0. 71366 
0.71216 
0. 71085 


0. 70972 
0. 70879 
0. 70805 
0. 70753 
0. 70721 


0. 70710 


816 
125 
085 
7192 
409 


162 
343 
398 
473 
323 


402 
316 
735 
387 
059 


599 
908 
947 
726 
309 


809 
383 
234 
605 
773 


047 
766 
286 
979 
229 


416 
915 
085 
260 
737 


767 
545 
196 
766 
210 


381 
019 
745 
050 
289 


678 


oa 


0. 78485 
0. 78059 
0.77247 
0. 76128 
0. 74818 
0. 73464 
0. 72232 
0, 71289 
0. 70776 


586 
337 
109 
304 
650 
525 
215 
304 
799 


50° 
0. 87266 463 
0. 87254 883 
0.87220 183 
0.87162 487 
0, 87081 998 


0.86979 001 
0. 86853 863 
0.86707 031 
0, 86539 C34 
0.86350 481 


0, 86142 062 
0.85914 545 
0.85668 781 
0, 85405 695 
0.85126 295 


0. 84831 663 
0. 84522 958 
0. 84201 414 
0. 83868 340 
0. 83525 115 


0. 83173 189 
0, 82814 080 
0. 82449 369 
0.82080 700 
0. 81709 775 


0.81338 346 
0, 80968 217 
0.80601 230 
0, 80239 262 
0. 79884 217 


0.79538 O15 
0.79202 582 
0. 78879 839 
0.78571 685 
0. 78279 987 


0, 78006 562 
0.77753 157 
0.77521 434 
0.77312 952 
0.77129 143 


0.76971 298 
0.76840 544 
0.76737 830 
0. 76663 912 
0.76619 339 


0.76604 444 
(Pr 


0.87194 199 
0. 86625 642 
0.85539 342 
0. 84036 234 
0.82265 424 
0. 80419 500 
0.78723 820 
0.77414 195 
0. 76697 232 


ELLIPTIC INTEGRAL OF THE SECOND KIND E(¢\<) 
B(e\a)= [* (1-sin? « sin? 6) do 
45° 


55° 
0. 95993 109 
0.95978 184 
0.95933 459 
0.95859 083 
0.95755 301 


0.95622 460 
0.95461 005 
0.95271 478 
0.95054 522 
0.94810 878 


0.94541 386 
0. 94246 984 
0. 93928 709 
0.93587 699 
0.93225 186 


0.92842 504 
0. 92441 083 
0.92022 452 
0.91588 234 
0.91140 150 


0.90680 017 
0.90209 742 
0. 89731 325 
0.89246 858 
0, 88758 513 


0. 88268 551 
0.87779 305 
0, 87293 184 
0. 86812 660 
0. 86340 261 


0.85878 561 
0. 85430 169 
0. 84997 709 
0, 84583 811 
0. 84191 082 


0, 83822 090 
0. 83479 335 
0, 83165 223 
0, 82882 031 
0. 82631 879 


0. 82416 694 
0. 82238 177 
0. 82097 770 
0. 81996 631 
0. 81935 604 


0.81915 204 
(re 


0.95899 964 
0.95166 385 
0.93760 971 
0.91807 186 
0.89489 714 
0.87052 066 
0, 84788 276 
0. 83019 625 
0. 82042 232 


Table 17.6 


60° 
1.04719 755 
1.04701 051 
1. 08644 996 
1.04551 764 
1.04421 646 


1.04255 047 
1.04052 491 
1.03814 615 
1. 03542 177 
1.03236 049 


1, 02897 221 
1.02526 804 
1.02126 023 
1.01696 224 
1.01238 873 


1.00755 556 
1.00247 977 
0.99717 966 
0.99167 469 
0.98598 560 


0.98013 430 
0.97414 397 
0. 96803 899 
0.96184 497 
0.95558 873 


0. 94929 830 
0. 94300 285 
0. 93673 272 
0.93051 931 
0. 92439 505 


0. 91839 329 
0.91254 821 
0. 90689 460 
0.90146 778 
0. 89630 323 


0. 89143 642 
0. 88690 237 
0. 88273 530 
0, 87896 810 
0. 87563 185 


0. 87275 520 
0. 87036 381 
0, 86847 970 
0.86712 068 
0. 86629 990 


0.86602 540 
o" 


1. 04603 012 
1.03682 664 
1.01914 662 
0.99445 152 
0.96495 146 
0, 93361 692 
0.90415 063 
0. 88079 972 
0, 86773 361 


617 


618 


Table 17.6 

dls 65° 

o 

0 1.13446 401 

2 1.13423 517 

4 1.13354 929 

6 1.13240 837 

8 1.13081 573 
10 1.12877 602 
12 1.12629 522 
14 1.12338 066 
16 1.12004 099 
18 1.11628 624 
20 1.11212 778 
22 1.10757 834 
24 1.10265 204 
26 1.09736 439 
28 1.09173 228 
30 1.08577 404 
32 1.07950 942 
34 1.07295 961 
36 1.06614 728 
38 1.05909 660 
40 1.05183 322 
42 1. 04438 435 
44 1.03677 875 
46 1. 02904 677 
48 1.02122 034 
50 1, 01333 305 
52 1.00542 010 
54 0.99751 835 
56 0.98966 632 
58 0.98190 414 
60 0.97427 354 
62 0.96681 780 
64 0.95958 158 
66 0.95261 084 
68 0.94595 256 
70 0.93965 447 
72 0.93376 462 
74 0.92833 088 
76 0.92340 024 
78 0.91901 802 
80 0.91522 691 
82 0.91206 588 
84 0.90956 905 
86 0.90776 445 
88 0.90667 305 
90 0. 90630 779 

Fal 
6 

5 1.13303 553 
15 1.12176 337 
25 1.10005 236 
35 1.06958 479 
45 1, 03292 660 
55 0.99358 365 
65 0.95606 011 
75 0.92579 978 
85 0.90857 873 


70° 


1, 22173 
1.22145 
1. 22063 
1.21926 
1.21735 


1.21491 
1.21193 
1. 20844 
1. 20443 
1.19992 


1.19492 
1.18945 
1.18352 
1.17715 
1.17036 


1.16317 
1.15560 
1.14768 
1.13943 
1.13087 


1.12205 
1.11298 
1, 10371 
1. 09426 
1, 08468 


1. 07499 
1, 06525 
1. 05550 
1. 04578 
1. 03614 


1.02663 
1.01731 
1, 00822 
0. 99942 
0. 99099 


0. 98297 
0.97544 
0. 96845 
0. 96208 
0. 95638 


0, 95143 
0. 94729 
0. 94400 
0. 94162 
0. 94017 


0. 93969 


ELLIPTIC INTEGRALS 


048 
628 
443 
TT 
820 


274 
748 
065 
195 
262 


542 
465 
618 
743 
745 


686 
796 
469 
273 
946 


408 
760 
291 
484 
023 


796 
908 
682 
671 
663 


689 
023 
192 
966 
354 


583 
068 
360 
074 
776 


847 
297 
544 
171 
677 


262 


ca 


1, 22001 
1, 20649 
1.18039 
1.14359 
1, 09900 
1. 05063 
1, 00378 
0. 96518 
0. 94269 


878 
962 
569 
813 
829 
981 
508 
626 
813 


715° 


1. 30899 
1, 30867 
1, 30770 
1. 30609 
1. 30385 


1. 30097 
1.29747 
1, 29335 
1. 28863 
1, 28331 


1.27742 
1.27096 
1, 26396 
1. 25643 
1, 24840 


1, 23988 
1. 23091 
1, 22151 
1.21170 
1. 20152 


1.19101 
1.18018 
1, 16909 
1.15777 
1.14625 


1.13460 
1.12284 
1.11104 
1, 09923 
1, 08748 


1. 07585 
1. 06440 
1, 05318 
1, 04228 
1. 03176 


1, 02171 
1. 01220 
1. 00333 
0.99517 
0. 98783 


0. 98140 
0. 97598 
0. 97165 
0. 96849 
0. 96657 


0. 96592 


694 
442 
767 
916 
297 


484 
215 
393 
089 
541 


153 
502 
337 
578 
326 


858 
635 
305 
705 
870 


036 
648 
366 
077 
899 


200 
604 
010 
604 
883 


669 
132 
814 
653 
998 


634 
781 
091 
606 
670 


781 
331 
228 
392 
142 


583 


ca 


1, 30698 
1. 29106 
1, 26026 
1, 21665 
1.16345 
1.10513 
1. 04769 
0. 99915 
0. 96992 


342 
728 
405 
853 
846 
448 
389 
744 
212 


80° 
1, 39626 340 
1. 39589 024 
1.39477 165 
1.39291 030 
1, 39031 062 


1. 38697 886 
1. 38292 302 
1.37815 292 
1.37268 017 
1. 36651 823 


1.35968 233 
1.35218 961 
1, 34405 903 
1, 33531 146 
1. 32596 967 


1.31605 841 
1.30560 436 
1.29463 629 
1, 28318 499 
1.27128 343 


1.25896 675 
1.24627 240 
1.23324 019 
1.21991 241 
1, 20633 398 


1.19255 255 
1.17861 873 
1.16458 621 
1.15051 210 
1.13645 710 


1.12248 590 
1.10866 752 
1.09507 580 
1.08178 986 
1. 06889 476 


1.05648 221 
1.04465 133 
1.03350 951 
1,02317 331 
1.01376 904 


1.00543 295 
0.99831 000 
0.99255 019 
0.98830 025 
0.98568 915 


0.98480 775 
icy 


1. 39393 358 
1.37550 358 
1.33976 099 
1.28896 903 
1.22661 050 
1.15755 065 
1.08838 943 
1, 02823 305 
0.99022 779 


85° 
1. 48352 
1. 48310 
1. 48182 
1. 47970 
1.47674 


1.47294 
1. 46831 
1. 46287 
1. 45662 
1, 44959 


1. 44178 
1. 43321 
1. 42392 
1, 41391 
1. 40321 


1.39185 
1. 37986 
1. 36727 
1.35411 
1. 34041 


1.32623 
1.31158 
1.29652 
1, 28110 
1, 26535 


1, 24934 
1.23311 
1, 21672 
1. 20024 
1.18373 


1.16725 
1.15089 
1.13472 
1.11882 
1.10330 


1, 08824 
1.07377 
1. 06000 
1, 04707 
1, 03513 


1, 02436 
1, 01495 
1.00715 
1, 00123 
0. 99748 


0. 99619 


ELLIPTIC INTEGRAL OF THE SECOND KIND E(¢\qa) 
E(¢\2) -{F (1-sin? « sin? 6) * do 


986 
448 
929 
717 
288 


312 
652 
363 
693 
085 


179 
813 
023 
049 
335 


532 
503 
328 
306 
965 


066 
614 
865 
340 
837 


449 
580 
971 
724 
339 


747 
364 
145 
658 
172 


773 
505 
556 
504 
640 


393 
896 
650 
026 
392 


470 


re 


1. 48087 
1. 45984 
1, 41900 
1. 36076 
1. 28885 
1. 20849 
1,12673 
1, 05342 
1. 00394 


384 
990 
286 
208 
906 
656 
373 
632 
027 


90° 
1.57079 
1.57031 
1, 56888 
1.56649 
1, 56316 


1. 55888 
1. 55368 
1.54755 
1. 54052 
1, 53259 


1, 52379 
1.51414 
1, 50366 
1. 49236 
1, 48029 


1. 46746 
1. 45390 
1. 43966 
1. 42476 
1. 40923 


1. 39314 
1. 37650 
1. 35937 
1. 34180 
1, 32384 


1. 30553 
1, 28695 
1.26814 
1. 24918 
1.23012 


1, 21105 
1.19204 
1.17317 
1.15454 
1.13624 


1.11837 
1.10106 
1, 08442 
1. 06860 
1.05377 


1, 04011 
1.02784 
1, 01723 
1. 00864 
1, 00258 


1. 00000 


633 
792 
372 
679 
223 


720 
089 
458 
157 
729 


921 
692 
214 
871 
266 


221 
780 
215 
031 
972 


025 
433 
700 
606 
218 


909 
374 
653 
162 
722 


603 
568 
938 
668 
437 


774 
217 
522 


953. 


692 


440 
362 
692 
796 
409 


000 


ee 


1.56780 
1.54415 
1, 49811 
1, 43229 
1. 35064 
1, 25867 
1.16382 
1. 07640 
1.01266 


907 
050 
493 
097 
388 
963 
796 
511 
351 


Q 
_ 
6 
° 

° 


5° 

0° 0 0. 000000 
2 0 0. 000083 
4 0 0. 000332 
6 0 0. 000748 
8 0 0. 001332 
10 0 0. 002080 
12 0 0. 002997 
14 0 0, 004082 
16 0 0. 005337 
18 0 0. 006761 
20 0 0. 008357 
22 0 0.010125 
24 0 0. 012067 
26 0 0.014186 
28 0 0. 016483 
30 0 0, 018962 
32 0 0, 021625 
34 0 0. 024476 
36 0 0. 027520 
38 0 0. 030761 
40 0 0. 034205 
42 0 0. 037860 
44 0 0, 041734 
46 0 0. 045835 
48 0 0. 050177 
50 0 0, 054771 
52 0 0. 059634 
54 0 0. 064786 
56 0 0. 070249 
58 0 0, 076052 
60 0 0. 082227 
62 0 0, 088818 
64 0 0. 095876 
66 0 0. 103468 
68 0 0.111676 
70 0 0. 120612 
72 0 0. 130420 
74 0 0.141301 
76 0 0. 153537 
78 0 0. 167542 
80 0 0. 183967 
82 0 0. 203902 
84 0 0. 229402 
86 0 0, 265091 
88 0 0. 325753 
90 0 0 

5 0 0, 000519 
15 0 0. 004688 
25 0 0. 013105 
35 0 0, 025973 
45 0 0. 043755 
55 0 0. 067477 
65 0 0. 099601 
75 0 0. 147228 
85 0 0. 245478 


See Example 16. 


ELLIPTIC INTEGRALS 


JACOBIAN ZETA FUNCTION Z(\2) 


K (a) Z(e\a)=K (a) E(¢\2)-E(@) F(v\2) 
K (90°)Z(v\e)=K (90°) Z(u}1)=K (90°) tanh u=e for all w 


10° 
0. 000000 
0. 000164 
0. 000655 
0, 001474 
0. 002621 


0. 004098 
0. 005905 
0, 008043 
0. 010516 
0. 013324 


0. 016470 
0. 019958 
0. 023791 
0. 027972 
0, 032508 


0.037403 
0. 042664 
0. 048298 
0. 054315 
0. 060725 


0. 067540 
0. 074774 
0. 082444 
0. 090569 
0. 099172 


0. 108280 
0.117925 
0. 128146 
0. 138989 
0.150510 


0. 162776 
0.175872 
0. 189901 
0. 204994 
0. 221320 


0. 239097 
0. 258615 
0. 280272 
0. 304631 
0. 332519 


0. 365230 
0. 404937 
0. 455734 
0. 526833 
0. 647691 


co) 


0, 001023 
0. 009238 
0, 025838 
0. 051258 
0. 086448 
0. 133487 
0.197305 
0. 292070 
0, 487761 


15° 
0, 000000 
0. 000239 
0. 000957 
0. 002155 
0. 003832 


0. 005992 
0. 008635 
0.011765 
0. 015384 
0. 019496 


0. 024105 
0, 029216 
0, 034834 
0. 040968 
0. 047624 


0, 054811 
0. 062540 
0. 070823 
0. 079674 
0, 089108 


0. 099145 
0. 109807 
0.221118 
0. 133109 
0. 145813 


0.159273 
0. 173536 
0. 188661 
0. 204716 
0. 221785 


0. 239971 
0. 259398 
0. 280221 
0. 302637 
0. 326895 


0. 353322 
0. 382351 
0. 414575 
0. 450832 
0. 492356 


0. 541075 
0, 600229 
0. 675918 
0. 781873 
0. 962000 


0. 001496 
0. 013513 
0. 037836 
0, 075176 
0.127026 
0.196567 
0. 291216 
0. 432134 
0. 723644 


20° 
0. 000000 
0, 000308 
0. 001231 
0. 002770 
0. 004928 


0. 007706 
0, 011107 
0.015136 
0. 019796 
0. 025094 


0. 031035 
0. 037627 
0. 044878 
0. 052799 
0. 061401 


0. 070696 
0. 080700 
0. 091430 
0. 102905 
0.115148 


0. 128185 
0. 142046 
0. 156765 
0. 172383 
0. 188947 


0. 206513 
0. 225145 
0, 244921 
0. 265933 
0. 288294 


0, 312138 
0. 337632 
0. 364981 
0. 394446 
0. 426356 


0. 461145 
0. 499384 
0. 541857 
0. 589673 
0. 644462 


0. 708771 
0. 786884 
0. 886859 
1, 026844 
1, 264856 


0, 001923 
0. 017387 
0. 048754 
0. 097073 
0. 164459 
0, 255266 
0. 379430 
0. 565011 
0. 949910 


25° 
0. 000000 
0. 000367 
0. 001467 
0, 003302 
0.005875 


0. 009188 
0, 013246 
0. 018055 
0. 023621 
0, 029951 


0, 037055 
0. 044942 
0, 053626 
0. 063119 
0. 073438 


0. 084599 
0. 096624 
0. 109534 
0. 123356 
0. 138120 


0. 153860 
0.170614 
0. 188428 
0. 207353 
0. 227450 


0. 248789 
0. 271452 
0. 295538 
0. 321161 
0. 348462 


0.377610 
0. 408811 
0. 442321 
0. 478462 
0.517644 


0. 560402 
0. 607444 
0. 659739 
0. 718657 
0. 786214 


0. 865556 
0. 961976 
1, 085434 
1, 258352 
1, 552420 


0 


0, 002292 
0. 020743 
0, 058271 
0. 116329 
0.197748 
0. 308149 
0. 460039 
0. 688264 
1, 163313 


Table 17.7 


30° 
0. 000000 
0. 000414 
0. 001658 
0. 003734 
0. 006644 


0. 010393 
0. 014987 
0, 020433 
0. 026740 
0. 033919 


0. 041981 
0, 050941 
0. 060814 
0. 071617 
0. 083373 


0. 096103 
0. 109834 
0. 124596 
0. 140421 
0.157347 


0.175418 
0. 194683 
0, 215197 
0. 237025 
0. 260240 


0. 284929 
0. 311193 
0. 339150 
0, 368940 
0, 400731 


0. 434726 
0. 471170 
0. 510371 
0. 552710 
0. 598675 


0. 648900 
0. 704225 
0. 765797 
0. 835238 
0. 914934 


1, 008608 
1.122523 
1, 268462 
1. 472953 
1, 820811 


00 


0. 002592 
0. 023479 
0. 066098 
0. 132373 
0. 225942 
0. 353807 
0.531121 
0. 799407 
1.360551 


Compiled from P.F. Byrd and M.D. Friedman, Handbook of elliptic integrals for engineers 
and physicists, Springer-Verlag, Berlin, Germany, 1954 (with permission). 
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Table 17.7 JACOBIAN ZETA FUNCTION Z(\2) 


K (2)Z(v\2)=K («) E(v\2)—E (a) F(e\2) 
K (90°)Z(e\2)=K (90°) (u|1)=K (90°) tanh u=« for all u 


o\r 35° 40° 45° 50° 55° 60° 
0° 0. 000000 0. 000000 0. 000000 0. 000000 0, 000000 0. 000000 
2 0. 000450 0. 000471 0. 000479 0, 000471 0, 000450 0. 000415 
4 0. 001800. 0, 001886 0, 001916 0. 001887 0, 001800 0. 001659 
6 0. 004052 0, 004248 0, 004314 0, 004250 0. 004056 0. 003739 
8 0. 007212 0. 007561 0. 007681 0. 007567 0, 007224 0. 006660 
10 0, 011284 0. 011833 0, 012023 0. 011849 0. 011313 0. 010433 
12 0. 016276 0. 017073 0, 017353 0. 017106 0. 016337 0.015070 
14 0. 022197 0. 023293 0. 023683 0, 023354 0. 022312 0, 020588 
16 0, 029060 0. 030505 0. 031029 0. 030610 0, 029257 0. 027006 
18 0. 036876 0, 038728 0. 039411 0. 038897 0, 037194 0. 034347 
20 0. 045662 0. 047979 0. 048850 0. 048238 0. 046150 0. 042639 
22 0, 055435 0. 058279 0, 059372 0. 058663 0. 056156 0.051912 
24 0, 066216 0, 069655 0. 071005 0. 070203 0. 067246 0. 062203 
26 0. 078026 0, 082132 0, 083783 0, 082895 0. 079461 0. 073551 
28 0. 090893 0. 095744 0. 097742 0. 096782 0, 092844 0. 086003 
30 0. 104844 0. 110525 0. 112924 0.111909 0. 107447 0. 099613 
32 0. 119914 0.126515 0. 129375 0. 128330 0. 123327 0. 114438 


34 0. 136138 0. 143758 0. 147147 0. 146103 0. 140549 0. 130548 
36 0.153557 0. 162305 0. 166300 0. 165296 0. 159186 0. 148018 


38 0.172220 0. 182211 0. 186898 0. 185983 0. 179319 0, 166934 
40 0.192178 0. 203541 0. 209016 0. 208248 0. 201042 0.187395 
42 0. 213492 0. 226365 0. 232738 0. 232187 0. 224459 0. 209512 
44 0. 236228 0. 250764 0. 258158 0, 257907 0. 249691 0. 233413 
46 0. 260466 0. 276831 0. 285383 0, 285531 0. 276871 0. 259243 
48 0. 286295 0. 304671 0. 314535 — 0. 315196 0. 306156 0. 287169 
50 0. 313816 0. 334405 0. 345755 0. 347064 0. 337723 0. 317383 
52 0. 343151 0. 366173 0. 379203 0, 381317 0. 371776 0. 350108 
54 0. 374438 0. 400138 0, 415067 0. 418166 0. 408552 0. 385601 
56 0. 407844 0. 436490 0. 453565 0. 457861 0. 448328 0. 424167 
58 0. 443565 0. 475457 0. 494956 0. 500691 0. 491428 0. 466161 
60 0. 481836 0. 517310 0. 539547 0. 547003 0. 538238 0.512007 
62 0. 522947 0. 562378 0.587709 0.597211 0. 589220 0. 562214 
64 0. 567251 0. 611064 0. 639896 0. 651822 0. 644933 0. 617399 
66 0. 615191 0. 663870 0. 696670 0. 711460 0. 706068 0. 678320 
68 0. 667330 0. 721434 0. 758741 0. 776910 0. 773487 0. 745922 
70 0. 724397 0. 784577 0. 827024 0. 849178 0. 848294 0. 821411 
72 0. 787359 0. 854390 0. 902728 0. 929590 0. 931931 0. 906356 
74 0. 857536 0, 932355 0. 987491 1, 019938 1. 026343 1, 002860 
76 0. 936789 1, 020563 1, 083621 1, 122735 1.134246 1.113848 
78 1, 027859 1, 122089 1, 194508 1, 241670 1, 259612 1, 243568 
80 1.135017 1, 241721 1, 325428 1. 382470 1, 408589 1, 398577 
82 1.265447 1. 387516 1, 485245 1.554749 1.591484 1. 589820 
84 1, 432669 1, 574623 1. 690632 1. 776579 1. 827639 1, 837791 
86 1, 667113 1, 837147 1. 979107 2. 088611 2. 160541 2. 188502 
88 2. 066078 2.284127 2. 470622 2. 620801 2. 729164 2. 788909 
90 i] co ) C) i) oo 


5 0. 002813 0. 002948 0. 002994 0. 002949 0. 002815 0. 002594 


15 0. 025510 0. 026774 0. 027228 0. 026855 0. 025662 0, 023683 
25 0. 071991 0. 075754 0. 077249 0. 076403 0. 073210 0. 067742 
35 0. 144695 0. 152865 0.156547 0.155518 0. 149686 0. 139108 
45 0. 248154 0. 263583 0. 271538 0. 271473 0. 263028 0. 246077 
55 0. 390865 0. 418002 0. 433972 0. 437641 0. 428046 0. 404479 
65 0.590735 0. 636916 0, 667669 0. 680968 0. 674774 0. 647089 
75 0. 895883 0.975016 1, 033955 1. 069585 1, 078397 1. 056317 


85 1, 538234 1. 692810 1. 820471 1, 916972 1.977347 1. 995386 


ELLIPTIC INTEGRALS 


JACOBIAN ZETA FUNCTION Z(¢\2) Table 17.7 
K (2)Z(v\e)=K (a) E(¢\«)—-E(e) F(¢\2) 
K (90°)Z(e\a)=K (90°)Z(u|1)=K (90°) tanh u=« for all u 


ae 65° 70° 15° 80° 85° 90° 
0 0, 000000 0. 000000 0. 000000 0. 000000 0. 000000 0 

2 0. 000367 0. 000308 0. 000239 0. 000164 0, 000083 0 

4 0, 001468 0. 001232 0. 000958 0. 000656 0. 000333 0 

6 0. 003308 0. 002776 0, 002160 0. 001477 0. 000750 0 

8 0. 005893 0. 004946 0. 003849 0. 002633 0. 001337 0 

10 0. 009233 0. 007751 0. 006032 0. 004127 0, 002096 0 
12 0. 013341 0, 011202 0. 008718 0, 005966 0. 003030 0 
14 0. 018231 0. 015312 0. 011920 0. 008158 0, 004143 0 
16 0. 023922 0. 020098 0. 015649 0. 010713 0. 005442 0 
18 0. 030438 0, 025581 0. 019924 0. 013642 0. 006930 0 
20 0. 037803 0, 031783 0. 024763 0. 016959 0, 008617 0 
22 0. 046047 0. 038732 0. 030188 0. 020680 0. 010509 0 
24 0. 055206 0. 046459 0. 036225 0, 024823 0. 012617 0 
26 0. 065319 0. 055000 0. 042905 0, 029411 0, 014952 0 
28 0, 076431 0. 064397 0. 050260 0. 034466 0. 017526 0 
30 0. 088594 0. 074696 0. 058332 0. 040018. 0, 020354 0 
32 0. 101867 0. 085951 0, 067164 0. 046099 0. 023454 0 
34 0.116315 0, 098224 0. 076808 0. 052747 0. 026845 0 
36 0. 132015 0.111585 0. 087324 0. 060004 0. 030550 0 
38 0. 149053 0, 126114 0. 098779 0. 067920 0, 034595 0 
40 0. 167527 0. 141905 0. 111254 0. 076554 0, 039011 0 
42 0. 187551 0. 159064 0. 124839 0. 085973 0. 043833 0 
44 0. 209254 0.177713 0. 139641 0. 096255 0, 049104 0 
46 0, 232785 0. 197996 0.155784 0. 107493 0. 054874 0 
48 0, 258315 0. 220078 0. 173414 0. 119798 0, 061201 0 
50 0. 286045 0. 244154 0.192704 0. 133299 0. 068157 0 
52 0. 316206 0, 270454 0. 213858 0, 148154 0. 075826 0 
54 0. 349070 0. 299246 0. 237121 0. 164550 .0. 084312 0 
56 0. 384960 0, 330854 0. 262789 0. 182720 0. 093745 0 
58 0. 424255 0. 365664 0. 291220 0. 202947 0. 104281 0 
60 0. 467411 0. 404143 0. 322854 0. 225584 0.116121 0 
62 0. 514976 0. 446860 0. 358236 0, 251076 0. 129521 0 
64 0. 567621 0. 494517 0. 398048 0. 279993 0. 144812 0 
66 0. 626169 0. 547987 0. 443155 0. 313069 0. 162430 0 
68 0, 691653 0. 608372 0. 494668 0. 351277 0. 182965 0 
70 0. 765385 0. 677086 0. 554038 0. 395917 0. 207230 0 
72 0. 849072 0. 755975 0. 623195 0. 448779 0. 236382 0 
74 0. 944993 0. 847508 0. 704762 0. 512376 0. 272114 0 
76 1, 056298 0. 955095 0. 802400 0. 590350 0, 317015 0 
78 1. 187535 1, 083634 0. 921408 0. 688163 0. 375226 0 
80 1. 345674 1. 240571 1, 069839 0, 814374 0. 453784 0 
82 1. 542281 1. 438150 1. 260828 0. 983236 0. 565578 0 
84 1. 798909 1. 698985 1. 518315 1. 220780 0. 736684 0 
86 2. 163806 2. 073357 1. 894760 1. 583040 1. 028059 0 
88 2. 790834 2. 721008 2. 555104 2. 241393 1. 628299 0 
c+ 3) 


90 00 ry 00 ry re) 


5 0. 002295 0, 001926 0, 001498 0, 001025 0, 000520 
15 0, 020975 0. 017619 0. 013718 0. 009390 0. 004769 
25 0. 060141 0. 050625 0. 039483 0. 027060 0, 013755 
35 0. 124003 0, 104764 0, 081953 0. 056296 0. 028657 


45 0. 220781 0. 187640 0. 147536 0. 101748 0.051923 
55 0, 366615 0. 314676 0. 249634 0.173397 0. 088901 
65 0. 596098 0. 520463 0. 419877 0. 295957 0. 153297 
75 0. 998480 0. 899033 0. 751288 0, 549278 0. 293208 
85 1. 962673 1, 866624 1, 686113 1, 380465 0. 860811 


eoocoococ[eeo 


621 


622 


Table 17.8 


ho(e\e) = 42 


a\e 0° 5° 
0° 0 0. 087156 
2 0 0. 087129 
4 0 0, 087050 
6 0 0, 086917 
8 0 0. 086732 
10 0 0, 086495 
12 0 0. 086206 
14 0 0. 085866 
16 0 0. 085476 
18 0 0, 085037 
20 0 0, 084549 
22 0 0. 084013 
24 0 0. 083432 
26 0 0, 082806 
28 0 0. 082136 
30 0 0. 081425 
32 0 0, 080674 
34 0 0. 079884 
36 0 0. 079058 
38 0 0. 078198 
40 0 0. 077307 
42 0 0. 076385 
44 0 0. 075436 
46 0 0. 074463 
48 0 0. 073469 
50 0 0, 072455 
52 0 0. 071426 
54 0 0. 070385 
56 0 0, 069336 
58 0 0, 068281 
60 0 0. 067226 
62 0 0, 066175 
64 0 0. 065131 
66 0 0. 064100 
68 0 0. 063088 
70 0 0. 062100 
72 0 0. 061143 
74 0 0, 060223 
76 0 0. 059348 
78 0 0. 058528 
80 0 0, 057773 
82 0 0. 057095 
84 0 0, 056508 
86 0 0. 056034 
88 0 0. 055698 
90 0 0. 055556 
C2] 

5 

5 0 0. 086990 
15 0 0. 085677 
25 0 0. 083124 
35 0 0. 079476 
45 0 0, 074953 
55 0 0. 069861 
65 0 0. 064614 
15 0 0. 059779 
85 0 0. 056256 


Compiled from C. Heuman, Tables of complete elliptic integrals, J. Math. Phys. 20, 127-206, 


1941 (with permission). 


ELLIPTIC INTEGRALS 


HEUMAN’S LAMBDA FUNCTION Ao(¢\q) 


K (a)Z(e\90°—2)=2 { K (a) B(\90°-2) -K (2) - E(a) F(e\90°—«)} 


10° 


0. 173648 
0. 173595 
0. 173437 
0.173173 
0.172804 


0. 172332 
0.171757 
0.171080 
0. 170303 
0, 169429 


0, 168458 
0. 167393 
0. 166236 
0. 164991 
0. 163661 


0. 162247 
0. 160755 
0. 159187 
0.157548 
0. 155842 


0. 154073 
0.152246 
0. 150367 
0. 148439 
0. 146470 


0.144464 
0. 142428 
0, 140370 
0. 138295 
0.136211 


0. 134126 
0. 132049 
0. 129989 
0.127955 
0. 125958 


0. 124009 
0.122121 
0. 120307 
0.118583 
0. 116967 


0.115479 
0.114143 
0.112988 
0.112053 
0.111392 


0.111112 
ree 


0. 173318 
0. 170704 
0. 165625 
0. 158377 
0. 149408 
0. 139334 
0. 128968 
0. 119433 
0.112490 


15° 


0. 258819 
0. 258740 
0. 258504 
0.258111 
0, 257562 


0. 256858 
0. 256001 
0. 254994 
0. 253838 
0. 252536 


0, 251092 
0. 249509 
0. 247790 
0, 245941 
0. 243966 


0. 241870 
0. 239657 
0. 237335 
0. 234908 
0. 232383 


0. 229767 
0. 227068 
0. 224292 
0. 221447 
0. 218543 


0. 215587 
0. 212589 
0. 209558 
0. 206506 
0. 203443 


0. 200380 
0. 197331 
0. 194307 
0.191324 
0. 188396 


0. 185540 
0. 182774 
0. 180119 
0.177596 
0. 175231 


0.173054 
0.171099 
0. 169410 
0. 168043 
0. 167078 


0. 166667 

er 

6 

0. 258327 
0. 254434 
0. 246882 
0. 236134 
0. 222878 
0, 208034 
0. 192809 


0. 178839 
0. 168682 


20° 


0. 342020 
0. 341916 
0. 341604 
0, 341084 
0. 340359 


0. 339430 
0. 338299 
0. 336969 
0. 335445 
0, 333729 


0. 331827 
0. 329743 
0. 327483 
0. 325052 
0, 322458 


0. 319707 
0. 316806 
0. 313764 
0. 310587 
0. 307286 


0. 303869 
0. 300346 
0. 296727 
0. 293022 
0. 289242 


0, 285399 
0. 281505 
0. 277573 
0. 273616 
0. 269648 


0. 265684 
0, 261739 
0. 257832 
0. 253979 
0. 250200 


0. 246517 
0. 242952 
0. 239531 
0. 236282 
0. 233238 


0. 230436 
0. 227922 
0. 225750 
0. 223992 
0. 222751 


0, 222222 
(—5)9 
6 
0. 341370 
0. 336231 
0. 326288 
0. 312192 
0. 294884 
0.275597 
0. 255897 
0. 237883 
0. 224814 


25° 


0. 422618 
0. 422490 
0. 422104 
0. 421462 
0. 420566 


0. 419419 
0. 418024 
0. 416385 
0. 414506 
0. 412394 


0. 410054 
Q, 407492 
0. 404717 
0. 401736 
0. 398558 


0. 395191 
0. 391645 
0. 387930 
0. 384057 
0. 380037 


0. 375880 
0. 371600 
0. 367209 
0. 362720 
0. 358145 


0. 353500 
0. 348799 
0. 344057 
0. 339290 
0. 334516 


0. 329751 
0. 325015 
0. 320328 
0. 315710 
0. 311185 


0. 306778 
0. 302515 
0. 298427 
0. 294547 
0. 290914 


0. 287571 
0. 284573 
0. 281983 
0. 279887 
0. 278408 


0, 277778 
ce 


0. 421815 
0. 415475 
0. 403252 
0. 386013 
0. 364976 
0. 341676 
0. 318009 
0. 296459 
0, 280867 


30° 


0. 500000 
0. 499848 
0. 499391 
0. 498633 
0. 497574 


0. 496219 
0. 494572 
0. 492638 
0. 490424 
0. 487937 


0. 485184 
0. 482176 
0. 478920 
0. 475428 
0. 471710 


0. 467777 
0, 463642 
0. 459316 
0. 454813 
0. 450147 


0. 445330 
0. 440378 
0. 435306 
0. 430127 
0. 424860 


0. 419519 
0. 414121 
0. 408685 
0. 403228 
0. 397769 


0. 392328 
0. 386926 
0. 381586 
0. 376331 
0. 371186 


0. 366180 
0. 361342 
0. 356706 
0. 352309 
0. 348194 


0. 344410 
0. 341017 
0. 338088 
0. 335718 
0. 334046 


0. 333333 
ie 


0. 499050 
0. 491565 
0. 477203 
0. 457086 
0. 432729 
0. 405958 
0. 378946 
0. 354475 
0. 336826 


Ao(y\e) = ay 


F(#\90°— 2) 


35° 


0. 573576 
0. 573402 
0. 572878 
0.572009 
0. 570795 


0. 569244 
0. 567360 
0. 565150 
0. 562623 
0, 559789 


0. 556657 
0, 553238 
0. 549546 
0. 545591 
0, 541389 


0. 536953 
0. 532297 
0.527437 
0, 522388 
0.517165 


0. 511786 
0. 506266 
0. 500622 
0. 494873 
0. 489034 


0. 483125 
0. 477164 
0. 471170 
0. 465163 
0. 459163 


0. 453192 
0. 447272 
0. 441428 
0. 435683 
0. 430065 


0. 424604 
0. 419332 
0. 414284 
0. 409500 
0. 405026 


0. 400915 
0. 397229 
0. 394049 
0. 391477 
0. 389662 


0, 388889 
co 


0. 572487 
0. 563926 
0. 547600 
0. 524935 
0. 497760 
0. 468167 
0. 438541 
0. 411857 
0. 392679 


ELLIPTIC INTEGRALS 


HEUMAN’S LAMBDA FUNCTION Ao(¢\e) 
42 K (a)B(e\90°—2)=2 {K (a) E(e\90°—2) ~[ K(0) — B(@) JF (e\90°—2)} 


40° 


0. 642788 
0. 642592 
0. 642006 
0. 641032 
0. 639674 


0. 637940 
0. 635836 
0. 633373 
0. 630561 
0. 627412 


0. 623939 
0. 620157 
0, 616080 
0. 611725 
0. 607107 


0, 602244 
0.597153 
0. 591851 
0. 586356 
0. 580687 


0. 574862 
0. 568898 
0. 562815 
0. 556632 
0. 550366 


0. 544038 
0. 537668 
0.531275 
0. 524879 
0. 518502 


0.512167 
0. 505895 
0. 499711 
0. 493642 
0. 487715 


0. 481959 
0. 476408 
0. 471098 
0. 466070 
0. 461371 


0. 457055 
0. 453189 
0. 449853 
0. 447157 
0. 445255 


0.444444 
[er | 


0. 641567 
0. 632010 
0. 613936 
0. 589127 
0. 559735 
0. 528076 
0. 496661 
0. 468546 
0. 448417 


45° 


0. 707107 
0. 706891 
0. 706247 
0.705177 
0. 703687 


0. 701786 
0. 699484 
0. 696794 
0. 693729 
0. 690306 


0. 686540 
0. 682450 
0. 678054 
0. 673372 
0. 668422 


0. 663225 
0. 657801 
0. 652170 
0. 646351 
0. 640365 


0. 634231 
0. 627970 
0. 621600 
0. 615142 
0. 608615 


0. 602038 
0. 595432 
0. 588817 
0. 582212 
0. 575640 


0. 569122 
0. 562680 
0. 556339 
0.550124 
0.544062 


0. 538183 
0.532519 
0. 527106 
0. 521985 
0. 517202 


0. 512813 
0. 508883 
0. 505494 
0. 502754 
0. 500823 


0. 500000 
ce 


0. 705765 
0. 695307 
0. 675748 
0. 649283 
0. 618381 
0. 585512 
0. 553214 
0. 524506 
0. 504034 


50° 
0. 766044 
0. 765811 
0. 765113 
0. 763956 
0. 762347 


0. 760298 


0. 757822 


0. 754937 
0. 751660 
0. 748011 


0. 744012 
0. 739683 
0. 735049 
0. 730130 
0. 724951 


0. 719533 
0. 713900 
0. 708073 
0. 702074 
0. 695923 


0. 689642 
0. 683251 
0. 676769 
0. 670217 
0. 663613 


0. 656976 
0. 650326 
0. 643682 
0. 637064 
0. 630491 


0. 623985 
0. 617567 
0. 611258 
0. 605085 
0.599072 


0. 593247 
0. 587641 
0. 582290 
0.577231 
0.572511 


0. 568181 
0. 564307 
0. 560967 
0. 558268 
0. 556366 


0. 555556 
ce) 


0. 764592 
0. 753346 
0. 732623 
0. 705094 
0. 67350] 
0. 640369 
0. 608153 
0.579721 
0, 559529 


55° 


0. 819152 
0. 818903 
0. 818157 
0. 816922 
0. 815210 


0. 813034 
0. 810416 
0. 807375 
0. 803935 
0, 800123 


0. 795963 
0. 791483 
0. 786709 
0. 781667 
0. 776384 


0. 770883 
0. 765190 
0. 759326 
0. 753314 
0.747177 


0. 740932 
0. 734602 
0. 728203 
0. 721756 
0. 715277 


0. 708785 
0. 702298 
0. 695832 
0. 689405 
0. 683037 


0. 676745 
0. 670549 
0. 664469 
0. 658528 
0. 652749 


0. 647159 
0. 641784 
0. 636659 
0. 631818 
0. 627303 


0. 623166 
0. 619464 
0. 616276 
0. 613700 
0. 611884 


0. 611111 
iy 


0. 817600 
0. 805703 
0. 784220 
0. 756337 
0. 724985 
0. 692612 
0. 661480 
0. 634200 
0. 614903 


Table 17.8 


60° 


0. 866025 
0. 865762 
0. 864975 
0. 863674 
0. 861876 


0. 859602 
0. 856877 
0. 853731 
0. 850194 
0. 846297 


0, 842073 
0. 837553 
0. 832766 
0. 827743 
0. 822510 


0. 817093 
0. 811517 
0. 805804 
0. 799976 
0. 794052 


0. 788051 
0, 781992 
0. 775891 
0. 769764 
0. 763627 


0. 757496 
0. 751385 
0. 745310 
0. 739286 
0. 733329 


0.727455 
0. 721680 
0. 716024 
0. 710504 
0. 705142 


0. 699961 
0. 694985 
0. 690244 
0. 685770 
0. 681601 


0. 677782 
0. 674368 
0. 671427 
0. 669053 
0. 667379 


0. 666667 

Co] 

6 

0. 864388 
0. 852010 
0. 830282 
0. 802903 
0. 772830 
0. 742291 
0. 713246 


0. 687972 
0, 670162 


623 


624 


Table 17.8 
a\e 65° 
0° 0. 906308 
2 0. 906032 
4 0. 905210 
6 0, 903857 
8 0. 901997 
10 0, 899660 
12 0. 896881 
14 0. 893699 
16 0. 890152 
18 0. 886280 
20 0, 882119 
22 0. 877704 
24 0. 873068 
26 0, 868240 
28 0, 863249 
30 0. 858117 
32 0, 852869 
34 0. 847523 
36 0. 842100 
38 0. 836615 
40 0. 831085 
42 0, 825524 
44 0. 819946 
46 0. 814365 
48 0. 808792 
50 0. 803241 
52 0.797724 
54 ~—-.:0.. 792252 
56 0. 786839 
58 0, 781496 
60 0. 776237 
62 0, 771077 
64 0. 766029 
66 0. 761110 
68 0. 756338 
70 0. 751731 
72 0. 747312 
74 0. 743104 
76 0. 739137 
78 0. 735442 
80 0. 732059 
82 0. 729036 
84 0. 726434 
86 0. 724333 
88 0. 722852 
90 0. 722222 
[or 
6 

5 0. 904599 
15 0. 891969 
25 0. 870676 
35 0. 844820 
45 0. 817155 
55 0. 789537 
65 0. 763552 
75 0. 741089 
85 0. 725315 


ELLIPTIC INTEGRALS 


HEUMAN’S LAMBDA FUNCTION Ap(¢\<) 


Ao(e\a) = 


F(e\90°-2) 2 


+ 
us 


K’(a) 


K (a)Z(v\90°-2) 


=2 {K (a) E(e\90°-) -[ K (2) — B(«) F(2\90°—2)} 


70° 
0. 939693 
0. 939407 
0. 938559 
0. 937172 
0. 935282 


0. 932934 
0. 930177 
0. 927061 
0. 923634 
0. 919940 


0. 916018 
0. 911904 
0. 907630 
0. 903221 
0. 898703 


0. 894095 
0. 889416 
0. 884681 
0. 879904 
0. 875099 


0. 870277 
0. 865449 
0. 860625 
0. 855814 
0. 851026 


0, 846269 
0. 841553 
0. 836887 
0. 832280 
0. 827742 


0. 823283 
0. 818913 
0. 814645 
0. 810490 
0. 806464 


0. 802581 
0. 798860 
0. 795319 
0. 791983 
0. 788877 


0. 786036 
0. 783497 
0. 781312 
0. 779549 
0. 778307 


0. 777778 
re 


0. 937930 
0. 925384 
0. 905441 
0. 882297 
0. 858217 
0. 834576 
0. 812552 
0. 793624 
0. 780373 


75° 
0. 965926 
0. 965633 
0. 964769 
0, 963376 
0, 961512 


0. 959244 
0. 956638 
0. 953755 
0. 950646 
0. 947355 


0. 943918 
0. 940364 
0. 936718 
0. 933000 
0. 929226 


0. 925409 
0. 921563 
0. 917695 
0. 913817 
0. 909935 


0. 906056 
0. 902188 
0. 898337 
0. 894508 
0. 890708 


0. 886942 
0. 883216 
0. 879537 
0. 875911 
0. 872345 


0. 868846 
0. 865421 
0. 862080 
0, 858831 
0. 855685 


0. 852654 
0. 849751 
0. 846990 
0. 844390 
0. 841972 


0. 839759 
0. 837783 
0. 836083 
0. 834711 
0. 833745 


0. 833733 
ro" 


0. 964135 
0. 952226 
0. 934867 
0.915757 
0. 896419 
0. 877717 
0. 860443 
0. 845669 
0. 835352 


80° 


0. 984808 
0. 984511 
0. 983652 
0. 982315 
0. 980599 


0. 978597 
0. 976384 
0. 974016 
0. 971534 
0. 968969 


0. 966343 
0. 963671 
0. 960968 
0. 958241 
0. 955500 


0. 952751 
0. 949998 
0. 947247 
0. 944502 
0. 941766 


0. 939042 
0. 936335 
0. 933647 
0. 930981 
0. 928341 


0. 925731 
0. 923152 
0. 920610 
0. 918108 
0. 915649 


0. 913240 
0. 910884 
0. 908588 
0. 906357 
0. 904198 


0. 902119 
0. 900129 
0. 898237 
0. 896456 
0. 894800 


0. 893286 
0. 891933 
0. 890770 
0. 889831 
0. 889170 


0. 888889 
co 


0. 983037 
0.972787 
0. 959607 
0. 945873 
0. 932311 
0. 919353 
0. 907464 
0, 897332 
0. 890270 


85° 
0. 996195 
0. 995903 
0. 995130 
0. 994063 
0, 992833 


0, 991511 
0. 990135 
0. 988727 
0. 987299 
0. 985858 


0. 984410 
0. 982958 
0, 981506 
0. 980054 
0. 978604 


0. 977159 
0.975719 
0. 974286 
0. 972861 
0.971445 


0. 970039 
0. 968644 
0. 967262 
0.965894 
0. 964540 


0. 963204 
0. 961885 
0. 960586 
0. 959309 
0. 958055 


0. 956826 
0. 955626 
0. 954457 
0. 953321 
0. 952223 


0. 951166 
0. 950154 
0. 949193 
0. 948288 
0. 947446 


0. 946677 
0. 945990 
0. 945400 
0. 944923 
0. 944587 


0.944444 
(—5)2 
5 
0.994624 
0. 988015 
0. 980779 
0. 973573 
0. 966576 
0. 959944 
0. 953885 
0. 948733 
0.945145 
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See Examples 15-20. 


ELLIPTIC INTEGRALS 


ELLIPTIC INTEGRAL OF THE THIRD KIND 1 (n; ¢\2) 


(75; e\a)= f° (1—m sin? 6)~[1—sin? a sin? 6) de 


15° 
0. 26180 
0. 26200 
0, 26254 
0. 26330 
0. 26406 
0. 26463 
0. 26484 


0. 26239 
0. 26259 
0. 26314 
0. 26390 
0. 26467 
0. 26524 
0. 26545 


0. 26299 
0. 26319 
0. 26374 
0. 26450 
0. 26527 
0. 26585 
0. 26606 


0. 26359 
0. 26379 
0. 26434 
0. 26511 
0. 26588 
0. 26646 
0. 26667 


0. 26420 
0. 26440 
0. 26495 
0. 26572 
0. 26650 
0. 26708 
0. 26729 


0. 26481 
0. 26501 
0.26557 
0. 26634 
0. 26712 
0. 26770 
0. 26792 


0. 26543 
0. 26563 
0. 26619 
0. 26696 
0. 26775 
0. 26833 
0, 26855 


al 


30° 
0. 52360 
0. 52513 
0. 52943 
0, 53562 
0. 54223 
0. 54736 
0.54931 


0. 52820 
0. 52975 
0. 53412 
0. 54041 
0. 54712 
0, 55234 
0.55431 


0. 53294 
0. 53452 
0. 53896 
0.54535 
0.55217 
0.55747 
0. 55948 


0.53784 
0. 53945 
0. 54396 
0. 55046 
0.55739 
0. 56278 
0. 56483 


0.54291 
0.54454 
0.54912 
0. 55573 
0. 56278 
0. 56827 
0.57035 


0. 54814 
0. 54980 
0. 55447 
0.56119 
0. 56837 
0.57394 
0. 57606 


0.55357 
0.55525 
0. 56000 
0. 56684 
0.57414 
0. 57982 
0. 58198 


cr 


45° 
0. 78540 
0. 79025 
0. 80437 
0. 82602 
0. 85122 
0. 87270 
0. 88137 


0. 80013 
0. 80514 
0. 81972 
0. 84210 
0. 86817 
0. 89040 
0. 89939 


0. 81586 
0, 82104 
0. 83612 
0. 85928 
0. 88629 
0. 90934 
0. 91867 


0. 83271 
0. 83808 
0. 85370 
0. 87771 
0. 90574 
0. 92969 
0. 93938 


0. 85084 
0. 85641 
0. 87262 
0. 89756 
0. 92670 
0. 95162 
0. 96171 


0, 87042 
0. 87621 
0. 89307 
0.91902 
0. 94939 
0. 97538 
0. 98591 


0. 89167 
0. 89770 
0.91527 
0. 94235 
0. 97406 
1, 00123 
1, 01225 


(P4 


60° 
1. 04720 
1, 05774 
1. 08955 
1. 14243 
1, 21260 
1, 28371 
1. 31696 


1, 07949 
1, 09058 
1.12405 
1.17980 
1, 25393 
1. 32926 
1. 36454 


1.11534 
1.12705 
1.16241 
1, 22139 
1. 30003 
1, 38016 
1.41777 


1.15551 
1, 16791 
1. 20543 
1. 26812 
1. 35193 
1. 43759 
1. 47789 


1, 20098 
1.21419 
1, 25419 
1, 32117 
1, 41098 
1. 50309 
1. 54653 


1. 25310 
1, 26726 
1, 31017 
1, 38218 
1. 47906 
1.57881 
1. 62599 


1. 31379 
1, 32907 
1, 37544 
1. 45347 
1. 55884 
1, 66780 
1, 71951 


or 


1S 
1. 30900 
1, 32733 
1, 38457 
1, 48788 
1, 64918 
1, 87145 
2. 02759 


1. 36560 
1. 38520 
1, 44649 
1. 55739 
1, 73121 
1.97204 
2.14201 


1. 43078 
1. 45187 
1, 51792 
1. 63775 
1. 82643 
2, 08942 
2. 27604 


1.50701 
1.52988 
1, 60161 
1. 73217 
1. 93879 
2. 22876 
2. 43581 


1.59794 
1, 62298 
1. 70165 
1. 84537 
2. 07413 
2. 39775 
2. 63052 


1.70919 
1.73695 
1, 82433 
1. 98464 
2. 24155 
2. 60846 
2. 87468 


1, 85002 
1, 88131 
1. 98005 
2. 16210 
2. 45623 
2, 88113 
3.19278 
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Table 17.9 


90° 
1.57080 
1.59814 
1.68575 
1. 85407 
2.15651 
2. 76806 

0 


1. 65576 
1. 68536 
1. 78030 
1. 96326 
2. 29355 
2. 96601 


eo 


1. 75620 
1. 78850 
1, 89229 
2. 09296 
2.45715 
3. 20448 


0 


1. 87746 
1.91309 
2.02779 
2. 25038 
2. 65684 
3. 49853 


ite] 


2. 02789 
2. 06774 
2. 19629 
2. 44683 
2.90761 
3. 87214 


fe] 


2.22144 
2. 26685 
2. 41367 
2. 70129 
3. 23477 
4, 36620 


[+e] 


2. 48365 
2.53677 
2. 70905 
3. 04862 
3. 68509 
5. 05734 


0 


626 ELLIPTIC INTEGRALS 
Table 17.9 ELLIPTIC INTEGRAL OF THE THIRD KIND 1(n; ¢\2) 


I(n; a\a)=[" (1—n sin? 6)~3[1—sin? a sin? o) ‘de 


2 
& 
s 
ocd 


15° 30° 45° 60° 15° 90° 
0. 26605 0. 55918 0. 91487 1. 38587 2. 03720 2. 86787 
0. 26625 0. 56090 0.92116 1. 40251 2. 07333 2. 93263 
0. 26681 0. 56573 0. 93952 1. 45309 2. 18765 3, 14339 
0, 26759 0.57270 0. 96784 1, 53846 2. 39973 3, 56210 
0. 26838 0.58014 1.00104 1. 65425 2. 74586 4, 35751 
0. 26897 0. 58592 1. 02954 1. 77459 3, 25315 6. 11030 
0. 26918 0. 58812 1, 04110 1, 83192 3, 63042 © 


0, 26668 0.56501 0. 94034 1. 47370 2. 30538 3.51240 
0. 26688 0. 56676 0. 94694 1, 49205 2. 34868 3. 59733 
0. 26745 0. 57168 0. 96618 1, 54790 2, 48618 3. 87507 
0. 26823 0. 57877 0. 99588 1. 64250 -2. 74328 4. 43274 
0. 26902 0. 58635 1. 03076 1.77145 3. 16844 5.51206 
0, 26961 0. 59225 1, 06073 1, 90629 3, 80370 7. 96669 
0. 26982 0.59449 1.07290 1. 97080 4, 28518 00 


0. 26731 0.57106 0. 96853 1, 58459 2. 74439 4. 96729 


. 15 0. 26752 0. 57284 0.97547 1, 60515 2. 79990 5, 09958 
: 30 0. 26808 0.57785 0.99569 1, 66788 2.97710 5.53551 
; 45 0. 26887 0. 58508 1. 02695 1. 77453 3, 31210 6. 42557 
. 60 0. 26966 0.59281 1, 06372 1.92081 3, 87661 8. 20086 
. 75 0. 27025 0. 59882 1, 09535 2. 07487 4, 74432 12, 46407 
. 90 0. 27047 0. 60110 1. 10821 2. 14899 5, 42125 oo 


0. 26795 0.57735 1, 00000 1, 73205 3. 73205 
0. 26816 0.57916 1, 00731 1.75565 3. 81655 
0. 26872 0. 58428 1, 02866 1, 82781 4, 08864 
0. 26951 0.59165 1. 06170 1.95114 4, 61280 
0. 27031 0. 59953 1, 10060 2.12160 5. 52554 
0. 27090 0. 60566 1.13414 2. 30276 7, 00372 
0. 27112 0. 60799 1, 14779 2. 39053 8. 22356 
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


Table 18.1. Table for Obtaining Periods for Invariants g, and g,; Page 
G2=9293"? By, Bay ne ST Bee ig ca ag pe oe Te es” ree Ge, See Sw. 673 


Non-Negative Discriminant (3<92.<~) 
cogil, SE ‘gh! +18 In(G2—3); 92=3(.05)3.4, 7D 


wga!?, w rah J2=3.4(.1)5(.2)10, 7D 
ogy! G2, w 93524; 92 '=-1(—.01)0, 7D 


Non-Positive Discriminant — <9: 3) 
coo gy!*|Go|*/*, w’og3/*|Go|*/4/t; G2 '=0(—.01)—.2, 7D 
wgy'®, w293'°/4; 9 92 1=—,2(—.05)—1, 7D 


wagl!®, ow! o2 2 gyre 3 In(8—92); G2=—1(.2)3, 7D 


Table 18.2. Table for Obtaining &, on and ¢ on Oz and Oy aa 
Real Half-Period—Period Ratio a). ........... 674 


Positive Discriminant (0<2<1, 0<y<a) 


2 Pz), 2 P' (2), 2¢(2), a=1, 1.05, 1.1, 1.2, 1.4, 2, 4 
z=0(.05)1, y=0(.05) 1.1, 1.2 (.2) a, 6—-8D 


Negative Discriminant (0<z<1, 0<y<a/2) 


2 Piz), 2 P'(2), 2¢(2), a=1, 1.05, 1.15, 1.3, 1.5, 2, 4 
z=0(.05)1, y=0(.05)1 (.1)b(6>a/2), 7D 


Table 18.3. Invariants and Values at Half-Periods (l<a<o) oak 

Real Half-Period). . ..... 1... 2 eee ee ee : : 680 
“@=1(.02)1.6(.05)2.3(.1) 4, ©, 6—8D . 

Non-Negative Discriminant 


9a, 93, a= Fil), e3= Pw’), n=¢(1), 1 =f (w')/2, o(1), o(w’)/i, o(w) 
Non-Positive Discriminant 


Jay Jay 15 m= (1), o/t=¢(w3)/i, o(1), o(w,)/t, a(w’) 


The author gratefully acknowledges the assistance and encouragement of the personnel 
of Numerical] Analysis Research, UCLA (especially Dr. C. B. Tompkins for generating the 
author’s interest in the project, and Mrs. H. O. Rosay for programming and computing, 
hand calculation and formula checking) and the personnel of the Computation Laboratory 
(especially R. Capuano, E. Godefroy, D. Liepman, B. Walter and R. Zucker for the prepara- 
tion and checking of the tables and maps). 
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18. Weierstrass Elliptic and Related Functions 


Mathematical Properties 


18.1. Definitions, Symbolism, Restrictions and 
Conventions 


An elliptic function is a single-valued doubly 
periodic function of a single complex variable 
which is analytic except at poles and whose only 
singularities in the finite plane are poles. If w and 
w’ are a pair of (primitive) half-periods of such a 
function f(z), then f(z2+2Mw+2Nw’)=/f(z), M 
and N being integers. Thus the study of any 
such function can be reduced to consideration of 
its behavior in a fundamental period parallelo- 
gram (FPP). An elliptic function has a finite 
number of poles (and the same number of zeros) 
in a FPP; the number of such poles (zeros) (an 
irreducible set) is the order of the function (poles 
and zeros are counted according to their multi- 
plicity). All other poles (zeros) are called con- 
gruent to the irreducible set. The simplest (non- 
trivial) elliptic functions are of order two. One 
may choose as the standard function of order two 
either a function with two simple poles (Jacobi’s 
choice) or one double pole (Weierstrass’ choice) 
in a FPP. 

Weierstrass’ (P-Function. Let w, w’ denote a 
pair of complex numbers with .4(w’/w)>0. Then 
P(z2)=P (elo, w’) is an elliptic function of order 
two with periods 2w, 2w’ and having a double pole 
at 2=0, whose principal part is 2~?; ((z)—2°? is 
analytic in a neighborhood of the origin and van- 
ishes at z=0. 

Weierstrass’ {-Function ¢(2)={(z2|w, w’) satisfies 
the condition ¢’(z)=— (P(z); further, ¢(z) has a 
simple pole at z=0 whose principal part is 27; 
{(z)—27! vanishes at z=0 and is analytic in a 
neighborhood of the origin. [¢(z) is NOT an 
elliptic function, since it is not periodic. However, 
it is quasi-periodic (see “period” relations), so 
reduction to FPP is possible. 

Weierstrass’ o-Function o(z)=0(z|w, w’) satisfies 
the condition o’(z)/o(z)=¢(z); further, o(z) is an 
entire function which vanishes at the origin. 
Like ¢, it is NOT an elliptic function, since it is 
not periodic. However, it is quasi-periodic (see 
“period’’ relations), so reduction to FPP is pos- 
sible. 


Invariants g. and g3 


Let W=2Mw+2Nw’, M and N being integers. 
Then 


18.1.1 Q= 602’W-! and 93 140’W-* 


are the INVARIANTS, summation being over all 
pairs M, N except M=N=0. 


Alternate Symbolism Emphasizing Invariants 


18.1.2 P(2)=P (2; 92, gs) 
18.1.3 P'(2)=P'(2; 92, 9s) 
18.1.4 £(z)=F(2; ga, gs) 
18.1.5 o(2z)=o(2; ga, 9s) 


Fundamental Differential Equation, Discriminant and 
Related Quantities 


18.1.6 P"(2)=4 P2(2)—g2 P(2)—-9 
18.1.7 

=4( P (z)—41:)( P (2z)—e2)( P (2)—es) 
18.1.8 


A=g3—27g3= 16 (€2—€3)?(€3— €1)?(€, —€2)? 
18.1.9 


Ga= —4 (er€2+ €1€3-+ €2€3) = 2 (Ei + +3) 


18.1.10 9s=4e,62¢3=4(e}-+ 8 +3) 
18.1.11 é:+e,+¢e,=0 
18.1.12 et+e+e=92/8 
18.1.13 463 —gne,—93=0(1= 1, 2, 3) 


Agreement about Values of Invariants (and Discrim- 
inant) 

We shall consider, in this chapter, only real g, 
and g; (this seems to cover most applications)— 
hence A is real. We shall dichotomize most of 
what follows (either A>0O or A<0). Homoge- 
neity relations 18.2.1-18.2.15 enable a further 
restriction to non-negative g; (except for one case 
when A=0). 


Note on Symbolism for Roots of Complex Numbers and 
for Conjugate Complex Numbers 

In this chapter, z'/" (n a positive integer) is used 

to denote the principal nth root of z, as in chapter 

3; 2 is used to denote the complex conjugate of z. 
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FPP’s, Symbols for Periods, etc. 


x 

RECTANGLE Figure 18.1 RHOMBUS 

@); = 

= w+ w’ w=! —w 

w= co’ 
wo REAL w, REAL 
wo’ PURE IMAG. w, PURE IMAG. 
|w’| =, since g,;20 |w,| Swe, since gs; =0 


Fundamental Rectangles 


Study of all four functions (P,P’, £, 7) can be reduced to consideration of their values in a Funda- 
mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and 
processes). 


A>0 A<0 
Fundamental Rectangle is i FPP, which has ver- Fundamental Rectangle has vertices 0, w., wto 
tices 0, w, w,and w’ wa, 
2 
y y 1 


FUNDAMENTAL 
RECTANGLE 


(= FPP) 


DAMENTAL 
RECTANGLE 


FievRE 18.2 
There is & point on the right boundary of Fundamental Rectangle where (=0. Denote it by &. 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


18.2. Homogeneity Relations, Reduction 
Formulas and Processes 


Homogeneity Relations (Suppose t+ 0) 
Note that Period Ratio is preserved. 


18.2.1 DP (teltw, two’) =t? DP’ (zlw, w’) 
18.2.2 P (teltw, tw’) =t? P (2lw, w’) 
18.2.3 {(teltw, tw’) =t1¢ (zl, w’) 
18.2.4 a(tz|tw, tw’) =to(z|w, w’) 
18.2.5 ga(tw, tw’) =t-*g2(w, w’) 
18.2.6 g3(tw, tw’) =t-°g3(w, w’) 
18.2.7 €, (tw, tw’) =t-7e,(w, w’), i= 1, 2, 3 
18.2.8 A(tw, tw”) =t-A(w, w’) 


18.2.9 H,(tw, tw’) =t"H,(w, w’), = 1, 2, 3 


(See 18.3) 
18.2.10 g(tw, tw’) =q(w, w’) (See 18.10) 
18.2.11 m(tw, tw’)=m(w, w’) — (See 18.9) 
18.2.12 P’ (tz; t-*go, t-®g3) =t? P' (2; ga, gs) 


18.2.13 
18.2.14 
18.2.15 


Pp (tz; t-4ge, t-°gs) =t? Pp (23 ga, 9a) 
(tz; t4g2, t-°gs) =t- F(z; ge, gs) 
o(tz; t-‘go, t-*g3) =to(z; go, ga) 


A>0 
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The Case g3<0 
Put t=7 and obtain, e.g., 


18.2.16 Pz; g2, 93) =— P (iz; go, —gs) 


Thus the case g;<(0 can be reduced to one where 
g3>0. 


“Period” Relations and Reduction to the FPP (M,N 
integers) 


18.2.17 P'(2+2Mo+2No')= P'(z) 
18.218 P(z+2Mw+2No"')= DP (2) 
18.2.19 


$(2+2Mw+2No’) =§(z) +2My+2Nn’ 
18.2.20 


o(2+2Mw+2Nw’) 

=(—1)¥4"*4No(z) exp [(2+Muw+ Nw’) (2M 
+2Ny’)] 

18.2.21 where 7={(w), n’=¢(w’) 


“Conjugate”? Values 


f@=f (2), where f is any one of the functions 
A, Pf’, 5, o. 


Reduction to 4 FPP (See Figure 18.1) 


A<o0 


(s denotes conjugate of s) 


Point 2, in R, 


P' ()=— P' Cana) 

P (a)=P Qan—%) 

$(24) = —$(2e2— 2) +2(n +0’) 
o(2:)=o(2a,—%) exp [2(n-+n’) (a—w)] 


Point 2; in R; 


18,2,22 P' (2) =— P' (2a—%) 

18.2.23 P(e) = P (20—%) 

18.2.24 (2) =—¢(2o— 2) +2 

18.2.25 o(2,)=o(2a—2,) exp [2n(2,—e)] 
18.2.26 P(e) =— P' (2,—%) 

18.2.27 P (2a) = P (2e2— %) 

18.2.28 = £(2) = —$(2w2— 2%) +2(n+n’) 

18.2.29 (2) =a(2w,— 2.) exp [2(q-+n’) (2s—wn)] 


P(e) =— P' Qur— 2) 

P (23) = P Qur—%) 

£(2) = —$(2e.— 2s) +2(n +7’) 

o( 2) =o(2w,— 2s) exp [2(n+n’) (2s—«2)] 


Point z, in R, 


18.2.30 P' (@)=P' (a—20’) 
18.2.31 P(a)=P &—20’) 
18.2.32 $(22)=$ (a —2ea") +21! 
18.2.33 (2) =—o(z—2w’) exp [2n'(~—w’)] 


P' (a)=P'(e) 
P(a)=P(m) 
£ (20) =$(&) 


o(z,) =0(z) 
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18.2.38 


18.2.39 


18.2.40 


18.2.41 


18.2.42 


18.2.43 


18.2.44 


18.2.45 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


Reduction from 14 FPP to Fundamental Rectangle in 
Case A<0 


We need only be concerned with the case when 
z is in triangle A, (therefore 2w’—z is in triangle 


A,). 

18.2.34 P (2) =P (2w’—z) 
18,2.35 P'(2=— P' (2w’ —2) 
18.2.36 ¢(2) =2n’ —¢(2w’ — 2) 


18.2.37  o(2)=0(2w’—2) exp [2n’(2z—w’)] 


We 


Figure 18.3 


Reduction to Case where Real Half-Period is Unity 


(preserving period ratio) 


A>0 A<0 
(w=w-+w’) 
P'(elo,0!=o P' (eu, =) Plu, 0") =u P'(e0z'| 2“) 
, 7 PAP ed 
Plelo,o')= 0 P (201, =) (elu, a") = ui" (eus'|2, “) 
' -1 ~1, &% , = -1{@ wo 
(z]o, @ =o" (2 l1, =) f(zlo, )=a7f ( 202 nn ee 
\— -1y w" (z|w, w!) = ( -| o” 
o(2|w, w’)=wo (2 |1, - a(2|w, w’) wee ( 205 rm 


, , 
sa(o,a/)=o""n (1,5) gels o") aro (SS) 


Wg We 
, , 
g(o,0")=0'n (1,2) gu(e,0")=a5'gs (2) =) 


, ‘ 
€:(w, w’) =w~e, G, =) €1(w, w’ =w77e, (2; =) 
(t=1, 2, 3) (i=1, 2, 3) 
, , 
A(w, w=" PA (, =) A(w, w’) =a," MA (2 = 
NOTE: New real half-period is 


w w! oto’ _, 
We WW We 
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18.3. Special Values and Relations 


Values at Periods 


YP, P’, and ¢ are infinite, o is zero at z=2un1, 1=1,2,3 and at 2w,(A<0). 


18.3.1 
18.3.2 
18.3.3 
18.3.4 
18.3.5 


18.3.6 


18.3.7 
18.3.8 


18.3.9 


18.3.10 


18.3.1] 


18.3.12 


18.3.13 
18.3.14 


18.3.15 
18.3.16 


18.3.17 


18.3.18 


18.3.19 
18.3.20 


A>0 A<0 
Half-Periods 
P (w,) =e: (t= 1, 2,3) 
P' (w,) =0(i=1, 2,3) 
n= $(w;) ((=1, 2, 3) 
m=, 2=7+7', m=7" 
H?=2¢3-+- e,e, (i, 7, k=1, 2,3; 149, 14k, 7k) 
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=(€,—€3) (€:— ex) = 2e}-++ — =3e}— 


e, real 
e:>0>e2>¢3 


(equality when g;=0) 


n>0 


n! [450 if 
{co’ |/w1.91014 050 (approx.) 


H,>0, H3>0 
H,=iV¥ —H} 

o(w) —_ enol? / FR/2 
o(w’) = 467 07/2/F2 


o* (wg) = e%22/(— H) 


arg [o(s) |=" +5 


P(o/2)=a.+M>e, 
P' (w/2)=—2H,y2H,+3e, 
$(w/2)=4ln+-¥2H, +38] 


Ys g2 


4e, 4 
é; real and non-negative 
(e€2=0 when g;—0) 
€:=—atiB, es=8; 
where a>0,8>0 
(equality when g,=0) 


m=t(w,)=7'—1 


n2>0 


03/450 if |ws|/o2$3.81915 447 (approx.) 


H,>0 
r/4<arg(H;) <7/2 (equality if g.=0); Hi=H, 
o (ws) =e 9/2 / FTA! 


ni w!/2 


o(wi) ie"? HE 
ow!) =e""*" /(—H) 


nw. ,7 1 


arglo(w’)|=-7- 975 818 (eat Ha—e:) 
Quarter Periods 

Pf (w/2) = e.+Ha> ea 

P' (wr/2) = —2HV2H,+3¢, 

$ (2/2) =4[ 02+ ¥2H+-3ea] 
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A<O 
e72%2/8 


P (i/2) =€2—Ha= PP (w+ 0h]2) Ke2<0 
P'(w2/2) = —2HyiV2H,—3e.= P "(w+ 04/2) 
§ (02/2) = lm — iV 2a — Be] = — § (o2-+ 14/2) +21 


ierter'8 
(os!) = SEPT Bea)" 
=4(we+w,/2) exp [—n’ a] 


o( w/2) = 


P (w’/2)=e,—H; 
P'(w' /2) = —21H;(2H3—3e;)* 
$(o" /2) =$3ln’ —2(2H3—3¢s)4] 


Pes 
e”” [8 pinl4 


“(o'P)=GEROH,— Be) 


One-Third Period Relations 


At 2=2u/3(i=1, 2, 8) or 204/38, P/"=12D Dp"; 


A<o 
f(Qu,/a) =" 4] PCor!s)? 


¢ (2e0s/3) —2nh_[ Peasy 


£(2e" jy=72 | PCeBT 


1 (2eun/3) = eRe Brae!) 
( of ) VY PD’ Qe/3) 
rig ___— XP [2202/9] 
a (2/3) ~ [DP Quy, 7 (23/3) |" e?*#8 


—exp [27’w’/9] 


o(20"/3) =F 7B e5" [3 age 


Legendre’s Relation 


, ‘ id 
N2W2— NgW2= Tr 


Relations Among the H; 


A>0 
e” w/8 
18.3.21 o(«/2)araRCD HT, +30) 
18.3.22 P (w’ /2) =e,—H3;<e3<.0 
18.3.23 Pf "(w"/2) = —2Hyiv 2H,—3¢; 
18.3.24 ¢(w’/2) =4[n’ —iv¥2H3—3e¢s] 
; jer o'l8 
18.3.25 a(w 2) or (QH,—3e,)™ 
18.3.26 DP (w,/2)=e2.—H, 
18.3.27 P ” (w/2) = —2Hi(2H2—3¢e2)# 
18.3.28 £(w2/2) = 3[n2—1(2H, —3e2)3] 
7292/8 pin/4 
18.3.29 o( w»/2)= ROH, —Ben) 
equivalently: 
18.3.30 
A>0 
18.3.31 rufa = 24] DE Gel 2} 
18.3.32 ¢(Qu'/3) "| PEED 
18.3.33 £(2e2/3) —n,{ PCa) 
18.3.34 Qeo/3) = OEP Lene /9] 
(O01) = Cef3) 
113) = OP [20/9] 
18.3.35 o(2w [3)= PD” (2"/3) e218 
—_ EXP [2122/9] 
18.3.36 a (2/3) = TD” (2eae]3) Pett 
18.3.37 nw! — 9! w=71/2 
(also valid for A<0) 
18.3.38 
18.3.39 


Hi+Hj+ Hj=3492/4 


Hi H;+ HH3+ H3Hi=0 
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18.3.40 HiH}?H3=—A/16 
18.3.41 16H’—129,H!+A=0(i=1, 2, 3) 


18.4. Addition and Multiplication Formulas 
Addition Formulas? (2; ¥ 22) 


18.4.1 Pf (atz:) =} [Bese ]- P (a)— FP (a) 

18.4.2 Pp "(a,+e)= Pp (2:+22)[ P "(a:)— see "(22)— Pf "(21) Pf (22) 
18.4.3 Herbad—re)+ie)+5 Fa FS 

18.4.4 (21+ 22)0(2;— 22) = —0*(2;)67(22)[ LP (21)— Lf (22)] 


Duplication and Triplication Formulas 


[ Note that P”’=6 P(2)—Z, P'(2)=4Pz)— go P(2)—gs and P'"(2)=12P (2) Pe) | 


18.4.5 P2e)=-2.P(2)+| Fords 

ae B22) 4 PDH DO DM) DC) PM 
18.4.7 §(22z)=25(2) + DP" (2)/2 P'(2) 

18.4.8 o(22)=— P"(2)a"(2) 

18.4.9 182)=31)-+ rR 

18.4.10 o(3z)=— P”(2)0°(z)[P (2z2)— P(2)] 


18.5. Series Expansions 


Laurent Series 


18.5.1 P(2)= z+ cet? 

18.5.2 where C2= 2/20, cg=g3/28 

and 

18.5.3 3 S k>4 
oe oe (Ok+1)(k—3) 2 CrCk-m) KE 

18.5.4 P"(@)=—22*+ Sk —2)eq2*-* 

=2 
18.5.5 (2)= 27" See H/(2k—1) 
=2 

18.5.6 > 492)" (2gs)" « 

a o(2)—= 23, Om, n( 392)” (29s) ' im+én-+1)! 


? Formulas for ¢ and o are not true algebraic addition formulas. 
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18.5.7 where do,9>=1 and 
18.5.8 Om = 3(M+ La neg (N+1) tips nig (2m-+3n—1)(4m+6n—3)dm—1,2, 


it being understood that a,,,—0 if either subscript is negative. 
(The radius of convergence of the above series for (P—z2~’, (P’+22> and ¢—2™ is equal to the 
smallest of |2w|, |2w’| and |2w+2w’|; series for ¢ converges for all z.) 


Values of Coefficients? c, in Terms of c;. and c3 


18.5.9 C=63/3 

18.5.10 C5= 3203/11 

18.5.11 ca= [2c3-+3¢3]/39 

18.5.12 €,=2c8¢,/33 

18.5.13 ¢g==5e2(1163-+36c3)/7293 

18.5.14 Co=€3(29¢3-+11¢3)/2717 

18.5.15 C1o= (242c8-+ 1455¢2¢3) /240669 

18.5.16 €11= 1 4¢9¢3(389¢3 + 369¢2) /3187041 

18.5.17 Cyo= (114950e8 + 1080000c3e3 + 166617¢%) /891678645 

18.5.18 €1g= 1003¢,(297¢3-+530c3)/11685817 

18.5:19 oqgm= 20 (5287 7008 +71 6467 5e$e3 + 2989602c8) 

(306735) (215441) 

Mean oyg= 4086292181 5c8+179865450c3e3-+ 14051367c%) 
(179685) (38920531) 

ieee agen 8957855 05-+ 1086511320c3c3-+875341836c4) 
(5909761 )(5132565) 

18.5.22 ype 20030171 955¢8-+1 2613807 5e3c3 +28151739c4) 
(920205)(6678671) 

18.5.23 cyp—=1ott470: 949003¢3-+ 30458088737 - 1155c$c3-+ 122378650673 - 37 8c8c3-+ 2348703 -887777¢8 


(1342211013)(4695105713) 


: __ 2¢5e,(336554421 5c§ +-42985 2433 - 45¢803-+- 852774347 75 
FT TANIOEAS1T1IQEQ®TANT)Y. OOOO 


18.5.24 (91100295)(113537407) 


3 NOTES: 3. cy is given incorrectly in [18.12] (factor 13 is 


1. cy-€ig Were computed and checked independently 
by D. H. Lehmer; these were double-checked by 
substituting g,.=20 co, gg=28 cz in values given in 
[18.10]. 

2. ciz-Cig Were derived from values in [18.10] by 
the same substitution. These were checked (numer- 
ically) for particular values of gz, gs. 


missing in denominator of third term of bracket); 
this value was computed independently. 

4, No factors of any of the above integers with more 
than ten digits are known to the author. This is not 
necessarily true of smaller integers, which have, in 
many instances, been arranged for convenient use 
with a desk calculator. 


Value ‘ of Coefficients a,,,, 


712 
—2-3- 5-59 
+107895773 
7/10 7 
2-3. 6-23 | —2-3- 5-59 
+257-18049 +107895773 


a9 79 611 8 10 

P 2-3-5 ~~ 2-3-5-23 —2.3- 5-7 2-3 5-7 

-229-2683 257 181-1699 43-6047 

+18049 +2803 4922497 

as 68 6 10 69 410 

: 2-3-5 —2-3-5-229 —2-3- 5 —2-3- 5-7 —2-3- 5-7 
-9103 +2683 40570423 59-379 +1321 
+142231 1415535763 

$33 a7 58 58 48 4109 B98 

2-3-5 2-3-5-9103 —2:3-5-7 —2-3-5-691 —2-3-5-11-31 | —2-3. 6-7-2383 | —2-3-5-7-19 
4 

31 +13-37-41 83609 +313- 190387 +263-4848053 | -1752686144977 

a4 342 37 36 46 48 47 48 
3 2-3-23 2-3-5-31 2-3-5-17 —2-3-5-83 —2-3-5-503 —2-3-31 —2-3-5-7-11-29 | —2-3-5-7-613 

+109 +3911 156217 315989669 -83-1129-9551 17605225081 
3 33 a5 34 6 47 37 47 9 2 37 3 
2 —2:3 2-3-23 2-3-5-53 2-3-5-37 —2-3-5-17 —2.3-61-151 2:3 —2-3-5-17-53 | —2-3-5-7-17 2-3-5-7 
+167 +3037 653 +2387260103 +2957-41189 -67-195651059 +35866647631901 
2 3 23 3 6 8 a5 7 54 6 
7 —3 2:3 3-19 2-3-311 3-5-20807 23-11 —3-17 —2.3-7-13 3 —2.3:5-7-193 3-7 
-2609 +1578257 2742587 +248882935409 | -138679-274973 -89555603641079 
a 3 2 4 8 4 4 6 3 54 
1 -1 -3 3-23 3-107 3-7-23-37 3-313-503 —3.-7 3-11.37 —3-7-23-14387 —3-71 —3-7-11.:23 3-7-24733 
0 
685973 257981 -40763 +176302760639 -383-739-18539 | -198922785511 
0 1 2 3 4 5 6 7 8 9 10 11 12 


> m 


4 Values of am, n in upfactored form for 4m+6n+-1<35 are given in [18.25], p. 7; of (am. n)3-" in factored form in [18,15], Vol. 4, p. 89 for 4m-+6n+1<25. Additional values were computed and checked on 
desk calculators; primality of large factors was established with the aid of SWAC (National Bureau of Standards Western Automatic Computer). 
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Reversed Series‘ for Large |\P | 


18.5.25 


2=5 5 | auton -+esu' +3 uP 4 Se yt 
+4, (Bal-+ Saf) 1? -+ ales!’ 4-2 (12a+ 708) 0! 
+78 8 (a +Tal)u* +2 2 (Za8-+10a3) ui 
+2202! (Qa8-+ 408) u* 


25 
tag (3808+ 180a%a2-+10a4) u 


4+ lates (1103-+10a2) u?” 


+ so8t, (1480+ 11 55afa-+210a8) 0 
4 2las 
T3531 


(14308-+220a%a3-+ 6a$) 03? 
45a (65a8-++7 28a803-+ 28004) u* 


+ Seas (1950+ 456afo3-+ 42a) ui 


+553 7 (1105a3-+16380a%03-+ 10920aia$ 


+168) ut? 4 2388 (g508-+-280ada% + 560s) 1" 


+ hres (32302-+ 6120afa2-+ 6300a%a$-+-336a08) wu"! 
4 1480s ; 
+55, 43 (161508+7 1400802 + 2520a%0$-+- 2408) u 
" ous) | 
18.5.26 where O2== =g,/8 
18.5.27 ag=g-l8 
18.5.28 u=( LP -1)} 


5 In this and other series a choice of the value of the 
root has been made so that z will be in the Fundamental 
Rectangle (Figure 18.2), whenever the value of the given 


function is appropriate. 


18.5.29 
18.5.30 
18.5.31 


18.5.32 


18.5.33 


18.5.34 
18.5.35 


18. 5.36 


18.5.37 


18.5.38 


18.5.39 


18.5.40 
18.5.41 
18.5.42 
18.5.43 
18.5.44 
18.5.45 


18.5.46 


18.5.47 


18.5. 48 


18.5.49 


Au=a 


28; 
323323 


Reversed Series for Large \P a 
2=A,u+ A;jui+ Azul + Agu?+ ‘ 


where u=( P™) “eB 


A,=2'4 
A=—F A 
= —4a,A, 
A= 
A,=0 
11=8a20;A4/ 11 
Ay "2 (02+ 642) 


Ay= = 96a2a3/175 
Ay — Ate (a3 +1208) 


where a,=g2/6, a3=g/6 
Reversed Series for Large |{| 
2=ut+Asu'+ Ayu'+ Agu’+ . oe 


where u=¢"! 


5 —6,/5 
A,= —6,/7 


Ay = 3663/1 1 
3 

rai (—858+763) 

Ajg= —418363/91 


3 
=p (134963—411683) 


(11543163— 2256863) 


18.5.50 where 5.=g,/12 


18.5.51 


5a= 92/20 
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Other Series Involving P 
[ P(2)=0] 


Series near 29 
18.5.52 
P=LPou [2 —8equ4 


1 1 40C3 pt? 


103. 
3 Uti 


7(12c2—5c3) yt A88c%cs aT 
13 ~ 33 


+ +? [ —5e1— 1400" 


10 
+ Befut-+-38e,equt 4 S4c8— 1008 a Lae 


fe(eet aise) be 


+ 143 
18.5.53 


where u=(z2—2), Po = 
18.5.54 


u= Piloaot+2art + (LPC 4 50) +2 (3 D3 
+1593 P?+70a*)v'+ 202 Pot +7 9, Por +21a*)v* 

Po 2 "4 2 12 8 \ 47 
HSS + {98-+200"} Pot +154 gs Po’ + 132a° } ov 


6 
+152 (2Pe aa {38.608 } Pi aes Po 


143a® 
+" 


P'(20)=iv 9s 


ot (2 psti59 


2002a 9, Pa? 
5 


+ {154a°+33g8} Di +5720")? 


1 ; ; 
+4 (3{280°+08} DP+11g9{ 980° +08} De! 
+2002a° {8 +03} Po 
+16016 a°g, P (7+ 19448 a*) + . 
18.5.55 where v= (P /(P 5)? and a=g,/4 


Series near w; 
18.5.56 
(P —e.) = (Be}—5e2)u+ (10cg¢ +215) u?+ (7e9e3 
+21ee,+ 5e2)u® + (18¢3¢?-+ 30c3e, 
+ 33¢q0s)ut + ( 22tet + 92c.c3¢,4+-105c3 


—e ub TR extatt + 7 che + BActe, 


+2lha, ; a 


3405 45750 


18.5.57 where u=(z—w,)? 


Other Series Involving P’ 
Series near 2% 


18.5.58 
(P’-P od -|- 10c,u-—56c;u> + 30c2u5-+ 264c.cgu" 
4 (840ci~100¢8) 954528 
3 “il 
4 10¢e(55e 231 6e4) ws] 
1438 


+P {- 15e,u*— 28e,u°+ 30c2u8-+ 114c,¢;° 


nase ut 


+7(12—5e3)u?— +. 


18.5.59 where u= (z— 2p) 
18.5.60 
(2—2))=A—bA?— es A‘+3(¢,+67)A® 
+105 @ oe eafgaatats ot 463] A? 
—3D FZ a t21b* A+ (2856%e, 
+100—279 P 7b+132b* )A°+ ... 
18.5.61 where A=(P ’— P 4) /(—10e2) 
18.5.62 and b=493/g2 


Series near on, 


18.5.63 
GP '=2(8e?— 5ey)a+4(10c2¢,+ 21¢3)0°-+ 6 (7c2€? 
+ 21ege,+ 5c3) 05+ 24 (6e,¢7+ 10cze, 


+-11¢9¢3)a7-+10 (2¢8et-+- 9200.0, 105¢2 
8) ot 428 (FF ease +9 es 


+42cte,-+ 9% — o+-70 (= ce} 


ea 681 9150 


i 


ey 


18.5.64 where a= (2—«). 
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Other Series Involving £ 
Series near 2) | P (&)=0] 
18.5.65 
$— f= Pro | - 
452 “3 (5¢3 


poet cgu® cu? 19¢,¢gu? 
2 2 3 22 
a rr ee) ae 
B68 y's 4 OBI 55a) wel. .., 


+ 


18.5.66 
18.5.67 


where u=(z—2), 
$o= (20) 
Series near o 


18.5.68 
15 10c,¢,-+21¢,)aé 
(fn) =e Gt op — AOeaes FP es)a! 
__ (Zerei + 2lese,+5ez) 0! 
7 


_ (6c,e2+-10cze,+ 1 1ee¢3) a? 
3 


(2086+ 92¢.¢3¢;-+ 105¢3—— <3) a 


11 


__2 (364 
13 V1 


+0 cies) a8 5 


110 
Cy esti tt c3e,+42c%e, 


a 2 ree et 


681 5,» 4.9150 


> 11 C2€; Ces ts 143 adts C3 


18.5.69 
where a= (Z—.«) 


Reversed Series for Small |o| 


18.5.70 
—wt v2 8.) 73 17 373 9 
Set ete Or ag & 


4.199278 ott 3842754 86175 | 2B 


55 6006 ve 


18.5.71 where 2=g2/48 


For reversion of Maclaurin series, see 3.6.25 and 
[18.18]. 


18.6. Derivatives and Differential Equations 
Ordinary (¢2=g2/20, c3=g3/28) 


18.6.1 ’(2=— Pz) 
18.6.2 a’ (2)/o(z)=¢(2) 
18.6.3 


P2D)=4 P(2)— 92 P(2)—H=4( P>— Se, P—Te) 
18.6.4 (P’'(2)=6 P?(2)— 3g2=6 P?—10e, 
18.6.5 P''' (2) =12 PLY’ 
18.6.6 
PO(Z)=124 PP" + P' P') 
—s5! [ 9 ~3e,(P ee] 
18.6.7 
P (2) =12 PP!" +2! P+ PP” LP') 
=3-5! P| P?—e1] 


18.6.8 

P® (2)=12( PPO +3 PD’ PV +3 PD" P"' 
+P" P') 

18.6.9 =7![Pt—4e. P?—4e; P + 5e3/7] 


18.6.10 QP (2)=4-7! P| P3— 20, P —e] 
18.6.11 
P © (2)=9![ D> —5e2 P?—5e, P? 


+(10¢2 P + 11e2¢3)/3] 
18.6.12 


P™(2) =5-91P [DP *§— 3, P?—2e; P +-2¢3/3] 
18.6.13 


P(2)=11 D*—6er P'!— be, P? +78 P? 
+ (342c2¢, PD +84c2—10c3)/33] 


18.6.14 
P™ (2) =6-111 DP [PDP '—4eo P?—30, P? 

. +(778 P +57 c2es)/33] 
18.6.15 


P™ (2)=18Y DP! —Te2 P'—T0, P*+354 P*/3 
+210c¢, P ?/11+ (84—35c8) P /13—1363¢e2cs/429] 


18.6.16 
P (2) 


18.6.17 
PP (2)=15![ DP —8e2 P *—B8es P> +528 P */3 
+ 828e.c3 P 3/11+ (444c2—328c3) P 7/39 
—488¢e3es P /33 + c2(55e83— 23163) /429] 


=7- 13!@ TP 8§— 5e, PP *—4e3 P a 
+5 P?+60ce3 P /11+ (12c3—5e3)/13] 


18.6.18 


PO (2) =8-151P "| P?— 6c. P>— 5c, P*+2603 P */3 
+123¢2¢, P?/11+ (1113-8203) P /39—61ches/33] 
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Partial Derivatives with Respect to Invariants 


18.6.19 

A oe GP’ (301-502) +60 P*—9n,P 9 
18.6.20 
A 2P_ 9 (-3 gt + 22) — 99,7 P48 p+ 293 
18.6.21 
ast——sr(o.P Fs 5 9:) 


1 3 ; 
+5 Zz (99:9 +59: 3 2 P 


18.6.22 
atk ¢ (99D +5 0) 
5 922 (5 2P + 9s) +4 93 P' 


Oc Oc _3 ” 2 9 , 
18.6.23 A og, 2 920 +3 gots g32"0 9 9220 


1 3 1 
se= 7 930" —5 G20 —F 5 Gagseots G20" 
F 3 
here ’ denotes —— 
Oz 
Differential Equations 
18.6.25 
Equation Solution 
Be _ a7)? =$+ a (Ko, —) 
18.6.26 
2 
B— (748— 2 bs 
y (y? 3ay?+3y) y a—3 Pp "(a 0, 93) 
__4—3a? 
ee 


18.6.27 


YTS yta)ytb) — y=6 Pe; 2, 0)—6, 


g=—5 (ab) 


y’’=[a P (2)+bly (Lamé’s equation)—see [18.8], 
2.26 

For other (more specialized) equations (of 
orders 1-3) involving ((z), see [18.8], nos. 
1.49, 2.28, 2.72-3, 2.439-440, 3.9-12. 

For the use of  (z) in solving differential equa- 
tions of the form y’"-+ A(z,y)=0, where A(z,y) is 
a polynomial in y of degree 2m, with coefficients 
which are analytic functions of 2, see [18.7], 
p. 312ff. 


18.7. Integrals 
Indefinite 


18.7.1 fg (ede=h P'(z) +5 922 


18.7.2 fg *(e\de=ao5 Qe ()-# gab (2) tig 932 


(formulas for higher powers may be derived by 
integration of formulas for (™ (z)) 

For { @*(z)dz, n any positive integer, see 
[18.15] vol. 4, pp. 108-9. 


If P ’(a) #0 
18.7.3 


nq) {~~ 
P'® | F5-FO 
=22¢(a)+In o(z—a)—In o(z+<¢) 


For fdz/[ P (2)— P (a)I",( P ’(@) 40) nany posi- 
tive integer, see [18.15], vol. 4, pp. 109-110. 


Definite 
A>0 A<0 


18. 7.4 


waft of dt 
a s(t) « vs(t) 
18.7.5 


oni [" Tea wil” aa col 


where ¢ is real and 


18.7.6 


18.7.7 8(t)=4t5—gat—gs 
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18.8 Conformal Mapping 


w=utiv 


A>0 
w= (p(2) maps the Fundamental Rectangle 
onto the half-plane »<0; if |w’|=o(g=0), the 
isosceles triangle Oww, is mapped onto u>0, v <0. 


w= (p'(z) maps the Fundamental Rectangle 
onto the w-plane less quadrant ITI; if |w’|=o, the 
triangle Oww, is mapped onto »>0, v>u. 


A<0 

w=((z) maps the Fundamental Rectangle 
onto the half-plane v<0; if |w:|=we(g;=0), the 
isosceles triangle Ow w’ is mapped onto u>0, 
v<0. 


w= (p'(z) maps the Fundamental Rectangle 
onto most of the w-plane less quadrant III; if 
|w,|—=w,, the triangle Ow,w’ is mapped onto v>0, 
v>U. 


(a= period ratio) 


w=¢(z) maps the Fundamental Rectangle onto 
the half-plane u>0. If a <1.9 (approx.), »<0; 
otherwise the image extends into quadrant I. 
For very large a, the image has a large area in 
quadrant J. 

w=<o(2z) maps the Fundamental Rectangle onto 
quadrant I if a <1.9 (approx.), onto quadrants 
I and II if 19<a<3.8 (approx.). For large 
a, arglo(w.)] =o consequently the image winds 


around the origin for large a. 


Other maps are described in [18.23] arts. 13.7 
(square on circle), 13.11 (ring on plane with 2 
slits in line) and in [18.24], p. 35 (double half 
equilateral triangle on half-plane). 


w={(z) maps the Fundamental Rectangle onto 
the half-plane w>0. The image is mostly in 
quadrant IV for small a, entirely so for (approx.) 
1.3<a<3.8. For very large a, the image has a 
large area in quadrant I. 


w=o(z) maps the Fundamental Rectangle onto 
quadrant I if a<3.8 (approx.), onto quadrants I 
and II if 3.8<a<7.6 (approx.). For large 


a, arg [- (ot 2) | ae consequently the image 
winds around the origin for large a. 


Other maps are described in [18.23] arts. 13.8 
(equilateral triangle on half-plane) and 13.9 
(isosceles triangle on half-plane). 


Obtaining P' from Gf” 


Fundamental Rectangle 


Fundamental Rectangle 


Ao A < 0 
FUNDAMENTAL RECTANGLE FUNDAMENTAL RECTANGLE 
y 
w! = 

id wi /2: 

ia/2 

; Ss 
(o) 4 Ww: * 
Figure 18.4 
In region A In region A 


AP") >0ify>.4andz2<.5; £(P’) >0 elsewhere 


(1) If a>1.05, use criterion for region A for 
A>0. 

(2) If 1<a<1.05: A(P’)>0 if y>.4 and 
r<.4, —r/4<arg (P’)<3n/4 if 4 y<.5 and 
A 2<.5. JI(P')> 0 elsewhere 
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In region B In region B 


The sign (indeed, perhaps one or more significant Use the criterion for region B for A>0. 
digits) of (P’ is obtainable from the first term, 
—2/2, of the Laurent series for (P’. 


(Precisely similar criteria apply when the real half-period 41) 


A>0 w=1 
Map: ((z)=u-+w 


Near zero: (2) =5+ €1 


Pp (2) =Stoette 


leé,is.2 
lég|¢.003 
re 
@ =t 
w’ =1.42 
“48 3 -2 +1 te) I 
6 2 3 4 
-l 
-2' 
3 
-4 ee 
-5 
; , <. 
w’ =2.04 i els 


légls .02 


Figure 18.5 
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4<0 w=] 
Map: (z2)=u+iv 


Near zero: ( (z) =5te 


Plz) =atettes 


-1 
-2 
3 


-4 


~l 
-2 
3 


rs Sener” 


-4i 


-I \ 


3 


-4 


Figure 18.6 


161.7 
[€o{ $ .05 


lél<s.2 
le, $.06 


lé,| < .07 
1&1 $03 
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A>0 w=] 


Near zero: (2= te 
1 
(et 


2.01 5 


1.0 18 2.0 2.5 3.0 


Figure 18.7 


+e 


les 08 
legl ¢ 2x10-$ 


le, ¢ 007 
fe, ¢ 9002 


l€1s .007 
l€p{ $ 0002 
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A<0 w= 1 


Map: {(2)=u-+i0 


Near zero: (2=Ste 


1 Coz 


S(2)=s——y te 


le,l¢.04 
lézl< .co02 


75 
5 
x 
l€\1 s.007 
lé€z}<.c009 
P 5 
@) = 1 54 
lel <.004 
te,l<.0004 
, . 
w= 2, 02 


Figure 18.8 


w’ =1.47 


w’ =2.02 
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A>0 w=] 
Map: o(z)=u+w 


FIGURE 18.9 


647 


648 ‘WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


A<0 w= 1 


Map: o(z)=u+ww 


Fiaure 18.10 


(Here 


18.9.1 


18.9.2 


18.9.3 


18.9.4 


18.9.5 


18.9.6 


18.9.7 
18.9.8 
18.9.9 


18.9.10 
18.9.11 


18.9.12 


P'(z2)=—2(e:—e3)*”- en(z*|m)dn(z*|m)/sn*(2*|m) 


where 


18.9.13 n= §(u) =) [3E(m)+(m—2)K(m)] 


18.9.14 
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18.9. Relations with Complete Elliptic Integrals K and K’ and Their Parameter m 


and with Jacobi’s Elliptic Functions (see chapter 16) 


A>0 
_(2—m) Km) 
3w* 


_(2m— —1)K*(m) 
3a" 


_—(m+1)K(m) 
a ae 


_ 4(m?—m+1)K(m) 
R= 3a! 


_4(m—2)(2m—1)(m+1) Km) 


270° 


_16m?(m—1)?K"(m) 
gh 


a _1K'(m)w 
K(m) 


w=K(m)/(e—e)"" 


m= (€:—€s)/(e:— es) 


A<0 


(2m—1)+6i/m—m? 
rca” Seca 
__2(1—2m)K*(m) 
- 3a 


_(2m—1)—6i-¥m—m? 
gg 
P __ 4(16m?—16m+1)K*(m) 
= Bu 

__ 8(2m—1)(32m?—32m—1)K%(m) 
- 27 «8 


—256(m—m?)K(m) 


wo} 


A= 


,_ 4K" (m)oos 
oo K(m) 


w= K(m)/Hz” 


[0<m <3, since g;, >0) 


P(2)=e3+(e1—es)/an*(2*|m) 


2*=(e,—e)}z 


74 
n= f(a!) = — 


P(z)=ea+H 


m=f (w2 


1+cn(2’|m) 
1—cn(z2’|m) 


17.\_ 7 4H3sn(2’ |m)dn(2’|m) 
P= ent" en 
where 


2/=22H} 


n=t £(w) A) [6E(m)+(4m—5)K(m)] 


s) _Naw@a— mrt 
w 


[E(m) is a complete elliptic integral of the 2d kind (see chapter 17).] 
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K(m) and K’(m)=K(1—™m) are complete elliptic integrals of the 1st kind; see chapter 17.) 


650 WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


18.10. Relations with Theta Functions (chapter 16) 


The formal definitions of the four 3 functions are given by the series 16.27.1~16.27.4 which converge 
for all complex z and all g defined below. (Some authors use zz, instead of z, as the independent variable.) 
These functions depend on z and on a parameter g, which is usually suppressed. Note that 


91(0) =92(0)83(0)d.(0), where 3,(0) =9,(0, 9). 


A>0 
18.10.1 r= fe 
18.10.2 qr ae RIE 


18.10.3 
q is real and since g3>0(|w’|>w), 0<q<e* 


18.10.4 (=a 

18.105 P(z)=e + | 22%) T 
7° 407 L3541(0) 010) 
j=1, 2,8 


® 92(v)93(0)34(0) 3° (0) 


1810.6 P'(2)=—FS 5, (0)3,(0)9,(0)92@) 


18.10.7 t(2)= mee 
18.10.8 o(2)="* exp (1 ao) 


18.10.9 12c%e,=2[84(0) +04(0)] 
18.10.10 12u%e,=1[94(0) —84(0)] 
18.10.11  12w%es=—7[94(0) +04(0)] 


18.10.12 (e2—¢)#=—i(es—e2) = F-91(0) 
18.10.13 (e:—~€3)#=—i(¢s—e:)§= 5-93 (0) 
18.10.14 (e,—e:)!=—t(e2—e;)#= 5 8%(0) 
18.10.15 2 (= 98 g 8 
ol. R=3 2a [8(0) +98(0) +98(0)] 


Ts 
18.10.17 At=759;(0) 


7*3;''(0) 


18.10.18 = $@)=—F55870) 7(0) 


18.10.19 /=f(w’)=E — 


A<O 
a= W2/2w. 


q=tg.=te'"2 = Je~ 7 o4l/2e2 


q is pure imaginary and since g3>0(|ws| >), 
O<lql<e-*? 93 || > we 


(v= 12/2w.) 


= 31(0)32(v) 
Pi=eatgy sal oars 


, ee Ws 32(0)393(0)d.(v)9;5(0) 
P'()=—FF 94(0)94(0)9,(0)90) 


me mdi(v) 
He) Ded.) 


8,(v) 
3;(0) , 


12w2e,=71*[94(0) —84(0)] 
12we.—=71[94(0) -+4(0)] 
12w2e,= —x*[04(0) +94(0)] 


2. 2 
sor wo 


(€2—¢s)=#(¢s—¢2) = 7 -03(0) 
(€1—¢,)#=i(¢s— es) =p -92(0) 
(e2.—e:)4= —i(er—es)'= 97-910) 


5 (<=) (980) +0800) +9200) 


93= 4 1€2€3 


r 
~~ A\t—-—__.9/2 —ix/4 
(—A) = Foire 


7*3;"" (0) 


m= E (0) =~ 19 91 0) 


7) 


, 
ee 
m=f(w,) = 
W2 
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Series 
18.10.20 3,(0)=0 
18.10.21 82(0) =2g[1 +g? tg r+tgtt ... +grmtPt | 
18.10.22 8:(0)=1+2lgtg+e+ ...+ge+.. J 
18.10.23 8,(0)=14+2[—q+¢—@t+ ... +(—1)"gr’+ ...] 
re Attainable Accuracy ee 
Note: 8,(0) >0, j=2, 3, 4 Note: 3:(0) =Ae'**, A>0; 
R4(0)>0; 94(0) =93(0) 
3,(0): 2 terms give at least 5S 2 terms give at least 3S 
j=2,3,4 3 terms give at least 11S 3 terms give at least 5S 
4 terms give at least 21S 4 terms give at least 10S 


18.11 Expressing any Elliptic Function in Terms of & and (P’ 
If f(z) is any elliptic function and ((z) has same periods, write 
18.11.1 SD=WAA AH-—2AI+H(SOK-AHP'@}1P'(. 


Since both brackets represent even elliptic functions, we ask how to express an even elliptic func- 
tion g(z) (of order 2%) in terms of (P(z). Because of the evenness, an irreducible set of zeros can be 


denoted by a, (t=1, 2, . . . , &) and the set of points congruent to —a, (i=1, 2, . . . , k); correspond- 
ingly in connection with the poles we consider the points +6,,2=1,2,...,. Then 

. P(2)— Pa) : 
18.11.2 =A I< SS * here A 


a constant. If any a, or 6; is congruent to the origin, the corresponding factor is omitted from the 
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity. 


18.12. Case A=0(c>0) 18.12.9 q=1, m=1 
Subcase I 18.12.10 o(w)=0 
18.12.1 g2>>0, 93<0: (€;=@2=c, €3= —2c) Quo! er 2/4 
18.12.11 o(w’)= 
18.12.2 H,=H,=0, H;=3c < 
18.12.3 18.12.12 o(w2)=0 
Pf (2; 12c?, —8c*) =c+3e{ sinh [(3c)*2]}} -? 18.12.13 P (w/2)=c 
18.12.4 18.12.14 P"(w[2)=0 
¢(2; 12c?, —8c*) = —ez+ (8c)? coth [(3c)!z] 18.12.15 £(w/2)=— @ 
1812.5 18.12.16 o(cw/2)=0 
a(2; 12c?, —8¢*) = (3c) sinh [(3c)tz]e~ 7/2 
18.12.17 P (w'/2)=—5e 
18.12.6 w= 0, w’=(12¢)—tri 7 


18.12.8 9’ ={(0') = —cw’ 18.12.19 £(w’/2)=3(—cw’ +2/0’) 
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1 px?/96 18.12.46 " (w_/2) =0 
18.12.20 o(a' 2) Pwa)2) 
18.12.47 2) =e 5 
18.12.21 P (w/2)=e Mae g ee 
18.12.22 P' (w2/2)=0 | 18.12.48 o(w2/2) =0 
toe Subcase IIT 
18.12.23 $(w,/2)=— @ —S 
18.12.49 g2=0, gs=0(e,; =: =e3=0) 
18.12.24 o(w/2)=0 18.12.50 P (2; 0, 0)=2? 
Subcase II 18.12.51 t(2; 0, 0)=27? 
18.12.25 18.12.52 o(z; 0, 0)=2 
920, g3>0: (€:=2c, e-=e3= —C) . 
18.12.53 w= —tw’=0 
18.12.26 A,=38e, H,=H,=0 


18.13. Equianharmonic Case (g,=0, g;=1) 
18.12.27 P(2; 12c?, 8c?) =—c--3¢e {sin [(3c)#z]} -? 
If g.=0 and g3;>0, homogeneity relations allow 


18.12.28 us to reduce our considerations of @ to P(z; 0, 1) 
¢(z; 12c, 8c*) =cz-+ (3¢)} cot [(3c)#z] (P’, § and co are handled similarly). Thus 
P (256, 93) =93'* P (293/°;0,1). The case g.=0, 

18.12.29 g3=1 1s called the EQUIANHARMONIC case. 


; 3) = -} qi to] pc27/2 
Pai AEG) Oi) = 8) Demi e)zle 1 FPP; Reduction to Fundamental Triangle 


= -4 fo , 
iia os i al A, = A0w2% is the Fundamental Triangle 
eles ae a Let « denote #* throughout 18.13. 
| po , _ . 
Mee 7 he 1.5299 54037 05719 28749 13194 17231° 
18.12.33 q=0, m=0 
w"/%4 
18.12.34 sae 
Tv 
18.32.35 o(w’)=0 
18.12.36 o(cs) =0 
18.12.37 P (w/2) =5e 
: os 
18.12.38 Pwo) =F 
18.12.39 ¢(@/2)=3(cw+7/w) 
+? /96 
18.12.40 o(uf2)=—=o ov 
18.12.41 Pw! /2)=—c 
18.12.42 "(w’/2)=0 
Pw'?2) Ficure 18.11 
18.12.43 ¢(w’/2)=+ie 
18.12.44 o(w’/2)=0 6 This value was computed and checked by multiple 


precision on a desk calculator and is believed correct to 
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Reduction for 2, im Ag: 2;==€2Z, is in Ay. 10.13.9 Special Values and Formulas 

18.13.1 P(a=e? P (a) A=—27, H,=~73(4-")é, 
18.13.2 Pi(2=—-P'(a) H,=3(4-"*),  Hy=~3(4-"*)e 
18.13.3 £(22) =e f(a) 18.13.10 m=sin? 15-238, a 
18.13.4 o(%) = «0 (2) 18.13.11 3, (0) = Aet=/8 
Reduction for 2; im M3: 2;==€71(2w’— 2) is in A; 18.13.12 33(0) = Aetx/4 

* mf —A 44/24 
18.13.5 PD (22) =e? P(z) onetees 94(0) = Ae 

18.13.14 

18.13.6 P'(22)= P' (a) 


where A= (wo/2) 1721838 = 1.0086 67 


W137 f(2)=—e (a) +20’, =F(w") K(m)2 _ 11/3) 


18.13.15 ot 
18.13.8  o(2,)=e0(z,) exp [(z,—w’) (2n’)] Oa B84 4 
Values at Half-periods 
Lf Lf ¢ o 
18.13.16 
w= w €) = 4-132 0 n=enr/2a,V3 e—'a (wg) 
18.13.17 
fA V8, 
ow @.=4-M3 0 m=nta! =x/2a,V3 Cr 
18.13.18 
w = wy 03 = 4-V3_-2 0 a! =e7e/2QwzV3 €o (wa) 
18.13.19 - 
sedt/4VI(OU/8 
wy! eave 0 12! = — wt/2un=9' —9 — 
Values’ along (0, w.) 
Pp Pp 4 ¢ C 
18.13.20 
2on/9 Vcos 80° — V3 “cos 20°-+ cos 40°] 
: Vcos 20° — cos 40° Vcos 20°— Veos 40° 
18.13.21 
5 (Q23-4. 24 94/3 7/8603 , (BRT 
w/3 1/(248—1) — ¥8(28-+1)/(218—1) 2, One) oor Vee 
18.13.22 
eoa/9 cos 40° — ¥3[ cos 20°-+ Yeos 80°] 
Vcos 20°— Vcos 80° Vcos 20°— Vcos 80° 
18.13.23 
——— ; ———— rev 3; 
woy/2 eat He — 3/248 (/4eoy 3) + (3'4V 2-4 5/249) aOR 
gi48lo4 V3 
18.13.24 a 
2e/3 1 — 3 2 (m2) + 3-12 eriov 3/3) /6 
18.13.25 
Ben2/9 Vcos 20° — J3[Vcos 40°— Vcos 80°] 


Vcos 40° + Vcos 80° Veos 40°-+ Vcos 80° 


7 Values at 22/9, 4w2/9 and 82/9 from [18.14]. 
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Values along (0, 2») 


Pf f’ ¢ o 
18.13.26 er/12 Vigix/s 
zo/2 —Q32 3i al e-it/6 an 
18.13.27 = = 7/16 V3 ix 
320/4 2(e.— H:) i(38/4)-V2—3 Ze aL ewe Vs 
ee 0 t ae e7ir/6 er /3V3, gix/6 
Duplication Formulas where tan ¢= QP'(zr), 0<r<2w, and we must 
P(e P2)+2] choose ¢ in intervals 
18.13.29 P22)=— SS 
4P%(z2)—1 2 
2P(2)—10 PX2)—1 (+3 5) = wee 
18.13.30 P22)? EG) 
+5), 3 we I 
3.D%2) P ; P (Ez at » respectively. 
18.13.31 ¢(22)=2¢(2)+---~ Dz) 
Complex Multiplication 
Se a a OZ 18.13.35 P= P (2) 
Trisection Formulas (x real) 
18.13.36 P'(e2=— P'(2) 
aos —- 18.13.37 ¢(e2) =e f(2) 
cos —3— 
18.13.38 a(ez) =€0(2) 


18.13.33 9 (2)= Tot ilan 82 


In the above, e denotes (as it does throughout 
section 18.13), e***. The above equations are useful 


age o44 fe _ o+n as follows, Og. ae 
18.13.34 (p’ G )=-v8 2 No If z is real, ez is on Ow’ (Figure 18.11); if ez 
3 d {eos o+7 were purely imaginary, 2 would be on 0% (Figure 
cos 5—~4/ cos —— 
3 18.11). 
Conformal Maps 
Equianharmonic Case (co ct = Se cates -3i" eons A nas 
ro ay, x) 
Map: f(z)=u-+iv : n TAA Aa 
mabe NV eS “Fan 
li ' t \ 12‘ P = 
-4 \ | oe a S3 WS 
P (2) i U \ Ai : NC 
ri 6i yi ‘ 
. : A 1.0 \ 
1 6 t \ c 
Near zero: (2)=Ste P\A aN 
= ' 1 \ x 
1 e 8 ; iN \ 
a_i? F 
aaatogte -1.0 i 8 16,1 <.04 
l€al $001 
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Pz) 


Near zero: (PD (2a 


Pf (=F Ete 


(2) 


Near zero: (25+ € 


i 2 
S(2)= -jaote 


Figure 18.12 
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Coefficients for Laurent Series for P,P’ and ¢ 
(Cm=0 for mx 3k) 


EXACT C3K 


tog 


1/28 

1/(18-28%) = 1/10192 

1/(18-19-28?) = 1/5422144 
3/(5-132-19-284) = 234375/ (7709611 x 108) 
4/(5-13?-19-31-28°) = 78125/(16729 85587 X 10°) 
(7-48) /(13% 192.31-37-28°) 
(6-431)/(5-138.192.31.37-43-287) 

(3-7-3138) /(5?-134-192.31-37-43-288) 

(4.1201) /(5?-134.193.31.37-43-28%) 
(22-3-41-1823) /(5-135-193-312.37-43-61-28)9) 
(3-79-7383) /(5-134-193.313.37-43-61-67-2811) 
3-1153-13963-29059 

53.13%. 19!.312.372.43.61-67-73-28)2 
22.32.7.11.2647111 
5*.135.194.312.372.61-67-73-79-28' 


— 
KPODO ONO Ot Whe 


— 
Lv) 


_ 
oo 


APPROXIMATE cz, 


28571 42857 xX 10-7? 

8116 16954 47409 7aai2 40188 x 10-5 
8442 88901 21693 55885 789831077 
36650 35758 61350 20301 10-1 
95161 83961 00384 33643x 10-8 
18676 79393 36788 98x 10-16 
31742 57961 41839 6610-1" 
3685 06574 79360 13026 8710-2! 
8800 72610 01329 79236 40x10-* 
5497 66946 68202 63683X 10-7 

48599 51463 05316x 10-% 


5541 38864 99184 30391 x 10-3 


SF FP PNP rom Por oo 
~ 
© 
© 
i—) 


0171 15776 98241 99591x 10-% 


First 5 approximate values determined from exact values of cs; subsequent values determined by using exact ratios 


€3x/€3,.-3, using at least double precision arithmetic with a desk calculator. 
use of the recursion relation; c;—¢27 are believed correct to at least 21S; 


C3 
Cok SRT, OREN” k=2, 3, 4, . 


Other Series Involving P 


Reversed Series for Large |P | 


18.13.39 
—((M-1)172 u sh 5u | 7ué , 68u5 
ee [a+ +36 38 ' 40 " 248 
231u°  429u? 
+ te +0 )} 


18.13.40 where u= (-3/8 and z is in the Funda- 
mental Triangle (Figure 18.11) if has an appro- 
priate value. 


Series near 2 


18.13.41 
6 
pain [1-3 e+e a [tw [ 3+ row 
18.13.42 


wai [1+ B42 P42 pr OF" +o} 


18.13.43 where u=(2—2)) 


Series near w; 


18.13.44 
(P —e)=3ehu [1 tatets x 


285 


+3 ate 2+ a 637 xo oc) | 


18.13.45 where u=(2—w,)?, x=egu 


All approximate c’s were checked with the 
€30—¢39 are believed correct to 20S. 


18.13.46 
-1 2 6 3 5 
u=e;'| w-—w +e wits Ww 


+2 w— w+-O(w*) } 


18.13.47 where w =( P —e)/3ee 
Other Series Involving P’ 


Reversed Series for Large | LP , | 
18.13.48 


2=218( (Pp 1B)—letxls bor (P> 
+7o5 (PY+0.9'- | 


2 being in the Fundamental Triangle (Figure 18.11) 
if (P’ has an appropriate value. 


Series near 2) 


18.13.49 


a. 5 Oe 5 2 34 
(P'—ij=n[ 2-2 Fat Brow | 
18.13.50 where z= (z— 2p)? 


13ta? 


18.13.81 2= 2a 1 mia 2 of Be ea +O(0') 


18.13.52 where a=(P’—i)/(—4) 
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Series near w» 


18.13.53 
PP’ =6e2(z—wy) [} +204 30°42 Ca 


+2 tt oh #4000") | 
18.13.54 where v=e,(z—w.)” 


18.13.55 
(2—w)=(P"/6e2) [120-902 uF 


+ 33022680 + “12058 w'-+0(w") | 
18.13.56 where w= P 7/9 

Other Series Involving ¢ 

Reversed Series for Large || 
18.13.57 

es Pee | 177° __ 4967" r } 

ae [1-3 +793 ~ 3553 tO) 
18.13.58 y=$-*/20 
Series near 2) 
18.13.59 
; = us 3ult 


18.13.60 where u=(2— 2) 
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27.35.5?.31 


8, 38.5. 
ae 254 2:38-5-9103 


aC 


__2!9.3°.5-229-2683 oy 
371 


_244.310.5-23-257-18049 - 
43! 


15,212 © FQ, 
__ 25.312.5 SOULE 40(2) 


18.13.66 
o 4108 13-3370 
eo 503 57 + O33.571113 | 9.3658-11-17-19 


31-1010 


1 
FH SAN TOs + OOM ) 


+ 
Economized Polynomials (0 <x <1.53) 


18.13.67 2 P(o)=> a,x" -+-€(2) 
| e(x)|<2 107? 


ay=(—1)9.99999 96 
a,=(—2)3.57143 20 
a= (—5)9.80689 93 
a;=(—7)2.00835 02 


a4=— (—9)2.20892 47 
d@s=(—10)1.74915 35 
G@g= — (—12)4.46863 93 


18.13.61 


Series near w:; 


({—n2)=— €2(2—we) [1 +o+3 e+e +e vt 


18.13.62 
18.13.63 


(ew) ==) a) ™) w+ 


+2 Ati At ee o+0(0) | 


0=€,(2—w,)? 


+e oe ee 


24 0 0 
18.13.64 w= (¢—12)?/e2 
; Series Involving o 
18.13.65 
poses 7 23° 28.34.23 gi0 


a a 


18.13.68 2D" (=> Ont?" + (x) 
|e(x)|<4X10~" 

a4= —(—9)2.12719 66 

as=(—10)6.53654 67 

Ag== —(—11)1.70510 78 


a= —2.00000 00 
a,=(—1)1.42857 22 
da==(—4)9.81018 03 
a3=(—6)3.00511 93 


18.13.69 =>) G,2°" + €(x) 
|e(x)|<3X10-8 
a= (—1)9.99999 98 a4==(—10)6.12486 14 
a,= —(—3)7.14285 86 as;=(—11)4.66919 85 
dy= —(—6)8.91165 65 dg=(—12)1.25014 65 


dg= — (—8) 1.44381 84 
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18.14. Lemniscatic Case aFPP; Reduction to Fundamental Triangle 
A:=A0ww, is the Fundamental Triangle 
w ~1.8540 74677 30137 1928 

Reduction for z in Ag: 272, is in Ay 


(g2=1, gs=0) 
If g.>0 and g,=0, homogeneity relations allow 
us to reduce our consideration of to P (2; 1, 0) 


(P’, § and o are handled similarly). Thus P(z; | 19141 au 
G2, 0)=g:t P (294; 1, 0). The case g=1, g=0 is - 
is called the LEMNISCATIC case. 18.14.2 P(e) =i QP" (a) 
y 18.143 5 (22) =—iF (2) 
18.14.4 o(22) =t6 (2) 


Special Values and Formulas 


18.14.5 
A=1, A,=H;=2-3, H,=1/2, 
m=sin? 45°=4, g=e7* 
18.14.6  3,(0)=04(0) = (wy2/r)}; 3,(0)=(2u/r)t 
271 ~ 
18.14.7  w=K(sin? St a a where 
® =~ 2.62205 75542 92119 81046 48395 89891 11941 
36827 54951 43162 is the Lemniscate constant 
[18.9] 


8 This value was computed and checked by double 
precision methods on a desk calculator and is believed 


Figure 18.13 correct to 188. 


Values at Half-periods 


Pp f' 5 o 
18.14.8 
w= ay a=h 0 n= 2/4 er/8(21/4) 
18.14.9 
w= Zo @=0 0 ntn’ er/4(4/2)eie/4 
18.14.10 
wo! = w3 e=—} 0 n =—Tt/4w ter/8 (21/4) 
Values along (0, w) 
P P' t o 
18.14.11 
Va 
@f4 3 (Voe+ 24) (1-+4.21/4) 
18.14.12 aan 
. a er 
w/2 a/2 —a a + i 5 
18.14.13... 
a /2y3+3 2. V P (2u/3 er/18 (31/8) 
2. vi+sec 30° = 2n 0/3) 
0/3 4¥1+sec 30 5 + - a 
18.14.14 
30/4 Vecva—2h (+2) 


a=1+72 
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Values along (0, 20) 


P P f . 
18.14.15 ; — e*/84(Q1/82) 
2/4 —g(atv2a) ae Yat y2)eir4 aA fat vain On" 
18.14.16 1 
2/2 —1i/2 eth [ aatz| eas et /16 (21/8) gix/4 
18.14.17 
i eit 42 3—8 2n2, TP (2zo/3) 2 | exMeixa(guny 
22/3 a vsec 30°-1. re: a a 7: | Wa e—3 
18.14.18 F ete, er/(QUs) 
32/4 —% (a—V2a) a( ya— y2)eir4 aM ya— yaa on" 
a=1+ 72 

Duplication Formulas 18.14.24 
18.1419 (D(22) 1D’ (§)=P' (a) F2P (a) +4W PEF 

=[ Pa) +4l1{ Plal4 P{2)—-1)} 
edias —2P(e)—-aWP@)+4 


—2 (P(x) (See [18.13].) 


P' (2z)=(B+1)(8’—68+1)/[32D (z)], B=4 D(z) fis as Ss eee oul 


2 = 
18.14.21 ¢(22)=2¢(2) saeaoe _ Complex Multiplication 
18.14.22 o(22)=— (P'(z)o*(z) a Pliz)=— P(e) 
Bisection Formulas (0<2< 2w) 18.14.26 P ‘(iz)=1P (2) 
18.14.23 18.14.27 t(iz)=—4t(z) 
z 
Pp () 18.14.28 a(iz)=t0(z) 


= 4 1}4 3 —1}4 
LPMA)+(P@+AP a) + (P @)—3}"I The above equations could be used as follows, 
[Use + on 0 2r<o, — on w<2x< 2a] e.g.: If 2 were real, 12 would be purely imaginary. 


Conformal Maps 


Lemniscatic Case 
Map: f(z)=u-+io0 
Pz) 


Near zero: P(2)=5t €; 


1, 2 
Pl2)=Astaoten lz|<1 


a Y le, <.05 
Near zo: Pla) +e, l€2l<.0009 
legis .t 
|e— zo] <2 légls.o1 


= =e =(e—-2))" 4 (2 20)" 
Pl2)= “30 +e 
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v 
3 Ps 
4 
A 7 
1 . 
\ ; ra 
\ i , 
\ 1 ? 
‘\ \ ' / 
‘\ \ ! / 8 ~or 
Pz) 2 \ \ ’ 7 
. ‘ : . 7 ” 
\ i i : “ leis. 
\ a re crs NS ae 
. ‘ f 10 “ ---- l€2] <¢.004 
N\.2t \ 1 1 . /6i o-7t” 
. ol l€sl<.4 
N ‘ ‘ hoof 2 
XG s \ . , : ori l€ql<.i 
N ~ pee x Nit 7 
si “\ \ S uat S -W%; 
“Sy “Ss ‘ \ ae a 
Sia ore CLP PO 
“Ft-L PACED 
oi % | 
woobas ewe ww aw wok dL u 
-3 -2 -I .e] | 2 
—2 i: , __—(2—-2) 
Near zero: P'a=B +a Near 2: P’(z)=—"3—" + 6s 


BP =Gr ite P"(2)= 


f(z) 
Near zero: H(2)=S+e 
1 2 
S(2)=2—got & jel}<l 
Near 2: ¢(2)= = 1,4 Eat al as 
je—2zol<y2 
(gal ze _(2—2)" 
t(z2)= ot 560 an +e 

1.6 2... 
2.0 J\ 
164) fo 
we a BALL 

1.2 Sak 
1.0 off. ALE A i 
wfttt rt FY gi 

974 Wk Oe OD te ; 

a TIED tf? 

> ie a PIP m7 .5i 

2A STITT TT Tr Hy. 3i 

be “PTT hl 7 ali 

0 “5 7.0 1.5 2.0 


Ficgure 18.14 


—(2—-29) , 3(2—20)° 
gs ag ee 


1€,1 <.02 
l€,l<.0001 | 
1€3| <.02 
1€,1¢.002 =. 


2.5 
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Coefficients for Laurent Series for Df, Pf . and ¢ 
(cm = 90 for m odd) 


i EXACT c2, APPROXIMATE ec, 

1 | 1/20 05 

2 | 1/(3-20%) = 1/1200 (8333... . X10°3 

3 | 2/(3-13-20%) = 1/156000 641025 641025 ... 10-5 

4 | 5/(3-13-17-204) = 1/21216000 .47134 23831 07088 98944x 10-7 
5 | 2/(3?-13-17-205) = 1/(31824 X 108) .31422 82554 04725 99296 10- 
6 | 10/(3?-132-17-208) = 1/(4964544 x 108) 20142 83688 49183 32882 10-11 
7 | 4/(3-13?-17-29-207) = 1/(7998432 x 10”) .12502 45048 02941 37651X10-" 
8 | 2453/(34-11-13?-172-29-208) = 9582031 25/ (1262002599 x 10!*) .75927 19109 76468 59917 10-16 
9 | 2.5-7-61/(33-132-172-29.37-20") = 833984375/(18394643943 x 1017) 45338 43533 93461 06092 10-8 


Cok <s2y k=1, 2, 
Other Series Involving PD 


Reversed Series for Large | P 
18.14.29 


(Poy 14 Oe Se 


3u* 231w® , 429w" 19508 
8 400 464 128 


12155w* , 46189w" ‘s 
+4736 +0496 TOW )} 


Sut 5 Sout 


+ 


18.14.30 w= (P-?/8, and zis in the Fundamental 
Triangle (Figure 18.13) if ( has an appropriate 
value. 


Series near 2 


3 
18.14.31 2P=—24=% 


+5 2+ 5+ 0(@"), 
18.14.32 x==(2—2y)?/2 
=f yp TO Mot 
18.14.33 z= [w+ pore 195 ——+ Ow w | 


w=2P 


Series near w 


18.14.34 


(P—e))= oo 30%, 32v° | 220° | 647 


ca 5 ta 5 te 75 +355 +0(2*), 


18.14.35 v=(2—w)?/2 
18.14.36 
p= vfs —y SE 50 Wey 
_22y 1064y° 
ete tow) | 
18.14.37 y=( LP —é;) 


Other Series Involving P’ 
Reversed Series for Large | P " 
18.14.38 


z= Au[1— v O° _ Te 


5t39 61 +O | ten ( Pry rete, 


18.14.39 A=2">, y=Au‘/6, and z is in the 
Fundamental Triangle (Figure 18.13) if (P’ has 
an appropriate value. 


Series near 2 


18.14.40 
P'=5 (2-20) { —1+- 30-9 4 FF + 0(w9 | 


18.14.41 w=(2—2y)*/20 


18.14.42 
(2—2)=2.D’ [; +844 Se EE FOC | 


u=4 4p" 


Series near w 


18.14.43 


18.14.44 


Praal tartar sats 2+ gue" +e) | 


18.14.45 2=(2—w) 
18.14.46 
18 a7 
= Pi pry BP" ae 
OP" 899", gm 


Other Series Involving ¢ 
Reversed Series for Large |¢| 
pet] 72% _1360* | 13490* »)| 
18.14.47 2=¢ [1-3 +7 i001 + 9163 +0(v°) |» 


v= [74/12 


18.14.48 
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Series near 2 


18.14.49 
2? 9? 
(tt) =j (2-2) | S24 — F000") | 


18.14.50 v= (2— 2) */20 
Series near w 
18.14.51 
z ge 2 g? 2? 
(S—9=—3-§ 2070240 
gt lig” gi® " 
325 31200 9750 1 7")» 
18.14.52 z= (z—w) 
18.14.53 
at 4 ut _13e! 929w* 194w'! | 942883" 
t=W—~3T30 63 | 4536 891 ' 3891888 
+0(w") 


18.14.54 w=—2(¢—n) 


Series Involving ¢ 


18.14.55 
a Be 3.23z!3 | 3-1072"7 | 3°-7-23-372% 
o=2~9 5! 22.91 ' 29.13! ° 2417! 35.211 
32.313-5032%  34-7-6859732™ : 
+—ge051 grag + C2") 
18.14.56 
a a 17-113¢078 
e=ot a 35+ 3.3.7 1 28.307 1113 
122051477 5-130 
+3935-7211.17 + 3211-19 tO) 


Economized Polynomials (0 <x <1.86) 


18.14.57 


2D (2) = Sane + e(x) 


le(2) |<210~7 


a= (—1)9.99999 98 
a,=(—2)4.99999 62 
d= (—4)8.33352 77 
ds=(—6)6.40412 86 


18.14.58 


a4=(—8)4.81438 20 
as=(—10)2.29729 21 
Qg=(—12)4.94511 45 


2D" (2) = Daal +a) 


le(x) |< 4 1077 


ay= —2.00000 00 
a,=(—1)1.00000 02 
a)=(—3)4.99995 38 


ay=(—7)6.58947 52 
as=(—9)5.59262 49 
dg=(—11)5.54177 69 


d3=(—5)6.41145 59 


18.14.59 xf (2x) =e2* +(x) 


|e(x) |< 3X10 
ap>=(—1)9.99999 99  as=—(—9)2.57492 62 
a,= —(—2)1.66666 74 a;=—(—11)5.67008 00 
a,= —(—4)1.19036 70 ag=(—13)9.70015 80 
a,= — (—7)5.86451 63 


18.15. Pseudo-Lemniscatice Case 
(g=—1, g3:=0) 


If g<0 and g;=0, homogeneity relations allow 
us to reduce our consideration of P to (P (2; —1, 
0). Thus 


1815.1 (P (2; ge, 0)=|gal”? P (zlge|/4;—1, 0) 


|G’, ¢ and o are handled similarly]. Because of 
its similarity to the lemniscatic case, we refer to 
the case g.==—1, gs=0 as the pseudo-lemniscatic 
case. It plays the same role (period ratio unity) 
for A<0 as does the lemniscatic case for A>0. 


w,=-+/2 X (real half-period for lemniscatic case) 
= (the Lemniscate Constant—see 18.14.7) 


Figure 18.15 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 663 


Special Values and Relations 


18.15.2 A=—1, g=—1, g,=0 18.15.4 
18.15.3 92(0) = R2"*e!#!8, 94(0) =Re'*!®, 34(0) =Re**”, 
H,=—i/y2, H,=3, H,=i/2, m=}, q=te*”? 18.15.5 where R=V00J2/e 
Values at Half-Periods 
Pp Pf $ e 
18.15.6 w=a 4/2 0 | 4(m2—7’) e~ ix hex 8(Q1/4) 
18.15.7 ww. 0 0 | m=1/2u. er 
18.15.8 ww; 4/2 0 | 4(n+m’) eit Mex /8(Q1/4) 
18.15.9 cw’ 0 0 | m’=—im ta (we) 
Relations with Lemniscatic Values 
18.15.10 P(z; —1, 0) =i (ze*"*; 1, 0) 18.15.12 ¢(z; —1, 0)=e'*!*¢(ze'*"; 1, 0) 
18.15.11 P'(2; —1, 0) =e?="* (P' (zet*!* 1, 0) 18.15.13 o(z; —1, 0) =e */4g(ze*/4 1, 0) 


Numerical Methods 
18.16. Use and Extension of the Tables 


Example 1. Lemniscatic Case 

(a) Given z=2x+iy in the Fundamental Triangle, find P(P’,t,c) more accurately than can be 
done with the maps. 

o—Use Maclaurin series throughout the Fundamental Triangle. Five terms give at least six 
significant figures, six terms at least ten. (P, {—Use Laurent’s series directly “near” 0, (if |z|<1, four 
terms give at least eight significant figures for P, nine for {; five terms at least ten significant figures for 
&, eleven for £). Use Taylor’s series directly ‘‘near’’ z. Elsewhere (unless approximately seven or 
eight significant figures are insufficient) use economized polynomials to obtain (P(x), P’(x) and/or ¢£(2) 
as appropriate. To get (P(iy), P’(iy) and/or ¢(iy), use Laurent’s series for “small” y, otherwise use 
economized polynomials to compute P(y), P’(y) and/or ¢(y), then use complex multiplication to 
obtain ( (ty), P' (iy) and/or ¢(iy). Finally, use appropriate addition formula to get ((z) and/or {(z). 

P’—Use Laurent’s series directly ‘near’ 0 (if |z|<1, four terms give at least six significant figures, 
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition 
formula as for P and §, or get P”—=4 P*— (| and extract appropriate square root (GP ’2 0). 

(b) Given P(P’, £, ©) corresponding to a point in the Fundamental Triangle, compute 2 more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series- 
For greater accuracy, use inverse interpolation procedures. 


Example 2. Equianharmonic Case 

(a) Given z=z+7y in the Fundamental Triangle, find P(P’, ¢, «) more accurately than can be 
done with the maps. 

o—Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven 
significant figures, five terms at least twenty one. 

& ,<—Use Laurent’s series directly “near” 0 (if |z/<1, four terms give at least 10S for P, 11S for ¢; 
five terms at least 13S for , 14S for ¢). Elsewhere (unless approximately seven or eight significant 
figures are insufficient) use economized polynomials to obtain (xz), P’(z) and/or {(z), as appropriate. 
To get P (iy), P’ (iy) and/or ¢(iy), use Laurent’s series. Then us2 appropriate addition formula to get 
P (2) and/or ¢(z). 
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G'—Use Laurent’s series directly “near” 0 (if |2|<1, four terms give at least 85, five terms at least 
11S). Elsewhere, either proceed as for (P and §, or get ()”"=4 (P*—1 and extract appropriate square 


root (G@P’=0). 


(b) Given P(P’,f,c) corresponding to a point in the Fundamental Triangle, compute z more 


accurately than can be done with the maps. 


Only a few significant figures are obtainable from the use 


of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series. 
For greater accuracy, use inverse interpolation procedures. 
Example 3. Given period ratio a, find parameters m (of elliptic integrals and Jacobi’s functions 


of chapter 16) and g (of # functions). 


m—In both the cases A>0 and A<0, the period ratio is equal to K’(m)/K(m) (see 18.9). 


Knowing 


K’IK, if 1<K’/KS3, use Table 17.3 to find m; if K’/K>3, use the method of Example 6 in chapter 17. 
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use 


m= (e2—€s3)/(€,—é3) in case A>0, 


m=4—3¢/4H, in case AO. 


g—In both the cases A>0 and A<0, the period ratio determines the exponent for g[g=e-** if A>0, 
q=ie*/? if ACO]. Hence enter Table 4.16 [e~*’, z=0(.01)1] and multiply the results as appropriate 


[e.g., e74-7?7= (e-*)4(e7 7), 


Determination of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3) 


A>0 


Given w and w’, form w’/iw and enter Table 18.3. 
Multiply the results obtained by the appropriate 
power of w (see footnotes of Table 18.3) to obtain 
value desired. 


Example 4. 
Given w=10, w’=111, find e,, g,, and A. 


Here w’/iw=1.1, so that direct reading of Table 
18.3 gives 
(1) =1.6843 041 
é.(1)=—.2166 258 (=—e,— es) 
e3(1) = — 1.4676 783 
g2(1)=10.0757 7364 
ga(1) =2.1420 1000. 
Multiplying by appropriate powers of w=10 we 
obtain 
é,= .01684 3041 
€2= — .00216 6258 
é3= — .01467 6783 
g2=1.0075 77364 x 10-8 


9s==2.1420 1000 x 10° 
whence 
A=8.9902 3191 x 10~"° 


A<0 


Given w, and w,’, form w,’/iw, and enter Table 
18.3. Multiply the results obtained by the appro- 
priate power of w, (see footnotes of Table 18.3) 
to obtain value desired. 


Example 4. 
Given w,=10, w,’=11%, find e,, g,, and A. 
Here w/iw,.=1.1, so that direct reading of Table 
18.3 gives 
é,(1)=—.2166 2576+3.0842 589i 
€:(1) =.4332 5152=—2P(e) 
é3(1) =4,(1) 
g2(1) = —37.4874 912 
ga(1) =16.5668 099. 
Multiplying by appropriate powers of w,=10 
we obtain 
é:= — .00216 62576-+.03084 25892 
€2==.00433 25152 
€3== 61 
goa=—3.7487 4912 x 10-° 


92= 1.6566 8099 x 1075 
‘whence 
A=—6.0092 019 x 1078 
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Example 5. (A>0) 

Given w=10, w’=55i, find 9, 7’, o(w), ow’) 
and o (we). . 

Forming w’/iw=5.5 and entering Table 18.3 we 
obtain 7=.82246704, o(w)=.96045 40. Using 
Legendre’s relation we find 4’ =nw’ —mt/2=2.9527 
723i. Since interpolation for o(w’) and o(w+w’) 
is difficult, use is made of 18.3.15-18.3.17 together 
with 18.3.4 and 18.3.6. Values of go, g; and e; can 
be read directly to eight significant figures and e; 
to about five significant figures giving g.=8.1174 
243, gs=4.4508 759, ¢=1.6449 341, and ¢, 
= — 82247. Use of 18.3.6 yields H,;=.00174 69 
and H,=.00174 692. Application of 18.3.15- 
18.3.17 yields o(w’)/i=.0071177 and o(w.) 
=—.002016—.010557. Multiplying the results 
obtained by the appropriate powers of w we ob- 
tain 7=.08224 6704, n’ =.29527 7231, o(w) =9.6045 
40, o(w’)=.071177% and o(«,)=—.02016—.1055¢. 
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Example 5. (A<0) 

Given w= 1000, = 10047, find Ne, 2’; o(w2), 
o(w2’) and a(w’). 

With w,/iw,.=1.004, four point interpolation in 
Table 18.3 gives y2=1.5626 756, 7;=— 1.5726 6647, 
o(w2)=1.1805 028, o(w;)=1.1901 527 and o(w’) 
= .475084 + .476717%. 

Multiplying the results obtained by the appro- 
priate powers of w, gives 7,=.00156 26756, 7; 
=—.00157 266642, o(w.2)=1180.5028, (wy) 
=1190.1527 and o(w’) =475.084+476.717%. 


Determination of Periods from Given Invariants (Table 18.1.) 


A>0 
Given g.>0 and g;>0 such that A=g}—27g3>0 
(if gz=0, |w’|=w; see lemniscatic case), compute 
h=99; 7". From Table 18.1, determine w«g,'/® 
and w’g,'/*, thence w and w’. 


Example 6. 

Given g.=10, gs=2, find w and w’. With 9.= 
ng; 28 =6.2996 05249, from Table 18.1 «wg,)/°= 
1.1267 806 and w’g,!/8=1.2324 2951 whence w= 
1.003847 and w’=1.097970%. 


Example 7. 

Given g2=8, g3;=4, find w and w’. With 
h2=9293 °° =3.1748 02104, from Table 18.1 wg,!/°= 
1.2718 310 and w’g3!/®=1.8702 4257 
whence w=1.009453 and w’=1.4844132. 


A<O 


Given g, and g;>0 such that A=g3—27g<0 (if 
93=0, |we’|=w2; see pseudo-lemniscatic case), com- 
pute g.=9g.9;?". From Table 18.1, determine 
w2ga'/® and w,’g,'/®, thence w, and w,’. 


Example 6. 


Given g.=—~10, g;=2, find w, and w;. With 
G2=9293 7 = — 10/1.5874 0105 = — 6.2996 053, from 
Table 18.1 w2g;!/°=1.5741 349 and w4g,!/°=1.7124 
3962 whence w,= 1.40239 48 and w,=1.52561 022. 


Example 7. 


Given n=7, g =6, find w, and a. 
With 9.=g.g3 ?*=7/3.3019 2725=2.119974, from 
Table 18.1 w.g3!/°= 1.3423 442 and w,’g,!/°=3.1441 
1412 whencew,= .99579 976 and w,=2.33241 83:2. 


Computation of YP, Pf » or ¢ for Given z and Arbitrary 92, g3 


(or arbitrary periods from which g, and g, can be computed— 
in any case, periods must be known, at least approximately) 


First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle 
by use of appropriate results from 18.2. 


y A< 90 
2! 


y A >o 


Figure 18.16 


A 


16] Wp 
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Method 1 (as accurate as desired) 
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If both z and y are “small,” (point in double-cross hatched region) use Laurent’s series in z directly. 
If either z or y is “large,” use Laurent’s series on Oz, then on Oy and finally use an addition formula. 
(For P’ an alternative is to get P, then compute the appropriate root of ()”""=4 (P*—g, (P —4q;; see 18.8.) 


A>0 


Method 2 (for & or (’ only) 

Compute ¢,(i=1,2,3) (if only go, gs are given 
use Table 18.1 to get the periods, then get ¢, in 
Table 18.3; if periods are also given, use Table 18.3 
directly). In any case, obtain m(=[e.—es]/ 
{e:—e3]), thence Jacobi’s functions sn(z*|m), 
en(z*|m), dn(z*\m), from 16.4.and 16.21 and 
P or P' from 18.9.11-18.9.12. 


Method 3 (accuracy limited by Table 4.16 of 
e-™* and by the method of getting periods). 

Obtain periods, their ratio a, then g=e~™ from 
Table 4.16. Hence get 3#,(0), *=2,3,4 from 
truncated series 18.10.21~-.23. Compute appro- 
priate # functions for z=z and for z=zy, whence 
get P(x), P'(z) and/or ¢(z), Ply), P' wy) 
and/or ¢(iy), then use an addition formula (if 
either z or y is “‘small’”’, it is probably easier to 
use Laurent’s series). 


Example 8. Given z=.07+.17, g=10, g;=2, 
find J. 
Using Laurent’s series directly with 
C= .5 


¢3=.07142 85714 
C= .08333 33333 
c3=.00974 02597 

2-?= —22.97193 820 —63.06022 252 


+e2?=— .00255 000+ .00700 002 
+e324=— .00001 214— .00001 022 
t+ez2=+ .00000 024— .00000 012 


fP (2) = —22.97450 010 —63.05323 287. 


Example 9. Given 2=15+731, g=8, 93:=4, 
find @. From Example 7, w=1.009453, w’= 
1.4844137. From Table 18.3, e==1.61803 37, 
é3= —.99999 96, whence m=.14589 79. From 
18.2.18 with M=7 and N=24, ((.867658+ 
1.7481767) = (P (15+737). Since z lies in Ry, by 
18.2.31 ((15+731)=(P)(.867658+4+1.220652). 
From 16.4 with 2*=1.40390+1.975052, sn(z*|m) 
=2.46550+1.965272. Using 18.9.11, P(15+732) 
= —.57743 + .067797%. 


A<O 


Method 2 (for or (’ only) 

Compute e, and H, (if only g:,g3 are given, use 
Table 18.1 to get the periods, then get e, in 
Table 18.3; if periods are also given use Table 18.3 
directly). In any case, obtain m(=%—3e,/4H,) 
thence Jacobi’s functions sn(z’|m), cn(z’|m), 
dn(z’|m), from 16.4 and 16.21 and & or P’ from 
18.9.11-18.9.12. 


Method 3 (accuracy limited as in the case A>0). 

Obtain periods, their ratio a, thence q=e7™”? 
from Table 4.16. Then proceed as in the case 
A>0, using corresponding formulas. 


Example 8. Given z=.1+.032, g.=—10, g,;=2, 
find P. 
Using Laurent’s series directly with 
c(2>=— 5 
C3==.07142 85714 
C4=.80333 33333 
27*=76.59287 938—50.50079 9602 
C27= — .00455 000— .00300 0002 
c324= + .00000 334+  .00000 7802 
c,2°= — .00000 002+ .00000 0112 


P (2) =76.58833 270—50.50379 1692. 


Example 9. Given 2=1.75+3.61, g.=7, g:=6, 
find (. From Example 7, w.—=.99579 98, w= 
2.33241 831. Using 18.2.18 with M=1, N=1, 
P(1.75+3.6i) = P(—.24159 96—1.064836%)= 
P (.24159 96+ 1.0648 367). With A<0 from Table 
18.3, e: = —.81674 362+ .50120 90%, e-=1.63348 724, 
é3== —.81674 362—.50120 907 whence m=.01014 
3566, H}=1.58144 50, so that 2’ =22H}=.76415 
29+3.367959i7. From 16.4, en(z’|m) =4.00543 66 
—12,32465 697. Applying 18.9.11, PD (1.75+3.61) 
= — 960894 — 3830682. 
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A>0 

Example 10. Given w=10, w’=202, find 
¢(9+197) by use of theta functions, 18.10 and 
addition formulas. 

For the period ratio a=w’/wi=2 with the aid of 
Table 4.16, g=e7?*=.00186 74427. 

Using the truncated approximations 18.10.21- 
18.10.23 we compute the theta functions for 
argument zero. Using 16.27.1-16.27.4 we com- 
pute the theta functions for arguments v where 
z=x and z=iy. Then, with 18.10.5-18.10.7 
together with 18.10.9 and 18.10.18 we obtain 
¢(9)=.09889 5484, ¢(197)=—.00120 01552, 
P(9)=.01706 9647, GD'(9)=—.00125 8460, 
GP (19%) = —.00861 2615, D’(19%) = —.00003 757%. 
Using the addition formula 18.4.3, we obtain 
¢(9+197) =.07439 49—.00046 887. 


A<O 

Example 10. Given w=5, w;=7i find 
f'(8+22) by use of theta functions, 18.10 and 
addition formulas. 

With the use of Table 4.16 and 18.10.2, g=ie—-7* 
=.11090 127847. 

The theta functions are computed for argument 
zero using 18.10.21-18.10.23 and the theta 
functions for arguments v, and v corresponding 
to 2=2,-+22 using 16.27.1-16.27.4. Using 18.10.5- 
18.10.6 together with 1810.10, we find P(3)= 
10576 946, G(2i)=—.24497 773, P'(3)= 
—.07474140, (P'(2i)=—.25576 007%. The addi- 
tion formula 18.4.1 yields ((3+2%)=.01763 210 
—.07769 1872, and 18.4.2 yields (P’(3+22)= 
— .00069 182 +.04771 3052. 


Use of Table 18.2 in Computing (), P', ¢ for Special Period Ratios 


If the problem is reduced to computing (, P’, ¢ inthe Fundamental Rectangle for the case when the 
real half-period is unity and pure imaginary half-period is ia, for certain values of a Table 18.2 may be 


used. Consider @ as an example. 
iants for use in the series are given in Table 18.3]. 


If |z| is “small’’, then use Laurent’s series directly for ( (z) [invar- 


If xis “large” and y ‘‘small” use Table 18.2 to obtain 2? (xz) and 2 (P’(z), thence P(x) and PP’ (z); 
use Laurent’s series to obtain (PD (iy) and (’(iy); finally, use addition formula 18.4.1. 


For x “‘small” and y “large’’, reverse the procedure. 


For both z and y “large,” use Table 18.2 to 


obtain (P(x), P' (x), P (ty) and P’ (iy), thence use addition formula 18.4.1. 


Similar procedures apply to (’ or ¢. 


For (’, one can also first obtain (@, then compute P” 


=4 (P>—g.(P —gs and extract the appropriate square root (see 18.8 re choice of sign for (P’). 


A>0 

Example 11. Compute ()(.8+7) when a=1.2. 
Using Table 18.2 or Laurent’s series 18.5.1-4 with 
g2=9.15782 851 and 
93=3.23761 717 from Table 18.3, 
GP (.8)=1.92442 11, 
GP'(.8) =—2.76522 05, 
& (it) =—1.40258 06 and 
P' (i) =—1.19575 582. 
mula 18.4.1 
P(.8+1) = —.381433 —.1493617. 


Example 12. Compute ¢(.02+37) for a=4. 
Using Table 18.2 or Laurent’s series 18.5.1-5 with 
§2=8.11742 426 
93=4.45087 587 

from Table 18.3, 
£(.02) =49.99999 89, 
P (.02) =2500.00016, 
P'(.02) = —249999.98376, 
¢(34)=.89635 173%, 
P (31) = —.82326 511, 
P' (34) = —.00249 829i. 
Applying the addition formula 18.4.3, 
¢(.02 +37) =.016465+ .89635i. 


Using the addition for- 


A<O 


Example 11. Compute P(.9+.12) for a=1.05. 
Using Table 18.2 or Laurent’s series 18.5.1-4 with 
go= —42.41653 54 and 
gs=9.92766 62 from Table 18.3, 
f (.9) =.34080 33, 
@'(.9) = —2.164801, 
GP (11) = —99.97876, 
P'(.1i) = —2000.4255%. 
mula 18.4.1 
P(.9+.11) =.231859 — 2151492. 

Example 12. Compute (’(.4+.91) for a=2. 


Using Table 18.2 or Laurent’s series 18.5.1-4, 
with 


With the addition for- 


g2=4.54009 85, 
937= 8.38537 94 
from Table 18.3, 
& (.4) =6.29407 07, 
P'(4)=—30.99041, 
GP (.91) = — 1.225548, 
P!(.9i) =—3.19127 033. 
Using the addition formulas 18.4.1-2, 
P'(4+.92) =1.10519 76—.56489 002. 
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Computation of ¢ for Given z and Arbitrary g. and g; 


(or periods from which g, and g; can be computed—in any case, periods must be known, at least 
approximately) 


First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle 


(see 18.2). 
A>0 
If Bz>w/2 or, 


IS2>w'/2, use duplication formula 
o(2)=— P' (2/2) o*(2/2), 


obtaining (2/2) by use of Maclaurin series for 
and (P’(2/2) by method explained above. Other- 
wise, simply use Maclaurin series for o directly. 


After final reduction let z denote the point obtained. 


A<O 
If Bz>w,/2 or 
4z2z>w,/4, use duplication formula as in case 
A>0. Otherwise, use Maclaurin series for o 
directly. 


An alternate method is to use theta functions 18.10 first computing g and #,(0), 1=2, 4, 4. 


A>0 


Example 13. Compute o(.4+1.37) for g.=8, 
g=4. From Example 7, w=1.009453 and w’ 
=1.4844137. Since %2>w’/2, the Maclaurin se- 
ries 18.5.6 is used to obtain o(2/2)=o(.2+.652) 
=.19543 86-+.64947 287, the Laurent series 18.5.4 
to obtain (P’(.2+.657) =5.02253 80—3.56066 93%. 
The duplication formula 18.4.8 gives o(.4+1.32) 
= .278080-+ 1.2727851. 


A<0 


Example 13. Compute o(.8+.4%) for g.=7, 
g=6. From Example 7, w=.99579 976, w, 
=2.33241 837. Since #z>w2/2, the Maclaurin 
series 18.5.6 is used to obtain o(2/2)=«(.4+.2%) 
=.40038 019+.19962 0177, the Laurent series 
18.5.4 to obtain (’(.4+:27)=—3.70986 70 
+22.2185447. The duplication formula 18.4.8 
gives o(.8+.47) =.81465 765+ .38819 473%. 


Given o(, &’, £) corresponding to a point in the Fundamental Rectangle, as well as g, and g; or 


the equivalent, find z. 


Only a few significant figures are obtainable from the use of any of the given (truncated) reversed 
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse 


interpolation procedures. 


If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con- 


formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for- 
mulas in 18.2. This process is relatively simple for (P(z), more difficult for the other functions (e.g. if 
A>0 and P=a+%b, where b>0, simply consider ()=a—ib and find 4 in FR, [Figure 18.1]; then com- 


pute 2=2Z,+2w’, the point in R, corresponding to the given (P). 


A>0 
Example 14. Given (=1-i, g=10, g:=2, 
find z. Using the first three terms of the reversed 
series 18.5.25 2, ~.727-+.423i. The Laurent series 
18.5.1 gives 


P (a)= & (.727 4.4237) =.825 — 8957 
P(e) = FP (.697 +3937) =.938— 1.0383. 


an 


Inverse interpolation gives 
2; =.707+.3807. Repeated applications. of the 
above procedure yield 2=.706231 + .3798931. 


A<0 
Example 14. Given (P =1+%, g.=—10, g:=2, 
find z. From Example 6, «,.=1.40239 48 and 
#2 = 1.52561 027. Since 6>0, 2 exists in R, and 2 
is computed with (. Using 18.5.25 with a,.=— 
1.25, ag=.25, u=[((P)-']}'” and the coefficients c, 
from Example 8 
2u=1.55377 3973+ .64359 424932 
cyui= .08044 9281—.19422 174667 
cu? = — .01961 9359+ .00812 660472 


9 
ai" = —.10115 7160—.04190 066731 
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A>0 


Example 15. Given ¢=10—151, g=8, g:=4, 
find z. Using the reversed series 18.5.40 with 


A;= —.13333 333, 
A;= — .02857 14286, 
u= .03076 923076+ .04615 3846157 
A,;u®'=— .00000 001402 -+-.00000 0068607 
Azu' = — .00000 000004 — .00000 0000037 
z= .03076 921670+-.04615 3914722. 


Methods of Computation of P (P ’, ¢ or oc) for Given 
z and Given g2, g3 (or the equivalent), with the Use 
of Automatic Digital Computing Machinery 
(a) Integration of Differential Equation 
&P and (’ may be generated for any 2 close 

enough to a “known point” 2*( (P (2*) and (P’(z*) 

being given) by integrating QD’ =6 P?—g,/2. 

A program to do this on SWAC, via a modifica- 

tion of the Hammer-Hollingsworth method 

(MTAC, July 1955, pp. 92-96) due to Dr. P. 

Henrici, exists at Numerical Analysis Research, 

UCLA (code number 00600, written by W. L. 

Wilson, Jr.). The program has been tested 

numerically in the equianharmonic case, using 

integration steps of various sizes. For example, 
if one starts with 2*=w,, using an “integration 
step” (h,k), where A and & are respectively the 
horizontal and vertical components of a step, 
with (h,k) having one of the six values (+2h,,0), 

(4ho, ho), ho=w2/2000, ko=}w2|/2000, one can 

expect almost 8S in P and 7S in (’ after 1000 

steps, unless z is too near a pole. 

(b) Use of Series 
The process of reducing the computation prob- 
lem to one in which z is in the Fundamental 

Rectangle can obviously be mechanized. Inside 

the Fundamental Rectangle the direct use of 

Laurent’s series is appropriate when the period 
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Stopping with the term in wu’, 2 ~.81+.23%. 
Assuming Az=—.03—.01i, using 18.5.1, P(.81+ 
.237) =.91410 95—.86824 371, (P(.78+.22%)= 
1.03191 60—.91795 227; with inverse interpolation 
2? =. 7725+ .24047. Repeated applications of 
inverse interpolation yield z=. 772247 —.239258%. 


Example 15. Given o=.4+.1i, g:=7, g3=6, 
find z. Using the reversed series 18.5.70 with 
Y2==.14583, y3=.05 


a=-+.40000 000+ .10000 0002 


5 
Ue =+.00011 783-+.00032 696% 


130" , 
“7 =— 00000 208+ .00001 4322 


3y30° 
14 


=— .00000 093--.00000 1262 


1 
212187" 09000 013-++.00000 006% 


z=.40011 469++.10034 2602 


ratio a is not too large. However, if @=3(A>0) 
or a@=2y3(A<0), the series will diverge at the 
far corner of the Fundamental Rectangle, so that 
use may be made of an appropriate duplication 
formula. Alternatively, one may compute the 
functions on 0z and Oy, then use an addition 
formula. Even so, the series will diverge at 
z=ta if a22(A>0) and at 2z=ia/2 if az4(A<0). 

For great accuracy, multiple precision operations 
might be necessary. Double precision floating 
point mode has been used in a program, written 
for SWAC, to compute P, (P’ and ¢&. 

For computation of ¢, use of the Maclaurin 
series throughout the Fundamental Rectangle is 
probably simplest (series converges for all 2). 

Mention should be made of the possible use of 
the series defining the # functions. These series 
converge for all complex », and the computation 
of P, P', ¢ and o by 18.10.5-18.10.8 could easily 
be mechanized. The series involved have the 
advantage of converging very fast, even in case 
A<0, where |q|Se-*/*(qSe™ if A>>0). 


Use of Maps 

If the problem (of computing P, ’, ¢ or o for 
given 2) is reduced to the case where the real half- 
period is unity and imaginary half-period is one 
of those used in the maps in 18.8 inspection of the 
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appropriate figure will give the value of (P(z) 
{¢(z) or o(z)] to 2—35. If P’ is wanted instead, 
get P, use 18.6.3 to obtain  ” and select sign (s) 
of GP’ appropriately. (See Conformal Mapping 
(18.8) for choice of sign of square root of (P’’). 


Computation of 2 
Given g2, g3 (or equivalent) 


Since 23 (P (2) =0, the Laurent’s series gives 
O=lt+euwtewitoeut+ ... 


where u=22. We may solve this equation [by 
Graeffe’s (root-squaring) process or otherwise] 
for its absolutely smallest root [having found an 
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approximation to |2| by Graeffe’s process, we 
may use the fact that ~=wtiy(A>0), a= 
+tyo(A<0) to obtain an approximation to 2. 
It is noted that y/w is a monotonic decreasing 
function of (period ratio) a21 for A>O and 


(1 Zy/o>= arccosh ¥3(~.7297)]. 


Yo/w2 18 &® Monotonic increasing function cf a for 
A<0 and 


[os volin<= arccosh 73] 


Further data is available from Table 18.2 or from 
Conformal Maps defined by (P (2). 
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Table 138.1 


TABLE FOR OBTAINING PERIODS FOR INVARIANTS g, AND g, 


Non-Negative Discriminant 


+e 16 v6 In (@-8) 


ee ee 


wee e . 
eEmaCrlLnae aODANEe OdrPnNno anrPno BPN OOnNou hWNr OS WOOnNTMND Ww 


POW WO 0 MOM MBDB NNNNN BRROSS WM SPSS HSPPPHSHP VYywwvw 
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re 


3 


1, 28254 
1, 27944 
1.27637 
1. 27333 
1, 27031 


1, 26732 
1, 26436 
1, 26143 
1, 25853 


1. 

6 

O83 
1, 25853 
1, 25280 
1, 24718 
1, 24166 
1.23624 
1, 23092 


1, 22569 
1, 22055 
1, 21551 
1.21055 
1, 20568 


1.20089 
1.19618 
1.19156 
1, 18700 
1,18253 


1,17812 
1.16953 
1, 16120 
1.15314 
1, 14532 


1.13773 
1, 13036 
1, 12321 
1,11626 
1, 10950 


1, 10293 
1, 09653 
1, 09030 
1, 08423 
1, 07831 


1, 07254 
1, 06691 
1, 06142 
1, 05606 
1, 05083 


1, 04571 
1, 04071 
1, 03582 
1, 03104 
1, 02636 
1, 02178 


eS 
S38 


1, 81701 
1, 82207 
1, 82696 
1, 83165 
1, 83611 


1, 84028 
1, 84412 
1, 84756 
1, 85050 
1, 85280 
1, 85407 


V6 


12 


a 
10 


=0.20412 4145 


99 


sans 
1, 51892 
1.51685 
1, 51505 
1, 51342 


1, 51193 
1.51053 
1, 50923 
1, 50799 


ae 
Og ft 


1, 69503 
1, 64719 
1, 60789 
1.57451 
1.54548 
1, 51978 


1. 49672 
1.47581 
1, 45668 
1. 43905 
1. 42269 


1, 40744 
1, 39316 
1, 37973 
1, 36706 
1, 35506 


1, 34368 
1.32250 
1. 30316 
1, 28537 
1, 26889 


1, 25356 
1. 23923 
1, 22577 
1, 21310 
1, 20113 


1.18978 
1.17901 
1, 16874 
1.15895 
1, 14959 


1, 14063 
1, 13203 
1.12377 
1.11583 
1, 10817 


1, 10079 
1, 09367 
1, 08678 
1, 08012 
1, 07367 
1, 06742 


1, 89818 
1, 89119 
1, 88476 
1, 87888 
1, 87354 


1, 86873 


1, 
‘ “a 
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A=0 
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Non-Positive Discriminant 


t = 4 . 
oh g8ig,|*/i 


1 
4 
0,68 ,|* 
2.62205 76 
2.62025 54 
2, 61693 53 


2,61258 87 
2, 60737 43 


2, 60137 48 
2,59464 00 
2.58720 37 
2.57909 05 
2.57032 09 


2.56091 33 
2.55088 61 
2.54025 86 
2.52905 23 
2.51729 09 


2.50500 11 
2.49221 23 
2.47895 70 
2.46527 01 
2.45118 90 
2.43675 29 


8 3 
1, 62955 49 
1: 66926 74 
1, 68880 94 
1569574 71 
1569529 14 


1.69080 53 
1. 68433 20 
1,67705 44 
1, 66962 98 
1, 66240 65 


1, 65555 57 
1, 64914 98 
1, 64320 64 
1, 63771 44 
1, 63264 84 


1.62797 70 
1, 62366 67 


1, 62366 67 
1, 60646 93 
1, 58820 63 
1.56918 06 
1,54967 81 


1.52995 40 
1.51022 67 
1.49067 44 
1.47143 75 
1, 45262 13 


1.43430 15 
1.41652 88 
1.39933 41 
1, 38273 24 
1.36672 71 


1.35131 24 
1.33647 63 
1.32220 24 
1.30847 11 
1, 29526 10 
1, 28254 98 


[0] 


2,62205 76 
2, 62384 98 
2.62710 11 
2, 63126 10 
2.63611 20 


2.64151 34 
2.64735 75 
2.65355 47 
2, 66002 55 
2, 66669 74 


2. 67350 25 
2. 68037 66 
2.68725 88 
2, 69409 09 
2. 70081 77 


2. 70738 70 
2.71375 03 
2.71986 26 
2.72568 31 
2.73117 52 
2. 73630 70 


2.12452 34 
2.18836 87 


2, 24023 31 
2, 28267 03 
2.31773 31 
2.34701 74 
2.37174 42 


2.39284 34 
2.41102 56 
2.42683 68 
2. 44070 05 
2.45294 88 


2. 46384 40 
2, 47359 62 


3.09053 50 


3.09846 47 
3,10458 18 
3.10899 55 
3.11182 48 
3.11318 95 


3.11320 22 
3.11196 36 
3.10955 78 
3.10604 84 
3.10147 38 


3.09584 00 
3.08910 74 
3.08116 35 
3.07175 37 
3.06025 10 
3, 04337 67 
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Table 18.2 TABLE FOR OBTAINING ?, # AND + ON Ox AND Oy 
(Positive Discriminant—Unit Real Half-Period) 
22P(z) 
z=2\t 1.00 1.05 1.1 1.2 1.4 2.0 
0.00 1.00000 00 1,00000 00 1,00000 00 1,00000 00 1,00000 00 1.00000 00 
0.05 1,00000 37 1,00000 34 1,00000 32 1,00000 29 1,00000 26 1.00000 25 
0.10 1,00005 91 1,00005 41 1.00005 05 1,00004 59 1.00004 22 1,00004 08 
0,25 1.00029 91 1,00027 41 1,00025 59 1,00023 31 1.00021 46 1,00020 75 
0.20 1.00094 57 1.00086 77 1,00082 12 1.00074 02 1,00068 25 1,00066 02 
0.25 1.00230 98 1,00212 32 1,00198 79 1,00181 79 1,00167 98 1,00162 64 
0.30 1.00479 35 1,00441 61 1,00414 21 1.00379 79 1,00351 80 1,00340 97 
0.35 1.00889 27 1,00821 33 1.00772 00 1.00709 99 1.00659 56 1.00640 03 
0.40 12,01520 23 1.01408 14 1.01326 70 1,01224 31 1.01140 98 1.01108 69 
0.45 1.02442 50 1.02269 65 1.02144 00 1.01985 94 1,01857 24 1,01807 36 
0.50 1.03738 54 1.03486 08 1,03302 47 1,03071 36 1,02883 08 1.02810 10 
0.55 1,05504 92 1,05152 36 1,04895 81 1.04572 73 1,04309 40 1,04207 28 
0.60 1.07855 23 1.07381 21 1.07036 11 1.06601 29 1.06246 70 1.06109 15 
0.65 1,10923 99 1,10307 22 1.09857 95 1,09291 64 1.08829 58 1.08650 29 
0.70 1.14872 15 1.14092 35 1.13524 09 1,12807 45 1.12222 46 1.11995 41 
0.75 1.19894 38 1,18933 40 1.18232 81 1.17348 94 1,16627 18 1.16346 98 
0.80 1.26229 01 1.25071 86 1.24227 98 1.23162 95 1.22292 96 1.21955 14 
0.85 1.34171 37 1.32807 28 1.31812 18 1,30556 03 1.29529 60 1.29130 97 
0.90 1.44091 81 1.42515 17 1.41364 80 1.39912 31 1.38725 23 1.38264 14 
0.95 1.56460 22 1.54671 40 1,53366 04 1,51717 65 1,50370 31 1.49846 94 
1.00 1.71879 62 1.69885 59 1.68430 41 1,66592 77 1,65090 68 1.64507 17 
(—3)4 (-3)4 ee | a et 
8 8 8 8 8 8 
zii-y\n 1,00 1.05 11 1.2 1.4 2.0 
0,00 1.00000 00 1.00000 00 1.00000 00 1,00000 00 1.00000 00 1.00000 00 
0.05 1,00000 37 1.00000 34 1,00000 31 1.00000 29 1,00000 26 1.00000 25 
0.10 1.00005 91 1.00005 40 1,00005 03 1.00004 57 1,00004 19 1,00004 05 
015 1.00029 91 1.00027 31 1.00025 42 1.00023 05 1,00021 13 1.00020 39 
0.20 1.00094 57 1.00086 20 1.00080 14 1,00072 54 1,00066 38 1.00063 99 
0.25 1.00230 98 1.00210 14 1,00195 05 1.00176 15 1.00160 81 1,00154 88 
0.30 1.00479 35 1,00435 08 1.00403 04 1,00362 91 1.00330 38 1.00317 82 
0.35 1.00889 27 1.00804 86 1.00743 81 1.00667 40 1.00605 50 1,00581 59 
0.40 1,01520 23 1.01371 37 1,01263 81 1.01129 28 1,01020 38 1,00978 33 
0.45 1.02442 50 1,02194 93 1,02016 25 1,01792 92 1.01612 33 1,01542 64 
0.50 1.03738 54 1.03345 04 1,03061 34 1.02707 18 1,02421 09 1,02310 77 
0.55 1.05504 92 1.04901 44 1.04466 92 1,03925 21 1,03488 20 1, 03319 83 
0.60 1.07855 23 1.06955 87 1.06309 37 1,05504 64 1.04856 45 1,04606 96 
0.65 1,10923 99 1.09614 60 1.08675 16 1.07507 92 1.06569 47 1,06208 70 
0.70 1.14872 15 1.13001 89 1.11663 04 1.10003 09 1,08671 44 1,08160 18 
0.75 1.19894 38 1.17264 63 1.15387 03 1.13065 03 1,11207 03 1.10494 84 
0.80 1.26229 01 1.22578 78 1.19980 68 1.16777 18 1.14221 52 1.13243 76 
0.85 1.34171 37 1.29157 8 1.25602 53 1.21233 97 1.17761 18 1.16435 46 
0.90 1.44091 81 1.37264 39 1.32443 52 1.26544 15 1,21873 89 1,20095 66 
0.95 1.56460 22 1.47224 79 1.40736 61 1.32835 02 1.26610 10 1.24247 14 
1.00 1.71879 62 1.59449 89 1.50769 66 1.40258 06 1.32024 17 1.28909 73 
1,05 1.74462 36 1,62902 39 
1.10 Tee ae (-4)8 6 
(-3)4 (—3)8 (3) | (-8)1 [ ~4) | (-4) ] 
[ 8 8 7 7 6 6 
zji=y\a 1.00 1.05 Ll 1.2 1.4 2.0 
1,0 1.71879 62 1.59449 89 1.50769 66 1,40258 06 1,32024 17 1.28909 73 
1,2 1.85616 29 1.61789 95 1,52970 17 
1.4 2.09401 44 1, 86127 05 
1.6 2.28676 23 
1.8 2. 80921 52 
2.0 3.43759 29 
2.2 
2.4 : . é 2 F 
2.6 If the real half-period ~1, see 18.2 Homogeneity Relations. Interpolation with 
2.8 respect to « will, in general, be difficult because of the non-uniform subintervals 
3,0 involved. Aitken’s interpolation may be used in this case. As few as 8S may 
a be obtained. For the computation of P, #’ or ¢ at z=.+iy, an addition formula 
3.6 may be used (18.4 and Examples 11-12). 
3.8 
4,0 


4.0 


1, 00000 00 
1,00000 25 
1.00004 07 
1, 00020 73 
1.00065 97 


1.00162 51 
1.00340 71 
1, 00639 57 
1, 01107 93 
1.01806 19 


1,02808 38 
1. 04204 87 
1.06105 91 
1.08646 07 
1.11990 05 


1.16340 37 
1, 21947 17 
1.29121 57 
1.38253 27 
1. 49834 59 
1, 64493 41 


Py 
4.0 


1.00000 00 
1.00000 25 
1.00004 04 
1.00020 37 
1, 00063 94 


1.00154 75 
1.00317 52 
1, 00581 03 
1.00977 34 
1, 01540 99 


1.02308 17 
1.03315 85 
1.04601 09 
1.06200 18 
1, 08148 16 


1.10478 09 
1.13220 79 
1.16404 34 
1, 20053 95 
1.24191 74 


1. 28836 81 


ics 


4.0 


1, 288368 
1.527649 
1, 855916 
2. 273495 
2.777516 


3. 363868 
4, 028426 
4, 767658 
5.578809 
6. 459856 


7. 409386 
8, 426442 
9. 510400 
10, 660867 
11, 877621 
13, 160574 


z=a\a 1.00 

0.00 -2, 00000 00 
0,05 ~-1,.99999 26 
0.10 ~-1.99988 18 
0.15 -1.99940 16 
0.20 -1.99810 75 


0,25 -1,99537 33 
0.30 -1.99038 23 
0.35 -1.98210 95 
0.40 -1.96928 90 
0.45 -1, 95036 13 


0,50 -1,92339 01 
0.55 -1, 88593 83 
0.60 -1, 83488 99 
0.65 -1,76619 53 
0.70 -1.67451 43 


0.75 -1,55271 74 
0.80 -~1,39118 65 
0.85 -1,17683 20 


0.90 -0.89169 81 
0.95 -0,51095 87 
1.00 0.00000 00 


a 


z/i=y\a 1.00 

0.00 -2,00000 00 
0.05 ~1.99999 26 
0.10 -1.99988 18 
0.15 -1.99940 16 
0.20 -1.99810 75 


0.25 -1.99537 33 
0.30 -1.99038 23 
0.35 -1,98210 95 
0,40 -1.96928 90 
0.45 -1.95036 13 


0.50 -1, 92339 01 
0.55 -1, 88593 83 
0,60 -1,83488 99 
0.65 -1,76619 53 
0.70 -1.67451 43 


0.75 -1.55271 74 
0,80 -1.39118 65 
0.85 ~1.17683 20 
0.90 -0, 89169 81 
0.95 ~-0.51095 87 


1,00 0,00000 00 


1,05 
1,10 

[o""] 
z/i=y\a_ 1.00 


0. 00000 00 


0 
2 
4 
6 
8 
0 
2 
4 
6 
8 
0 
2 
4 
6 
8 
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TABLE FOR OBTAINING #, 2’ AND + ON Ox AND Oy 
(Positive Discriminant—Unit Real Half-Period) 


1.05 


~2, 00000 00 
-1..99999 32 
-1. 99989 17 
-1.99945 07 
-1. 99825 79 


1.99572 57 
~1.99107 69 
-1. 98332 00 
-1.97121 06 
~1. 95319 16 


-1.. 92730 50 
-1, 89106 43 
~1, 84127 27 
-1.77376 97 
-1, 68307 45 


-1. 56189 13 
~1. 40041 70 
~1. 18536 53 
~0, 89858 18 
-0.51505 33 

0.00000 00 


ca 


1.05 
~2.00000 00 
-1..99999 32 
-1, 99989 21 
-1..99945 48 
-1. 99828 08 


-1.99581 31 
~1. 99133 82 
~1.98398 06 
-1, 97268 69 
-1.95619 80 


1.93299 84 
-1, 90123 75 
-1, 85861 50 
-1. 80221 44 
-1, 72827 05 


-1, 63184 71 
-1. 50639 22 
-1. 34312 50 
1.13018 63 
~0. 85145 23 


~0, 48485 79 
0.00000 00 


al 


1.05 
-0. 48485 79 


11 


-2, 00000 00 
-1, 99999 37 
-1.. 99989 89 
-1, 99948 63 
-1, 99836 70 


~1. 99598 17 
~1, 99158 17 
~1..98420 07 
-1,97260 99 
~1.95525 47 


-1. 93016 22 
~1, 89480 97 
~1, 84594 09 
-1,.77931 45 
-1, 68934 72 


-1. 56861 96 
~1,40719 15 
~1.19163 25 
-0. 90364 00 
-0, 51806 28 
0.00000 00 


cP 


11 
-2, 00000 00 
-1.99999 37 
-1, 99989 95 
-1, 99949 33 
-1. 99840 62 


-1. 99613 14 
~1,.99202 89 
~1, 98533 03 
1.97513 44 
-1, 96039 48 


-1, 93989 10 
-1.91218 25 
-1, 87553 39 
-1,82780 48 
-1, 76629 64 


-1, 68753 62 
-1. 58698 80 
~-1, 45865 26 
~1. 29452 95 
~1, 08387 84 


~0, 81220 52 
-0, 45984 59 
0, 00000 00 


(Py 
11 
~0, 81220 52 


23P'(z) 
1.2 


~2,00000 00 
-1. 99999 43 
-1.99990 80 
-1, 99953 10 
-1,.99850 41 


~1. 99630 33 
-1.99221 67 
-1, 98530 95 
-1. 97437 35 
-1.95785 77 


-1. 93377 03 
-1, 89954 33 
~1. 85184 82 
-1. 78633 89 
~1. 69729 96 


-1.57715 61 
~1.41579 29 
~1,19959 24 
~-0.91006 69 
-0,52188 70 

0, 00000 00 


1.2 
-2,00000 00 
-1. 99999 43 
-1.99990 89 
-1,99954 15 
-1. 99856 33 


-1.99652 94 
~1. 99289 25 
-1. 98701 63 
-1. 97818 68 
-1. 96561 82 


~1. 94845 17 
-1.92574 23 
-1, 89643 16 
~1. 85930 08 
-1, 81290 09 


1.75545 41 
-1. 68471 79 
-1,59780 32 
~1. 49093 18 
-1,35912 08 


-1,19575 58 


( 
1.2 


-1.19575 58 
0, 00000 00 


1.4 


-2.00000 00 
~-1,.99999 47 
1.99991 53 
~-1.99956 73 
-1,99861 55 


-1,.99656 50 
-1,99273 38 
~1. 98621 31 
-1.97581 22 
-1, 95998 33 


-1,93671 95 
-1, 90341 73 
-1, 85668 71 
-1, 79209 80 
~1, 70382 60 


-1,58416 75 
-1. 42286 23 
-1. 20613 88 
-0.91535 50 
-0, 52503 45 

0, 00000 00 


CF 


1.4 
~2,00000 00 
-1,99999 48 
~1..99991 65 
-1..99958 07 
-1, 99869 07 


-1. 99685 19 
~-1,.99359 12 
-1, 98837 91 
-1.98065 01 
-1. 96982 60 


-1. 95533 26 
-1.93661 23 
~-1, 91313 16 
~1, 88437 77 
-1, 84984 78 


-1. 80902 61 
~1. 76134 96 
-1.70615 96 
-1, 64263 75 
~1.56972 20 


-1, 48600 58 


oP] 
14 


-1.48600 58 
-0. 99449 51 
0. 00000 90 


2.0 


-2,00000 00 
-1, 99999 49 
-1.99991 81 
~1,99958 14 
~1.99865 86 


~1.. 99666 63 
1.99293 42 
-1, 98656 35 
~1. 97637 02 
~1, 96080 82 


~1. 93786 53 
-1, 90492 32 
~1,85856 93 
~1, 79433 95 
-1, 70636 76 


~1, 58689 93 
~1. 42561 79 
-1. 20869 13 
-0. 91741 70 
~0, 52626 26 

0, 00000 00 


a 


2.0 
-2, 00000 00 
-1. 99999 49 
-1.99991 94 
-1.99959 59 
-1. 99873 99 


-1. 99697 66 
-1. 99386 12 
-1. 98890 48 
-1, 98159 94 
-1. 97144 57 


1.95797 74 
-1..94078 35 
~1.91952 74 
~1.89395 96 
-1. 86392 68 


-1. 82937 52 
~1. 79034 89 
-1, 74698 46 
-1, 69950 14 
-1, 64818 82 


-1, 59338 85 


(ce 
2.0 


~1, 59338 85 
-1. 34717 40 
-1,07521 03 
-0, 78786 76 
-0, 46104 27 


0.00000 00 


Table 18.2 


4.0 


-2.00000 00 
~1..99999 49 
~1.99991 82 
-1, 99958 17 
-1,99865 97 


-1,99666 88 
-1, 99293 89 
~1. 98657 17 
-1,.97638 34 
-1. 96082 78 


-1. 93789 23 
-1..90495 86 
-1. 85861 37 
-1. 79439 25 
-1, 70642 75 


-1.58696 39 
-1.42568 30 
-1, 20875 17 
-0,91746 57 
-0.52629 14 

0, 00000 00 


PI 


4.0 
-2, 00000 00 
-1.99999 49 
-1,99991 95 
~1,.99959 62 
-1. 99874 11 


-1, 99697 95 
~1..99386 76 
-1, 98891 71 
-1, 98162 18 
-1..97148 38 


-1. 95803 95 
-1. 94088 17 
-1.91967 77 
-1. 89418 46 
-1, 86425 71 


-1. 82985 21 
-1,79102 80 
~1. 74793 96 
-1. 70082 95 
-1,65001 75 


-1.59588 68 


a 
4.0 


~1.59588 68 
-1.35527 93 
-1. 09935 83 
~0, 85550 88 
~0. 64191 20 


-0, 46669 27 
-0, 33022 92 
-0, 22828 89 
~0.15467 43 
-0,10296 79 


-0, 06745 48 
0. 04346 22 
-0, 02734 75 
-0,01629 07 
-0,00795 66 
0.00000 00 


675 


676 


Table 18.2 
z=2\a 1.00 
0.00 1.00000 000 
0.05 0.99999 876 
0.10 0,99998 031 
0.15 0.99990 029 
0.20 0.99968 483 
0,25 0,99923 041 
0.30 0.99840 360 
0.35 0.99704 076 
0.40 0,99494 715 
0.45 0,99189 577 
0,50 0,98762 541 
0.55 0.98183 783 
0.60 0.97419 386 
0.65 0,96430 782 
0.70 0.95174 028 
0.75 0,93598 819 
0.80 0.91647 208 
0.85 0,89251 910 
0.90 0, 86334 108 
0.95 0,82800 562 
1.00 0, 78539 822 
[os 
q 
zf/i=y\a 1.00 
0.00 1.00000 000 
0.05 0,99999 876 
0.10 0.99998 031 
0.15 0.99990 029 
0.20 0.99968 483 
0.25 0,99923 041 
0.30 0.99840 360 
0.35 0,99704 076 
0.40 0,99494 715 
0.45 0.99189 577 
0.50 0,98762 541 
0.55 0.98183 783 
0.60 0.97419 386 
0.65 0.96430 782 
0.70 0,95174 028 
0.75 0.93598 819 
0.80 0.91647 208 
0.85 0,89251 910 
0.90 0.86334 108 
0.95 0.82800 562 
1,00 0.78539 822 
1,05 
1.10 
09] 
qT 
z/i=y\a 1.00 
1,0 0. 78539 822 
12 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 
3.4 
3.6 
3.8 
4.0 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


TABLE FOR OBTAINING 9, 9 AND + ON Ox AND Oy 


1.05 
1,00000 006 
0. 99999 887 
0.99998 198 
0.99990 871 
0.99971 119 


0. 99929 399 
0.99853 355 
0.99727 741 
0.99534 298 
0.99251 583 


0.98854 726 
0. 98315 105 
0.97599 894 
0.96671 478 
0.95486 674 


0. 93995 720 
0.92140 960 
0, 89855 136 
0. 87059 177 
0. 83659 307 
0.79543 267 


(~4)9 
ne" 
1.05 
1,.00000 000 
0.99999 887 
0.99998 200 


0. 99990 891 
0.99971 234 


0.99929 836 
0. 99854 660 
0.99731 033 
0.99541 639 
0.99265 485 


0.98882 817 
0.98364 988 
0. 97684 238 
0.96808 373 
0, 95701 320 


0. 94322 518 
0.92626 102 
0.90559 833 
0. 88063 688 
0, 85068 069 


0. 81491 420 
0.77237 164 


(8 
1.05 
0. 81491 420 


11 
1,00000 000 
0, 99999 895 
0.99998 319 
0.99991 481 
0, 99973 030 


0, 99934 010 
0.99862 782 
0.99744 912 
0.99563 028 
0. 99296 602 


0. 98921 683 
0, 98410 521 
0.97731 096 
0.96846 489 
0.95714 079 


0, 94284 503 
0.92500 321 
0, 90294 299 
0. 87587 177 
0, 84284 790 
0, 80274 283 


oF 
8 

11 
1.00000 000 
0. 99999 895 
0.99998 322 


0, 99991 516 
0.99973 226 


0. 99934 758 
0.99865 014 
0.99750 544 
0.99575 586 
0, 99322 092 


0. 98969 725 
0, 98495 820 
0.97875 291 
0.97080 464 
0.96080 810 


0, 94842 600 
0. 93328 385 
0.91496 295 
0, 89299 175 
0, 86683 386 


0, 83587 315 
0. 79939 419 
0.75655 714 


a 
1.1 
0, 83587 315 


zf(z) 

1.2 
1,00000 000 
0.99999 905 
0.99998 471 
0.99992 246 
0.99975 429 


0.99939 799 
0. 99874 617 
0. 99766 478 
0.99599 122 
0.99353 179 


0.99005 855 
0.98530 511 
0.97896 146 
0.97066 726 
0. 96000 343 


0. 94648 146 
0.92952 973 
0.90847 617 
0. 88252 588 
0. 85073 222 
0, 81195 906 
(-4)9 
8 


12 
1,00000 000 
0, 99999 905 
0.99998 476 
0, 99992 299 
0,99975 725 


0. 99940 928 
0.99877 991 
0.99774 989 
0.99618 100 
0. 99391 695 


0.99078 438 
0. 98659 357 
0.98113 896 
0.97419 926 
0.96553 710 


0.95489 807 
0.94200 908 
0.92657 574 
0.90827 878 
0. 88676 908 


0, 86166 128 


(a 
1.2 


0. 86166 128 
0.71573 454 


1.4 
1, 00000 
0, 99999 
0. 99998 
0, 99992 
0. 99977 


0. 99944 
0. 99884 
0, 99784 
0. 99628 
0, 99399 


0, 99074 
0. 98628 
0. 98030 
0. 97246 
0. 96233 


0, 94944 
0, 93322 
0. 91298 
0, 88795 
0, 85716 
0, 81947 


977 


ca 


1.4 
1, 00000 
0, 99999 
0. 99998 
0, 99992 
0, 99977 


0.99945 
0. 99888 
0.99794 
0. 99652 
0. 99448 


0. 99166 
0. 98791 
0. 98306 
0. 97694 
0. 96935 


0, 96010 
0, 94902 
0, 93589 
0, 92051 
0, 90268 


0. 88219 


000 
912 
601 
935 
752 


935 
517 
811 
557 
077 


445 
646 
740 
003 
061 


986 
381 
412 
815 
849 


209 


ce 


14 
0, 88219 
0. 76897 
0.59293 


209 
769 
450 


(Positive Discriminant—Unit Real Half-Period) 


2.0 
1, 00000 
0. 99999 
0. 99998 
0, 99993 
0, 99978 


0. 99946 
0. 99887 
0. 99790 
0. 99639 
0, 99417 


0, 99100 
0. 98666 
0, 98082 
0.97315 
0, 96324 


0, 95059 
0. 93465 
0, 91473 
0, 89005 
0, 85966 
0, 82239 


820 


i 


2.0 
1, 00000 
0. 99999 
0. 99998 
0. 99993 
0. 99978 


0, 99947 
0. 99892 
0. 99802 
0. 99665 
0. 99469 


0. 99200 
0, 98842 
0, 98381 
0, 97799 
0, 97081 


0. 96211 
0, 95172 
0. 93947 
0. 92521 
0. 90878 


0, 89003 


000 
915 
649 
181 
537 


871 
586 
472 
871 
855 


425 
700 
123 
651 
949 


557 
061 
230 
144 
307 


731 


e 


2.0 

0. 89003 

0. 78909 

0, 64073 

0. 43846 

+0. 17708 


~0, 14800 


731 
505 
496 
099 
802 


012 


tae 


4.0 
1.00000 000 
0.99999 915 
0.99998 644 
0.99993 115 
0. 99978 148 


0. 99946 364 
0.99888 045 
0, 99790 954 
0. 99640 099 
0, 99417 438 


0.99101 490 
0. 98666 904 
0, 98083 833 
0.97317 272 
0, 96326 132 


0.95062 155 
0. 93468 503 
0.91478 003 
0, 89010 902 
0.85971 964 


0. 99978 555 


0.99947 917 
0.99892 682 
0.99802 653 
0, 99666 184 
0.99470 368 


0.99201 225 
0. 98843 902 
0. 98382 874 
0.97802 138 
0.97085 406 


0.96216 276 
0.95178 405 
0.93955 644 
0.92532 176 
0, 90892 628 


0, 89022 154 


43] 

6 
4.0 

0. 89022 15 

0.78956 60 

0, 64184 73 


0, 44095 77 
+0.18250 43 


-0,13652 01 
-0.51809 61 
-0. 96348 97 
~1, 47349 03 
-2,04858 16 


-2, 68905 52 
~-3,39508 38 
-4,16677 17 
~5, 00417 86 
-5, 90734 21 
-6, 87630 32 


[0] 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


TABLE FOR OBTAINING &, #' AND ¢ ON Ox AND Oy 
(Negative Discriminant—Unit Real Half-Period) 


2A (z) 
z=a\a 1.00 1.05 1.15 1.3 1.5 2.0 
0,00 1,00000 00 1,00000 00 1.00000 00 1,00000 00 1.00000 00 1.00000 00 
0.05 0.99998 52 0,99998 68 0,99998 98 0.99999 38 0,99999 75 1,00000 14 
0.10 0.99976 37 0.99978 83 0.99983 74 0.99990 10 0,99996 06 1,00002 30 
0.15 0.99880 40 0.99893 08 0.99918 15 0.99950 43 0.99980 51 1,00011 83 
0.20 0.99622 33 0.99663 32 0.99743 55 0.99845 77 0.99940 30 1,00038 24 
0,25 0.99079 63 0.99182 47 0,99381 16 0.99631 17 0,99860 26 1.00096 01 
0.30 0.98097 82 0,98317 67 0.98736 11 0.99255 06 0.99725 51 1,00205 83 
0.35 0.96495 11 0.96915 65 0.97703 14 0.98664 20 0.99525 02 1,00396 14 
0,40 0,94070 57 0.94811 25 0.96174 61 0.97810 01 0.99255 94 1,00705 13 
0.45 0.90617 03 0.91839 70 0.94051 05 0,96656 45 0,98928 71 1,01183 11 
0.50 0.85939 83 0.87853 56 0.91254 55 0,95189 16 0,98573 01 1.01895 42 
0.55 0.79882 11 0.82744 45 0.87744 80 0.93426 12 0.98244 30 1,02925 89 
0,60 0,72356 52 0.76469 39 0.83537 63 0.91429 23 0.98031 24 1,04381 01 
0.65 0,63382 07 0.69080 48 0.78725 05 0.89316 80 0.98063 64 1.06395 05 
0.70 0,53123 69 0,60756 14 0,73495 90 0,87276 38 0.98521 20 1.09136 32 
0.75 0.41930 23 0,51830 84 0.68155 50 0,85577 68 0.99643 13 1,12815 05 
0.80 0,30366 33 0,42820 16 0,63143 16 0,84585 35 1.01739 07 1.17693 44 
0.85 0.19233 10 0.34438 12 0.59046 32 0.84771 96 1,05201 81 1.24098 76 
0.90 0.09574 08 0.27605 07 0.56611 51 0.86731 78 1,10523 21 1,32440 72 
0.95 0.02666 27 0.23446 42 0.56753 12 0.91197 25 1.18314 77 1.43234 85 
1,00 0,00000 00 0.23286 11 0.60563 48 0.99060 83 1.29335 96 1.57134 70 
[2] (-3)5 [9] a4] (-3)4 [3 
8 8 8 8 8 8 
z/i=y\¢ 1.00 1.05 1.15 13 1.5 2.0 
0.00 1.00000 00 1.00000 00 1,00000 00 1.00000 00 1,00000 00 1,00000 00 
0.05 0,99998 52 0.99998 67 0.99998 98 0.99999 37 0.99999 75 1.00000 14 
0.10 0.99976 37 0.99978 76 0.99983 59 0.99989 93 0.99995 93 1,00002 24 
0.15 0.99880 40 0.99892 27 0.99916 47 0.99948 51 0,99978 96 1,00011 15 
0.20 0.99622 33 0.99658 78 0.99734 10 0.99834 96 0.99931 61 1.00034 41 
0.25 0.99079 63 0.99165 20 0.99345 16 0.99589 95 0.99827 12 1.00081 39 
0,30 0.98097 82 0,98266 22 0.98628 83 0.99132 10 0.99626 60 1,00162 14 
0.35 0.96495 11 0.96786 42 0.97433 43 0.98354 71 0.99275 81 1.00285 94 
0.40 0.94070 57 0.94525 04 0.95576 47 0.97122 41 0.98701 30 1.00459 41 
0.45 0.90617 03 0.91264 56 0.92846 67 0.95268 27 0.97806 19 1.00684 49 
0.50 0.85939 83 0.86784 46 0,89009 57 0,92592 17 0.96465 71 1,00955 92 
0,55 0.80881 13 0.83817 66 0.88861 10 0.94522 83 1,01258 51 
0,60 0.77024 24 0.83812 71 0.91784 50 1,01563 95 
0,65 0.77163 28 0.88019 00 1.01827 41 
0. 70 0.82955 45 1.01983 61 
0,75 0, 76286 31 1,01942 61 
0, 80 1.01585 25 
0. 85 1, 00758 28 
0.90 0. 99269 39 
0.95 0, 96882 29 
1,00 0, 93312 29 
(-3)2 [‘B2] [2] [37] [‘P7] (-3)1 
vi 7 8 7 qT 6 
2/i=y\a 
1.1 
1.2 
1.3 
1.4 If the real half-period ~1, see 18.2 Homogeneity Relations. Interpolation with 
1.5 respect to « will, in general, be difficult because of the non-uniform subintervals 
1.6 involved. Aitken’s interpolation may be used in this case. As few as 3S may 
ia be obtained. For the computation of P, #’ or ¢ at z=.+iy, an addition formula 
mae may be used (18.4. and Examples 11-12). 


Table 18.2 


4.0 
1,.00000 00 
1.00000 25 
1.00004 07 
1,00020 71 
1.00065 92 


1.00162 38 
1, 00340 46 
1, 00639 11 
1,01107 17 
1.01805 02 


1.02806 66 
1.04202 47 
1,06102 67 
1, 08641 83 
1.11984 70 


1.16333 76 
1, 21939 20 
1, 29112 16 
1, 38242 38 
1, 49822 24 
1, 64479 64 


a 


1, 00063 88 


1.00154 61 
1, 00317 22 
1.00580 47 
1.00976 35 
1.01539 36 


1.02305 58 
1.03311 90 
1.04595 22 
1, 06191 71 
1, 08136 14 


1.10461 36 
1.13197 83 
1, 16373 23 
1.20012 24 
1, 24136 39 
1. 28763 91 


ce 


4.0 
1.39585 80 
1.52559 80 
1.67719 97 
1, 85056 87 
2.04521 26 


2.26025 62 
2.49441 96 
2. 74594 50 
3.01245 16 
3, 29069 52 


677 


678 


Table 18.2 


=a\a 1.00 
~2,00000 00 
~2, 00002 95 
-2, 00047 25 
-2, 00239 01 
-2, 00753 43 


0 

5 

0 

5 

0 

5 -2,01829 41 
0 ~-2,03755 78 
5 -2,06843 88 
Q -2,11379 74 
5 -2.17550 18 
0 -2, 25339 16 
5 -2.34395 53 
0 ~2,43881 27 
5 -2,52318 49 
0 -2.57463 40 
5 

0 

5 

0 


-2. 56240 86 
-2, 44770 16 
-2,18496 84 
~-1. 72414 78 
95 1.01321 01 
6 0.00000 00 


[0] 


z/i=y\a 1.00 

0,00 -2.00000 00 
0.05 -2,00002 95 
0.10 ~2.00047 25 
0.15 -2,00239 01 
0.20 -2.00753 43 


0.25 -2,01829 41 
0,30 -2,03755 78 
0.35 ~2,06843 88 
0.40 -2,11379 74 
0.45 -2,17550 18 


0,50 ~2, 25339 16 


0. 
0. 
0, 
0. 
0. 
0. 
0. 
0. 
0, 
0. 
0. 
0. 
0. 
0, 


0 
1 
1 
2 
2 
3 
3 
4 
4 
5 
5 
6 
6 
7 
7 
8 
8 
9 
0 


0. 
0, 
0. 
0. 
0, 
0, 9 
1 


(F 


Ae 
Ps 
It 


=y\a 


eee e oeaeene 
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


TABLE FOR OBTAINING 9, #' AND ¢ ON Ox AND Oy 
(Negative ate Real Half-Period) 
BP (2 


1.05 
~2, 00000 
~2, 00002 
-2, 00042 
-2, 00212 
-2, 00667 


-2, 01608 
-2, 03274 
~2, 05907 
~2, 09713 
~2, 14789 


~2, 21047 
-2, 28098 
~2. 35140 
-2, 40840 
-2, 43241 


-2, 39712 
~2, 26959 
-2, 01105 
-1, 57813 
-0, 92423 
0, 00000 


-2, 00685 


+2, 01677 
~2. 03479 
~2, 06420 
~2, 10841 
-2, 17036 


-2, 25173 
-2, 35170 


01 
68 


(7 


1.15 
-2,00000 00 
-2, 00002 04 
-2,00032 37 
~2,00161 92 
-2.00502 56 


~2.01196 38 
~2. 02397 99 
-2, 04247 95 
-2, 06835 37 
-2,10148 48 


~2.14013 46 
~2,18023 97 
-2, 21466 43 
-2, 23248 50 
~2, 21839 89 


2.15233 79 
~2,00933 39 
-1. 75959 77 
-1. 36864 82 
-0.79716 03 
0, 00000 00 


(F 


1.15 
-2,00000 00 
~2,00002 05 
-2,00032 97 
-2. 00168 65 
-2,00540 32 


-2. 01340 12 
-2, 02825 59 
-2,05319 59 
~2, 09200 85 
-2,14879 02 


-2. 22747 67 


-2, 33108 42 
-2, 46061 76 


(F 


1.3 
-2, 00000 
-2, 00001 
-2. 00019 
~2, 00097 
-2, 00297 


~2, 00694 
~2, 01358 
-2, 02334 
-2, 03614 
-2, 05106 


-2, 06592 
-2, 07692 
-2, 07815 
~2, 06116 
-2, 01460 


-1, 92378 
~1, 77031 
~1, 53168 
-1, 18057 
-0, 68374 
0. 00000 


FF 


13 
-2, 00000 
~2, 00001 
-2, 00020 
-2, 00104 
-2, 00340 


~2, 00859 
-2, 01849 
~2,. 03567 
~2, 06346 
~2,10597 


-2, 16805 
~2, 25504 
-2, 37230 
-2, 52442 


(ce 


1.5 
-2, 00000 
-2, 00000 
-2. 00007 
~2. 00037 
-2, 00110 


~2, 00246 
~2, 00448 
-2, 00696 
-2, 00922 
-2, 00992 


~2, 00685 
~1. 99665 
-1, 97452 
~1. 93392 
~1, 86620 


-1, 76023 
~1. 60178 
~1. 37288 
-1, 05066 
-0, 60580 

0, 00000 


-2, 00000 
-2, 00000 
-2, 00008 
-2, 00043 
-2, 00145 


-2, 00378 
~2. 00844 
-2, 01691 
~2, 03134 
~2, 05462 


-2, 09057 
~2. 14403 
-2, 22089 
-2. 32798 
-2, 47283 


~2, 66308 


(P 


2.0 
-2, 00000 00 
1.99999 71 
-1.99995 34 
-1.99975 65 
1.99919 66 


-1,99793 23 
~1..99544 16 
-1,99095 74 
-1, 98338 63 
-1..97120 64 


-1, 95234 05 
-1, 92399 70 
-1. 88246 83 
-1, 82286 83 
-1, 73878 53 


-1, 62181 13 
-1, 46089 21 
-1. 24141 08 
~0, 94387 76 
-0, 54202 52 
0, 00000 00 


(F 


-2, 00000 00 
-1.99999 72 
-1.99995 58 
-1,99978 38 
-1, 99935 00 


-1,99851 75 
-1.99718 99 
~1.99536 97 
~1, 99323 08 
~1,99120 21 


~-1.99006 63 
~1.99107 16 
-1.99605 96 
-2,00760 83 
-2,02919 12 


~2, 06534 90 
-2,12187 04 
~2, 20596 83 
-2. 32643 60 
-2, 49375 12 
-2, 72008 43 


(F 


4.0 
~2. 00000 00 
~1..99999 49 
-1. 99991 83 
-1, 99958 21 
-1, 99866 07 


”21,99667 11 


-1.99294 36 
-1. 98657 99 
-1. 97639 65 
~1, 96084 72 


-1.93791 93 
-1, 90499 42 
-1, 85865 81 
1.79444 54 
-1. 70648 76 


~1.58702 84 
~1. 42574 81 
-1, 20881 20 
-0.91751 44 
-0, 52632 04 
0, 00000 00 


CF 


~2.00000 00 
-1.99999 49 
~1.99991 95 
-1. 99959 66 
~1. 99874 22 


-1. 99698 24 
-1, 99387 40 
-1. 98892 95 
-1, 98164 41 
-1,97152 19 


-1, 95810 18 
-1. 94097 97 
~1..91982 80 
-1, 89440 95 
-1, 86458 73 


~1, 83032 90 
-1.79170 68 
-1, 74889 39 
-1, 70215 68 
-1, 65184 57 
-1, 59838 35 


4.0 
-1. 48398 95 
-1. 36337 47 
-1, 24144 17 
-1, 12345 13 
-1,01509 75 


-0, 92286 21 
~0. 85472 55 
-0, 82134 27 
-0, 83783 54 
-0, 92645 86 


F 


ll 
3 
ae 
> 


1.00 
1, 00000 
1. 00000 
1, 00007 
1, 00039 
1, 00125 


1, 00307 
1, 00636 
1, 01176 
1, 01999 
1, 03186 


1, 04821 
1, 06990 
1, 09776 
1, 13248 
1.17462 


1, 22444 
1, 28188 
1, 34648 
1, 41726 
1, 49272 
1.57079 


eeeese* 
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


42 
62 


i 


z/i=y\e 1.00 
0,00 1,00000 
0.05 1.00000 
0.10 1, 00007 
0.15 1,00039 
0,20 1.00125 


0.25 1,00307 
0.30 1.00636 
0.35 1,01176 
0.40 1.01999 
0.45 1, 03186 


0.50 1.04821 


en 


TABLE FOR OBTAINING &, 9 AND ¢ ON Ox AND Oy 
(Negative Discriminant—Unit Real Half-Period) 


1.05 
1,00000 00 
1.00000 44 
1, 00007 06 
1.00035 70 
1.00112 60 


1,00274 09 
1.00566 06 
1, 01043 07 
1.01767 00 
1,02805 07 


1, 04227 15 
1, 06102 21 
1.08493 81 
1.11454 88 
1.15021 58 


1.19206 86 
1, 23993 78 
1.29329 24 
1.35118 37 
1.41220 03 
1, 47443 


el 


1.05 
1, 00000 00 
1.00000 44 
1, 00007 08 
1.00035 86 
1,00113 51 


1.00277 55 
1, 00576 38 
1, 01069 02 
1, 01824 62 
1, 02921 31 


1, 04444 39 
1, 06483 58 


4 


1.15 
1,00000 00 
1,00000 34 
1,00005 43 
1, 00027 40 
1, 00086 16 


1,00208 94 
1, 00429 54 
1, 00787 32 
1.01325 74 
1.02090 50 


1.03127 19 
1, 04478 39 
1.06180 26 
1, 08258 64 
1.10724 76 


1.13570 79 
1.16765 25 
1.20248 62 
1, 23929 22 
1.27679 52 
1, 31332 


al 


1.15 
1, 00000 00 
1.00000 34 
1.00005 46 
1, 00027 73 
1,00088 05 


1.00216 14 
1.00451 03 
1, 00841 42 
1.01445 97 
1, 02333 32 


1.03581 72 


1,05277 97 
1.07515 67 


(cen 


zt(z) 

13 
1,00000 00 
1.00000 21 
1, 00003 31 
1.00016 65 
1.00052 15 


1,00125 79 


1.00779 77 
1.01217 02 


1.01799 52 
1,02543 63 
1. 03459 22 
1.04547 13 
1,05796 45 


1, 07181 59 
1, 08659 33 
1.10165 80 
1.11613 35 
1.12887 36 
1.13842 65 


a 


1.3 
1.00000 00 
1.00000 21 
1.00003 34 
1,00017 04 
1.00054 31 


1.00134 04 
1, 00281 53 
1.00529 28 
1, 00917 72 
1.01496 03 


1,02322 84 
1.03466 71 
1,05006 29 
1.07029 97 


cen 


15 


1.00000 00 
1.00000 08 
1.00001 32 
1,00006 60 
1,00020 48 


1.00048 81 
1, 00098 15 
1,00175 16 
1.00285 61 
1, 00433 47 


1, 00619 68 
1,00840 79 
1.01087 54 
1, 01343 17 
1.01581 69 


1.01765 94 
1,01845 50 


1.5 
1.00000 00 
1.00000 08 
1, 00001 35 
1.00006 91 
1, 00022 22 


1.00055 43 
1,00117 94 
1.00225 03 
1,00396 67 
1.00658 42 


1.01042 41 
1.01588 39 
1.02344 73 
1.03369 45 
1. 04730 93 


1, 06508 51 


en 


2.0 


1, 00000 00 
0, 99999 95 
0, 99999 24 
0, 99996 10 
0. 99987 51 


0, 99968 98 
0. 99934 32 
0.99875 38 
0.99781 57 
0, 99639 49 


0, 99432 31 
0.99139 16 
0. 98734 37 
0. 98186 55 
0.97457 57 


0.96501 30 
0. 95262 09 
0.93672 94 
0.91653 15 
0, 89105 46 
0, 85912 29 


0.99988 28 


0.99971 90 
0. 99943 06 
0.99897 41 
0.99830 68 
0. 99739 10 


0.99619 89 
0.99471 80 
0.99295 77 
0.99095 58 
0. 98878 64 


0.98656 79 
0. 98447 25 
0, 98273 54 
0.98166 56 
0.98165 63 
0. 98319 


ical 


Table 18.2 


4.0 


1.00000 00 
0.99999 92 
0, 99998 65 
0.99993 12 
0.99978 17 


0.99946 41 
0.99888 13 
0.99791 11 
0, 99640 37 
0.99417 86 


0.99102 12 
0, 98667 79 
0.98085 06 
0.97318 91 
0, 96328 27 


0.95064 87 
0.93471 88 
0.91482 13 
0. 89015 86 
0, 85977 85 
0, 82253 59 


1.00000 00 
0, 99999 92 
0.99998 65 
0.99993 19 
0.99978 57 


0.99947 96 
0.99892 78 
0.99802 83 
0.99666 50 
0.99470 88 


0. 99202 03 
0. 98845 10 
0, 98384 63 
0.97804 63 
0.97088 86 


0, 96221 00 
0.95184 75 
0, 93964 06 
0. 92543 21 
0, 90906 94 
0, 89040 57 


4.0 
0, 84561 98 
0, 79003 67 
0. 72274 36 
0, 64295 89 
0.55003 38 


0, 44345 14 
0, 32282 70 
0.18790 92 
+0, 03858 90 
-0, 12508 


al 


679 


680 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


Table 18.3 
ane'fi ts 
1.00 11,.81704 500 
1,02 11,37372 384 
1.04 10,98419 107 
1,06 10,.64177 347 
1.08 10,34065 794 
1.10 10,07577 364 
1,12 9, 84269 185 
1.14 9.63754 049 
1.16 9.45693 072 
1.18 9.29789 413 
1,20 9.15782 851 
1, 22 9.03445 117 
1,24 8.92575 843 
1,26 8, 82999 055 
1, 28 8. 74560 138 
1,30 8, 67123 169 
1,32 8, 60568 628 
1.34 8.54791 374 
1. 36 8.49698 890 
1,38 8.45209 746 
1,40 8, 41252 263 
1,42 8.37763 305 
1,44 8, 34687 283 
1,46 8.31975 228 
1,48 8. 29583 997 
1,50 8.27475 580 
1,52 825616 484 
1,54 8, 23977 191 
1, 56 8.22531 684 
1.58 8, 21257 036 
1,60 8, 20133 033 
1.65 8.17870 308 
1,70 8.16217 907 
1.75 8.15011 147 
1, 80 8.14129 812 
1.85 8.13486 127 
1.90 8,13016 002 
1.95 8.12672 634 
2,00 8.12421 844 
2,05 8.12238 671 
2.10 8.12104 883 
2,15 8.12007 164 
2.20 8.11935 791 
2,25 8.11883 660 
2,30 8.11845 583 
2.4 8.11797 459 
2.5 8.11771 785 
2.6 8.11758 087 
2.7 8.11750 782 
2.8 8.11746 884 
2.9 8.11744 804 
3.0 8.11743 694 
3.1 8.11743 103 
3,2 8.11742 787 
3.3 8.11742 619 
3.4 8.11742 529 
3.5 8,11742 481 
3.6 8.11742 455 
3.7 8.11742 441 
3.8 8.11742 434 
3.9 8.11742 430 
4,0 8.11742 426 
© 8.11742 426 
oe 
8 


93 
0. 00000 
0, 55318 
1, 03485 
1. 45484 
1. 82151 


2, 14201 
2. 42241 
2, 66798 
2, 88320 
3, 07195 


3. 23761 
3, 38308 
3, 51088 
3, 62320 
3, 72197 


3, 80885 
3, 88529 
3. 95256 
4.01178 
4, 06392 


4, 10985 
4, 15029 
4.18593 
4, 21732 
4, 24498 


4, 26936 
4. 29084 
4, 30978 
4.32647 
4, 34119 


4, 35416 
4, 38026 
4, 39931 
4, 41322 
4, 42337 


4. 43079 
4. 43620 
4. 44016 
4. 44305 
4. 44516 


4, 44670 
4, 44782 
4, 44864 
4, 44924 
4, 44968 


4, 45024 
4. 45053 
4, 45069 
4, 45077 
4, 45082 


4. 45084 
4, 45086 
4, 45086 
4, 45087 
4. 45087 


4, 45087 
4, 45087 
4. 45087 
4. 45087 
4, 45087 


4, 45087 
4, 45087 


4,45 


“=A 


1. 71879 
1, 71005 
1, 70235 
1. 69556 
1, 68958 


1, 68430 
1, 67965 
1.67554 
1, 67193 
1, 66874 


1, 66592 
1, 66344 
1, 66126 
1, 65933 
1, 65763 


1, 65613 
1, 65480 
1, 65364 
1, 65261 
1, 65170 


1, 65090 
1, 65020 
1, 64957 
1, 64903 
1, 64854 


1, 64812 
1, 64774 
1, 64741 
1, 64711 
1, 64686 


1, 64663 
1. 64617 
1, 64584 
1. 64559 
1, 64541 


1, 64528 
1, 64519 
1. 64512 
1, 64507 
1, 64503 


1, 64500 
1. 64498 
1, 64497 
1, 64496 
1, 64495 


1, 64494 
1, 64494 


1, 64493 


1, 64493 
1, 64493 
1, 64493 
1, 64493 
1, 64493 


1, 64493 
1, 64493 
1, 64493 
1, 64493 
1, 64493 


1, 64493 
1, 64493 


1, 644 


one a 
Pa. es 


e3= Pp (w’) 


-1, 71879 
~1, 66138 
-1, 60783 
-1, 55787 
-1, 51123 


-1, 46767 
-1, 42698 
-1, 38894 
~1, 35338 
-1, 32011 


-1, 28900 
-1. 25988 
~1, 23262 
-1, 20710 
~1, 18320 


~1. 16082 
~1, 13985 


-1, 12021 - 


-1, 10180 
~1, 08454 


-1, 06837 
-1, 05321 
~1, 03899 
-1, 02566 
-1, 01316 


-1,00144 
-0, 99044 
-0, 98012 
-0, 97045 
-0, 96137 


-0. 95285 
~0, 93379 
-0, 91752 
-0, 90365 


-0. 89180" 


-0, 88169 


~0, 85402 


-0, 84942 
~0, 84550 
-0, 84215 
-0. 83928 
~0, 83684 


-0, 83296 
-0, 83013 


-0, 82655 
-0. 82545 


-0, 82464 


-0, 82308 


-0, 82292 
-0, 82279 
~0, 82270 
-0, 82264 
-0, 82259 


-0, 82256 
~0, 82253 


-0, 822 
6 


For a=1: gg=ut, 9,=0, ¢)=02/2, e3= —w2/2, a=9/4, 9! /i= —/4, 
For a= ©: g=94/12, 93 =99/216, ¢, =32/6, e3 = —w2/12, 9 =92/12, 1’ ize, 

(w= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 
For 4<a<-, to obtain 1’ use Legendre’s relation 9’ = nw’ —ri/2. 


To obtain the corresponding values of tabulated quantities when the real half-period »~1, 
multiply 92 by w—4, 93 by w—6, e; by w-2 and » by wi. 


ea 


64 
15 


83 
19 


82 


80 
ll 


33 


68 
78 


13 
59 


70 


INVARIANTS AND VALUES AT HALF-PERIODS 
(Non-Negative Discriminant—Unit Real Half-Period) 


n=t(1) 


0, 78539 
0. 78979 
0. 79367 
0. 79708 
0, 80009 


0, 80274 
Q, 80507 
0, 80713 
0, 80895 
0, 81054 


0, 81195 
0. 81320 
0, 81429 
0, 81526 
0, 81611 


0, 81686 
0. 81752 
0, 81811 
0, 81862 
0, 81907 


0. 81947 
0, 81983 
0. 82014 
0, 82041 
0, 82066 


0. 82087 
0, 82106 
0, 82122 
0, 82137 
0, 82150 


0, 82161 
0, 82184 
0. 82201 
0, 82213 
0, 82222 


0. 82229 
0, 82233 
0, 82237 
0, 82239 
0. 82241 


0, 82243 
0. 82244 
0, 82244 
0, 82245 
0. 82245 


0, 82246 
0, 82246 
0, 82246 
0, 82246 
0, 82246 


0. 82246 
0, 82246 
0, 82246 
0, 82246 
0, 82246 


0, 82246 
0. 82246 
0, 82246 
0, 82246 
0, 82246 


0, 82246 
0, 82246 


0. 82 


816 
718 
192 
535 
279 


283 
817 


ae 704 
eo") 


a [t= $0") /i 


~0. 78539 
-0, 76520 
-0, 74537 
-0. 72588 
-0, 70669 


-0, 68777 
-0, 66910 
~0, 65066 
-0, 63241 
-0. 61434 


-0. 59644 
~0. 57869 
-0, 56106 
~0, 54356 
-0, 52616 


-0, 50887 
-0, 49166 
0, 47452 
-0, 45746 
~0, 44046 


-0, 42352 
-0. 40663 
-0. 38978 
~0, 37298 
-0, 35621 


-0. 33948 
-0. 32278 
-0, 30610 
~0, 28945 
~0, 27282 


~0. 25620 
-0, 21475 
0.17337 
~0, 13205 
~0. 09079 


-0. 04955 
-0. 00835 
+0, 03283 
0. 07400 
0.11515 


0. 15630 
0.19745 
0, 23858 
0, 27972 
0. 32085 


0. 40311 
0, 48536 
0. 56761 
0. 64986 
0. 73211 


0. 81435 
0, 89660 
0. 97885 
1, 06109 
1, 14334 


1.22559 
1, 30783 
1.39008 
1, 47233 
1, 55457 


1, 63682 
1. 71907 


82 


ea 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


INVARIANTS AND VALUES AT HALF-PERIODS 
(Non-Negative Discriminant—Unit Real Half-Period) 


a=o' fi o(1) 

1, 00 0.94989 88 
1, 02 0.95114 80 
1,04 0.95224 92 
1, 06 0.95321 98 
1, 08 0.95407 54 
1,10 0.95482 97 
1,12 0.95549 47 
1,14 0.95608 10 
1.16 0.95659 79 
1,18 0.95705 36 
1.20 0.95745 55 
1, 22 0.95780 98 
1,24 0.95812 22 
1, 26 0, 95839 77 
1, 28 0.95864 07 
1,30 0.95885 49 
1, 32 0.95904 38 
1, 34 0.95921 04 
1, 36 0.95935 73 
1, 38 0.95948 68 
1.40 0.95960 10 
1, 42 0.95970 18 
1,44 0.95979 06 
1, 46 0, 95986 89 
1,48 0.95993 80 
1,50 0.95999 90 
1, 52 0.96005 27 
1,54 0.96010 01 
1, 56 0.96014 19 
1.58 0.96017 87 
1, 60 0.96021 13 
1,65 0.96027 67 
1,70 0.96032 45 
1.75 0.96035 94 
1,80 0. 96038 49 
1,85 0.96040 35 
1.90 0.96041 72 
1.95 0.96042 70 
2, 00 0.96043 43 
2.05 0, 96043 96 
2.10 0.96044 35 
2.15 0.96044 63 
2,20 0.96044 84 
2,25 0, 96044 99 
2, 30 0.96045 10 
2.4 0.96045 24 
2.5 0.96045 31 
2.6 0.96045 35 
2.7 0.96045 37 
2.8 0.96045 38 
2.9 0.96045 39 
3.0 0.96045 40 
3.1 0, 96045 40 
3,2 0.96045 40 
3.3 0.96045 40 
3.4 0.96045 40 
3,5 0.96045 40 
3.6 0.96045 40 
3.7 0.96045 40 
3.8 0.96045 40 
3.9 0.96045 40 
4,0 0.96045 40 
0 0.96045 40 
A=0 92] 

4 


wg=Lto', e2=P (L+o’) = —(e, +63), 29= (1+) =nt0", 


o(w’) fi 
0. 949899 
0, 967481 
0. 984884 
1, 002097 
1.019107 


1, 035904 
1.052476 
1. 068811 
1, 084899 
1.100727 


1.116285 
1, 131562 
1.146546 
1, 161227 
1.175594 


1.189636 
1, 203344 
1, 216707 
1, 229716 
1. 242361 


1, 254633 
1, 266522 
1.278021 
1, 289120 
1.299811 


1.310087 
1.319941 
1, 329364 
1, 338351 
1.346895 


1.354990 
1, 373224 
1.388539 
1, 400869 
1, 410170 


1. 416408 
1, 419573 
1, 419665 
1, 416707 
1, 410733 


1, 401800 
1.389977 
1.375349 
1.358018 
1. 338098 


1. 291016 
1, 235264 
1.172151 
1, 103091 
1.029557 


0. 953025 
0, 874937 
0. 796655 
0. 719428 
0. 644360 


0.572395 
0. 504299 
0. 440663 
0. 381903 
0, 328268 


0. 279851 
0, 236623 


0, 000000 
ce 


Reo(w2) 
1, 182951 
1.170397 
1, 157316 
1. 143695 
1, 129522 


1.114782 
1, 099457 
1, 083531 
1, 066989 
1, 049814 


1, 031991 
1, 013507 
0. 994349 
0. 974506 
0. 953970 


0. 932733 
0. 910790 
0, 888138 
0. 864776 
0. 840704 


0. 815927 
0. 790449 
0. 764278 
0, 737425 
0. 709900 


0, 681719 
0. 652896 
0, 623452 
0, 593404 
0.562777 


0, 531593 
0, 451372 
0. 368286 
0. 282840 
0, 195588 


0.107125 
+0, 018074 
~0. 070918 
-0, 159199 
-0. 246114 


-0. 331019 
-0. 413290 
-0. 492330 
~0, 567579 
-0, 638522 


-0, 765682 
-0, 870782 
-0, 951807 
~1, 007808 
-1, 038896 


-1, 046157 
~1, 031530 
-0. 997636 
-0, 947586 
-0. 884775 


-0, 812687 
~0, 734720 
-0. 654024 
~0, 573398 
~0. 495196 


-0, 421291 
~0, 353075 


6, 000000 


P 


For a=1: o(1) =e2'4/w, o(w") =i0(1), #(u9) = y2e™eim/u, 
For a= ©: o(1) =207/24/m, ¢(0’)=0, o(wa) =0. 


(#=1,85407 4677 is the real half-period in the Lemniscatic case 18.14.) 


Table 18.3 


G o(w) 
1.182951 
1, 218650 
1, 253864 
1, 288619 
1, 322935 


1, 356827 
1.390301 
1, 423362 
1, 456007 
1. 488231 


1, 520022 
1, 551369 
1, 582254 
1, 612657 
1. 642557 


1, 671930 
1. 700750 
1, 728989 
1. 756618 
1. 783607 


1, 809925 
1, 835542 
1, 860425 
1, 884541 
1. 907860 


1. 930348 
1, 951974 
1, 972707 
1.992515 
2. 011370 


2. 029242 
2. 069439 
2.102914 
2, 129313 
2, 148344 


2.159783 
2.163478 
2.159353 
2.147412 
2.127732 


2.100473 
2, 065864 
2, 024211 
1, 975882 
1, 921308 


1.795415 
1, 650936 
1.492779 
1, 326086 
1.155967 


0. 987255 
0, 824296 
0. 670787 
0, 529666 
0. 403050 


0. 292246 
0.197780 
0.119493 
0, 056643 
+0, 008033 


-0. 027857 
-0, 052740 


0. 000000 
ie 


To obtain the corresponding values of tabulated quantities when the real half-period 


#1, multiply ¢ by ». 


681 


682 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


Table 18.3 

a=u5/i 92 

1,00 -47,26818 00 
1,02 -45,35272 19 
1.04 -43,40071 30 
1,06 -41,.42954 84 
1,08 -39,45420 53 
1.10 -37,48749 12 
1,12 -35,54027 17 
1.14 -33,62168 02 
1.16 -31,73930 91 
1.18 -29, 89938 64 
1,20 -28,10693 45 
1.22 -26.36591 62 
1,24 -24, 67936 58 
1.26 -23,04950 83 
1,28 -21.47786 60 
1.30 ~-19,96535 52 
1.32 -18,51237 16 
1,34 -17,11886 71 
1.36  -15, 78441 82 
1.38 +14,50828 67 
1.40 -~13.28947 27 
1,42 -12,12676 19 
1.44 -11,01876 70 
1.46 ~~ 9.96396 40 
1,48 —- 896072 32 
1.50 - 8.00733 71 
1.52 - 7.10204 36 
1.54 - 624304 63 
1.56 - 5.42853 20 
1.58 - 4.65668 53 
1.60 - 3.92570 12 
1.65 - 2.26537 64 
1.70 ~ 0.82241 58 
1.75 + 0.42844 48 
1, 80 1.51045 44 
1,85 2.44471 18 
1,90 3.25015 81 
1,95 3.94365 25 
2, 00 4.54009 85 
2, 05 5.05259 79 
2.10 5.49261 57 
2.15 5.87014 76 
2.20 6.19388 05 
2.25 6.47134 49 
2. 30 6 70905 42 
2.4 7, 08692 59 
2.5 7.36377 30 
2.6 7.56643 61 
2.7 7.71470 39 
2.8 7, 82312 83 
2.9 7, 90239 07 
3.0 7, 96032 11 
3.1 8.00265 32 
3.2 8, 03358 32 
3.3 8.05618 01 
3.4 8, 07268 80 
3.5 8, 08474 69 
3.6 8.09355 57 
3.7 8,09999 01 
3.8 8, 10469 00 
3.9 8.10812 30 
4.0 8.11063 05 
cd 8.11742 43 
a=0 [ eal 


INVARIANTS AND VALUES AT HALF-PERIODs 
(Non-Positive Discriminant—Unit Real Half-Period) 


93 


0.00000 00 
4.41906 00 
8, 23156 58 
11. 49257 28 
14, 25448 26 


16. 56680 99 
18, 47603 08 
20. 02550 17 
21, 25543 82 
22, 20294 45 


22,90208 34 
23, 38397 82 
23, 67693 85 
23, 80660 45 
23. 79610 09 


23. 66620 08 
23. 43548 95 
23,12052 98 
22, 73602 29 
22. 29496 60 


21, 80880 22 
21, 28756 31 
20. 74000 36 
20,17372 81 
19, 59530 70 


19, 01038 59 
18, 42378 52 
17, 83959 12 
17. 26123 98 
16, 69159 27 


16,13300 57 
14, 79653 23 
13, 56033 77 
12, 43388 94 
11,41927 28 


10, 51370 92 
9.71138 22 
9, 00473 54 
8.38537 94 
7, 84470 38 


7.37428 09 
6.96611 56 
6.61278 90 
6.30752 86 
6, 04422 78 


5.62231 14 
5.31058 54 
5. 08099 59 
4.91228 49 
4. 78851 39 


4. 69782 05 
4, 63142 26 
4.58284 25 
4. 54731 53 
4.52134 25 


4.50235 93 
4, 48848 72 
4.47835 14 
4.47094 62 
4.46553 65 


4.46158 47 
4, 45869 80 


4. 45087 59 
CP 


Rey= 


-0. 17834 


~0, 21662 
-0, 25266 
-0, 28660 
-0. 31854 
~0. 34862 


-0. 37692 
-0, 40356 
-0, 42863 
~0. 45222 
0, 47442 


-0, 49530 
-0, 51494 
-0, 53342 
-0, 55081 
-0. 56715 


-0, 58253 
-0. 59698 
-0, 61058 
-0. 62336 
-0. 63538 


-0, 64667 
-0, 65730 
-0, 66728 
-0. 67666 
~0, 68548 


~0, 69377 
-0, 71238 
-0, 72831 
-0, 74194 
-0, 75360 


-0. 76358 
-0, 77212 
-0. 77942 
-0. 78567 
-0.79101 


-0, 79557 
-0. 79948 
-0, 80282 
-0, 80567 
-0, 80811 


~0. 81198 
~0, 81480 
-0, 81687 
-0, 81837 
~0, 81948 


-0, 82028 
-0, 82087 
-0, 82130 
-0, 82161 
~0, 82184 


-0, 82201 
-0, 82213 
-0, 82222 
-0, 82229 
~0, 82233 


~0, 82237 
-0, 82239 


-0, 82 


Gey= 


1 % 
99 (5-3) 


3, 43759 
3. 36827 
3, 29802 
3.22711 
3.15578 


3, 08425 
3.01273 
2. 94140 
2, 87040 
2, 79990 


2. 73000 
2, 66084 
2.59249 
2.52505 
2. 45859 


2.39318 
2. 32886 
2. 26569 
2. 20369 
2.14291 


2, 08336 
2, 02506 
1, 96802 
1, 91226 
1.85777 


1, 80455 
1. 75261 
1, 70192 
1, 65250 
1, 60432 


1.55737 
1, 44527 
1.34049 
1.24271 
1,15159 


1, 06678 
0. 98792 
0. 91466 
0, 84665 
0, 78355 


0. 72504 
0. 67080 
0. 62056 
0.57401 
0, 53092 


0. 45410 
0, 38831 
0. 33200 
0, 28383 
0, 24262 


0, 20739 
0.17726 
0.15151 
0.12949 
0. 11067 


0. 09459 
0. 08084 
0, 06909 
0. 05904 
0, 05046 


0, 04313 
0, 03686 


0, 00 


For a=1: 92 = —4e4, 93=0, Re, =0, Je, =u2, 19=7/2, 13 /t= — m2, 
For a==: gy=1#/12, 93~n8/216, Re, =—12/12, Ge, =0, n9= 72/12, 5/i=°. 
(w= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 
For 4<a<~, to obtain 3 use Legendre’s relation 13 =1,03—m1. 
To obtain the corresponding values of tabulated quantities when the real half-period +2~1, 
multiply 92 by #2 *, 93 by «3°, e; by #2” and » by «2. 
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n= $(1) 


1.57079 
1.53091 
1. 49282 
1, 45647 
1, 42184 


1, 38885 
1.35748 
1. 32766 
1, 29935 
1, 27247 


1, 24699 
1, 22283 
1.19995 
1.17830 
1.15780 


1,13842 
1.12010 
1.10279 
1, 08644 
1, 07100 


1.05642 
1, 04267 
1, 02970 
1, 01747 
1.00593 


0, 99506 
0, 98482 
0.97517 
0. 96608 
0, 95751 


0, 94945 
0, 93130 
0, 91571 
0, 90232 
0, 89084 


0, 88099 
0. 87254 
0, 86531 
0, 85912 
0, 85382 


0, 84928 
0, 84539 
0, 84207 
0, 83923 
0, 83679 


0, 83294 
0, 83012 
0, 82805 
0, 82655 
0, 82545 


0. 82464 
0, 82405 
0, 82363 
0, 82331 
0. 82308 


0, 82292 
0. 82279 
0, 82270 
0, 82264 
0, 82259 


0, 82256 
0, 82253 


0, 8: 


246 703 000 00 2246 70 
[“F"*] Ba [3] 


ng/i=t(oh) i 


-1,57079 
~1,58005 
-1, 58905 
-1.59772 
~1, 60600 


~1. 61384 
-1, 62120 
-1, 62804 
-1. 63434 
-1. 64006 


-1. 64520 
~1, 64973 
-1, 65364 
-1. 65693 
-1, 65959 


-1, 66163 
-1, 66305 
-1, 66384 
-1, 66403 
-1, 66361 


-1, 66259 


-1, 66099 © 


-1, 65881 
-1, 65608 
-1, 65280 


~1, 64899 
~1, 64466 
-1. 63982 
~1. 63450 
~1, 62871 


-1. 62246 
-1, 60493 
-1, 58487 
-1,56251 
-1, 53807 


-1.51175 
-1. 48374 
-1, 45422 
-1. 42334 
~1. 39126 


-1. 35810 
-1. 32398 
~1, 28903 
-1, 25332 
-1. 21695 


-1, 14253 
~1, 06629 
-0. 98863 
-0. 90990 
-0, 83032 


-0. 75011 
-0. 66941 
-0, 58833 
-0, 50697 
-0, 42540 


~0. 34366 
-0. 26179 
-0, 17984 
-0, 09781 
-0, 01572 


+0. 06639 
+0, 14855 


fo) 


re 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


INVARIANTS AND VALUES AT HALF-PERIODS Table 18.3 


(Non-Positive Discriminant—Unit Real Half-Period) 


a=0/7 o(1) 

1, 00 1.18295 13 
1, 02 1.17091 79 
1, 04 1.15940 62 
1, 06 1.14841 45 
1, 08 1.13793 68 
1.10 1.12796 39 
1.12 1.11848 38 
1.14 1,10948 26 
1.16 1,10094 49 
1,18 1.09285 44 
1.20 1.08519 40 
1, 22 1, 07794 61 
1,24 1.07109 31 
1,26 1.06461 72 
1,28 1.05850 11 
1,30 1.05272 75 
1, 32 1.04727 97 
1,34 1, 04214 12 
1, 36 1, 03729 63 
1,38 1, 03272 96 
1,40 1.02842 64 
1. 42 1.02437 26 
1, 44 1.02055 48 
1, 46 1.01696 00 
1.48 1.01357 57 
1,50 1.01039 05 
1.52 1, 00739 28 
1,54 1.00457 23 
1.56 1,00191 88 
1.58 0.99942 27 
1.60 0.99707 51 
1,65 0.99179 98 
1.70 0.98727 79 
1.75 0.98340 36 
1, 80 0, 98008 56 
1, 85 0.97724 49 
1.90 0.97481 36 
1.95 0.97273 30 
2. 00 0.97095 31 
2,05 0. 96943 05 
2,10 0.96812 82 
2.15 0.96701 46 
2.20 0.96606 23 
2,25 0.96524 80 
2.30 0, 96455 19 
2.4 0. 96344 79 
2.5 0. 96264 13 
2.6 0.96205 18 
2.7 0.96162 12 
2.8 0. 96130 65 
2.9 0.96107 67 
3.0 0.96090 89 
3.1 0.96078 62 
3.2 0.96069 67 
3.3 0, 96063 12 
3.4 0, 96058 34 
3.5 0.96054 86 
3,6 0.96052 31 
3.7 0.96050 44 
3.8 0, 96049 08 
3.9 0. 96048 09 
4.0 0. 96047 37 
) 0.96045 40 
a=0 (‘pe 

6 


o(ua) /t 
1.182951 
1, 219157 
1, 255842 
1, 292964 
1. 330480 


1, 368342 
1, 406502 
1, 444910 
1. 483513 
1, 522257 


1, 561089 
1,599952 
1, 638790 
1, 677548 
1. 716167 


1.754591 
1.792765 
1. 830630 
1, 868133 
1, 905218 


1, 941832 
1.977922 
2, 013437 
2, 048327 
2, 082544 


2.116040 
2, 148771 
2, 180693 
2, 211766 
2, 241950 


2.271208 
2. 340071 
2. 402437 
2, 457895 
2. 506120 


2, 546866 
2.579972 
2. 605345 
2. 622973 
2, 632902 


2, 635245 
2. 630169 
2, 617892 
2, 598678 
2.572828 


2. 502604 
2.410244 
2, 299090 
2.172666 
2. 034544 


1, 888235 
1. 737097 
1, 584242 
1. 432486 
1, 284291 


1.141740 
1, 006520 
0. 879924 
0, 762869 
0. 655914 


0, 559298 
0. 472982 


0, 000000 


i 


For a=: 0(1)=207"4/x, o(u3)=0, o(0’)=0. 


(w= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 


Ro(w’) 
0, 474949 
0. 475654 
0. 476433 
0. 477275 
0. 478169 


0, 479107 
0. 480078 
0. 481074 
0. 482085 
0. 483104 


0. 484122 
0. 485132 
0, 486126 
0, 487098 
0. 488041 


0, 488949 
0, 489817 
0. 490639 
0, 491410 
0. 492126 


0. 492783 
0. 493376 
0, 493902 
0. 494357 
0, 494739 


0. 495045 
0, 495272 
0. 495418 
0. 495480 
0. 495458 


0. 495348 
0, 494687 
0. 493456 
0, 491645 
0. 489246 


0. 486255 
0, 482673 
0. 478503 
0. 473748 
0, 468417 


0. 462516 
0. 456054 
0. 449041 
0. 441488 
0. 433405 


0. 415693 
0. 395997 
0, 374417 
0.351055 
0. 326022 


0, 299435 
0, 271420 
0, 242114 
0. 211664 
0, 180224 


0. 147962 
0.115052 
0, 081678 
0, 048028 
+0. 014297 


-0, 019318 
-0, 052618 


0, 000000 
ie 


wah: o(5+3) 7, t= P (1)=-2Re,, vat (5+3)=3 Gag 
For a=1: o(1)=e™4/u, ¢(w9) =te(1), o(w") =e™Seit/4 91/4, 


Go(e') 
0.474949 
0. 483826 
0, 492792 
0, 501851 
0. 511006 


0, 520259 
0. 529611 
0. 539064 
0. 548616 
0. 558268 


0, 568019 
0. 577866 
0, 587809 
0, 597843 
0, 607968 


0, 618179 
0, 628474 
0, 638850 
0, 649302 
0. 659828 


0. 670422 
0. 681082 
0, 691804 
0, 702582 
G. 713414 


0, 724295 
0. 735221 
0, 746189 
0. 757192 
0. 768229 


0. 779295 
0. 807059 
0, 834917 
Q. 862812 
0. 890687 


0. 918490 
0. 946170 
0. 973680 
1, 000975 
1, 028011 


1.054750 
1, 081151 
1, 107179 
1, 132799 
1.157978 


1, 206881 
1, 253647 
1. 298044 
1, 339858 
1, 378884 


1. 414929 
1, 447812 
1. 477367 
1, 503441 
1, 525899 


1, 544621 
1, 559512 
1.570495 
1, 577518 
1, 580552 


1.579595 
1.574671 


0, 000000 
3] 


‘To obtain the corresponding values of tabulated quantities when the real half-period 
#21, multiply « by «2. 
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19. Parabolic Cylinder Functions 


Mathematical Properties 


19.1. The Parabolic Cylinder Functions 


Introductory 
These are solutions of the differential equation 


DY tay? - 
19.1.1 it (az?+ba+c)y=0 


with two real and distinct standard forms 


19.1.2 —(iz?-+a)y=0 


19.1.3 out (427—a)y=0 


The functions 


19.1.4 


y(a, x) y(a, —2) y(—a, ix) y(—a, —tz) 


are all solutions either of 19.1.2 or of 19.1.3 if any 
one is such a solution. 

Replacement of a by —ia and x by ze}** converts 
19.1.2 into 19.1.3. If y(a, x) is e solution of 19.1.2, 
then 19.1.3 has solutions: 


19.1.5 
y(—1, zet**) y(—ta, —zxel) 


yia,—ze¥*) —s- y(ia, ze #**) 


Both variable x and the parameter a may take 
on general complex values in this section and in 
many subsequent sections. Practical applications 
appear to be confined to real solutions of real equa- 
tions; therefore attention is confined to such solu- 
tions, and, in general, formulas are given for the 
two equations 19.1.2 and 19.1.3 independently. 
The principal computational consequence of the 
remarks above is that reflection in the y-axis 
produces an independent solution in almost all 
cases (Hermite functions provide an exception), 
so that tables may be confined either to positive 
zx or to a single solution of 19.1.2 or 19.1.3. 


-G +a) ae 


19.2. Power Series in x 


The Equation $4 


Even and odd solutions of 19.1.2 are given by 
686 


19.2.1 


ye M(4a+4 } 42”) 
=e {itty 2 +(a+4) (a+) a+ = . 


=e" Fi (4a-+4; 4; 42”) 
19.2.2 
=eM(—}0+4, 4, —42°) 
=e” {1+@-# 7+ (4-4) (a—$) at ee } 
19.2.3 
y=zre-M (fa+4, $, 42%) 
me {o+(t 7 +(a+8)(a+4) mn . } 
19.2.4 
=ze!"M(—4a+4, $, —32”) 
=e? {e+(0-8 7 +(a-¥) (a—}) + . } 


these series being convergent for all values of z 
(see chapter 13 for M(a, c, 2)). 


Alternatively, 
19.2.5 
waite Z+(a+5) t+(a+ha)% 
+(a+110*+) Z+(at+2504+=7 a) e sat... 
19.2.6 
waetatt(e+s)F+(e+5 a)z 
+(a ‘4170-+2) z+(a at+35a°+° 4 ete 


in which non-zero coefficients a, of z"/n! are 
connected by 


19.2.7 aya=a- a5 n(n—1)de-2 


PARABOLIC CYLINDER FUNCTIONS 


19.3. Standard Solutions 


These have been chosen to have the asymptotic 
behavior exhibited in 19.8. The first is Whit- 
taker’s function [19.8, 19.9] in a more symmetrical 
notation. 


19.3.1 
U(a, t)=D_a_;(z) =cost(4+4a)-Y, 
—sinw(i+ia)-Y, 
19.3.2 
V(a, = TGs {sin r(4-+-4a)-Y1 
+cos r(4+42)-Y2} 


in which 
_1TG—3a). _ ~ secr($+4a) 
19.3.3 Yim Sar wave  oertp (FF 4a) © 
1 T(3—4a) ese 7(+4a) 
19.3.4 Y.= Vr Qt Ww= VF oe-Ep (E+ 4a) 2? 
19.3.5 
de 
U(4, 0) =seE EF 4a) 
ae a: 
U’(a,0)= 2-7 (4-442) 
19.3.6 
fe+d ot 34 
V0) 
(a, 0) =o en E90) 
V (a,0)= r(4 —}a) 


In terms of the more familiar D,(x) of Whit- 
taker, 


19.3.7 
19.3.8 
V(a,2)== F(3-+a) {sin xa-D_._4(2)+D_--4(—2)} 


UG, z)=D_,-;(2) 


19.4. Wronskian and Other Relations 
19.4.1 W{U,V} = 3/5 
19.4.2 
rV(a,z)=P (4+) {sin ra-U(a,2z)+U(a, —zx)} 
19.4.3 
I'($+a)U (a, x)= sec? ra{V(a, —2) 


—sin ra-V (a, z) } 


687 
19.4.4 


I'(4—20) cos 7(3-+4a) 


Vroie-? Y,=2 sin w(3+4 4a). Y, 


=U (a,x) +U (a, —2) 
19.4.5 


_P(f=4a) sin r(4-+40) 


Vr2ie-# Y2=2 cos r($+4a)-Y2 


=U (a,z)—U(a, —2z) 
19.4.6 
y2nU (—a, tiz)= 
T'(g+a) {e-*9*-PU (a, +2) +e**44-PU (a, F2z)} 
19.4.7 
y2qU (a, +2)= 
T'(3—a) { e- **47+ PU (—a, + iz) +e? 44? U(—a, Fiz)} 


19.5. Integral Representations 


A full treatment is given in [19.11] section 4. 
Representations are given here for U(a, z) only; 


others may be derived by use of the relations given in 
19.4. 


= 
19.5.1 U(a, a= toa) et? f er! H259-Idg 


oy T'(—a) a) et? 


19.5.2 ae 


f, e787 (24 t)*-4dt 


where a and # are the contours shown in Figures 
19.1 and 19.2. 


When a-+3 is a positive integer these integrals 
become indeterminate; in this case 


19.5.3 U(a, a= TqE0) oni f, e-8-H%g0-Ads 


S PLANE t PLANE 
a 
B 
on ~ 7. 
Figure 19.1 Figure 19.2 
—r<arg tr —ax<arg (2+t)>2 
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19.5.4 U(a, 2) =i anf e728+45929-2-t] 5 
T € 


ee-bat “ 
19.5.5 saa ak et f eztth4g-a-4o 
Vom €3 
e7 (@-$) xt 
19.5.6 = a - af e243? 9-a-tg 
Te 4 


where e¢, ¢; and « are shown in Figures 19.3 and 
19.4. 


S PLANE S PLANE 
€ 
€3 
or 
fe 
Figures 19.3 Ficure 19.4 
—}a<arg s<hr One 4dxr<arg s<jr 
Ong —ir<arg s<—jer 
19.5.7 
_ T(g—3a) 2, = ~le- 
U(4,2)= Sars ‘ eF *(1+¢)-1(1—£) “dt 
19.5.8 
_l(i—30) | 2 ee 
or a Rian (32?—v)-btdy 


PARABOLIC CYLINDER FUNCTIONS 


19.5.9 
U(a, 2) 
iT 1_41 
_T4—4) SS et Azo} ™(1-4 £)-#-(1— 1) ett 
19.5.10 
_irG-io) ( __, ug = 
lo a ae ea 


The contour ¢, is such that (}2?+v) goes from 
oe-* to we* while v=tz2? is not encircled; 
(42?—v)-#*-? has its principal value except pos- 
sibly in the immediate neighborhood of the 
branch-point when encirclement is being avoided. 
Likewise 7, is such that (32?—v) goes from we* 
to oe” while encirclement of v=— 2’ is simi- 
larly avoided. The contours ({,) and (m) may be 
obtained from ¢, and 7, by use of the substitution 
v=12%t, 

The expressions 19.5.7 and 19.5.8 become inde- 
terminate when a=3, 3, 344,...; for these values 


19.5.11 
1 cc) 
Uta, 2) =T(-+4a) cents [ e~*st4-1(2? +28) —ta~IJg 


Again 19.5.9 and 19.5.10 become indeterminate 


when a=}, $, 3,...; for these values 
19.5.12 
1 - e nae 
Ufa, d=rae "I, e—*stt—t (2? 4-28) —44-Ids 


Barnes-Type Integrals 


~ $22 tet 3 a 
19.5.13 U(a, 2)= Sr ef j pap eas 


where the contour separates the zeros of I'(s) from those of T'(a+4—2s). 


tet P(s)T(4—a—2s) 


2 et - 
19.5.14 V(a, )=2 af" Ta) 


19.6. Recurrence Relations 


19.6.1 U’(a,z)+42U (a, x) +(a+)U(a+1,2z)=0 
19.6.2 U’(a,x)—43aU (a, 2) +U(a—1,2)=0 

19.6.3 2U7’(a,2)+U(@—1, 2) +(a+)U(a+1, 2)=0 
19.6.4 2U(a,x)—U(a—1, 2) +(a+U(a+1, z)=0 


These are also satisfied by ['(4—a)V (a, 2). 
19.6.5 V’(a,x)—32V(a, x)—(a—4)V(a—1, z)=0 
19.6.6 V’(a,x)+42V(a,2)—V(a+1,z)=0 


(v22)"*ds 


(¥22)?* cos sx ds 


(larg 2|<$7) 
Similarly 


(larg 2|<¢7) 


19.6.7 
2V’(a,xz)— V(a+1, x)—(a—4) V(a—1, 2) =0 
19.6.8 
‘2V(a,xz)—V(a+1,2)+ (a—4#) V(a—1, t)=0 
These are also satisfied by U(a, x)/T(4—a) 
19.6.9 y;(a,x)+42y; (a, 2) = (a+ 4)yo(a+1, 2) 
19.6.10 y,(a,2)—4$2y:(a, x)= (a—}F)y2(a—1, 2) 
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19.6.11 
19.6.12 


y2(a, x) + 32yo(a,z)=yi(a-+1, x) 
y2(a, 2) — gry2(a, %)=y: (a—1, 2) 
Asymptotic Expansions 
19.7. Expressions in Terms of Airy Functions 


When a is large and negative, write, for 
0<r<o 


a=2ylal—  t=(4lal)t 
19.7.1 
r= — ($0,)! 
=1{ Vi=s'ds=t arecos —HeVI=# @<1) 
19.7.2 . 
r= + ($02)! 


=| Ve=Ids—yVP=1-2 arccoshé (¢>1) 
1 


Then for z>0, a>— © 
19.7.3 
i 
Ula, 2)~2-"r 4a) (54> )tai@ 
19.7.4 


Pa) V(a, 2) ~2-"T (4-40) (5 


Table 19.3 gives 7 as a function of &. 
See [19.5] for further developments. 


+. Bi@) 


19.8. Expansions for x Large and a Moderate 


When z>>|a| 
19.8.1 
Ula, 2)~ eg 2-4 ve ee 


2-424 


(z+ ©) 
19.8.2 


Via, 2)~ - §22,0—4 {HS a 


2-424 


(r+ ~) 


These expansions form the basis for the choice of 
standard solutions in 19.3. The former is valid 
for complex 2, with |arg z|<}r, in the complete 
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sense of Watson [19.6], although valid for a wider 
range of |arg z| in Poincaré’s sense; the second 
series is completely valid only for x real and posi- 
tive. 


19.9. Expansions for a Large With zx Moderate 
(i) @ positive 
When a>>2*, with p=vya, then 


19.9.1 Ua, 5S exp (—px+2,) 


19.9.2 U(a,—zx) =D exp (pr+0,) 


where 
3(4x)°__ (42)? _32—3(42)" 
19.9.3 VY, Va~ -- 2p —@pypt (2p)3 
2(3x)* , 2832)°—-4(Gz)7 
+p) Gp + 
G-o- ©) 


The upper sign gives the first function, and the 
lower sign the second function. 
(ii) @ negative 
When —a>>z’, with p=/—4a, then 
19.9.4 
U(a,x) +i (4—a) -V(a, 2) 
ett4+ia P (1 2g) 
a ae exp (0,1) 
where 


19.9.5 
~ 4 Gn)? 242)* 94x)? 38 Ga)? 
'~T Opt Op) Gp) 


_ Aba), dat 30)" | 4842) — 440) 


$32)" 
2p (2p)? (2p)° 


(a>— ©) 
Further expansions of a similar type will be 
found in [19.11]. 

19.10. Darwin’s Expansions 


(i) a positive, 2?+4a large. Write 


19.10.1 X=72"+4a 
z x 
6=408;,(2/2Va) =f Xdz=ieX+a In at Ta 
=| vz'?+4a+e arcsinh mr 
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(see Table 19.3 for 3), then 


19.10.2 Ula, == exp {—0-+0(e, 2)} 


vT(3+a) 
te cE, an 
19.10.38 U(a, 2) = GLa) exp {6+0(a, —x)} 
where 
19.10.4 


v(a, )~—4 In X+D (—1)*d3,/-X** 
(a>0, 2?+4a—>-+ ) 


and ds, is given by 19.10.13. 


(ii) a negative, z?+4a large and positive. Write 


19.10.5 X=y2"—4Ia] 
9=4|a|3.(x/2vja)) =i, am i 
=172?—4al+a arccosh a 


(see Table 19.3 for 3), then 


19.10.6 U(a,x)=% @ ane exp {—6+ (a, x)} 


19.10.7 


Viax= 2 


Qn /FGza exp {@+v(a, —2)} 
where again 

19.10.8 

v(a, x)~—4 In X+2) (—1)*d3,/X** 

(a<O, 2?+4a-—-+ ~) 


and d;, is given by 19.10.13. 
(iii) a large and negative and x moderate. Write 


6=4a|84(2/2-/|a)) 


= +f Ydr=42Y +|a| arcsin —— aia a 


(see Table 19.3 for 3,=12—v,), then 


19.10.10 
U(a, pjaaens ae) aoa e"? cos {irtinato+o.} 


19.10.11 
Via, z)= 
2 Dae 

@anircay (8 Artima toto) 
where 
19.10.12 »,~—41n Y—-B4+o2 

d;_ d. 
™~yApet (x2-+4a—>— ©) 


In each case the coefficients d;, are given by 


19.10.13 


1 3 
d=" (Ft ar) 
ds=32 v’?—2a 


yee poe AS 
y= a 5760 320°” 320 


a?x® 


31 
+79 az?—194 ‘r) 


dy xt—186a22-++80a2 


See [19.11] for dj, .. ., 
alternative form. 


19.11. Modulus and Phase 


dx, and [19.5] for an 


When a is negative and |z|<2vy\a|, the func- 
tions U and V are oscillatory and it is sometimes 
convenient to write 


19.11.1 U(a, 2) +i0(4—a)V(a, 2)=F(a, x)e**” 
19.11.2  U’(a,x)+i0 (4—a)V’ (a, z)=—Ga, ze * 
Then, when a<0 and |a|>>2?, 


19.11.3 
__T'G—32) 
uss Quer 


where 2,, »; are given by 19.9.5 and p=/—a. 
Alternatively, with p=-|a|, and again —a>>2’, 


er, = X==(3a-+4)r+pr+r; 


19.11.4 
T(4—4a) fa! 
Pw geist aay Gy 
tpa'— 1442? , 
ope 8 
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2 2 24 
hea _ 30" __§e'—16 
19.11.5 x Gatpetpe{ 1 (4p)? (4p)4 
ee a 
(4p)* 
Tg—3a) ff, ae? fat 
19.11.6 G~ Qha- at A (4p)? (4p)* 
_ #1762? | } 
(4p)° —, 
ie a? fat 16 
19.11.7 ¥~ (ga Petpet (4p)? (4p)* 
_ fait ageat } 
(4p)° 
Again, when x?+4a is large and negative, with 
Y= 4]a|—z’, then 
19.11.8 
Fa 
p= oT a) e’r =ir+4ra+6+9, 


where @, v, and », are given by 19.10.9 and 
19.10.12. 
Another form is 


19.11.9 
_2yP 621 
Are) ee (Ltgpt pet gopst :) 
(2?+4a—— ~) 
19.11.10 


gr VWYvTG=9) (,_ 5 7a 835 
mt aye ye 308 +s) 


(z?+4a—>— o) 
while ¥ and x are connected by 


19.11.11 


aaa iliaty ms (1+ gyi ape 3Y°t aoe 
(2?+4aq—-— 0) 


214a 14483 
a aa ) 


Connections With Other Functions 


19.12. Connection With Confluent Hypergeo- 


metric Functions (see chapter 13) 
19.12.1 
Vr2~ 3-4 
U(a, ipa es T(@+4a) M-i0, -1(42") 
Vr2!—ty-4 


M. 4a, 3($27) 


19.12.2 U(a,x)=2-#2-!W_y, -3(32”) 


19,12.3 
Q-t-ie oe Sad 
Ua, 2) ay M (ga+4, 3; $2?) 
Qt hep et? 
es M(3a-+2, $, 32”) 
19.12.4 


U (a, 2) =2-*-#e-#°U (3a-+4, 3, 42°) 
=2°t Hre- #'U (4a-+3, 4, 32”) 


Expressions for V(a, x) may be obtained from 
these by use of 19.4.2. 


19.13. Connection With Hermite Polynomials 
and Functions 


When 7 is a non-negative integer 
19.13.1 

U(—n—}, z)=e-*’ He, (xz) =27- "eH, (2/2) 
19.13.2 

Vin+3, 2) = 2]ret Het (2) =2- Me (e/y3) 


in which H,(x) and He,(x) are Hermite poly- 
nomials (see chapter 22) while 


19.13.3 Het(x)=e-¥* £ et (—1)"He, (iz) 


19.134 H*(x) =e-* = = (—1)*H, (iz) 


This gives one elementary solution to 19.1.2 when- 


ever 2a is an odd integer, positive or negative. 


19.14. Connection With Probability Integrals 
and Dawson/’s Integral (see chapter 7) 


If, as in [19.10] 


19.14.1 Hh_,(x)=e7#” 

19.14.2 

Hhg(o)= f” Hby-1(8)d¢= (1/nl) [ (¢—n)ne-¥at 
(n>0) 

then 

19.14.3 U(n+43, x) = eth, (2) (n>—1) 
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Correspondingly 
19.14.4 V(4,0) =V2/re” 
and 
19.14.5 
V(—n—}, 2) aevf [eev—ts, t)dt 
—aerdneD fF P29 


Here V(—3, x) is closely related to Dawson’s 
integral 
7 2 
i edt 
0 


These relations give a second solution of 19.1.2 
whenever 2a is an odd integer, and a second solu- 
tion is unobtainable from U(a, x) by reflection in 
the y-axis. 


19.15. Explicit Formula in Terms of Bessel 
Functions When 2a Is an Integer 


Write 
19.15.1 I_,—I,=(2/r) sin nr - K,, 
19.15.2 I_,+I,=cos nr - J, 


where the argument of all modified Bessel func- 
tions is 427. Then 


19.15.38 U(1, x) =2mr7}($x)?(—A,+ Fy) 
19.15.4 U(2, z)=2- 3r-4(3z)*(2Ki—3K+ Ky) 
19.15.5 

U(3, 2) =2- 3. 3a-4(32)}(—5K,+9K,—5K;+ Ky) 
19.15.6 V(i, z)=3($2)?(A—A) 
19.15.7 V(2, z)=4(32)8(2.A4A—3.44.H) 
19.15.8 V(3, 2) =3(42)#(5A—9.445.4—4) 


19.15.9 U(0, 2) =7-3(h2) ty 
19.15.10 U(—1, 2)=27}($2)}(Ki+K)) 
19.15.11 


U(—2, 2)=n-4($2)8(2K,+3Ky—K;) 
19.15.12 
U(—3, 2) =2-(42)#(5K,+9Ky—5Ky—K;) 
19.15.13 V0, 2) =43(42z)tA 


19.15.14  V(—1,2z)=(42z)4+.4) 
19.15.15 V(—2, z)=3(42)#(2.443.4—I,) 
19.15.16 

V(—3, 2) =F: 3(32)(5.4A+9.4—-5.4,—4%) 


19.15.17 U(—3, x) =y2/r(4a) Ky 
19.15.18 U(—%, 2) =~ 2/r(4zx)°2K, 


19.15.19 U(—$, 2) = 2/r(4z)9(5Ki—K;) 


19.15.20 V(4, x)= (9x) (y+ -4) 
19.15.21 V8, 2) = (42)?(20,4+-27_4) 
19.15.22 V(§, x)= (4e)9(54,+5I_;—I;—I_}) 


° d 1 
The Equation + a) y=0 


19.16. Power Series in z 


Even and odd solutions are given by 19.2.1 to 
19.2.4 with —ia written for @ and ze?" for z; 
the series involves complex quantities in which the 
imaginary part of the sum vanishes identically. 

Alternatively, 


19.16.1 
2 4 6 
n=l+a Stes) Ft (a4) & 
8 gl 
+(a4—11a?+438) git (250+ 2444) tort: 
19.16.2 
5 7 
yr=zta e+ (at—8) at (a'—ata) 
) il, 
+ (at—170?+33) qt (a°—35a" + 5324) at shy 


in which non-zero coefficients a, of x*/n! are 
connected by 


19.16.3 Onyg= + An—FN(N—1) Ano 
19.17. Standard Solutions (see [19.4]) 


: 
19.17.1 W (a2) =O za) (Gry: FV24sy2) 


aon ( [Gy [24s ) 
=2 3/4 (/@ WF G, Yo 


G,=|T (3+4%a)| 


19.17.2 
where 


19.17.38 Gi=|T(4+4ia)| 
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At z=0, 


1|P(4-+4ia) 


19.17.5 


W’'a,0)= 


rl 
~~ 2NVG, 
al Fecal — 

2 1 (+312) 


1G 
“2 VG, 
Complex Solutions 


19.17.6 E(a,2)=k Wa, x)+ikiW(a, —2) 
1917.7 E*(a,2)=k*W(a, z)—iktW(a, —2) 


where 


19.17.8 k= V1te™*—e 


In terms of U(a, z) of 19.3, 


I= TF oF om 


19.17.9 E(a, 2) = y2etretitrtie2 U (ia, et) 
with 
19.17.10 d.=arg T'($+7a) 


where the branch is defined by ¢.=0 when a=0 
and by continuity elsewhere. 
Also 


19.17.11 
V2nU (ia, xe-*) =P (4—Ia) { ef*-¥*U (—ia, zet*) 
fe srattteT7 (—ia,—arel**) } 
19.18. Wronskian and Other Relations 
19.18.1 W{Wea, 2x), W(a,—z)} =1 


19.18.2 W { E(a, 2), E*(a, x)} =—2i 


| 
19.183 V1+e**E(a,2)=e"E*(a,2)+1E*(a,—z) 
19.18.4 E*(a,2)=e7'%+!? E(—a, iz) 
19.18.5 
vI @+%a) E*(a, x) =e" (4—ia) E(—a, iz) 
19.19. Integral Representations 


These are covered for 19.1.3 as well as for 
19.1.2 in 19.5 (general complex argument). 


Asymptotic Expansions 
19.20. Expressions in Terms of Airy Functions 
When a is large and positive, write, for 0<z< 


x=2yat t= (4a)ir 


19.20.1 
t= — ($0;)! 

8 =} [vie ds=1 arccos f—}EyI—# 9 (E<1) 
19.20.2 
Tr=-+(§0,)! 

a= s*—lds=1¢-/#—1—1 arccoshé (€>1) 
Then for z>0, a+ 0 
19.20.3 


Wa, 2)~/r(4a) “ten (p>) Bi(—) 


19.20.4 
Wa, —2)~2-yx(4a) ted (a4) Ai(—?) 


Table 19.3 gives 7 as a function of & See 
[19.5] for further developments. 


19.21. Expansions for z Large and a Moderate 


When z>>|ql, 
19.21.1 
E(a, 2)=~2/x exp {i(32’—a In x+43¢.+47) }s(a, 2) 
19,21.2 
Wa, x)= 2k/x{s,(a, 2) cos (42?—a In x+39-+ 30) 
—s,(a, x) sin (42?—a@ In 4+47+ 3¢2) } 
19.21.3 
W(a,—2) = V2/kz{s,(a, 2) sin (42?—a In 2+30+ $2) 
-+8,(a, z) cos (42?—a In 2+37+ $y) } 
where ¢, is defined by 19.17.10 and 
19.21.4 
19.21.5 


s(a, z)=8,(a, z)+182(a, a) 


81 (a, 2) ~1 +o aot gioiast Tots gt - 
19.21.6 
U2 
8:(0, 2)~— jaa t agi Fae 


with 
(2+ ©) 
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19.21.7 uU,+ iv, = (r+ 43+7a)/T($+ia) 
or 
19.21.8  s(a, )~d (— ar P@rtatia) 1 _ 


P+%a) 2'ria? 
19.22. Expansions for a Large With z Moderate 
(i) @ positive 

When a>>z’, with p=va, then 
19.22.1 Wa, z)=Weaa, 0) exp (—pr+n) 
19.22.2 W(a,—zx)=W<(a, 0) exp (pr+v2) 
where W(a, 0) is given by 19.17.4, and 
19.22.3 


2 (42)? (42)? $r+3 (3x)® 
+" 2p Tep* @p) 


2 (32)! ie (32)?+-4 (4a) 
@p) = (2p)* 


01, Ve™ 


+———= 
(a+) 
The upper sign gives the first function, and the 
lower sign the second function. 
(ii) @ negative 
When —a>>2’, with p= j—a@, then 
19.22.4 
W (a, x) +tW (a, —2) 
=2W (a, 0) exp {v,+i(px+in+0,) } 


where W(a, 0) is given by 19.17.4, and 


19.22.5 

BOS <3 2(42)*_9(g2)?+48 Gx)? 

r (2p)? (2p)* (2p) aie 
Udo) 42-80)", G0)+ He) 


"Op (2p) (2p) 


(a+— =) 


Further expansions of a similar type will be found 
in [19.3]. 
19.23. Darwin’s Expansions 


(i) a positive, 22—4a>>0 
Write 


19.23.1 
=/P—&  0=4a0,(z/2/a)—} if 7 Xdz 
2y¥a 


+X 
2Ja 


=h122?—4a— Ee 
42-2z?—4a—a arccosh 2a 


=17X—aln 


(see Table 19.3 for 3), then 
19.23.2 Wa, z)=-+2ke* cos (44-+6+0,) 
19.23.83 W(a, —x)=~2/ke*: sin (24-+6+0,) 


where 
—1 _ ds diy 
19.23.4 Uw 5 In xX aD 
d; , dy dhs 


(2?—4a—> @) 
and d;, is given by 19.23.12. 


(ii) @ positive, 4a—2z?>>0 
Write 
19.23.5 


Y= y4e—z? 9 9=4ad,(2/2-Va) 


il Yereasy in 
+f z=42Y +a arcsm oa 


(see Table 19.3 for 0,=31—9;), then 


19.23.6 Wa, z) =exp{—#6+2(a, z)} 
19.23.7 Wa, —x)=exp{é+v(a, —z)} 
where 


19.23.8 | 
va, z)~—4} In V+ et 

aoe) 
and d;, is again given by 19.23.12. 


(iii) @ negative, z?—4a>>0 


Write 
19.23.9 
=e +4]a] 0=4lalo,(c/2Vlal) = f° Xde 
0 
=12X—a ln aris 


2yj\a| 
=h772?+4|a|— a arcsinh OT 

(see Table 19.3 for #;) then 

19.23.10 W(a, z)=~2ke’* cos (2r+6+-»,) 

19.23.11 W(a, —2)=~2/ke’* sin ($r+0+0,) 


where v, and », are again given by 19.23.4. In 
each case the coefficients d3, are given by 
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19.23.12 


Ue or ae 
Lam (F—t02) 
s=iz’+2a 


0 Aa er ee 
a? \5760 320 


31 
7 5 33 4 
ax tana Ay +75 ax? +- 19a s) 
d= xz'+186az2?+80a? 


See [19.11] for dys, . . ., 
ternative form. 


dx, and [19.5] for an al- 


19.24. Modulus and Phase 


When a is positive, the function W(a,z) is 
oscillatory when s<—2ya@ and when 2>2ya; 
when a is negative, the function is oscillatory for 


all z. In such cases it is sometimes convenient 
to write 
19,24.1 
kW (a, 2) +1h*W (a,—2z)= Eta, x)= Fe (x>0) 
19.24.2 
ie 1G, 2) z) ipa W@,—2) OM a= 2x) =E" (a, 2)=—Ge'¥ 

(z>0) 
Then, when z?>>|a|, 
19.24.3 

2 a, 10a?—3 , 30a? a 
Baal? (14S poe 5 Seta 2) 
1924.4 
47—3 , 4a3—19a 
xX 17°—a ln t+43¢.+40 8x2 eae 
19.24.5 
a~/z (1 _@ 6a—5 14a°—63a 
age ge es) 
19.24.6 
2 3 

putea ln ct hte py 


where ¢; is defined by 19.17.10. 
When a<0, |a|>>2? 
19.247 F~2W(a, 0)e° 


where », is given by 19.22.5 with p=/—a. Also 
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19.24.8 
pe (yt Bett 8 eo 15222 ) 
Vo\' Gp py Sp? 
19.24.9 
gx'+16 | $a°+2382? _ 
. rte (14+ Go (py? 4p)" ) 
19.24.10 
413 Zy81 1682? 
a 1 gat-+ 2 ee ) 
C~vp( + apy (py (4p) 
19.24.11 
bag, gat—16 | fa°— 2922? 
v wetpe(i+ ge “py + Gp) ) 


Avain, when a<0, 2?—4a>>0, with X= 72? +4 lal, 
then 
19.24.12 Frvy2e x=4r+6+2, 
where 6, v, and »; are given by 19.23.4 and 19.23.9. 

Another form also when a>0, z?—4a—© is 
19.24.13 

2 621 | 137la__ 

x ~/ 3 (iggy yet gegen) 


19.24.14 


xX 5 835 17294 
a~J F(t ite 32X8 aot ) 


while y and x are connected by 


19.24.15 
214a , 14483 
= x~ prt (Ig nO 3x8 + 40x38 ) 
19.25. Connections With Other Functions 


Connection With Confluent Hypergeometric and Bessel 
Functions 


19.25.1 
7 G, 

Wa, t2)=244 y/ 7 A 
3 


2 
—}) 4d, 42’) 


26s 


+  tH(—t 1a, 425 } 


where 
19.25.2 

H(m, n, 2) =e7 ™\Fi(m+1—in; 2m+2; 2iz) 
19.25.3 =e *M(m+1—in, 2m+42, 2iz) 
19.25.4 


W(0, +2)=2-ivrz{J- (x20) 


3(427) + J3(42") } 
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19.25.5 


£ W(0, a)=—2" tyre { A(a") kT (42 } 
(x20) 
19.26. Zeros 

Zeros of solutions U(a, x), V(a, z) of 19.1.2 occur 
only for |z|<(2/—a when a is negative. A single 
exceptional zero is possible, for any a, in the gen- 
eral solution; neither U(a,z) nor V(a, 2) has such 
a zero for z>0. 

Approximations may be obtained by reverting 
the series for y (or X for zeros of derivatives) in 
19.11, giving y (or x) values that are multiples of 
iz, odd multiples for U(a, x), even multiples for 
V(a,x). Writing 


a=(r—4a—})x 
as an approximation to a zero of the function, or 
B=(r—ga+h)a 


as an approximation to a zero of the derivative, 
we obtain for the corresponding zero ¢ or c’, with 
—a=p* the expressions 


20?—3a , 52a°—2400?+315a 


Qa 
9.26.1 64+ Ty +... 
8 26°+38 , 526+ 2806°—2858 
19.26.2 om + “ee tear 


These expansions, however, are of little value 
in the neighborhood of the turning point r=2/—a. 
Here first approximations may be obtained by 
use of the formulas of 19.7. Ifa, (negative) is a 
zero of Ai(é), the corresponding zero c of U(a, x) 
is obtained approximately by solving 


19.26.3 
8,=4{arccos —£V1—F} = car 


c=2yjal—  (a<<0) 


This may be done by inverse use of Table 19.3. 
For a zero of V(a,2x), a, must be replaced by ),, 
a zero of Bi(é). For further developments see 
[19.5]. 

Zeros of solutions W(a,x), W(a,—zx) of 19.1.3 
occur for |%|>>2Va@ when a is positive; the general 
solution may, however, have a single zero between 
—2vya and +2 Va. If @ is negative, zeros are 
unrestricted in range. 

Approximations may be obtained by reverting 
the series for y (or x) in 19.24. With —a=p’, 
a=(9r—})x, B=(9r+h)7, r>0 being an odd 


integer for W(a, x) or its derivative, or an even 
integer for W(a,—2) or its derivative, the zeros 
te, +c’ have expansions 


_% 2of—3a | 52a°—24008+315a 
19.26.4 c= . ~ 48p° 7680p" 


ep arecg 


19.26.5 oa 26°+ 36 | 526+ 2805°— 2858 


~ 48° 7680p° Maes 


When z is large and @ moderate, we may solve 
inversely the series 19.24.4 or 19.24.6 with 
a=} (7r—37—$2), B=} (ra-+ 34-92), 7 Odd or even 
as above; the presence of the logarithm makes it 
inconvenient to revert formally. 

The expansions 19.26.4 and 19.26.5 fail when z 
is in the neighborhood of 2V|a|. When a is 
positive, a zero c of W(a,—2) is obtained approxi- 
mately by solving 


19.26.6 
(—a,)? 
6a 


1—arccosh ¢} = 


=} {EyP?— 


c=2Vat (a>>0) 
with the aid of Table 19.3. For a zero of W(a,2) 
we replace a, by bn. When a is negative we solve, 
again with the aid of Table 19.3, 


19.26.7 


(n—4)r 


=} {eyi+1+arcsinh §} = Fal 
e=2yjalé (—a>>0) 


where n=1, 2, 3, ... for an approximate zero 
of W(a, —zx), and n=3, 3, §, . . . for an approxi- 
mate zero of W(a, x). Further developments are 
given in [19.5]. 

Any of the approximations to zeros obtained 
above may readily be improved as follows: 

Let ¢ be a zero of y, and c’ a zero of y’, where y 
is a solution of 


19.26.8 y’’—Iy=0 


Here J=a+32?, I’=+32, I’’=+}4; the method is 
general and the following formulae may be used 
whenever [’’’=0. Then if y, y’ are approxima- 
tions to the zeros c, c’ and 


19.26.9 u=y(y)/y’(y) v= y'(’)/Py’) 
with J=I(y) or [=!(y’) respectively, then 
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19.26.10 
o~y—u—4lv +p,J’ut 


(gpl 442) ub +R ab 
19.26.11 


y Ory’) (1-s lee’ 


— (gel! +4 w+ Gl a+ oS 
19.26.12 


ey’ —lv—4IT'+ BPI’ 4-4) 
+3 PII’ —§171°—FT')o'+ ... 
19.26.13 
ye’) ~y’) {1-4-3 Pl’ 
—GPI72—A LI’ +4 y+ 2. 3 
The process can be repeated, if necessary, using 


as many terms at any stage as seems convenient. 
Note the relations, holding at zeros, 


19.26.14 U’ (a, c)=— 2/x/V (a, e) 
19.26.15 V’ (a, ec’) =2/r/U (a, c’) 
19.26.16 W’(a,c)=—1/W (a, —c) 
19.26.17 


W(a, c’)=1/ {wo —»} _=-1W"(a, —e') 


19.27. Bessel Functions of Order +}, +2 as 
Parabolic Cylinder Functions 


Most applications of these functions refer to 
cases where parabolic cylinder functions would be 
more appropriate. We have 
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+ : 
19.27. Ja;(4a? == {W(0, —2) =W (0,2)} 


19.27.2 Jay(42”) ==2 {W (0,2) £W (0, —2)} 


Functions of other orders may be obtained by 
use of the recurrence relation 10.1.22, which here 
becomes 


19.27.3  42°J,41(42) —2vJ, (42?) +42°J,_1(42”) =0 
Again 
2 
19.27.4 J_4(427)+ I,(42") = V (0, 2) 
19.27.5 
2 2 
2 KGa) =1 442) he) =, UO, 2) 


4d 


19.27.6 die) eA e dx 


V(0,z) 
19.27.7 


V2 i4(40°) =I -4(42*) —Ty(42") 


v 


=--—— 477 
avrz dz ( , 2) 

As before, Bessel functions of other orders may be 

obtained by use of the recurrence relation 10.2.23, 


which here becomes 
19.27.8 447J,4,(42?) +2vJ, (427) —4071,_, (427) =0 


19.27.9 42°K,4,(407) —2vK,(4a") —12°K,_1 (427) =0 


Numerical Methods 


19.28. Use and Extension of the Tables 


For U(a, x), V(a, z) and W(a, z), interpolation 
a-wise may be carried out to 5-figure accuracy 
almost everywhere by using 5-point ‘or 6-point 
Lagrangian interpolation. For |aj|<1, compa- 
rable accuracy a-wise may be obtained with 5- or 
6-point interpolation. 

For |a|>1, U(a, z) and V(a, x) may be obtained 
by use of. recurrence relations from two values, 
possibly obtained by interpolation, with |a|<1; 
ins a procedure is not available for W(a,. +2), 
a\7 1. 

In cases where straightforward use of the a-wise 
recurrence relation results in loss of accuracy by 
cancellation of leading digits, it may be worth 
while to remark that greater accuracy is usually 
attainable by use of the recurrence relation in the 


reverse direction, from arbitrary starting values 
(often 1 and 0) for two values of a@ somewhat 
beyond the last value desired. This is because the 
recurrence relation is a second order homogeneous 
linear difference equation, and has two inde- 
pendent solutions. Loss of accuracy by cancella- 
tion occurs when the solution desired is diminishing 
as a varies, while the companion solution is in- 
creasing. By reversing the direction of progress 
in a, the roles of the two solutions are inter- 


_ changed, and the contribution of the desired solu- 


tion now increases, while the unwanted solution 
diminishes to the point of negligibility. By start- 
ing sufficiently beyond the last value of a for which 
the function is desired, we can ensure that the 
unwanted solution is negligible but, because the 
starting values were arbitrary, we have an un- 
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known multiple of the solution desired. The com- 
putation is then carried back until a value of a 
with |a|<1 is reached, when the precise multiple 
that we have of the desired solution may be deter- 
mined and hence removed throughout. Compare 
also 9.12, Example 1. 


Example 1. Evaluate U(a, 5) for a=5, 6, 7, 
. ., using 19.6.4. 


(a+4)U(a+1, z)+2U(a, r)— U(a~1, x) =0 


a Forward Backward Final Values 
Recurrence Recurrence 

3 |(—6) 5. 2847*/(12) 1.590385 |(—6) 5, 2847** 
4\(—7) 9.172* |(11) 2.76028 |(—7) 9.1724 
5 1(—7) 1.5527 1(10) 4.67131 j(—7) 1.55227 
6 |(-—8) 2.5609 {(9) 7.72041 |(—8) 2. 5655 
7/(-9) 4.1885 |(9) 1.24785 |(—9) 4. 1466 
8 }(—10) 6.2220 |(8) 1.97488 |(—10) 6. 5625 
9 |(—10)+1. 2676 |(7) 3.06369 {(—10) 1. 01806 

10 |(=+11)—O. 1221 |(6) 4.66352 |(—11) 1. 5497 

11 |(—11)+1. 2654 |(0) 697082 |(—12) 2. 3164 

12 |(—12)—5. 6079 102444 |(—13) 3. 404 

13 |(—12)+3. 2555 14789 |(—14) 4.91 

14 2111 |(—15) 7. 01 

15 292 |(—16) 9.7 

16 42 

17 5 

18 1+ 

19 0+ 


*From tables. +Starting values. 

**This value was used to obtain the constant multiplier 
@ _(—6)5.2847 _(_1g)3 32298 for converting the pre- 
k*  (12)1.59035 g 
vious column into this one. 


The second column shows forward recurrence 
starting with values at a=3,4 from Table 19.1. 
Backward recurrence starts with values 0 and 1 
at @=19 and 18, containing a multiple kU(a, 5) 
and a subsequently negligible multiple of the other 
solution ['(3—a)V(a,5). Rounding errors con- 
vert kU(a,x) into k*U(a, x) without affecting the 
values in the last column. The value of 1/k* is 
identified from the known value of U(3,5), and 
used to obtain the final column by multiplying 
throughout by 1/k*. The improvement in U(5, 5) 
is evident by comparison with Table 19.1. 

Derivatives. These are not tabulated here. 
Since the functions U(a,z), V(a,z) and W(a,2) 
satisfy differential equations, values of derivatives 
are often required. 

For all these functions the equation is second 
order with first derivative absent, so that second 
derivatives may be readily obtained from function 
values by use of the differential equation. 

First derivatives can be obtained for U(a, x) and 
V(a,z) by applying the appropriate recurrence 
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relations 19.6.1-2. If less accuracy is needed they 
can be found by use of mean central differences of 
U(a,2), V(a,x) and also of W(a,z) with the formula 


du 


hu’=h ae 


=piu—jud'utsueu— ... 


using h=.1; this usually gives a 3- or 4-figure 
value of du/dz. 

If greater accuracy is needed for dW(a, x)/dz it 
may be obtained by evaluating d?W/dz? with the 
help of the differential equation satisfied by W 
and integrating this second derivative numerically. 
This requires one accurate value of dW/dz to 
start off the integration; we describe two methods 
for obtaining this, both making use of the differ- 
ence between two fairly widely separated values 
of W, for example, separated by 5 or 10 tabular 
intervals. 


(i) Write f,, f;, f; for Wa, a+rh) and its 
first two derivatives, then {, may be found from 


; 1 h? n—1 oy wy 
hfo=a, Graf -) ~a Pm (n—") GF, —-F-. 

h? ” ” 
an tte ahs Ob aitee Of. On hn) 


—h? { pond —fatpnd + ehthopd’—. . fo 


(ii) Consider a solution y of the differential 
equation for W(a, x), namely y’’=(—32?+a)y. 
If we are given values y and y’ at a particular 
r=2, and write T,=H’y™” /n!, T_.=T-.=0, then 
we may compute 72, 73, JT, . . . in succession by 
use of the recurrence relation obtained from the 
differential equation, 


2 
PEE Cee [(-4 i+a)T,—sHeoT 1 


Thi 
—tH’T,-2] 
These are computed, to a fixed number of decimals 
until they become negligible, thus giving 
y@+tH)=TtM+h+Ts+ ... 


This may be applied, with H=rh, h being the 
tabular interval, and 7 a small integer, say r=5, 
to the solutions y=y,, y=y. having 


Yr (%o) = W(a, 20) Yi (2) = W*’ (a, 29) 
Yo(%o) =0 Y2(%o) =1 


in which W*’(a,2%) is an approximation to 
W’(a, 2), not necessarily a good one; it may be 
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obtained from differences, for example. We thus 


obtain y;(%+A) and y2(ao+A). 
Now suppose 


W’' (a, 2%) = W*’ (a, %)-+r 
then, for all 
Waa, 2) = (2) +rn(z) 
and in particular 
Wa, +H) = (to +A) +Ayo(%+ A) 


The values of W(a, x +H) may be read from the 
tables and two independent estimates of A ob- 
tained, whence 


W’ (a, 2%) = W*’(a, a) +A 


to a suitable accuracy. 


Example 2. Evaluate W’(—3, 1) using r=5. 
From Table 19.2 


W(—3, .5)=—.05857 W(—3, 1)=—.61113 


W(—3, 1.5) =—.69502 
(i) Using the first method 

x W(—83, x) |W" (—3, 2) é & 53 
0.4 /4+0. 07298 |—0. 22186 
0.5 | —. 05857 | +. 17937 +131 
0.6 | —. 18832 58191 
0.7 | ~. 31226 . 97503 
0.8 | —. 42646 1. 34761 

34081 
0.9 | —. 52722 1, 68842 

29775 — 1095 
1.0] —. 61113 1. 98617 

24374 — 1032 
1.1 | —. 67522 2. 22991 

17941 
1,2 | —. 71706 2. 40932 
1.3 | -—. 73488 2. 51513 
1.4 | —. 72761 2. 53936 
1.5 | ~. 69502 2. 47601 —9129 
1.6 | —. 63774 2. 32137 


The fifth decimal in W’’(—3, z) is only a guard 
figure which is hardly needed. Only the differ- 
ences needed have been computed. 


Then 
pW’ (-3, 1) 
= 1 (— 
ps (—.69502+ .05857) — a (10.38874) 
1] 
~ i960 { a 20a (09260) } 


1 
-i05 { (.54149)— en —ona7) } 


= — .0636450 — .0103887 — .0001918— .0002272 
=— 0744527 


Thus W’(—38, 1) =—.74453. This might have an 
error up to about 1} units in the last figure but is, 
in fact, correct to 5 decimals. 

(ii) Using the second method, with 


yi: (1) = W(—3, 1) =—.61113 to 5 decimals 
yi (1) =—.745 to about 3 decimals 


the following values result, with H=.5, 


Yi Ye W(—3, 2) =y+Aya 

T — .61113 .0000 | Atz=1.5 

T, — .37250 +.5000 | 2—.695223-+ .4323r 
= — 69502 

T, + .24827 2  .0000 | A=.000203/.4323 

T, + 56809 — 677| =.000470 

T, — 14074 — 26] So W’(-3, 1) 
=— 745+ 
= — .744530 

T; — 2793 + 24) Atz=.5 

T, + 134 + 21] —.058363—.4371\ 
=— .05857 

Te <e 54 A=.000207/.4371 

Tz; + 5 = 000474 

y(1.5) —.695223 +.4323 | So W’(—3, 1) 

y(.5) —.058363 —.4371 | =—.745 +X 
= — .744526 


Thus W’(—3, 1) =—.74453 which is correct to 
5 decimals. 


Example 3. Evaluate the positive zero of 
U(—3, 2). 

We use 19.7.3 to obtain a first approximation, 
see 19.26.3. The appropriate zero of Ai(é) is at 


t=(4|a|)'r =—2.338 


whence 
7 = — (2.338) X (12)-§= — 4461 


Hence, from Table 19.3, £=.3990 and the approxi- 
mate zero is r=2y|ajé= 1.382. 

We improve this by using 19.26.10, but take, for 
convenience, z=1.4 as an approximation, so that 
the value of U can be read directly from the tables. 
U’ can be obtained as in the section following 


Example 1. 
We find 


U(—3, 1.4) =.02627 
Then 19.26.9 gives 
u=U/U’ =.012730 


U’(—3, 1.4) =2.0637 


f=—2,51 


and 
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e=1.4—.012730-+ .000002 = 1.38727 


which is correct to 5 decimals, while 19.26.11 gives 


y’ (c) =2.0637 (1+ .000203) =2.0641 
compared with the correct value 2.06416. 
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Table 19.1 


r U(-5.0, 2) 


3.0522 
3.6547 
4.0753 
4.2934 
4.2988 


4.0918 
3.6836 
3.0953 
2.3566 
1.5042 


40,5799 
-0.3719 
-1.3064 
-2.1806 
~2.9554 


. 


~3.5976 
-4.0808 
-4,3868 
-4,5059 
~-4.4368 


-4,1866 
~3.7694 
-3,2057 
~2,5208 
-1.7434 


e 


e 


-0.9039 
-0.0332 
+0,8387 
1.6842 
2.4789 


3.2021 
3.8377 
4.3739 
4.8038 
5.1246 


5.3376 
5.4473 
5.4614 
5.3895 
5.2427 


5.0332 
4.7733 
4.4753 
4.1508 
3.8106 


3.4641 
3.1197 
2.7843 
2.4632 
2.1608 


( 0) 1.8800 


| 
| 
) 
: 
| 
: 
| 
| 
| 
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i) 
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U (-4.5, 2) 


3.0000 
2.9328 
2.7341 
2.4132 
1.9846 


1.4678 
8.8615 


+2,6550 


-3.6676 
-9,8321 


-1.5576 
~2.0661 
~2.4882 
~2,8077 
-3.0131 


-3.0982 
-3,0617 
-2.9073 
-2.6435 
~2.2824 


-1,8394 
-1.3321 
-7.7961 
-2,0142 


+3.8325 


9.5635 
1.5015 
2.0048 
2.4545 
2.8422 


3.1620 
3.4108 
3.5883 
3.6963 
3.7388 


3.7212 
3.6501 
3.5331 
3.3781 
3.1929 


2.9854 
2.7630 
2.5323 
2.2992 
2.0689 


1.8455 
1.6324 
1.4322 
1.2466 
1.0766 


(-1) 9.2276 


For interpolation, see 19.28. 
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-2.1608 
~2.0454 


~1.8583 
-1.6076 
~1,3029 
~9.5564 
-5.7791 


~1.8226 
+2,1890 
6.1381 
9.9170 
1.3432 


1.6604 
1.9373 
2.1696 
2.3548 
2.4921 


2.5823 
2.6273 
2.6304 
2.5957 
2.5279 


2.4320 
2.3134 
2.1771 
2.0282 
1.8714 


1.7108 
1.5502 
1.3927 
1.2408 
1.0967 


9.6165 
8.3683 
7.2277 
6.1969 
5.2750 


ooo°o ooo0ooeo 


eee ee ee 
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U(-8.5, 2) 


0.0000 
2.9825 
~5.8611 
~8.5358 
-1.0915 


-1.2917 
1.4477 
~1.5544 
-1.6088 
~1.6097 


~1.5576 
~1.4550 
~1.3061 
-1.1162 
-8.9198 


~6,4101 
~3.7121 
-0.9080 
+1.9218 

4.7004 


7.3576 
9.8317 
1.2071 
1.4035 
1.5694 


1.7031 
1.8039 
1.8721 
1.9089 
1.9164 


1.8972 
1.8543 
1.7910 
1.7109 
1.6175 


1.5142 
1.4043 
1.2906 
1.1760 
1.0626 


9.5241 
8.4694 
7.4740 
6.5463 
5.6918 


4.9134 
4.2117 
3.5852 
3.0311 
2.5455 


4.4586 (~1) 2.1235 


0 


-1 


ai: 


0 
0 
0 
0 
0 
0 
0 
0 


U(-8.0, 2) 


~0.8721 
-1,0103 
-1.1183 
-1,1930 
-1,2322 


-1.2351 
-1.2018 
-1.1336 
-1.0329 
-9.0285 


-7.4764 
-5.7190 
3.8076 
-1.7956 
+0.2627 


2.3147 
4.3106 
6.2053 
7.9592 
9.5394 


1.0920 
1.2083 
1.3017 
1.3719 
1.4191 


1.4443 
1.4487 
1.4341 
1.4027 
1.3567 


1.2985 
1.2306 
1.1553 
1.0749 
9.9150 


9.0701 
8.2306 
7.4107 
6.6219 
5.8733 


5.1716 
4.5215 
3.9256 
3.3849 
2.8991 


2.4665 
2.0848 
1.7507 
1.4608 
1.2112 


9.9802 (-2) 4.6331 (-2) 2.1262 (-3)9.6523 


OREN ee 


U(-2.5, z) 


~1.0000 
-9.8753 
~9.5045 
8.8975 
8.0706 


-7.0456 
5.8492 
-4,5120 
-3,0677 
-1.5517 


0.0000 
1.5518 
3.0698 
4.5223 
5.8812 


7.1223 
8.2258 
9.1766 
9.9648 
1.0585 


1.1036 
1.1323 
1.1451 
1.1431 
1.1278 


1.1005 
1.0628 
1.0166 
9.6347 
9.0514 


8.4319 
7.7913 
7.1430 
6.4987 
5.8688 


5.2617 
4.6840 
4.1408 
3.6358 
3.1709 


2.7473 
2.3649 
2.0226 
1.7190 
1.4517 


1.2185 
1.0164 
8.4272 
6.9451 
5.6894 


U(-2.0, z) 


-1 
-1 


8.3285 


8.8221 
9.1890 
9.4313 
9.5532 
9.5616 


9.4652 
9.2742 
9.0001 
8.6549 
8.2510 


7.8009 
7.3167 
6.8097 
6.2905 
5.7687 


5.2527 
4.7497 
4.2658 
3,8056 
3.3729 


2.9700 
2.5987 
2.2595 
1.9525 
1.6768 


1.4313 
1.2144 
1.0242 
8.5874 
7.1578 


5.9314 
4.8867 
4.0029 
3.2603 
2.6403 
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PARABOLIC CYLINDER FUNCTIONS 703 


Table 19.1 


V(-5.0, 2) V(-4.5,2)  V(-4.0,2) V(-3.5,z) V(-8.0,2) V(-2.5,2) V(-2.0,2) V(-1.5,2) 


-2)-5.8311 0.0000 (-1) 1.3071 (-1) 2.6596 (-1) 2.6240 0.0000 (-1)-4.5748 (-1)-7.9788 
~2)-4.3898 (-2) 2.6397 (~1) 1.5417 (-1) 2.6132 (-1) 2.1296 (-1)-0.7946 (-1)-5.1829 (-1)-7.9191 
-2)-2.7299 (-2) 5.1612 (-1) 1.7149 (-1) 2.4757 (-1) 1.5714 (-1)-1.5693 (-1)-5.6877 (-1)-7.7409 
-2)-0.9344 (-2) 7.4519 (-1) 1.8199 (-1) 2.2520 (-2) 9.6646 (-1)-2.3051 (-1)-6.0796 (-1)-7.4476 
-2)+0.9074 (-2) 9.4102 (-1) 1.8527 (-1) 1.9503 (~2)4+3,3275 (-1)-2.9840 (-1)-6.3515 (~-1)-7.0444 
-2) 2.7045 (-1) 1.0950 (-1) 1.8125 (-1) 1.5812 (-2)-3.1080 (-1)-3.5896 (-1)-6.4991 (-1)-6.5385 
-2) 4.3687 (-1) 1.2007 (-1) 1.7011 (-1) 1.1580 (-2)-9.4527 (-1)-4.1079 (-1)-6.5210 (-1)-5.9387 
-2) 5.8194 (-1) 1.2536 (~1) 1.5234 (-2) 6.9534 (-1)-1.5523 (-1)-4.5275 (-1)-6.4186 (-1)-5.2553 
-2) 6.9875 (=1) 1.2518 (-1) 1.2869 (-2)+2.0926 (-1)-2.1149 (-1)-4.8397 (-1)-6.1959 (-1)-4.4995 
~2) 7.8188 (-1) 1.1958 (-1) 1.0010 (-2)-2.8383 (-1)-2.6176 (-1)-5.0388 (-1)-5,8594 (-1)-3.6835 
-2) 8.2767 (-1) 1.0887 (-2) 6.7728 (-2)-7.6762 (-1)-3.0472 (-1)-5.1225 (-1)-5.4177 (-1)-2.8197 
-2) 8.3429 (-2) 9.3549 (-2)4+3,.2819 (-1)-1.2266 (-1)~3.3933 (-1)-5.0912 (-1)-4.8813 (-~1)-1.9206 
-2) 8.0189 (-2) 7.4311 (~-2)~-0.3303 (-1)~1.6465 (-1)-3.6481 (-1)-4.9482 (-1)~-4.2621 (~1)-0.9984 
-2) 7.3241 (-2) 5.2005 (-2)-3.9309 (-1)-2.0148 (-1)~3.8069 (-1)-4.6995 (-1)-3.5731 me -0.0648 
~2) 6.2954 (-2) 2.7584 (-2)~-7,3916 (-1)-2.3214 (-1)-3.8677 (-1)-4.3533 (-1)-2.8278 (-1)+0.8696 
-2) 4.9836 (-2)4+0.2057 (-1)-1.0594 (-1)~-2.5583 (-1)-3.8317 (-1)-3.9197 (-1)-2.0397 7 1.7953 
-2) 3.4514 (~2)-2.3553 (-1)-1.3434 (-1)-2.7203 (-1)-3.7025 (-1)-3.4103 (-1)-1.2222 (-1) 2.7043 
-2) 1.7690 (-2)~4.8261 (~-1)-1.5824 (-1)-2.8047 (-1)-3.4861 (-1)-2.8375 (-1)-0.3880 (-1) 3.5902 
~2)4+0.0110 (-2)-7.1155 (-1)-1.7697 (-1)-2.8113 (-1)-3.1904 (-1)-2.2142 (-1)+0.4512 (-1) 4.4484 
-2)-1.7477 9 (-2)-9.1435 (-1)-1.9008 (-1)-2.7426 (-1)-2.8250 (-1)-1.5535 (-1) 1.2852 (-1) 5.2761 
~2)-3.4354 (~1)-1.0844 (-1)-1.9731 (-1)-2.6027 (-1)-2.4003 (-1)-0.8679 (-1) 2.1053 (-1) 6.0723 
-2)-4.9863 (-1)-1.2166 (-~1)-1.9864 (-1)-2.3979 (-1)-1.9277 (-1)-0.1692 (-~1) 2.9044 (-1) 6.8384 
~2)-6,3439 (-1)-1.3076 (-1)-1.9423 (-1)-2.1357 (-1)-1.4184 (-1)+0.5320 (-1) 3.6777 (-1) 7.5775 
-2)-7.4620 (~-1)-1.3558 (-1)-1.8442 (~1)-1.8247 (-2)-8.8371 (~-1) 1.2264 (-1) 4.4221 (-1) 8,2948 
-2)-8.3067 (-1)-1.3610 (-1)-1.6967 (-1)~-1.4739 (-2)-3.3411 (-1) 1.9066 (-1) 5.1367 (-1) 8.9975 
-2)-8.8568 (-1)-1.3246 (~1)-1.5059 (-1)-1.0927 (~2)+2.2080 (-1) 2.5667 (-1) 5.8227 (-1) 9.6950 
-2)-9.1035 (-1)-1.2495 (~~1)-1.2784 (-2)-6.9034 (-2) 7.7266 (-1) 3.2030 (-1) 6.4834 Q) 1.0399 
-2)~-9.0496 (-1)-1.1392 (-1)-1.0214 (-2)-2.7540 (-1) 1.3145 (-1) 3.8134 (-1) 7.1242 0) 1.1122 
-2)-8.7090 (-2)-9.9858 (-2)-7.4214 (-2)+1.4424 (-1) 1.8411 (-1) 4.3982 (-1) 7.7525 0) 1.1882 
-2)-8.1043 (-2)-8.3257 (-2)-4.4770 (-2) 5.6176 (-1) 2.3486 (-1) 4.9594 (-1) 8.3779 0) 1.2697 
~2)-7.2651 (-2)-6.4659 (-2)-1.4470 (-2) 9.7155 (-1) 2.8352 (-1) 5.5010 (-1) 9.0120 0) 1.3588 
~2) -6.2264 : -4.4605 (-2)+1.6090 (-1) 1.3693 (-1) 3.3007 (-1) 6.0291 (-1) 9.6689 0) 1.4582 
-2)-5.0260 2)-2.3612 (-2) 4.6402 (-1) 1.7522 (-1) 3.7466 (-1) 6.5514 0) 1.0365 0) 1.5708 
-2) -3.7030 2)-0.2157 (-2) 7.6054 (-1) 2.1187 (-1) 4.1761 (-1) 7.0778 0) 1.1119 0) 1.7001 
-2)-2.2954 2)+1.9344 (-1) 1.0474 (-1) 2.4688 (-1) 4.5942 (-1) 7.6202 0) 1.1954 0) 1.8502 
-2)-0.8391 (-2) 4.0539 (-1) 1.3228 (-1) 2.8040 (-1) 5.0074 (-1) 8.1924 0) 1.2896 0) 2.0262 
~2)+0.6339 (-2) 6.1158 (-1) 1.5859 (-1) 3.1270 (-1) 5.4239 (-1) 8.8110 0) 1.3975 0) 2.2339 
~2) 2.0962 (-2) 8.1014 (-1) 1.8370 (-1) 3.4421 (-1) 5.8535 (-L) 9.4951 0) 1.5228 0) 2.4806 
-2) 3.5259 (-1) 1.0000 (~-1} 2.0775 (-1) 3.7545 (-1) 6.3080 0) 1.0267 0) 1.6699 0) 2.7751 
-2) 4.9072 (-1) 1.1811 (-1) 2.3101 (-1) 4.0712 (-1) 6.8012 0) 1.1153 0) 1.8439 0) 3.1285 
3) 6.2301 en 1.3540 (-1) 2.5382 (-1) 4.4004 (-1) 7.3492 0) 1.2186 0) 2.0513 f 0) 3.5541 
-2) 7.4913 1) 1.5202 (-1) 2.7664 (-1) 4.7517 (-1) 7.9710 0) 1.3401 0) 2.2999 0) 4.0690 
-2) 8.6933 (-1) 1.6819 (+1) 3.0002 (-1) 5.1365 (-1) 8.6890 0) 1.4846 0) 2.5993 0) 4.6942 
-2) 9.8444 (-1) 1.8422 (-1) 3.2465 (-1) 5.5683 (-1) 9.5300 0) 1.6575 0) 2.9616 0) 5.4567 
-1) 1.0959 (-1) 2.0048 (-1) 3.5131 (-1) 6.0629 0) 1.0526 0) 1.8657 0) 3.4019 Q) 6.3903 
-1) 1.2056 2.1743 (-1) 3.8093 (-1) 6.6389 0) 1.1717 0) 2.1178 0) 3.9393 0) 7.5384 
-1) 1.3161 = 2.3561 (-1) 4.1462 (-1) 7.3192 0) 1.3150 0) 2.4244 0) 4.5978 0) 8.9563 
-1) 1.4305 (-1) 2.5567 (-1) 4.5368 (-1) 8.1309 0) 1.4885 0) 2.7989 0) 5.4083 1) 1.0715 
-1) 1.5525 (-1) 2.7834 (-1) 4.9967 (-1) 9.1078 0) 1.6998 0) 3.2584 0) 6.4102 1) 1.2908 
-1) 1.6863 (-1) 3.0454 (-1) 5.5449 0) 1.0291 0) 1.9582 0) 3.8246 0) 7.6545 1) 1.5653 
-1) 1.8370 (-1) 3.3533 (-1) 6.2047 ( 0) 1.1734 ( 0) 2.2757 ( 0) 4.5254 ( 0) 9.2067 ( 1) 1.9107 
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U(-1.0,z) U(—0.9,2) U(—0.8,z) U(—0.7,2) U(—0.6, 2) U(—0.5, z) U(—0.4,2) 


0.0 -1)5,8137 — ( z= 6,8058 -1)7.7241 ~1) 8.5642 1)9.3233 ( 0)1,0000 ( 0)1.0594 
0.1 ~1) 6.3918 1) 7.2692 ~1) 8.0677 ~1) 8.7853 1)9.4211 -1) 9.9750 0)1.0448 
0.2 -1) 6.9062 “1 7.6673 ~1) 8.3471 -1) 8.9453 al 9.4626 ~1)9.9005 0)1.0261 
2.3 -1) 7.3523 ~1) 7.9973 ~1) 8.5606 ~1) 9.0436 bat 9.4483 ~1)9.7775 Ett .0035 
0.4 (-1)7.7267 ~1) 8.2572 ~1) 8.7077 ~1) 9.0807 ~1) 9.3796 -1) 9.6079 1) 9.7698 
0.5 ~1) 8.0270 ~1) 8.4462 -1) 8.7886 ~1) 9.0580 ~1) 9.2584 -1) 9.3941 a 9.4700 
0.6 ~1) 8.2522 -1) 8.5646 -1) 8.8049 -1) 8.9776 -1) 9.0874 ~1)9.1393 1) 9.1382 
0.7 -1) 8.4023 -1) 8.6136 -1) 8.7586 -1) 8.8425 -1) 8.8702 ~1) 8.8471 1)8.7781 
0.8 -1) 8.4788 -1) 8.5958 -1) 8.6531 -1) 8.6563 ~1) 8.6107 ~1)8.5214 1) 8.3937 
0.9 ~1)8.4842 (-1)8.5144 ~1) 8.4923 ~1) 8.4235 -1) 8.3133 -1) 8.1669 1) 7.9892 
1.0 (-1)8,4220 -1)8,.3737 (-1)8,2808 -1) 8.1488 -1)7.9828 ~1) 7.7880 ~1) 7.5689 
11 -1) 8.2967 -1) 8.1787 ~1) 8.0238 ~1) 7.8374 ~1) 7.6245 -1) 7.3897 -1) 7.1372 
1.2 ~1) 8.1136 -1) 7.9348 -1) 7.7269 -1) 7.4949 ~1) 7.2435 ~1) 6.9768 ~1) 6.6986 
1.3 -1) 7.8786 -1) 7.6480 -1) 7.3960 -1) 7.1269 -1) 6.8451 -1) 6.5541 -1) 6.2573 
1.4 (-1)7.5982 ~1) 7.3248 -1)7.0371 -1)6.7392 = (-1)6.4345 -1) 6.1263 ~1)5.8173 
1.5 ~1) 7.2789 -1)6.9716 ~1) 6.6565 -1) 6.3372 ~1) 6.0168 ~1) 5.6978 ~1)5.3826 
1.6 -1) 6.9279 ~1) 6.5948 -1) 6.2600 ~1)5.9266 ~1)5.5968 -1)5.2729 ~1) 4.9566 
1.7 ~1)6,5519 -1) 6.2008 ~1)5.8535 ~1)5.5123 -1)5.1791 ~1) 4.8554 ~1) 4.5424 
1.8 ~1)6.1577 -1)5.7958 -1) 5.4424 ~1) 5.0993 ~1) 4.7676 ~1) 4.4486 —1) 4.1429 
1.9 -1)5.7517 ~1)5.3855 -1)5.0319 -1) 4.6918 ~1) 4.3662 -1)4.0555 (-1)3.7603 
2,0 -1) 5.3401 ~1) 4.9754 -1) 4.6264 -1) 4.2938 ~1)3.9779 ~1) 3.6788 ~1) 3.3965 
2.1 ~1) 4.9285 -1) 4.5701 -1) 4.2301 ~1) 3.9086 -1) 3.6054 -1) 3.3204 ~1) 3.0532 
2.2 -1) 4.5219 -1)4.1741 -1) 3.8466 -1) 3.5391 -1)3.2511 ~1) 2.9820 -1) 2.7312 
2.3 i 4.1247 ~1) 3.7910 -1) 3.4788 ~1) 3.1876 ~1)2.9165 ~1) 2.6647 -1) 2.4313 
2.4 -1) 3.7407 ~1) 3.4238 ~1) 3.1292 -1) 2.8559 ~1) 2.6029 ~1) 2.3693 -1) 2.1538 
2.5 -1) 3.3732 ~1)3.0751 -1)2.7995  (-1)2.5453 -1) 2.3112 ~1) 2.0961 -1) 1.8987 
2.6 ~1) 3.0246 -1) 2.7467 -1) 2.4912 -1) 2.2566 -1) 2.0418 -1)1.8452 ~1)1.6657 
2.7 -1) 2.6968 -1) 2.4399 -1) 2.2049 -1)1.9903 -1)1.7945 -1)1.6162 ~1)1.4541 
2.8 -1) 2.3911 -1) 2.1556 -1)1.9412 ~1) 1.7462 -1)1.5691 -1) 1.4086 ~1) 1.2632 
2.9 -1) 2.1084 ~1)1.8942  (-1)1.7000 -1)1.5241 ~1)1.3651 -1)1.2215 -1) 1.0920 
3.0 -1) 1.8488 -1)1.6555 -1)1.4809 -1)1.3234 ~1)1.1816 -1) 1.0540 -2) 9.3934 
3.1 -1)1.6124 -1)1.4391 ~1)1.2832 ~1)1.1432 -1)1.0175 -2)9,0491 ~2) 8.0408 
3.2 -1)1.3985 ~1)1.2443 -1)1.1061 -2) 9.8240 -2) 8.7182 -2) 7.7305 -2) 6.8492 
3.3 ~1)1.2064 -1)1.0701 -2) 9.4842 -2) 8.3989 -2) 7.4318 ~2) 6.5710 ~2)5,8055 
3.4 -1)1.0351 -2)9.1545 -2) 8.0899 -2) 7.1436 -2) 6.3032 -2)5.5576 -2) 4.8967 
3.5 te -2) 8.8335 ~2) 7.7900 -2) 6.8646 -2) 6.0447 -2) 5.3190 -2) 4.6771 -2) 4.1098 
3.6 -2)7.4981 -2) 6.5939 -2) 5.7946 ~2) 5.0887 ~2) 4.4657 -2)3.9164 ~2) 3.4324 
3.7 -2) 6.3306 ~2)5.5521 ~-2) 4.8660 -2) 4.2619 ~2) 3.7304 -2) 3.2631 2) 2.8525 
3.8 -2)5,3165 -2) 4.6503 -2) 4.0651 -2) 3.5512 ~-2) 3.1004 -2) 2.7052 ~2) 2.3589 
3.9 -2) 4.4411 -2) 3.8747 ~2) 3.3784 ~2) 2.9439 ~2) 2.5638 -2)2.2315 -2)1.9411 
4.0 (-2)3.6903 ~2)3.2115 -2) 2.7932 -2) 2.4280 -2) 2.1094 -2) 1.8316 -2) 1.5895 
4. -2) 3.0502 ~2) 2.6480 ~2) 2.2975 -2)1.9923 ~2)1.7268 ~2)1.4958 ~2)1.2951 
4.2 ~2) 2.5079 -2)2.1720 -2)1,8800 -2)1.6265 -2)1.4064 -2)1.2155 -2)1.0500 
4,3 ~2) 2.0512 ~-2)1.7723 -2)1.5305 ~2)1.3211 ~2)1.1397 ~3) 9.8282 -3) 8.4709 
4.4 -2)1.6688 -2)1.4386 (-2)1.2396 (-2)1.0676 -3) 9.1898 ~3) 7.9071 -3) 6.8002 
4.5 -2)1.3507 -2)1.1618 -3) 9.9881 ~3) 8.5831 -3) 7.3725 -3) 6.3297 -3) 5.4320 
4.6 -2)1.0875 -3) 9.3333 -3) 8.0067 -3) 6.8657 ~3)5.8847 ~3)5.0418 -3) 4.3177 
4.7 -3) 8.7099 ~3) 7.4594 -3) 6.3856 -3)5.4641 -3) 4.6736 -3) 3.9958 -3) 3.4150 
4.8 -3) 6.9398 ie 5.9310 -3)5.0667 -3) 4.3266 ~3) 3.6931 ~3)3.1511 -3) 2.6876 
4.9 ~3)5.5007 -3) 4.6914 -3) 3.9996 -3) 3.4085 ~3) 2.9036 -3) 2.4726 -3) 2.1047 
5.0 (~3)4.3375 (-3)3.6919 (-3)3,1412 (-3)2.6716 (-3)2.2714 (-3)1.9305 (-3)1.6401 
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PARABOLIC CYLINDER FUNCTIONS 705 


Table 19.1 
V(-1.0,z) V(-0.9,2) V(—0.8,2) V(—0.7,2) V(—0.6,2) V(-05,2)  V(—0.4,2) 
-1)-6,5600 (-1)-5.5730 ears -1)-3,0307  (-1)-1,5522 0.0000 (-1)1.5701 
-1)~5,8422 (-1)-4.7818 (-1)-3.5487 (-1)-2.1784 (-1)-0.7135 (-1)0.7972 (-1)2.3012 
-1)-5,0662 (-1)-3.9477  (-1)-2,6839 (-1)-1.3109 arin -1)1,5905 (-1) 3.0232 
Pee (3 ~3.0785 (-1)-1.7980 7 0.4343 (-1) 0.9716 (-1)2.3760 (-1)3.7334 
-1)-3.3725 (-1)-2.1823 (-1)-0,8980 (-1)+0.4451 (-1) 1.8082 (-1)3,1502 {(-1)4.4296 
-1)-2.4725  (-1)-1.2674 (~-1)+0,0088 (-1) 1.3217 (-1) 2.6347 (-1)3.9099 (-1)5.1099 
(73 -1,5494 (-1)-0.3418 (-1) 0.9156 (-1) 2.1900 (-1) 3.4471 (-1)4.6526 (-1)5.7729 
(-1)-0.6122 (-1)+0.5867 (-1) 1.8159 (-1) 3.0449 (-1) 4.2420 (-1)5.3763 (-1)6.4182 
(-1) +0,3305 >) 1.5106 (-1) 2.7040 3.8823 {-1) 5.0167 Sy ey -1) 7.0457 
(-1) 1.2704 (+1) 2.4234 (-1) 3.5749 (-1) 4.6988 (-1) 5.7694 (-1)6.7626 (-1)7.6563 
-1) 2.2004 (-1) 3.3194 (4 4.4245 (-1 5.4920 (-1) 6.4993 ~1) 7.4254 -1) 8.2519 
-1) 3.1139 (-1) 4.1939 (-1) 5.2498 (-1) 6.2606 (-1) 7.2065 (-1)8.0697 (-1)8.8353 
~1) 4.0057 (-1) 5.0435 (-1) 6.0492 (-1) 7.0044 (-1) 7.8924 (-1)8.6982 (-1)9.4101 
(-1) 4.8721 (-1) 5.8660 {-2) 6.8220 i 7.7246 {-} 8.5594 (-1)9.3147 (-1)9.9812 
-1) 5.7105 (-1) 6.6605 (-1) 7.5693 (-1) 8.4234 (-1) 9.2113 (-1)9.9240 0)1.0555 
-1) 6.5198 (-1) 7.4279 (-1) 8.2931 (-1) 9.1046 =) 9.8533 0) 1.0532 0)1.1138 
-1) 7.3008 (-1) 8.1704 (-1) 8.9974 (-1) 9.7734 0) 1.0492 0)1.1148 0) 1.1739 
-1) 8.0557. (-1) 8.8917 (-1) 9.6875 0) 1.0437 0) 1.1134 0) 1.1778 0) 1.2369 
-1) 8.7883 y 9.5974 0) 2.0370 0) 1.1102 0) 1.1791 0) 1.2436 0)1.3038 
-1) 9.5044 0) 1.0295 0) 1.1054 0) 1.1780 0) 1.2472 0) 1.3132 0) 1.3762 
0) 1.0211 0) 1.0992 ( 0) 1.1749 0) 1.2482 0) 1.3191 0) 1.3881 0)1.4554 
0) 1.0918 0) 1.1701 1.2468 0) 1.3222 0) 1.3964 0) 1.4699 0)1.5435 
0) 1.1637 0) 1.2434 0) 1.3225 0) 1.4015 0) 1.4806 0) 1.5607 0)1.6424 
0) 1.2380 0) 1.3205 0) 1.4037 0) 1.4879 0} 1.5740 0) 1.6625 0)1.7546 
0) 1.3163 0) 1.4032 0) 1.4922 0) 1.5837 ( 0) 1.6787 0) 1.7781 0) 1.8830 
0) 1.4005 0) 1.4936 0) 1.5902 0) 1.6912 0) 1.7975 a) .9104 0)2.0311 
0) 1.4925 ¢ 0) 1.5939 0) 1.7005 0) 1.8134 0) 1.9338 0) 2.0631 0) 2.2029 
0) 1.5949 0) 1.7068 0) 1.8259 0) 1.9535 0) 2.0911 0) 2.2404 0) 2.4032 
0 1.7104 0} 1.8355 0) 1.9700 0) 2.1157 0) 2.2741 0) 2.4474 0) 2.6378 
0) 1.8424 0) 1.9837 0) 2.1371 0) 2.3045 0) 2.4881 0) 2.6902 0) 2.9136 
0) 1.9948 0) 2.1558 0) 2.3321 0) 2.5258 0) 2.7396 0) 2.9763 0) 3.2392 
0) 2.1722 0) 2.3571 0) 2.5609 0) 2.7864 0) 3.0365 0) 3.3147 0) 3.6249 
0) 2.3801 0) 2.5940 0) 2.8310 0) 3.0945 0) 3.3882 0) 3.7163 0) 4.0834 
0 2.6253 0 2.8740 0) 3.1511 0) 3.4604 0) 3.8066 0) 4.1947 0) 4.6305 
( 0) 2.9159 0) 3.2066 0) 3.5319 0) 3.8966 0) 4.3061 0) 4.7667 0)5.2855 
0) 3.2618 ( 0) 3.6032 0) 3.9868 0) 4.4183 (9 4.9045 0) 5.4531 (hens 
0) 3.6752 i 4.0781 0) 4.5323 0) 5.0449 0) 5.6242 0) 6.2797 0)7.0220 
0) 4.1712 0) 4.6487 0) 5.1887 0) 5.8001 ( 0) 6.4930 0)7.2790 ( 0)8,1716 
04 4.7686 0} 5.3371 0) 5.9818 0 6.7138 0) 7.5458 0) 8.4920 eh 
0) 5.4910 0) 6.1706 0) 6.9437 0) 7.8238 0) 8.8266 0) 9.9703 1) 1.1276 
0) 6.3680 0) 7.1841 0) 8.1149 0) 9.1775 1) 1.0391 1)1.1779 1) 1.3367 
0) 7.4368 0) 8.4212 0) 9.5470 1) 1.0835 1) 1.2311 1) 1.4002 1)1.5942 
0) 8.7448 0) 9.9377 1) 1.1305 1) 1.2875 1) 1.4676 1) 1.6747 1)1.9127 
y 1.0352 1) 1.1805 y 1.3474 1) 1.5394 1) 1.7604 ( 1)2.0149 1) 2.3082 
(1) 1.2337. (1) 1.4113 1) 1.6160 1) 1.8520 1) 2.1243 1) 2.4386 1)2.8017 
e 1.4797 1) 1.6981 1) 1.9502 1) 2.2417 1) 2.5787 1)2.9687 ( 1)3.4202 
1) 1.7862 1) 2.0559 1) 2.3680 1) 2.7297 1) 3.1489 1) 3.6350 1) 4.1991 
( 1) 2.1698 1) 2.5044 1) 2.8928 1) 3.3437 1) 3.8676 1) 4.4765 1)5.1846 
A 2.6520 1) 3.0694 1) 3.5549 1) 4.1199 1) 4.7777 A eet 1) 6.4372 
1) 3.2611 1) 3.7844 1) 4.3944 1) 5.1058 1) 5.9359 1) 6.9051 1) 8.0370 
(1) 4.0344 ( 1) 4.6937 ( 1) 5.4639 (1) 6.3641 (1) 7.4168 ( 1)8.6484 ( 2)1.0090 
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Table 19.1 
x U(—0.3,2) U(—0.2,2) U(-0.1,2) U(0,2) U(0.1, 2) U(0.2, x) U (0.3, 2) 
0.0 0)1,1105 0)1.1535 0)1.1887 0)1.2163 0)1.2366 0)1.2500 0)1.2570 
0.1 0)1.0843 ; 1.1161 0)1.1406 0)1.1581 0)1.1691 0)1.1740 0)1.1732 
0.2 0)1.0548 0)1.0764 0)1.0914 0)1.1000 0)1.1029 0)1.1004 0) 1.0930 
0.3 0)1.0223 0)1.0347 0)1,0412 0)1.0421 0)1.0379 0)1.0291 0)1.0161 
0.4 -1) 9.8697 -1)9.9120 -1)9.9016 ~-1) 9.8431 ~-1) 9.7411 -1) 9.6004 -1) 9.4255 
0.5 1) 9.4906 ~1) 9.4609 a 9.3856 -1) 9.2695 ~1)9.1173 -1) 8.9333 ~1) 8.7218 
0.6 1) 9.0890 -1) 8.9968 -1) 8.8661 -1)8.7018 ~1) 8.5082 -1) 8.2895 ~1) 8.0498 
0.7 1) 8.6684 -1) 8.5228 -1) 8.3458 ~-1) 8.1419 -1) 7.9153 ~1) 7.6699 ~-1) 7.4093 
0.8 a 2324 ~1) 8.0421 ~1) 7.8273 -1)7.5920 -1) 7.3400 -1) 7.0750 ~1) 6.8000 
0.9 1) 7.7849 -1) 7.5583 ~1) 7.3135 ~1)7.0542 -1) 6.7838 -1) 6.5055 -1) 6.2220 
1.0 1) 7.3298 ~1) 7.0747 -1) 6.8072 -1) 6.5307 -~1) 6.2482 -1) 5.9622 -1) 5.6753 
1.1 1) 6.8710 -1) 6.5946 -1) 6.3111 -1) 6.0235 -1) 5.7343 -1)5.4457 -1)5.1597 
1.2 1) 6.4124 -1) 6.1212 -1)5.8278 ~1)5.5346 -1) 5.2436 -1) 4.9566 -1) 4.6753 
1.3 1)5,.9576 ~1)5.6576 -1) 5.3596 -1)5.0655 -1) 4.7769 ~1) 4.4953 -1) 4.2217 
1.4 1)5.5101 -1) 5.2066 -1) 4.9087 ~1) 4.6178 -1)4.3352 (-1)4.0619 ~1) 3.7986 
1.5 ee Bie 1706 ~1) 4.4769 ~1) 4.1927 ~-1) 3.9191 -1) 3.6565 ~1) 3.4055 
1.6 4.6492 1) 4.3519 ~1) 4.0657 ~1) 3.7912 ~1) 3.5288 -1) 3.2790 ~1) 3.0417 
1.7 1) 4.2412 ha 9524 -1) 3.6765 -1) 3.4139 -1) 3.1647 ~1) 2.9290 ~1) 2.7065 
1.8 1 3.8510 1) 3.5734 -1) 3.3102 -1)3.0613 (-1)2.8266 -1) 2.6060 -1) 2.3990 
19 -1) 3.4805 -1) 3.2162 (-1)2.9673 (-1)2.7334 (-1)2.5142 (-1)2.3093 -1) 2.1181 
2.0 -1)3.1309 (-1)2.8816 -1) 2.6482 -1)2.4302 (-1)2.2270 -1) 2.0381 -1) 1.8627 
2.1 -1) 2.8032 -1) 2.5700 -1) 2.3529 -1) 2.1513 -1)1.9643 -1)1.7913 -1)1.6315 
2.2 -1) 2.4980 -1)2.2816 -1) 2.0812 ~1) 1.8960 -1)1.7252 -1)1.5678 -1) 1.4232 
2.3 ~1)2.2155 -1) 2.0162 ~1)1.8326 -1)1.6637 -1)1.5086 -1)1.3665 ~1)1.2363 
2.4 -1)1.9556 -1)1.7734 -1)1.6064 -1)1.4534 -1)1.3136 ~-1)1.1859 -1) 1.0695 
2.5 ~1)1.7179 -1)1.5526 ~-1)1.4017  (-1)1.2640 -1) 1.1387 -1)1.0248 -2) 9.2134 
2.6 -1)1,5020 -1)1.3529 -1)1.2174 -1) 1.0944 -2)9.8278 -2)8.8173 -2) 7.9031 
2.7 -1)1.3069 ~1)1.1734 -1)1.0525 -2) 9.4322 -2) 8.4445 -2) 7.5534 -2) 6.7502 
2.8 -1)1.1317 -1)1.0129 -2)9.0579 -2) 8.0925 -2) 7.2235 ~2) 6.4422 -2) 5.7406 
2.9 -2)9.7528 -2) 8.7027 -2) 7.7589 -2) 6.9114 -2) 6.1513 -2)5.4703 ~2) 4.8608 
3.0 ~2) 8.3643 (-2)7.4416 -2) 6.6151 -2)5.8757 -2)5.2146 ~2) 4.6244 -2) 4.0978 
3.1 -2) 7.1389 -2) 6.3330 -2)5.6137 -2) 4.9721 -2) 4.4006 -2) 3.8918 ~2) 3.4393 
3.2 -2) 6.0636 -2) 5.3640 -2) 4.7415 -2)4,1881 -2) 3.6967 -2) 3.2606 -2) 2.8739 
3.3 ~2) 5.1253 -2)4.5215 -2) 3.9860 ~-2) 3.5114 -2) 3.0912 -2)2.7194 -2) 2.3907 
3.4 -2)4.3112 (-2)3.7932 (-2)3.3351 -2) 2.9303 -2) 2.5730 -2)2.2577 ~2)1.9799 
3.5 -2) 3.6089 -2) 3.1669 -2)2.7772 -2) 2.4340 ~2) 2.1318 1B\ ese: -2) 1.6322 
3.6 ZH 3.0063 -2) 2.6314. -2) 2.3018 -2)2.0122 -2)1.7580 -2)1.5351 -2)1.3396 
3.7 2)2.4921 -2)2.1759 -2)1.8986 ~2)1.6558 ~2)1.4431 -2)1.2571 -2)1.0944 
3.8 ey 0558 ~2)1.7906 -2)1.5587 -2)1.3560 -2)1.1791 ~-2)1,.0247 -3) 8.9001 
3.9 2)1.6876 -2)1.4664 (-2)1.2735 -2)1.1053 -3)9.5887 -3) 8.3139 -3) 7.2048 
4.0 ~2)1.3786 -2)1.1951 -2)1.0355 -3) 8.9669 -3) 7.7613 ~3) 6.7143 -3) 5.8057 
4.1 -2)1.1207 ~3) 9.6928 -3) 8.3792 ~3) 7.2400 ~3) 6.2526 ~3)5.3973 ~3) 4.6568 
4.2 -3)9,0656 ~3) 7.8234 -3) 6.7481 -3)5.8179 -3)5.0135 -3) 4.3184 -3) 3.7179 
4,3 -3) 7.2976 -3) 6.2839 -3)5.4085 -3) 4.6529 -3) 4.0011 -3) 3.4390 -3) 2.9546 
4.4 -3)5.8457 (-3)5.0228 (-3)4.3139 -3) 3.7034 -3)3.1779 (-3)2.7259 (-3)2.3371 
4.5 (-3)4.6596 ~3) 3.9954 -3) 3.4243 (-3)2.9336 (-3)2,5122 -3) 2.1504 -3) 1.8400 
4.6 a 3.6961 -3) 3.1626 ~3) 2.7050 -3) 2.3127 -3)1.9765 -3)1.6885 -3)1.4419 
4.7 3)2.9173 -3)2,4912 -3) 2.1265 -3)1.8145 -3)1.5477 —3)1.3195 -3)1.1246 
4.8 3) 2.2914 ~3)1.9528 -3)1.6637 ~3)1.4168 ~3)1.2061 a 1.0263 ~4) 8.7305 
4.9 3)1.7909 ~3)1.5233  (-3)1.2952 ~3)1.1009 -4) 9.3540 4) 7.9449 -4) 6.7457 
Jad -( ~3)1.3929 (-3)1.1825 (-3)1.0035 (-4)8.5136 (-4)7.2201 (-4)6.1210 (-4) 8.1875 
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Table 19.1 

V(—0.8, 2) V(—0.2, 2) V(-0.1,2) V(0,x) V(0.1, x) V(0.2,2) V(0.3,2) 
~1) 3.0993 -1) 4.5280 -1) 5.7994 ee 6.8621 (-1)7.6731 -1) 8.2008 ~1) 8.4269 
at 3.7442 ~1)5.0724 ~1) 6.2358 -1) 7.1901 a 7.9000 ~1) 8.3406 -1) 8.5002 
-1) 4.3780 -1) 5.6069 ~1) 6.6661 -1) 7.5184 -1) 8.1349 -1) 8.4974 ~1) 8.5993 
-1) 4.9991 -1) 6.1307 -1) 7.0905 ~1) 7.8474 er 8.3788 ~1) 8.6720 ~1) 8.7250 
-1)5.6064 (-1)6.6436 -1) 7.5093 -1) 8.1782 -1) 8.6331 ~1) 8.8660 ~1) 8.8790 
-1) 6.1992 -1) 7.1460 ~1)7.9238  (-1)8,5124 -1) 8.8994 -1) 9.0813 ~1) 9.0632 
-1) 6.7773 -1) 7.6386 ~1) 8.3353 -1) 8.8519 1) 9.1803 -1) 9.3205 ~1) 9.2803 
~1)7.3412 -1)8.1229 Ste ises -1)9.1994 ~1) 9.4787 ~1) 9.5867 ~1) 9.5336 
-1) 7.8922 -1) 8.6009 -1) 9.1588 -1) 9.5583 ~1) 9.7982 ~1) 9.8840 ~1) 9.8273 
~1) 8.4321 ~1)9.0756 (-1)9.5771 -1) 9.9325 0)1.0143 0)1.0217 0) 1.0166 
~1) 8.9640 -1) 9.5505 0)1.0005 0)1.0327 0)1.0519 0)1.0591 0)1.0556 
-1) 9.4914 0) 1.0030 0)1.0449 0)1.0747 0)1.0932 0)1.1013 0)1.1005 
0)1.0019 0)1.0521 0)1.0913 Q)1.1200 0) 1.1389 0)1.1490 0)1.1520 
0)1.0553 0)1.1028 0)1.1406 0)1.1693 0)1.1898 0) 1.2032 0)1.2110 
0)1.1100 0)1,1559 0) 1.1936 0)1.2236 0)1.2470 0)1.2649 0)1.2789 
0)1.1668 0)1.2125 0)1.2513 0) 1.2839 0)1.3115 0)1.3353 0) 1.3569 
0)1.2267 0)1.2734 0)1.3147 0)1.3515 0)1.3848 0)1.4160 0) 1.4466 
0)1.2908 0)1.3400 0)1.3853 0)1.4277 0) 1.4683 0)1.5085 0)1.5499 
0)1.3603 0)1.4136 0) 1.4645 0)1.5142 0)1.5639 0)1.6150 0) 1.6692 
0)1.4368 0)1.4958 0)1.5542 0) 1.6130 0) 1.6738 0)1.7379 0)1.8070 
0)1.5220 0)1.5886 0)1.6563 0)1.7265 0)1.8005 0)1.8799 0)1.9665 
0)1.6178 0)1.6942 0)1.7734 0)1.8572 0)1.9470 0) 2.0446 0) 2.1517 
0)1.7267 0)1.8149 0) 1.9083 0) 2.0085 0)2.1171 0)2.2360 0) 2.3672 
0)1.8513 0)1.9541 0) 2.0645 0)2,1841 0) 2.3149 0) 2.4589 0) 2.6185 
0)1.9950 0) 2.1153 0)2.2459 ( 0)2.3887 0) 2.5457 0) 2.7195 0) 2.9124 
0) 2.1614 0) 2.3028 0) 2.4576 0) 2.6278 0)2.8159 0) 3.0247 0) 3.2572 
0)2.3551 0) 2.5218 0) 2.7053 0) 2.9080 0) 3.1330 0) 3.3834 0) 3.6627 
0) 2.5818 0) 2.7785 0) 2.9961 0) 3.2376 0) 3.5064 0) 3.8063 0) 4.1415 
0) 2.8478 0) 3.0803 0) 3.3387 0) 3.6263 0) 3.9474 0) 4.3064 0) 4.7084 
0) 3.2612 0) 3.4366 0) 3.7435 0) 4.0864 0) 4.4700 0) 4.8998 0) 5.3820 
0) 3.5318 0) 3.8584 0) 4.2236 0) 4.6326 0) 5.0914 Byeasto 0) 6.1855 
0) 3.9715 0) 4.3596 0) 4.7948 0) 5.2835 0)5.8328 0) 6.4510 0) 7.1472 
0) 4.4950 0) 4.9572 0) 5.4768 0) 6.0617 0) 6.7208 ay aeese 0) 8.3029 
0)5,1205 0)5.6722 0) 6.2941 0) 6.9957 0) 7.7882 0) 8.6838 0) 9.6969 
0)5.8704 0) 6.5308 0)7.2770 0) 8.1210 0) 9.0763 1)1.0158 1)1.1385 
0) 6.7730 0) 7.5658 0) 8.4638 0) 9.4818 1)1.0637 1)1.1948 1) 1.3438 
0) 7.8635 0) 8.8182 0) 9.9023 1)1.1134 1)1.2535 1)1.4130 1)1.5945 
0)9.1860 1)1.0340 1)1.1653 1)1,.3149 1)1.4854 1)1.6799 1)1.9019 
1)1.0797 1)1.2196 1)1.3793 1)1.5616 1)1.7699 1) 2.0080 1) 2.2804 
1)1.2766 1)1.4470 1)1.6419 1)1.8649 1) 2.1203 1) 2.4130 1) 2.7486 
1)1,.5185 1)1.7268 1)1.9656 1) 2.2395 1) 2.5539 1)2,.9150 1) 3.3300 
1)1.8169 1) 2.0725 1) 2.3663 1) 2.7041 1) 3.0927 1)3.5401 1) 4.0554 
1) 2.1864 1)2.5016 1) 2.8646 1) 3.2829 1) 3.7653 1) 4.3219 1) 4.9644 
1) 2.6464 1) 3.0366 1) 3.4870 1) 4.0073 1) 4.6086 1)5.3040 1) 6.1085 
1) 3.2213 1) 3.7065 1) 4.2680 1) 4.9179 1)5.6708 1) 6.5433 1) 7.5550 
1) 3.9432 1) 4.5494 1)5.2524 1) 6.0680 1) 7.0147 1)8.1143 1) 9.3921 
1) 4.8541 1)5.6148 1) 6.4990 1)7.5270 1) 8.7230 2)1.0115 2) 1.1736 
1) 6.0085 1) 6.9677 1) 8.0849 1) 9.3866 2)1.0904 2)1.2674 2)1.4740 
1) 7.4787 1) 8.6937 2)1.0112 2)1.1768 2)1.3703 2)1.5964 2) 1.8608 
1) 9.3598 2)1.0906 2)1.2715 2)1.4831 2)1.7309 2) 2.0211 2)2.3611 
2)1.1778 ( 2)1.3756 ( 2)1.6073 ( 2)1.8791 ( 2)2.1979 ( 2)2.5720 ( 2)3,0112 
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~3 


a 
4) 


U(0.4, 2) 


veg 


4.3157 


3.6284 
3.0372 
2.5313 
2.1004 
1.7351 


1.4270 
1.1683 
9.5224 
7.7263 
6.2406 


5.0176 
4.0160 
3.1995 
2.5373 
2.0029 


1.5738 
1.2308 
9.5815 
7.4240 
5.7255 


4.3948 


U(0.5, 2) 


5.6493 


5.1064 
4.6019 
4.1343 
3.7022 
3.3042 


2.9390 


: 
) 
| 
a 
ae 
! 
: 
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4.5470 
3.8288 


3.2104 
2.6803 


6.7038 


-4) 6.3107 
~4) 4.8579 


~4)3. 
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U(0.6, 2) 


5.3643 


4.8280 
4.3327 
3.8765 
3.4575 
3.0739 


-1) 2.7238 
-1) 2.4053 
-1)2.1167 
=1) 1.8561 
~1) 1.6216 


1.4115 
1.2240 
1.0574 
9.0985 
7.7984 


6.6573 
5.6603 
4.7930 
4.0418 
3.3942 


2.8384 
2.3636 


5.8136 


U(0.7,2) 


1.2292 
1.1223 
1.0233 
9.3162 
8.4665 


4) 3.4935 


28235 
26382 
4) 4.5551 
-4) 2.6671 


U(0.8, 2) 


U(0.9, 2). 


i 

ah 

Ste 
He 
: 
i 
: 
: 


6.6361 
5.6377 


4.7714 
4.0227 
3.3782 
2.8258 
2.3543 


1.9535 
1.6144 
1.3287 
1.0890 
8.8881 


5.8462 
4.7111 
3.7801 
3.0200 


2.4023 
1.9025 
1.5001 
1.1776 
9.2036 


7.1610 
5.5468 
4.2772 
3.2833 
2.5090 


U(1.0,2) 


aa 1627 
0) 1.0467 
9.4122 
8.4523 
7.5790 


6.7845 
6.0622 
5.4060 
4.8105 
4.2709 


3.7826 


) 
~3) 6.2937 
5.0820 
4.0863 
3.2716 
2.6082 
Ff .0704 
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1.6363 
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Table 19.1 

V(0.5, x) V(0.6, x) V(0.7,2) V(0.8, 2) V(0.9, 2) V(1.0, x) 
~1) 7.9788 -1) 7.3474 -1) 6.4988 -1) 5.4912 -1)4.3932 (-1)3.2800 
-1) 7.9988 -1) 7.3851 -1) 6.5836 -1) 5.6492 -1) 4.6453 ~-1) 3.6401 
~1) 8.0590 -1) 7.4675 -1) 6.7147 ~1) 5.8526 -1) 4.9394 -1) 4.0368 
~1) 8.1604 -1) 7.5954 ~1) 6.8936 -1) 6.1035 -1) 5.2785 ~-1) 4.4742 
~]) 8.3045 -1) 7.7707 -1) 7.1224 -1) 6.4046 -1)5.6664 ~1) 4.9575 
“18. 4934 -1)7.9958 -1) 7.4039 -1) 6.7596 ~1) 6.1076 ~1) 5.4924 
1) 8.7302 ~1) 8.2739 ~1)7.7419 ~1) 7.1730 -1) 6.6077 -1) 6.0858 
1) 9.0186 -1) 8.6092 -1) 8.1412 ~1) 7.6504 ~1) 7.1733 -1) 6.7457 
1) 9.3633 -1) 9.0068 -1) 8.6076 -1) 8.1984 -1) 7.8124 -1) 7.4814 
1) 9.7698 ~1) 9.4730 ~1) 9.1481 ~1) 8.8253 ~1) 8.5344 -1) 8.3040 
0)1.0245 0)1.0015 -1)9.7713 (-1)9.5408 = ( aoege ~1) 9.2267 
0)1.0797 0)1.0643 0) 1.0488 0)1.0357 0)1.0275 0)1.0265 
0) 1.1436 0)1.1367 0)1.1309 0)1.1287 0)1,1323 0) 1.1437 
0)1.2174 0)1.2200 0) 1.2251 0)1.2348 0)1.2514 0) 1.2765 
0)1.3024 ( 0)1.3158 0) 1.3330 Q)1.3561 ( 0)1.3870 ( 0)1.4276 
0)1.4003 0)1.4260 0)1.4569 0)1.4949 5} 1.5420 0)1.5999 
0) 1.5132 0)1.5528 0)1.5992 0)1.6542 0)1.7196 0) 1.7973 
0) 1.6433 0)1.6989 0)1.7629 0)1.8373 0)1.9238 0) 2.0243 
0)1.7936 0) 1.8675 0)1.9518 0) 2.0484 0) 2.1592 0) 2.2862 
0)1.9674 ( 0)2.0625 0) 2.1703 0) 2.2926 0)2.4317 ( 0)2.5896 
0) 2.1689 0) 2.2886 0) 2.4236 0) 2.5760 0) 2.7481 0) 2.9424 
0) 2.4030 0) 2.5514 0) 2.7182 0) 2.9058 0) 3.1169 0) 3.3542 
0) 2.6757 0) 2.8578 0) 3.0620 0) 3.2911 0) 3.5483 0) 3.8368 
0) 2.9943 0) 3.2160 0) 3.4644 0) 3.7428 0) 4.0548 0) 4.4044 
0) 3.3676 0) 3.6363 0) 3.9371 0) 4.2741 0) 4.6517 0) 5.0747 
0) 3.8065 0) 4.1310 0) 4.4944 0) 4.9015 0)5.3578 0) 5.8692 
0) 4.3241 0) 4.7153 0) 5.1536 0)5,.6451 0) 6.1963 0) 6.8146 
0) 4.9368 0) 5.4079 0)5.9365 0) 6.5297 0) 7.1959 0) 7.9440 
0) 5.6644 0) 6.2320 0) 6.8696 0) 7.5862 0) 8.3921 0) 9.2985 
0) 6.5320 0) 7.2162 0) 7.9862 0) 8.8529 0) 9.8292 1)1.0929 
0) 7.5701 0) 8.3962 0) 9.3274 1)1.0378 1)1.1563 1) 1.2900 
0) 8.8172 0) 9.8164 1)1,0945 1)1.2220 1)1.3662 1) 1.5293 
1)1.0321 1)1.1533 1)1.2903 1)1.4455 1)1.6214 1) 1.8207 
1)1.2142 1)1.3615 1)1.5284 1)1.7178 1)1.9329 1) 2.1773 
1)1.4357 1)1.6151 1)1.8190 1) 2.0509 1) 2.3148 1) 2.6153 
1) 1.7060 1)1.9253 1) 2.1752 1) 2.4601 1) 2.7849 1) 3.1555 
1) 2.0373 1) 2.3064 1) 2.6137 1) 2.9646 1) 3.3658 1) 3.8246 
1) 2.4452 1) 2.7765 1)3.1556 1) 3.5896 1) 4.0868 1) 4.6566 
1) 2.9495 1) 3.3588 1) 3.8282 1) 4.3669 1) 4.9853 1) 5.6956 
1) 3.5756 1) 4.0833 1) 4.6667 1)5.3377 1) 6.1098 1) 6.9986 
1) 4.3563 1) 4.9884 1)5.7165 1) 6.5556 1) 7.5232 1) 8.6395 
1)5.3341 1) 6.1242 1) 7.0364 1) 8.0899 1) 9.3073 2)1.0715 
1) 6.5642 1) 7.5559 1) 8.7031 2)1.0031 2)1.1569 2)1,.3351 
1) 8.1183 1) 9.3682 2)1,.0817 2)1.2498 2)1.4449 2)1.6714 
2)1,.0091 2)1.1673 2)1.3511 2)1.5647 2)1.8131 2) 2.1022 
2)1.2605 2)1,.4616 2)1.6957 2)1.9684 2) 2.2861 2) 2.6566 
2)1.5826 2)1.8392 2) 2.1387 2) 2.4882 2) 2.8963 2) 3.3731 
2)1,9968 2) 2.3259 2)2.7106 2) 3.1606 2) 3.6870 2) 4.3032 
2) 2.5321 2)2.9559 2) 3.4524 2) 4.0341 2)4.7161 2) 5.5160 
2) 3.2270 2) 3.7752 2) 4.4187 2) 5.1742 2) 6.0616 2) 7.1043 
2)4.1331 ( 2)4.8456 ( 2)5.6833 ( 2)6.6688 ( 2)7.8285 {( 2)9,1938 


710 PARABOLIC CYLINDER FUNCTIONS 


Table 19.1 


8 


U(1.5, 2) U(2.0, 2) U(2.5, 2) U(8.0,2) U(8.5, 2) U(4.0,2) U(4.5, 2) U(5.0,2) 


0.0 ( 0)1,0000 (-1)8.1085 (-1)6.2666 (-1)4.6509 (-1)3.3333 (-1)2.3167 (-1)1.5666 (-1)1.0335 
0.1 (-1)8.8187 (-1)7.0232 (-1)5.3409 (-1)3.9060 (-1)2.7615 (-1)1.8950 (-1)1.2662 (-2)8.2588 
0.2 (-1)7.7700 (-1)6.0787 (-1)4.5492 (-1)3.2786 (-1)2.2867 (-1)1.5494 (-1)1.0230 (-2)6.5971 
0.3 (-1)6.8389 ¢-1)5.2566 (-1)3.8719 (-1)2.7501 (-1)1.8924 (-1)1.2662 (-2)8.2604 (-2)5.2673 
0.4 (-1)6.0120 (-1)4.5410 (-1)3.2925 (-1)2.3050 (-1)1.5650 (-1)1.0340 (-2)6.6663 (-2) 4.2032 
0.5 (-1)5.2778 (-1)3.9182 (-1)2.7969 (-1)1.9302 (-1)1.2931 (-2)8.4374 (-2)5.3758 (-2)3.3518 
0.6 (-1)4.6262 (-1)3.3763 (-1)2.3731 (-1)1.6146 (-1)1.0674 (-2)6.8788 (-2)4.3316 (-2)2.6707 
0.7 (-1)4.0482 (-1)2.9051 (-1)2.0109 (-1)1.3490 (-2)8.8019 (-2)5.6025 (-2)3.4869 (-2)2.1262 
0.8 (-1)3.5360 ¢-1)2.4957 (-1)1.7015 (-1)1.1256 (-2)7.2491 (-2)4.5579 (-2)2.8040 (-2)1.6910 
0.9 (-1)3.0825 (-1)2.1403 (-1)1.4375 (-2)9.3785 (-2)5.9624 (-2)3.7035 (-2)2.2523 (-2)1.3434 
1.0 (-1)2.6816 (-1)1.8321 (-1)1.2124 (-2)7.8022 (-2)4.8971 (-2)3.0053 (-2)1.8068 (~2)1.0660 
11 (-1)2:3276 ¢-1)1.5651 (-1)1.0208 (-2)6.4802 (-2)4.0160 (-2)2.4351 ¢-2)1.4475 (-3)8.4479 
1.2 (-1)2.0157 (-1)1.3343 (-2)8.5773 (-2)5.3727 (-2)3.2880 (-2)1.9701 (-2)1.1579 (-3) 6.6856 
1.3 (-1)1.7412 ¢-1)1.1350 (-2)7:1928 ¢-2)424461 (-2)2.6872 (-2)1.5913 (-3)9.2486 (~-3)5.2831 
1:4 (-1)135003 (-2)9.6317 (-2)6.0190 (-2)3.6721 (-2)2.1922 (-2)1.2831 (-3)7.3749 (-3) 4.1683 
1.5 (-1)1.2893 (-2)8.1541 (-2)5.0255 (-2)3.0265 (-2)1.7849 (-2)1.0327 (-3)5.8705 (-3)3,2833 
1.6 (-1)1.1049 (-2)6.8857 (-2)4.1862 (-2)2.4890 (-2)1.4503 (-3)8.2953 (-3)4.6645 (-3)2.5816 
1.7 (-2)9.4412 (-2)5.7994 (-2)3.4786 (-2)2.0423 (-2)1.1759 (-3)6.6500 (~3)3.6991 (-3)2.0262 
1.8 (-2)8.0438 (-2)4.8712 (-2)2.8833 (-2)1.6718 (-3)9.5127 (-3)5.3198 (-3)2.9276 (-3)1.5873 
1.9 (-2)6.8324 (-2)4.0801 (-2)2.3837 (-2)1.3652 (~3)7.6780 (-3)4.2463 (-3)2.3122 (-3)1.2409 
2.0 (-2)5.7853 (-2)3.4076 (-2)1.9653 (-2)1.1120 (-3)6.1823 (~3)3.3818 (-3)1.8222 (-4)9.6810 
2.1 (-2)4:8830 (-2)2.8375 (-2)1.6159 (-3)9.0339 (-3)4.9656 (-3)2.6869 (-3)1.4328 (-~4)7.5364 
2.2 (-2)4.1080 (-2)2.3556 (~-2)1.3248 (-3)7.3193 (-3)3.9782 (-3)2.1296 (~3)1.1240 (-4)5.8538 
2.3 (-2)3.4444 (-2)1.9495 (-2)1.0829 (~-3)5.9138 (-3)3.1787 (-3)1.6837 (-4)8.7960 (-4) 4.5364 
2.4 (-2)2.8782 (-2)1.6082 (-3)8.8260 (-3)4.7646 (-3)2.5331 (-3)1.3277 (-4)6.8665 (~4)3.5071 
2.5 (-2)2.3966 (-2)1.3223 (-3)7.1710 (-3)3.8275 ( = 2.0129 (-3)1.0442 (-4)5.3467 (-4)2,7047 
2.6 (-2)1.9886 (-2)1.0837 (~3)5.8081 (-3)3.0655 (-3)1.5951 (-4)8.1895 (-4)4.1523 (-4)2.0806 
2:7 (-2)1.6441 (~3)8.8509 (-3)4.6891 (-3)2.4478 (-3)1.2603 (-4)6.4052 (-4)3.2161 (-4)1.5904 
2.8 (-2)1.3544 (-3)7.2040 (-3)3.7734 (-3)1.9484 (-4)9.9277 (-4)4.9954 (-4)2.4841 (-4)1.2216 
2.9 (-2)1.1116 (-3)5.8431 (-3)3.0264 (-3)1.5460 (-4)7.7967 (-4)3.8845 (-4)1.9134 (-5)9.3228 
3.0 (-3)9.0B85 (-3)4.7224 (-3)2.4191 (-3)1.2228 (-4)6.1042 (-4)3.0117 (-4)1.4695 (-5)7.0950 
3.1 (-3)7.4028 (-3)3.8030 (-3)1.9270 (-4)9.6394 (~4)4.7641 (-4)2.3279 (-4)1.1253 (-5)5.3843 
3.2 (-3)6.0067 (-3)3.0513 (-3)1.5296 (-4)7.5735 (-4)3.7062 (-4)1.7938 (-5)8.5914 (-5)4.0742 
3.3 (394.8549 (-3)2.4392 (-3)1.2099 (-4)5.9301 (-4)2.8738 (-4)1.3778 (-5)6.5394 (-5)3.0738 
3.4 (-3)3,9086 (-3)1.9426 (-4)9.5361 (-4)4.6274 (-4)2.2210 (-4)1.0550 (-5)4.9621 (-5)2.3121 
3.5 (-3)3.1342 (-3)1.5412 (-4)7.4887 (-4)3.5982 (-4)1.7107 (-5)8.0514 (-5)3.7534 (-5)1.7338 
3.6 (-3)2.5032 (-3)1.2181 (-4)5.8592 (-4)2.7880 (-4)1.3131 (-5)6.1244 (-5)2.8300 (-5)1.2961 
3.7 (-3)1.9912 (49.5895 (-4)4.5672 (-4)2.1526 (-4)1.0045 (-5)4.6430 (~5)2.1269 (~6)9.6590 
3.8 (-3)1.5775 (-4)7.5202 (-4)3.5468 (~4)1.6559 (-5)7.6567 (-5)3.5080 (-5)1.5932 (~6)7.1749 
3.9 (-3)1.2446 (-4)5.8741 (~4)2.7439 (-4)1.2692 (-5)5.8157 (-5)2.6413 (-5)1.1894 (-6)5.3123 
4.0 (-4)9.7788 (-4)4.5702 (-4)2.1146 (-5)9.6913 (-5)4.4015 (~5)1.9818 (~6)8.8495 (~6) 3.9203 
4.1 (-4)7.6513 ¢-4)3.5414 (-4)1.6233 (-5)7.3727 (-5)3.3191 (-5)1.4817 (-6)6.5617 (-6)2.8834 
4.2 (-4)5.9616 (-4)2.7331 (-4)1.2413 (-5)5.5875 (-5)2.4937 (-5)1.1039 (-6)4.8485 (~6)2.1136 
4.3 (-4)4.6255 (-4)2.1007 (-5)9.4547 (-5)4.2185 (-5)1.8667 (-6)8.1946 (-6)3.5701 (-6)1.5440 
4.4 (-4)3.5736 (-4)1.6081 (-5)7.1727 (-5)3.1726 (-5)1.3920 (-6)6.0609 (-6)2.6194 (~6)1.1240 
4.5 (-4)2.7491 (-4)1.2259 (-5)5.4198 (~5)2.3767 (-5)1.0342 (-6)4.4663 (-6)1.9150 (-7)8.1539 
4.6 (-4)2.1058 (-5)9.3061 (-5)4.0787 {~5)1.7736 (-6)7.6538 (~6)3.2790 (-6)1.3949 (-7)5.8942 
4.7 (-4)1.6061 (-5)7.0352 (-5)3.0571 (-5)1.3183 (-6)5.6428 (-6)2.3983 (-6)1.0124 (-7)4.2455 
4.8 (-4)1.2197 (~-5)5.2961 (-5)2.2819 (-6)9.7593 (-6)4.1440 (-6)1.7475 (-7)7.3205 (-7)3.0469 
4.9 (-5)9.2216 (-5)3.9701 (-5)1.6964 (-6)7.1961 (-6)3.0315 (-6)1.2685 (-7)5.2737 (~7)2.1788 
5.0 (-5)6.9418 (-5)2.9634 (-5)1.2558 (-6)5.2847 (-6)2.2089 (-7)9.1724 (-7)3.7849 (-7)1.5523 
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V(1.5,2) V(2.0,2) V(2.5, 2) V(3.0,2) V(3.5, 2) V(4.0, x) V(4.5, 2) V(5.0,2) 
0.0000 (-1)3.4311 (-1)7.9788 (-1)4.9200 0.0000 ( 0)0.8578 0) 2.3937 0) 1.7220 
-1)0.7999 (-1)3.9591 (-1)8.0788 (-1)5.8561 (~1)2.4076 ( 0)1.0483 0) 2.4477 0) 2.1545 
~1)1,.6118 (-1)4.5665 (-1)8.3814 (~1)6.9684 (-1)4.8999 0)1.2810 0) 2.6124 0) 2.6952 
-1)2.4481 (-1)5.2660 (-1)8.8948 (-1)8.2911 (-1)7.5647 ( 0)1,5652 0) 2.8954 0) 3.3715 
-1)3,3218 (-1)6.0721 (-1)9.6332 (-1)9,8651 0) 1.0497 0)1.9126 0) 3.3098 0) 4.2178 
4.2467 (-1)7.0024 0) 1.0617 0) 1.1740 0) 1.3802 0) 2.3376 0) 3.8751 0) 5.2778 
5.2381 (-1)8.0774 0)1.1873 0) 1.3975 0)1.7600 0) 2.8579 0) 4.6180 0) 6.6060 
6.3130 (-1)9,3217 0) 1.3438 0) 1.6644 0) 2.2033 0) 3.4955 0) 5.5736 0) 8.2721 
7.4906 0)1.0764 0)1.5356 0) 1.9833 0) 2.7266 0) 4.2777 0) 6.7880 1)1.0364 
8.7928 0)1.2440 0)1.7683 0) 2.3652 0) 3.3501 0) 5.2386 0) 8.3200 1)1.2993 

0) 1.0245 0)1.4390 0) 2.0490 0) 2.8230 0) 4.0980 0) 6.4206 1) 1.0245 1) 1.6301 
0) 1.1877 0) 1.6665 0) 2.3862 0) 3.3729 0) 5.0002 0) 7.8765 1)1.2659 1) 2.0469 
0)1.3724 ¢ 0)1.9325 0) 2.7905 0) 4.0346 0) 6.0933 0) 9.6727 1)1.5683 1) 2.5728 
0)1.5826 0) 2.2442 0) 3.2748 0) 4.8322 0) 7.4224 1) 1.1892 1)1.9473 1) 3.2373 
0)1.8234 0)2.6104 ¢ 0)3.8551 0) 5.7959 0)9.0439 1)1.4640 1)2.4227 1) 4.0782 
0) 2.1005 0) 3.0418 0) 4.5511 0) 6.9626 1)1.1028 1) 1.8048 1) 3.0195 1) 5.1442 
0) 2.4212 0) 3.5514 0) 5.3869 0) 8.3782 1) 1.3461 1) 2.2284 1) 3.7699 1) 6.4978 
0) 2.7936 0) 4.1551 0) 6.3925 1)1.0100 1)1.6454 1)2.7558 ( 1)4.7150 1) 8.2198 
0) 3.2284 0) 4.8722 0) 7.6047 1) 1.2199 1) 2.0145 1) 3.4139 1)5.9076 ( 2)1.0415 
0) 3.7380 0) 5.7267 0) 9.0697 1) 1.4765 1) 2.4708 1) 4.2370 1)7.4155 ( 2)1.3218 
0) 4.3378 0) 6.7480 1)1.0844 1)1.7910 1)3.0364 ( 1)5.2689 1)9.3262 2) 1.6806 
0) 5.0463 0) 7.9725 1)1.3000 1) 2.1774 1) 3.7393 136.5656 ( 2)1.1753 2) 2.1408 
0) 5.8865 0)9.4452 4) 1.5626 1) 2.6535 1) 4.6150 1) 8.1989 2)1.4841 2) 2.7325 
0) 6.8869 1)1,1222 1) 1.8834 1) 3.2418 1) 5.7092 2) 1.0262 2) 1.8781 2) 3.4948 
0) 8.0823 1)1.3374 1) 2.2765 1)3.9709 1)7.0801 ( 2)1.2873 2) 2.3822 2) 4.4794 
0) 9.5162 1)1.5987 1) 2.7597 1) 4.8771 1) 8.8025 2)1.6189 2) 3.0285 2) 5.7544 
1) 1.1243 1)1.9172 1) 3.3555 1) 6.0069 2) 1.0973 2) 2,041) 2) 3.8596 2) 7.4093 
1) 1.3329 1) 2.3068 1) 4.0926 1) 7.4199 2)1.3716 ( 2)2.5801 2) 4.9310 2) 9.5631 
1) 1.5860 1)2.7849 1) 5.0074 1)9.1925 2)1.7193 2) 3.2701 2) 6.3162 3)1.2374 
1)1.8943 1)3.3738 ( 1)6.1466 ( 2)1.1423 2) 2.1614 2) 4.1562 2)8.1119 3)1.6051 
1)2.2710 1) 4.1018 1) 7.5701 2)1.4240 2) 2.7252 2)5.2976 ( 3)1.0447 3) 2.0877 
1) 2.7333 1) 5.0049 1)9,3551 2)1.7809 2)3.4467 ( 2)6.7721 3)1.3491 3) 2.7227 
1) 3.3028 1) 6.1295 2)1.1601 2) 2.2345 2) 4.3729 2) 8.6829 3)1.7474 3) 3.5606 
1) 4.0070 197.5350 ( 2)1.4437 ( 2)2,8131 2) 5.5657 3) 1.1167 3)2.2698 ( 3)4,6697 
1) 4.8812 1)9.2982 2) 1.8032 2) 3.5537 2)7.1071 3)1.4407 ( 3)2.9574 3) 6.1422 
1)5.9708 ( 2)1.1519 2) 2.2604 2) 4.5048 2)9.1055 ( 3)1.8646 ( 3)3.8650 3) 8.1029 
1) 7.3343 2) 1.4325 2) 2.8441 2)5.7308 3)1.1705 3)2.4212 3)5.0672 4)1.0722 
1) 9.0472 2) 1.7887 2) 3.5920 2) 7.3166 3)1.5100 3) 3.1543 3) 6.6645 4) 1.4232 
2)1.1208 2) 2.2424 2) 4.5540 2)9.3755 3) 1.9547 3) 4.1233 3) 8.7939 4)1.8950 
2)1.3945 2) 2.8227 2) 5.7960 3)1.2058 3) 2.5393 3)5.4084 ( 4)1.1642 4) 2.5313 
2)1.7425 2)3.5678 ( 2)7.4057 3)1.5567  ( 3)3.3108 3)7.1188 ( 4)1.5465 4) 3.3924 
2) 2.1870 2)4.5283  ( 2)9.5001 3) 2.0173 3) 4.3324 3) 9.4032 4)2,0613 ( 4)4.5614 
2) 2.7569 2)5.7716 ( 3)1.2236 ( 3)2.6243 3)5.6903 4) 1.2465 4) 2.7570 4) 6.1538 
2) 3.4909 2) 7.3873 3) 1.5823 3) 3.4272 3)7.5019 (¢ 4)1.6584 ( 4)3.7005 { 4)8,3306 
2) 4.4399 299.4956 ( 3)2.0545 3) 4.4934 3) 9.9277 4) 2.2145 4) 4.9845 5)1,1316 
2) 5.6724 3) 1.2258 3) 2.6786 3)5.9146 4) 1.3188 4) 2.9680 4) 6.7384 5)1.5426 
2) 7.2797 3)1.5893 3) 3.5069 3)7.8166 ( 4)1.7588 ( 4)3.9929 4) 9.1425 5) 2.1103 
2)9,3849 3) 2.0695 3)4.6106 { 4)1.0372 4) 2.3547 4) 5.3922 5)1.2450 5) 2.8973 
3)1.2154 3) 2.7065 3) 6.0871 4)1.3819 4) 3.1649 4) 7.3096 5)1.7018 ( 5)3.9923 
3)1.5812 3)3.5553 ( 3)8.0706 ( 4)1.8487 ( 4)4.2708 ( 4)9.9472 5) 2.3348 5)5.5212 
3)2.0666 ( 3)4.6909 ( 4)1.0746 ( 4)2.4833 ( 4)5.7864 ( 5)1.3589 ( 5)3.2156 ( 5)7.6639 
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Table 19.2 
x W(—5.0,2) 

0.0 0.47348 
0,1 0.35697 
0.2 0.22267 
0.3 4+0,07727 
0.4 -0.07200 
0.5 -0.21764 
0.6 -0.35231 
0.7 -0.46911 
0.8 ~0.56198 
0.9 -0.62597 
1.0 ~0,65752 
1.1 -0.65470 
1.2 -0,61732 
1.3 -0.54700 
1.4 -0.44716 
1.5 -0.32290 
1.6 -0,18077 
1.7 ~0.02851 
1.8 +0.12535 
1.9 0.27194 
2.0 0.40253 
2.1 0.50907 
2.2 0.58468 
2.3 0.62416 
2.4 0.62438 
2.5 0.58460 
2.6 0.50668 
2.7 0.39507 
2.8 0.25669 
2.9 +0.10057 
3.0 -0.06260 
3.1 ~0.22123 
3.2 -0,36354 
3.3 -0.47850 
3.4 -0.55672 
3.5 -0.59128 
3.6 -0.57849 
3.7 -0,51836 
3.8 -0.41490 
3.9 -0.27601 
4.0 -0,11306 
4.1 +0.05995 
4.2 0.22741 
4.3 0.37359 
4.4 0.48406 
4.5 0.54726 
4.6 0.55583 
4.7 0.50770 
4.8 0.40664 
4.9 0.26226 
5.0 0.08936 


ran 


Values of W(a,.),for integral values of a are from National Physical Laboratory, Tables of Weber parabolic cylinder func- 
tions. Computed by Scientific Computing Service Ltd. Mathematical Introduction by J. C. P. Miller. Her Majesty’s 


W(-4.0,2) 


0.50102 
0.39190 
0.26715 
+0.13172 
~0,00899 


0.14933 
~0.28362 
-0,40634 
-0.51236 
-0.59713 


-0.65688 
~0.68881 
-0,69121 
-0.66357 
~0.60670 


-0.52270 
-0.41495 
-0,28803 
~0.14758 
~0,00009 


+0.14739 
0.28751 
0.41299 
0.51702 
0.59364 


0.63810 
0.64722 
0.61968 
0.55625 
0.45985 


0.33555 
0.19042 
+0.03320 
-0.12614 
-0.27701 


~0.40886 
-0,51196 
-0.57820 
-0.60177 
-0.57982 


-0.51295 
~0.40534 
~0.26474 
-0.10210 
+0.06923 


0.23443 
0.37847 
0.48758 
0.55059 
0.56028 


0.51440 


cu 
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W(-3.0,2) 


0.53933 
0.43901 
0.32555 
0.20231 
+0,07298 


-0.05857 
~-0,.18832 
~0.31226 
-0.42646 
-0.52722 


~0.61113 
~-0.67522 
-0.71706 
~0.73488 
-0.72761 


~0,69502 
~-0.63774 
0.55733 
-0.45625 
~0.33785 


-0.20633 
~0.06661 
+0.07581 
0.21503 
0.34495 


0.45960 
0.55333 
0.62119 
0.65920 
0.66463 


0.63631 
0.57472 
0.48225 
0.36312 
0.22333 


+0,07050 
0.08654 
-0.23816 
-0.37452 
-0.48622 


-0.56500 
-0.60443 
~0.60059 
-0,55252 
-0.46263 


-0.33674 
-0.18393 
-0,01604 
+0.15314 

0.30893 


0.43707 


Pl 


W(—2.0,2) 


0.60027 
0.51126 
0.41203 
0.30453 
0.19088 


+0.07334 
-0.04569 
-0.16377 
-0,27838 
-0.38697 


-0.48704 
-0.57617 
~0.65204 
-0.71255 
~0.75583 


~-0.78031 
~0.78484 
-0.76869 
0.73166 
~0.67412 


-0,.59707 
~0.50217 
-0.39174 
-0.26879 
-0.13696 


-0.00046 
+0.13603 
0.26749 
0.38872 
0.49459 


0.58021 
0.64123 
0.67411 
0.67637 
0.64681 


0.58576 
0.49519 
0.37883 
0.24205 
+0.09180 


-0.06370 
-0,21535 
-0.35365 
~0.46937 
~0.55413 


-0.60118 
~-0.60601 
~0.56693 
~0.48549 
~0.36666 


~0.21874 


ce 


Stationery Office, London, England, 1955 (with permission). 


0.47348 
0.56641 
0.63113 
0.66435 
0.66434 


0.63099 
0.56583 
0.47199 
0.35408 
0.21799 


+0.07061 
-0.08044 
-0,22724 
-0.36189 
-0.47700 


-0.56602 
-0.62369 
-0.64634 
-0.63218 
-0,58147 


-0.49661 
~0.38212 
0.24445 
-0.09171 
+0.06678 


0.22095 
0.36067 
0.47637 
0.55973 
0.60434 


0.60627 
0.56451 
0.48124 
0.36184 
0.21471 


+0.05079 
~0.11714 
~0.27544 
~0.41066 
-0.51073 


~0.56615 
-0.57098 
-0.52367 
-0.42750 
-0.29056 


-0.12531 
+0,05237 
0.22465 
0.37342 
0.48233 


0.53861 


cy 


0.50102 
0.59017 
0.65576 
0.69515 
0.70666 


0.68972 


0.64485. 


0.57370 
0.47898 
0:36441 


0.23458 
+0.09483 
-0.04897 
-0.19063 
0.32388 


-0.44262 
~0,54122 
-0.61480 
-0.65945 
-0.67250 


~0.65271 
~0.60042 
-0.51764 
~0.40802 
-0.27680 


-0.13062 
+0.02276 
0.17482 
0.31672 
0.43980 


0.53615 
0.59915 
0.62397 
0.60808 
0.55155 


0.45725 
0.33088 
0.18074 
+0.01731 
-0.14737 


-0.30058 
-0.42985 
~0.52406 
-0.57448 
~0.57571 


~0.52643 
~0.42982 
~0.29363 
-0.12977 
+0.04660 


0.21827 


P 


0.53933 
0.62350 
0.68900 
0.73381 
0.75649 


0.75622 
0.73285 
0.68690 
0.61955 
0.53268 


0.42880 
0.31103 
0.18303 
+0.04890 
-0.08688 


-0.21962 
-0.34454 
-0.45694 
-0.55237 
-0,62680 


-0.67684 
-0.69989 
~-0.69432 
~0.65962 
~0.59652 


~0.50704 
-0.39454 
-0,26363 
-0.12008 
+0,02936 


0.17727 
0.31588 
0.43747 
0.53481 
0.60167 


0.63325 
0.62663 
0.58111 
0.49849 
0.38313 


0.24189 
+0.08387 
-0.08010 
-0.23812 
-0.37804 


~0.48847 
-0.55975 
~0.58492 
-0,56059 
-0.48753 


-0.37095 


4 


W(-5.0,-2) W(-4.0,-z) W(-3.0,-2) W(—2.0,—2) 


0.60027 
0.67730 
0.74078 
0.78939 
0.82206 


0.83798 
0.83665 
0.81785 
0.78173 
0.72875 


0.65975 
0.57594 
0.47890 
0.37059 
0.25333 


0.12978 
+0.00294 
-0.12397 
~0.24749 
-0.36405 


-0.47006 
-0.56198 
~0.63649 
-0.69061 
-0,72184 


-0.72830 
-0.70889 
-0,66340 
-0.59265 
-0.49853 


-0.38404 
-0.25332 
-0,.11153 
+0.03530 

0.18042 


0.31672 
0.43701 
0.53447 
0.60305 
0.63793 


0.63597 
0.59605 
0.51937 
0.40960 
0.27290 


+0.11769 
~-0.04573 
-0.20576 
-0.35036 
-0.46788 


~0,54818 


cr 


| 
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Table 19.2 
x W (2.0, 2) W(3.0, 2) W(4.0,2) W(5.0, 2) W(2.0, —2) W(8.0, —2) W(4.0,-2)  W(5.0,—2) 
0.0 (-1) 6.0027 (-1) 5.3933 (-1) 5.0102 (-1)4.7348 (-1) 6.0027 (-1)5.3933 (-1)5.0102 (-1)4.7348 
0.1 (-1) 5.2271 (-1) 4.5427 (-1) 4.1061 (-1)3.7888 (-1) 6.8986 (-1)6.4061 (-1)6.1154 (-1)5.9185 
0.2 (-1) 4.5561 (-1) 3.8285 (-~1) 3.3667 (-1)3.0330 (-1) 7.9324 (-1)7.6114 (-1)7.4658 (-1)7.3991 
0.3 (-1) 3.9758 (-1) 3.2292 (-1) 2.7621 (-1)2.4291 (~1) 9.1243 (-1)9.0448 (-1)9.1150 (-1)9.2505 
0.4 (-1) 3.4744 (-1) 2.7262 (-1) 2.2677 (-1)1.9466 0} 1.0497 0)1.0748 0)1.1128 0)1.1564 
0.5 (-1) 3.0411 (+1) 2.3041 (-1) 1.8634 1)1,.5611 0) 1.2075 0)1.2770 0) 1.3583 0)1.4454 
0.6 (-1) 2.6668 (-1) 1.9499 (-1) 1.5327 1)1.2530 0) 1.3888 0)1.5168 0)1.6574 0)1,.8059 
0.7 (-1) 2.3436 (-1) 1.6525 {(-1) 1.2621 1) 1.0067 0) 1.5967 0) 1.8008 0) 2.0215 0) 2.2555 
0.8 (-1) 2.0644 (-1) 1.4028 (-1) 1.0407 2) 8.0964 0) 1.8345 0) 2.1368 0) 2.4643 { 0) 2.8155 
0.9 (-1) 1.8233 (-1) 1.1931 (-2) 8.5930 2) 6.5197 0) 2.1061 0) 2.5335 0) 3.0019 0) 3.5123 
1.0 (+1) 1.6151 (-1) 1.0168 (-2) 7.1069 2)5.2572 0) 2.4156 0) 3.0013 0) 3.6538 0) 4.3782 
ll ie 1.4351 (-2) 8.6859 (-2) 5.8882 2) 4.2455 0) 2.7674 0) 3.5517 0) 4.4431 0)5,4528 
1.2 (-1) 1.2795 (-2) 7.4385 (-2) 4.8880 2) 3.4340 0) 3.1662 0) 4.1980 0) 5.3970 0)6.7844 
1,3 er 1.1450 (-2) 6.3880 (~-2) 4.0663 2) 2.7825 6} 3.6169 0) 4.9554 0)6.5479 3 8.4318 
1.4 (-1) 1.0286 (-2) 5.5025 (-2) 3.3906 2) 2.2590 0) 4.1247 0)5.8406 0) 7.9336 1)1.0466 
1.5 (-2) 9.2770 (-2) 4.7556 {(-2) 2,8343 2)1.8377 0) 4.6948 0) 6.8726 0) 9.5984 1)1.2975 
1.6 (-2) 8.4018 (-2) 4.1248 (-2) 2.3757 2 1.4984 0) 5.3324 0) 8.0723 1)1.1594 1)1.6060 
1.7 (-2) 7.6411 (-2) 3.5917 (-2) 1.9973 2)1.2246 0) 6.0424 0) 9.4626 1)1.3979 1)1.9848 
1.8 a 6.9782 (-2) 3.1406 (-2) 1.6845 2)1.0035 53 6.8296 1)1.1069 1) 1.6824 1) 2.4487 
1.9 (-2) 6.3984 (-2) 2.7584 (-2) 1.4256 -3 8.2455 0) 7.6980 1)1.2917 1) 2.0206 1) 3.0155 
2.0 (-2) 5.8890 (-2) 2.4342 (-2) 1.2111 (-3)6,7954 0) 8.6507 1)1.5037 1) 2.4216 1) 3.7062 
2.1 (-2) 5.4386 (-2) 2.1588 (-2) 1.0330 (-3)5,6183 0) 9.6899 1) 1.7457 1) 2.8952 1) 4.5455 
2.2 (-2) 5.0372 (-2) 1.9245 (-3) 8.8491 (-3) 4.6610 1) 1.0816 1) 2.0209 1) 3.4529 1) 5.5623 
2.3 (-2) 4.6755 (-2) 1.7247 (~3) 7.6160 ts ~3) 3.8810 1) 1.2027 1) 2.3322 1) 4.1069 1) 6.7904 
2.4 (-2) 4.3456 (-2) 1.5540 (-3) 6.5875 3)3.2443 1) 1.3319 1) 2.6827 1) 4.8711 1) 8.2686 
2.5 (-2) 4.0402 (-2) 1.4075 (-3) 5.7281 (-3)2.7236 1) 1.4686 1) 3.0749 1) 5.7600 Viele 
2.6 (-2) 3.7524 (-2) 1.2813 (-3) 5.0088 (-3)2.2968 1) 1.6117 1)3.5113 1) 6.7894 2)1.2161 
2.7 (-2) 3.4763 (-2) 1.1719 (-3) 4.4055 (-3)1.9464 1) 1.7597 1) 3.9937 1) 7.9756 2)1.4683 
2.8 (-2) 3.2064 (-2) 1.0764 (-3) 3.8984 (-3)1.6580 1) 1.9108 1) 4.5230 1) 9.3355 Aree 
2.9 (-2) 2.9379 (-3) 9.9205 (-3) 3.4711 (-3)1.4202 1) 2.0626 1) 5.0992 2) 1.0886 2)2,1198 
3.0 = 2.6664 (-3) 9.1665 (~3) 3.1099 (-3)1.2237 1) 2.2123 1) 5.7210 2)1.2643 2)2,5340 
3.1 (-2) 2.3883 (-3) 8.4815 (-3) 2.8032 (-3)1.0610 1) 2.3564 1) 6.3856 2)1.4620 2) 3.0179 
3.2 (-2) 2.1007 (-3) 7.8473 (-3) 2.5414 (-4)9.2596 1) 2.4910 1) 7.0882 2)1.6831 2) 3.5801 
3.3 (+2) 1.8013 (-3) 7.2477 (-3) 2.3163 (-4)8.1356 1) 2.6116 1) 7.8218 2)1.9284 2) 4.2298 
3.4 (-2) 1.4891 (-3) 6.6685 (-3) 2.1209 (-4)7.1975 1) 2.7132 1) 8.5768 2) 2.1983 2) 4.9757 
3.5 (-2) 1.1637 (-3) 6.0967 (-3) 1.9491 (-4)6.4117 1) 2.7908 1) 9.3410 2) 2.4925 2) 5.8266 
3.6 {(-3) 8.2597 (-3) 5.5212 (-3) 1.7956 (-4)5.7506 1) 2.8386 2)1,0099 2) 2.8101 2) 6.7902 
3.7 (~3) 4.7816 (-3) 4.9326 (-3) 1.6558 (-4)5.1910 1) 2.8513 2)1,0833 2) 3.1488 2) 7.8732 
3.8 (-3)+1.2365 (-3) 4.3233 (-3) 1.5256 (-4)4.7135 1) 2.8234 33 1.1520 2) 3.5057 2) 9.0802 
3.9 (-3)-2.3273 (-3) 3.6879 (-3) 1.4014 (-4)4.3017 1) 2.7502 2)1.2137 2) 3.8760 3)1.0413 
4.0 (-3)-5.8480 (-3) 3.0231 (-3) 1.2800 (-4)3.9416 1) 2.6275 2)1.2657 2) 4.2539 3)1.1870 
4.1 (-3)-9,.2508 (-3) 2.3283 (-3) 1.1586 (-4)3,6211 1) 2.4523 2) 1.3050 2) 4.6317 3)1.3446 
4.2 (-2)-1.2449 (-3) 1.6058 (-3) 1.0349 (-4)3.3295 1) 2.2234 2) 1.3286 2) 4.9999 3)1.5128 
4.3 (-2)-1.5347 (-3) 0.8609 (-4) 9.0706 (-4)3.0577 1) 1.9410 2)1.3334 2)5.3475 3)1.6899 
4.4 (-2)-1.7842 (-3)4+0.1023 (-4) 7.7357 (-4)2.7975 1) 1.6079 2)1.3167 2)5.6617 3)1.8733 
4.5 (-2)-1.9831 (-3)-0.6579 (-4) 6.3364 (~-4)2.5418 1) 1.2294 2)1.2758 2) 5.9283 3) 2.0596 
4.6 (~-2)-2.1213 (-3)-1.4043 (-4) 4.8704 (~4) 2.2847 0) 8.1345 2)1.2086 2)6.1317 3) 2.2445 
4.7 (-2)-2.1898 (-3)~2,.1182 (-4) 3.3422 (-4)2.0210 0)+3.7101 2)1.1138 2)6.2561 3) 2.4229 
4.8 (-2)-2,1815 (-3)~2.7786 (-4) 1.7637 (-4)1.7468 0) <0.8430 arate 2) 6.2853 3} 2.5885 
4.9 (-2)-2.0914 -3)-3.3622 (-4)4+0.1548 (-4)1,.4595 0)-5.3626 1) 8.4104 2) 6.2040 3) 2.7344 
5.0 (-2)-1.9179 (-3)-+3.8449 (-4)-1.4564 (-4)1.1577 ( 0)-9.6664 ( 1)6.6590 ( 2)5.9987 ( 3)2.8528 


For interpolation, see 19.28. 
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Table 19.2 


R 


W(-1.0,2) W(-0.9,2) W(-0.8,2) W(-0.7,2) W(-0.6,2) W(-0.5,2) W(-—0.4,2) 


0.73148 0.75416 0.77982 0.80879 0.84130 0.87718 0.91553 
0.65958 0.68457 0.71267 0.74421 0.77940 0.81803 0.85912 
0.58108 0.60881 0.63980 0.67441 0.71281 0.75477 0.79925 
0.49671 0.52750 0.56175 0.59981 0.64187 0.68766 0.73610 
0.40726 0.44133 0.47908 0.52089 0.56693 0.61696 0.66984 


0.31359 0.35102 0.39240 0.43811 0.48837 0.54293 0.60064 
0.21659 0.25734 0.30233 0.35200 0.40658 0.46584 0.52866 
0.11723 0.16111 0.20958 0.26311 0.32198 0.38601 0.45409 
+0.01657 +0,06324 0.11490 0.17206 0.23506 0.30379 0.37715 
-0.08429 -0.03529 +0,01912 +0.07954 0.14637 0.21956 0.29811 


-0,18412 -0,13342 -0,07684 ~0,01369 +0,05650 0.13380 0.21727 
~0.28164 ~0.23002 ~0,17198 -0.10679 -0,.03384 +0.04704 0.13503 
~0.37549 -0,32384 -0.26523 -0.19880 -0.12386 -0.04009 +0.05185 
-0.46422 -0.41357 -0.35538 -0.28870 -0.21269 -0.12687 ~0.03172 
-0.54635 -0.49783 -0.44119 ~0.37536 -0.29933 -0.21246 -0.11502 


-0.62034 -0,.57517 ~0.52130 -0.45753 -0.38270 -0.29594 -0.19728 
-0,68464 -0,64409 -0,59431 -0.53393 ~0.46162 -0.37627 ~0.27764 
-0.73771 -0,70310 -0.65875 -0.60317 -0.53480 ~0.45231 ~0.35510 
~0.77808 -0,75070 -0.71317 -0.66382 -0.60091 -0.52280 ~0.42857 
-0.80439 -0.78547 ~-0.75611 -0.71446 -0.65854 -0,58645 -0.49684 


~0.81541 -0,80610 -0.78618 -0.75365 -0.70628 ~0.64186 -0.55864 
-0.81014 -0.81144 -0,80212 -0.78003 -0.74273 -0,.68765 -0.61261 
-0.78787 -0,80054 -0.80282 -0.79238 ~0.76654 -0.72243 -0.65738 
-0.74822 -0.77279 -0,78741 -0.78960 ~0.77649 ~0.74486 -0,69156 
~0.69124 -0.72790 -0.75531 -0.77089 -0.77153 ~0.75373 -0.71385 


-0.61743 ~0.66601 -0.70633 ~0.73570 -0.75086 -0.74799 -0.72301 
-0,52785 -0,58777 -0.64071 -0.68391 ~0.71398 -0.72686 ~0.71801 
. -0.42412 -0.49436 -0.55918 -0.61582 -0.66079 -0.68984 -0.69802 
. -0.30847 -0.38753 -0.46303 -0.53224 -0.59164 ~0,63684 ~0.66256 
. -0,18374 -0.26968 -0.35416 -0,43455 -0,50739 -0.56821 -0.61149 


-0.05335 -0.14378 -0.23506 -0.32474 ~0.40948 -0.48485 -0.54517 
+0.07873 -0,01339 -0,10884 -0.20540 -0.29995 -0.38820 -0.46444 
0.20811 +0,11741 +0.02083 -0.07973 -0.18146 -0.28034 -0.37075 
0.33006 0.24412 0.14977 +0.04850 -0.05729 ~0.16395 -0.26614 
0.43974 0.36198 0.27340 0.17504 +0.06875 -0.04232 -0.15327 


0.53233 0.46613 0.38695 0.29527 0.19236 +0.08071 ~0.03541 
0.60334 0.55184 0.48557 0.40440 0.30891 0.20083 +0.08365 
0.64885 0.61476 0.56460 0.49761 0.41360 0.31342 0.19963 
0.66575 0.65118 0.61986 0.57035 0.50168 0.41373 0.30797 
0.65207 0.65834 0.64786 0.61858 0.56868 0.49706 0.40397 


0.60721 0.63466 0.64616 0.63904 0.61072 0.55906 0.48303 
0.53214 0.58002 0.61356 0.62958 0.62476 0.59598 0.54088 
0.42952 0.49593 0.55042 0.58939 0.60892 0.60496 0.57391 
0.30382 0.38565 0.45874 0.51923 0.56270 0.58437 0.57944 
0.16115 0.25422 0.34234 0.42158 0.48725 0.53398 0.55599 


+0.00918 +0.10831 0.20677 0.30072 0.38544 0.45522 0.50355 
-0.14329 ~-0.04397 +0.05918 0.16266 0.26194 0.35129 0.42375 
-0.28674 -0.19348 -0.09193 +0.01497 +0.12315 0.22716 0.31998 
-0.41153 -0.33057 -0.23720 -0.13360 ~0.02310 +0,08947 0.19740 
~0.50861 ~0.44572 -0.36694 ~0.27352 ~0.16782 -0.05374 +0.06277 


~0.57025 -0.53023 -0.47182 -0.39516 -0.30146 -0,.19341 -0.07580 
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Table 19.2 


W(-1.0,-z) W(-0.9,-z) W(-0.8,—z) W(-0.7,-x) W(—0.6,-x) W(-0.5,-2) W(-0.4,—2) 


0.73148 0.75416 0.77982 0.80879 0.84130 0.87718 0.91553 
0.79607 0.81697 0.84073 0.86771 0.89814 0.93193 0.96827 
0.85267 0.87241 0.89490 0.92053 0.94958 0.98201 1.01711 
0.90067 0.91990 0.94182 0.96682 0.99522 1.02707 1.06178 
0.93946 0.95892 0.98099 1.00612 1.03467 1.06677 1.10197 


0.96849 0.98892 1.01192 1.03797 1.06749 1.10070 1.13729 
0.98722 1,00940 1.03413 1.06191 1.09323 1.12843 1.16736 
0.99521 1.01990 1,04713 1.07745 1.11143 1.14951 1.19170 
0.99202 1.01997 1.05048 1.08414 1.12160 1.16343 1.20981 
0.97734 1.00923 1.04374 1.08151 1.12325 1.16966 1.22114 


0.95092 0.98738 1.02655 1.06912 1.11589 1.16769 1.22511 
0.91262 0.95418 0.99859 1.04657 1.09904 1.15695 1.22112 
0.86244 0.90952 0.95962 1.01355 1.07228 1.13693 1.20855 
0.80055 0.85341 0.90954 0.96978 1.03523 1.10714 1.18680 
0.72729 0.78603 0.84835 0.91515 0.98760 1.06714 1.15529 


0.64322 0.70774 0.77623 0.84963 0.92923 1.01659 1.11351 
0.54911 0.61912 0.69355 0.77341 0.86006 0.95525 1.06102 
0.44603 0.52099 0.60091 0.68684 0.78025 0.88304 0.99750 
0.33528 0.41443 0.49914 0.59053 0.69014 0.80004 0.92281 
0.21849 0.30081 0.38936 0.48532 0.59032 0.70659 0.83697 


+0.09757 0.18179 0.27298 0.37236 0.48166 0.60326 0.74025 
-0.02528 +0.05934 0.15171 0.25309 0.36531 0.49090 0.63319 
-0,14758 -0.06427 +0.02758 0.12930 0.24278 0.37070 0.51665 
~0.26660 -0.18651 -0.09709 +0.00305 +0.11588 0.24419 0.39182 
-0.37941 -0.30459 -0.21967 -0,12323 -0.01322 +0,11327 0.26028 


-0.48297 -0.41552 ~0.33731 ~0.24685 -0.14203 -0.01983 +0.12398 
-0.57415 ~0.51623 -0.44698 -0.36487 -0.26774 -0.15248 -0.01472 
-0.64990 -0.60356 -0.54551 -0.47416 -0.38730 -0.28178 -0,15309 
-0.70733 ~0,67449 ~0.62975 -0.57149 -0.49748 ~0.40451 -0.28802 
-0.74387 -0.72615 -0.69663 -0.65363 -0.59492 -0.51729 -0.41615 


~-0.75737 -0.75605 ~0.74331 -0.71748 -0.67629 ~0.61660 ~0.53384 
-0.74633 -0.76219 -0.76738 -0.76019 -0.73841 -0.69897 -0.63739 
~0.70996 ~0.74323 -0.76692 -0.77937 -0.77841 -0.76108 ~0.72310 
-0,.64841 ~0.69863 ~0.74077 -0.77320 -0.79386 -0.79994 -0.78743 
-0.56281 -0.62881 -0.68862 -0.74065 -0.78300 -0.81309 ~0.82721 


-0.45542 -0.53525 -0.61114 -0.68160 -0.74490 -0.79874 -0.83985 
-0.32961 -0.42059 ~0,51016 -0.59701 -0.67961 -0.75603 -0.82349 
-0.18992 -0,.28860 -0.38867 -0.48899 -0.58833 ~0.68515 ~0.77725 
-0.04191 -0.14423 -0.25086 -0.36092 -0.47349 -0.58750 -0.70141 
+0.10799 +0.00657 -0.10208 -0.21739 ~0.33883 ~0.46582 -0.59756 


0.25266 0.15702 +0.05134 -0,.06416 -0.18934 -0.32421 -0.46872 
0.38471 0.29976 0.20225 +0.09203 -0.03124 -0.16811 ~0.31938 
0.49679 0.42722 0.34303 0.24366 +0.12831 ~0.00420 -0.15545 
0.58208 0.53205 0.46597 0.38285 0.28140 +0.15987 +0,01587 
0.63477 0.60759 0.56372 0.50171 0.41981 0.31572 0.18634 


0.65055 0.64841 0.62979 0.59285 0.53543 0.45473 0.34702 
0.62708 0.65075 0.65910 0.64997 0.62083 0.56851 0.48877 
0.56440 0.61301 0.64846 0.66833 0.66982 0.64950 0.60280 
0.46513 0.53614 0.59705 0.64531 0.67800 0.69154 0.68125 
0.33464 0.42379 0.50672 0.58085 0.64328 0.69050 0.71794 


0.18091 0.28240 0.38215 0.47771 0.56635 0.64481 0.70889 
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716 PARABOLIC CYLINDER FUNCTIONS 


Table 19.2 


& 


W(-0.3,2)  W(-0.2,2) W(-0.1,2) W(0,zx) W(0.1,2) W (0.2, 2) W (0.8, 2) 


0.95411 0.98880 1.01364 1.02277 1.01364 0.98880 0.95411 
0.90030 0.93725 0.96381 0.97388 0.96480 0.93920 0.90311 
0.84377 0.88381 0.91299 0.92496 0.91691 0.89145 0.85480 
0.78461 0.82851 0.86116 0.87595 0.86984 0.84540 0.80896 
0.72293 0.77137 0.80828 0.82673 0.82344 0.80084 0.76536 


0.65878 0.71237 0.75426 0.77719 0.77753 0.75757 0.72375 
0.59225 0.65150 0.69902 0.72716 0.73192 0.71533 0.68386 
0.52341 0.58875 0.64245 0.67647 0.68637 0.67388 0.64540 
0.45236 0.52410 0.58445 0.62496 0.64067 0.63296 0.60809 
0.37924 0.45756 0.52493 0.57244 0.59459 0.59228 0.57163 


0.30421 0.38918 0.46383 0.51877 0.54790 0.55160 0.53573 
0.22751 0.31906 0.40111 0.46381 0.50038 0.51063 0.50010 
0.14946 0.24734 0.33677 0.40744 0.45186 0.46915 0.46446 
+0,07042 0.17425 0.27090 0.34961 0.40217 0.42691 0.42854 
~0.00912 0.10007 0.20361 0.29032 0.35118 0.38374 0.39209 


-0,08857 +0.02522 0.13514 0.22960 0.29883 0.33945 0.35491 
~0.16725 -0,04982 +0.06577 0.16760 0.24510 0.29393 0.31679 
~0.24435 -0,12443 -0.00407 0.10454 0.19006 0.24713 0.27761 
-0,31894 ~0.19788 -0,07387 +0.04073 0.13384 0.19904 0.23725 
~0,38999 ~0.26933 -0.14299 -0.02340 0.07667 0.14975 0.19569 


-0.45633 ~-0.33779 -0.21066 -0.08731 +0,01891 0.09941 0.15296 
-0.51674 -0.40219 -0,27600 ~0.15034 ~0.03902 +0.04828 0.10917 
-0.56989 -0,46135 -0.33802 -0,21170 ~0.09655 -0,00327 0.06450 
~0.61444 -0.51400 -0.39560 -0.27048 -0.15300 ~-0.05478 +0.01926 
-0.64903 ~0.55882 -0.44755 -0.32569 -0.20756 -0.10567 -0.02617 
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-0,67233 -0.59448 -0.49261 ~-0.37619 -0.25934 -0,15523 -0.07129 
~0.68311 -0.61966 ~0.52947 -0.42082 -0.30731 ~0.20267 -0.11551 
-0,68033 -0,63315 -0.55686 -0.45833 -0.35040 -0.24709 -0,15811 
-0.66313 -0.63385 -0,57356 -0.48749 -0.38745 -0.28749 -0,19829 
-0.63097 -0.62088 -0.57846 -0.50710 ~-0.41729 -0.32283 -0.23518 


-0.58369 -0.59365 -0.57063 -0.51607 -0.43878 -0.35203 -0.26783 
~0.52157 -0.55190 0.54943 -0.51344 -0.45085 ~0.37401 -0.29526 
-0.44541 -0.49584 ~0.51451 -0.49851 -0.45256 -0.38777 -0.31648 
-0.35655 ~0.42613 0.46594 -0.47084 -0.44315 ~0.39239 -0.33055 
~0.25697 ~0.34402 -0.40427 -0.43039 -0.42215 -0.38713 -0.33663 


0.14924 -0.25134 ~0.33055 -0,37754 -0.38941 -0.37148 -0.33401 
-0.03654 ~0.15050 0.24643 -0.31318 0.34517 -0.34523 ~-0,32218 
+0.07742 ~0.04453 -0.15413 -0.23871 -0.29013 ~0.30852 -0.30091 
0.18846 +0,06302 -0.05645 ~0.15612 -0.22549 -0.26190 ~0.27027 
0.29213 0.16814 +0.04330 0.06794 -0.15299 -0.20639 -0.23072 


0.38382 0.26651 0.14132 +0.02278 0.07486 -0.14349 ~0.18313 
0.45904 0.35370 0.23354 0.11257 +0.00615 ~0.07518 -0.12880 
0.51364 0.42535 0.31572 0.19762 0.08689 ~0.00389 -0.06948 
0.54413 0.47744 0.38368 0.27395 0.16386 +0,06754 -0.00733 
0.54793 0.50658 0.43357 0.33764 0.23342 0.13597 +0.05511 


0.52370 0.51029 0.46212 0.38503 0.29194 0.19809 0.11504 
0.47151 0.48726 0.46690 0.41300 0.33601 0.25059 0.16948 
0.39312 0.43762 0.44663 0.41921 0.36270 0.29037 0.21549 
0.29197 0.36308 0.40138 0.40237 0.36981 0.31476 0.25027 
0.17327 0.26703 0.33274 0.36248 0.35608 0.32171 0.27144 


0.04376 0.15455 0.24393 0.30095 0.32145 0.31009 0.27719 
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PARABOLIC CYLINDER FUNCTIONS 717 


Table 19.2 


z W(-0.8,-2) W(-02,-2) W(-01,-z) W(0,-z) W(01,-2) W(02,-2) W(03,—2) 


ooo°oo eecooo 


0 0.95411 0.98880 1.01364 1,02277 1.01364 0.98880 0.95411 
ol 1.00506 1.03835 1.06245 1.07165 1.06348 1.04037 1.00797 
2 1.05296 1.08581 1.11016 1.12050 1.11435 1.09399 1.06483 
3 1.09759 1.13097 1.15665 1.16924 1.16622 1.14968 1.12477 
4 1.13868 1.17362 1.20172 1.21771 1.21899 1.20741 1.18782 
Ae) 1.17589 1.21344 1.24510 1.26568 1.27248 1.26706 1.25396 
6 1.20884 1.25007 1.28645 1.31285 1.32644 1.32845 1.32307 
f 1.23706 1.28307 1.32534 1.35884 1.38053 1.39129 1.39494 
8 1.26006 1.31193 1.36129 1.40315 1.43429 1.45520 1.46928 
9 1.27725 1.33606 1.39368 1.44521 1.48719 1.51968 1.54567 
. 1.28802 1.35480 1.42185 1,48433 1.53855 1.58412 1.62356 
. 1.29171 1.36744 1.44504 1.51974 1.58760 1.64775 1.70224 
. 1.28761 1.37321 1.46241 1.55054 1.63341 1.70967 1.78087 
. 1.27501 1.37129 1.47304 1.57575 1.67498 1.76885 1.85841 


1.25320 1.36083 1.47598 1.59429 1.71113 1.82408 1.93366 


1.22150 1.34098 1.47020 1.60502 1.74059 1.87401 2.00522 
1.17926 1.31091 1.45469 1.60672 1.76201 1.91713 2.07150 
1.12596 1.26983 1.42841 1.59813 1.77390 1.95181 2.13072 
1.06115 1.21705 1.39039 1.57800 1.77474 1.97628 2.18093 
0.98458 1.15200 1.33973 1.54509 1.76299 1.98870 2.22000 


0.89620 1.07426 1.27565 1.49825 1.73709 1.98714 2.24569 
0.79618 0.98365 1.19757 1.43644 1.69557 1.96968 2.25565 
0.68503 0.88026 1.10510 1.35882 1.63706 1.93446 2.24752 
0.56357 0.76448 0.99819 1.26478 1.56041 1.87972 2.21894 
0.43300 0.63710 0.87711 1.15405 1.46471 1.80390 2.16770 


0.29492 0.49932 0.74256 1.02673 1.34942 1.70575 2.09177 
0.15140 0.35277 0.59571 0.88342 1.21444 1.58440 1.98946 
+0.00489 0.19959 0.43825 0.72523 1.06021 1.43949 1.85956 
-0.14168 +0.04242 0.27241 0.55388 0.88776 1.27129 1.70140 
~0.28503 -0,11563 +0.10100 0.37173 0.69887 1.08078 1.51507 


~0.42150 ~0.27098 ~0.07258 +0.18182 0.49606 0.86979 1.30151 
-0,54722 -0.41967 -0.24442 -0.01213 0.28264 0.64105 1.06267 
-0,65815 -0.55742 ~0.41011 -0.20574 +0,06279 0.39827 0.80159 
-0,75027 -0.67978 -0.56487 ~0.39404 -0.15855 +0.14618 0.52249 
-0.81974 -0,78229 -0.70368 ~0.57158 -0.37567 -0,10952 +0.23083 


-0,86311 ~0,86067 ~0.82147 ~0.73259 -0,58228 -0,36221 -0,06670 
-0.87754 -0.91101 -0.91331 -0.87118 -0.77162 -0.60449 ~0.36232 
-0.86098 ~0.93010 ~0.97470 -0,98158 ~0.93674 -0.82836 -0.64721 
-0,81248 -0.91559 ~1,00185 -1.05844 -1,07077 ~1.02554 -0.91187 
~0.73233 -0,86631 ~0,99193 -1,09719 -1.16728 -1,18779 ~1.14634 


-0.62227 -0.78249 ~0.94343 ~-1,09434 ~1,.22069 -1,30732 -1,34070 
-0.48559 -0.66595 -0.85640 -1.04786 -1.22662 -1.37730 -1.48554 
~0.32717 -0,52024 -0.73270 -0,.95753 -1.18240 ~1.39231 1.57256 
-0,15346 -0,.35070 ~0.57611 -0.82515 -1,08743 -1.34891 -1.59514 
+0,02771 -0,.16437 -0,39249 ~0,65483 ~0.94350 -1.24610 ~1.54901 


0.20739 +0,03014 ~0.18962 ~0.45301 -0,75508 -1.08573 ~1.43285 
0.37594 0.22299 +0.02291 ~0.22843 -0,52942 -0.87285 ~1.24877 
0.52351 0.40359 0.23414 +0,00810 -0.27649 -0.61582 ~1.00271 
0.64069 0.56113 0.43218 0.24408 -0,00874 -0.32626 -0.70462 
0.71919 0.68534 0.60494 0.46598 +0,25940 -0,01876 ~0.36835 


0.75259 0.76721 0.74090 0.65996 0.51219 +0.28970 -0.01132 
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718 PARABOLIC CYLINDER FUNCTIONS 


Table 19.2 
x W (0.4, x) W(0.5, 2) W (0.6, 2) W(0.7, 2) W(0.8, x) W(0.9,zx) W(1.0,2) 
Z 0.91553 0.87718 0.84130 0.80879 0.77982 0.75416 0.73148 
. 0.86271 0.82232 0.78433 0.74973 0.71874 0.69116 0.66667 


0.81331 0.77155 0.73205 0.69590 0.66339 0.63436 0.60852 
0.76709 0.72456 0,68408 0.64687 0.61328 0.58321 0.55639 
0.72376 0.68104 0.64007 0.60222 0.56794 0.53718 0.50970 


. 
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0.68304 0.64064 0.59964 9.56155 0.52692 0.49578 0.46791 
0.64462 0.60305 0.56244 0.52446 0.48979 0.45853 0.43051 
0.60820 0.56793 0.52810 0.49058 0.45614 0.42499 0.39703 
0.57347 0.53495 0.49629 0.45952 0.42558 0.39476 0.36704 
0.54011 0.50380 0.46666 0.43095 0.39774 0.36745 0.34013 


0.50782 0.47414 0.43889 0.40452 0.37228 0.34271 0.31594 
0.47630 0.44567 0.41266 0.37992 0.34888 0.32020 0.29412 
0.44523 0.41808 0.38765 0.35682 0.32720 0.29960 0.27435 
0.41435 0.39108 0.36358 0.33494 0.30697 0.28063 0.25634 
0.38338 0.36438 0.34015 0.31399 0.28790 0.26299 0.23981 


. Py 


5 

6 

7 

8 

9 

0 

1 

2 

3 

4 

5 0.35206 0.33771 0.31709 0.29370 0.26973 0.24643 0.22451 

«6 0.32018 0.31084 0.29416 0.27382 0.25219 0.23071 0.21019 

7 0.28752 0.28354 0.27111 0.25410 0.23506 0.21559 0.19662 

8 0.25395 0.25561 0.24773 0.23433 0.21812 0.20085 0.18361 

9 0.21934 0.22689 0.22384 0.21430 0.20115 0.18629 0.17094 

0 0.18363 0.19726 0.19927 0.19384 0.18398 0.17173 0.15845 

ol 0.14682 0.16665 0.17390 0.17280 0.16644 0.15700 0.14595 

se 0.10899 0.13504 0.14767 0.15107 0.14841 0.14195 0.13331 

3 0.07029 0.10248 0.12054 0.12857 0.12976 0.12647 0.12038 

4 +0.03094 0.06908 0.09255 0.10528 0.11045 0.11045 0.10707 

5 -0,00872 0.03504 0.06378 0.08121 0.09043 0.09385 0.09330 

6 -0.04827 +0,00063 0.03440 0.05645 0.06972 0.07662 0.07900 

7 ~0.08719 -0.03378 +0.00466 0.03113 0.04840 0.05879 0.06416 

8 -0.12486 ~0.06773 -0.02513 +0.00547 0.02659 0.04042 0.04879 

Pe) -0.16058 -0.10069 -0.05457 -0.02025 +0,00447 0.02163 0.03296 

0 -0.19356 -0.13202 -0,08319 -0.04569 ~0.01769 +0,00259 0.01677 

l -0.22295 -0,16105 -0.11043 -0.07041 -0.03960 ~0.01649 +0.00038 

2 -0.24788 -0.18700 ~0.13568 -0,09392 -0.06087 -0.03531 -0.01602 

3 -0.26746 -0,20910 -0.15826 -0,11569 -0.08106 -0,05355 -0.03216 

4 -0.28083 -0.22656 -0.17749 -0.13511 ~0,09969 -0.07080 -0.04774 
3.5 -0,.28722 -0,23861 -0.19265 -0,15158 -0.11623 -0,08664 -0.06242 
3.6 -0.23598 ~0.24455 ~0.20307 ~0.16446 -0.13014 -0,10061 -0.07581 
3.7 -0,27664 -0.24381 -0.20814 -0.17317 -0.14088 -0,11222 -0,08750 
3.8 ~0.25895 -0.23596 ~0.20735 -0.17718 -0.14793 -0,12101 ~0,09707 
3.9  ~0,23299 -0.22079 -0,20033 ~0.17604 -0.15084 -0.12652 -0.10411 
4.0 -0,19913 -0.19835 -0.18692 -0,16946 ~0,14922 ~-0,12836 -0,10824 
4.1 -0.15813 -0.16901 -0.16717 -0.15730 -0.14284 -0.12624 -0.10912 
4.2  -0,11115 -0,13343 -0.14143 -0.13965 ~0,13162 ~0.11996 -0.10653 
4,3 -0.05975 ~0.09266 ~0,11032 -0.11684 -0.11566 -0.10948 -0.10030 
4.4 -0.00585 -0,04811 -0.07481 -0,08947 -0.09531 -0,09494 -0,09046 
4.5 +0.04828 -0,00149 -0.03614 -0,05843 ~0.07112 -0.07669 -0,.07716 
4.6 0.10016 +0.04518 +0,00411 ~0,02485 -0.04392 -0.05525 -0.06075 
4.7 0.14714 0.08968 0.04416 +0.00985 -0.01477 -0,03141 ~0,04174 
4.8 0.18659 0.12967 0.08203 0.04406 +0,01506 -0,00614 -0.02086 
4.9 0.21607 0.16286 0.11567 0.07604 0.04414 +0.01943 +0.00100 
5,0 0.23350 0.18712 0.14307 0.10399 0.07092 0.04399 0.02281 
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PARABOLIC CYLINDER FUNCTIONS 719 


Table 19.2 


W(0.4,-z) W(0.5,-z) W(0.6,-z)  W(0.7,-z) W(0.8,-z) W(09,—z) W(1.0,—2) 


0.91553 0.87718 0.84130 0.80879 0.77982 0.75416 0.73148 
0.97201 0.93642 0.90331 0.87352 0.84714 0.82396 0.80361 
1.03235 1,00031 0.97072 0.94433 0.92122 0.90115 0.88375 
1.09671 1.06911 1.04386 1.02166 1.00258 0.98636 0.97265 
1.16520 1.14300 1.12302 1.10591 1.09173 1.08022 1.07106 


1.23789 1.22215 1.20846 1.19746 1.18917 1.18338 1.17975 
1.31475 1.30664 1.30040 1.29663 1.29538 1.29644 1.29949 
1.39567 1.39648 1.39896 1.40371 1.41079 1.42000 1.43106 
1.48046 1.49158 1.50419 1.51888 1.53574 1.55459 1.57519 
1.56879 1.59174 1.61602 1.64225 1.67051 1.70068 1.73254 


1.6602 1.6966 1.7343 1.7738 1.8153 1.8586 1.9037 
1.7541 1.8057 1.8586 1.9133 1.9700 2.0286 2.0891 
1.8497 1.9184 1.9884 2.0603 2.1345 2.2107 2.2891 
1.9460 2.0337 2.1230 2.2144 2.3083 2.4048 2.5037 
2.0418 2.1506 2.2613 2.3746 2.4909 2.6102 2.7327 
2.1358 2.2677 2.4020 2.5397 2.6811 2.8264 2.9756 
2.2263 2.3833 2.5437 2.7083 2.8777 3.0520 3.2316 
2.3115 2.4956 2.6843 2.8785 3.0788 3.2856 3.4991 
2.3891 2.6023 2.8216 3.0480 3.2823 3.5249 3.7762 
2.4570 2.7009 2.9529 3.2141 3.4854 3.7674 4.0605 
2.5125 2.7886 3.0752 3.3737 3.6849 4.0097 4.3487 
2.5529 2.8623 3.1853 3.5231 3.8770 4.2479 4.6368 
2.5754 2.9188 3.2793 3.6583 4.0573 4.4775 4.9201 
2.5770 2.9546 3.3532 3.7748 4.2209 4.6931 5.1930 
2.5548 2.9660 3.4030 3.8678 4.3624 4.8889 5.4490 
2.5061 2.9496 3.4241 3.9321 4.4760 5.0582 5.6811 
2.4283 2.9018 3.4124 3.9626 4.5555 5.1940 5.8811 
2.3192 2.8196 3.3634 3.9538 4.5944 5.2887 6.0405 
2.1772 2.7001 3.2734 3.9007 4.5863 5.3346 6.1502 
2.0013 2.5413 3.1389 3.7984 4.5251 5.3240 6.2008 
1.7914 2.3419 2.9573 3.6430 4.4050 5.2495 6.1832 
1.5484 2.1015 2.7270 3.4312 4.2211 5.1041 6.0883 
1.2746 1.8213 2.4478 3.1612 3.9697 4.8822 5.9081 
0.9733 1.5038 2.1206 2.8324 3.6486 4.5794 5.6359 
0.6496 1.1529 1.7487 2.4466 3.2576 4.1934 5.2669 
+0.3098 0.7746 1.3369 2.0074 2.7987 3.7241 4.7985 
-0.0381 +0.3767 0.8923 1.5210 2.2767 3.1746 4.2315 
~0.3848 ~0,.0314 +0.4244 0.9962 1.6994 2.5511 3.5700 
-0.7198 0.4385 ~0.0553 +0.4445 1.0779 1.8636 2.8225 
-1.0317 -0.8319 ~0,5332 -0.1199 +0.4263 1.1259 2.0016 
-1.3084 -1.1977 -0.9940 -0.6804 ~-0.2378 +0.3558 1.1251 
~1.5382 -1.5216 -1.4209 -1.2184 -0.8941 -0.4249 +0.2152 
-1.7095 -1.7893 -1.7966 -1.7136 -1.5199 -1.1915 -0.7013 
-1.8124 ~1.9871 ~2.1039 -2.1453 -2.0907 -1.9160 -1,5936 
-1.8391 ~2,1032 -2.3268 -2.4930 -2.5817 ~2.5692 -2,4280 
-1.7844 -2,1283 -2,.4513 -2.7376 ~2.9685 -3.1213 -3.1692 
~1.6469 2.0567 ~2.4668 -2.8632 -3.2291 ~3.5437 -3,7818 
-1.4292 -1.8870 -2.3670 -2,.8579 -3.3452 -3,8110 -4,2326 
-1,1387 -1.6231 ~2.1513 2.7153 -3.3040 -3,9027 -4,.4924 
-0.7876 -1.2742 -1,8252 ~-2.4359 ~3.0995 -3.8054 -4,5392 
-0.3927 -0.8557 -1.4010 -2.0281 ~2.7346 -3.5149 ~4,3599 


le et a, et ee 
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Table 19.3 AUXILIARY FUNCTIONS 


The functions 9, ¥g, 83 of 19.10 and 19.23 are needed in Darwin’s expansion and also 


the function ; of 19.7 and 19.20. 
vy 3 T 


ree 
wre 


oy DD) ¢: 


0.0 0, 00000 0. 39270 -0. 70270 5.0 6, 9519 5. 5506 4.1079 
0.1 0. 05008 0. 34278 -0, 64181 5.1 7. 2093 5. 7981 4, 2291 
0.2 0. 10066 0. 29337 -0. 57855 5.2 7.4716 6. 0507 4. 3511 
0.3 0.15222 0. 24498 -0, 51304 5.3 7. 7388 6, 3084 4. 4738 
0.4 0. 20521 0.19817 -0. 44540 5.4 8, 0109 6.5712 4.5972 
0.5 0. 26006 0.15355 -0, 37574 5.5 8. 2880 6. 8391 4, 7213 
0,6 0, 31713 0.11182 -0. 30415 5.6 8.5700 7.1120 4. 8461 
0.7 0. 37678 0. 07387 -0. 23071 5.7 8, 8569 7. 3901 4.9716 
0.8 0. 43929 0. 04088 -0. 15549 5.8 9. 1487 7. 6732 5. 0977 
0.9 0. 50492 0. 01468 ~0. 07857 5.9 9. 4454 7. 9614 5. 2246 


road 


vy DD) T 


0, 57390 0. 00000 0, 00000 
0. 64640 0. 01513 0, 08015 
0. 72261 0. 04341 0.16185 
0. 80265 0, 08086 0. 24502 
0, 88666 0.12617 0. 32964 


0. 97473 0.17866 0. 41566 
1. 06696 0. 23786 0. 50304 
1. 16344 0. 30347 0.59175 
1. 26422 0, 37527 0. 68175 
1.36937. 0. 45309 0. 77300 


1. 47894 0. 53679 0. 86549 
1, 59299 0, 62626 0. 95917 
1.71155 0. 72142 1, 05403 
1. 83466 0. 82220 1.15004 
1. 96236 0. 92853 1.24716 


2. 09467 1. 04036 1.34539 
2, 23163 1.15764 1. 44470 
2. 37325 1, 28034 1, 54506 
2.51956 1. 40843 1. 64646 
2. 67058 1. 54187 1. 74888 


2. 82632 1. 68063 1, 85229 
2. 98681 1. 82470 1. 95669 
3.15205 1.97406 2. 06206 
3, 32207 2.12867 2. 16837 
3. 49688 2. 28853 2. 27562 


3. 67648 2. 45363 2. 38378 
3, 86089 2. 62394 2. 49285 
4, 05011 2. 79946 2. 60281 
4.24416 2. 98017 2. 71365 
4. 44305 3, 16606 2. 82536 


4, 64678 3. 35712 2. 93791 
4. 85537 3, 55335 3, 05131 
5. 06880 3. 75474 3.16554 
5. 28711 3. 96127 3, 28058 
5. 51028 4.17295 3, 39643 


5. 73833 4, 38976 3. 51308 
5.97126 4, 61169 3. 63051 
6. 20908 4, 83875 3. 74872 
6. 45178 5. 07093 3. 86770 
6. 69938 5. 30822 3. 98743 25. 3742 23. 6314 10. 7908 


6. 95188 5. 55062 4, 10792 25. 8742 24,1264 rc Ay 
—4)6 (-8)2 (-4)3 (-4)6 (-4)7 - 
eee: a el ae Lad 
When interpolating for #. and 9, for ¢ near unity, it is better to interpolate for ; and then 
use 


re 


CaN v9 T 


9. 7471 8, 2546 5. 3521 
10. 0537 8.5530 5. 4803 
10, 3652 8. 8564 5. 6092 
10, 6817 9.1649 5. 7387 
11, 0031 9. 4784 5. 8688 


11, 3295 9.7970 5. 9996 
11. 6608 10.1207 6. 1310 
11. 9970 10. 4494 6. 2631 
12, 3382 10. 7832 6. 3958 
12, 6843 11.1220 6. 5290 


13. 0354 11. 4659 6. 6629 
13.3914 11. 8148 6. 7974 
13. 7524 12. 1688 6. 9325 
14, 1183 12.5278 7. 0682 
14. 4892 12. 8919 7. 2045 


14, 8651 13. 2610 7. 3414 
15. 2459 13. 6352 7. 4789 
15, 6316 14, 0144 7. 6169 
16, 0223 14, 3987 7. 7555 
16. 4180 14. 7880 7. 8947 


16, 8186 15.1823 8. 0344 
17. 2242 15, 5817 8.1747 
17. 6348 15. 9861 8. 3155 
18, 0503 16. 3956 8. 4569 
18. 4708 16. 8101 8. 5989 


18. 8962 17. 2296 8. 7413 
19. 3266 17. 6542 8. 8844 
19. 7620 18. 0838 9. 0279 
20. 2024 18, 5184 9.1720 
20. 6477 18. 9581 9. 3166 


21.0980 19,4028 9.4617 
21.5532 19,8525 9.6074 
22.0135 20.3073 9.7535 
22.4787 20.7671 9.9002 
22.9488 21.2319 10,0474 


23. 4240 21. 7017 10.1951 
23.9041 22.1766 10. 3433 
24, 3892 22. 6565 10. 4920 
24, 8792 23.1414 10. 6411 


ese 
ere 
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eee 
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20. 


Mathieu Functions 


Mathematical Properties 


20.1. Mathieu’s Equation 


Canonical Form of the Differential Equation 


20.1.1 TY + (a—24 cos 2v)y=0 


Mathieu’s Modified Differential Equation 


20.1.2 “J, (a—24 cosh 2u)f=0 (v=iu, y=f) 


Relation Between Mathieu’s Equation and the Wave 
Equation for the Elliptic Cylinder 


The wave equation in Cartesian coordinates is 


ew ,wW ew ,,. 
013 Satyatpatew=o 
A solution W is obtainable by separation of vari- 


ables in elliptical coordinates. Thus, let 
z=p cosh u cos v; y=p sinh u sin v; 2=2; 

p & positive constant; 20.1.3 becomes 

20.1. 4 

oS + p® (cosh mn cos 2v) eter ar 


k’W=0 


Assuming a solution of the form 
W= ¢(z)f(u)g) 


and substituting the above into 20.1.4 one obtains, 
after dividing through by W, 

1d’ 

y paett a0 


2 afl, +5b5 +e 


p? (cosh 2u—cos 2v) \ du? f' dv’ 


where 
* G= 


Since 2, u, v are independent variables, it follows 
that 


20.1.5 Fe tep=0 


where c is a constant. 


Again, from the fact that G=c and that u, v 
are independent variables, one sets 


20.1.6 
_ fl, ee) 
du? f 2 
722 \ 


p* cosh 2u 


#1, 


©) 2 cog 2: 
dv? g 5 PCOS 2v * 


where a is a constant. The above are equivalent 
to 20.1.1 and 20.1.2. The constants ¢ and a are 
often referred to as separation constants, due to the 
role they play in 20.1.5 and 20.1.6. 

For some physically important solutions, the 
function g must be periodic, of period w or 27. 
It can be shown that there exists a countably 
infinite set of characteristic values a,(q) which yield 
even periodic solutions of 20.1.1; there is another 
countably infinite sequence of characteristic values 
b,(qg) which yield odd periodic solutions of 20.1.1. 

It is known that there exist periodic solutions of 
period kx, where & is any positive integer. In 
what follows, however, the term characteristic 
value will be reserved for a value associated with 
solutions of period a or 27 only. These character- 
istic values are of basic importance to the general 
theory of the differential equation for arbitrary 
parameters a and q. 


An Algebraic Form of Mathieu’s Equation 
20.1.7 


(1—?#?) ays 44 (a+2q—49t")y=0 (cos v=?) 


Relation to Spheroidal Wave Equation 


20.1.8 a—e —2(b+ t$ <U+ (c—4gt?)y=0 
Thus, Mathieu’s equation is a special case of 


20.1.8, with t=—-3, c=a-+ 2q. 

20.2. Determination of Characteristic Values 
A solution of 20.1.1 with v replaced by z, having 

period x or 2x is of the form 


20.2.1 y=> (A, cos mz+ B, sin mz) 
m= 


where B, can be taken as zero. If the above is 


substituted into 20.1.1 one obtains 


20.2.2 
>, [(a— m?) Am— G(An-2+ An+2)} cos Mz 
+ [(a—m?) Bn— Q(Bn-2+ Bn42)] sin mz=0 


A_m, B_m=0 m>0 


*See page LL. 
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Equation 20.2.2 can be reduced to one of four 
simpler types, given in 20.2.3 and 20.2.4 below 


20.2.3 =>. Aam+p CoS (2m+p)z2, p=0orl 
m=0 

20.2.4 WSs Bansp Sin (2mM+ p)z, p=0 orl 
m=0 


If p=0, the solution is of period 7; if p=1, the 
solution is of period 27. 


Recurrence Relations Among the Coefficients 


Even solutions of period z: 


20.2.5 aAo—gA,=0 

20.2.6 (a—4) A,—q(2Ao+ A,) =0 

20.2.7 (a—m)An—q(Am-2+Ams2) =0 (m>3) 
Even solutions of period 27: 

20.2.8 (a—1)A,—9(Ai+A;)=0, 

along with 20.2.7 for m>3. 
Odd solutions of period z: 

20.2.9 (a—4)B,—qB,=0 

20.2.10 (a—m?)B,—q(Bn-2tBni2=0 (m>3) 


Odd solutions of period 27: 
20.2.11 (a—1)B,+q(B,—B,)=0, 
along with 20.2.10 for m>3. 

Let 
20.212 Gen=An/An-2, Gon=Bn/Bm-2; 


G,=Ge,, or Go, when the same operations apply 
to both, and no ambiguity is likely to arise. 
Further let 


20.2.13 Vin=(a—m’)/q. 
Equations 20.2.5-20.2.7 are equivalent to 
2 
20.2.14 Ge.= Vo; Ge= Vi~ Ge, 
20.215 Gn=1/(Vn—Gniz)  (m>3), 


for even solutions of period 7. 
Similarly 


20.2.16 V,—1=Ge,; for even solutions of period 
2m, along with 20.2.15 


20.2.17 V,+1=Go3, for odd solutions of period 
27, along with 20.2.15 


*See page II. 


20.2.18 V,=Go,, for odd solutions of period 7, 
along with 20.2.15 


These three-term recurrence relations among the 
coefficients indicate that every G,, can be developed 


into two types of continued fractions. Thus 
20.2.15 is equivalent to 
20.2.19 
1 1 1 1 
n= FE - O ...(m> 
Vin—Gnte v¥;= Vinso— Vints— (m23) 
20.2.20 
Gn2= Va 1/Gn 
ae ae ES #0 (m>3) 
= Vin-a— Va-a— i Vosrat or nat 
where 


ei=d=0; go=2, if Gny2=Aas/Aas-2 
A=d= y= 0, if Gn42= B2,/Bos2 
Aa=—1; m=d=1, if Gnyz=Aosy1/Ass-1 
a=d=do=1, if Gnye= Boey:/Bas-1 
The four choices of the parameters ¢, ¢o, d 
correspond to the four types of solutions 20.2.3- 
20.2.4. Hereafter, it will be convenient to sep- 


arate the characteristic values a into two major 
subsets: 


a=4a,, associated with even periodic solutions 
a=b,, associated with odd periodic solutions 


If 20.2.19 is suitably combined with 20.2.13-20.2.18 
there result four types of continued fractions, the 
roots of which yield the required characteristic 
values 

2 1 1 


20.2.21 i= Vises =0 Roots: dy 
20.2.22 
Lh ot ; 

Vi-l-p— Vi Vem re O Roots: Qor+1 
202.28 Vimy po p++ =0 Roots: by 
20.2.24 

Veet es 2: (Recta bes; 

V,—- Vs— Vi—- ad 


If a is a root of 20.2.21~20.2.24, then the corre- 
sponding solution exists and is an entire function 
of z, for general complex values of g. 

If q is real, then the Sturmian theory of second 
order linear differential equations yields the 
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following: Power Series for Characteristic Values 


(a) For a fixed real g, characteristic values a, and 20.225 
b, are real and distinct, if ¢#0; a<b,<a, 


29 68687 ¢° 
<b<a<..., g>0 and a,(g), 5,(g) ap- a ye Re fee 
proach 7? as g approaches zero. 2128 2304 18874368 

(b) A solution of 20.1.1 associated with a, or b, 2 4 1 49 
has r zeros in the interval 0<z<z7, (g real). a,(—~g=1-q—£4 G-_ e — Z 


(c) The form of 20.2.21 and 20.2.23 shows that if b(Q) 
Qo, is @ root of 20.2.21 and q is different from 55g’ 83g8 ek ee a 
zero, then dz, cannot be a root of 20.2.23; ~ 9437184 35389440 
similarly, no root of 20.2.22 can be a root of 289¢° 
20.2.24 if ¢~0. It may be shown from other b.(q)=4— £132 - 79626240 
considerations that for a given point (a, q) 


there can be at most one periodic solution of sie SUB OUGT ts , 
period w or 27 if g¥0. This no longer holds 458647142400 
for solutions of period St, 823; for these all a a4 763q* , 1002401q° 
solutions are periodic, if one is. ag. 12 13824 79626240 
Q, 1669068401 ¢* 
Pe ~ 458647142400 ° 
13 
7 , na ae =04 8 sage ibaa 
3 
= Pee ee _ 1961? , _609¢"_ 
ad bs 23592960 " 104857600 ° **° 
24 
317¢' _  10049¢° 
20 2 Wg=16+55— 864000 + 2721600000 
irene ene 433q* 5701¢° 
6 eta ete Se 
2 23 a(@=16+55+ sean00B721600000 * 
. lig 
Be 2) ae = =254 Eta 147456 
8 [e} ==. 5(Q) 
, 37¢q° 
Poa be + 3018138881 **° 
Q, aa . 
age ass eee ee pee || NOS =36-+ 75 5001000 smaasosTacoo0o + 
=4 18794 6743617 4° 
a(Q= =36-+55 + geopaoo + 2035087200000 ae 
-8 
For r>7, and |q| not too large, a, is approxi- 
“2 0, mately equal to 6,, and the following approxima- 
tion may be used 
“se 20.2.26 
20 (57?-+-7) ¢* 
artsy tae 184) 


bide i (9r*+-58r?-+-29) 9° ve 
Figure 20.1. Characteristic Values a,,b, 1=0,1(1)5 64(r?—1)®(7?—4) (7?—9) 5 °°" 
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The above expansion is not limited to integral 
values of 7, and it is a very good approximation 
for r of the form n+ 4 where n is an integer. In 
case of integral values of r=n, the series holds 
only up to terms not involving 7’—n? in the 
denominator. Subsequent terms must be derived 
specially (as shown by Mathieu). Mulholland 
and Goldstein [20.38] have computed character- 
istic values for purely imaginary g and found that 
a) and a, have a common real value for {g| in the 
neighborhood of 1.468; Bouwkamp [20.5] has 
computed this number as go= +72 1.46876852 to 8 
decimals. For values of —ig>—igo, a and dy 
are conjugate complex numbers. From equation 
20.2.25 it follows that the radius of convergence 
for the series defining a) is no greater than |q|. 
It is shown in [20.36], section 2.25 that the radius 
of convergence for a2,(g), 7 >2 is greater than 3. 
Furthermore 


a,—b,=O(¢ /r"-}), r> &. 
Power Series in gq for the Periodic Functions (for 


sufficiently small |q|) 
20.2.27 


—9-3| 12 2 (cos 42 __ i) 
Céo(2Z, g) =2 [2 5 C08 22+¢ (3 —T6 
cos 62 11 cos 2z 
-¢( 1152 128 at | 


ce,(Z, g)=cos 2—$ cos 32 


eh 28 


192 128 


cos7z cos5z cos3z, cosz 
ie | Se 9216 1152 3072 ' 512 |t 


ae | sae 52 cos3z cosz 


se,(z, q)=sin 4 sin 32 


ie, sin 52 sin 3z2_ sin z 
1 | 92 7 64 128 


sin7z,sin5z sin38z sing 
-¢| ae +752 ~ 3072 612 |t 


ce2(2, g)=cos 2e—q (5 
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sin net sin6z sin2z 
se2(z, g)=sin22—q +¢ *( 384 — + oaks 
20.2.28 
T 
ce,(z, g)__ id [+922 5 
sai, jo (rz—p(x/2))—q Nethauzcs) (4) 


—selecpes ge 
4(r—1) 


cos [(r+4)2—p(x/2)] , cos [(r—4) 2—p(a/2) ] 
rg {Ce 32(r+1)(r+2) t 32(r—1) (r—2) 


_cos eos fre—pa/?)| costs, eed | } Le 


with p=0 for ce,(z, g), p=1 for se,(z, g), r>3. 


Ficure 20.2. Even Periodic Mathieu Functions, Orders 0- 
q=1. 


cos4z_ 1 cos 62 __ 19 cos 22 
a)t¢ ‘(er 288 et 


Fiaure 20.3. Odd Periodic Mathieu Functions, Orders 1-5 
q=1. 


Fiaure 20.4. Even Periodic Mathieu Functions, Orders 0-5 
q=10. 
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Figure 20.5. Odd Periodic Mathieu Functions, Orders 1-6 
q=10. 


For coefficients associated with above functions 


20.2.29 
Aj(0) =27+; A;(0)=B; (0) =1, r>0 


A’, =[(—1)*qt/s! s! 22-4] AS+ . . ., s>0 
it ot(—1)'a q/4%(r-+s)! st] Cr+... 
r+2e 
i rs>0, C1=A? or B! 
t r _@@—s-l'¢ r 
Af as or Bt a= s!(r—1)! 48 C+ overs 


Asymptotic Expansion for Characterisiic Values, q>1 


Let w=2r-+1, g=w'y, greal. Then 
20.2.30 3 
ae 

w+l (w >) 
a, by 41~ —29 + 2wyg——— lg 


d, d, ds d, 


2 QI 8/2 22058 2768/2 “aes 


34, 9 
h=5+ ata 


__33 , 410 , 405 
dey tat te 
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63 , 1260 , 2943 , 486 
ar a aT eT 


527 _ 15617 . 69001 . 41607 
a= t we wi w 


20.2.31 bp4.4—G, ~ 245, /Qrqit*te —4V9 ips 


q- 
(given in [20.36] without proof.) 
20.3. Floquet’s Theorem and Its Consequences 


Since the coefficients of Mathieu’s equation 


20.3.1 y’’ + (a—2q cos 2z)y=0 


are periodic functions of 2, it follows from the 
known theory relating to such equations that 
there exists a solution of the form 


20.3.2 F(z) =e*P(2), 


where vy depends on a and gq, and P(z) is a periodic 
function, of the same period as that of the 
coefficients in 20.3.1, namely 7. (Floquet’s 
theorem ; see [20.16] or [20.22] for its more general 
form.) The constant »v is called the characteristic 
exponent. Similarly 


20.3.3 F,(—2) =e-**P(—2) 


satisfies 20.3.1 whenever 20.3.2 does. 
and F,(—z) have the property 


20.3.4 


y(2+kr) =C*y(z), y=F,(2) or F,(—2), 
C=e" for F,(z), C=e-** for F,(—z) 


Solutions having the property 20.3.4 will hereafter 
be termed Floquet solutions. Whenever F,(z) 
and F,(—z) are linearly independent, the general 
solution of 20.3.1 can be put into the form 


20.3.5 y=AF,(z)+BF.(—2z) 


If ABO, the above solution will not be a Floquet 
solution. It will be seen later, from the method 
for determining » when a and q are given, that 
there is some ambiguity in the definition of »; 
namely, » can be replaced by »+2kh, where k is an 
arbitrary integer. This is as it should be, since 
the addition of the factor exp (2ikz) in 20.3.2 still 
leaves a periodic function of period a for the 
coefficient of exp ivz. 

It turns out that when a belongs to the set of 
characteristic values a, and b, of 20.2, then » is 
zero or an integer. It is convenient to associate 
v=r with a,(q), and y= —r with b,(q); see [20.36]. 
In the special case when » is an integer, F,(2) is 


Both F,(z) 
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proportional to F,(—z); the second, independent 
solution of 20.3.1 then has the form 


20.3.6 y2=2ce,(z, 9) +24 dox+p Sin (2k+p)z, 


associated with ce,(z, q) 


20.3.7 yo=z8e,(z, D+2, Sort COS (2k+p) 2, 
associated with se,(z, g) 


The coefficients d2,1, and for, depend on the cor- 
responding coefficients A, and B,, respectively, 
of 20.2, as well as ona and g. See [20.30], section 
(7.50)-(7.51) and [20.58], section V, for details. 

If » is not an integer, then the Floquet solutions 
F(z) and F,(—z) are linearly independent. It 
is clear that 20.3.2 can be written in the form 


20.3.8 F(2)= SS eyelet, 
k=—a 


From 20.3.8 it follows that if v is a proper fraction 
m,/m2, then every solution of 20.3.1 is periodic, 
and of period at most 27m,. This agrees with 
results already noted in 20.23 i.e., both independent 
solutions are periodic, if one is, provided the period 
is different from 7 and 27. 


Method of Generating the Characteristic Exponent 


Define two linearly independent solutions of 
20.3.1, for fixed a, q by 


y:(0) =1; y:(0)=0. 
y2(0) =0; y2(0)=1. 
Then it can be shown that 


20.3.10 


20.3.9 


cos my—¥, (7) =0 


20.3.11 cos x»—-1—2yi (5) ()=0 
Thus v may be obtained from a knowledge of 


yi(7) or from a knowledge of both y; (G) and ¥2 G) ; 


For numerical purposes 20.3.11 may be more 
desirable because of the shorter range of integra- 
tion, and hence the lesser accumulation of round- 
off errors. Either », —v, or -v+2k (& an arbi- 
trary integer) can be taken as the solution of 
20.3.11. Once v has been fixed, the coefficients 
of 20.3.8 can be determined, except for an arbitrary 
multiplier which is independent of z. 

The characteristic exponent can also be com- 
puted from a continued fraction, in a manner 
analogous to developments in 20.2, if a sufficiently 
close first approximation to v is available. For 
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systematic tabulation, this method is considerably a 
faster than the method of numerical integration. 
Thus, when 20.3.8 is substituted into 20.3.1, 
there result the following recurrence relations: 
20.3.12 VonCon=Con-2tConsa 
where 
20.3.13  V2,=[a—(2n+v)*]/¢, —7<n<e. 
When » is complex, the coefficients V2,.may also 
be complex. As in 20.2, it is possible to generate 
the ratios 

Gn=Cn|Cm—2 and H_m=C—m—2/¢—m 
from the continued fractions 
20.3.14 
? m>0 


’ m>0. 


From the form of 20.3.13 and the known properties 
of continued fractions it is assured that for 
sufficiently large values of |mj both |G,,| and 
|H_m| converge. Once values of G,, and H_,» are 
available for some sufficiently large value of m, 
then the finite number of ratios Gn_2, Gms, . - -» GB 
can be computed in turn, if they exist. Similarly 
for Homo, .. -, Hy. It is easy to show that » is 
the correct characteristic exponent, appropriate 
for the point (a, q), if and only if HoGj=1. An 
iteration technique can be used to improve the | Ficure 20.6. Characteristic Exponent-First Two Stable 
value of », by the method suggested in [20.3]. Regions y=e*P(z) where P(z) is a periodic function of 
One coefficient c; can be assigned arbitrarily; the period x. 


rest are then completely determined. After all PASO); 
In first stable region, O<v<1, 


the c, become available, a multiplier (depending [eaccond-itable region. 1 <<? 

. ? _ _o 
on ¢ but not ieee 2) can, be found to satisfy a (Constructed from tabular values supplied by T. Tamir, Brooklyn 
prescribed normalization. Polytechnic Institute) 


It is well known that continued fractions can 
be converted to determinantal form. Equation 
20.3.14 can in fact be written as a determinant 
with an infinite number of rows—a special case of 
Hill’s determinant. See [20.19], [20.36], [20.15], 
or [20.30] for details. Although the determinant 
has actually been used in computations where 
high-speed computers were available, the direct 
use of the continued fraction seems much less 


laborious. 
Special Cases (a, q Real) 


Corresponding to g=0, y,=cos Vaz, y,.=sin Vaz; 
the Floquet solutions are exp (taz) and exp(—iaz). FIcuRE 20.7. Characteristic Boponent in First Unstable 
As a, q vary continuously in the q—a plane, Region. -Pierentaal equbivon: YC Aa 29 008 Ay 0: 

: . The Floquet solution y=e*P(z), where P(x) is a periodic 
¥ describes curves; » 18 real when (g, a), q>0 function of period +. In the first unstable region, v=ip; 
lies in the region between a,(qg) and 6,4;(q) and u is given fora>—5. (Constructed at NBS.) 
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Fiaure 20.8 
Figure 20.9 
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in unstable regions 


e*”* = constant; 
constant; in stable regions 
—.-.-— Lines of constant values of —q. 


s 


Charts of the Characteristic Exponent. 
--- oy 


(From 8. J, Zaroodny, An elementary review of the Mathieu-Hill equation of real variable based on numerical solu- 


tions, Ballistic Research Laboratory Memo, Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission.) 
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FicureE 20.10. 
(From 8. J. Zaroodny, An elementary review of the Mathieu-Hill equation 


Chart of the Characteristic Exponent. 


ofreal variable based on numerical solutions, Ballistic Research Laboratory 
Memo, Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission) 


s=e”™*=constant; in unstable regions 
--—-—-—v=constant; in stable regions 
—.-—.- Lines of constant values of —q. 


all solutions of 20.1.1 for real z are therefore 
bounded (stable); » is complex in regions between 
b, and a,; in these regions every solution becomes 
infinite at least once; hence these regions are 
termed ‘unstable regions’. The characteristic 
curves a,, b, separate the regions of stability. 
For negative g, the stable regions are between 
bor41 0nd bo,42, G2, and d2,4,; the unstable regions are 
between do,4; and be,+1, G2, and bo,. 

In some problems solutions are required for real 
values of z only. In such cases a knowledge of 
the characteristic exponent » and the periodic 
function P(z) is sufficient for the evaluation of 
the required functions. For complex values of 2, 
however, the series defining P(z) converges slowly. 
Other solutions will be determined in the next 
section; they all have the remarkable property 
that they depend on the same coefficients cy 
developed in connection with Floquet’s theorem 
(except for an arbitrary normalization factor). 
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Expansions for Small q ([20.36] chapter 2) 
If v, g are fixed: 
20.3.15 


(5v?-+7) q* 
1) 1 32G?—1)°(?—4) 


(9v*+58v?-+29) g® 
T64G7 —1)*(v?—4) @?— =o? 


For the coefficients co; of 20.3.8 
20.3.16 


arta 


. (v¥1, 2,3). 


(v?+-49-+7) ¢ + 
1280+1)%(y+2)(—1) °° °° 


(v1, 2) 


C2/¢o= 


ratak Sete 
4(v+1) 


C4/Co= F/32(v-+1) (v+2)+ ... 
C25/Co=(—1)*g*'T (v-+1) /2¥sITv+s+1)+ ... 


20.3.17 
a etet202 ete-Dz 
Beomal ead sry fo—w f It 
(vy not an integer) 


For small values of a 


20.3.18 


(-4 an arnt ) 
cos yr=( 1— : 


Ba. 


te [ite(i-E}e...] 
+4 (Se-aget 
20.4. Other Solutions of Mathieu’s Equation 
Following Erdélyi [20.14], [20.15], define 
20.4.1 o(2)=[e* cos (e—b)/cos (2+) ]¥Ji(f) 
where 


20.4.2 f=2[q cos (ez—b) cos (2+b)}, 


and J;,(f) is the Bessel function of order k; 6 is a 
fixed, arbitrary complex number. By using the 
recurrence relations for Bessel functions the follow- 
ing may be verified: 


20.4.3 


FP _29(c0s 2e)or + q(er-2tor12) +H = 


It follows that a formal solution of 20.1.1 is given 
by 


20.4.4 


ao 


Y= Dy ConPon+y 


a= 
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where the coefficients c:, are those associated with 
Floquet’s solution. In the above, v may be 
complex. Except for the special case when » is 
an integer, the following holds: 


—4n? 


Panty—2 P-~2n+v aa 
q{cos (e—b)}? 


No 
Panty ¢ ) 


P~2n+v+42 
If »y and n are integers, J_on4(f)=(—1)’Jon_r(f). 
[G2n+»/2n+v-2] ~~ —[cos (z—b)]?g/4n? 


[¢-2n4»/0-2n4v+2] OY —4n?/q [cos (z—b)}? 


On the other hand 


Con me C_2n mpd 


Conte 4n? =) 


Con-2 


It follows that 20.4.4 converges absolutely and 
uniformly in every closed region where 


|cos (g—b)| >d,>1. 
There are two such disjoint regions: 


(I) 4(2z—b) >a, >0; (lcos (2—6)|>d,>1) 
(II) ¥(2z—b)<—d,<0; (|cos (2—b)|>d:>1) 


If yis an integer 20.4.4 converges for all values of 
z. Various representations are found by special- 
izing b. 


20.4.5 
If b=0, yer? ma Con(—1)"Jonev(2Vq cos z) 


({cos 2|>1, larg 2-Vq cos 2| <7) 
20.4.6 


If b=5 y= Con on+v(24-¥q sin 2) 
(|sin 2|>1, Jarg 2-Vq sin 2|<7) 


If b>1, y reduces to a multiple of the solution 
20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6 
are special cases of 20.4.4 explains why it is that 
these apparently dissimilar expansions involve 
the same set of coefficients Con. 

Since 20.4.4 results from the recurrence proper- 
ties of Bessel functions, J,(f) can be replaced by 
Hi (f), j7=1, 2, where H is the Hankel function, 
at least formally. Thus let 


vi=le™ cos (2—b)/cos (2+6)]"Hi? (f/) 


where f satisfies 20.4.2. An examination of the 
ratios Yon+,/Pon+»—2 Shows that 


Co 
Y= 25 ConPahs» 


will be a solution provided 
|cos (2g—b)|>1; {cos (2+6)|>1. 


The above two conditions are necessary even 
when » is an integer. Once 6 is fixed, the regions 
in which the solutions converge can be readily 
established. 

Following [20.36] let 


20.4.7 


J(a)=Z))(@); Y,@)=ZP (a); 


HY @)=Z9'(a); 


If z is replaced by —iz in 20.4.5 and 20.4.6 
solutions of 20.1.2 are obtained. Thus 


20.4.8 


H® (2) =Z (2) 


y(2)= D3 Con(—1)"Z,,(2-V9 cosh 2) 


({cosh 2|>1) 
20.4.9 


y (2)= D3 ConZS?,,(2-V¢ sinh z) 
1=-@ 
(jsinh 2|>1, 7=1, 2, 3, 4) 
The relation between y{”(z) and y{(z) can be 
determined from the asymptotic properties of the 


Bessel functions for large values of argument. It 
can be shown that 


20.4.10 


VPA) =(ROIE(E Me — (Bz>0): 


When » is not an integer, the above solutions 
do not vanish identically. See 20.6 for integral 
values of ». 


Solutions Involving Products of Bessel Functions 


20.4.11 


bo Sty 
ys? (2) =—— Do Con(—1)"Zyh v4 s(VGe"*) In—s(Vae”"?) 
(j=1, 2, 3, 4) 


satisfies 20.1.1, where Z (u) is defined in 20.4.7, 
the coefficients c., belong to the Floquet solution, 
and s is an arbitrary integer, c¢.,~0. The solution 
converges over the entire complex z-plane if g~ 0. 
Written with z replaced by —iz, one obtains 
solutions of 20.1.2. 
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20.4.12 
1 i} 

Miz, 0=— wos Cin(—1)"Zy2 r4-0(VGe*) In—o(VGe™ *) 


It can be verified from 20.4.8 and 20.4.12 that 


20.4.13 
Miz, D 


(#z>0) 
provided ce, ~0. If c,=0, the coefficient of 1/c2, 
in 20.4.11 vanishes identically. For details see 
[20.43], [20.15], [20.36]. 

If s is chosen so that |c2,| is the largest coefficient 
of the set |c2,|, then rapid convergence of 20.4.12 
is obtained, when #z>0. Even then one must 
be on guard against the possible loss of significant 
figures in the process of summing the series, 
especially so when q is large, and |z| small. (If 
jx1, then the phase of the logarithmic terms 
occurring in 20.4.12 must be defined, to make the 
functions single-valued.) 


20.5. Properties of Orthogonality and 
Normalization 


If a(v+2p, g), a(v+2s, g) are simple roots of 
20.3.10 then 


20.5.1 [” Fessn(e) Fosse(—2)d2=0, if poee. 
0 
Define 


20.5.2  ces(2, =5 [F(2) + F(—2)] 


se,(2, J=—i 5 [Ful2)—F,(—2)] 


ce,(2, g), se,(2, g) are thus even and odd functions 
of 2, respectively, for all » (when not identically 
zero). 

If » is an integer, then ce,(z, g), se,(z, q) are 
either Floquet solutions or identically zero. 
The solutions ce,(2, g) are associated with a,; 
se,(z, g) are associated with 6,; 7 an integer. 


Normalization for Integral Values of »v and Real q 
2x ar 
20.5.3 f [ce,(z, q) }de= f [se,(2, g) *dz=a 
0 0 


For integral values of » the summation in 
20.3.8 reduces to the simpler forms 20.2.3-20.2.4; 
on account of 20.5.3, the coefficients A, and B,, 
(for all orders 7) have the property 
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20.5.4 
2AR+ ARL ... =A2+AR+... 

= B+ B+ ...=Bi+Bi+...=1. 
20.5.5 


1 Qr ar 
= | Cé2,(2, g)dz; i=? [ ce,(z, g) cos nedz 


ar 
By=* f. se,(z, g) sin nazdz n#0 

For integral values of v, the functions ce,(z, q) 
and se,(z, g) form a complete orthogonal set for 
the interval 0<z<2z7. Each of the four systems 
Co, (Z), Céors1(2), S€27(Z), S€ar41(Z) Is complete in the 
smaller interval 0 <z<43z, and each of the systems 
ce,(z), se,(z) is complete in O<z2<rz. 

If g is not real, there exist multiple roots of 
20.3.10; for such special values of a(q), the integrals 
in 20.5.3 vanish, and the normalization is therefore 
impossible. In applications, the particular nor- 
malization adopted is of little importance, except 
possibly for obtaining quantitative relations be- 
tween solutions of various types. For this reason 
the normalization of F,(z), for arbitrary complex 
values of a, g, will not be specified here. It is 
worth noting, however, that solutions 


ace, (2, Q); Bse,(z, qQ) 


defined so that 
d 
ace,(0, qQ) =] ‘ E- Bse, (2, » | gn 


are always possible. This normalization has in 
fact been used in [20.59], and also in [20.58], 
where the most extensive tabular material is 
available. The tabulated entries in [20.58] sup- 
ply the conversion factors A=1/a, B=1/8, along 
with the coefficients. Thus conversion from one 
normalization to another is rather easy. 

In a similar vein, no general normalization will 
be imposed on the functions defined in 20.4.8. 


20.6. Solutions of Mathieu’s Modified Equation 
20.1.2 for Integral » (Radial Solutions) 


Solutions of the first kind 
20.6.1 
Cerr49(2; Q) =Clsr+n(12, Q) 


=>, Atits (@) cosh 2k-+p)z 
associated with a, 
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20.6.2 S€or49(2, Q) = —t8e2r+p(12, ) => B34) (g) sinh (2k+ p)z, associated with 5, 


writing A2?t? (q)=As,+, for brevity; similarly for By+,,; p=0, 1, 


Clor 7g 
20.6.3  Cea,(z,¢)= G 0) ea 1)*AnJ (2a woah acini D> Sy AnTox(2G sinh 2) 


_ ees (5 ’ 1) » 


20.6.4 Cesr41(2, Q) = gar! ¢ = (—1)**1An, pid 2441(2V cosh 2) 


/ 0, DB ° 
me aie coth 2) 2k-+1) Ams: Sars(2V7 sinh 2) 


SCar (5 ‘) tanh z , 


20.6.5 Sen, ) =<" fe — 3 (—1) 2 Baedu( 204 cosh 2) 
= 80,9 ooth 257 2kBaJox(2Vq sinh 2) 
qB; k=1 
TT 
S€2r41 (5 a) S 
20.6.6 See41(2, Q) Vg Birt tanh 2 ea (—1)*(2k-+1) Bogs iD o¢41(2VG cosh 2) 


or +1(0, 
=e S 2g Bara 2v7 q sinh z) 
See [20.30] for still other forms. 
Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Hankel 
functions) are obtainable from 20.4.12. 


20.6.7 Me?) (2, D= pa (—1)"*#A3;(q)[Sa— s(t) Zo (tbe) + Seg a(Ui)Z42 5 (Us) |/esAa' 
where ¢9>=2, ¢,=1, for s=1, 2, . . .; s arbitrary, associated with a, 
20.6.8 Mef?..(2, D =24 (—1) "FART (Q)[Ie—s(ti) Zs 41 (te) +e es4n (ui) Zi 5 (ae) ART 


associated with @2,41 


20.6.9 Ms: (z, => (—1)* Bai (DT e-s(ti) 222. (Ue) —Sa s(t) Zi, (ue) |/Bar, associated with bz, 


20.6.10 = Msi?.:(2,9)= oF (— DBT DT e— aU) ZH 4 1(Ue) Seg a4 (Ua) Zi, (Ue) Bart 


associated with 62,41 
where 
w=Vge7*, Ua=vae', B3rt?, A2t+? ~0, p=0, 1. 


See 20.4.7 for definition of Z2 (x). 

Solutions 20.6.7-20.6.10 converge for all values of z, when g~0. If j7=2, 3, 4 the logarithmic terms 
entering into the Bessel functions Y,,(u2) must be defined, to make the functions single-valued. This 
can be accomplished as follows: 

Define (as in [20.58]) 


20.6.11 In (¥ge*)=In (¥q)+2 
See [20.15] and [20.36], section 2.75 for derivation. 
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Other Expressions for the Radial Functions (Valid Over More Limited Regions) 


oo 


20.6.12 Me$ (2, )=[ceor(0, g)}-* DY (—1)**"-Ali (q) Za? (2Vg cosh 2) 
k=0 
Mes), (2, )=[cer 4100, QI"! ax (—1)**" Ali ti(g) Zi?.1(2Vq cosh z) 
20.6.13 Ms! (2, g)=[se2,(0, g)]7? tanh 2 > (—1)**'2k.B2i(q)Z$? (2Vq cosh 2) 
k=1 


Ms$?.1(2, 2) =[se2,+1(0, Q]"* tanh z > (—1)**" (2k+1) Bai ti(@ Zi2,.1(2vq cosh 2) 


Valid for #z>0, |cosh z|>1; if j=1, valid for all z. They agree with 20.6.7-20.6.10 if the Bessel 
functions Y,,(2q' cosh z) are made single-valued in a suitable way. For example, let 


2 
Yn(u)=— (In u)dn(u)+o(u) 
where ¢(u) is single-valued for all finite values of wu. With u=2gq! cosh z, define 
20.6.14 In (2g! cosh z2)=In 2¢¢+ 2+1n $(1+e7*) -F Sarg 3(1 +e) <5 
(If g is not positive, the phase of In 2g! must also be specified, although this specification will not 
affect continuity with respect to z. If Y,,(u) is defined from some other expression, the definition 
must be compatible with 20.6.14.) 


() (2) 
/Emeo (z,q) {3 Ms, (z,q) 


a LS 


* 


Froure 20.13. Radial Mathieu Function of the Second Kind. 


(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, 


Figure 20.11. Radial Mathieu Function of the First Kind. with permission) 
(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The ‘sy 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, z MSp (z,-q) 
with permission) 
d (4) 
it Ez Meo (2,0) 


3 


+2 
16 18 20 


ae 
Figure 20.12. Derivative of the Radial Mathieu Function 


of the First Kind. Friaure 20.14. Radial Mathieu Function of the Third Kind. 


(From J. C. Wiltse and M. J. King, Derivatives, zeros, and other data per” 
taining to Mathieu functions, The Johns Hopkins Univ. Radiation Lab- 
oratory Tech. Rept. AF-57, 1958, with permission) 


(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, 
with permission) 
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If 7=1, Mc$?,,, and Ms${?,,, p=0, 1 aresolutions 
of the first kind, proportional to Cés,,, and Séo,+>, 
respectively. 

Thus 


20.6.15 
VT 

Clo (5-2) cé2,(0, @ 
(-— 1) T A2r 


Cla 41 (5a ) Cl2r41(0, q) 


Ceo(2, = Me, (2, g) 


Cerai(2, D= Me3?,1(2, 9) 
sehr (0, ase (5 Di 
Ses(z, g) =~ — gh sir (2, Q 
8€2r41(0, Q) S€2r41 (F q 
The Mathieu-Hankel functions are 
20.6.16 
M? (2, )=M? (2,9 +i1M? (z, 9) 
M(z,9=M? (z,Q—*M? (z, 9) 
MY=Mc® or Ms’. 
From 20.6.7-20.6.11 and the known properties 
of Bessel functions one obtains 
20.6.17 
M}.,,(2+inm, g) 
=(—1)""[Mi?s (2, 9 +2niM3?,9(2, 1] 
M®, ,(e-+inz, gd) 
=(—1)""[M3?. (2, D— 2nM3?,5(2, 9] 
M}),5(2+inz, 9g) 
=(—1)""[4439, 9(2, g) +209? 9(2, Q)] 
where M=Me or Ms throughout any of the above 
equations. 


Seor4i(2, Q= Ms}3?41(2, q) 


Other Properties of Characteristic Functions, q Real 
(Associated With a, and b,) 
Consider 


20.6.18 


X,=Mce? (2, g)+Me? (—2, 9g); 
X,=Ms® (2, g) —Ms? (—z, 9) 


Since X; is an even solution it must be proportional 
to Mc (2, g); for 20.1.2 admits of only one even 
solution (aside from an arbitrary constant factor). 
Similarly, X, is proportional to Ms (2, qg). The 
proportionality factors can be found by considering 
values of the functions at z=0. Define, therefore, 


20.6.19 
Me}? (—2z, g)=—Me;? (z, q)—2f., Me! (2, g) 

20.6.20 
Ms? (—2, g) =Ms? (2, q)—2f,, Ms (2, a) 


where 


20.6.21 
Fe, r=—Me? (0, te! 


ai} @: (2) & q) 
fo. =| 5 Mo? (2, O14 Ms?(2, 0) | 


See [20.58]. 

In particular the above equations can be used to 
extend solutions of 20.6.12-20.6.13 when #z<0. 
For although the latter converge for #z<0, 
provided only |cosh z|>1, they do not represent 
the same functions as 20.6.9-20.6.10. 


20.7. Representations by Integrals and Some 


Integral Equations 
Let 


20.7.1 am=h Ku, t)V (dt 

be defined for uw in a domain U and let the contour 
C belong to the region J of the complex t-plane, 
with t= as the starting point of the contour 
and t=y, as its end-point. The kernel K(u, ¢) 
and the function V(é) satisfy 20.7.3 and the 
hypotheses in 20.7.2. 


20.7.2 K(u, t) and its first two partial derivatives 
with respect to u and ¢ are continuous for ¢ on C 


and u in U; V and & are continuous in ¢. 


20.7.3 
ok 1, 
rad -F"|"= 0; + 2q cos 2t)V=0. 
If K satisfies 
eK eK ae 
20.7.4 a Sots aE > +2¢(cosh 2u—cos 2t)K=0 


then G(u) is a solution of Mathieu’s modified 


equation 20.1.2. 
If K(u, t) satisfies 


eK wk 


20.7.5 Sa? sot YE —=>7+2¢(cos 2u—cos 2t)K=0 


then G(u) is a solution of Mathieu’s equation 
20.1.1, with u replacing v. 
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Kernels K;,(z, t) and K.(z, t) 


20.7.6 K,(2, 1) =Z (u)[M(z, t))}-”?, (#z>0) 
where 

20.7.7 u=-2q(cosh 22-+cos 2t) 

20.7.8 M(z, t)=cosh (2+7%)/cosh (z—it) 


To make M-? single-valued, define 
20.7.9 
cosh (z+ir)=e* cosh z 
cosh (z—ir)=e~* cosh z 
M(z, 0)=1 


[M(z, 7)]"’=e"**M(z, 0) 
Let 


20.7.10 ag f" K,(u,t)Ftdt, (®z>0) 


where F,(¢) is defined in 20.3.8. It may be verified 
that K,F, satisfies 20.7.3, K satisfies 20.7.2 and 
20.7.4. Hence G is a solution of 20.1.2 (with. z 
replacing wu). It can be shown that K, may be re- 
placed by the more general function 


20.7.11 
K2(2, t) 
See 20.4.7 for definition of Z°?,.,(u). 


From the known expansions for Z242,(u) when 
Zz is large and positive it may be verified that 


20.7.12 


=Z? 42(u)[M(2,)}-*, s any integer. 


MY? (2, 9= 
— dy—38 
oe fF Zien | eee Rat 


(Zz>0, R(v+3)>0) 


where M” (z, g) is given by 20.4.12, s=0, 1, .. ., 
C240, and F,(¢) is the Floquet solution, 20.3.8. 


Kernel K3(z. t#, a) 
20.7.13 K;(2, t, a) = etivew 
where 


20.7.14 w=cosh z cos a cos t+sinh zsin a sin t 


20.715 Gz,4, a=" > et VG uP (4) dt 
Cc 


where F,(¢) is the Floquet solution 20.3.8. The 
path C is chosen so that G(z, t, a) exists, and 
20.7.2, 20.7.3 are satisfied. Then it may be 
verified that K3(z, t, a), considered as a function 
of z and ¢, satisfies 20.7.4; also, considered as a 
function of a and t, Kg satisfies 20.7.5. Conse- 
quently G(z, g, 4)=Y(z, g)y(a@, g), where Y and y 
satisfy 20.1.2 and 20.1.1, respectively. 

Chotce of Path C. Three paths will be defined: 


20.7.16 
Path C;: from —d,+io to d,—io, d,, d, real 
—d,<arg [Vq{cosh (2+7a)41}]<a—d 
—d,<arg [Vq{cosh (2—ia) +1}]<4—dy 
20.7.17 
Path C,: from d,—i» to 2r+io —d, 
(same d,, dz as in 20.7.16) 
20.7.18 


gy 


F(a) Mi(2, =" 


“p eViMP(t)dt  j=3,4 


where Mi(z, q) is also given by 20.4.12. 
20.7.19 Path C,: from —d,+%i@ to 2r—d,-+10 


® 
ev? 


F@M9(e, )=£5 =. eX Vin R,(t)de 


See [20.36], section 2.68. 

If » is an integer the paths can be simplified; 
for in that case F,(é) is periodic and the integrals 
exist when the path is taken from 0 to 27. Still 
further simplifications are possible, if z is also real. 

The following are among the more important 
integral representations for the periodic functions 
ce,(z, q), sé,(z, qg) and for the associated radial 
solutions. 


Let r=2s+p, p=0 or 1 


20.7.20 


a/2 
ce,(2,q) =orf cos (2va cos Z2CO0S t-P5) ce,(t, q)dt 
0 
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x/2 
20.7.21 ce,(2, d=, cosh (27q sin 2 sin ¢)[((l—p)+ 2: cos z cos t]ce,(é, g)dt 
0 
a/2 
20.7.22 se,(z, d=, sin (2v4 cos 2 cost+p 5) sin z sin ¢ se,(t, g)dt 
0 
w/2 
20.7.23 se,(Z, =f sinh (27g sin z sin t)[((1—p) cos z cos t+ p]se,(t, q)dt 
0 
where 


20.7.24 pms Clos (§ «) [Az (9); P=0p,=— Clas41 (5 «) /VqA?**!(q) if p=1, for functions ce,(z, q) 
—4 , far 4 T é 
Pr=— 82, (5 0) /VqB3(q); Pr=— Slrs41 (F a) /Bi*1(q), for functions se,(z, q) 
2 ; : ; : . 
or==— €€25(0, g)/Ag’(q) if p=0; om C€2541(0, g)/Aj’**(q), if p=1; associated with functions ce,(z, ¢) 


a= 8€35(0,g WVEB?(Q), if p=0; a= 8€2541(0, Q/VqBit'(q), if p=1; associated with se,(z, q) 


Integrals Involving Bessel Function Kernels 


Let 
20.7.25 u= y2q(cosh 22-+ cos 2t), (# cosh 2z>1; if j=1, valid also when z=0) 

20.7.26 

—1)" ; (9) 

Mei?(2, =P? f ZS (u)ceat, dat; Mel? (2, = Sut cosh z f° ZEN) 208 oe, (tg) 
1 
—1)’*'8q sinh 2 7 Z(u) sin 2t (€, gdt 
20.7.27 Mss? (z, g)—(— "84 sinh 22 gem Ze f 21? (u) sin 2t sew(t, dat 21 ses (9 


Mele, 9) BE sinh 2% 250) nn strat a 
a By 0 u 
In the above the 7-convention of 20.4.7 applies and the functions Mc, Ms are defined in 20.5.1- 
20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel 


functions as #z—>~.) 
Other Integrals for Me!)(z, q) and Ms‘(z, q) 


—y)* = 
20.7.28 Me (z, q) = f? cos (2va cosh 2 cos t—p 5) ce,(t, g)dt 
20.7.29 Me (2, g=rf° [(l—p) +2 cosh z cos t] cos (2V¥q sinh z sin t)ce,(t, g)dt 
0 


2 ‘ 2 , 
r=2s+p, p=0,1; i (—1)*/ceo, (GF a) if p=0; = (—1)*+2/9/ce2, 41 @ 0) 


20.7.30 Ms$?,,(2,Q) a2 AO a f sin (2Vq sinh z sin t)se2,4:(t, gat 
=) 

20.7.31 Ms$?,1(2, == 4 Cu sD ? sinh g sin t cos (2Vq cosh z cos t)séo,41(t, g)dt 

20.7.32 Ms$) (2, o=* va oe acer D sin (2-/q cosh z cos ¢) [sinh z sin ¢ se, (¢, g)]dt 

20.7.33 Ms (2, o=" (-DV¢_ sin (2¥¢q sinh z sin t)[cosh z cos t 8ez,(é, q)|dt 


” 863, seh, (5 2) q 


= 
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2a ae 
f ev Mee (t, g)dt 
0 
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Further with w=cosh z cos @ cos {+sinh z sin a sin t 

a (=) = 
20.7.34 ce,(a, q)Me;? (2, g)= 
20.7.35 


se,(a, gMs (z, joe ee i)? ihe e%iva ge, (t, q)dt. 


The above can be differentiated with respect to a, and we obtain 


20.7.36 


20.7.37 


—1)\8f7)-ptl Qn 
ces(a, Met (2, q) =D [Mis w 5 ces, qh 
0) 


_1)\sto(¢\—pti Qe 
se’ (a, g)Ms (z, j=“ eivaw ow se,(t, g)dt 
us 0 Oa 


Integrals With Infinite Limits 


r=2s+p 


In 20.7.38-20.7.41 below, z and q are positive. 


20.7.38 
T spe 

Yr =2 C2, a 4 /wA5', if p=0 
20.7.39 

a ales: (3 0) itis Rg ae 
20.7.40 

Yr= —2ceas(3m, q)/rA5’, if p=0 
20.7.41 


Y= —48e3, ($7, Q/vq 7B,”, if p=0 


Additional forms in [20.30], [20.36], [20.15]. 
20.8. Other Properties 
Relations Between Solutions for Parameters q and — 
Replacing 2 by $r—z in 20.1.1 one obtains 
20.8.1 y’’ + (a+2q cos 2z)y=0 


Hence if u(z) is a solution of 20.1.1 then u(}r—2) 
satisfies 20.8.1. It can be shown that 


Me (2, g) =f sin (2 vq cosh z cosh t+p 5) Mc (t, q)dt 
0 
ee (§ «) NWq rAB*, if p=1 


Ms (2,9 =r [ sinh z sinh ¢ [cos (2va cosh z cosh t—p 5) Ms‘ (t, q)dt 
0 


are ( 0) [eBet!, if p=1 


Me (z, a= { cos (2va cosh 2 cosh ti—p 5) Me (t, q)dt 
0 


r= 2ces41(97, Q/eVGAit", if p=1 


Ms? (2, =; f sin (2v4 cosh z cosh t-+p 5) sinh zsinht Ms (é, q)dt 
0 


Yr=48eo541(37, g)/7B,**", if p=1 


20.8.2 
a(—v, q)=a(v, —q)=a(», g), v not an integer 


Cin(—9) =p(—1)"ein(g), v not an integer 


(Com defined in 20.3.8) and p depending on the 
normalization ; 


q 
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20.8.3 
2,(—G) =42,(q) ; b2,(—@) =62,(q), for integral » 
O2r41(— 9) =b241(Q), Borg1(—Q) =G2r41(Q) 
20.8.4 


cé2,(2, ~G)=(—1)"ceo,(24—2, q) 
Clr4i1(Z, —G)=(—1)Seori(Zar—2Z, Q) 
S2r41(2, —G)=(—1)"cearyi(3a—2z, 9) 

8€2,(Z, —g)=(—1)""'se2,(34—2z, g) 


For the coefficients associated with the above 
solutions for integral v: 


20.8.5 
Ain(—@) =(—1)"""Aar.(Q) ; 
Ben(—Q = (—1)"" Ban (Q) 
Ammei—Q =(— 1)" Ba A(@ ; 
Bin (—Q) = (— 1)" AA (@). 
For the corresponding modified equation 
20.8.6 y’’—(a+2q cosh 2z)y=0 
20.8.7 
MP? (2, —g=MY (e+ ) 
M;? (2, q) defined in 20.4.12. 
For integral values of » let 
20.8.8 
Te, (2, V=24 (1) *AalTp_s(tt1) Le4s(ue) 
+ Tnss(ttr) Lp-s(U2)]/Aoses 
To2,(2, => (—1)***BolLp-s(us) Le4s(ue) 
— Tey s(t) Dy 5(U2)]/ Bos 


Teor41 (z, q) a (—1 Borst [Ln—s(Ur) Legs41 (ue) 
+ Lets (tr) Li-s(U2))/Bosyr 


Toor41(2, Q) sa (1) Aggy [Tes (tr) Leg sgs (te) 


20.8.9 — Tes s41(ta)Ly-s(Ua)/Aasy1 


Keas(2, = 34 AualTx-s(ts) Kes) 
+ Liys(tn) Ku s(u2)]/Aases 
* Kon(2, @)=33 BualIn-s(tts) Kuss(te) 
* —Tr+s(U1)Kx-s(u2))/Bos 
Kez 41(2, 9) => Bosses (Ui) Kays41 (ue) 
—Tnps41 (ti) Kas (Ue) |/ Bass 


*See page I. 
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Kor41(2, 9) a Ages n—s (U1) Kies 41 (ule) 
+ Tig soi (th) Ky_s (te) }/Aass1 


where I,,(x), K,,(x) are the modified Bessel func- 

tions, %, U2 are defined below 20.6.10. Super- 

scripts are omitted, «,=2, if s=0, «,=1 if s 0. 
Then for functions of first kind: 


20.8.10 
Me}? (2, —q) = (— 1)’ Lez, (2, q) 


Ms;) (2, —9)=(—1)'Lo2(z, 9) 
Mex? .1(2, —@) =(—1)tLear 41 (2, @) 
Ms7?41(2, —9) =(—1)"tLo2r41(2, Q) 
For the Mathieu-Hankel function of first kind: 
20.8.11 


Mei (2, —q)=(—1) i= Ken(2, @) 
.2 
Ms;? (2, —q)=(—1)"*"t— Kor-(2, 9) 


2 
Mex?,1(2, —Q=(—1)"* = Keo si(2, 9) 


rip 2 
Ms), 1(2, —q) = (— 1 = Ko241(2, qg) 


For M(z, —q), j7=2, 4, one may use the defini- 
tions 
M?=—i(M® —M™); M,=Me, or Ms, 
also 
My? (2, —9)=2M? (2, —g)-M?(z, —9) 
M=Mc or Ms; for real z, ¢, MY (2, —q) 
are in general complex if j=2, 4. 
Zeros of the Functions for Real Values of q. 
See [20.36], section 2.8 for further results. 
Zeros of ce,(z, q) and se,(z, q), Me(z, q), Ms‘?(z, q). 


In 0<z2<-7, ce,(z, g) and se,(z, g) have r real * 
zeros. 


There are complex zeros if g>0. 
If 2=2pttyo is any zero of ce,(z, qg), Se,(Z, g) in 


F< 5 then kr+2, kr+ 2p 


are also zeros, k an integer. 
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In the strip —5<m<F the imaginary zeros of 


ce,(2, q), se,(2z, g) are the real zeros of Ce,(z, q), 
Se,(z, q), hence also the real zeros of Mc‘ (z, q) 
and Ms‘ (z, q), respectively. 

For small q, the large zeros of Ce,(z, q), Se,(2, q) 
approach the zeros of J,(2Vq cosh 2). 


Tabulation of Zeros 


Ince [20.56] tabulates the first “non-trivial” 
Zero (ic. different from 0, 5 r) for ce,(z), se,(2), 


r=2(1)5 and for seg(z) to within °10~*, for g=0(1) 
10(2)40. He also gives the “turning” points 
(zeros of the derivative) and also expansions for 
them for small g. Wiltse and King [20.61,2] tabulate 
the first two (non-trivial) zeros of A¢c‘(z, q) and 
Ms‘ (2, q) and of their derivatives r=0, 1, 2 for 
6 or 7 values of g between .25 and 10. The graphs 
reproduced here indicate their location. 

Between two real zeros of Me" (2, q), Ms (z, q) 
there is a zero of Mc®(z, gq), Ms®(z, q), respec- 
tively. No tabulation of such zeros exists yet. 

Available tables are described in the References. 

The most comprehensive tabulation of the char- 
acteristic values a,, 6, (in a somewhat different 
notation) and of the coefficients proportional to 
A, and B,, as defined in 20.5.4 and 20.5.5 can be 
found in [20.58]. In addition, the table contains 
certain important “‘joining factors’, with the aid 
of which it is possible to obtain values of 
Me (z, g) and Ms‘? (2, gq). as well as their deriva- 
tives, at c=0. Values of the functions ce,(z, q) 
and se,(x, g) for orders up to five or six can be 
found in [20.56]. Tabulations of less extensive 
character, but important in some aspects, are out- 
lined in the other references cited. In this 
chapter only representative values of the various 
functions are given, along with several graphs. 


Special Values for Arguments 0 and 5 


20.8.12 
Cer (5 0)=(-1)"9. BOONE 
cet T =(—1)"1 ( ) Aart}, ) 7 
or+i 9’ q Ge, 2r414 Q)4Ay q 92 
seis (5 9) =(1)'do 0 BY )-0-4/7 


SCor41 (5 0)=(-1)' usr BPD 54 
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2 1 
T Ge,r(Q) 


Me? (0, o-Ps. +(Q)/9e.r(9) 


Me;” (0, ¢)= 


ad 2 

A (Met (2, eee) 960 
4 aren 2 2 1 
qa Ms? (2, Dle-0= ® Jor(9) 


2 [ aarce 0] Vib (1 o.r() 


2 
Ms® (2, g) =—~9o, r(q) V7 


The functions f,.,, Jo,r,fe.r) Je. are tabulated in 
[20.58] for ¢<25. 


20.9. Asymptotic Representations 


The representations given below are applicable 
to the characteristic solutions, for real values of g, 
unless otherwise noted. The Floquet exponent » 
is defined below, as in [20.36] to be as follows: 


In solutions associated with a,: v=r 
In solutions associated with 6,: »=—r. 


For the functions defined in 20.6.7—20.6.10: 


20.9.1 
Mec? (z, q) 
(—1)'Ms} (z, q) 
i(2 va cosh2—-7) @ Dn 
é = 24 | aagg (cosh 20) 


~atg’*(cosh z—o)!™ 


where D_,=D_.=0; D)=1, and the coefficients 
D,, are obtainable from the following recurrence 
formula: 


20.9.2 : 
(m-+1)Dmai+| (m-+5) —( m-+4) Siva o 


4-2q—a Dn-+(m—5) [169(1—o)—8i v9 om|Dp-. 
+49 (2m—3) (2m—1) (1—o%) Dy-2=0 
20.9.3 


Me; (2, 9) 
(—1)"Ms (2, 9) 


etl? ve cosh 2—ivr—te] s as 
tg A(cosh 2—o)! 2, [42 -¥g(cosh z—a)|” 
d_,=d_.=0; do=1, and 


MATHIEU FUNCTIONS 74) 


20.9.4 
(m+1)dnait| (m-+5) +(m+}) 8ivae 


+2q—0 |dn-+(m—5) [16q(1—o) +88 VG omldn- 
+49q(2m—3)(2m—1)(1—07)dm_»= 
In the above 


—2r<arg Vg cosh zr 
lcosh z—o|>|¢+1], Bz>0, 


but o is otherwise arbitrary. If o?=1, 20.9.2 and 
20.9.4 become three-term recurrence relations. 

Formulas 20.9.1 and 20.9.3 are valid for arbi- 
trary a, g, provided » is also known; they give 
multiples of 20.4.12, normalized so as to approach 
the corresponding Hankel functions H{ (v¢e’), 
H? (Vqe?), as z-~. See [20.36], section 2.63. 
The formula is especially useful if |cosh zis large 
and q is not too large; thus if c= —1, the absolute 
ratio of two successive terms in the expansion is 
essentially 


(Gear 


If a, g, 2, v are real, the real and imaginary 
components of Me (2, g) are Mec (z, q) and 
Mc? (z, Q, respectively; similarly for the com- 
ponents of Ms®(z2,q). If the parameters are 
complex 


20.9.5 Mes (2, g)=% (Me? (z, g)+Me (z, g)] 
20.9.6 Me; (2, )=-5 [Me (z, q)—Me; (z, )] 


Replacing c by s in the above will yield corre- 
sponding relations among Ms‘ (2, q). 

Formulas in which the parameter a does not 
enter explicitly: 


Goldstein’s Expansions 


20.9.7 
Me? (z, gd ~iMs® (2, 9g) 
az (F(z) ~1F (2) Je'*/atgt(cosh 2)! 


where 
20.9.8 
¢=27¢ sinh 2-4 (2r+1) arctan sinh 2, 
Rz>0, g>>1, w=2r+1 


20.9.9 


SAEs ees Ee 
o(2) re cosh? z 


na 1 wt+86w? +105 — wt+22w?+57 
2048q cosh! z cosh? 2 


Fa 1 [SS 
16384q°/? cosh? z 
__ 2w*®+124w? +1122w) 3w'+290w? + 1627 wh 
cosh! z cosh® z 


Ee Bsa: 


20.9.10 
F,(z)~ 


sinh z [w?+3 ‘ 4u*+44w 
cosh? z [ Sete +595 (w teow Sah oF cosh? z 


——— 4 2 
+igsi { 5w +340?+-9 


=f (w'— 47 w*+667w?+2835) 
12 cosh? z 


4 (a? +505w!+ 12139w? + 10395) |+ 
12 cosh‘ z + 


See [20.18] for details and an added term in 
q-*?; a correction to the latter is noted in [20.58]. 

The expansions 20.9.7 are especially useful when 
q is large and zis bounded away from zero. The 
order of magnitude of A4c?(0, g) cannot be obtained 
from the expansion. The expansion can also be 
used, with some success, for z=72z, when q is large, 
if |cos z|>>>0; they fail at ==; wx. Thus, if g, x are 
real, one obtains 


20.9.11 


ce, (0, g)2’~# 


+WAPo(x)+Pi(x)}} 


ce, (2, Q~ 


20.9.12 
8€r41(2, Q) ~ 8674100, g) 714.1 {WilPo(x) —P, (2)] 
—WP,(x)+Pi(z)]} 


In the above, P,(x) and P,(xz) are obtainable 
from F(z), Fi(z) in 20.9.9-20.9.10 by replacing 
cosh z with cos x and sinh z with sin z. Thus 
P(x) =Fo(iz); Pilz) =—1F (iz): 


20.9.13 
W,=e?¥#"* feos (dn-+}m) Pt /(cos x)" 


W,=e2¥8 = (gin (42-+-32)]*"+/ (cos x)"t! 
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20.9.14 


7 hyp 213) __ Tot ar) _ 
tri~2 sl eva jw Wig 5] 


See 20.9.23-20.9.24 for expressions relating to 
ce,(0, g) and se;(0,q). When |cos z2|>-+4r+2/¢, 
20.9.11~20.9.12 are useful. The approximations 
become poorer as 7 increases. 


Expansions in Terms of Parabolic Cylinder Functions 


(Good for angles close to 37, for large values of 
q, especially when [cos z|<(2#/q¢.) Due to Sips 
[20.44—20.46]. 


20.9.15 ce,(z, g)~C,[Zp(a) +2, (a)] 


20.9.16 


8r4i(z, G)~S,[Zo(a@)— Zi (a)] sin 2, a=2¢ cos x. 


Let D.=D,(o)=(—1)*e#” £ ends’, 


20.9.17 


Zo(a)~D, tia [-7 tS (4) se r-+| 
Dras pers 18 (r—1) C 1) D,-4 


+f [Pas 
16¢L 512 29 . Jeo 
8 = 


20.9.18 
Z, (a) ~a¢i als = Drse— ir 1) D,_ | 
a: | ai a 25r—36) 


r(r—1)(—r?— at 
: a 7 a 12 (§) Dit -- | 
20.9.19 


ang ys g's) (r!)4 ees 


m+ 27? + 2637+ 262r-+108 +. al 4 
a 20489 +n 


Fi=6r°+ 1574+ 1280774 19057?+-17787r-+572 


*See page II. 
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20.9.20 


sn (6) eof 


4 ib 2r 12179122784 
2048 


tigiat -- aM 
So=2r°+-51r'—41 613 — 62972—11627—476 


It should be noted that 20.9.15 is also valid as an 
approximation for se,+:(z, g), but 20.9.16 may give 
slightly better results. See [20.4.] 


Explicit Expansions for Orders 0, 1, to Terms in q=*/? 
(q Large) 
20.9.21 For r=0: 


Ze Dom ~segtiog (3 Sta 

+egn Fn tito )t 
a~ eet Teg (Te es 

tain (IPB. 
20.9.22 For r=1: 
oe ad aeatieg —e 5b 

+agn(- ae te aia) + 
“~ teat 16g te 

+gage(—“ar + oe ate) 


Formulas Involving ce,(0, 4) and se,(0, q) 


20.9.23 
260.9) oye (ito tse...) 
cer, q) * | \ Fieyg t 256qt * 
ce.(0,Q) He 

cex(4m, 9) 32q V2 ¢ = Tey ieegt * 
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£4100, 0) -i( 3 45 ) se,(0, 9) 2 = “( = ) 
ce;($77, g) —Ay2e 1+i6ygt 256g? ee se,(4r, q)~ qy2e I ii iat 
ce3(0,q) 64 3 e-2ve (Corn :) For higher orders, these ratios are increasingly 
ce3(47, cex(ar, q) 32 16Vq +ipgt -- more difficult to obtain. One method of estimat- 
ing values at the origin is to evaluate both 20.9.11 


20.9.24 and 20.9.15 for some x where both expansions are 
tisfactory, and so to use 20.9.11 as a means to 
sei(0, 9) i ay y er ; 
sean, 8) ries ~4qy2e ave ‘-gR- = aegt * ‘) solve for ce,(0, g); similarly for se} (0, q). 


Other asymptotic expansions, valid over various 
se(0,@) oe regions of the complex z-plane, for real values of 
aaa) ie —64qy2e ‘O-aa-B 128 at =A) a, g, have been given by Langer [20.25]. It is not 
always easy, however, to determine the linear 

se2(0, g) 8942 ~e combinations of Langer’s solutions which coincide 

se,(47, q) aNe# ‘C-ieR- sagt * ..) with those defined here. 


20.10. Comparative Notations 


This Volume (20. 58] (20. 59) (20. 36] (20. 30 20. 15 
NBS Stratton-Morse, etc. Meixner and Schifke Mabachian Batemes Neanumeiot Comments 
Parameters in 20.1.1-....--.-| @ b=a+2¢ 6 £ nN a h 
q s=4q c=2V/9 nt q 8 
Gy ber=a,+2¢ be=art2g ar Gr Qr 
br b0,=0r-+-29 b,=br-+2q by br br 
Periodic Solutions, of 20.1.1: 
Even....-..-------------- cer(z, 9) Ar See(s, 2) * Ar Se (2, cost) * cer(z, hd) * cer(2, 9) cer(z, 6) See Note 1. 
Odd... 2-2-2... | ez, D Br So-(s,z) * A’ So (c, cosz) * 8er(z, h) * ser(z, 9) ser(z, 0) 
Coefficients in Periodic Solu- 
tions: 
Evens 2.2 eee shies A@ A’ Dex (8) x Ar Ds, * As Ar A®. 
Oddiec scsstittelcs! BL@ Br Dot,(s) * Br * Br, Br Br, 
+f" yraz, y1s the Standard | 1 (4°)-# or (BY)? (A)"1 or (BY)-3 1 1 1 See Note 1. 
Solution of 20.1.1. 
Floquet’s Solutions 20.3.8....| F»(2) me,(z, h?) (2) 
Characteristic Exponent...._.] » pair v paip noly 
eee of Floquet’s | Unspecified i sf (mee(z, b%)me-o(2, bi) =1 
Solntans r Modified Equa- | Cer(z, @) Age, (8) Jer(8, 9) Ag. r(s)Jer(c, cosh z) Cer(2, 9) Cer(z, @) Cer(z, 4) 
on 20.1.2, 
Ser(2,9) Boo. e(8)Jor(8, 9) Boo, Xt) Jor(c, cosh z) Ser(z, 9) Ser(2, 9) Ser(z, 8) 
Me.” (2, 9) a2 Jet.) ay 2 Jerle, cosh 2) Me,” (2, h) a2 cet ai Ager@ | a2 Cele, 0/Ager@) 
Me (2,9) V 2 Jo-(8, 2) V 2 Jor(c, cosh 2) Ms" (z, h) V 2 Ser(z, @)/ Bye. (9) V 2 Ser(z, 6)/Bgo. +(@) 
Me?) (2, 9) y: Ner(s, 2) V2 Ne,(e, cosh 2) Me(?)(2, b) ¥ 2 Fete, a/A0«. A) VJ 2 Perle, O1Age, @) 
2 3 12 2 
Ms) (2,9) V 2 No(s, 2) V 2 No,(c, cosh 2) Ms()(2, h) Vv 2 Gey.(z, 9)/Boo. 0) V = Geys(z, 6)/Bgo, e(@) 
wv Tv T Ls 
Joining Factors.........-.--.. vijx| Me™ (0, 9) Qo.e(8) Vox a V/2fx| Meo (0, h) (Dpe/ 214 Same as {20. 30] See Note 2. 
Vile EM! (2, a) 0 Go, e(s) vie” Vin SIM” (2, b)] 0 (er) 2B 
— Me,” (0, g)/ Me. (0, g) fare) ak — Me. (0, h)/ Me.” (0, h) eee. Same as [20.30] Seo Note3. 
a Ki sss 
‘a 
2 Ma? (2,0) 5 eure 9) Same as [20.90] 
ad K SRA 
= qa 3 = 
az Ms’, (9) 0 fo. r(8) 2 iG Same as this volume dz Ser(2, 9) a0 


Note: 1. The conversion factors A’ and BY are tabulated in [20.58] along with the coefficients. 
2. The multipliers p, and s, are defined in [20.30], Appendix 1, section 3, equations 3, 4, 5, 6. 
3. See [20.59], sections (5.3) and (5.5). In eq. (316) of (5.5), the first term should have a minus sign. 


*See page 1. 
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Table 20.1 
r gq a, ce,(0, q) 
0 0 0.00000 000 ya aanol 781 
5 5.80004 602 -2) 4.48001 817 
10 - 13.93697 996 -3) 7.62651 757 
15 - 22,51303 776 7 1.93250 832 
20 ~ 31.31339 007 -4) 6.03743 829 
25 - 40.25677 955 ~4) 2.15863 018 
2 0 4.00000 000 1.00000 000 
5 7.44910 974 -1)7.35294 308 
10 7.71736 985 -1) 2.45888 349 
15 5.07798 320 -2) 7.87928 278 
20 + 1.15428 288 ~2) 2.86489 431 
25 - 3.52216 473 -2)1.15128 663 
10 0 100,00000 000 1.00000 000 
5 100.12636 922 1.02599 503 
10 100.50677 002 1.05381 599 
15 101.14520 345 1.08410 631 
20 102.04891 602 1.11778 863 
25 103.23020 480 1.15623 992 
a q a, ce,(0, q) 
1 0 1.00000 000 1.00000 000 
5 + 1,85818 754 Poe oeeay 879 
10 - 2.39914 240 Be ioaaa 478 
15 - §8,10110 513 ie 1.50400 665 
20 - 14,49130 142 Sy otipe 376 
25 - 21,31489 969 (-3)1.91105 151 
5 0 25.00000 000 1.00000 000 
5 25.54997 175 1.12480 725 
10 27.70376 873 1.25801 994 
15 31.95782 125 1.19343 223 
20 36.64498 973 et eee 531 
25 40.05019 099 (-1) 6.10694 310 
15 0 225.00000 000 1.00000 000 
5 225.05581 248 1.01129 373 
10 225.22335 698 1.02287 828 
15 225.50295 624 1.03479 365 
20 225,89515 341 1.04708 434 
25 226.40072 004 1;05980 044 


ce,(37, q) 


(-1) 7.07106 
1.33484 
1.46866 
1.55010 
1.60989 
1.65751 


~3,00000 

{ ZH -7.24488 
-1)-9.26759 
-1.01996 
-1,07529 
~1,11627 


-1.00000 
-1) -9,75347 
-1)-9.51645 
~1) -9,28548 
~1) -9,05710 
-1) -8,82691 


ce,(3m, 9) 


-1,00000 
~3.46904 
-4,85043 
-5.76420 
~6.49056 
~7.10674 


-5,.00000 
-5.39248 
-5.32127 
~5,11914 
~-5.77867 
-7.05988 


1.50000 
1) 1.51636 
1.53198 

1) 1.54687 

1) 1.56102 
1) 1.57444 


(49)*9., -(@) 


(-1) 7.97884 
1.97009 
2.40237 
2.68433 
2.90011 
3.07743 


(49)*"9., -(9) 


1.59576 
7.26039 
1) 1.35943 
1) 1.91348 
1) 2.42144 
1) 2.89856 


a} 4.90220 
4.43075 
4.19827 
5.25017 
8.96243 
1.71582 


5.60156 
5.54349 
5.49405 
5.45287 
5.41964 
5.39407 


4 


CHARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES 


56 20 
00 i: 3) 1.86132 
95 - 5)5.54257 
53 (- 6) 3.59660 
25 {- 7) 3.53093 
91 - 8) 4.53098 
53 1) 8.14873 
89 2) 1.68665 
58 1) 6.89192 
71 1) 1.73770 
14 4.29953 
26 1.11858 
43 23) 2.30433 
54 232008 
39 23) 2.36418 
34 23) 2.44213 
24 23) 2597 
52: 23)2.71854 


91 2.54647 
84 1,02263 
49 ‘a 2) 9.72660 
51 - 2)1.19739 
01 {= 3) 1.84066 
94 - 4)3.33747 
27 e}suine7 
22 8) 5.11270 
66 8) 6.83327 
04 9) 1.18373 
97 9) 1.85341 
55 9) 2.09679 
72 40) 2.09183 
84 40) 2.09575 
67 40) 2.10754 
72 40) 2.12738 
26 40) 2.15556 
68 40) 2.19249 


(49)"f,, -(9) 


(49)"fe, r(@) 


91 


Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ. 
Press, New York, N.Y., 1951 (with permission). 


dy +2q— (4r+2) 9 


qo\r 0 
0.16 -0.25532 994 
0.12 ~0.25393 098 
0.08 -0.25257 851 
0.04 -0.25126 918 
0.00 -0.25000 000 


1 
-1.30027 212 
-1.28658 972 
-1.27371 191 
~1,26154 161 
~1.25000 000 


For g,,, and f, , see 20.8.12. 


2 
-3.45639 483 
-3.39777 782 
-3,34441 938 
-3.29538 745 
-3.25000 000 


5 
-17,84809 551 
-16.92019 225 
-16.25305 645 
-15,70968 373 
-15.25000 000 


10 
-76.04295 314 
-76,.84607 855 
~63.58155 264 
~58.63500 546 
-55.25000 000 


<q> =nearest integer to q. 


Compiled from G. Blanch and I. Rhodes, Table of characteristic values of Mathieu’s equation for large 
values of the parameter, Jour. Wash. Acad. Sci., 45, 6, 1955 (with permission). 


15 <q> 
- 80.93485 048 39 
~141.64507 841 69 
-162.30500 052 156 
-132.08298 271 625 
-120.25000 000 00 


10 


15 


CHARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES 


b 


sy 
4.00000 
2.09946 
2.38215 
8.09934 
14.49106 
21.31486 


feet 


100,00000 
10012636 
100.50676 
101.14517 
102,04839 
103.22568 


b 


x 
1,00000 
5.79008 

13.93655 

22.51300 

31.31338 

40,25677 


eprrt + 


25,00000 
25.51081 
26.76642 
27.96788 
28.46822 
28.06276 


225.00000 
225.05581 
225.22335 
225.50295 
225.89515 
226,40072 


1 


-0,25532 994 
-0.25393 098 
~0,25257 851 
-0,25126 918 
~0.25000 000 


000 
045 
824 
680 
325 
062 


000 
922 
946 
229 
286 
004 


000 
060 
248 
350 
617 
898 


000 
605 
636 
060 
133 
590 


000 
248 
698 
624 
341 
004 
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Table 20.1 


se.(0, 9) se,(4a,q) (49) ?"9o, (q) (49)"f,, (9) 
2.00000 00 -2,00000 00 6.38307 65 1)8. .14873 31 
-1) 7.33166 22 ~3,64051 79 ( ieee 88 2.24948 08 
~1)2.48822 84 -4,86342 21 ( 1)1.86133 36 3.91049 85 
-2)9.18197 14 5.76557 38 — (:1) 2.42888 57 - 1)7.18762 28 
(-2)3.70277 78 -6,49075 22 1) 2.95502 89 - i. 1.47260 95 
(-2) 1.60562 17 ~7.10677 19 1) 3.44997 83 2) 3.33750 27 
( 1)1.00000 00 1)-1.00000 00 11) 1.51800 43 23) 2.30433 72 
9.73417 32 eusees 46 11)1.56344 50 23)2.31909 77 

9.44040 54 -1.04539 48 11)1.62453 03 23) 2.36418 52 
9.11575 13 1) -1.06429 00 Mi 1.70421 18 ( 23)2.44211 78 
8.75554 51 1)-1,08057 24 11)1.80695 19 ( 23)2.55740 30 

8.35267 84 1) -1,09413 54 (11) 1.93959 86 ( 23)2.71681 11 

se,(0, 9) se,(37, 9) (49)*"9,, -(9) (49)"Fo, +(@) 
1,00000 00 1.00000 00 1.59576 91 2.54647 91 
(~1) 1.74675 40 1.33743 39 2.27041 76 {= 2) 3.74062 82 
ee aT 66 1.46875 57 2.63262 99 - AD 21737 88 
~2)1.39251 35 1.55011 51 2.88561 87 (- 4)2.15798 83 
(-3)5.07788 49 1.60989 16 3.08411 21 G Na 82474 71 
(-3) 2.04435 94 1.65751 04 3.24945 50 ~ 6)4.53098 74 
5.00000 00 1.00000 00 j 9.80440 55 8) 4 .80631 83 
4.33957 00 -1) 9.06077 93 4)1.14793 21 8)5,.05257 20 
3.40722 68 -1) 8.46038 43 i 1.52179 77 8) 5.46799 57 
2.41166 65 W 8.37949 34 4) 2.20680 20 8}5. 127524 17 
1.56889 69 ~1) 8.63543 12 {3 i 3.27551 12 8) 4.26215 66 
(-1)9.64071 62 -1) 8.99268 33 4) 4.76476 62 8) 2.94147 89 
( 1)1.50000 00 -1.00000 00 19) 3.73437 81 f 40) 2.09183 70 
( 1)1.48287 89 (-1)-9.88960 70 19) 3.78055 49 40) 2.09575 00 
1) 1.46498 60 (-1)-9.78142 35 19) 3.83604 43 40) 2.10754 45 
1)1.44630 012 = -9.67513 70 i 3.90140 52 40) 2.12738 84 
1)1.42679 46 -1)-9.57045 25 (13 3.97732 29 40) 2.15556 69 
( 1)1.40643 73 (-1)-9.46708 70 (19) 4.06462 83 ( 40)2.19249 18 

b,-+2q~ (4r—2) /9 

2 5 10 15 <q> 
-1,30027 164 -11.53046 855 -51.32546 875 - 55.93485 112 39 
-1.28658 971 -11,12574 983 -56.10964 961 -108.31442 060 69 
-1.27371 191 -10,78895 146 -51,15347 975 -132.59692 424 156 
-1.26154 161 -10,50135 748 -47.72149 533 -114.76358 461 625 
-1,25000 000 -10,25000 000 -45.25000 000 -105.25000 000 © 


For g,,, and f, , see 20.8.12. 


<q> =nearest integer to q. 
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Table 20.2 


0 +0,54061 
2 ~C,62711 
4 +0,14792 
6 ~-0,01784 
8 +0,00128 
10 -0.00006 
12 +0,00000 
14 -0,00000 
16 +0,00000 


2446 
5414 
7090 
8061 
2863 
0723 
2028 
0050 
0001 


2 


+0.43873 7166 
+0.65364 0260 
-0.42657 8935 
+0,07588 5673 
~0,00674 1769 
+0,00036 4942 
-0,00001 3376 
+0,00000 0355 
-0.00000 0007 


20 

22 

m\r 0 2 

0 +0.42974 1038 +0,33086 5777 
2 ~-0,69199 9610 -0.04661 4551 
4 +0,36554 4890 -0,64770 5862 
6 -0.13057 5523 +0,55239 9372 
8 +0,03274 5863 -0.22557 4897 
10 -0,00598 3606 +0.05685 2843 
12 +0.00082 3792 ~-0,00984 6277 
14 -0.00008 7961 +0,00124 8919 
16 +40,00000 7466 -0,00012 1205 
18 -0.00000 0514 +0,00000 9296 
20 +0.00000 0029 -0,00000 0578 
22 ~-0.00000 0001 +0,00000 0030 
24 -0.00000 0001 
26 

28 

mdr 2 10 
2 +0,93342 9442 +0,00003 
4 -0,35480 3915 +0.00064 
6 +0,05296 3730 +0.01078 
8 -0.00429 5885 +0,13767 
10 +0,00021 9797 +0,98395 
12 -0.00000 7752 -0.11280 
14 +0,00000 0200 +0.00589 
16 -0.00000 0004 ~-0,00018 
18 +0.00000 
20 -0,00000 
22 +0.00000 
m\r 2 10 
2 +0.65743 9912 +0.01800 
4 -0,66571 9990 +0.07145 
6 +0.33621 0033 +0,23131 
8 -0.10507 3258 +0.55054 
10 +0,.02236 2380 +0,63250 
12 ~0,00344 2304 -0,46893 
14 +0,00040 0182 +0.13230 
16 -0.00003 6315 ~0.02206 
18 +0,00000 2640 +0.00252 
20 ~0.00000 0157 -0,00021 
22 +0,00000 0008 +0.00001 
24 -0,00000 
26 +0,00000 


MATHIEU FUNCTIONS 


COEFFICIENTS 4,, AND 2, 


10 
+0,00000 
+0.00003 
+0,00064 
+0,01078 
+0.13767 
+0,98395 
-0,11280 
+0.00589 
~0,00018 
+0.00000 
~0,00000 
+0,00000 


10 


+0,00502 
+0.02075 
+0,07232 
+0.23161 
+0.55052 
+0.63227 
~0.46882 
+0,13228 
-0.02206 
+0,00252 
-0,00021 
+0.00001 
~-0.00000 
+0,00000 
~0,00000 


3444 
2976 
4807 
5120 
5640 
6780 
2962 
9166 
4227 
0070 
0001 


3596 
6762 
0990 
4783 
8750 
3949 
9765 
3990 
2676 
3694 
4079 
0746 
0033 


For 4,, and 8,, see 20.2.3-20.2.11 


A, 
q=5 
m\r 1 
1679 1 +0.76246 
3619 3 ~0.63159 
2987 5 +0.13968 
4807 7 -0.01491 
5121 9 +0,00094 
5640 11 -0,00003 
6780 13 +0,00000 
2962 15 ~-0,00000 
9166 17 -+0,00000 
4226 19 
0071 21 
0002 23 
25 
q=25 
m\r 1 
6361 1 +0,39125 
4891 3 -0.74048 
7761 5 +0.50665 
1726 7 -0.19814 
4391 9 +0,05064 
5658 11 -0,00910 
9197 13 +0,00121 
7155 15 -0,00012 
0893 17 +0,00001 
2374 19 ~-0,00000 
3672 21 +0,00000 
4078 23 -0,00000 
0746 25 
0032 27 
0001 29 
31 
Bn 
q=5 
m\r 1 
1 +0,94001 9024 
3 -0,33654 1963 
5 +0.05547 7529 
7 -0,00508 9553 
9 +0,00029 3879 
11 -0.00001 1602 
13 +0.00000 0332 
15 -0.00000 0007 
17 
19 
21 
23 
25 
q=20 
m\r 1 
1 +0.81398 3846 
3 ~0.52931 0219 
5 +0.22890 0813 
7 -0,06818 2972 
9 +0,01453 0886 
ll -0,00229 5765 
13 +0,00027 7422 
15 -0,00002 6336 
17 +0,00000 2009 
19 -0.00000 0126 
21 +0.00000 0007 
23 
25 
27 
29 
31 


5 


3686 +0.07768 5798 
6319 +0.30375 1030 
4806 +0.92772 8396 
5596 -0.20170 6148 
4842 +0.01827 4579 
9702 -0.00095 9038 
1189 +0.00003 3457 
0027 -0.00000 0839 
0001 +0.00000 0016 


5 


2265 +0.65659 0398 
2467 +0.36900 8820 
3803 -0.19827 8625 
2336 -0.48837 4067 
0536 +0,37311 2810 
8920 -0.12278 1866 
2864 +0.02445 3933 
4121 ~-0.00335 1335 


0053 


+0.00033 9214 


0660 -0,00002 6552 


0036 


+0.00000 1661 


0002 -0.00000 0085 
+0,00000 0004 


5 
+0,05038 
+0.29736 
+0,93156 
-0.20219 
+0.01830 
-0.00096 
+0.00003 
-0,00000 
+0.00000 


5 


+0,30117 
+0,62719 
+0.17707 
-0.60550 
+0. 33003 
~-0.09333 
+0,01694 
-0.00217 
+0.00021 
-0.00001 
+0.00000 
-0,00000 
+0.00000 


2462 
5513 
6997 
3638 
5721 
0277 
3493 
0842 
0017 


4196 
8468 
1306 
5349 
2984 
5984 
2545 
7430 
0135 
5851 
0962 
0048 
0002 


15 


0.00000 
+0.00000 
+0.00000 
+0.00000 
+0.00014 
+0,00428 
+0.08895 
+0.99297 
-0,07786 
+0,00286 
-0,00006 
+0.00000 
-0,00000 


15 


+0.00000 
+0,00003 
+0,00032 
+0.00254 
+0.01770 
+0.10045 
+0.40582 
+0.83133 
~0.35924 
+0.06821 
-0.00802 
+0,00066 
~0.00004 
+0,00000 
-0,00000 
+0.00000 


15 


0.00000 
+0,.00000 
+0,00000 
+0,00000 
+0.00014 
+0,00428 
+0,08895 
+0,99297 
-0.07786 
+0.00286 
-0,00006 
+0.00000 
-0,00000 


15 


+0,00000 
+0.00003 
+0,00032 
+0,00254 
+0,01770 
+0.10045 
+0.40582 
+0.83133 
-0,35924 
+0,06821 
-0.00802 
+0.00066 
-0,00004 
+0.00000 
~0.00000 
+0,00000 


0000 
0002 
0106 
4227 
8749 
1393 
2014 
4092 
7946 
6409 
6394 
1092 
0014 


4658 
7337 
0026 
0806 
9603 
8755 
7402 
2650 
8831 
6074 
4550 
6432 
1930 
2090 
0085 
0003 


0000 
0002 
0106 
4227 
8749 
1392 
2014 
4092 
7946 
6409 
6394 
1093 
0013 


3717 
7227 
0013 
0804 
9603 
8755 
7403 
2650 
8830 
6074 
4551 
6432 
1930 
2090 
0086 
0003 


Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ. 
Press, New York, N.Y., 1951 (with permission). 
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21. Spheroidal Wave Functions 


Mathematical Properties 


21.1. Definition of Elliptical Coordinates 


mor M17. 
' 21.1.1 g= a 2. = Ff 2 


7, and 7, are the distances to the foci of a family 
of confocal ellipses and hyperbolas; 2f is the dis- 
tance between foci. 


a=fe,b=fVP—1 xd 


b=semi-minor axis; e=ec- 


21.1.2 


a=semi-major axis; 
centricity. 
Equation of Family of Confocal Ellipses 


213 “4% =p (<t< oo) 
&2 ' 1 


Equation of Family of Confocal Hyperbolas 


2 2 
21.1.4 a os (—1<9<1) 


Relations Between Cartesian and Elliptical Coordinates 
2115 z=ftn; y=fv¥e—1)(1—n*) 


21.2. Definition of Prolate Spheroidal 
Coordinates 


If the system of confocal ellipses and hyberbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the major axis, then 


ee «ot or 
ete ime 


21.2.1 =f? 


y=r cos ¢$; z=rsing; 0<¢<2r 


where &, and ¢ are prolate spheroidal coordinates. 


Relations Between Cartesian and Prolate Spheroidal 
Coordinates 


21.2.2 
t=fén; y=f v(é?—1) (1—n7) cos ¢; 
2=f ¥(¢?—1)(1—n?) sind 


21.3. Definition of Oblate Spheroidal 
Coordinates 


If the system of confocal ellipses and hyperbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the minor axis, then 
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ry ap. pi 
21.3.1 ptp—ys 2 7” 
z=r cos $; z=7r sin ¢; 0<¢<2r 
where £, 7 and ¢ are oblate spheroidal coordinates. 
Relations Between Cartesian and Oblate Spheroidal 
Coordinates 
21.3.2 
z=ftn sin $; y=f V(—1)(1—n); z= fén cos @ 
21.4. Laplacian in Spheroidal Coordinates 


21.4.1 


= [2 hahy 2 25 eee) hehy a) 
haliahig LOE\ he DE" On\ hy On] OG\ yg 96 


CRC EC) 
X-G)+@+@) 
-B)+@+@) 


Metric Coefficients for Prolate Spheroidal Coordinates 


21.4.2 


xy oe oa ape 


Metric Coefficients for Oblate Spheroidal Coordinates 


a3 hg= fv (?—1)(1—7’) 


21.4.3 


nem pyfeet hy fe a he =ftn : 


21.5. Wave Equation in Prolate and Oblate 
Spheroidal Coordinates 


Wave Equation in Prolate Spheroidal Coordinates 


21.5.1 
ve tits [ 1) 5 bos [0-8 5 


4 __ en? ___ 0b oes 
C—daaag POH —T)P=0 


*See page II. 


SPHEROIDAL WAVE FUNCTIONS 


Wave Equation in Oblate Spheroidal Coordinates 
21.5.2 
fe) of ) ob 
2 ee 2 bodied oe —y?) — 
Vb + hb 3 [@ +1) ure [a 7”) oF 


ee a YY 
TeEDd— ager’ (+7?) =0 


(a) 


21.5.2 may be obtained from 21.5.1 by the 
transformations 
f->+4t, c> Fie. 


21.6. Differential Equations for Radial and 
Angular Prolate Spheroidal Wave Functions 


If in 21.5.1 we put 
cos 
$= Ran(c,£)Smn(c, n) sin mo 
then the ‘‘radial solution” Ryrn(e, ) and the 


“angular solution’ S,,,(c, 7) satisfy the differential 
equations 


21.6.1 
d d 
dé [@-n dt Ranle, » | 


m? 


— (renee + a3) Rna(c,#)=0 


21.6.2 


. [ a—9 i Smale, »)| 
m? 


+ (rman? == ) Sinn (C, 1) =0 


where the separation constants (or eigenvalues) 
Amn are to be determined so that R,p,»(c, £) and 
Sna(c,n) are finite at ¢=+1 and y=+1 
respectively. 

(21.6.1 and 21.6.2 are identical. Radial and 
angular prolate spheroidal functions satisfy the 
same differential equation over different ranges of 
the variable.) 


Differential Equations for Radial and Angular Oblate 
Spheroidal Functions 
21.6.3 


5 | C+D F Banled) | 


—(u—e?— 7) Ran(c, é) =0 
21.6.4 


F[ —2 He Smale) | 


+(dmateat— 24) Sales 8)=0 
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(21.6.3 may be obtained from 21.6.1 by the 
transformations §—>-+7¢, cic; 21.6.4 may be 
obtained from 21.6.2 by the transformation c—F ic.) 


21.7. Prolate Angular Functions 
21.7.1 


SE (6,1) = Do dP (6) Phar (0) 
=Prolate angular function of the first kind 
21.7.2 
S22(c, 1) = Sy’ a) Qa) 
=Prolate angular function of the second kind 


(P?(n) and Q@(n) are associated Legendre 
functions of the first and second kinds respectively. 
However, for —1<2<1, P(z)=(1—27)™"d™P,,(2)/ 
dz™ (see 8.6.6). The summation is extended over 
even values or odd values of 7.) 


Recurrence Relations Between the Coefficients 


21.7.3 

ode 42+ (Be— Amn) de + Vde-2=0 
(2m+k+2)(2m+k+1)c? 

om (2m+2k-+3) (2m+2k+5) 

Be=(m+k)(m+k+1) 


2(m+k) (m+k+1)—2m?—1 e 
+~(om+2k—1) (2m+2k-+3) 


— RN? 
Vem +2k—3) 2m +2k—1) 


Transcendental Equation for Amn 


21.7.4 
U (Amn) =U, (Amn) +0, (Amn) =0 
ane ee Gere eee _ Brea 
U, (Amn) =77— Amn eee, See ee, 
Br+4 


Br +a 
1a eee a eee ee 
U2 ) Vr +2—Ama— VP +4 ma 


= ke(k—1) (2m+k) (2m+k—1)c* 
BE = Om + 2k—1)(2m + 2k-+1)(2m +2k—3) 
(k> 2) 
yE=(m+k)(m+k+1) 
4m?—1 


+4] 1-Gaaap Gm TaD | #29 


(The choice of r in 21.7.4 is arbitrary.) 
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Power Series Expansion for \ma 


—1[ ,_@m—)D@m+1) 
hat [: (@n—1)(2n+3) 


a= M+) O--m+2)(n+m+1) atm+2) 
‘ 2(2n+1) (2n-+3)9(2n-+5) 


baa) [ 
1=2(4m2—1)2A+— B+ic+ip 
16 8 2 


Aa @=M=1) (n=) (n+-m—1) (nm) 
a 


+ 


@—m+1)a—m+2)a+m+1) (n+m+2) 
(2n—1) (2n-+1) (2n+-3)°(2n-+5) (2n-+7) 


(n—m—1)(n—m) (n+m—1)(n+m) 


2(2n—3) (2n—1)3(2n+1) 


__@—m—1)a—m)atm—1)nm+m) 
(2n—5) (2n—8) (2n—1)°(2n-+-1) (2n+3) 


_m—m+) a—m+2)(n+m+1)a+m+2) 
2n—5)?(2n—3) (2n—1)"(2n+1) (2n4+3)? (2n—-1)?(2n+-1) (2n + 3)"(2n+5) (2n+7)? 


B= (n—m—3) (n—m—2) (n—m—1)(n—m) (n+ m—3)(n+m—2) (n+m—1) (n+ m) 
= (2n—7) (2n—5)?(2n—3)3(2n—1)4(2n-+1) 


_a—m+1)(n—m+2) (n—m+3)n—M+4) (a+M+)) M+m+2)(n+m+3)(n+m+4) 
(2n+1) (2n+3)4(2n+5)3(2n+7)2(2n+9) 


ca erm tly*a—m+2)Xntm+ VX ntm+2)?_ a—m—1)*a—m)*(n-+ m— n+)? 


(2n-+1)?(2n+3)"(2n+5)? 


(2n—3)?(2n—1)7(2n+1)? 


pa ham) n=) (n= m+1) Q—mM+2) a+ m—1) H+ m) (n+ m+l) (n-+m+2) 
(2n—3) (2n—1)4(2n+-1)?(2n+3) *(2n+5) 


Asymptotic Expansion for \mn 
21.7.6 


1 q 
— p ia 2 rane 2 ae 2 
Xnn(e)=eg-+m?—s (g?+5)— a4" (g?+ 11 — 32m?) 
eae 
1024c? 


-) [ sae (33q5-+1594¢°+5621 9) 


[5(q'-+26q°+-21) 384m? (@?+1)] 


m? m* 
Jog B7P +1679) +5 a| 


— E- (639°+49409*+-43327 g?-+22470) 
2 4 
~a3 (115q+1310¢+735) 42 (+1) | 


-5 Eee (527 q'+-61520q5-+ 1043961 ¢° 
m? 


+22415999) —35—s 553 


(5739q5+-127550q 


+2989519) +2", (3559°-+1505q)—™4 +0(c~*) 
q=2(n—m)+1 


Refinement of Approximate Values of Amn 
Tf AS is an approximation to Aq, obtained either 
from 21.7.5 or 21.7.6 then 
21.7.7 
Amn=Amat Amn 


5 Ui) +20, 


6 
Ai +A: 


doe De B7 B72 BT BT Br —4 
A=1+ oymat (yaneet (VEN@ Net 


A Nie) (N™,.N™, 4)? ( Mollie)” 
a Aes Bm 0P 4 BM 28". Bee 


—_em+rn2mtr—Ve _ _d, 

~ (2m+2r—1)(2m+2r+1) d,_2 

an r(r—1)(2m+r)(2m+r—1)c* 
‘ ~ (2m+2r—1)2(2m+2r+1) (2m+2r—3) 

(722) 


Ny (r22) 
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Evaluation of Coefficients 


Step 1. Calculate N’s from 


21.7.8 


(r>2) 
NP=73— Yani NP=YP—Xmn 
y= (m-tr)\(m-+r+1) 


1 4m?— 


Step 2. Calculate ratios 7 do end from 
a 
do a2) 
279 0 *\(¢ 2)...(3 
4) 
21.7.10 = >)...(=— 
Dae -(3 ') ds dop41 


and the formula for N® in 21.7.7. 

The coefficients d™ are determined to within 
the arbitrary factor d, for r even and d, tor r odd. 
The choice of these factors depends on the normal- 
ization scheme adopted. 


Normalization of Angular Functions 


Meixner-Schifke Scheme 


217.11 f " [Smale 7) Pdn= 5 
-1 


nm+1 (n—m)! 
Stratton-Morse-Chu-Little-Corbaté Scheme 
een) (n+m)! 
21.7.12 : d,= 
Pe (a—m)! 


(This normalization has the effect that Sn(c, 7) 
Pi(n) as 7-1.) 


Flammer Scheme [21.4] 
21.7.13 


(=1)* (n+-m)! 
gn (=) ' 


(n—m) even 


Smn(c, 0)=P2(0)= 


21.7.14 
ay tne 


(n—m) odd 


Srale, OS 


The above lead to the following conditions for 
an 


21.7.15 
a (— (=) 7+2m)! d™ = 


GER) 


21.7.16 

sy (— en (r+-2m-+1)! ann 

al a(S )! (eee 
(EDF @tm+y! 
ean (= s—)! (= y) ! 


(The normalization scheme 21.7.13 and 21.7.14 is 
also used in [21.10].) 


(— 1)? 2 " (n--m)! 
an-m(Mom)(™")! 


(n—m) even 


(n—m) odd 


Asymptotic Expansions for Sna(c, ) 
21.7.17 


Snale, n) = (1 —7°)U nal, n) (c>0 ) 


l=n—m 


Unal2)= Sy hiDrss(2) 


where the D,(z)’s are the parabolic cylinder func- 
tions (see chapter 19). 


D,(a)=(—1)'"* 


e7 PR Q-12%—-2 147 ( 
4) 


and the H,(z) are the Hermite polynomials (see 
chapter 22). (For tables of hi,,/hj see [21.4].) 


Expansion of S,(¢, 7) in Powers of 7 


21.7.18 
Sa (Cy 0) =(L—at)? Do" DEMCe)a! 
(r-+1)(r+2)p7%o(c) —[r(r+-2m-+1)+m(m-+ 1) 
—Xma(c)]p™ *(c)—¢* mn(c)= 0 


(The derivation of the transcendental equation 
for \mn is similar to the derivation of 21.7.4 from 
21.7.3.) 


Expansion of Smn(c, 7) in Powers of (1—7°) 


21.7.19 


Snn(Cy n= 97"? 5 cX(1—n2)* — (n—m) even 
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21.7.20 


Sinn (e, 0) = n(n"? 59 of — 9?) 2)k ~~ (n—m) odd 


1 


mr 1 SQ AM+2r)! 
C2k Sees eco ime 


(ari (— r),(m+r+5) de 


(n—m) even 


1 2 (2m+2r+1)! 3\ ins 
PERIL rei (mrtg) ae 


(n—m) odd 
(@)x=a(a+1)(a+2)... (a+k+1) 
(The d””’s are the coefficients in 21.7.1.) 


Prolate Angular Functions—Second Kind 
Expansion 21.7.2 ultimately leads to 
21.7.21 
Smaten= Do’ dv"Qa.-(n) 
r=—2m, —-2m+1 


Opi; PF—m-1(0) 


r=2m-+2, 2m+1 


(The coefficients d™" are the same as in 21.7.1; 
the coefficients d%* are tabulated in [21.4].) 


21.8. Oblate Angular Functions 


Power Series Expansion for Eigenvalues 


21.8.1 Amn (—1) "pyc 
i=0 


where the /,’s are the same as in 21.7.5. 


Asymptotic Expansion for Eigenvalues [21.4] 


21.8.2 
Amaz= —c?+2e(2v-+m+1)—2y(vptm+1) 
—(m+ 1) +Amn 


y=5 (n—m) for (n—™m) even; 
y=3 (n—m—1) for (n—m) odd 
Ama=>2Bn"c-* 
k=1 
Br" = —2*q(g’-+ 1 —m?) 
By" = —2-*[5g*+ 10g?+ 1 —2m?(3q?+ 1) +m] 
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Ba" = —2-*9[33q*+ 114¢?+ 37 —2m?(23q? +25) 
+13m‘] 
pr" = —2-1[63 96+ 340¢q'+ 2399?-+14 
—10m?(10g*+23¢?+ 3) + m*(39q?—18) —2m'‘] 
=v(v-+m)az!+(v+1)(v+m+1)azt! 
q=n-+1 for (n—m) even; g=n for (n—m) odd 
(For the definition of at’ see 21.8.3.) 
Asymptotic Expansion for Oblate Angular Functions 
21.8.3 
Sna(—tc, n(n"? So Ape {eet Li [2e(1—n)] 


+ (—1) me“ LM, (Be(1 +1} 


where the Li” (x) are Laguerre polynomials (see 
chapter 22) and 


At = zr —k 
Age => a#’(m,n)e 


(Expressions of a,*’ are given in [21.4].) 


21.9. Radial Spheroidal Wave Functions 
21.9.1 


R2(¢,¢)= { 5 Gee Om! an} ey" 


ity qitm—n mtn dm Z?) (ck) 


r=0, 1 
Zp @=Jz Tns(2) (p=) 
=yg,Fau) — (p=2) 


(Jn4a(2) and Y,4;(2) are Bessel functions, order 
n+4, of the first and second kind respectively 
(see chapter 10).) 


21.9.2 R2(C,£)=RYE,t)+1R2(c,t) 
21.9.3 R®(c,£)=RY(c,£)—-tR2(, 8) 


Asymptotic Behavior of BR (c, &) and R®(c, £) 


21.9.4 R2(c,t)—-+ cos [ee —3(n 4+] 
ye CE 

21.9.5  R2(c,)—» + sin [ee—3(2+1)z] 
tym CE 


*See page i. 
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21.10. Joining Factors for Prolate Spheroidal Wave Functions 


21.10.1 
SMA (¢, £)=Kmale) Raale, €) 
(2m+1)(n+m)! pa d™"(2m+r)!/ri (2m+3)(n+m-+1)! sy dm (2m-+r)!/r\ 
21 eee — Beenie ree eked 2 Rane 
grtmgmn(e)e™m| (* 5) ! ex ! antmdnn (cent tm! (* *) ! Cay ) ! 
(n—m) even (n—m) odd 
21.10.2 


S2(c, 8) =«2()R2Q(6, £) 
arm am)! ("S™)1(*S™)1 atl) 


20-— panier me 2 


ae n—-M— nt+m+1 - 
2 em) (=F *)! (eu nee ar im+i(C) sv Lael 
(2m—83) Bam SmNG RTI 7=1 


Pa ea d™"(¢) (n—m) even 


d™"(¢) (n—m) odd 


(The expression for joining factors appropriate to 
the oblate case may be obtained from the above 
formulas by the transformation e——‘c.) 


21.11. Notation 


Notation for Prolate Spheroidal Wave Functions 


Ang. Inde- Ang. wave Rad. wave Normalization of angular Remarks 
coord Rad. coord. | pendent function function Eigenvalue functions 
variable 
Pe Ne | as ae I a Ne ee 
Stratton, Morse, | 7 é h mi(h, ») jemi(h, £) Anilh) Smi(h, 1) = Pr) l=Flammer’s n 
Chu, Little and nemilh, £) mi=Amn 
Corbaté hemi(h, £) 
Flammer and this | » t c Sma(c, 1) Rin(e, €) Amn(c) Sma(c, 0)=Pr(0) (n—m) even 
chapter Sian(e, 0) = Pr (0) (n—m) odd 
Chu and Stratton | 7 é c SY (ec, n) Rc, Ami SO (c, 0) = P2.1(0) (leven) l= Flammer’s n—m 
Soy (c, 0) = Pr1(0) ( odd) mt=—Am, am 
: PS* Sang, An(y? 1 At (2) = _~ 
ar oer ond 0 g Y (9, +") (é, y) (7°) f [PS*(n, +) Pn 1 (¥?) =Amn(c) ~c 
2 (n+m)! 
~In+1 (n—m)l 
Morse and Fesh- | 7=cosv? | &=cosh zu h mh, 7) Jem(h, &) Amt [(1 — 9)- "2S n(h, 2) lp l=Flammer’s n 
bach Nemi(h, £) =[(1 ~ -™/EPP (a) Ipet Amt=Amn 
hemi(h, 
Page gE n € Uin(®) Vim(n) im [(1-2)-"2U in (O) = l=Flammer’s n 
Pim(n Qin=Amn— Cc 
Gim(n) 
Notation for Oblate Spheroidal Wave Functions 
Stratton, Morse, | 7 é g Smi(ig, 7) jemi(ig, —72€) Amt Smi(tg, 1) =Pr(1) l=Flammer’s n 
Chu, Little and mi=Amn 
Corbaté 
Flammer and this | 7 é c mna( 1c, 7) R®(—ic, i€) Amn( —ic) Smn(—ic,0) = Pr(0) 
chapter (n—m) even 
Sin(—te, 0) = Pr’ (0) 
(n—m)odd 
Chu and Stratton | 7 gE e€ SO)(— Ze, 9) RY) (—te, 78) Bit S9(—ic, 0)=P"4:(0) (leven)| [=Flammer’s n—m 
Say (—ie, 0) = Pw(0) (Lodd) | Bin=—)m, n-m 
7 cy = m4) { 2 mf wn? 1 mf a — 4, 
Betaier and ” é Y pse(n, — 7) Se (—1k, iy?) AB(— +’) f. [pst(n, — 1) dn AB(— 2) =Amn(— te) +e? 
2 (n+m)! 
“2n+1 (n—m)! 
Morse and Fesh- | 7=cos 8 | ¢=sinh pz g ‘mig, ) Jjemilig, —t£) Ant ((1 —9)~™/28,,1(¢9, 9) Iyer l=Flammer’s n 
bach Nm (tg, —it) ={(1 —7)~ ml2 P® (7) mt mt=Amn 
hemi(ig, —7£) 
: @ 
Leitner and ” é € Uim(n) Vim(£) im {(1—9°)—"/2U tm(n) ye = 1 l=Flammer’s n 
Spence @im=Amn 


The notation in this chapter closely follows the notation in [21.4]. 


SoZ 
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Table 21.1 


c2\n 


OOn OU PWNHHO 


*See page 11. 


0 


0.000000 
0.319000 
0.611314 
0.879933 
1.127734 


1,357356 
1.571155 
1.771183 
1.959206 
2.136732 


2.305040 
2.465217 
2.618185 
2.764731 
2.905523 


3.041137 
3.172067 


P 


0 


0.793016 
0.802442 
0.811763 
0.820971 
0.830059 


0.839025 
0.847869 
0.856592 
0.865200 
0.873698 


0.882095 
0.890399 
0.898617 
0.906758 
0.914827 


0.922830 
0.930772 
0.938657 
0.946487 
0.954267 


0.961998 
0.969683 
0.977324 
0.984923 
0.992481 
1.000000 


Pe 
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EIGENVALUES—PROLATE AND OBLATE 


1 


2.000000 
2.593084 
3.172127 
3.736869 
4.287128 


4.822809 
5.343903 
5.850492 
6.342739 
6.820888 


7.285254 
7.736212 
8.174189 
8.599648 
9.013085 


9.415010 
9.805943 


i 


1 


2.451485 
2.477117 
2.503218 
2.529593 
2.556036 


2.582340 
2.608310 
2.633778 
2.658616 
2.682743 


2.706127 
2.728784 
2.750762 
2.772133 
2.792971 


2.813346 
2.833316 
2.852927 
2.872213 
2.891203 


2.909920 
2.928382 
2.946608 
2.964611 
2.982404 
3.000000 


Pe 


PROLATE 


Amn(c) —m(m-+1) 


on(c) 


2 


6.000000 
6.533471 
7.084258 
7.649317 
8.225713 


8.810735 
9.401958 
9.997251 
10,594773 
11.192938 


11.790394 
12,385986 
12.978730 
13,567791 
14,152458 


14.732130 
15.306299 


lores 
c~[ron(c)] 


2 


3.826574 
3.858771 
3.895890 
3.937869 
3.984499 


4.035382 
4.089903 
4.147207 
4.206229 
4.265772 


4.324653 
4.381878 
4.436798 
4.489168 
4.539096 


4.586895 
4.632927 
4.677506 
4.720863 
4.763160 


4.804519 
4.845033 
4.884779 
4.923820 
4.962212 
5.000000 


ie 


* 


3 


12,000000 
12,514462 
13,035830 
13.564354 
14,100203 


14,643458 
15.194110 
15.752059 
16317122 
16,889030 


17.467444 
18,051962 
18,642128 
19,237446 
19,837389 


20,441413 
21.048960 


cu 


3 


5.26224 
5.25133 
5.25040 
5.26046 
5.28251 


5.31747 
5.36610 
5.42883 
5.50551 
5.59516 


5.69566 
5.80359 
5.91452 
6.02383 
6.12806 


6.22577 
6.31730 
6.40385 
6.48655 
6.56618 


6.64326 
6.71812 
6.79104 
6.86221 
6.93182 
7,00000 


[| 


4 


20,000000 
20,508274 
21,020137 
21,535636 
22.054829 


22,.577779 
23104553 
23,635223 
24,.169860 
24,.708534 


25,251312 
25.798254 
26,349411 
26904827 
27.464530 


28,028539 
28.596854 


ce 


4 


7.14921 
7.05054 
6.96237 
6.88638 
6.82460 


6.77941 
6.75360 
6.75030 
6.77286 
6.82451 


6.90779 
7,02356 
7.16962 
7.33916 
7.52035 


7.69932 
7.86638 
8.01951 
8.16148 
8.29538 


8.42315 
8.54594 
8.66452 
8.77945 
8.89116 
9.00000 


ia 


c*\n 0 
0 0.000000 
1 -0.348602 
2 ~0.729391 
3 ~1.144328 
4 -1,594493 
5 ~2,079934 
6 -2,599668 
7 -3.151841 
8 -3,733981 
9 —4,343292 
10 -4,976895 
11 -5.632021 
12 -6,.306116 
13 -6,996903 
14 -7,702385 
15 ~8,420841 
16 -9,150793 
4 

7 

c—'\n 0 
0.25 -0.571924 
0.24 ~0.585248 
0.23 -0.599067 
0,22 -0,613349 
0.21 -0,628058 
0.20 -0,643161 
0.19 ~0,658625 
0.18 -0.674418 
0.17 ~0.690515 
0.16 -0.706891 
0.15 -0.723530 
0.14 -0.740416 
0.13 -0.757541 
0.12 ~0.774896 
0.11 -0.792476 
0.10 -0.810279 
0.09 -0,828301 
0,08 -0,.846539 
0,07 -0,864992 
0.06 -0,883657 
0.05 -0,902532 
0,04 ~0.921616 
0,03 -0,940906 
0.02 -0.960402 
0.01 ~0,980100 
0.00 -1,000000 


Ea | 


*See page 11. 
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EIGENVALUES—PROLATE AND OBLATE 


1 


2.000000 
1.393206 
0.773097 
+0,140119 
-0,505243 


~1.162477 
-1,831050 
-2,510421 
-3,.200049 
-3,899400 


-4,607952 
~5.325200 
-6,050659 
-6,783867 
-7,524384 


~8,271795 
-9,025710 


a 


1 
-0.564106 
-0,579552 
-0.595037 
-0.610591 
-0.626242 


-0.642016 
~0,657938 
-0.674031 
-0.690310 
~0.706792 


-0,723486 
-0.740399 
-0.757535 
-0.774894 
-0.792476 


-0,810279 
-0,828301 
-0.846539 
-0.864992 
-0,883657 


-0.902532 
~9,.921616 
-0.940906 
-0,960402 
-0.980100 
-1,000000 


gu 


OBLATE 


Amn(—— te) —m(m+1) 


Aon( — 7c) 


2 
6.000000 
5.486800 
4.996484 
4.531027 
4.091509 


3.677958 
3.289357 
2.923796 
2.578730 
2.251269 


1.938419 
1.637277 
1.345136 
1.059541 
0.778305 


0.499495 
0.221407 


a 
c—?[don(—7¢)] 


2 
+0.013837 
~0.009136 
-0,031481 
0.053477 
-0.075480 


~0.097943 
-0,121428 
-0.146603 
-0.174201 
-0,204894 


-0.239109 
-0,276886 
-0.317881 
-0.361548 
-0.407352 


-0,454896 
-0.503937 
-0.554337 
-0.606021 
-0.658931 


-0.713025 
-0.768262 
-0.824608 
-0.882031 
-0.940503 
-1,000000 


cn 


* 


38 
12,000000 
11,492120 
10.990438 
10,494512 
10,003863 


9.517982 
9.036338 
8.558395 
8.083615 
7.611465 


7.141427 
6.673001 
6.205705 
5.739084 
5.272706 


4.806165 
4.339082 


or 


3 


0.271192 
0.213225 
0.157464 
0.103825 
0.052196 


+0,002437 
-0.045635 
-0,092251 
~0.137692 
-0,182301 


-0.226469 
~0.270627 
-0.315206 
-0,360594 
-0.407081 


-0,.454839 
-0,503928 
-0,554337 
-0,606021 
-0.658931 


-0.713025 
-0,768262 
0.824608 
-0,882031 
-0.940503 
-1,000000 


or 


Table 21.1 


4 
20,000000 
19495276 
18.994079 
18,496395 
18,002228 


17,511597 
17,024540 
16,541110 
16,061382 
15,585448 


15,113424 
14,645441 
14,.181652 
13.722230 
13,267364 


12,817261 
12,372144 


ies 


4 


0.77325 
0.67822 
0.58772 
0.50191 
0.42099 


0.34521 
0.27490 
0.21043 
0.15215 
0.10020 


0,05428 
+0,01332 
-0,02476 
~0,06337 
-0,10723 


-0.16065 
~0.22419 
-0.29513 
-0,37117 
-0.45125 


-0,53495 
-0,62200 
-0.71218 
-0,80533 
-0.90131 
-1,00000 
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Table 21.1 


o 
[I 

— 
3 


WONAU BWNEO 


*See page Il. 


1 


0.000000 
0.195548 
0.382655 
0.561975 
0.734111 


0.899615 
1.058995 
1.212711 
1.361183 
1.504795 


1,643895 
1.778798 
1.909792 
2.037141 
2.161081 


2.281832 
2.399593 


a 


1 


0.599898 
0.613295 
0.627023 
0.641073 
0.655431 


0.670084 
0.685014 
0.700204 
0.715632 
0.731281 


0.747129 
0.763159 
0.779353 
0.795696 
0.812174 


0.828776 
0.845493 
0.862316 
0.879237 
0.896251 


0.913352 
0.930535 
0.947796 
0.965129 
0.982531 
1,000000 


ial 
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EIGENVALUES—PROLATE AND OBLATE 


2 


4.000000 
4.424699 
4.841718 
5.251162 
5.653149 


6,047807 
6.435272 
6.815691 
7.189213 
7.555998 


7.916206 
8.270004 
8.617558 
8.959038 
9.294612 


9.624450 
9.948719 


rH 


2 


2.487179 
2.491544 
2.497852 
2.506130 
2.516383 


2.528591 
2.542705 
2.558644 
2.576296 
2.595516 


2.616135 
2.637968 
2.660829 
2.684536 
2.708934 


2.733891 
2.759305 
2.785099 
2.811212 
2.837600 


2,864224 
2.891056 
2.918069 
2.945243 
2.972558 
3.000000 


ine 


PROLATE 


Amn(c) —m(m-+ 1) 


Ain(c) —2 
3 


10,000000 
10,467915 
10,937881 
11,409266 
11.881493 


12,354034 
12,826413 
13,298196 
13,768997 
14.238466 


14.706292 
15,172199 
15,635940 
16,097297 
16,556078 


17,012115 
17.465260 


ica 
cL Mn(e) — 2] 


3 


4.366315 
4.338520 
4.315609 
4.297923 
4.285792 


4.279522 
4.279366 
4.285495 
4.297965 
4.316672 


4.341320 
4.371397 
4.406191 
4.444844 
4.486445 


4.530151 
4.575277 
4.621329 
4.667984 
4.715031 


4.762333 
4.809790 
4.857332 
4.904906 
4.952472 
5.000000 


* 


* 


4 


18,000000 
18,481696 
18,965685 
19.451871 
19,940143 


20,430382 
20,922458 
21.416235 
21.911569 
22.408312 


22,906311 
23,405410 
23.905451 
24406277 
24.907729 


25.409649 
25.911881 


eal 


4 


6.47797 
6.38296 
6.29522 
6.21556 
6.14494 


6.08438 
6.03498 
5.99788 
5.97420 
5.96496 


5.97090 
5.99230 
6,02874 
6.07889 
6.14051 


6.21063 
6.28624 
6.36482 
6.44473 
6.52505 


6.60532 
6.68528 
6.76480 
6.84378 
6.92219 
7.00000 


ea 


5 


28,000000 
28,488065 
28,.977891 
29.469456 
29.962738 


30.457716 
30,954363 
31,452653 
31.952557 
32,454044 


32.957080 
33.461629 
33.967652 
34,475109 
34,983956 


35.494147 
36005634 


ica 


5 


9.00140 
8.80891 
8.62445 
8.44916 
8.28436 


8.13163 
7.99282 
7.87010 
7.76598 
7.68328 


7.62508 
7.59446 
7.59407 
7.62539 
7.68773 


7.77728 
7.88714 
8.00897 
8.13579 
8.26355 


8.39048 
8.51592 
8.63963 
8.76153 
8.88164 
9.00000 


cu 


c2\n 1 
0 0.000000 
1 -0.204695 
2 ~0,.419293 
3 -0.644596 
4 -0,881446 
5 -1,130712 
6 ~1.393280 
7 -1,670028 
8 ~1.961809 
9 -2.269420 
10 -2,.593577 
11 -2,934882 
12 -3.293803 
13 ~3,.670646 
14 -4,065548 
15 -4,478470 
16 -4,909200 
oy 

5 

c—'\n 1 
0.25 -0.306825 
0.24 -0.318148 
0,23 -0.330984 
0.22 -0.345469 
0.21 -0.361702 
0,20 -0.379735 
0.19 -0.399564 
0.18 ~-0,421125 
0.17 -0.444308 
0.16 -0.468974 
0.15 -0.494976 
0.14 -0,522180 
0.13 -0,550474 
0,12 -0.579775 
0.11 ~0.610027 
0.10 -0,641193 
0.09 -0.673251 
0.08 -0,706186 
0.07 -0.739985 
0.06 -0.774638 
0.05 ~0,810135 
0.04 -0.846468 
0.03 ~-0,883628 
0.02 -0.921608 
0.01 -0,960401 
0.00 -1,000000 


head 


*See page I1. 
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2 


4.000000 
3.567527 
3.127202 
2.678958 
2.222747 


1.758534 
1.286300 
0.806045 
+0.317782 
-0,178458 


-0,682630 
-1.194673 
-1.714511 
~2,242055 
~2.777205 


-3,319848 
-3,869861 


2 


-0.241866 
-0,266693 
-0.291340 
~0.315894 
-0,340450 


-0,365113 
-0,389998 
-0.415222 
~0.440907 
-0.467166 


-0,494104 
-0,521805 
-0.550335 
-0.579732 
-0,610016 


~0.641191 
-0,673251 
-0.706186 
-0.739985 
~0.774638 


-0,810135 
~0,846468 
-0,883628 
-0.921608 
-0,960401 
-1,000000 


re 


OBLATE 


Amn(— te) —m(m+ 1) 


Ain(— te) —2 
3 


10,000000 
9.534818 
9.073104 
8.615640 
8.163245 


7.716768 
7.277072 
6.845015 
6.421425 
6.007074 


5.602649 
5.208724 
4.825732 
4.453947 
4.093464 


3.744202: 
3.405903 


Py 
c7{Ain(— te) —2] 


3 


0.21286 
0.17062 
0.13125 
0.09476 
0.06107 


0.03001 
+0,00127 
-0.02563 
-0,05142 
-0,07710 


-0.10406 
-0.13412 
-0.16924 
-0,21076 
-0.25868 


~0,31185 
-0.36901 
-0,42934 
-0.49242 
-0,55807 


-0.62616 
-0.69657 
-0.76923 
-0.84406 
-0.92100 
~1,00000 


ce 


4 


18,000000 
17.520683 
17.043817 
16.569461 
16097655 


15,628426 
15.161786 
14,697727 
14236229 
13.777252 


13320743 
12.866634 
12,.414840 
11.965266 
11,517803 


11,072331 
10,628718 


ree 


4 


0.66429 
0.57759 
0.49460 
0.41533 
0.33974 


0.26779 
0.19942 
0.13449 
0.07282 
+0,01411 


-0,04205 
~-0,09625 
-0.14929 
-0.20210 
-0.25572 


~0.31111 
-0,36888 
-0.42932 
-0.49242 
~0,55807 


-0.62616 
-0.69657 
-0.76923 
-0.84406 
-0.92100 
~1,00000 


(P 


Table 21.1 


5 


28,000000 
27,513713 
27,029223 
26.546548 
26,065706 


25.586715 
25,109592 
24,634357 
24,161031 
23,689634 


23,.220190 
22,.752726 
22.287271 
21,823856 
21.362516 


20.903290 
20.446222 


ie 
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8 


SONOM PUNE O © 


*See page 11. 


2 
0.000000 
0.140948 
0.278219 
0.412006 
0.542495 


0.669857 
0.794252 
0.915832 
1,034738 
1.151100 


1.265042 
1.376681 
1.486122 
1.593469 
1,698816 


1,802252 
1.903860 


eu 


2 


0.475965 
0.489447 
0.503526 
0.518220 
0.533551 


0.549534 
0.566185 
0.583513 
0.601526 
0.620224 


0.639604 
0.659659 
0.680376 
0.701737 
0.723722 


0.746308 
0.769471 
0.793186 
0.817429 
0.842175 


0.867402 
0.893087 
0.919209 
0.945747 
0.972684 
1.000000 


[a] 
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3 
6.000000 
6.331101 
6.657791 
6.980147 
7.298250 


7.612179 
7.922016 
8.227840 
8.529734 
8.827778 


9.122052 
9.412636 
9.699610 
9.983052 
10,263039 


10,539650 
10,812958 


ca 


3 


2.703239 
2.683149 
2.665356 
2.650003 
2.637236 


2.627196 
2.620017 
2.615819 
2.614701 
2.616735 


2.621954 
2.630349 
2.641862 
2.656384 
2.673764 


2.693817 
2.716339 
2.741120 
2.767960 
2.796673 


2.827089 
2.859059 
2.892449 
2.927138 
2.963019 


3.000000 


ia 


PROLATE 
Amn (€) — m(m-+ 1) 
Aen(c) —6 


4 
14,000000 
14,402353 
14,804100 
15.205077 
15,605133 


16,004126 
16401931 
16798429 
17,193516 
17,587093 


17,979073 
18,369377 
18,757932 
19,144675 
19,529549 


19,912501 
20.293486 


22] 
4 
[ron(c) —6] 
4 
5.073371 
4.994116 
4.919290 


4.849313 
4,784640 


4.725757 
4.673177 
4.627427 
4.589031 
4.558480 


4.536196 
4.522485 
4.517479 
4.521086 
4.532956 


4.552484 
4.578871 
4.611219 
4.648642 
4.690346 


4.735658 
4.784022 
4.834980 
4,888160 
4.943252 
5.000000 


oe 


* 


* 


5 


24,000000 
24,436145 
24,872744 
25.309731 
25.747043 


26,184612 
26,622373 
27,060261 
27,498208 
27.936151 


28.374023 
28,811761 
29,249302 
29,686584 
30,123544 


30,560125 
30.996267 


oP 


5 


7.74906 
7.58138 
7.41971 
7.26479 
7.11743 


6.97858 
6.84931 
6.73081 
6.62442 
6.53155 


6.45371 
6.39236 
6.34878 
6.32389 
6.31794 


6.33030 
6.35935 
6.40263 
6.45738 
6.52096 


6.59127 
6.66670 
6.74607 
6.82849 
6.91330 
7.00000 


ea 


6 


36,000000 
36.454889 
36,910449 
37.366657 
37,823486 


38.280913 
38,738910 
39,197451 
39656510 
40.116059 


40.576070 
41,036514 
41,.497364 
41.958589 
42,420160 


42,882048 
43.344222 


ga 


c2\n 2 
0 0.000000 
1 -0,144837 
2 -0,293786 
3 -0.447086 
4 -0,604989 
5 ~0.767764 
6 -0.935698 
7 -1,109090 
8 -1,288259 
9 ~1,473539 
10 -1,665278 
11 ~1,863838 
12 -2,069595 
13 -2,282933 
14 2.504245 
15 ~2,733927 
16 ~2,972375 
eu 

4 

c—}\n 2 
0.25 ~C.185773 
0.24 ~0.190754 
0.23 -0.196680 
0,22 -0.203790 
0.21 -0.212386 
0.20 -0,222841 
0.19 -0.235596 
0.18 -0.251126 
0.17 -0.269873 
0.16 -0,292149 
0.15 -0,318047 
0.14 -0.347414 
0.13 -0.379928 
0.12 -0.415213 
0.11 -0.452947 
0,10 -0,492902 
0,09 ~0,534942 
0.08 ~0,578991 
0,07 -0.625006 
0.06 -0,672956 
0,05 ~0,722813 
0.04 ~0,774556 
0.03 -0,828164 
0,02 -0.883618 
0.01 -0.940902 
0.00 -1,000000 


ew 


*See page I. 
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OBLATE 


Amn(—ic) —m(m-+1) 


3 


6.000000 
5.664409 
5.324253 
4.979458 
4.629951 


4.275662 
3.916525 
3.552475 
3.183450 
2,809393 


2.430250 
2.045970 
1.656508 
1.261822 
0.861875 


0.456635 
0.046076 


iu 


3 
+0,002879 
-0,030028 
-0,062228 
-0,093813 
-0,.124893 


-0.155607 
-0,186120 
-0.216631 
-0.247375 
-0,278624 


-0,310677 
-0,343847 
-0.378432 
-0.414688 
~0.452800 


-0.492871 
-0,534937 
-0,578991 
-0.625006 
-0.672956 


-0.722813 
-0.774556 
-0,828164 
-0,883618 
-0.940902 
-1,000000 


iy 


Nan(— ic) —6 
4 


14,000000 
13,597220 
13,194206 
12,791168 
12,388328 


11,985928 
11,584224 
11.183489 
10.784014 
10,386106 


9.990084 
9.596286 
9.205059 
8.816762 
8.431761 


8.050424 
7.673121 


re 
*{an(—ic) — 6] 


\4 
0.47957 
0.41280 
0.34933 
0.28933 
0.23297 


0.18049 
0.13215 
0.08816 
0.04864 
+0,01342 


-0,01813 
-0.04727 
~0,07609 
-0,10778 
0.14643 


-0.19508 
-0,25333 
-0.31876 
-0.38955 
0.46494 


-0.54456 
0.62821 
~0.71571 
-0.80691 
-0,90171 
-1,00000 


F 


* 


x 


5 


24,000000 
23.564371 
23.129322 
22,694912 
22,.261201 


21,828245 
21,396098 
20.964812 
20,534436 
20.105013 


19,676587 
19,249195 
18,822869 
18397640 
17.973532 


17.550565 
17,128753 


a 


5 


1.07054 
0.95365 
0.84167 
0.73461 
0.63251 


0.53537 
0.44322 
0.35607 
0.27389 
0.19662 


0.12409 
+0,05600 
-0,00822 
-0,06954 
-0,12937 


~0,18959 
-0,25217 
-0,31861 
~0,38955 
-0,46494 


-0.54456 
-0.62821 
-0,71571 
-0,80691 
-0,90171 
~1,00000 


fe 
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6 


36,000000 
35,545806 
35,092330 
34,639597 
34187627 


33.736444 
33.286069 
32,836522 
32.387826 
31.940000 


31.493066 
31.047043 
30,601952 
30,157814 
29,714648 


29272476 
28,831317 


in 


+0,0470 


-0,0051 
-0,0517 
-0.1076 
-0,1844 
-0.2768 


~0.3791 
-0,4895 
-0,6073 
-0,7319 
-0.8629 
-1,0000 


[Se | 
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Table 21.2 ANGULAR FUNCTIONS—PROLATE AND OBLATE 
PROLATE 
Smn(c, COS 8) 
min c\o 0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
0 O 12 £40O,8481 0.8525 0.8651 0.8847 0.9091 0.9354 0.9606 0.9815 0.9952 1.000 
2 0.53135 0.5431 0.5772 0.6320 0.7032 0.7842 0.8654 0.9355 0.9831 1,000 
3 0.2675 0.2815 0.3242 0,3967 0.4980 0.6226 0.7571 0.8805 0.9682 1,000 
4 0.1194 0.1312 0.1689 0.2379 0.3442 0.4885 0.6589 0.8271 0.9530 1,000 
5 0.0502 0.0585 0.0861 0.1419 0.2380 0.3839 0.5742 0.7776 0.9383 1.000 
0 1 #2 O.9046 0.8936 0.8602 0.8035 0.7225 0.6169 0.4878 0.3381 0.1731 0 
2 0.6681 0.6665 0.6598 0.6429 0.6081 0.5472 0.4540 0.3270 0.1717 0 
3 0.4034 0.4099 0.4273 0.4489 0.4630 0.4543 0.4068 0.3110 0.1695 0 
4 0.2042 0.2138 0.2415 0.2833 0.3294 0.3618 0.3566 0.2929 0.1669 0 
5 0.0916 0.1001 0.1262 0.1703 0.2279 0.2840 0.3104 0.2752 0.1643 0 
0 2 4 #21,022 0.9795 0.8553 0.6621 0.4198 0.1556 -0.0988 -0,3105 -0,4509 -0,5000 
2 1,064 1.030 0.9271 0.7579 0.5296 0.2602 ~0,0192 ~0.2668 -0.4385 -0,5000 
3 1,041 1.023 0.9640 0,8497 0.6660 0.4104 +0.1061 -0.1938 -0.4171 -0,5000 
4 0.8730 0.8768 0.8787 0,8513 0.7549 0.5553 0.2512 -0.0998 -0.3879 -0.5000 
5 0.6018 0.6233 0.6792 0.7407 0.7537 0.6494 0.3844 +0,0008 -0.3542 -0.5000 
0 3 #41 0.9892 0.9042 0.6692 0.3400 -0.0045 ~0.2816 -0.4259 -0,4085 -0.2467 0 
2 0.9590 0.8864 0.6816 0.3840 +0.0560 -0,2261 ~-0.3907 -0,.3949 -0,2447 0 
3 0.9090 0.8546 0.6957 0,4485 0.1501 -0.1364 -0,3319 -0.3714 -0.2412 0 
4 0.8197 0.7877 0.6868 0,5087 0.2591 -~0,0215 -0.2514 -0.3376 -0,2361 0 
5 0.6650 0.6560 0.6183 0,5245 0.3482 +0.0971 -0.1575 -0.2952 -0.2293 0 
1 1 1 0 0.1578 0.3134 0.4643 0.6067 0.7355 0.8450 0,9290 0.9819 1,000 
2 0 0.1194 0.2437 0.3757 0.5149 0.6562 0.7892 0.9000 0.9740 1.000 
3 0 0.0776 0.1654 0.2724 0.4030 0.5546 0.7144 0.8597 0.9627 1,000 
4 0 0.0449 0.1018 0.1832 0.2994 0.4537 0.6353 0.8150 0.9497 1,000 
5 0 0.0239 0.0588 0.1179 0.2162 0.3650 0.5602 0.7698 0.9361 1,000 
1 2 1 0 0.4788 0.9054 1,232 1.417 1.435 1.276 0.9562 90,5119 0 
2 0 0.3896 0.7509 1.052 1.253 1.316 1.212 0.9335 0.5088 0 
3 0 0.2780 0.5538 0.8148 1.030 1.149 1.118 0.8992 0.5039 0 
4 0 0.1762 0.3683 0,5813 0.7968 0.9643 1,008 0.8575 0.4979 0 
5 0 0.1012 0.2254 0.3896 0.5906 0.7879 0.8957 0.8127 0.4911 0 
ro3. 2 0 0.9928 1.745 2,075 1.903 1,280 0.3775 -0.5521 -1.244 -1.500 
2 0 0.9559 1.710 2,092 1.998 1.432 0.5298 -0.4541 -1.214 -1,500 
3 0 0.8745 1.611 2,063 2,097 1.640 0.7606 -0.2972 -1.174 -1.500 
4 0 0.7393 1.418 1.934 2.128 1.841 1.032 -0,0951 -1.097 -1.500 
5 0 0.5662 1.146 1.691 2.047 1.975 1.299 40.1319 -1,017 -1.500 
2 2 1 0 0.0844 0.3295 0.7111 1.189 1.710 2.211 2.627 2.903 3,000 
2 0 0.0690 0.2744 0.6092 1.054 1.572 2.101 2.566 2,886 3,000 
3 0 0.0500 0.2051 0.4773 0.8738 1.380 1.944 2.475 2.859 3,000 
4 0 0.0328 0.1405 0.3487 0.6876 1.171 1.764 2.367 2.827 3,000 
5 0 0.0198 0.0898 0.2414 0.5212 0.9701 1.580 2.251 2.791 3.000 
2 3 J] 0 0.4222 1.570 3.116 4.596 5.530 5.548 4.501 2.522 0 
2 0 0.3597 1.358 2.755 4.175 5.170 5.327 4.417 2.510 0 
3 0 0.2765 1.070 2.255 3.576 4.641 4.994 4,286 2.491 0 
4 0 0.1934 0.7758 1.723 2.909 4.025 4.588 4,122 2.466 0 
5 0 0.1244 0.5226 1.243 2.269 3.395 4.150 3.936 2.437 0 


From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with 


permission). 


m 


3 


-) 


\n 


WWM MPWNe PWN WWM Pe MbwWNH UPWNH OFPWNEH OLWMeM UOPWror 


0 


1.000 
1,000 
1,000 
1,000 
1,000 


Qoooo 


-0,5000 
-0,5000 
-0.5000 
~-0,5000 
-0,5000 


ooooo 


1,000 
1,000 
1.000 
1.000 
1.000 


ooo00o 


-1,500 
-1.500 
-1.500 
-1.500 
~1,500 


3.000 
3.000 
3.000 
3.000 
3.000 


eoooeo 


0.1 


1.002 
1,008 
1,022 
1.047 
1,083 


0.1001 
0.1004 
0.1011 
0.1016 
0.1032 


-0,4863 
-0,4897 
-0,4943 
-0,4994 
-0,5061 


0.1477 
-0,1480 
~0.1486 
-0,1495 
~0,1504 


0.9961 
0.9994 
1,006 
1,020 
1,041 


0, 2987 
0. 2985 
0. 3005 
0.3022 
0. 2990 


-1.421 
-1,431 
-1.447 
~1.467 
-1,486 


2.972 
2.979 
2.992 
3.013 
3.052 


1.486 
1.488 
1,494 
1.498 
1,509 
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0.2 


1.007 
1.032 
1,089 
1.191 
1.341 


0.2009 
0.2034 
0.2079 
0.2150 
0.2252 


-0, 4450 
-0, 4585 
-0. 4766 
-0. 4966 
~0, 5234 


-0,2810 
~0,2839 
~0,2885 
-0,2949 
-0,3033 


0.9838 
0.9973 
1.025 
1.079 
1.174 


0.5897 
0.5950 
0.6043 
0.6213 
0.6400 


-1,189 
-1.228 
~1.289 
-1,364 
-1.442 


2.889 
2.915 
2.965 
3.052 
3.211 


2,886 
2.906 
2.943 
2.996 
3.073 


0.3 


1.016 
1.073 
1.205 
1,449 
1,835 


0.3027 
0.3114 
0,3273 
0,3526 
0.3884 


-0,3757 
~0,4052 
-0,4448 
~0.4891 
0.5495 


-0,3855 
-0,3947 
~0.4097 
-0.4306 
-0,4589 


0.9628 
0.9923 
1,055 
1.178 
1.406 


0.8643 
0.8815 
0.9140 
0.9640 
1,040 


-0,8136 
-0.8941 
~1.024 
-1,184 
-1,353 


2.748 
2.805 
2.915 
3.111 
3,469 


4.115 
4.180 
4.295 
4.475 
4.738 


OBLATE 
Smn( —wU,7 ) 

0.4 0.5 
1,028 1,044 
1,132 1.210 
1.377 1.617 
1,854 2,452 
2.648 3.952 
0.4065 0.5128 
0.4274 0.5542 
0.4664 0.6338 
0.5298 0.7681 
0.6252 0.9804 

-0.2779 + -0,1507 
-0.3277 -0,2231 
-0.3952 -0,3223 
-0.4716 -0.4356 
-0.5780 -0,5977 
~0,4466 -0,4491 
-0,.4668 -0,4839 
~0.4998 -0,5421 
-0,5415 -0,6270 
~0,6123 -0.7489 
0.9316 0.8884 
0.9827 0,9652 
1,093 1.135 
1.319 1.498 
1.776 2.242 
1,113 1.322 
1,153 1,398 
1,228 1.541 
1,349 1,780 
1,537 2.165 
-0.3165 0.2710 
-0.4427 +0,1060 
-0.6502 -0.1738 
-0.9148 -0,5415 
-1.198 -0.9435 
2.549 2.291 
2.644 2.425 
2.830 2.693 
3.170 3.200 
3.813 4,202 
5.086 5.704 
5.226 5.954 
5.482 6.413 
5.891 7.166 
6.515 8.347 


0.6 


1,064 
1.310 
1.940 
3.319 
6.000 


0.6222 
0.6952 
0.8398 
1,096 
1.525 


+0,0070 
-0,0872 
~0,2183 
-0.3681 
-0.5869 


-0.3768 
-0,4275 
-0.5140 
-0,6432 
-0,8356 


0.8299 
0.9340 
1.172 
1.708 
2.878 


1.478 
1.600 
1.837 
2,250 
2.947 


0.9015 
0.7174 
+0.3916 
-0,0538 
-0,5506 


1.970 
2.138 
2.481 
3.157 
4,564 


5.877 
6.251 
6.951 
8.132 
10.07 


0.7 


1,088 
1.434 
2.366 
4.557 
9.211 


0.7353 
0.8539 
1.098 
1,552 
2.369 


0.1965 
+0,0849 
-0,0721 
~0,2485 
-0,.5067 


~0.2130 
-0,2757 
~0.3841 
-0.5540 
~0.8080 


0.7506 
0.8802 
1.188 
1.920 
3.642 


1,554 
1.730 
2.082 
2.723 
3.868 


1.501 
1.329 
1,006 
0.5403 
0.0161 


1.585 
1.770 
2.161 
2.966 
4.746 


5.503 
5.982 
6.904 
8.515 
11.28 


0.8 


1.115 
1,585 
2.923 
6.323 
14,23 


0.8530 
1.035 
1.425 
2.195 
3,684 


0.4197 
0.2999 
+0.1311 
-0,0458 
-0,2880 


+0,0600 
-0,0015 
~0,1091 
-0.2765 
~0,5447 


0.6402 
0.7864 
1.149 
2,067 
4.400 


1.508 
1.734 
2.200 
3.092 
4.786 


1.946 
1,826 
1,572 
1,177 
0.7471 


1.131 
1.305 
1,687 
2.512 
4.460 


4.477 
4.990 
6,008 
7.857 
11.21 
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Table 21.2 
0.9 1.0 
1,147 1,183 
1.767 1.986 
3,648 4.589 
8.837 12,42 

22.11 34.48 
0.9760 1.105 
1.243 1,484 
1.842 2.378 
3,105 4.396 
5.741 8.970 
0.6784 0.9749 
0.5660 0,8930 
0.3845 0.7958 
0.2868 0.8201 
0.1892 1.132 
0.4613 1.011 
0.4274 1,051 
0.3711 1.138 
0.2912 1.327 
0.1715 1.723 
0.4731 0 
0.6118 0 
0.9724 0 
1.950 0 
4.651 0 
1.247 0 
1.487 0 
2,000 0 
3.033 0 
5.138 0 
1.988 0 
1.951 0 
1,834 0 
1.619 0 
1.439 0 
0.6041 0 
0.7234 0 
0.9944 0 
1.615 0 
3.188 0 
2.683 0 
3.077 0 
3.879 0 
5.408 0 
8.354 0 
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Table 21.3 


n 


0 1 
0 2 
0 3 
1 1 
1 2 
1 3 
2 2 
2 3 


c\é 


UPWNHH UBWNH UPWNE UPWRH UPWNH UWPWNH UPWNH UPWNH OPWNE 


: 
: 
| 
| 
| 
| 
: 
: 
: 


1.005 


~1) 9.468 
~1) 8.257 
-1) 7.026 
~1)6,054 
-1)5.313 


-1) 3.153 
~1)5.289 
-1) 6.064 
-1)5.892 
-1)5.381 


4.470 
1.696 
3.295 
4.507 
4,952 


3.912 
3.085 
9.956 
2,107 
3.298 
~2) 3.270 
-2) 6.187 
8,596 
1,053 
1.211 
6.503 
2.378 
4.658 


6.975 
9,035 


7.586 
5.725 
1.737 
3.516 
5.604 


6,612 
2.566 
5.520 
9.302 
1.372 


~5) 9.415 
-4) 7.128 
~3) 2.208 
-3) 4.683 
-3) 8,060 


SPHEROIDAL WAVE FUNCTIONS 


PROLATE RADIAL FUNCTIONS—FIRST AND SECOND KINDS 
RO (e, 8) 


Ro 


7% 
1.020 


9,419 
8.077 
6.662 
5.471 
4.488 


3.190 
5.298 
5.960 
5.612 
4,888 


4.655 
1.749 
3.346 
4.477 
4.763 


| 

| 

: 249 
: 
| 
| 
2 


6.544 
1,227 
1.677 
2.007 
2.235 


1.322 
4,802 
9.296 
1.367 
1.739 


1.577 
1,183 
3.553 
7,089 
1.108 


2.659 
1,025 
2.181 
3.616 
5.223 


—4) 3.845 
3) 2.896 
-3) 8.889 
-2)1,862 
—2) 3,150 


: 
| 
: 
| 
| 
: 
: 
: 


(c, €) 


1.044 


~1) 9.339 
-1) 7.789 
-1) 6,091 
~1) 4.585 
-1) 3.287 


-1) 3.249 
~1) 5.308 
~1) 5.786 
-1)5.162 
-1) 4.125 


4.954 
1,833 
3.421 
4.413 
4.444 


4,814 
3.700 
1.147 
-1) 2.298 
~1) 3.360 


: 716 


-2 
-1 
~1 
-1 
-l 


-3 
-2 
-1 


~1)1.793 
-1) 2.386 
~1) 2.744 
-1) 2.894 


2.012 
7.227 
1.372 
1.960 
2.376 


2.483 
1.845 
5.453 
1,063 
1.608 


5.898 
2.249 
4.698 
7.587 
1,058 


—4) 8.736 
-3) 6.525 
-2)1.974 
—2) 4.048 
~2) 6.657 


-2 
-2 
-1 
=] 
-1 


-3 
-2 


RR mm mm mn nn =n sO ee ee es 


| 
| 
| 
: 
: 
| 
| 
| 
| 


pee 
HRHoo 


It 
rFreocooo 


i] 
rFooor 


ta 
orn 


oorFrF Nh ooorn ooorrF MoOooOor oo 
Ne ee) 


OrreNMwW 


1.005 


-2.838 
1,244 
-7.104 
4,508 
-3.052 


-6.912 
-2,189 
-1,133 
6.741 
4,293 


-3.593 
5.241 
~2.031 
-1.095 
7.388 


-3.288 
-2,194 
-5.020 
-2.043 
-1.149 


-1.506 
~4,079 
-2,019 
-1.273 
-9,101 


-7.295 
-1.014 
-3.552 
-1.842 
-1.778 


~6,014 
-4.027 
~9,025 
-3.449 
-1.692 


-3.750 
4.852 
-1.515 
6.821 
3,755 


-2,609 
-1.728 
3.745 
-1.334 
-6.274 


ooorh ooorrf m~oOOrnN He OOM He OOoO RPoOOoOrnh 


1.020 


-2,096 
-8.020 
-3.422 
-1,287 
-1,02 


~4,801 
-1,.540 
-7.365 
~3.528 
-1,390 


-7.422 


-7.294 
-2,077 
-1,075 
~6.911 
4,885 


-3,269 
-4,717 
-1.751 
-9.597 
-6,362 


-2.491 
-1.707 
3.994 
-1.629 
~8.600 


-9.112 
-1,203 
-3.889 
~1.843 
-1,081 


-6,096 
4,095 
-9,098 
-3.370 
~1.671 


Nm ™ mn nn nn emetic eee eee rn  eeee eee ee em" 


0 
-1 
-1 


1.044 


-1.666 
-5.341 
~1.281 


-2) 6.61 
-1) 1.537 


~3.669 
~1.177 
~4,.987 
—1.534 
3.87 


-1,.484 
-2.403 
-1.007 
~4.783 
~2.630 


-1,082 
-7,705 
~1.985 
~9.141 
~5,182 


4,734 
-1,417 
~7,453 
~4.585 
-2,874 


-1.939 
-2.932 
-1.156 
-6,533 
-4,170 


-1.354 
-9,553 
-2,354 
-1,032 
-5.214 


-3.973 
5.417 
-1.852 
-9.431 
-5.907 


~2.517 
1.727 
~3.994 
-1.573 
~8,409 


-1 
-1 


: 
: 
: 
: 


: 
: 


: 


1.077 


-1.356 
~3.333 
3.51 
1.952 
2.291 


-2.920 
-9.216 
-3.207 
4.9 
1,594 


-1,056 
-1.807 
-7.694 
-3.115 
~1,.340 


~-6.916 
~5.123 
-1.408 
-6,749 
~3.612 


—3.432 
~1.071 
-5.480 
2.924 
-1,248 


-1.275 
~2,038 
-8.473 
4.718 
-2.651 


~8,127 
-5.934 
~1.552 
-7.288 
~3,006 


2,156 
~3.077 
-1.126 
~6.132 
-3.910 


~-1.279 
-9,031 
-2.208 
-9.397 
-5,379 


From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with permission). 
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SPHEROIDAL WAVE FUNCTIONS 


FUNCTIONS—FIRST AND SECOND KINDS 


-1 
-1 
-1 
-l 
-1 
-1 
-1 


-4 
-3 
-2 
~2 
-2 
~2 
-1 


~-2 
-1 
-1 
-1 
-1 
-1 
-1 


R® (ic, it) 

0 0.75 
9.9557 -1) 9. 9183 
9. 7265 -1) 9. 4976 
9. 3168 -1) 8 7520 
8.9565 -1) 8, 1032 
7. 8320 -1) 6.1209 
6. 5571 -1) 3. 9526 
5.3430 -1)1. 9680 

0 -2) 4, 9808 

0 -1)1. 2202 

0 ~1)1. 8802 

0 -1) 2. 2696 
0 ~1)3, 0132 
0 -1)3, 3765 
0 -1)3. 3530 
8, 8992 -3) 2. 3840 
5.5964 ~2)1. 4744 
1, 4489 -2) 3, 6993 
2. 2868 -2)5, 6728 
5.3150 -1)1.1932 
9.7914 ~-1)1. 9147 
1, 5649 ~-1)2. 5730 
6. 6454 -2) 8, 2880 
1, 6336 ~1) 2, 0133 
2. 5333 -1) 3. 0524 
3, 0762 -1)3. 6283 
4.1708 -1) 4, 5492 
4, 8229 ~1) 4, 6553 
5. 0170 -1) 4. 0221 
0 ~3) 2, 4923 
0 -2)1. 5314 
0 ~-2)3. 7974 
0 -2)5. 7617 
0 -1) 1. 1699 
0 ~1)1. 7976 
0 ~1) 2, 3200 
1, 5236 -5) 7. 2462 
2. 3850 -3)1. 1206 
9.7909 -3) 4. 4965 
1.9166 -3) 8, 6200 
6. 5244 -2) 2.7259 
1. 5669 ~2)5, 8920 
3.1147 ~1)1. 0193 
2. 6602 ~3) 4.1496 
1.6413 -2) 2. 5393 
4,1024 ~2) 6, 2453 
6. 2694 -2)9, 4031 
1, 3055 -1)1. 8562 
2.0801 -1) 2. 7317 
2. 8190 ~1)3,3111 
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Table 21.4 


RO (tc, #) 


0 


~7, 7864 
~2.9707 
-1. 7002 
-1, 2524 
-6. 2189 
-3. 0356 
~1. 3758 


-7. 5120 
-1. 2120 
~4, 8077 
-3, 1202 
~1. 4537 
~8, 7035 
-6. 0006 


-2. 2106 
-1. 4205 
-3. 5130 
-1, 8068 
-5. 5629 
~2. 5149 
~1. 4263 


~5. 9560 
-1. 0060 
~4, 2765 
-2. 9165 
-1. 4980 
~9. 1106 
-5. 7028 


~1. 8781 
-1. 2123 
-3. 0070 
-1, 5622 
~4, 8667 
-2,1999 
-1, 2282 


~9. 6745 
-2, 4841 
-3. 8151 
~1. 5721 
~3.1742 
-1. 0386 
-4, 4705 


-1. 1093 
~7. 2682 
-1. 8724 
-9. 9297 
-3. 4267 
~1. 7581 
~1, 0954 


ooo°o 


14 
ee 


ee te tet itn aie ea 


t 
a) 


oOooorFrrFrw 


PROLATE JOINING FACTORS—FIRST KIND i) (¢) 


“00 


~1) 8, 943 


UPRPWNe Oo 
1 
i] 


1957 (with permission). 


q) Ao) 


-1) 9. 422 
-1) 6.391 0)1. 586 
3. 742 0)1. 829 
-1)1. 909 0)1. 795 
2) 8.97 0) 1, 665 


From C. Flammer, Spheroidal wave functions. 


1 
1 
0 
0 


Q 
02 
4,637 
1. 268 
6, 352 
3, 867 


0) 2. 401 


me) 
ll 
0)2. 770 
0) 1.095 
-1)5. 011 


-1) 2,294 
~1)1, 023 


@ 
12 

1)4, 319 

0) 9, 527 

0)3. 417 


0)1. 413 
~1) 6. 067 


0.75 


0) ~4, 5290 
0) -1. 5906 
-1)-7, 5527 
-1)-4. 4277 
-2)+1. 2204 
~1) 2.2634 
-1) 3.0225 


-2. 3239 
~4, 0338 
-1. 7744 
-1, 2314 
-6. 3156 
-3, 4641 
-1, 5694 


-3. 4260 
-2, 2700 
~5. 9376 
-3. 2496 
-1. 2084 
-6. 5653 
-3. 9702 


-2. 1507 
-3. 8583 
~1. 7483 
-1, 2196 
-5. 8081 
-2. 3210 
+3. 168 


3, 2287 
-2. 1474 
-5. 6543 
3.1109 
-1.1709 
-6, 4134 
-3, 9677 


-8. 1316 
~-2.1259 
-3. 3786 
-1, 4390 
-3, 2838 
-1. 2924 
~6. 9734 


~2. 6888 
-1, 8121 
4. 9121 
-2. 7508 
~1. 0939 
-6. 0206 
~3, 3594 
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Table 21.5 


1. 222 0)1,118 
5.725 -1)4, 455 


Orr NN 
nN 
° 
ve] 
ies] 
ho 
oO 
nN 
e 
oO 
w 
w 


Stanford Univ. Press, Stanford, Calif., 
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22. Orthogonal Polynomials 


Mathematical Properties 


22.1. Definition of Orthogonal Polynomials 


A system of polynomials f,(x), degree [f,(xz)]=n, 
is called orthogonal on the interval a<x<b, 
with respect to the weight function w(z), if 


22.1.1 
f WOR [@dw0 
(n¥m;n, m=0,1,2,...) 


The weight function w(x)[w(r) >0] determines 
the system f,(z) up to a constant factor in each 
polynomial. The specification of these factors is 
referred to as standardization. For suitably 
standardized orthogonal polynomials we set 


22.1.2 


ic w(x) f2(xz)dz=ha, fr(z) =k, aw" +hint +... 
(n=0,1,2,....) 


These polynomials satisfy a number of relation- 
ships of the same general form. The most 
important ones are: 


Differential Equation 
G22) fn + 9i(2)fntanfn=0 


where go(x), g:(x) are independent of n and a, a 
constant depending only on n. 


22.1.3 


Reeurrence Relation 


22.1.4 Fnti= (On +2bn)fn—Cnfin-1 
where 
22.1.5 
ro aa Covet 9) aa are 
Rodrigues’ Formula 
22.1.6 fia is {w(x)[g(x)}"} 
€nw(x) dz, 


where g(x) is a polynomial in x independent of n. 


The system {@} consists again of orthogonal 


polynomials. 


(1.5.5) 
v1 


pisos ) 


(1.57.5) 
5 


Ficure 22.1. 
a=1.5, B=—.5, n=1(1)5. 


Jacobi Polynomials P(x), 
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fn(z) 


Name of Polynomial 


22.2. Orthogonality Relations 
nr 


$$ | | a | tr | | 


22.2.4 


22.2.5 


22.2.6 


22.2.7 


22.2.8 


22.2.9 


22.2.10 


22.2.11 


PP) (z) 
Ga(p, , 2) 


C® (z) 


T, (2) 


U,{2) 


C,(2) 


S,(x) 


T(z) 


UF (@) 


P,(2) 


PR (x) 


*See page 11. 


Jacobi 


Jacobi 


Ultraspherical 
(Gegenbauer) 


Chebyshev of the 
first kind 


Chebyshev of the 
second kind 


Chebyshev of the 
first kind 


Chebyshev of the 
second kind 


Shifted Chebyshev 
of the first kind 


Shifted Chebyshev 
of the second 
kind 


Legendre 
(Spherical) 


Shifted Legendre 


1 | 6 | —2z)P- azar 


1 | (l—z*)¢-4 
1 | (1—2*)-4 
1 | (l—2*)3 
z2\~4 
2 Q-§ 
z\4 
2 (1-3) 
1} (@—2*)-4 
1 | (@—2?)} 
1/1 
1j}1 


Standardization h, Remarks 
0/1) (te 264 Pntatir(nt+e+h) 
Ps =(*%*) Intatatl ala@tatetl | %>—»s>-1 
k=1 miD(ntgt(ntp)T(intp—gt)) p—q>—1,¢>0 
" (2n+ p)T?(2n+ p) 
Cc (1) w2!-@T (n+ 2a) «x0 wees 
se { 
_(*#26-1) nin a)ii(a)F 
= n 
(a #0) 
2 2 
CO(I)=, =z a0 
C()=1 
vw 
ig 0 
T,(1I)=1 ‘ 7 
Tv n=0 
U,(l)=n+1 7 - 
4 #0 
cane i 
S,(2)=n+1 * 
RT 
z 0 
T*(1)=1 ‘ em 
v n=0 
U*()=n+1 x : 
Pa) mrt 
_i 
2n+1 


DLL 
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22.2. Orthogonality Relations—Continued 


nn 


(a) Generalized 2 =e _(-1)" Tatn+1) 
22.212 | L® (zx) aguerre 0 e7*x2 kn a a> 
. 1)? 
22.2.13 L,(2) Laguerre 0 @o |e aor 1 
22.2.14 | H,(z) Hermite — wo | en en==(—1)* vr2°n! 
cl See 
22.2.15 | He,(z) Hermite — © ole? én=(—1)* V2en! 


*See page It. 


22.3. Explicit Expressions 
N 
Fn(t) =dn D>) Cmgm(Z) 
m=0 


fn(z) N d, Cm 9m (x) ka Remarks 
22.3.1 P&.# (x) n $s Ce) ‘aes (x—1)9-™(24 1) 4 Danae asst e>=1 
2 Te+rt+l) Tiats+n+m+1) ava i (2n+ats = a 
22.3.2 Ps 5) (zx) n niP(at+B+n+1) CG) *oteeeen) ~2=P(a+m+l) (x 1) 3 ( ‘na ) a> 1, 8> 1 
22.3.3 Ga(P, G 2) n Henao (—1)" (* Dae gem 1 p—q>—1, g>0 
— Q.7T 1 
22.3.4 | C(z) [5 Te (—1)™ eo (2x) -2m Ee ane a>~5 a0 
22.3.5 | C(z) [5 1 (—1)" Oar (2) n—tm = n#0 n#0, CO(I)=1 
—m—tl1)t 
22.3.6 | T,(z) [5 5 (—1)" ries (2x) »-2m Qa-t 
22.3.7 | U,(2) [5 1 (—1)" wey (2x) »~2m gn 
n ] n({™ 2n—2m pans (2n)! 
22.3.8 | Pa(z) 13] oe (—1) (*+) ( 2 ) ca 3n(n}t 
22.3.9 | Lin(z) n {1 (~e (Bre) J zm cy a>-1 
22.3.10 A, (2) [5] n! (— 1)™ mi(n— 2m)! (2z) n-2m 2". see 22.11 
22.3.11 He,(2) [5 n! (- 1)™ Gaal en—am I 
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Fiaure 22.2. Jacobi Polynomials Pi (2), 
a=1(.2)2, B=—.5, n=5. 


pe 5:Biegy 


Fiaure 22.3. Jacobi Polynomials P= (x), 
a=1.5, B=—.8(.2)0, n=5. 


Explicit Expressions Involving Trigonometric Functions 


n 
fn(cos 0)= >) Gm cos (n—2m)e 
mal 


fa(cos 0) am Remarks 


T(a+m)T(e+n—m) 
mi(n—m) [P(e)? 


Ji 7") Cae 
47 \m n—™m 


22.3.12 | C@ (cos @) 


axX0 


22.3.13 P,((cos 6) 


22.3.14 C (cos 8) == cos nd 
22.3.15 T,(cos 6)=cos n60 
223.16 ious jp Ee 
sin 0 
ch yy 


Fieure 22.4. Gegenbauer (Ultraspherical) Polyno- 
mials C(x), o=.5, n=2(1)5. 


ORTHOGONAL POLYNOMIALS 


77 


22.4. Special Values 


| 


Ral 
| 


Fn(O) fo(x) fi(z) 
1 | Fla B+ (@t+8+2)2) 
0, n=2m+1 
yap ttatni2) 1 2axt 
(-1) eee n=2m 
ct IF ee 
1 2x 
n=2m+1 
—1)", n=2m 
0, n=2m+1 1 2 
lofaee n=2m 
16 n=2m+1 i a 
oc 2m 
ee ) n= 2m* iy 
0, n=2m+1 
("7*) 1 Setadt 
n 
(= yn Om n= 2m 
1 22 
0, n=2m+1 


22.5. Interrelations 


Interrelations Between Orthogonal Polynomials of the 
Same Family 


Jacobi Polynomials 


fa(z) fn(—2) faQ1) 
nta 
22.4.1 | P(x) (—1)»P¢ (2) ee 3 
22.4.2 | C%(2) (—1)9C® (2) Ce. 
a0 n 
22.4.3 | C(z) (1) °C (2) 2, nx0 
22.4.4 | 7,(2) (—1)*T,(2) 1 
22.4.5 | U,(z) (—1)*U,(z) n+1 
22.4.6 | P,(z) (—1)*P,(z) 1 
22.4.7 | L(x) 
22.4.8 | H,(z) (—1)*H,. (2) 
cl ix) 
1.5 
ct? 
c8) 
cs” 
i] 
cit 
im Ys cy” 
ANS in, S 
0 


1.5 
Figure 22.5. Gegenbauer (Ultraspherical) Polyno- 
mials Ck (x), a=.2(.2)1, n=5. 


*See page II. 


22.5.1 

4.(q)2F @ntatB-+1) z+1 
PS *@) =a Fn patel) o" a+6+1,8-+1, ) 
22.5.2 

_ail(n+P) pw-ao- = 
Gulp, :2)="Ten ty PY Pz—1) 
(see (22.21]). 
22.5.3 
rg) 


F,(p, q,2)=(—1)"nl Pyr-**-Y(2z—1) 


(see [22.13]). 


T'(q+n) 


Ultraspherical Polynomials 


22.5.4 co (2)=lim + C2 (2) 
Chebyshev Polynomials 

22.5.5 Ta(2)=4C,(22)=T* (3*) 

22.5.6 T, (2) =U, (2) —2U 4-1 (2) 
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22.5.7 T (a) =2U n-1(%) —Un-2(a) 
22.5.8 a (x) =} [U,.(z) —U,-2(2)] 


22.5.9  U,(z)=S,(22)=U* ¢ 3) 


22.510 Uy-1(2) =p [aT ol) — Tan 2) 


22.511  C,(z)=2T, (§)=2 T* Ce 
29,5.12 CH= SD= 8D) 
22.5.13 8.(e)=U,(§)=U3( 


22.5.14 T%*(z)=T,(2r—1) =} C,(4a—2) 
(see [22.22]). 
22.5.15 U%(z)=S,(4e—2)=U,(24—1) 
(see [22.22]). 


Generalized Laguerre Polynomials 


22.5.16 LY (2) =L,(2) 


22.5.17  L&™(2z)=(— ye =  (Lntm(2)] 


Hermite Polynomials 


1% . —=2-1/2 dq, ze 
22.5.18 He, (2) ( 5) 
(see [22.20]). 

22.5.19 H,, (2) =2"*He, (2/2) 


(see [22.13], [22.20]). 


Interrelations Between Orthogonal Polynomials of 


Different Families 


Jacobi Polynomials 


22.5.20 
ve T' (2a) P(a+n-+ 3) 
a-ha} a (e 
22.5.21 
2)n F 1 
Pt 3) (x)= (3) +1 oty ( zt ) 


1 
=F o+Datt 


22.522 Pea) cist (/#5*) 
Zin 


2.5.23  P-b-D(z) = a(R ) P02) 


22.5.24 PY (2) =P, (2) 
22.5.95 Ultraspherical Polynomials 
{92n 
CY (2) ceo Pie-4.-b (2x?—1) 
(a0) 
22.5.26 
{92n+1 
(a0) 
22.5.27 
ee —Pe+e)TQat+n) a-ha 
COT) ern) is 
(a0) 
22.5.28 
Co (e)=27,(2)= 2 = iy VIP 1, -) (z) r 


Chebyshev Polynomials 


22.5.29 Tail) =e tP> ~4. D (23? 1) 


22.5.30 Un(t)= pee Pd -» (27?—1) 


22.5.31 T,(xz)= sy P&4-» (g) 


(n+1)!vr 
~ 2r(n+3) 


2.5.32 U,(z)= P?» (2) 


Tax) 


Figure 22.6. Chebyshev Polynomials T,(z), 
n=1(1)5. 


*See page 1. 
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Legendre Polynomials 


22.5.35 P,(@)=P2 (z) 
22.5.36 P,(2)=Ci” (2) 
22.5.37 


a = = (m+4) 
gan WPa(z)|=1-3.. . (2m—1) p25? (2) (m <n) 
Generalized Laguerre Polynomials 


22.5.38 LEV) (2) = oo Fz, (v2) 


°3 (1/2) (=F 
FiGgureE 22.7. Chebyshev Polynomials U,(z), 2.5.39 0 Li (@) = oma fg nlg2n+h fz Hansi(v) 
n=1(1)5. 
n Hermite Polynomials 
22.5.33 T, (2) == CO (2) . 
2 22.540  Hom(x)=(—1)"2?™m LV (22) 
22.5.34 U,(2)=C® (2) 


22.5.41 Aomset (x) = (— 1)"27"4 mle Lol) (x?) 
Orthogonal Polynomials as Hypergeometric Functions (see chapter 15) 
Sr(x)=dF(a, b; ¢; g(z)) 
For each of the listed polynomials there are numerous other representations in terms of hyper- 
geometric functions. 


fn (2) d a b c g(x) 

22.542 | Po?(a) CS —n ntatétl atl ee 
22.5.43 PEP) (Fe *)" —n —n—a —2n—a—B rca 
22.5.44 | Pl (2) (ene) = er Pee = 
sas | room | ("t#)(253)' oes theaee ‘had za 
22.5.46 | C®(2) ne =a ish mee aay les 
22.5.47 | T,(z) 1 ih - ; 1 = 
22.5.48 | U(x) n+l —n n+2 * Fy ms 
22.5.49 | P,(2) 1 te ee ‘ i 
22.5.50 | P,(z) CV\Sy ay bx Z5y 2 : 
22.5.51 | P,(2) ea) Gy _ ie i : 

22.5.52 | Pon(z) (— yee —n n+} } a? 

22.5.53 | Panti@) (—1) ee —n n+4 Fy 2 


*See page II. 
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Orthogonal Polynomials as Confluent Hypergeometric 22.5.58 
Functions (see chapter 13) 1 
H,,(2) == Q"/292/2 Dr (V2z) = QN/2927/277 (—»-} V2) 
22.5.54 Li (z)= ks IM (—n, a-+1, 2) 
22.5.59 He,(t)=e"*D, (2) =e" "U (—-5 z) 


Orthogonal Polynomials as Parabolic Cylinder 
Functions (see chapter 19) 
Orthogonal Polynomials as Legendre Functions 


22.555 Hy» (z)=2"U (5-3 in, 3, a! Geo chapters) 


22.5.60 
22.5.56 Hon (2)=(—1)" 2! On) M(-m,3 Ly 2*) C® (a) = 
T(at+4)P(Qa+ oo ae 
22.5.57 a ; ( Met pr Gate) riety ete ») [; (e oie PE), @) 
*  Homyi(t)=(—1)” ore -2aM( — Mm, 9) z*) (a0) 


Palx) 


Ficure 22.9. Laguerre Polynomials L,(z), 
n=2(1)5. 


ie 
Ni! 


Figure 22.8. Legendre Polynomials P,(2), 
n=2(1)5. n=2(1)5. 


H,(2) | 


Figure 22.10. Hermite Polynomials 3 


*See page IL. 
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22.6. Differential Equations 


g(z)y’’ +gi(z)y’ + 90(z) y=0 


22.6.3 


22.6.4 


22.6.5 


22.6.6 


22.6.7 


22.6.8 


22.6.9 
22.6.10 


22.6.11 


22.6.12 
22.6.13 


22.6.14 


22.6.15 


22.6.16 


22.6.17 


22.6.18 
22.6.19 


22.6.20 


22.6.21 


Pee (z) 
(1—z)#(1+2)8P&- (z) 


at} 8+1 


g3(z) gi(x) go(z) 


1—2? B-—a—(a+8+2)z n(nt+at+B+1) 


1—2z? a—B+(a+B—2)z (n+ 1)(n+a+ B) 


1 l-a@’ | 1 1-8 
4 (1—2)?° 4 (142)? 


1—z)? (l+z)? Pe 1 0 
afey Mayu a g2nntatet tat Iiet) 
2(1—2?) 
1— 4a? 1— 4g? 
ain VEY ane Z PTE ple.e aes Le oe 
(sin 5) (cos 5) Pig NEE) : y 16 sin? 5 16 cos? 5 
atBp+l\? 
+(n425) 
C(x) 1—z? | —(2a+1)z n(n+2a) 
(1-2) 40 (2) 1-2? | (2a—3)zr (n+1)(n+2a—1) 
Sat te (n+a)? , 2+4e—4a?+2? 
(1 —2x?)? 4 C® (z) 1 0 1—2z +~4i=zy? 
(sin x)°C© (cos 2) 1 0 (nt+a)24- 20 =2) 
: . sin? x 
T(x) 1-2? —z ne 
T (cos 2) 1 0 n? 
, Ta(t) ; Uns (a) = 1-2? —3r ni—1 
vi—2z? 
U a(x) 1-2? —3x n(n+2) 
P,(2) 1—2z —2 n(n+1) 
n(n+1) 1 
Vi—z'P,(2) 1 0 l—2? +a 
L® (z) z atl—z n 
—2ya/2T (a) * 3 2+1 att+1—= 
e~*z2/?2L@ (2) 2 4a 
1, 1l-a? 1 
or sliglet DAL (2) ; 0 dntatl, Ioet 1 
2 . 1— 4a? 
e- F/ag**4 1) (72) 1 0 4n+2a+2—2?-+ re 
H(z) 1 —2z 2n 
2 
e ?H,(z) 1 0 2n+1-—-2? 
Hen(2) 1 —z n 


*See page I. 


782 ORTHOGONAL POLYNOMIALS 


22.7. Recurrence Relations 


Recurrence Relations With Respect to the Degree n 
infants (z) = (dan+ Asn) fn (x) =n Qsnf a1 (z) 


fn O1n Gin An Ain 
22.7.1 Pye (a) 2(n+1)(n+te+6+1) (2n+a+ 6+ 1) (a?— 8p?) (2n+at+8)s 2(n+a)(n+8) 
(2n-+a+8) (2n+a+8+2) 
22.7.2 G.(0, g, 2) (2n+ p—2)4(2n+ p—1) | —[2n(n+p)+9(p— 1] (2n+p—2), | n(n+q—1)(n+p—1) 
(2n+ n= 2); (2n+p—1) (n+ p—q)(2n+ p+ 1) 
22.7.3 C(x) n+1 0 2(n+ a) n+2a—1 
22.7.4 T(z) 1 0 2 1 
22.7.5 U,(2) 1 0 2 1 
22.7.6 S,(z) 1 0 1 1 
22.7.7 C,(2) 1 0 t. 1 
22.7.8 T(x) 1 —2 4 1 
22.7.9 U5) 1 —2 4 1 
22.7.10 P,,(2) n+1 0 2n+1 n 
22.7.11 P3(z) n+l —2n—1 4n+2 n 
22.7.12 LY (2) n+1 2n+a+l -1 nta 
22.7.13 H,(2) 1 0 2 2n 
22.7.14 He,(2) 1 0 1 n 
Miscellaneous Recurrence Relations Ultraspherical Polynomials 
esse Jacobi Polynomials 22.7.21 


(n+ $4541) (1a) Pets9@) 

= (nat l)P, = (2)—(n4+1)PSP (2) 
2.7.16 
(n+ $4541) (+2)PS#?(0) 

= (Wt B+I)PS a) + (n+ I)PSP (a) 


22.7.17 
(1-2) PS++P (2) -+ (1-2) PS? (2) = 2P%9 (2) 

22.7.18 

(2n+a+B)PP-'? (2)=(n-+a+p)P” (x) 
—(n+B)P&P (2) 

22.7.19 

(2n+-a+B)PSF-” (2)=(n+a+p)PL” (2) 
+(n+a)P&P (2) 


22.7.20 P{- 8-9 (2) —Pe-® (x) == P&P) (x) 


2a(1—2*) C4” @) = (2a-+n—1)CM (x) —nzC& (2) 


22.7.22 
= (n+2a)20 (x) 
—(n+ 1) (2) 
22.7.23  (n+a)CS5? (2) =(a—1)[CS (2) - C22) 
Chebyshev Polynomials 
22.7.24 
2 Tn(X) T, (x) TF Pum (2) + Tn—m(2) (n> m) 7 
22.7.25 
2(2?—1)Um—1(2) Uni (2) = Tn-m(%) — Pn—m(@) 
(n>m) 
22.7.26 
2T ,,(4)U n-1(2) =U n4m-1(2) +U n—m-1(2) (n>m) 
22.77.27 
27, (t)U m—1 (2) =U n4m-1(2) —U,-n-1(2) (n>m) 


227.28 2T,,(2)U n—1() =Urn-1(2) 


*See page 11. 
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Generalized Laguerre Polynomials 22.7.31 
99.7.29 LE* (a)=* [(ntatl) LO (a) —(nt1)L2 (2)] 
LE* (2) == [(2—n) LO (2) + (atm) LA(2)] 22.7.32 


(a-1) 3. (a) = me (a) 
2.7.30 LE-(z)=L©(2)—L © (2) Be) pg OTD Ee) atl a Eee) 
22.8. Differential Relations 
ga(2)Z ful2) =9u (2) fa (2) + o(2)fa-s(2) 


fn 9: gi Go 
22.8.1 Py) (2) (2n+a+8)(1—z2*) nla—B—(2n+a+8)z] 2(n-+a) (n+ 8) 
22.8.2 C (xz) 1—2z? —ne n+2a—1 
22.8.3 T(z) 1—z —nx n 
22.8.4 U,(@) 1-2? —na n+1 
22.8.5 P,(2) 1—z? —nz n 
22.8.6 L©) (2) x n —(n+a) 
22.8.7 H(z) 1 0 2n 
22.8.8 He,(x) 1 0 n 


22.9. Generating Functions 


q(z,2)= > Onfn(z)z" R= vV1—2z4+2 
n=@0 
fn(x) Gn g(z,2) Remarks 
22.9.1 P&-9) (x) 2-2-6 R-(1—2+ R)-#(1+2+ R)-6 je|<1 
ee 
22.9.2 C®(z) ie R-\(i—z2+ Rt lz|<1,a%0 
22.9.3 | C(z) i R-* lei}, a0 
22.9.4 C® (z) l —In R? lel<1 
: T'(2a) epee . x 
22.9.5 C& (x) Tat )r@atn) ez con F G sin ) Ja-,(z sin 6) z=cos 6 
22.9.6 | T(z) 2 +1) ~1<2<1 
BR le|<1 
22.9.7 | T,(z) 2 ay) R-\(1—z24+R)'2 —1<2<1 
» le|<1 
22.9.8 T(z) d 1—41n Rt a=1 
" —l<r<l 
lz|<1 
l—zz 
22.9.9 | 7, 1 —1 1 
(2) Re <z< el 
22.9.10 | U,(z) 1 R-? —1<2<1 
jz|< 
v2 (2n+2 1 “4 * os 
22.9.11 U(x) at na R (1—zz+ R)-12 ES ey 


*See page I. 
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22.9. Generating Functions—Continued 


g(x, 2) = D7) ana (x) 2" R=vVi—22z+2 
n=0 
Sn(z) Qn g(2, 2) Remarks 
22.9.12 P, (2) 1 Ro —liz<l 
jzf<1 
22.9.13 | Pa(z) a et co8 #J,(z sin 8) 2=cos 6 
22.9.14 S,(2) 1 (1—zz+ 22)-1 —2<2<2 
je|<1 
22.9.15 | L©(z) 1 (1—2)-*"! exp (44) |z<1 
1 
(e) ere a ate ore —bages / 
22.9.16 LE” (x) Tatetl) (zz) —bae* J {2 (xz) 1/2} 
22.9.17 | H,(z) = pee 
22.9.18 | Hy,(z) ise) bd e¥ cos (2xVz)  * 
a an (2n)! 
(— 1) . -1/2pz gt 
22.9.19 Hanii(z) @ntpI z-"2e2 sin (22Vz) * 
22.10. Integral Representations 
Contour Integral Representations 
fr(z) = wate) f. {gi(z, z)]"*g3(z, z)dz where C is a closed contour taken around z=<a in the positive sense 
| fn(z) | go(x) | gi(z,2) g2(z2,2) a Remarks 
1 1 | (1—2)*(1+2) 
(a, 8) ee ee ———— 
22.10.1 Pia. P(x) C—z)*(ipaye re mae x +1 outside C 
22.10.2 C(x) 1 1/z (1— 2az-+ 24)~a271 0 Both zeros of 
1—222+ z’outside C, 
a>0 
1-2? Both zeros of 
22.10.3 T (2) 1/2 1/z z(1—2ne+ 2%) == Qre+ z) 0 1—2zz + 2? outside Cc 
1 Both zeros of 
22.10.4 U,(2) 1 ie z(i— 22242) 0 1—222+ z? outsideC 
1 x Both zeros of 
22.10.5 P,, (2) 1 \/z z (l—2z2e+ 2%) 1/2 0 1—2z2+ 2? outsideC 
1 zi—] 1 
22.10.6 P, (2) in pare — x 
(a) tye pat a —~ i 
22.10.7 | L&(z) err aie rma x Zero outside C' 
22.10.8 | Li (x) 1 1 +2 e7" ( 1 +2)" l/z 0 z=—z outside C 
22.10.9 | Ha(z) nl I/z or 0 


Miscellaneous Integral Representations 


20-20 1 (n-+-2a) 


22.10.10 Ci (z) ——ar@r { [a+ -yz?—1 cos ¢]*(sin ¢)22-'d@ = (a@>0) 


22.10.11 C® (cos = OF (ain 6)!-t« f. ; org is ds (a>0) 


*See page I. 
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22.10.12 P,,(cos @) = { (cos 6+7 sin @ cos ¢)"dé 
0 


22.10.14 Li (2) == af e+? J,(2vta)dt 
: 0 


es 22.10.15 e 
22.10.13 P,(cos n= f santa aged H(z) =e? = ae f e-t" cos (20-5 dt 
0 


» (cos 6—cos ¢)! 


22.11. Rodrigues’ Formula 


h@=— 5 £1 p(x)(g(z))"} 


The polynomials given in the following table are the only orthogonal polynomials which satisfy 
this formula. 


fn(z) Gn e(z) g(x) 
22.11.1 P(e. 6) (z) (—1)"2"n! (1—zx)*(1+7)8 1-2? 
22.11.2 | C@(z) (—1)*2"n! Tar rie2s) (1—ztye-4 1-2 
22.1.3 | T(z) (—1)"2" tore (l—z)-4 1-2 
r(n+4) —7)3 _7 
22.11. U, —1)ngati (1—2?) 1-2 
11.4 (x) (—1)*2 Shite 
22.11.5 P, (2) (—1)*2*n! 1 1—2? 
22.11.6 L‘*) (2) ni e772 x 
2211.7 | H(z) (—1)* a, : 
22.11.8 Hen(z) (-—1)" e722 1 
22.12. Sum Formulas | 22.13. Integrals Involving Orthogonal Poly- | 
Christoffel-Darboux Formula nomials 
22.12.1 22.13.1 
sl ot _ fax) —fn(z)fniily) 
—fm(x) fim Bhat Sal A LM RDS 2B SE z 
2 fm Im) = zy an —y)a(i-+uPe-” way 
0 
Miscellaneous Sum Formulas (Only a Limited Selection =Pethsty (0) —(i—2) atl(y +2) ipo +L B40 (x) 
Is Given Here.) 
n 
22.12.2 2, Tom (2) =4[1+U2,(z)] 22.13.2 
m= 


meet) ("a-wy tor way 


n-1 
22,12.3 2, Tom+-1 (z) = BU 2n-1 (x) = Cty (0) =. (a _ gyatignt 1) (2) 


. 7 _l a Ton (z) 
22124 3) Um(@)=Sq ay 2.13.3 {' ae ra U n-1(2) 
ited _— &—Tn41(2) 14/ 2 
22.12.5 24, Uom+1(2) = S02) 22.13.4 f Vi-y =e =—7T,(z) * 
-1 y—x) 


22,12.6 >> L(x) L(y) = Lett” (2-ty) si 
m=o 22.13.5 J (1-2) P,(@)dr= x 
1 m+1 


2212. 33 (™E*) yom — MD i292) = L(y) 
m=0 


2 
22.12.8 


1 n 
Hyla+o) san 33 (4) HalVB2) Hav 2y) 22.13.7 si daiiaaadl pee (2* (a 


*See page II. 
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22.13.8 
n d 1 43 
ff restate OD) (A>—1) 
meas 
22.13.9 »)0( » 
1 (—1)"r n+3— ie 
J. DP on4i (a) dz aay, 
22.13.10 aa?) 
7 P,(t)dt __ 1 
-1 ¥z—t ~“@4+hyita n(t) +1412) ] 
22.13.11 
f cee @apd [7.(2)—Tn41(2)] 


22.13.12 f ° e* L@ (t)dt=e-*[L& (x) —L@,(2)] 


22.13.13 
Pat p+n+1) (- (@—1P- 4 L© (t)dt 
=P (a-+n+1)P(B)2et4L e+ (2) 
(Ra>—1, #B>0) 
22.13.14 


f, * Em(t) Ln (x—t)dt 
-{" Emn(t)dt= Lmnan(2)— Dmtngi(2) 


22.13.15 f ° e-°H,(t)dt=H,-1(0)—e-"An-1(2) 
0 
2 1 
22.13.16 f H,(dt= 555 Hasi(2) Has) 
22.13.17 (  e-* yz 2m)! 
eld. é Hon(tz)dt=Vr —— (2?—1)™ 
22.13.18 


i- e-'tH oma (tx) dt= VF Ont x(2?—1)" 


22.13.19 f ” 6-¢H, (at)dt=yanlP, (2) 
22.13.20 
f ” eH, (t)}? cos (2t)dt=/F2"—"nle-*L, (5) 
0 


22.14. Inequalities 


22,14.1 
Ce) =n, if g=max (a, 8)> —1/2 
Px (@)|s («>—1, B>—1) 
[PS (2")| ~ fr if ¢<—t 
x’ maximum point nearest to aa 
2214.2 
Co) (a>0) 
IC? @)IS 


IC’) | 


1 
(-2<0<0) 
z’=0 if n=2m; z’=maximum point nearest zero 
if n=2m+1 


22.14.3 
|Cx* (cos @)|<2'-¢ ae (0<a<1,0<6<m) 
22.14.4 |T,(2)|<1 (—1<z<1) 
2214.5 e2|< 2 (~1<2<1) 
22.14.6 |U,(z)|<n+1  (—1<2<1) 
22.14.7 = |P,(z)|<1 (—1<2<1) 
22.14.8 ee a(t)| <1 5nm+1)  (—1<2<1) 
oo ae + 
22.14.9 Preis)? Fa les 
22.14.10 
2Qn+1 
Pi(z)— Pye 1(@)Pas1@) <3 HI) (—1l<z<]1) 
22.14.11 
1—P3(z) 
Pi(z)—P -1@)Pan@)2 BD Hi) 
(—1<2<1) 

22.14.12 \Ln(z)|<e7?  (2>0) 
22.14.13 IL |< TETREY et (a>0, 2>0) 
22.14.14 
IL @)|s[ 2a) el? (~1<a<0, 220) 


*See page II. 
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22.14.15 |Hon(2)|<e2222"m! [2s (4) 22.15.2 lim baer Ge) =27-!2J, (27%) 
n> 
ay (2M+2)! (—1)"vii py (_2 1 
22.14.16 |Hom41(z)|<2e nn (x>0) 22.15.3 lim “Ant Ho, Gin) Fs cos 
. (1) 
22.14.17 |H,(z)|<e?k2"2ynl kk 1.086435 2.15.4 lim | “Ga, ci Fon +1 (i) |-z == sin z 
22.15. Limit Relations 22.15.5 lim P{&: 4) (1-9) -29@ 
22.15.1 foe » 8B 
a, : 1 - x 1 
lim [ 2. Pie (cos 2) | 2.15.6 lim 3,09 (%)=4 Hale) 
e. 2 For asymptotic expansions, see [22.5] and 
tim 5eP” (1g )=Z) Jol | pay 


22.16. Zeros 


For tables of the zeros and associated weight factors necessary for the Gaussian-type quadrature 
formulas see chapter 25. All the zeros of the orthogonal polynomials are real, simple and located 
in the interior of the interval of orthogonality. 


Explicit and Asymptotic Formulas and Inequalities 


Notations: 
2 mth zero of fn(z) (2f?<asPr< 2... <a) ja,m, mth positive zero of the Bessel function J.(z) 
6 =arccos Te 4 (OA? <OIMP<K 2. COMM <r) O0<ja,1< Jar. + - 
fn(x) Relation 
22.16.1 | P (cos 6) ae 10°) = Fa im (a>—1, B>—1) 
(2) (n) _ Fe-kam [1-? om 23 | 
2216.2 | C%(z) ait mr [1-¥+0 (4) 
te) (m+ a—1)m ye) ce 
22.16.3 | C© (cos 6) aia SOP S05 (0<aS$1) 
22.16.4 | T(z) ais’ cos ines i 
yen m 
22.16.5 U,(z) 2%) = cos nti” 
2m—1 , 2m 
Ine So Sati * 
22.16.6 P,,(cos 6) 4 1 
a m— ian 
02 TED Tt apa Ob gerry F+OCH) 


a= 1— Be " = 1-24 0(n-)] 


22.16.7 | P,(z) ‘ae 
a) __ - Jo,m—2 
am = 1a pgp ee =e, [1 +p [+0 Ga) 
a> 

22.16.8 | L® (z) rc fo * (2hm-+ V4 +4—a!?) kr 5 


- _Jaim 2(a?— 1) +32 .m = 
ape (43s )+0(n s) 


For error estimates see [22.6]. 
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22.17. Orthogonal Polynomials of a Discrete 
Variable 


In this section some polynomials f,(xz) are listed 
which are orthogonal with respect to the scalar 
product 


22.171 (fa; In) =D w* (x1)fn(t1)fm (a1). 


The z, are the integers in the interval a<2,<b 
and w*(z;) is a positive function such that 


>ow*(z,) is finite. The constant factor which is 
iy 


still free in each polynomial when only the orthogo- 
nality condition is given is defined here by the 
explicit representation (which corresponds to the 
Rodrigues’ formula) 


22.17.2 h@=a5 A*tw*(z)g(z, n)] 


where g(z,n)=g(z)g(z—1) . . . g(x—n+1) and 
g(x) is & polynomial in z independent of n. 


Name a b w*(z) 
Chebyshev 0 N-1 1 
Krawtchouk 0 N ptqh-= (*) 
Charlier 0 aa e~ cn 

at 
i c7T'(b+2) 

Meixner 0 a aa 
Hahn 0 = T(b)T(c+z)T(d+-2) 


zIT'(6+2z)F(c)T(d) 


Tn g(z, n) Remarks 
Un! Os 
ails oan " ae 
(pve | oy a>0 
en oa b>0, 0<e<1 
zIP(b+2) 


(z—~—n) IT (64+2—n) 


For a more complete list of the properties of these polynomials see [22.5] and [22.17]. 


Numerical Methods 
22.18. Use and Extension of the Tables 


Evaluation of an orthogonal polynomial for which the coefficients are given numerically. 


Example 1. 
Horner scheme. 


Evaluate Z,(1.5) and its first and second derivative using Table 22.10 and the 


1| —36 450 | —2400 “400 — 4320 720 
221.5 1.5| —51.75| 597.375 | —2703. 9375 4044, 09375 — 413, 859375 
1 | —34.5 398.25 | —1802.625 | 2696.0625 |  —275, 90625 306. 140625 
15 1.5] 49.5 523,125 | —1919, 25 1165, 21875 1,28 1s 
=. 42519 53 
1] —33.0| -° 348.75 | —1279. 500 776. 8125 889, 3125 
1.5 1.5] 47.25] 452,250 | —1240. 875 ra 
= 1.23515 625 
1| —31.5 301.50 | —827.250|  —464. 0625 L,,=2 1-464 0625) 


== —], 28906 25 
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not 
given numerically. 


Tf an isolated value of the orthogonal polynomial f,(xz) is to be computed, use the proper explicit 
expression rewritten in the form 
Sr(t) =dn(x)ao(z) 


and generate a,(z) recursively, where 
tm-1(2) == 1-9" f(z) m2) (m=n,n—1, .. ., 2, 1, da(z)=1). 


The d(x), bm, Cm, f(x) for the polynomials of this chapter are listed in the following table: 


fn(x) d,(z) Om Cm f@) 
Pee (Ce (n—m+1)(a+8+n+m) 2m(a+m) 1—z 
cy (yr 2(n—m+1)(atn+m—1) m(2m—1) x 
Ce, (—1)" Gen 2z 2(n—m+1)(a+n+m) m(2m+ 1) 2 
Ton (-—1)* 2(n—m+1)(n+m—1) m(2m—1) a? 
Tonst (—1)*(2n+1)z 2(n—m+1)(n+m) m(2m-+ 1) zt 
Urn (—1)* 2(n—m+1)(n+m) m(2m— 1) x? 
Uanet (—1)*2(n+ 1)z 2(n—m+1)(n+m+1) m(2m-+ 1) x? 
Pan cu () (n—m+1)(2n+2m—1) m(2m—1) x 
Piss pt PD) nts (n— m+ 1) (2n-+2m+1) m(2m-+ 1) a 
L® Cz") n—m+1 m(a+m) x 
Hon (—1)" Gm 2(n—m+1) m(2m—1) 2? 
Hogat (—1)" nt oe 2(n—m-+1) m(2m-+1) 2 


Example 2. Compute P{/(2). Here dy—(*;”)=3.33847, 4FQ\S=1. 


m 8 7 6 5 4 3 2 1 0 


Om 1 | 1. 132353 | 1. 366667 | 1. 841026 | 3. 008392 | 6. 849651 | 26. 44156 | 223.1091 | 6545. 533 
m 18 34 48 60 70 78 84 88 90 
Cm 136 105 78 55 36 21 10 3 0 


P$/2.3/2) (2) = dgao(2) =(3.33847)(6545.533) =21852.07 
Evaluation of orthogonal polynomials by means of their recurrence relations 
Example 3. Compute C%(2.5) for n=2,3,4,5,6. 
From Table 22.2 C®=1, C)=1.25 and from 22.7 the recurrence relation is 


OY (2.5) =15(n+ HOY 2.5)— (n—NOW,2.5)] 


n 2 3 4 5 6 


co) (2.5) 3.85625 | 13.08594 |  50.87648| 207. 0649 867. 7516 


Check: Compute C{(2.5) by the method of Example 2. 
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Change of Interval of Orthogonality 


In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1]. 
One can obtain the new polynomials from the ones given in this chapter by the substitution z=2z—1. 
The coefficients of the new polynomial can be computed from the old by the following recursive scheme, 
provided the standardization is not changed. If 


Jul) = 3 On, f(a) =fa2a—1) = abe” 


then the a%, are given recursively by the a, through the relations 


a? =2a9-%—a_ 1; m=n—1, n—2,...,j;j=0,1,2,...,% 
aS” =a,,/2, m=0, 1, 2, 1 
ay =2/a,,j7=0,1,2,...,7 ayer ae” =at; m=0, 1, 2, ,n. 


Example 4. Given 7;(z)=5z—20z'+ 162", find rae 


5 4 3 2 1 0 
j 
-1 8=as” 0 —10=af" 0 2.5=af-” 0 
0 16 —16 —4 4 1 —1=a 
1 32 —64 56 —48 50=a; 
2 64 — 192 304 —400=a; 
3 128 ~~ 512 1120=a; 
4 256 — 1280=a; 
5 512=a; 


Hence, T}(z) =512z25— 12802'-+ 11202°—4002z?+ 50z—1. 


22.19. Least Square Approximations D a Continuous Interval 


Problem: Given a function f(z) (analytically or 
in form of a table) in a domain D (which may be 
a continuous interval or a set of discrete points).? 


Example 5. Find : least square polynomial of 


degree 5 for f(z)= = in the interval 2<2<5, 


Approximate f(z) by a polynomial F(z) of given 
degree n such that a weighted sum of the squares 
of the errors in J) is least. 

Solution: Let w(z)>0 be the weight function 
chosen according to the relative importance of 
the errors in different parts of D. Let f,(z) be 
orthogonal polynomials in D relative to w(z), i.e. 
(fm fn)=0 for mx¥n, where 


[, e@s@acae 
if D is a continuous interval 
i, 9)= Pp 
p> W(Lm) f (Lm) G(Zm) 
if Disa set of N discrete points z ». 
Then 
F, (2)= 23 Om JS m(x) 
where 


De ari ok am=(F, fm)! fms Im). 


2 f(z) has to be square integrable, see e.g. (22.17). 


*See page Il. 


using the weight f Greta 


1 


wl) = 3) (5—z) 


which stresses the importance of the errors at the 
ends of the interval. 


Reduction to interval [—1, 1], 12! 
2 = 
From 22.2, /,,(¢)=T,,(t) and 
Fs Ls 2 
an= TBE i T(t) dt (m %0) 


1 
a af J1—t aie 
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Evaluating the integrals numerically we get 


—_— ww 


i+2 


235703—.0808807, (A 2 +.0138767; ( 


22—7 
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22—7 


)=.0028807% ( 


22—7 22-7 


4-.0004087; ( )—.0000707, ( 


D a Set of Discrete Points 


If znz=m(m=0, 1, 2,..., 
range 22.17. 


N) and w(x)=1, 
It is convenient to introduce here a slightly different standardization such that 


falz)= 33 (1) (% ) (7) 
(N+n+1)!(N—n)! 


use the Chebyshev polynomials in the discrete 


ai(N—m)! 
(z—m)IN! 


fn» S)= (2n+1) (NI)? 
Recurrence relation: f)(z)=1, f,(%)=1 - 


(n-+1)(N—2)fn41(%) = (2n +1) (N—22)fn(e)—2(N ++ 1) fra) 


Example 6. Approximate in the least square sense the function f(x) given in the following table 


by a third degree polynomial. 


z | f(z) z—7— 10 fol) 
2 
10 3162 0 1 
12 | . 2887 1 1] 
14 2673 2 1 
16 2500 3 1 
18 2357 4 ] 
So) 
(fa J) =A@) 5 
¢; f= Po fa @fE-+10) 1. 3579 
am pede ie) . 271580 


fi@) fi) fs@) 
1 1 1 
1/2 —1/2 —2 
0 -1 0 
—1/2 —1/2 2 
~—1 —1 
A@) Sa@) Sa(2) 
2.5 3.5 10 
. 09985 . 01525 . 9031 
. 039940 . 0043571 . 000310 


F(z) ~.27158+ .03994(3.5— .252) + .0043571 (23.5—3.52-+ .12527) + .00031(266 —59.8333z 


F(@) ~ 59447 — .0436582-+ .00190092?— .00003229225 
22.20. Economization of Series 
Problem: Given f(2z)= pa Gnz™ in the interval 
m= 
x N 
—1<a#<land R>0. Find f(z)=>) b,,2" with N 
m=0 


as small as possible, such that |f(2)—f(2)|<R. 
Solution: Express f(z) in terms of Chebyshev 
polynomials using Table 22.3, 


f(z) =>} ba Tn() 


+4.3752?— .104172°) 

Then, since |7;,(z)| <1(—1<z<1) 

= N 

Ie) ee bam (x) 
within the desired accuracy if 

, nr 
Dy balck 
m=N-+1 


f(z) is evaluated most conveniently by using the 
recurrence relation (see 22.7). 
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Example 7. Economize f(z)=1-+2/2+22/3 
+23/4+-24/5+2°/6 with R=.05. 
From Table 22.3 


f(a) = [1497 (2) +32T»(x2) +37, (z)] 


+ gg l76Ti(2)+11To(2) + Tx(2)} | since 


80 


Ha) = q5p [149 Tla) +327 (o)]+- oe (76T (2) +11 Tya)] 


4 Pat 
| F(z) —f(2)| S716 <.05 
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Coefficients for the Jacobi Polynomials P{* (x) =a;" 25 Cm(2—1)” Table 22.1 
n= 


@, (e—-1)° (@-1)! (@e—1)? (@—1)3 (@—1)! (@@—1) (@e—1)° 
Poe.» 1 1 
Pie. 2  2a+1) a+p+2 
Py. 8 4(a+1)2 4(a + 8+3)(a+2) (a+6+3)2 
Py. 48 Sat], 12(a+6+4)(a+2)2 (a+ 8 +4)2(a +3) (a+6+4)s 
Pe. ® 384 16(at+1), 32(ath+5)(at2)s 24(atB+5)x(at3)2 B(atB+S)x(at4)  (at6+5) 
Pg. 3840 32(at+1)s 80(etB+6)(a+2,  80(a+616)(a+3),  40(at+B+6)a(at4): 10(2+8+6)s(a+5) (a+6+6)s 
Pe. 46080 64(at+1)e 192(a+8+7)(at2)s 240(a+8+7xla+3 160(a+b+7lat4)s COatBtDaat5)2 12ats+7s(at6) (atB+7)s 


a ee eee eee 
(m),=m(m+1)(m+2) .. . (m+n—}) 


PYY@ =a, [(8)s(e— 1)®+ 10(8)4(6) (z— 1)4+40(8)2(5)2(z— 1)? + 80(8)2(4)a(e— 1)?+80(8) (3)4(e— 1) +32(2)s] 


1 


PE @)= 3840 


[95040(¢— 1)5+475200(2— 1)*-+ 864000(x— 1)? + 691200(2— 1)*+ 230400(z— 1) + 23040] 
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Table 22.2 


Coefficients for the Ultraspherical Polynomials C{(z) and for z” in terms of C{)(z) 


n n 
C® (2) =a; >) emt™ and 2"=bs! >) dnC®(z) (@#0) 
m=0 m=0 


(a@)p=a(at1)(at+2) ... (a+n—1) 


1 


=T—qy, B@OCH@ +3CP@)] 


CP (a) =F (S(Q)se—6(2)o2] at 


C?(z) =; [9623 — 362) =% [9CP (x) + 3CP@)] 


v6L 
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Table 22.3 


Coefficients for the Chebyshev Polynomials 7,,(z) and for 2" in terms of T'n(z) 


3 
= 
& 


COONS APWON HOS 


~ 
~- 


12 


T(x) = 322° — 4824+ 1822-1 


0.2 


+1.00000 00000 
+0.20000 00000 
—0.92000 00000 
—0.56800 00000 
+0.69280 00000 
+0.84512 00000 


—0.35475 20000 
—0.98702 08000 
—0.04005 63200 
+0.97099 82720 
+0.42845 56288 
—0.79961 60205 


—0.74830 20370 


n 
T(z) = 2 ont 


n 
a™=b71 > \dmT'm(Z) 
m=0 


aa (107) +157,+6T,+ Th] 


Chebyshev Polynomials T,,(z) Table 22.4 


0.4 0.6 0.8 1 


+ 1.00000 00000 
+0.40000 00000 
—0.68000 00000 
—0.94400 00000 
—0.07520 00000 
+0.88384 00000 


+0.78227 20000 
—0.25802 24000 
—0.98868 99200 
— 0.53292 95360 
+0.56234 62912 
+0.98280 65690 


+0.22389 89640 


+1.00000 00000 
+0.60000 00000 
—0.28000 00000 
— 0.93600 00000 
— 0.84320 00000 
—0.07584 00000 


+0.75219 20000 
+0.97847 04000 
+0.42197 24800 
—0.47210 34240 
— 0.98849 65888 
—0.71409 24826 


+0,13158 56097 


+1.00000 00000 
+0.80000 00000 
+0.28000 00000 
—0.35200 00000 
—-0,84320 00000 
— 0.99712 00000 


—0.75219 20000 
—0.20638 72000 
+0.42197 24800 
+0.88154 31680 
+0.98849 65888 
+0.70005 13741 


+0.13158 56097 


BR RE RRR Bee eee © 
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Table 22.5 


ORTHOGONAL POLYNOMIALS 


Coefficients for.the Chebyshev Polynomials U,(z) and for x" in terms of U,,(z) 


‘able 22.6 


3 
a“ 
B 


at het 
KBOCOND ARWNROS 


=" 
to 


Un(2) = D3 ome 
m=0 


Us(x) = 6425 — 8024 + 242?—1 


0.2 


+ 1.00000 00000 
+0.40000 00000 
—0.84000 00000 
—0.73600 00000 
+0.54560 00000 
+0.95424 00000 


—0.16390 40000 
— 1.01980 16000 
— 0.24401 66400 
+0.92219 49440 
+0.61289 46176 
— 0.67703 70970 


—0.88370 94564 


2°=b;! >) dn Um(2) 


m=0 


w= (5Us+ 9Ur+ 5U.+ Us) 


Chebyshev Polynomials U,,(x) 


0.4 


+ 1.00000 00000 
+0.80000 00000 
—0.36000 00000 
— 1.08800 00000 
—0.51040 00000 
+0.67968 00000 


+1.05414 40000 
+0.16363 52000 
— 0.92323 58400 
—0.90222 38720 
+0.20145 67424 
+1.06338 92659 


+0.64925 46703 


0.6 


+1.00000 00000 
+ 1.20000 00000 
+0.44000 00000 
— 0.67200 00000 
— 1.24640 00000 
—0.82368 00000 


+0.25798 40000 
+ 1.13326 08000 
+1.10192 89600 
+0.18905 39520 
—0.87506 42176 
— 1.23913 10131 


—0.61189 29981 


0.8 


+ 1.00000 00000 
+1.60000 00000 
+ 1.56000 00000 
+0.89600 00000 
—0.12640 00000 
— 1.09824 00000 


~ 1.63078 40000 
- 1.51101 44000 
—0.78683 90400 
+0.25207 19360 
+1.19015 41376 
+1.65217 46842 


+ 1.45332 53571 


— 
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Table 22.7 
Coefficients for the Chebyshev Polynomials C,(z) and for z* in terms of C,,(z) 


n n 
Cala) = > Cme™ x= bo? 5) dmaCm(2) 
m=0 m=0 


roe eae ee C.(z) =2° — 624+ 922-2 x= 100, +15C24+6C.4+C, Table 22.8 


Coefficients for the Chebyshev Polynomials S,(x) and for x" in terms of S,,(z) 


Sa(z) = Dien a= Dann (z) 


So(z) =o — 524+ 622?—1 w= §8,+982+ 58,4 S, 


*See page I. 


Table 22.9 Coefficients for the Legendre Polynomials P,,(z) and for x* in terms of P,,(x) 
: n nn 
P,(2)=a5! >) Cmt™ a=ba! D>) dmPm(2) 
m=0 m=0 


z? zl 2 Ped Pad x8 gi2 
Geb Ted) a 3 5 231 676039 | bx 
ee Dc ee ed (cs 7 en) sc 52003 | Po 
Tp, | af (aa) | 3! | al | al | Pi 
eh eke .- if 33" Fano :—=é<T:=C(<‘iéitwoo S™~<“<s;«~*S*é‘iétLS~*~“‘CC‘C#CN#OO#*#‘#OQOND:YLCOP 
‘p, | 2| | —-3|  #| 52) | ol | «wel |  aveo| | steal | Pe 
’p | s{ 3] | 30. Tae Faso | té<‘é‘sSO*éSBO|”™~*~é<‘“‘:;‘s*«*SC*é‘ié OCC 
ie ar ee ee ee ee Ps 
[ee ee ee ee {937 a6 ~=3©| ~aaett—~—S 133952 | Ps 
Pp, | ie| | —35|  &4| 315/ | —e03| [420 a6) P, 
Pp, |ios{ 35| | —1200|  +| 6930; | —12012| |eaa5 128 | 2176) £©+| + 50048| Py 
Pp, |i23{ | 315| + |—4e20/ | isos) Py 
“Pw | 256 |—63| | 3465 90090 — 109395 Pro 
Pu l25e|  |—eo3| ‘| 15015 | f2is700 | si(‘é‘(t];SCSC«C 200485 Pu 
Y Px, [1024 | 231) |—18018] | 225295]; |—10210200; | 2078505| —S Pu 
x zi z Fg x 
P(e) =e [231z°—81524+ 1052°— 5] w= go (88Po+ 110P,+72Ps+16P 4] 


For values of P,(z), see chapter 8. 
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Coefficients for the Laguerre Polynomials L,(z) and for x" in terms of L,,(x) 


L,(z) =az1 s CoyE™ 


m=0 


2 > AinLim (2) 


m=0 


gio zu 


3628800 39916800 


Table 22.10 


pall 


479001600 | Lo 


qi 1 1]-1 -1 —4 


—322560 


36288000 — 439084800 


—~ 5748019200 | Zi 


1128960 


— 2257920 


163296000 2195424000 


— 435456000 | 6586272000 


31614105600 | Ls 


—105380352000 | Ls 


2822400 


762048000 13172544000 


237105792000 | La 


—2592 81 


Ly 6 6 —18 9]-1 —6 
Ds 24 2 —96 72 ~16 
Ds 120 120 —600 600 —200 
In 720 720 —4320 5400 —2400 
In 5040 5040 —35280 52920 —29400 
Ls 40320 40320 322560 564480 —376320 
Ds 362880 362880 — 3265920 6531840 — 5080320 
ae 3628800 3628800 — 36288000 81648000 —72576000 
| 39916800 | 390916800 | --430084800 | 1097712000 | ~—1097712000 
Dae 479001600 | 479001600 | —5748019200 } 15807052800 | —17563392000 
Pa Gn x zl x 2 


— 18816 


—381024 


— 7620480 


— 153679680 


3161410560 


zi 


1058400 


25613280 


614718720 


— 2257920 
1128960 
49 | -1 322560 


1568 —-#|1 40320 
42336 

4050 
163350 


5880600 


x zt x 


762048000 | 


— 435456000 


1 


—914457600 | —18441561600 

18441561600 
— 13172544000 

163296000 6586272000 


—36288000 | —2195424000 


3628800 439084800 
121 |--1 —39916800 
8712 14/1 


zio zu 


379369267200 | Ls 
| sxzsorave400 | Ze 
—379369267200 Re 
| aarsostoz000 | Zs 
rs 


—105380352000 


442597478400 


237105792000 


31614105600 | Lio 


—5748019200 | Li 


479001600 | Lis 


23 


1 


L,(z) = 790 [z°— 3625+ 45024 — 240023 +- 5400z? — 43202 +720] 


20 


*See page Il. 


x= 720L,— 4320L; + 10800L,— 14400L; + 10800L, — 432015 +-720L¢ 
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Table 22.11 
n\z 


_ 
COONS ORWNEO 


eH ee 
no 


0.5 


+ 1.00000 
+0.50000 
+0.12500 
— 0.14583 
— 0.33072 
— 0.44557 


— 0.50414 
— 0.51833 
— 0.49836 
—0.45291 
— 0.38937 
—0.31390 


— 0.23164 


00000 
00000 
00000 
33333 
91667 
29167 


49653 
92237 
29984 
95204 
44141 
72988 


96389 
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Laguerre Polynomials L,(z) 


1.0 


+ 1.00000. 00000 

0.00000 00000 
0.50000 00000 
—0.66666 66667 
— 0.62500 00000 
— 0.46666 66667 


—0.25694 44444 
— 0.04047 61905 
+0.15399 30556 
+0.30974 42681 
+0.41894 59325 
+0.48013 41791 


+0.49621 22235 


3.0 


+1.00000 00000 
—2,00000 00000 
—0.50000 00000 
+1.00000 00000 
+1.37500 00000 
+0.85000 00000 


—0.01250 00000 
—0.74642 85714 
— 1.10870 53571 
— 1.06116 07143 
—0.70002 23214 
—0.18079 95130 


+0.34035 46063 


5.0 


+ 1.00000 00000 
—4.00000 00000 
+3.50000 00000 
+2.66666 66667 
— 1.29166 66667 
—3.16666 66667 


—2.09027 77778 
+0.32539 68254 
+ 2.23573 90873 
+2.69174 38272 
+ 1.75627 61795 
+0.10754 36909 


— 1.44860 42948 


10.0 


+1.00000 00000 
—9.00000 00000 
+31.00000 00000 
—45.66666 66667 
+11.00000 00000 
+34.33333 33333 


—3.44444 44444 
—30.90476 19048 
—16.30158 73016 
+14.79188 71252 
+ 27.98412 69841 
+ 14.53695 68703 


—9.90374 64593 


Coefficients for the Hermite Polynomials H,(z) and for x” in terms of H(z) 


A,(z2)= > Cmu™ 
m=0 


n 
x=bo! >) dmHm(2) 
m=0 


Table 22.12 


ba 1 
Ho 11 
mM 
H2 —2 
Hs 
Ma 12 
Hs 
He — 120 
Hy 
Hg 1680 
Ay 
Hip |—30240 
Au 
Hi. | 665280 


4096 | ba 
665280 | Ho 
mM 
1995840 | H2 
Hs 
831600 | Hy 
Hs 
110880 | He 
eo) 
5940 | Hs 
Ay 
132 | Hio 
Au 
4096 1 Hu 


2 
16 32 
12 
60 
12 
20 
1 
32 #1 
— 480 
— 1344 
13440 
48384 
— 1774080 
xs 


x8 gi 28 2 gio 
64 128 256 512 1024 
120 1680 * 30240 
840 15120 
180 3360 75600 
420 10080 
30 840 25200 
42 1512 
64 1 56 2520 
128 1 72 
— 3584 256 1 90 
—9216 512 1 
161280 — 23040 1024 1 
506880 — 56320 
— 7096320 1520640 — 135168 
x8 gi 2 2? gi0 


H(z) = 6425 — 48024-+ 7202? — 120 


a= a [120Ho+ 180H,+ 30H.+ He] 


*See page 11. 
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Table 22.13 


W\X 


— 
HODDND TWRWNRS 


_ 
nN 


0.5 


+1.00000 
+ 1.00000 
— 1.00000 
— 5.00000 
+ 1.00000 
(1) +4.10000 


(1) +3.10000 
(2) — 4.61000 
(2) — 8.95000 
(3) +6.48100 
(4) + 2.25910 
(5) — 1.07029 


(5) — 6.04031 
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Hermite Polynomials H,(z) 


1.0 
+ 1.00000 


(0) —8.00000 


(2) + 1.84000 
(2) + 4.64000 
(3) — 1.64800 
(4) — 1.07200 
(3) +8.22400 
(5) + 2.30848 


(5) +2.80768 


3.0 


+1.00000 00 
-+-6.00000 00 
+3.40000 00 
+1.80000 00 
+8.76000 00 
+3.81600 00 
+ 
+ 


1.41360 00 
3.90240 00 


(5) — 4.06944 00 
(6) —3.09398 40 
(7) —1.04250 24 


(6) +5.51750 40 


5.0 


1.00000 00000 
(1)1.00000 00000 
(1)9.80000 00000 
(2)9.40000 00000 
(3)8.81200 00000 
(4)8.06000 00000 


(5)7.17880 00000 
(6)6.21160 00000 
(7)5.20656 80000 
(8)4.21271 20000 
(9)3.27552 97600 


(10)2.43298 73600 


(11) 1.71237 08128 


10.0 


1.00000 
(1)2.00000 
(2)3.98000 
(3)7.88000 
(5)1.55212 
(6)3.04120 


(7)5.92718 
(9) 1.14894 
(10)2.21490 
(11)4.24598 
(12)8.09327 
(14) 1.53373 


(15)2.88941 


00000 
00000 
00000 
00000 
00000 
00000 


80000 
32000 
576806 
06240 
82098 
60295 


99383 
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Riemann Zeta Function 
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23. Bernoulli and Euler Polynomials—Riemann Zeta 
Function 


Mathematical Properties 
23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula 


Generating Functions 


23.1.1 fo B,{2) nl |t|<(2ar 3-5) E,, (2) 5 |t|<r 
Bernoulli and Euler Numbers 

23.1.2 B,=B,(0) n=0,1,... E,=2°E, (5)= integer n=0,1,... 

23.1.3 B,=1, B=~3 ? B=; 7p? Baa E,=1, EL,=—1, Eu=5 


(For occurrence of B, and E, in series expansions of circular functions, see chapter 4.) 


Sums of Powers 


Bryi(m+1)—Brsi a __1)\m-k n__Lin(m+1) +(—1)"E,, (0) 
ane epee 


23.1.4 = k= 


n+1 
m,n=1,2,... m,n=1,2,. 
Derivatives and Differences 
23.1.5 Bi(z)=nB,-;(2) i i Ey (2)=n£F,-1(z) a hearer 
23.1.6 8B,(2+1)—B,(2)=na"! n=0,1,... E,(a+1) +H, (2) =22" n=0,1,... 
Expansions 
23.1.7 
B,(a-+h) => () B,(x)h"-* PAV A sl CGD ~> (7) E,(a)he-* O/T; 24: 
= = nr Fi ca n-k —_ 
E,(2)= 25 G) oe (« 5) n=0,1,... 
Symmetry 
23.1.8 B,(—zx)=(—1)*B, (2) n=0,1,... | #£,(1—z)=(—1)"E, (2) n=0,1,... 
23.1.9 (—1)"B,(—2z)= B,(z)+-n2""! n=0,1,. oe (—1)*1'H,(—2) =E,(z)—22" n=0, 1, a eee 
Multiplication Theorem 
23.1.10 
~1 
B,(mz)=m""! ba B,, («+=) n=0,1,... | E,(mz)=m" > (—1)}'E, (+=) n=0,1,... 
ae m=1,2,... m=1,3,... 
E,(m2)—=— 2 me 5 (—1)'Buss (2+ 2) 

n=0,1,... 
m=2,4,... 
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Integrals 


23.1.11 [Bar Fo) Fr) 


f E, (t)dt= Sneile)— Fal 


n+l1 
23.112 {° B,(t)Ba(tdt=(—1)-! BB f E,(t) En (t)dt 
ore f ed) m ) — ) (m+n)! men - n m - 
—= — {__1\n m+ nt mn: 
m,n=1, 2, ores = ( 1) 4(2 sie 1) (m+n+2)! Brtnt2 
m,n=0,1,... 
(The polynomials are orthogonal for m-+-n odd.) 
Inequalities 
23.1.13 | Bon| >| Ben (x) | n=1, 2, see 1>2>0 4-"| Fon|>>(—1)"* Ean (x) >0 n=1,2, B aley 3>2>0 
23.1.14 
Sanat ( 5) 
2 ! 1 —1)"E,,- 0 
aoe (=m) >A Banssla) >0 +55) >(D "En s(@)> 
(27 pee n=1,2,. L>2>0 
n=1,2,.... #>2>0 , 
23.1.15 
2(2n)! 2(2n)! 4"+1(2n)! 4*+1(2n)! 1 
ae (ee Q1- = >(- IB, >t ae mc a= 1)"*Ean > a (EER) 
n=1,2,. n=0,1,... 
Fourier Expansions 
23.1.16 
__9 _m! cos (Qrkx—}frn) sin ((2k+1)rz—}rn) 
B,(z)=—2 Qa)* fe Ee E,(z)=4 oP (Qk--1y*t 
n>1,1>2>0 n>0,1>2>0 
n=1,1>2>0 n=0,1>2>0 
23.1.17 
—1)"2(2n—1)! =, sin 2k 
Bay1(0) =n rT (—1)"4(2n—1)! &, cos (2k-+1) rz 
i a >1,1>7>0 ad a ODE 
yer n=1,2,..., 1>2>0 
n=1,1>2>0 
23.1.18 
__(—1)"712(2n)! 2, cos 2karx (—1)"4(2n)! <2, sin (2k+1) rx 
Bal — Ga Bi En(a)="— Sant 24 Okt) 
n=1,2,..., 1>2>0 n>0,12220 
n=0,1>z2z>0 
Special Values 
23.1.19 Bonyi=0 n=l, 2, < Eon41=0 n=0, 1, te ee 
23.1.20 B,(0)=(—1)"B,(1) E,,(0)=—E, (1) 
= 8, n=0,1, ‘ud =—2(n+1)71(2"*1—-1) Baa, n=1,2, soe 
23.1.21 B,(3)=—(1—2'-")B, N=) boss E,(3)=2-"E, n=0,1,. 


806 


23.1.22 B,(Z)=(—1)"B,@) 
=—27-"(1—2!"") B,—nA-* n--1 
n=1,2,... 
23.1.23 Bon(3)=Bon(3) 
=—2-(1—3'-™)B,,  n=0,1,... 


23.1.24 Bo,(2)= Bon($) 
=2-(1 —2}-2n) (1 —3}~*) Bon 


n=0,1,. 


BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 


Elon-1 (3) = —Eon-1 (3) 
=— (2n)-(1—3!-**) (251) Bay 


n=1,2,... 


Symbolic Operations 


23.1.25 p(B(x)+1)—p(B(a)) =p’ (2) 


23.1.26 B,(z+h)=(Bia)+h)" n=0,1,.. 


p(E(2)+1)+ p(E(2)) =2p(z) 
E,(a+h)=(E(a) +h)" n=0,1,. 


Here p(x) denotes a polynomial in x and after expanding we set { B(x) }"=B,(z) and { E(z)}"=E,(2). 


Relations Between the Polynomials 


23.1.27 


E,se)=Z4 B, (*H)-2, (5) } 
-={ B,(x)—2"B, (5)} 


23.1.28 
Ey_»(x)=2 ‘ey pa (7) (2"-*1) B,_,By(x) 


n=2,3,... 
23.1.29 


B,(z)=2-" = () B, E22) n=0,1,... 


Euler-Maclaurin Formulas 


Let F(z) have its first 2n derivatives continuous 
on an interval (a, 6). Divide the interval into 
m equal parts and let h=(b—a)/m. Then for 
some 6, 1>@>0, depending on F®")(z) on (a, 6), 
we have 


23.1.30 


3 Fatki)=z [° Fodt+5(FO)+F@) 
k=0 a 

+s he? By { F2-»(b)—F2-”(a)} 

& Qh! a); 


cee Sa Bun = F& (a+kh+6h) 


Equivalent to this is 


23.1.31 


i f is F(t)dt=} (Fle+h)+F()} 


nal f%e-1 


— 2 Gp Bul FOP @+h)—FO-%(@)) 


Ba, (z+6h) b—h>2z>a 


— Gay ay 


Let B,(z) —B,(2—[2]). 


Formula is 


The Euler Summation 


23.1.32 


m1 1 b 
35 Flathh-+uh)=z { F(edt 
+3) 9 Balu) (FO?) — F(a} 


h? lA m—-1 
au f Bylo { Fo (atkh+th) bat 
P+ Jo k=0 


pS2n, i>w20 
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23.2. Riemann Zeta Function and Other Sums 
of Reciprocal Powers 


23.2.1 1)= kes Rs>1 
23.2.2 =I (l—p-')-! BRs>I1 
Pp 
(product over all primes 7). 
a s+2k—2 
23.2.3 pear s+ Se ok—1 
en i Ae Bonys(t—[2]) 5 
2n+1 gitentt 
s¥1,n=1,2,..., Bs>—2n 
goa) <a ted Ce 3, 
27 c e’—l 
23.2.5 =~ 4s (C", ay 
oa 61. 4c5 
where 
(in fn yr (In m)"*! 
ae Sieg a n+1 } 
Bs>0 
23.2.6 =2'r*—1 sin ($78) TP (1—s) ¢(1—s) 
1 © go! 
23.2.7 =5 aaj &s>1 
2s 1 
23.2.8 = GaRAEG aT) { ari @ 
23.2.9 =Dyk (6-1) Int ; tae 
=} n 
n=1,2,..., #s>0 
_ exp (In 2r—1—}y)s n ( —*) ¢ s 
23.2100 = prdsdiy BUS )e 


product over all zeros p of ¢(s) with #p>o. 

The contour C in the fourth formula starts at 
infinity on the positive real axis, circles the origin 
once in the positive direction excluding the points 
+2nixn for n=1, 2,..., and returns to the 
starting point. Therefore ¢(s) is regular for all 
values of s except for a simple pole at s=1 with 
residue 1. 


Special Values 
60)=—3 
fj =e 


23.2.1) 
23.2.12 


*See page 11. 
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23.2.13 ¢’(0) = —4 In 2 
23.2.14 ¢(—2n)=0 n=1,2,... 
23.2.15 ¢(1—2n) = — Be n=1, 2, rae 
__ (27)’" Lai 
23.2.16 ¢(2n)= 2an)i | Bon| n=1,2,... 
23.2.17 
(= 1)8t! (2a) "4 { 
n=1,2,... 
Sums of Reciprocal Powers 
The sums referred to are 
23.2.18 @)=>5 ko" n=2,3,... 
=1 
23.2.19 


n(n)= > (—1)F- "= (1-2!) tn) n=1,2,... 


23.2.20 
Mn) => (2k-+-1)-*=(1—2-") ¢(n) n=2,3,... 
23.2.21 

BQn)=33 (—1)*2k-+1)-* n=1,2,... 


These sums can be calculated from the Bernoulli 
and Euler polynomials by means of the last two 
formulas for special values of the zeta function 
(note that 7(1)=In 2), and 


23.2,.22 pent) =F \E,n|  n=0,1,... 
23.2.23 
pQ2n) =r | Eun_1(x) sec(ara)dz 


n=1,2,. 


B(2) is known as Catalan’s constant. Some 


other special values are 


2.2.24 — $(Q)=ltostat... = 
4 
23.225  ()=ltatat...=% 
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ee es 5 Sere ee ar 
ees __ 7m re Be ra 
23.2.27 1(4)=1—g, +33 see 790 23.2.30 B(l)=1—3+2— see 7 
=j4t4) 7 ee et a 
23.2.28 = AQ) =ltgtat ..-=% 23.231 B)=l-gta— -.. =35 
References 


Texts 


[23.1] G. Boole, The calculus of finite differences, 3d ed. 
(Hafner Publishing Co., New York, N.Y., 1932). 

[23.2] W. E. Briggs and 8. Chowla, The power series co- 
efficients of ¢(s), Amer. Math. Monthly 62, 
323-325 (1955). 

[23.3] T. Fort, Finite differences (Clarendon Press, 
Oxford, England, 1948). 

[23.4] C. Jordan, Calculus of finite differences, 2d ed. 
(Chelsea Publishing Co., New York, N.Y., 
1960). 

{23.5] K. Knopp, Theory and application of infinite 
series (Blackie and Son, Ltd., London, England, 
1951). 

[23.6] L. M. Milne-Thomson, Calculus of finite differences 
(Macmillan and Co., Ltd., London, England, 
1951). 

[23.7] N. E. Né6rlund, Vorlesungen itiber Differenzen- 
rechnung (Edwards Bros., Ann Arbor, Mich., 
1945). 

[23.8] C. H. Richardson, An introduction to the calculus 
of finite differences (D. Van Nostrand Co., Inc., 
New York, N.Y., 1954). 

[23.9] J. F. Steffensen, Interpolation (Chelsea Publishing 
Co., New York, N.Y., 1950). 

[23.10] E. C. Titchmarsh, The zeta-function of Riemann 
(Cambridge Univ. Press, Cambridge, England, 
1930). 

[23.11] A. D. Wheelon, A short table of summable series, 
Report No. SM-14642, Douglas Aircraft Co., 
Inc., Santa Monica, Calif. (1953). 


Tables 


[23.12] G. Blanch and R. Siegel, Table of modified 
Bernoulli polynomials, J. Research NBS 44, 
103-107 (1950) RP2060. 

(23.13] H. T. Davis, Tables of the higher mathematical 
functions, vol. II (Principia Press, Bloomington, 
Ind., 1935). 

{23.14] R. Hensman, Tables of the generalized Riemann 
Zeta function, Report No. T2111, Telecommuni- 
cations Research Establishment, Ministry of 
Supply, Great Malvern, Worcestershire, Eng- 
land (1948). ¢(s, a), s=—10(.1)0, a=0(.12, 
5D; (s—1)¢(s, a), s=0(.1)1, a=0(.1)2, 5D. 

{23.15] D. H. Lehmer, On the maxima and minima of 
Bernoulli polynomials, Amer. Math. Monthly 
47, 533-538 (1940). 

[23.16] E. O. Powell, A table of the generalized Riemann 
Zeta function in a particular case, Quart. J. 
Mech. Appl. Math. 5, 116-123 (1952). ¢(4, a), 
a=1(.01)2(.02)5(.05)10, 10D. 


BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 809 


n 
COEFFICIENTS 4, OF THE BERNOULLI POLYNOMIALS B,, (x)=, bik Table 23.1 
n\k 0 1 2 3 4 5 6 7 8 9 10 ol 120413 «14 «15 
0 1 
1 -F 2 
‘ 4 -1 1 
0 1 _ 3 1 
3 2 “2 
ee 0 z ~2 1 
4 30 
0 _1 0 5 ee 1 
5 + ss = 
1 0 _a 0 7 -3 it 
6 rd 2 2 
0 1 0 _ 2 0 7m a. ks 1 
7 oe ot 2 2 
8 ae 0 2 0 Paes 2 fe 14 -4 1 
30 3 3 3 
0 _ 3 0 2 0 _ 2 0 6. & 1 
9 To 5 2 
ie 5 0 _ 3 0 5 0 -7 0 1 6-5 1 
66 2 2 
0 5 0 a 0 11 0 -l1 0 55 _ l 
il 6 6 2 
_ 691 0 5 0 _ 0 22 0 _ 0 ll -6 1 
wz 2730 44 
3 0 _ $91 0 65 0 _ 429 0 286 Oo _ 143 0 13.23 1 
210 3 10 7 6 2 
L 0 _ 691 0 455 0 _ 1001 0 4 0 _ 1001 0 gl -7 1 
14 6 “30 6 as 30 “6 
0 35 oO _ £7 tH 455 ao _ 429 0, 2s 0 25 0 35 _ 15 1 
15 2 6 2 2 6 2 2 2 
COEFFICIENTS e, OF THE EULER POLYNOMIALS E, (x)= exack 
=0 
n\k 0 1 2 3 4 5 6 7 8 9 10 «11 12 13 1415 
0 1 
a a 
2 0 -1 1 
3 Sy 0 gens 1 
4 2 
4 0 l 0 -2 1 
ee: © 0 - 0 me 1 
2 2 2 
6 0 -3 0 5 0 3 1 
? 1 0 — 21 0 33 0 =k 1 
8 2 4 2 
8 0 7 0 — 28 0 14 0 -4 1 
9 _ Bl 0 153 0 — 63 0 21 0 a 3 1 
“2 2 2 
10 0 155 0 255 0 126 0 30 0 -5 1 
TI 691 0 _ 1705 0 2805 0 — 231 0 165 0 _ id 1 
“Fe ~~ o” 4 4 2 
12 0 2073 0 3410 0 1683 9 ~ 396 0 55 0 -6 1 
13 — 246) 0 26949 0 _ 22165 0 7293 0 _ 1287 0 2143 0 2 1 
2 2 2 2 2 2 
14 0 — 38227 0 62881 0 31031 0 7293 0 —1001 0 91 0 —7 1 
929569 0 _ 573405 0 943215 0 _ 155155 0 109395 0 _ 3003 0 45 oo. 15 1 
15 16 pms aay a a a ae —e 2. 4 2 
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Table 23.2 BERNOULLI AND EULER NUMBERS 
B,=N/D 

n N D Bn 

0 1 1 ( 0) 1.0000 00000 
1 -1 2 - 1)-5.0000 00000 
2 1 6 - 1) 1.6666 66667 
4 ~-1 30 - 2)-3, 3333 33333 
6 1 42 - 3} 2.3809 52381 
8 -1 30 - 2)-3. 3333 33333 
10 5 66 - 2) 7.5757 57576 
12 —691 2730 - 1)-2,5311 35531 
14 7 6 0) 1.1666 66667 
16 ~3617 510 woe 0921 56863 
18 43867 798 1) 5.4971 17794 
20 -1 74611 330 2)-5.2912 42424 
22 8 54513 138 3) 6.1921 23188 
24 — 2363 64091 2730 4)-8. 6580 25311 
26 ; 85 53103 6 6) 1.4255 17167 
28 —2 37494 61029 870 7)-2. 7298 23107 
30 861 58412 76005 14322 8) 6.0158 08739 
32 —770 93210 41217 510 10)-1.5116 31577 
34 257 76878 58367 6 11) 4.2961 46431 
36 —26315 27155 30534 77373 19 19190 13)-1. 3711 65521 
38 2 92999 39138 41559 6 14) 4.8833 23190 
40 —2 61082 71849 64491 22051 13530 16) -1.9296 57934 
42 15 20097 64391 80708 02691 1806 17) 8.4169 30476 
44 —278 33269 57930 10242 35023 690 19) -4. 0338 07185 
46 5964 51111 59391 21632 77961 282 21) 2.1150 74864 
48 ~560 94033 68997 81768 62491 27547 46410 23)-1. 2086 62652 
50 49 50572 05241 07964 82124 77525 66 24) 7.5008 66746 
52 ~ 80116 57181 35489 95734 79249 91853 1590 26)-5, 0387 78101 
54 29 14996 36348 84862 42141 81238 12691 798 28) 3.6528 77648 
56 — 2479 39292 93132 26753 68541 57396 63229 870 30) -2. 8498 76930 
58 84483 61334 88800 41862 04677 59940 36021 354 32) 2.3865 42750 
60 -—121 52331 40483 75557 20403 04994 07982 02460 41491 567 86730 ( 34)-2.1399 94926 
n En 

0 1 
2 -1 
4 5 
6 — 61 
8 1385 
10 — 50521 
12 27 02765 
14 — 1993 60981 
16 1 93915 12145 
18 —240 48796 75441 
20 37037 11882 37525 
22 — 69 34887 43931 37901 
24 15514 53416 35570 86905 
26 —40 87072 50929 31238 92361 
28 12522 59641 40362 98654 68285 
30 — 44 15438 93249 02310 45536 82821 
32 17751 93915 79539 28943 66647 89665 
34 — 80 72329 92358 87898 06216 82474 53281 
36 41222 06033 95177 02122 34707 96712 59045 
38 — 234 89580 52704 31082 52017 82857 61989 47741 
40 1 48511 50718 11498 00178 77156 78140 58266 84425 
42 —1036 46227 33519 61211 93979 57304 74518 59763 10201 
44 7 94757 94225 97592 70360 80405 10088 07061 95192 73805 
46 —6667 53751 66855 44977 43502 84747 73748 19752 41076 84661 
48 60 96278 64556 85421 58691 68574 28768 43153 97653 90444 35185 
50 — 60532 85248 18862 18963 14383 78511 16490 88103 49822 51468 15121 
52 650 61624 86684 60884 77158 70634 08082 29834 83644 23676 53855 76565 
54 —7 54665 99390 08739 09806 14325 65889 73674 42122 40024 71169 98586 45581 
56 9420 32189 64202 41204 20228 62376 90583 22720 93888 52599 64600 93949 05945 
58 —126 22019 25180 62187 19903 40923 72874 89255 48234 10611 91825 59406 99649 20041 
60 181089 11496 57923 04965 45807 74165 21586 88733 48734 92363 14106 00809 54542 31325 


From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington, 
Ind., 1985 (with permission). 


BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 


SUMS OF RECIPROCAL POWERS 


00 


1. 64493 40668 
1.20205 69031 
1, 08232 32337 
1, 03692 77551 
1, 01734 30619 


1, 00834 92773 
1.00407 73561 
1.00200 83928 
10 1.00099 45751 
ll 1, 00049 41886 
12 1.00024 60865 


13 1.00012 27133 
14 1,00006 12481 
15 1, 00003 05882 
16 1.00001 52822 
17 1.00000 76371 
18 1.00000 38172 


19 1.00000 19082 
20 1.00000 09539 
21 1.00000 04769 
22 1.00000 02384 
23 1.00000 01192 
24 1, 00000 00596 


25 1.00000 00298 
26 1.00000 00149 
27 1, 00000 00074 
28 1.00000 00037 
29 1.00000 00018 
30 1.00000 00009 


a1 1.00000 00004 
32 1.00000 00002 
a3 1.00000 00001 
34 1.00000 00000 
35 1, 00000 00000 
36 1.00000 00000 


37 1.00000 00000 
38 1.00000 00000 
39 1.00000 00000 
40 1.00000 00000 
41 1.00000 00000 
42 1, 00000 00000 


oon OW BWMF: 3 


¢(n)= Svk-™ 
k=1 


48226 
59594 
11138 
43369 
84449 


81922 
97944 
26082 
27818 
04119 
53308 


47578 
35058 
36307 
59408 
97637 
93264 


12716 
62033 
32986 
50502 
19925 
08189 


03503 
01554 
50711 
25334 
62659 
31327 


65662 
32831 
16415 
58207 
29103 
14551 


07275 
03637 
01818 
00909 
00454 
00227 


43647 
28540 
19152 
92633 
13971 


82684 
33938 
21442 
08534 
46456 


04830 


48915 
70483 
02049 
65187 
89976 
99984 


55394 
87280 
78781 
72773 
96531 
05126 


51465 
82837 
78984 
02479 
72351 
43242 


90650 
18337 
50173 
72088 
85044 
92189 


95984 
97955 
98965 
49478 
74738 
37368 


For n>42, ¢(n+1) =5[1+¢(n)] 
From H. T. Davis, Tables of the higher mathematical functions, vol. II. 
Principia Press, Bloomington, Ind., 1935 (with permission). 


Table 23.3 


a(n) = 3 (—1)k Me 


0. 69314 
0, 82246 
0. 90154 
0. 94703 
0.97211 
0.98555 


0.99259 
0. 99623 
0. 99809 
0. 99903 
0.99951 
0.99975 


0. 99987 
0. 99993 
0.99996 
0.99998 
0.99999 
0. 99999 


0.99999 
0.99999 
0. 99999 
0. 99999 
0.99999 
0.99999 


0. 99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 


0. 99999 
0.99999 
0.99999 
0.99999 
0.99999 
0. 99999 


0.99999 
0. 99999 
0. 99999 
0.99999 
0. 99999 
0.99999 


71805 
70334 
26773 
28294 
97704 
10912 


38199 
30018 
42975 
95075 
71434 
76851 


85427 
91703 
95512 
47642 
23782 
61878 


80935. 
90466 
95232 
97616 
98808 
99403 


99701 
99850 
99925 
99962 
99981 
99990 


99995 
99997 
99998 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 


1(n+1)=5[1+2m)] 


59945 
24113 
69695 
97245 
46909 
97435 


22830 
52647 
41605 
98271 
98060 
43858 


63265 
45979 
13099 
14906 
92041 
69610 


08171 
11581 
58215 
13230 
01318 
98892 


98856 
99231 
49550 
74753 
37369 
68682 


34340 
67169 
83584 
41792 
70896 
85448 


92724 
96362 
98181 
99090 
99545 
99772 


30942 
21824 
71405 
91758 
30594 
10410 


28267 
89923 
33077 
56564 
75414 
19085 


11549 
71817 
23808 
10644 
01198 
11348 


67511 
52212 
54282 
82255 
43950 
39463 


96283 
99657 
48496 
40011 
41811 
28145 


33145 
89595 
85805 
39905 
18953 
09143 


04461 
02193 
01084 
50538 
25268 
62633 


811 


812 
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Table 23.3 


3 


0 0 OU BW Ore 


SUMS OF RECIPROCAL POWERS 


(nm) = 33 (2k+1)-" 
k=0 


1, 23370 
1.05179 
1, 01467 
1. 00452 
1, 00144 


1. 00047 
1. 00015 
1, 00005 
1, 00001 
1. 00000 
1. 00000 


1, 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1, 00000 


1, 00000 


1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 


1, 00000 
1, 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 


1. 00000 
1, 00000 
1, 00000 
1. 00000 
1. 00000 
1, 00000 


1. 00000 
1. 00000 
1. 00000 
1, 00000 
1. 00000 
1. 00000 


ioe) 


05501 
97902 
80316 
37627 
70766 


15486 
51790 
13451 
70413 
56660 
18858 


06280 
02092 
00697 
00232 
00077 
00025 


00008 
00002 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 


36169 
64644 
04192 
95139 
40942 


52376 
25296 
83843 
63044 
51090 
48583 


55421 
40519 
24703 
37157 
44839 
81437 


60444 
86807 
95601 
31866 
10622 
03540 


01180 
00393 
00131 
00043 
00014 
00004 


00001 
00000 
00000 
00000 
00000 
00000 


00000 
00000 
00000 
00000 
00000 
00000 


82735 
99972 
05455 
61613 
12191 


55476 
11930 
77259 
82549 
10935 
11958 


80232 
21150 
12929 
37916 
45587 
55666 


11452 
69746 
16531 
77514 
20241 
72294 


23874 
41247 
13740 
71245 
57081 
85694 


61898 
53966 
17989 
05996 
01999 
00666 


00222 
00074 
00025 
00008 
00003 
00001 


p(n) = 3 (—1)F2k+1)-" 


0. 78539 
0.91596 
0. 96894 
0.98894 
0.99615 
0. 99868 


0.99955 
0.99984 
0.99994 
0. 99998 
0.99999 
0. 99999 


0. 99999 
0. 99999 
0. 99999 
0.99999 
0.99999 
0. 99999 


0. 99999 
0. 99999 
0. 99999 
0.99999 
0. 99999 
0. 99999 


0. 99999 
0. 99999 
0. 99999 
0. 99999 
0.99999 
0.99999 


0.99999 
0. 99999 
0. 99999 
0.99999 
0.99999 
0.99999 


0.99999 
0.99999 


81633 
55941 
61462 
45517 
78280 
52222 


45078 
99902 
96841 
31640 
43749 
81223 


93735 
97910 
99303 
99767 
99922 
99974 


99991 
99997 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
99999 
99999 
99999 
99999 


99999 
99999 


97448 
77219 
59369 
41105 
77088 
18438 


90539 
46829 
87220 
26196 
73823 
50587 


83771 
87248 
40842 
75950 
57782 
19086 


39660 
13213 
04403 
68134 
89377 
96459 


98819 
99606 
99868 
99956 
99985 
99995 


99998 
99999 
99999 
99999 
99999 
99999 


99999 
99999 
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m™ 

SUMS OF POSITIVE POWERS 2 Table 23.4 

mn 1 2 3 4 5 6 
1 1 1 1 1 1 1 

2 3 5 9 17 33 65 

3 6 14 36 98 276 794 

4 10 30 100 354 1300 4890 

5 15 55 225 979 4425 20515 

6 21 91 441 2275 12201 67171 

7 28 140 784 4676 29008 1 84820 

8 36 204 1296 8772 61776 4 46964 

9 45 285 2025 15333 1 20825 9 78405 

10 55 385 3025 25333 2 20825 19 78405 
11 66 506 4356 39974 3 81876 37 49966 
12 78 650 6084 60710 6 30708 67 35950 
13 91 819 8281 89271 10 02001 115 62759 
14 105 1015 11025 1 27687 15 39825 190 92295 
15 120 1240 14400 1 78312 22 99200 304 82920 
16 136 1496 18496 2 43848 33 47776 472 60136 
17 153 1785 23409 3 27369 47 67633 713 97705 
18 171 2109 29241 4 32345 66 57201 1054 09929 
19 190 2470 36100 5 62666 91 33300 1524 55810 
20 210 2870 44100 7 22666 123 33300 2164 55810 
21 231 3311 53361 9 17147 164 17401 3022 21931 
22 253 3795 64009 11 51403 215 71033 4156 01835 
23 276 4324 76176 14 31244 280 07376 5636 37724 
24 300 4900 90000 17 63020 359 70000 7547 40700 
25 325 5525 1 05625 21 53645 457 35625 9988 81325 
26 351 6201 1 23201 26 10621 576 17001 13077 97101 
27 378 6930 1 42884 31 42062 719 65908 16952 17590 
28 406 7714 1 64836 37 56718 891 76276 21771 07894 
29 435 8555 1 89225 44 63999 1096 87425 27719 31215 
30 465 9455 2 16225 52 73999 1339 87425 35009 312215 
3) 496 10416 2 46016 61 97520 1626 16576 43884 34896 
32 528 . 11440 2 78784 72 46096 1961 71008 54621 76720 
33 561 12529 3 14721 84 32017 2353 06401 67536 44689 
34 595 13685 3 54025 97 68353 2807 41825 82984 49105 
35 630 14910 3 96900 112 68978 3332 63700 1 01367 14730 
36 666 16206 4 43556 129 48594 3937 29876 1 23134 97066 
37 703 17575 4 94209 148 22755 4630 73833 1 48792 23475 
38 741 19019 5 49081 169 07891 5423 09001 1 78901 59859 
39 780 20540 6 08400 192 21332 6325 33200 2 14089 03620 
40 820 22140 6 72400 217 81332 7349 33200 2 55049 03620 
41 861 23821 7 41321 246 07093 8507 89401 3 02550 07861 
42 903 25585 8 15409 277 18789 9814 80633 3 57440 39605 
43 946 27434 8 94916 311 37590 11284 89076 4 20654 02654 
44 990 29370 9 80100 348 85686 12934 05300 4 93217 16510 
45 1035 31395 10 71225 389 86311 14779 33425 5 76254 82135 
46 1081 33511 11 68561 434 63767 16838 96401 6 70997 79031 
47 1128 35720 12 72384 483 43448 19132 41408 7 78789 94360 
48 1176 38024 13 82976 536 51864 21680 45376 9 01095 84824 
49 1225 40425 15 00625 594 16665 24505 20625 10 39508 72025 
50 1275 42925 16 25625 656 66665 27630 20625 ll 95758 72025 


From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington, 
Ind., 1935|(with permission). 
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Table 23.4 
m\n 1 2 3 
51 1326 45526 17 58276 
52 1378 48230 18 98884 
53 1431 51039 20 47761 
54 1485 53955 22 05225 
55 1540 56980 23 71600 
56 1596 60116 25 47216 
57 1653 63365 27 32409 
58 1711 66729 29 27521 
59 1770 70210 31 32900 
60 1830 73810 33 48900 
61 1891 77531 35 75881 
62 1953 81375 38 14209 
63 2016 85344 40 64256 
64 2080 89440 43 26400 
65 2145 93665 46 01025 
66 2211 98021 48 88521 
67 2278 1 02510 51 89284 
68 2346 1 07134 55 03716 
69 2415 1 11895 58 32225 
70 2485 1 16795 61 75225 
71 2556 1 21836 65 33136 
72 2628 1 27020 69 06384 
73 2701 1 32349 72 95401 
74 2775 1 37825 77 00625 
75 2850 1 43450 81 22500 
76 2926 1 49226 85 61476 
77 3003 1 55155 90 18009 
78 3081 1 61239 94 92561 
79 3160 1 67480 99 85600 
80 3240 1 73880 104 97600 
81 3321 1 80441 110 29041 
82 3403 1 87165 115 80409 
83 3486 1 94054 121 52196 
84 3570 2 01110 127 44900 
85 3655 2 08335 133 59025 
86 3741 2 15731 139 95081 
87 3828 2 23300 146 53584 
88 3916 2 31044 153 35056 
89 4005 2 38965 160 40025 
90 4095 2 47065 167 69025 
91 4186 2 55346 175 22596 
92 4278 2 63810 183 01284 
93 4371 2 72459 191 05641 
94 4465 2 81295 199 36225 
95 4560 2 90320 207 93600 
96 4656 2 99536 216 78336 
97 4753 3 08945 225 91009 
98 4851 3 18549 235 32201 
99 4950 3 28350 245 02500 
100 5050 3 38350 255 02500 
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SUMS OF POSITIVE POWERS 33 kt 
k=1 


45876 
49908 
45401 
10425 
94800 


26576 
18633 
75401 
99700 
99700 


96001 
28833 
65376 
07200 
97825 


30401 
55508 
89076 
20425 
20425 


49776 
67408 
39001 
45625 
92500 


17876 
02033 
76401 
32800 
32800 


17201 
15633 
56276 
75700 
28825 


99001 
08208 
27376 
86825 
86825 


08276 
23508 
07201 
47425 
56800 


83776 
24033 
32001 
32500 
32500 


59826 
69490 
30619 
41915 
82540 


61996 
09245 
01789 
35430 
35430 


09791 
45375 
47584 
24320 
14945 


64961 
47130 
29754 
92835 
92835 


76756 
46260 
72549 
62725 
78350 


06926 
87015 
87719 
43240 
43240 


79721 
51145 
24514 
56130 
71755 


06891 
07900 
94684 
85645 
85645 


37686 
39030 
22479 
03535 
94160 


83856 
88785 
69649 
19050 
19050 


m\n 
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SUMS OF POSITIVE POWERS ae 


vi 


1 

129 
2316 
18700 
96825 


76761 
00304 
97456 
80425 
80425 


67596 
99404 
47921 
61425 
20800 


56256 
94929 
14961 
86700 
86700 


75241 
33129 
58576 
30000 
45625 


55801 
09004 
37516 
13825 
13825 


27936 
66304 
09281 
59425 
56300 


20396 
97529 
80121 
86800 
86800 


60681 
93929 
05036 
14700 
67825 


25041 
45504 
87776 
60625 
60625 


23706 


8 


1 

257 
6818 
72354 
62979 


42595 
07396 
84612 
31333 
31333 


90214 
71910 
02631 
91687 
82312 


49608 
07049 
67625 
30666 
30666 


90027 
63563 
48844 
63020 
53645 


18221 
54702 
53038 
65999 
65999 


03440 
31216 
49457 
54353 
44978 


52434 
06355 
44851 
05332 
05332 


34453 
30869 
08470 
33686 
24311 


56247 
18008 
47064 
16665 
16665 


~ 
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Table 23.4 
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1 

513 
20196 

2 82340 
22 35465 


123 13161 
526 66768 
1868 84496 
5743 04985 
15743 04985 


39322 52676 
90920 33028 
1 96965 32401 
4 03575 79185 
7 88009 38560 


14 75204 15296 
26 61082 91793 
46 44675 82161 
78 71552 79940 
129 91552 79940 


209 34353 26521 
330 07045 44313 
510 18572 05776 
774 36647 46000 
1155 83620 11625 


1698 78656 90601 
2461 34631 75588 
3519 19191 28996 
4969 90651 04865 
6938 20651 04865 


9582 16872 65536 
13100 60593 54368 
17741 75437 56321 
23813 45365 22785 
31695 01751 94660 


41851 01318 63076 
54847 18716 58153 
71368 79729 21001 
92241 63340 79760 
18456 03340 79760 


51194 22684 73721 
91861 36523 23193 
42120 62642 60036 
03932 81037 69540 
79600 87463 47665 


71819 89090 16721 
83732 93821 19488 
18993 48427 14176 
81834 84406 24625 
77147 34406 24625 


815 


816 


Table 23.4 
mn 
51 617 
52 720 
53 838 
54 972 
55 1124 
56 1297 
57 1492 
58 1713 
59 1962 
60 2242 
61 2556 
62 2908 
63 3302 
64 3742 
65 4232 
66 4778 
67 5384 
68 6056 
69 6801 
70 7624 
71 8534 
72 9537 
73 10641 
74 11857 
75 13191 
76 14656 
77 16261 
78 18017 
79 19938 
80 22035 
81 24323 
82 26815 
83 29529 
84 32480 
85 35686 
86 39165 
87 42938 
88 47024 
89 51447 
90 56230 
91 61398 
92 66976 
93 72993 
94 79478 
95 86462 
96 93976 
97 1 02056 
98 1 10737 
99 1 20058 
100 1 30058 


7 


99609 
80326 
27437 
16689 
41042 


11990 
60965 
40807 
27322 
20922 


48350 
64496 
54303 
34768 
57047 


08654 
15770 
45658 
09190 
63490 


14692 
20822 
94807 
07610 
91497 


43442 
28675 
84364 
23453 
38653 


06578 
92048 
52558 
42905 
19993 


47815 
02610 
78207 
91556 
88456 


49475 
96076 
96947 
74541 
11837 


59315 
42160 
67693 
33041 
33041 


SUMS OF POSITIVE POWERS 3 ke 
k=1 


38476 
41004 
80841 
90825 
25200 


74736 
67929 
35481 
20300 
20300 


56321 
62529 
01696 
12800 
03425 


04481 
09804 
28236 
80825 
80825 


39216 
43504 
62601 
35625 
07500 


79276 
46129 
031041 
87200 
87200 


42161 
98929 
88556 
44300 
72425 


94121 
81904 
18896 
14425 
14425 


50156 
73804 
34561 
53825 
63200 


74016 
52129 
76801 
67500 
67500 
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28283 
33629 
39855 
47085 
55458 


65130 
76273 
89079 
03762 
20559 


39729 
61563 
86379 
14526 
46391 


82395 
23002 
68718 
20098 
77746 


42321 
14542 
95188 
85107 
85220 


96524 
20097 
57109 
08819 
76592 


61894 
66308 
91537 
39413 
11903 


11121 
39333 
98967 
92626 
23094 


93346 
06565 
66147 
75716 
39136 


60526 
44269 
95032 
17777 
17777 


64007 
55578 
86395 
90771 
06771 


79901 
80957 
38760 
88527 
36656 


42718 
19494 
51890 
35635 
36635 


71947 
13310 
14229 
61631 
53135 


01010 
63925 
07632 
95731 
11731 


13620 
22206 
44528 
33638 
86142 


78853 
46007 
98488 
86545 
07545 


60306 
47620 
28587 
22441 
65570 


23468 
59412 
61670 
31113 
31113 


87066 
18522 
29883 
69019 
59644 


33660 
45661 
63677 
67998 
67998 


65279 
50175 
17696 
28352 
18977 


88673 
45314 
98690 
27331 
27331 


73092 
81828 
75909 
79685 
70310 


25286 
72967 
56103 
62664 
62664 


14505 
69481 
08522 
91018 
81643 


47499 
84620 
39916 
41997 
41997 


93518 
69134 
19535 
30351 
20976 


59312 
36273 
54129 
33330 
33330 


10563 
88554 
18530 
08961 
69498 


11115 
46261 
89027 
55326 
63096 


32510 
86219 
49600 
51040 
22232 


98500 
19153 
27863 
73072 
08433 


93283 
93152 
80311 
34352 
42821 


01885 
17055 
03947 
89106 
10879 


20343 
82298 
76323 
97898 
59593 


92334 
46750 
94588 
30228 
72277 


65257 
81394 
22502 
21982 
46923 


00323 
23429 
98205 
49930 
49930 
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86137 
44973 
80891 
40014 
05854 


00335 
19889 
07286 
65472 
25472 


86401 
51863 
93432 
78527 
06906 


07044 
51006 
53971 
32327 
02327 


09511 
87653 
54736 
62487 
25280 


63746 
08237 
17370 
77196 
57196 


10166 
14263 
66939 
52248 
15080 


88197 
30627 
48916 
85991 
75991 


77288 
10154 
40039 
62325 
59571 


17816 
04362 
25663 
00499 
00499 


15076 
50788 
52921 
66265 
50640 


95536 
79593 
24521 
79460 
79460 


13601 
77153 
30976 
12960 
03585 


03521 
98468 
28036 
04265 
04265 


53296 
82288 
50201 
29625 
26500 


04676 
76113 
60721 
79040 
79040 


78161 
86193 
26596 
56260 
59385 


23001 
52528 
18576 
03785 
03785 


92196 
48868 
36161 
52865 
62240 


42496 
07713 
57601 
98500 
98500 


3 
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11 
108 


713 
3538 
14275 
49143 
49143 


08517 
27691 
06276 
98822 
65326 


60442 
20381 
25054 
35716 
35716 


34526 
33754 
98866 
32676 
06992 


77949 
89270 
56937 
29270 
29270 


12139 
11208 
01061 
78601 
52136 


36537 
80261 
98741 
59593 
59593 


52694 
33911 
57044 
66428 
55588 


30416 
52774 
73860 
36836 
36836 


SUMS OF POSITIVE POWERS 3 ke 
k=1 
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Table 23.4 
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38941 
94452 
83199 
66451 
95967 


26516 
29849 
10270 
21945 
88121 


22412 
52349 
45378 
37528 
64962 


98650 
82430 
74713 
94119 
69368 


93723 
84347 
46930 
45970 
81117 


70010 
38057 
15640 
43249 
85073 


51619 
31932 
36051 
48338 
92382 


08171 
42312 
52073 
24066 
08467 


69648 
54190 
77262 
28403 
97795 


24155 
65424 
93493 
14243 
14243 


75112 62626 
34603 19650 
38258 32699 
30907 53275 
52098 93900 


43060 08076 
57628 99325 
26623 05149 
59629 46550 
59629 46550 


76258 29151 
34941 69375 
53759 60224 
99828 07200 
44456 97825 


53564 93601 
99082 55050 
00654 65674 
07202 25475 
07202 25475 


17301 06676 
43545 94100 
40581 51749 
14140 29125 
23612 94750 


47012 36126 
72874 36775 
85236 36199 
11504 83400 
11504 83400 


02074 12201 
38034 70825 
10093 24274 
76074 16050 
16796 81675 


04827 52651 
96263 21500 
05665 33724 
05327 17325 
05327 17325 


23434 62726 
47066 76550 
26359 94799 
21259 64975 
59638 55600 


51139 60176 
46067 86225 
33614 75249 
42419 24250 
42419 24250 


817 


818 


BERNOULLI 

Table 23.5 

mz 

1 0) 2. 0000 
2 0) 2. 0000 
3 0)1. 3333 
4 (~ 1)6, 6666 
5 - 1)2. 6666 
6 (- As 
7 (- 2)2.5396 
8 (- 3)6.3492 
9 (- 3)1, 4109 
10 (- 4)2, 8218 
11 (- 5)5.1306 
32 - 6)8.5511 
13) (- 6)1.3155 
14 (- 7)1. 8793 
15 (- 8)2,5058 
16 (- 9)3.1322 
17 + (-10)3. 6850 
18 (-11)4, 0944 
19 (-12)4, 3099 
20 (-13)4. 3099 
21 (-14) 4.1047 
22 (-15)3. 7315 
23 (-16) 3. 2448 
24 (-17)2. 7040 
25 (-18)2.1632 
26 (-19)1. 6640 
27 =(-20)1. 2326 
28 (-22)8. 8043 
29 (-23)6. 0719 
30 (-24)4. 0479 
31 (-25)2. 6116 
32 (-26)1. 6322 
33 (-28)9. 8924 
34 (-29)5. 8190 
35 (~30)3. 3251 
36 (-31)1. 8473 
37 (-33)9. 9855 
38 (-34)5, 2555 
39 (-35)2. 6951 
40 (-36)1. 3475 
41 -38) 6.5735 
42 (-~39)3.1302 
43 (-40)1. 4559 
44 (-42)6. 6179 
45 (-43)2. 9412 
46 (-44)1. 2788 
47 (-46)5. 4417 
48 (-47)2. 2674 
49 (-49)9. 2547 
50 (-50)3. 7019 


00000 
00000 
33333 
66667 
66667 


88889 
82540 
06349 
34744 
69489 


71797 
19662 
56871 
66959 
22612 


78264 
33252 
81391 
80412 
80413 


43250 
84772 
56324 
46937 
37550 


28884 
13988 
85630 
90089 
93393 


08641 
55401 
56972 
92337 
95620 


30900 
72436 
64439 
61251 
80626 


64028 
68584 
38876 
03983 
90659 


22026 
95855 
14940 
54855 
01942 


For x=1, see Table 6.3. 


‘eed 


1, 6272 


4. 4379 
1.1094 
2.5603 
5, 4864 
1. 0972 


2. 0574 
3, 6307 
6, 0512 
9.5545 
1, 4331 


2. 0473 
2.7919 
3. 6416 
4.5520 
5. 4624 


3028 
| 


10.30 © “IOC U1 Bw Ww NNR O ooo°;”]e 


( 
~ 
i=) 


-11 


tot 
a) 
Wo 


-14 


7. 0031 
7.5033 
7. 7620 
7.7620 


| 
he ee 
On rw 


-19 


7.5116 
7.0422 
6. 4020 
5. 6488 
4. 8418 


4, 0348 
3.2715 
2.5827 
1. 9867 
1. 4900 


Iobte 
NON NP 
WN © 


-24 


~25 
-26 
-27 
-28 
-29 


-30 
~32 
-33 
-34 
~35 


-36 
-37 
-39 
-40 
~41 


1. 0902 
7.7877 
5. 4333 
3. 7045 
2.4697 


1. 6106 
1, 0280 
6.4255 
3, 9340 
2. 3604 


AND EULER POLYNOMIALS, RIEMANN 


xn/n! 


00000 
00000 
00000 
00000 
00000 


00000 
85714 
32143 
07143 
32144 


05844 
76461 
30295 
22060 
84412 


08272 
20481 
00801 
27582 
79137 


98768 
07410 
18361 
22952 
27543 


01010 
12233 
34535 
70209 
70209 


80847 
00795 
00722 
24167 
49284 


74405 
19788 
78779 
52908 
64681 


91230 
94496 
44999 
53408 
02271 


75395 
90677 
66736 
20450 
12270 


( 

| 4, 5366 
-11) 7. 2586 

Be 1167 
~12)1. 6543 
~13) 2. 3634 
-14) 3, 2598 
-15) 4, 3464 

( 


-16) 5. 6083 
7.0104 
8. 4975 
9.9971 
1.1425 


-17 
~18 
-19 
-19 


-20 
~21 


1, 2694 
1.3724 
~22)1. 4446 
-23)1. 4816 
-24) 1. 4816 


~25) 1. 4455 
-26) 1. 3767 
-27) 1. 2806 
-28) 1. 1642 
-29) 1. 0348 


-31) 8, 9989 
-32) 7. 6586 
-33) 6. 3822 
~34) 5.2099 
-35) 4.1679 


ZETA 


00000 
00000 
66667 
66667 
33333 


88889 
93651 
96825 
85891 
94356 


61584 
38614 
04189 
54825 
79534 


69883 
46785 
43730 
71011 
42021 


70516 
40093 
82772 
37953 
20726 


10881 
86490 
09271 
74857 
99810 


86851 
83564 
55834 
24513 
28515 


76128 
06625 
38552 
80567 
80567 


42017 
06682 
57379 
33981 
74650 


09998 
46807 
05674 
63815 
71052 


a 
| 
: 


: 
E 
: 
: 


FUNCTION 


Po etd 


~10) 6. 8423 
-10)1. 2218 
-11) 2.1066 

12) 3.5110 


fee 


- 6948 


-14) 8, 8484 
~14)1. 3406 
-15)1.9715 
-16) 2, 8165 


~17) 3, 9118 
-18) 5. 2863 
6.9556 
8.9175 
0)1.1146 


~-21)1. 3593 
1. 6183 
1, 8817 
2, 1383 
2.3759 


2.5825 
2. 7474 
2, 8618 
2.9202 
2.9202 


00000 
00000 
33333 
66667 
66667 


38889 
99206 
20040 
88911 
44455 


47480 
64499 
32500 
87499 
29166 


03644 
71660 
54611 
61740 
04350 


05595 
60362 
18179 
04540 
40908 


86362 
82151 
53956 
44751 
74585 


23524 
74257 
77918 
85173 
50246 


75343 
18032 
81619 
40539 
92567 


81180 
10928 
56893 
60106 
55673 


60514 
04803 
80003 
85717 
85717 
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xn/n! Table 23.5 
mx 6 8 9 
1 ( 0)6.0000 00000 ( Ve ‘aa: 00000 ( 06)8,0000 00000 | 0)9. 0000 00000 
2 ( 1)1,.8000 00000 ( 1)2.4500 00000 ( 1)3.2000 00000 1) 4.0500 00000 
3 1)3.6000 00000 ( 1)5.7166 66667 1) 8, 5333 33333 2)1. 2150 00000 
4 1)5.4000 00000 ( 2)1.0004 16667 2)1. 7066 66667 Artery 50000 
5 1)6.4800 00000 ( 2)1.4005 83333 2) 2. 7306 66667 2)4.9207 50000 
6 1)6. 4800 00000 2)1. 6340 13889 2) 3.6408 88889 2) 7. 3811 25000 
7 1)5.5542 85714 2) 1. 6340 13889 2)4,1610 15873 2)9, 4900 17857 
8 1)4,1657 14286 2)1. 4297 62153 2) 4.1610 15873 3)1. 0676 27009 
9 1)2.7771 42857 2)1.1120 37230 2) 3.6986 80776 3)1.0676 27009 
10 1)1. 6662 85714 1) 7. 7842 60610 2)2.9589 44621 2)9. 6086 43080 
11 ( 0)9.0888 31169 1) 4, 9536 20388 2)2.1519 59724 2) 7.8616 17066 
12 0)4,5444 15584 1) 2, 8896 11893 2)1. 4346 39816 2)5. 8962 12799 
13 0) 2.0974 22577 1)1.5559 44865 1) 8. 8285 52715 2) 4.0819 93476 
14 (- 1)8,9889 53903 0)7.7797 24327 1)5. 0448 87266 2)2, 6241 38663 
15 (- 1)3.5955 81561 0) 3.6305 38019 1) 2, 6906 06542 2)1.5744 83198 
16 (- 1)1.3483 43085 0)1. 5883 60383 1)1. 3453 03271 1) 8 8564 67988 
17. (~ 2)4.7588 57949 - 1)6,5403 07461 0) 6, 3308 38921 1) 4, 6887 18347 
18 (- 2)1.5862 85983 -~ 1)2.5434 52902 0) 2. 8137 06187 1) 2, 3443 59173 
19 (- 3)5.0093 24157 - 2)9,3706 15954 0)1.1847 18395 1)1.1104 85924 
20 (- 3)1.5027 97247 - 2)3.2797 15584 1) 4. 7388 73579 0) 4.9971 86660 
21 (- 4)4.2937 06421 - 2)1.0932 38528 ~ 1)1.8052 85173 0) 2.1416 51426 
22 (- 4)1.1710 10841 - 3)3.4784 86224 - 2)6.5646 73354 - 1)8.7613 01284 
23 (- 5)3,0548 10892 - 3)1.0586 69721 - 2)2,2833 64645 - 1)3.4283 35286 
24 (- 6)7.6370 27230 - 4)3.0877 86685 - 3)7.6112 15485 - 1)1,2856 25732 
25 (~- 6)1.8328 86535 - 5)8,6458 02721 - 3)2.4355 88956 - 2)4.6282 52637 
26 (- 7)4.2297 38158 ~- 5)2,3277 16117 - 4)7.4941 19863 - 2)1.6020 87451 
27 (- 8)9,3994 18129 - 6)6. 0348 19562 ~ 4)2,2204 79959 - 3)5. 3402 91503 
28 (- 8)2,0141 61028 - 6)1.5087 04890 ~ 5)6. 3442 28454 ~ 3)1.7165 22269 
29 (- 9)4,1672 29712 - 7)3.6417 01460 - 5)1.7501 31987 ~ 4)5, 3271 38075 
30 (-10)8, 3344 59424 ~ 8)8.4973 03406 - 6)4. 6670 18634 ~ 4)1.5981 41423 
31 (-10)1.6131 21179 - 8)1.9187 45930 ~ 6)1.2043 91905 - 5) 4, 6397 65421 
32 (-11)3.0246 02211 ~ 9)4,1972 56723 - 7)3,0109 79764 - 5)1. 3049 34025 
33 (-12)5. 4992 76746 -10) 8, 9032 71836 - 8)7.2993 44881 - 6)3.5589 10976 
24 (-13)9. 7046 06024 -10) 1.8330 26555 - 8)1.7174 92913 - 7)9.4206 46703 
35 (-13)1. 6636 46746 -11)3. 6660 53108 - 9)3.9256 98086 ~ 7)2,4224 52008 
36 (-14)2.7727 44578 -12) 7. 1284 36600 -10) 8. 7237 73527 ~ 8)6,0561 30022 
37 (-15)4.4963 42559 -12) 1.3486 23141 -10) 1.8862 21303 - 8)1.4731 12708 
38 (~16)7.0994 88250 ~13) 2. 4843 05785 -11) 3.9709 92217 - 9)3. 4889 51151 
39 (-16)1,0922 28962 -14) 4, 4590 10384 -12) 8.1456 25061 -10) 8, 0514 25733 
40 (-17)1. 6383 43443 -15) 7, 8032 68172 ~12)1. 6291 25012 -10)1. 8115 70790 
41 (-18)2. 3975 75770 -15)1. 3322 65298 -13) 3.1787 80512 -11) 3.9766 18807 
42 (-19)3. 4251 08241 -16) 2, 2204 42162 -14) 6.0548 20021 -12) 8.5213 26014 
43 (~-20)4. 7792 20803 ~17) 3. 6146 73288 ~14) 1.1264 78144 -12)1. 7835 33352 
44 (-21)6.5171 19276 ~18)5. 7506 16594 ~15) 2, 0481 42079 -13) 3. 6481 36401 
45 (-22)8, 6894 92366 -19) 8.9454 03590 -16) 3, 6411 41473 ~14) 7, 2962 72802 
46 (-22)1.1334 12048 -19) 1. 3612 57068 -17) 6, 3324 19955 ~14) 1.4275 31635 
47 (-23)1, 4469 08998 -20) 2.0274 04144 -17)1. 0778 58716 -15) 2, 7335 71217 
48 (-24)1, 8086 36247 ~21) 2.9566 31045 -18) 1.7964 31193 ~16)5.1254 46033 
49 (-25)2.2146 56629 -22) 4, 2237 58634 -19) 2.9329 48887 -17)9. 4140 84548 
50 (-26)2.6575 87955 ~23) 5.9132 62088 -20) 4, 6927 18219 ~-17)1. 6945 35219 
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Mathematical Properties 


In each sub-section of this chapter we use 
a fixed format which emphasizes the use and 
methods of extending the accompanying tables. 
The format follows this form: 

I. Definitions 

A. Combinatorial 

B. Generating functions 

C. Closed form 
II. Relations 

A. Recurrences 

B. Checks in computing 

C. Basic use in numerical analysis 
III. Asymptotic and Special Values 

In general the notations used are standard. 
This includes the difference operator A defined on 
functions of z by Af(z)=f(r+1)—f(z), A™*Y (x) 
=A(A"f(z)), the Kronecker delta 6,;, the Riemann 
zeta function ¢(s) and the greatest common 
divisor symbol (m,n). Therange of thesummands 
for a summation sign without limits is explained 
to the right of the formula. 

The notations which are not standard are those 
for the multinomials which are arbitrary short- 
hand for use in this chapter, and those for the 
Stirling numbers which have never been stand- 
ardized. <A short table of various notations for 
these numbers follows: 


Notations for the Stirling Numbers 


Reference First Kind Second Kind 
This chapter s™ Sm 
{24.2] Fort sm So * 
[24.7] Jordan Sz Gr 
[24.10] Moser and Wyman Sr om 
[24.9] Milne-Thomson ( ee ) BY, (*) Bom 
m—1 m 
{24.15} Riordan s(n, m) S(n, m) 
ou carta (Layemsi(n—1,n—m) — S4(m, n—m) 
Miksa S(n—m+1, n) mon 
(Unpublished 
tables) 


[24.17] Gupta u(n, m) 


We feel that a capital S is natura] for Stirling 
numbers of the first kind; it is infrequently used 
for other notation in this context. But once it 
is used we have difficulty finding a suitable 
symbol for Stirling numbers of the second kind. 
The numbers are sufficiently important to warrant 


822 *See page IL. 


a special and easily recognizable symbol, and 
yet that symbol must be easy to write. We have 
settled on a script capital & without any certainty 
that we have settled this question permanently. 

We feel that the subscript-superscript notation 
emphasizes the generating functions (which are 
powers of mutually inverse functions) from which 
most of the important relations flow. 


24.1. Basic Numbers 


24.1.1 Binomial Coefficients 


I. Definitions 


A. C) is the number of ways of choosing m 


objects from a collection of n distinct objects 
without regard to order. 
B. Generating functions 


* (lta)"=32 (* ) a n=0,1, 
m=0 \M 
(I-a) =) Se jaj<cl 
C. Closed form 
Gaiam) 
m/ m\(n—m)! \n—m 
n>m 


_ n(n)... (n—m+1) 
a m! 


II. Relations 
A. Recurrences 


Cn Gn) n a) 
“Gamat ACG") 


B. Checks 


n>m2>1 


2 G,) Gos) r+s>n 
Pa (—1)"-" eC.) esis 


pa prime 


(* )=(*) ) ... (mod p) 
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where >a (—1)" (") f@—m) 


uae = k >0 : es 
n 2 MP", m 2 MP PP My, Nk = => (—1) CG far ) MEG HA 


C. Numerical analysis III. Special Values 


arf@)=2 (—1)*-* (*) s@-+m) (6)=()=1 
=> () Ant f(a—r) (in) =7 Gn) Gn—9) neal 


24.1.2 Multinomial Coefficients 
I. Definitions 


A. (n; m, N2,. . ., Mm) is the number of ways of putting n=n+m+...+n, different objects 
into m different boxes with n, in the k-th box, k=1,2,..., m. 

(n; @, @,.. ., @a)* is the number of permutations.of n=a,+2a,+ ...-+na@, symbols composed 
of a, cycles of length k for k=1, 2,.. ., n. 

(n; @, G2, . . ., Gn)’ is the number of ways of partitioning a set of n=a,+2a,+...+na, dif- 
ferent objects into a, subsets containing & objects for k=1, 2,.. ., n. 


B. Generating functions 
(a +a.+ ... +2m)"=2(n; mM, Ne, . . ., Mm) ee... afm summed over mtnet . tn, =n 


Oo ZX; ™m™ @o t” 
(= k t') =m! 2 ni Zn; @,@2,..-, Gn) *x 1x32. oe 
k=l nem 0 summed over a,+2a.+ ...+na,=n 


> and aita.+ ...+a,=m 
@ Lr : m ' oo * S : Wate F 1 2 "2 
fin? =m! 20 af (n; @,, M2, .. «) Gn) xyes? . . . ean 


C. Closed forms 


(nj Mm, Ne, . . -) Mm) =n!/m!n!. . . re! Mmtnrmt. . .tnr_=n 
(Nn; @, do, . . .,Gn)*=n!/1%a,!2%a,! . . . n%a,! Q+2a,.+ ...+na,=n 
(; Qy, Qe, . . ., On)’ =n! /(1!)%1a,!(2!)%a_! . . . (n!)%na,! Qi +2a.+ ... +na,=n 


II. Relations 
A. Recurrence 


(n+m;m+1, Ne+l1, ao 1sMim+1)= 3) (n+m—1;m+1, rae Mit), Ne, Mmeitl, Pies Nm +1) 
B. Checks 


L(njm,N,.. mo=| 


mr" alln;21 
summed over n,--N2+ ... +m=n 


m! 3” 
Z(n; 1, de, . . -, dn)*=(—1)*- "SS 


summed over a,;+2a,+ ... +na,=n anda,+a,+...+a,=m 
Z(n; Q, Qe, sy Sosy a,)'= Ss” 


C. Numerical analysis (Fada di Bruno’s formula) 
d" 2 
dart (9) = 25 G@)Z@; @1,G2,..., Gn)’ {g’ (x) }*{g’’ (x) }%.. . (g(x) } 


summed over a,+2a.+ ... +na,=n and at+a+...+a=m. 


*See page Il. 
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=2(—1)"-™1(n; a, da,... 


P, 1 0 ee 0 
P, Py, 2 
P; P, P, 
0 
n—1 
Es bee. Shee nee eg 


summed over @,+2a.+.. 
sum equal n!Z2,2,... 


24.1.3 Stirling Numbers of the First Kind 
I. Definitions 


A. (—1)"-™S™ is the number of permutations 
of n symbols which have exactly m cycles. 
B. Generating functions 


#6=1)..< @—n+1)= 33 Seman 


an (4+2)}"=m! 3 see lal<1 


C. Closed form (see closed form for ${”) 


(m) "5 (1) n—1+k\f 2n—m ) 
Sy D>, ( 1) Gea Ge m—k Brem+k 
Il. Relations 
A. Recurrences 
SE, = SPY —nS n>m>1 
C) Sm = pat Gs ) SO, Sarrn n>m>r 
k=m—r 
B. Checks 
> Si =0 n>! 
m=1 
33 (—1) "8" =n! 
m=0 
3 SE SMat aS 
C. Numerical analysis 
aa (z)=m! >= ” A*f(2) 


if convergent. 


. tna,=n; e.g. if Py=2j..2t for k=1, 2, .. 
z,, the latter sum denoting the n-th elementary symmetric function of %, 22, . . ., Zr. 


» On)*PiuPz2 . . . Pan 


., m then the determinant and 


HI. Asymptotics and Special Values 
[Sx |~(n—1) ly +In n)™"4/(m—1)! 
for m=o(In n) 


aye Site Qn! 


SP=(—1I)"(n—1)! 


ar—-() 
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24.1.4 Stirling Numbers of the Second Kind 


I. Definitions 


A. {is the number of ways of partitioning a 
set of n elements into m non-empty subsets. 


B. Generating functions 


z= 5 B2(2z—1) .. . (2a—m+1) 
(e?—1)"=m! = Be F x 


.d—m2z)3t=S5 Sa" 
n=™m 
la|<m-? 


(l—2z)-"(1—22)7!. 


C. Closed form 


SP iz (—1)"-* 7) kn 
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II. Relations 
A. Recurrences 


Bm BP+ Br” n>m>1 
(*) Se— St () Piok BE P= n>M>r 
B. Checks 
> (-1em! S=1 
SD Sh mt so 
BOS te) (nm nk) Sie 


n n 
DSP SP= DSH SP=0,, 
C. Numerical analysis 


Anf(z)=m! Da ae Be" #(2) 


if convergent 


ne nm+1 
Ph Ga 
By kn ue Bg d es —a") 


k=O 


III. Asymptotics and Special Values 


lim m-* $= (m))- 
ne 


m?* 
Bre m™~ 2An 2*n! for n=0(m) 


Brey 


age SB “& Gy 
BO =Son 
B= FP=1 


s=(0) 


24.2. Partitions 


=m 


24.2.1 Unrestricted Partitions 
I. Definitions 


A. p(n) is the number of decompositions of n 
into integer summands without regard to order. 
Eg., 5=1+4=24+8=14+14+38=14242=141+ 
1+2=1+1+1+1+1 so that p(5)=7. 


*See page m1. 


B. Generating function 


3nitn 
> pn)a"= 0 (1 z”)-t= ac 1)"z 2 ee 


za<l 
C. Closed form a 


Pin) = 3 vuln) ash avira Sh UEviyemai} 
ee a 


2xihn 


A,(n) = >> ert ,b og k 
O<h<k 
(h, k)=1 


an-$4(@) 


((z)) =z—[z] —j if x is not an integer 
=0 if z is an integer 


where 


II. Relations 
A. Recurrence 


2 
P= 2. —IY'p (n—* 3") p(0)=1 
sy Sn 
1 n 
== 24 rilk)pn—k) 
k=1 
B. Check 
p+ Sy (E(u) om 
1c SBE cy 2 2 
<< 
IH. Asymptotics 
( ) 1 xV2/3¥n 
~~ — =e 
Pp a3 


24.2.2 Partitions Into Distinct Parts 


I. Definitions 


A. q(n) is the number of decompositions of n 
into distinct integer summands without regard to 
order. E.g., 5=1+4=2+83 so that ¢(5)=3. 


B. Generating function 
2 a(n)z" 
C. Closed form 


n= 2 Aa 0) Jol xe aay" +34) 


where Jo(z) is the Bessel function of order 0 and 
Axy-_1(n) was defined in part I-C. of the previous 
subsection. 


= 1 (1-2) = I (L—2@-)-1 fa] <1 
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II. Relations 
A. Recurrences 
2 
q (nS) -(— 1) ifn=3r+r 
q(0)=1 


=0 otherwise 
a(n) =2 3+ elk) 20 (§) batn—Wy 
B. Check 
(ie Gree 1ita 


O<aktek<n 2 


=0 otherwise. 


Ill. Asymptotics 


1 Tr 
q(n)~ 4.3174. 73h © vas 


24.3. Number Theoretic Functions 


24.3.1 The Mobius Function 


I. Definitions 


A. p(n)=1 ifn=1 

=(~1)* ifnis the product of k& distinct 
primes 

=0 if n is divisible by a square >1. 

B. Generating functions 
25 Hin)n~*=1/¢(8) #s>1 

(nz _ 
oe 1—2z" =z |z]<1 


II. Relations 
A. Recurrence 


u(mn)=n(m)p(n) if (m,n)=1 
=0 if (m,n)>1 
B. Check 
2 u(d)=6n1 
C. Numerical analysis 
a(n) = 3. J@ for all n if and only if 
In=) u(d)g(n/d) for all n 


g(n)= z f@ for all n if and only if 
fna)= 7 I g(njdyn® for all n 


{z] 
ge) = JF (a/n) for all x>0 if and only if 


f=) u(n)g(a/n) for all 2>0 
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9@) = f(nz) for all z>0 if and only if 
fle) =) u(n)g(n) for all z>0 


and if 2 = | #(mna)| => ao(n)| f(naz)| converges. 


The cyclotomic polynomial of order n is 
sat (2? — Tyas?) 
dln 


III. Asymptotics 


Dey u(@) lihnn=-1 

>> un) =0(ze- vin 2) 

nz 
24.3.2 The Euler Totient Function 
I. Definitions 


A. g(n) is the number of integers not exceeding 
and relatively prime to n. 


B. Generating functions 


BRs>2 


|e]< 
C. Closed form 
1 
n)=n I 1-) 
of) pln PD 
over distinct primes p dividing n. 


If. Relations 
A. Recurrence 
o(mn) =¢9(m)¢(n) (m,n)=1 


B. Checks 


2a g(d)=n 
on) =>. B (5) d 


a? =1(mod n) (a,n)=1 


HI. Asymptotics 


12 3 Inn 
to POT (=*) 
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24.3.3 Divisor Functions 


I. Definitions 
A. o,(n) is the sum of the k-th powers of the 
divisors of n. Often o,(n) is denoted by d(n), and 
a(n) by o(n). 
B. Generating functions 


a 


pat o,(n)n-*=¢(s)¢(s—k)  Bs>k+1 
Soe alc 


C. Closed form 
Kat) 4 


& 
=>) g¢=y 2 
o,(n) >» j=l pi—1 


N=pit'pz? . . . pes 
Il. Relations 
A. Recurrences 
ox(mn) = o,(m)ox(n) 
o,(np)=o,(n)ox(p) —p*ox(n/p) 
YI. Asymptotics 
= oo(m)=In n+-2y—1+0(n-3) 
(y=Euler’s constant) 


(m, n)=1 


p prime 
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+5 SS oulm) =7+0 (2) 


24.3.4 Primitive Roots 


I. Definitions 


The integers not exceeding and relatively prime 
to a fixed integer n form a group; the group is 
cyclic if and only if n=2, 4 orn is of the form p* or 
2p* where p is an odd prime. Then gis a primitive 
root of n if it generates that group;i.e.,ifg, g’, . . ., 
g?™ are distinct modulo n. There are y(¢(n)) 
primitive roots of n. 


Ii. Relations 


A. Recurrences. If g is a primitive root of a 
prime p and g?"'#1(mod p*) then g is a primitive 
root of p* for all k. If g?-'=1(mod p*) then g+p 
is @ primitive root of p* for all k. 

If g is @ primitive root of p* then either g or 
g+p*, whichever is odd, is a primitive root of 2p*. 

B. Checks. If g is a primitive root of n then g* 
is @ primitive root of n if and only if (k, g(n))=1, 
and each primitive root of n is of this form. 
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Table 24.1 

n\m 0 1 2 3 4 
1 1 1 

2 1 2 a 

3 i 3 3 1 

4 1 4 6 4 1 
5 1 5 10 10 5 
6 #1 6 15 20 15 
7 #1 7 21 35 35 
8 1 8 28 56 70 
9 I 9 36 84 126 
10 1 10 45 120 210 
ll 21 it 55 165 330 
12 1 12 66 220 495 
13 #1 #413 78 286 715 
14 1 =14 91 364 1001 
15 1 15 105 455 1365 
16 1 16 120 560 1820 
17 #1 #1 136 680 2380 
18 1 18 153 816 3060 
19 #1 #19 171 969 3876 
20 2 20 190 1140 4845 
21 #1 ai 210 1330 5985 
22 1 22 231 1540 7315 
23 1 23 253 1771 8855 
24 1 24 276 2024 10626 
25 1 25 300 2300 12650 
26 1 26 325 2600 14950 
27 1 27 351 2925 17550 
28 1 28 378 3276 20475 
29 1 29 406 3654 23751 
30 1 30 435 4060 27405 
31 1 31 465 4495 31465 
32 1 32 496 4960 35960 
33 1 33 528 5456 40920 
34 1 34 561 5984 46376 
35 1 35 595 6545 52360 
36 1 36 630 7140 58905 
37 1 37 666 7770 66045 
38 1 38 703 8436 73815 
39 1 39 741 9139 82251 
40 1 40 780 9880 91390 
41 1 421 820 10660 101270 
42 1 42 861 11480 111930 
43 1 43 903 12341 123410 
44 1 44 946 13244 135751 
45 1 45 990 14190 148995 
46 1 46 1035 15180 163185 
47 1 47 #2:1081 16215 178365 
48 1 48 1128 17296 194580 
49 1 49 1176 18424 211876 
50 1 50 1225 19600 230300 


0 O~] Cun w WN pr we 


5 


18760 


son in BWM PO Pee 


139 
158 


BINOMIAL COEFFICIENTS (7) 


859 
998 


1 

9 

45 
165 
495 
1287 


3003 
6435 


12870 
24310 
43758 
75582 
25970 


03490 
19770 
90314 
35471 
81575 


62275 
20075 
08105 
92145 
52925 


88725 
18300 
84156 
56204 
35820 


60340 
08020 
03492 
23748 
04685 


48245 
30185 
08513 
32627 
53195 


32815 
57495 
48994 
78066 
78650 


From Royal Society Mathematical Tables, vol. 3, Table of binomial coefficients. Cambridge Univ. 
Press, Cambridge, England, 1954 (with permission). 


n\m 


100 15005 
143 07150 


201 60075 
280 48800 
385 67100 
524 51256 
706 07460 


941 43280 
1244 03620 
1630 11640 
2119 15132 
2734 38880 


3503 43565 
4458 91810 
5639 21995 
7089 30508 
8861 63135 


11017 16330 
13626 49145 
16771 06640 
20544 55634 
25054 33700 


BINOMIAL COEFFICIENTS (m) 


3 


82178 
1 02722 


COMBINATORIAL ANALYSIS 


10 


52716 
46646 
44066 
61256 
68760 


11735 
36285 
23110 
30010 
45015 


52165 
12240 
61040 
28140 
79396 


86856 
30136 
33756 
45396 
60528 


99408 
42973 
34783 
56778 
87286 


50421 
66751 
15896 
22536 
78170 


VNNHH 


1 
3 
7 


11 


75582 
67960 


52716 
05432 
52078 
96144 
57400 


26160 
37895 
74180 
97290 
27300 


72315 
24480 
36720 
97760 
25900 


05296 
92152 
22288 
56044 
01440 


61968 
61376 
04349 
39132 
95910 


83196 
33617 
00368 
16264 
38800 


e 


NWO NNR Re 


22637 
13996 


12 


34836 


51100 


Table 24.1 


13 


63915 
59850 


53075 
73600 
66440 
83760 
37800 


89600 
67300 
50296 
25444 
22880 


76360 
31280 
48168 
26432 
09045 


30790 
48445 
49296 
83764 
18600 


829 


830 


Table 24.1 
n\m 
14 
15 
16 
17 
18 
19 
20 
21 1 
22 3 
23 8 
24 19 
25 44 
26 96 
27 200 
28 401 
29 775 
30 1454 
31 2651 
32 4714 
33 8188 
34 13919 
35 23199 
36 37962 
37 61070 
38 96695 
39 1 50845 
40 2 32069 
41 3 52401 
42 5 28602 
43 7 83789 
44 11 49558 
45 16 68713 
46 23 98775 
47 34 16437 
48 48 23206 
49 67 52488 
50 93 78456 
n\m 
20 
21 
22 
23 
24 
25 
26 2 
27 8 
28 31 
29 100 
30 300 
31 846 
32 2257 
33 5731 
34 13919 
35 32479 
36 73078 
37 1 59053 
38 3 35780 
39 6 89232 
40 13 78465 
41 26 91289 
42 51 37916 
43 96 05669 
44 176 10393 
45 316 98708 
46 560 82330 
47 976 24796 
48 1673 56794 
49-2827 75273 
50 4712 92122 


COMBINATORIAL ANALYSIS 


BINOMIAL COEFFICIENTS (,") 


15 16 7 18 19 
i 
16 1 
136 17 1 
816 153 18 1 
3876 969 171 19 1 
15504 4845 1140 190 20 
54264 20349 5985 1330 210 
1 70544 74613 26334 7315 1540 
4 90314 2 45157 1 00947 33649 8855 
13 07504 7 35471 3 46104 1 34596 42504 
32 68760 20 42975 10 81575 4 80700 1 77100 
77 26160 53 11735 31 24550 15 62275 6 57800 
173 83860 130 37895 84 36285 46 86825 22 20075 
374 42160 304 21755 214 74180 131 23110 69 06900 
775 58760 678 63915 518 95935 345 97290 200 30010 
1551 17520 1454 22675 1197 59850 864 93225 546 27300 
3005 40195 3005 40195 2651 82525 2062 53075 1411 20525 
5657 22720 6010 80390 5657 22720 4714 35600 3473 73600 
10371 58320 11668 03110 11668 03110 10371 58320 8188 09200 
18559 67520 22039 61430 23336 06220 22039 61430 18559 67520 
32479 43160 40599 28950 45375 67650 45375 67650 40599 28950 
55679 02560 73078 72110 85974 96600 90751 35300 85974 96600 
93641 99760 1 28757 74670 1 59053 68710 1 76726 31900 1 76726 31900 
1 54712 86560 2 22399 74430 2 87811 43380 3 35780 00610 3 53452 63800 
2 51408 40660 3 77112 60990 5 10211 17810 6 23591 43990 6 89232 64410 
4 02253 45056 6 28521 01650 8 87323 78800 11 33802 61800 13 12824 08400 
6 34322 74896 10 30774 46706 15 15844 80450 20 21126 40600 24 46626 70200 
9 86724 27616 16 65097 21602 25 46619 27156 35 36971 21050 44 67753 10800 
15 15326 56696 26 51821 49218 42 11716 48758 60 83590 48206 80 04724 31850 
22 99116 17056 41 67148 05914 68 63537 97976 102 95306 96964 140 88314 80056 
34 48674 25584 64 66264 22970 110 30686 03890 171 58844 94940 243 83621 77020 
51 17387 60544 99 14938 48554 174 96950 26860 281 89530 98830 415 42466 71960 
75 16163 04549 150 32326 09098 274 11888 75414 456 86481 25690 697 31997 70790 
109 32600 79344 225 48489 13647 424 44214 84512 730 98370 01104 1154 18478 96480 
157 55807 02584 334 81089 92991 649 92703 98159 1155 42584 85616 1885 16848 97584 
225 08295 75120 492 36896 95575 984 73793 91150 1805 35288 83775 3040 59433 83200 
21 22 23 24 25 
1 
22 1 
253 23 1 
2024 276 24 1 
12650 2300 300 25 1 
65780 14950 2600 325 26 
2 96010 80730 17550 2925 351 
11 84040 3 76740 98280 20475. 3276 
42 92145 15 60780 4 75020 1 18755 23751 
143 07150 58 52925 20 35800 5 93775 1 42506 
443 52165 201 60075 78 88725 26 29575 7 36281 
1290 24480 645 12240 280 48800 105 18300 33 65856 
3548 17320 1935 36720 925 61040 385 67100 138 84156 
9279 83760 5483 54040 2860 97760 1311 28140 524 51256 
23199 59400 14763 37800 8344 51800 4172 25900 1835 79396 
55679 02560 37962 97200 23107 89600 12516 77700 6008 05296 
1 28757 74670 93641 99760 61070 86800 35624 67300 18524 82996 
2 87811 43380 2 22399 74430 1 54712 86560 96695 54100 54149 50296 
6 23591 43990 5 10211 17810 3 77112 60990 2 51408 40660 1 50845 04396 
13 12824 08400 11 33802 61800 8 87323 78800 6 28521 01650 4 02253 45056 
26 91289 37220 24 46626 70200 20 21126 40600 15 15844 80450 10 30774 46706 
53 82578 74440 51 37916 07420 44 67753 10800 35 36971 21050 25 46619 27156 
105 20494 81860 105 20494 81860 96 05669 18220 80 04724 31850 60 83590 48206 
201 26164 00080 210 40989 63720 201 26164 00080 176 10393 50070 140 88314 80056 
377 36557 50150 411 67153 63800 411 67153 63800 377 36557 50150 316 98708 30126 
694 35265 80276 789 03711 13950 823 34307 27600 789 03711 13950 694 35265 80276 
1255 17595 87422 1483 38976 94226 1612 38018 41550 1612 38018 41550 1483 38976 94226 
2231 42392 66528 2738 46572 81648 3095 76995 35776 3224 76036 83100 3095 76995 35776 
3904 99187 16424 4969 98965 48176 5834 33568 17424 6320 53032 18876 6320 53032 18876 
6732 74460 62800 8874 98152 64600 10804 32533 66600 12154 86600 36300 12641 06064 37752 


oe ie) Nore me Co noe 


LA oad 


w==1%1, 2%, . . 


M,=(n; m, Ma, « « 


M,=(n; %, da, . 

M3= (Nn; di, da, . 

T M, 
1 1 
2 1 
1? 2 
3 1 
1,2 3 
18 6 
4 1 
1,3 4 
2 6 
17,2 12 
1¢ 24 
5 1 
1,4 5 
2, 3 10 
17,3 20 
1, 2? 30 
1°, 2 60 
15 120 
6 1 
1,5 6 
2,4 15 
3 20 
17,4 30 
1, 2,3 60 
2 90 
13,3 120 
12 2? 180 
2 360 
1° 720 
7 1 
1,6 7 
2,5 21 
3,4 35 
17.5 42 
1,2,4 105 
1, 3? 140 
27,3 210 
4 210 
17,2,3 420 
1, 2? 630 
14,3 . 840 
1%? 1260 
15,2 2520 


COMBINATORIAL ANALYSIS 


Multinomials and Partitions 


1 NN, N=UTZt . . . +Nn, M=A+a+t+ ... 
oy Nm) =] (1!)91(21)% 2. . 


M, 


M; 


+) Gq) *=n!/1%1a,!2%a_! . . 
« +y On)’ =!/(A! tia !(2!)%ae! . . 


n 
8 


(n!)%n 
. Nndy! 
(n!)*na,! 
mM wT 
{1-3 
2 1,7 
2.6 
a 
3 13,6 
1, 2,5 
13,4 
2? 4 
4 as 
122,4 
12, 32 
1,28, 3 
2 
5 144 
122.3 
12) 98 
6 153 
1" 92 
7 182 
8s L 
1 9 
2 1,8 
2) 7 
3.6 
4.5 
3 127 
1, 2,6 
13.5 
1,4 
22 5 
23,4 
4 136 
12725 
123) 4 
1,2? 4 
1, 2, 3° 
2 3 
5 185 
1394 
13, 3? 
12 22 3 
1, 24 
6 184 
14 2,3 
7 He 
ee 
9 Ww 


+a, 


181440 
362880 


~~ 831 


Table 24.2 
M, M; 

5040 1 
5760 8 
3360 28 
2688 56 
1260 35 
3360 28 
4032 168 
3360 280 
1260 210 
1120 280 
13844 56 
2520 420 
1120 230 
1680 840 
105 105 
420 70 
1120 560 
420 420 
112 56 
210 210 
28 28 
1 1 
40320 1 
45360 9 
25920 36 
20160 84 
18144 126 
25920 36 
30240 252 
24192 504 
11340 315 
9072 378 
15120 1260 
2240 280 
10080 84 
18144 756 
15120 1260 
11340 1890 
10080 2520 
2520 1260 
3024 126 
7560 1260 
3360 840 
7560 3780 
945 945 
756 126 
2520 1260 
1260 1260 
168 84 
378 378 
36 36 
1 1 


832 COMBINATORIAL ANALYSIS 


Table 24.2 Multinomials and Partitions 
n m T M, M, M;, n ™m v M, M, M; 
10 1 10 1 362880 1 10 23,4 18900 18900 3150 
2 1,9 10 403200 10 2?, 3? 25200 25200 6300 
2,8 45 226800 45 5 14,6 5040 25200 210 
3,7 120 172800 120 32,5 15120 60480 2520 
4,6 210 151200 210 13, 3,4 25200 50400 4200 
5? 252 72576 126 1?7,2?7,4 *37800 *56700 9450 
3 17,8 90 226800 45 1?, 2, 3? 50400 50400 12600 
1,2,7 360 259200 360 1, 23, 3 75600 25200 12600 
1, 3,6 840 201600 840 25 113400 945 945 
1,4, 5 1260 181440 1260 6 15,5 30240 6048 252 
27,6 1260 75600 630 1*, 2,4 75600 18900 3150 
.2,3,5 2520 *120960 2520 14, 3? 100800 8400 2100 
2, 4? 3150 56700 1575 13, 27,3 151200 25200 12600 
37,4 4200 50400 2100 1?, 24 226800 4725 4725 
4 13,7 720 86400 120 7 18,4 151200 1260 210 
17, 2,6 2520 151200 1260 15, 2,3 302400 5040 2520 
17,3,5 5040 120960 2520 1*, 28 453600 3150 3150 
1?, 4? 6300 56700 1575 8 17,3 604800 240 120 
1, 27,5 7560 90720 3780 16, 2? 907200 630 630 
1,2,3,4 12600 151200 12600 9 18,2 1814400 45 45 
1, 3? 16800 22400 2800 10 119 3628800 1 1 


*See page II. 


COMBINATORIAL ANALYSIS 


STIRLING NUMBERS OF THE FIRST KIND s(™) 


n\m 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 —3 
11 36 
12 ~399 
13 4790 
14 — 62270 
15 8 71782 
16 —130 76743 
17 2092 27898 
18 — 35568 74280 
19 6 40237 37057 
20 -121 64510 04088 
21 2432 90200 81766 
22 — 51090 94217 17094 


23 11 24000 72777 76076 
24 -~258 52016 73888 49766 
25 6204 48401 73323 94393 


n\m 

4 

5 

6 

7 

8 

9 a 
10 7 
i -84 
12 1052 
13 —- 14140 
14 2 03137 
15 ~—31 09892 
16 505 69957 
17 —8707 77488 
18 1 58331 39757 
19 —30 32125 40077 
20 610 11607 57404 
21 — 12870 93124 51509 
22 2 84093 31590 18114 


23 —65 48684 85270 30686 
24 1573 75898 28594 15107 
25 -39365 61409 13866 31181 


4 


1 
-10 


85 
—7135 
6769 

67284 
23680 


09500 
58076 
14888 
53096 
60400 


03824 
75904 
27488 
19424 
91776 


88800 
68800 
97600 
32800 
31200 


1 
22 
431 


—8752 

1 86244 

—41 48476 
965 38966 
—23427 87216 


42 80722 
~-1050 05310 
26775 03356 


-l 
10 


—-106 
1205 


— 14864 


1 
28 


433 
-71073 
22340 
37698 
56514 


94803 
81078 
77933 
65249 
39871 


81182 
97952 
86535 
75591 
42796 


98027 
34656 


91630 
42823 
55905 
80585 
68176 


67616 
01702 
54547 
30662 
85664 


71471 
74529 
03823 


From unpublished tables of Francis L. Miksa, with permission. 


2 


1 
-3 
11 

~50 


274 
—1764 
13068 
09584 
26576 


28640 
43840 
42880 
59040 
47360 


01600 
93600 
79200 
21600 
38400 


00000 
40000 
20000 
40000 
00000 


1 


-15 
175 
—1960 
22449 
69325 


16930 
95730 
06836 
03756 
05680 


45600 
33424 
44112 
21504 
28000 


51776 
76096 
42912 
84576 
62624 


-l 
34 
668 


13803 

—2 98631 

67 56146 
—1595 39850 
39254 95373 


-7 
161 


—3599 

83637 

-20 21687 
507 79532 
~13237 14091 


~2 
39 


616 
10299 
82160 
01224 
60973 


75975 
90286 
67377 
27606 
27809 


833 


Table 24.3 


1 
+ 
35 


225 
1624 


~— 13132 


1 
-ll 


127 
—1509 
19315 
65967 
21567 


58176 
22448 
24446 
95938 
03411 


36407 
32163 
09306 
68605 
77192 


-9 
133 
-2060 
33361 
66633 


96721 
15670 
26492 
75920 
65301 


79476 
95448 
06827 
28501 
58577 


18124 
72700 


53576 
17976 
59552 
17056 
97824 


14720 
37120 
24640 
22720 
53280 


04000 
84000 
88000 
44000 
96000 


834 


COMBINATORIAL ANALYSIS 


Table 24.3 STIRLING NUMBERS OF THE FIRS'T KIND s™) 
n\n qT 38 9 
7 1 
8 -28 1 
9 546 36 1 
10 ~9450 870 45 
11 1 57773 - 18150 1320 
12 -26 37558 3 57423 — 32670 
13 449 90231 69 26634 7 49463 
14 -7909 43153 1350 36473 -166 69653 
15 1 44093 22928 — 26814 53775 3684 11615 
16 ~27 28032 10680 5 46311 29553 — 82076 28000 
17 537 45234 77960 -114 69012 83528 18 59531 77553 
18 — 11022 84661 84200 2487 18452 97936 -430 81053 01929 
19 2 35312 50405 49984 — 55792 16815 47048 10241 77407 32658 
20 -52 26090 33625 12720 12 95363 69899 43896 -2 50385 87554 67550 
21 1206 64780 37803 73360 —311 33364 31613 90640 63 03081 20992 94896 
22 — 28939 58339 73354 47760 7744 65431 01695 76800 -1634 98069 72465 83456 
23 7 20308 21644 09246 53696 -1 99321 97822 10661 37360 43714 22964 95944 12832 
24 -185 88776 35505 19497 76576 53 04713 71552 54458 12976 “12 04749 26016 17376 32496 
25 4969 10165 05554 96448 36800 -1459 01905 52766 26492 88000 342 18695 95940 71489 92880 
n\m 10 Il 12 
10 1 
uu 55 1 
12 1925 bg 1 
13 ~ 55770 2717 -78 
14 14 74473 ~ 91091 3731 
15 -373 12275 27 49747 -1 43325 
16 9280 95740 -785 58480 48 99622 
17 -2 30571 59840 21850 31420 -1569 52432 
18 57 79248 94833 6 02026 93980 48532 22764 
19 -1471 07534 08923 166 15733 86473 -14 75607 03732 
20 38192 20555 02195 4628 06477 51910 446 52267 57381 
21 -10 14229 98655 11450 1 30753 50105 40395 — 13558 51828 99530 
22 276 01910 92750 35346 -—37 60053 50868 59745 4 15482 38514 30525 
23 -7707 40110 12973 61068 1103 23088 11859 49736 ~129 00665 98183 31295 
24 2 20984 45497 94337 17396 — 33081 71136 85742 04996 4070 38405 70075 69521 
25 65 08376 17966 81468 50000 10 14945 52782 52146 37300 ~1 30770 92873 67558 73500 
n\m 1B iw 15 16 
13 1 
14 -91 1 
15 5005 -105 1 
16 -2 18400 6580 -120 1 
17 83 94022 -3 23680 8500 ~136 
18 -2996 50806 138 96582 4 68180 10812 
19 1 02469 37272 -5497 89282 223 23822 ~6 62796 
20 -34 22525 11900 2 06929 33630 -9739 41900 349 16946 
21 1131 02769 95382 ~75 61111 84500 4 01717 71630 ~ 16722 80820 
22 — 37310 09998 02531 2718 86118 69881 -159 97183 88730 7 52896 68850 
23 12 36304 58470 86207 — 97125 04609 39913 6238 24164 21941 -325 60911 03430 
24  -~413 35671 43013 14056 34 70180 64487 04206  -2 40604 60386 44556 13727 25118 00831 
55 «13990 94520 02391 06865 1246 20006 90702 15000 92 44691 13761 73550 5 70058 63218 64500 
n\m 7 18 19 20 21 22 23 24 
7 1 
18 153 1 
19 13566 -171 1 
20 -9 20550 16815 -190 1 
“21 533 27946 -12 56850 20615 -210 1 
22 + — 27921 67686 797 21796 -16 89765 25025 -231 1 
23-13 67173 57942 — 45460 47198 1168 96626 -22 40315 30107 -253 1 
24 640 05903 36096 | 24 12764 43496 — 72346 69596 1684 23871 -29 32776 35926 -276 1 
25 29088 66798 67135 1219 12249 80000 41 49085 13800 —1 12768 42500 2388 10495 -37 95000 42550 -300 


1 


COMBINATORIAL ANALYSIS 


STIRLING NUMBERS OF TITE SECOND KIND) 3@™ 


aval 2 3 1 5 
1 1 
2 1 1 
i 3 1 
4 1 7 6 1 
5 1 15 25 10 1 
6 1 31 90 65 15 
7 #1 63 301 350 140 
6 1 127 966 1701 1050 
9 #1 255 3025 7770 6951 
10 #1 511 9330 34105 42525 
ll 1 1023 28501 1 45750 2 46730 
12 1 2047 86526 6 11501 13 79400 
13. <1 4095 2 61625 25 32530 75 08501 
14 1 8191 7 88970 103 91745 400 75035 
15 1 16383 23 75101 423 55950 2107 66920 
16 1 32767 71 41686 1717 98901 10961 90550 
17,1 65535 214 57825 6943 37290 56527 51651 
18 #21 1 31071 644 39010 27988 06985 2 89580 95545 
19 1 2 62143 1934 48101 1 12596 66950 14 75892 84710 
20 «#1 5 24287 5806 06446 4 52321 15901 74 92060 90500 
21 1 10 48575 17423 43625 18 15090 70050 379 12625 68401 
22 #1 20 97151 52280 79450 72 77786 23825 1913 78219 12055 
201 41 94303 1 56863 35502 291 63425 74750 9641 68881 84100 
24 1 83 88607 4 70632 00806 1168 10566 34501 48500 07834 95250 
25 1 167 77215 14 11979 91025 4677 12897 38810 2 43668 49741 10751 
avm 7 38 9 
7 1 
8 28 mY 
9 462 36 1 
10 5880 750 45 
ll 63987 11880 1155 
12 6 27396 1 59027 22275 
13 57 15424 18 99612 3 59502 
14 493 29280 209 12320 51 35130 
15 4087 41333 2166 27840 671 28490 
16 32818 82604 21417 64053 8207 84250 
17 2 57081 04786 2 04159 95028 95288 22303 
18 19 74624 83400 18 90360 65010 10 61753 95755 
19 149 29246 34839 170 97510 03480 114 46146 26805 
20 1114 35540 45652 1517 09326 62679 1201 12826 44725 
21 8231 09572 14948 13251 10153 47084 12327 24764 65204 
22 60276 23799 67440  1:14239 90799 91620 1 24196 33035 33920 
23-4 38264 19991 17305 9 74195 50199 00400 ~=—:12: 32006 88117 96900 
24 31 67746 38518 04540 82 31828 21583 20505 120 62257 43260 72500 
25 227 83248 29987 16310 690 22372 11183 68580 1167 92145 10929 
nvm 1] 12 13 
ll 1 
12 66 1 
13 2431 78 1 
14 66066 3367 91 
15 14 79478 1 06470 4550 
16 289 36908 27 57118 1 65620 
17 5120 60978 620 22324 49 10178 
18 83910 04908 12563 28866 1258 54638 
19 12 94132 17791 2 34669 51300 28924 39160 
20 190 08424 29486 41 10166 33391 6 10686 60380 
21 2682 68516 89001 683 30420 30178 120 49092 18331 
22 36628 25008 70286 10882 33560 51137 2249 68618 68481 
23 4 86425 13089 51100 1 67216 27734 83930 40128 25603 41390 
24 63 10016 56957 75560 24 93020 45907 58260 6 88883 60579 22000 
25 802 35590 44384 62660 362 26262 07848 74680 114 48507 33437 44260 
um IS 16 17 18 
15 1 
16 120 1 
17 7820 136 1 
18 3 67200 9996 153 1 
19 139 16778 5 27136 12597 171 
20 4523 29200 223 50954 7 41285 15675 
21 1 30874 62580 8099 44464 349 52799 10 23435 
22 34 56159 43200, 2 60465 74004 14041 42047 533 74629 
23 847 94044 29331 76 23611 27264 4 99169 88803 23648 85369 
24 19582 02422 47080 2067 71824 65555 161 09499 36915 9 24849 25445 


25 4 29939 46553 47200 


nom 20 
20 1 
21 210 
22 23485 
23 18 59550 
24 1169 72779 
25 62201 94750 


52665 51616 95960 


2) 


1 

231 

28336 

24 54606 
1685 19505 3 


4806 33313 93110 


22 


1 

253 
33902 

2 00450 


327 56785 94925 


276 
40250 


From unpublished tables of Francis L. Miksa, with permission. 


*See page Il. 


Table 21.4 


1 

13 
93 
634 
4206 


27349 

1 75057 
11 06872 
69 30816 
430 60788 


2658 56794 


16330 53393 
99896 98579 
6 09023 60360 
37 02641 70000 


7 
126 


1937 
27583 

3 71121 
47 72970 
591 75849 


7118 71322 


83514 37993 

9 59340 12973 
108 25408 17849 
73005 1203 16339 21753 


2 

84 
2435 
63025 


14 93040 
329 51652 
6862 91758 


1 36209 10216 
25 95811 03608 


13 

797 
38807 

16 62189 


21 


1 
300 


6 


1 

2i 
266 
2646 
22827 


79487 
23652 
21312 
36373 
93273 


26558 
49898 
51039 
01779 
95384 


62804 
$5225 
83405 
84530 
02430 


10 


1 
105 


6020 
49900 
08778 
77530 
24580 


04500 
81331 
07115 
41000 
96000 


19 


1 
190 


19285 
89850 
81779 
39170 
69675 


25 


835 


836 


Table 24.5 


WOWOW PUNE OO 


50 


Values of »(”) from H. Gupta, A table of partitions, Proc. London Math. 


pr) 


147273 
173525 


204226 


an) 


Ormbw KO DO ft et et 


3658 


(with permission). 


100 


COMBINATORIAL ANALYSIS 


NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


anarns WwWwhN rTP 


1905 


re) 

04226 
39943 
81589 
29931 
86155 


51276 
26823 
14154 
15220 
31820 


66467 
21505 
00156 
05499 
41630 


12558 
23520 
79689 
87735 
54345 


87968 
97205 
92783 
85689 
89500 


18264 
89091 
19863 
32164 
48650 


96476 
04327 
06255 
38469 
43660 


67357 
62962 
87673 
08109 
95925 


34173 
12359 
33807 
10177 
69720 


51419 
14304 
30930 
98136 
29875 


69292 


me n) 
3658 
4097 
4582 
5120 
5718 


6378 
7108 
7917 
8808 
9792 


10880 
12076 
13394 
14848 
16444 


18200 
20132 
22250 
24576 
27130 


29927 
32992 
36352 
40026 
44046 


48446 
53250 
58499 
64234 
70488 


77312 
84756 
92864 
101698 
111322 


121792 
133184 
145578 
159046 
173682 


189586 
206848 
225585 
245920 
267968 


291874 
317788 
345856 
376256 
409174 


444793 


a“ 


100 
101 
102 
103 
104 


105 
106 
107 
108 
109 


110 
111 
112 
113 
114 


115 
116 
117 
118 
119 


120 
121 
122 
123 
124 


125 
126 
127 
128 
129 


130 
131 
132 
133 
134 


135 
136 
137 
138 
139 


140 
141 
142 
143 
144 


145 
146 
147 
148 
149 


150 


> Ww Ww DDD NNER (col eel ool nod 


p(r) 


1905 
2144 
2412 
2712 
3048 


3423 
3842 
4311 
4835 
5419 


6071 
6799 
7610 
8513 
9520 


10641 
11889 
13277 
14820 
16536 


18443 
20561 
22913 
25523 
28419 


31631 
35192 
39138 
43510 
48352 


53713 
59645 
66208 
73466 
81490 


90358 
00155 
10976 
22923 
36109 


50658 
66706 
84402 
03909 
25406 


49088 
75170 
03886 
35494 
70273 


08532 


69292 
81126 
65379 
48950 
01365 


25709 
76336 
49389 
02844 
46240 


63746 
03203 
02156 
76628 
50665 


44451 
08248 
10076 
74143 
68665 


49560 
48051 
20912 
38241 
40500 


27352 
22692 
64295 
78600 
71870 


15400 
39504 
30889 
29512 
40695 


36076 
81680 
45016 
41831 
49895 


78135 
89208 
93320 
82757 
54445 


58009 
52599 
71978 
19497 
55200 


35313 


OONNS COMUID LH 


Hn) 

44793 
83330 
25016 
70078 
18784 


71418 
28260 
89640 
55906 
27406 


04544 
87744 
77438 
74118 
78304 


90528 
11388 
41521 
81578 
32290 


94432 
68800 
56284 
57826 
74400 


07086 
57027 
25410 
13544 
22816 


54670 
10688 
92550 
02008 
40974 


11480 
15644 
55776 
34326 
53856 


17150 
27156 
86968 
99934 
69602 


99699 
94244 
57502 
93952 
08418 


06016 


“u 


150 
151 
152 
153 
154 


155 
156 
157 
158 
159 


160 
161 
162 
163 
164 


165 
166 
167 
168 
169 


170 
171 
172 
173 
174 


175 
176 
177 
178 
179 


180 
181 
182 
183 
184 


185 
186 
187 
188 
189 


190 
191 
192 
193 
194 


195 
196 
197 
198 
199 


200 


ODMONS FHS HDL 


397 


pr) 


08532 
50606 
96862 
47703 
03566 


64931 
32322 
06309 
87517 
76627 


74381 
81590 
99139 
27989 
69194 


23898 
93348 
78904 
82047 
04389 


47686 
13848 
04954 
23268 
71250 


51576 
67158 
21158 
17016 
58467 


49573 
94744 
98769 
66848 
04628 


18237 
14326 
00110 
83417 
72735 


77274 
07011 
72768 
86271 
60227 


08402 
45709 
88298 
53659 
60724 


29990 


35313 
24582 
88421 
36324 
73280 


82097 
43759 
64769 
78802 
28555 


59466 
68427 
04637 
95930 
75295 


00255 
22579 
20102 
32751 
25115 


17130 
02048 
99613 
59895 
74750 


97830 
57290 
31195 
05655 
53120 


90936 
11781 
08323 
17527 
80430 


74337 
92373 
42268 
45571 
99625 


04093 
00652 
56363 
05469 
41845 


12973 
87591 
78530 
83698 
32125 


29388 


a(n) 


194 
207 
222 
238 
255 


273 
292 
313 
335 
358 


383 
409 
438 
468 
500 


534 
571 
610 
651 
695 


742 
792 
845 
901 
962 


1026 
1094 
1166 
1243 
1325 


1412 
1504 
1602 
1707 
1818 


1935 
2060 
2193 
2334 
2484 


2642 
2811 
2990 
3179 
3381 


3594 
3820 
4060 
4315 
4584 


4870 


06016 
92120 
72512 
53318 
40982 


42421 
64960 
16314 
04746 
39008 


28320 
82540 
12110 
28032 
42056 


66624 
14844 
00704 
39008 
45358 


36384 
29676 
43782 
98446 
14550 


14114 
20549 
58616 
54422 
35702 


31780 
73568 
93888 
27424 
10744 


82642 
84096 
58315 
51098 
10816 


88462 
38048 
16608 
84256 
04630 


44904 
75868 
72422 
13602 
82688 


67746 


. 39, 142-149, 1985 and I]. 42, 546-549, 1937 


NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


p(n) 
29990 
83636 
45668 
42052 
00883 


52538 
29877 
68417 
06562 
85813 


51025 
50658 
37072 
66812 
00959 


05456 
51512 
15981 
81825 
38561 


82790 
18711 
58737 
24089 
45499 


63906 
31263 
11335 
80636 
29348 


62397 
00518 
81486 
61354 
15859 


41855 
58926 
11039 
68396 
29337 


22467 
08845 
84430 
82593 
76924 


84125 
67223 
38898 
65166 
69198 


35543 


29388 
58647 
86083 
87973 
17495 


59260 
08040 
06490 
26137 
02375 


75355 
85767 
05259 
36278 
25895 


99287 
48481 
07914 
16671 
61145 


09367 
73849 
60111 
25615 
41750 


96157 
22519 
82570 
27362 
84255 


45920 
38712 
70947 
38329 
70275 


14919 
63512 
25871 
68817 
03585 


22733 
53038 
77259 
44888 
96445 


27946 
91554 
54026 
81672 
20625 


64681 


COMBINATORIAL ANALYSIS 


q(n) 


4870 
5173 
5494 
5834 
6195 


6576 
6980 


67746 
61670 
62336 
73184 
03296 


67584 
87424 
90786 
12446 
94700 


87529 
48852 
45336 
52590 
55488 


49056 
38720 
40710 
83026 
05768 


61606 
16852 
51883 
61684 
57056 


65120 
29960 
13986 
98528 
84608 


94454 
72212 
84870 
23936 
06304 


75326 
02688 
89458 
67324 
00706 


87992 
62976 
97248 
01632 
27874 


71322 
72604 
19619 
50522 
55712 


80128 


O DWOONACOD CUMUSPH BPWWWW NNDNYNDN NKMHE RP HHH 


23079 
24929 
26923 
29072 
31389 


33885 
36574 
39472 
42593 
45954 


49574 
53471 
57667 
62183 
67044 


72276 
77905 
83961 
90476 
97483 


05019 
13123 
21837 
31205 
41274 


52098 
63729 
76227 
89656 
04082 


19578 
36221 
54095 
73287 
93892 


16013 
39758 
65243 
92592 
21938 


53425 
87203 
23437 
62299 
03976 


48667 
96585 
47956 
03024 
62049 


25308 


p(n) 


35543 
14511 
27012 
69579 
19913 


42642 
95668 
36766 
30844 
57504 


19347 
50629 
26749 
74165 
81230 


09536 
06295 
17303 
01083 
43699 


74899 
85039 
43498 
18008 
95651 


04928 
39693 
84330 
41035 
58525 


63116 
91453 
25900 
31835 
97939 


78671 
40119 
08360 
21614 
85285 


31269 
80564 
10697 
26919 
38820 


41270 
01441 
50785 
83849 
62754 


29367 


64681 
68559 
52579 
16112 
06665 


48680 
70782 
55357 
09356 
48675 


60846 
08609 
47168 
09615 
60170 


90372 
62167 
66814 
16360 
44625 


31117 
38606 
44333 
16215 
73450 


51175 
37171 
57269 
91584 
75075 


82516 
37711 
45698 
47535 
29555 


48997 
86773 
71053 
89422 
87095 


00886 
72084 
53672 
50605 
95515 


79088 
95831 
10584 
43040 
65025 


23602 


led 
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- 
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Table 24.5 


q(n) 


85192 
89949 
94961 
00243 
05807 


11669 
17844 
24348 
31199 
38413 


46009 
54008 
62428 
71293 
80624 


90446 
00783 
11660 
23106 
35150 


47820 
61149 
75170 
89917 
05427 


21738 
38889 
56923 
75883 
95815 


16768 
38791 
61938 
86265 
11828 


38689 
66911 
96562 
27710 
60430 


94797 
30892 
68798 
08604 
50401 


94286 
40360 
88727 
39499 
92791 


48724 


80128 
26602 
58208 
00890 
47264 


59338 
71548 
95064 
20928 
23582 


65705 
01856 
82560 
59744 
90974 


44146 
03620 
75136 
91192 
17984 


61070 
71540 
53882 
72486 
58738 


19904 
46600 
20960 
26642 
57440 


26624 
78240 
97032 
19094 
44672 


49522 
97084 
52987 
98024 
42088 


40554 
09120 
39744 
19136 
45750 


47940 
04868 
65938 
71456 
76298 


72064 


COMBINATORIAL ANALYSIS 


Table 24.5 NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


" p(n) q(“) n P(r) y(n) 

300 9 25308 29367 23602 11 48724 72064 350 279 36332 84837 02152 126 91829 24648 
301 9 93097 23924 03501 12 07425 10607 351 298 33006 30627 58076 132 93477 19190 
302 10 65733 12325 48839 12 69025 30816 352 318 55597 37883 29084 139 22769 71520 
303 =.11 43554 20778 22104 13 33663 83848 353 340 12281 00485 77428 145 80938 18816 
304 12 26921 80192 29465 14 01485 59930 354 363 11751 20481 10005 152 69267 15868 


305 13 16221 78950 57704 14 72642 18618 355 387 63253 29190 29223 159 89096 56578 
306 14 11866 26652 80005 15 47292 17536 356 413 76618 09333 42362 167 41824 09148 
307 15 14295 27388 57194 16 25601 42890 357 441 62298 19293 58437 175 28907 55072 
308 16 23978 65358 29663 17 07743 43642 358 471 31406 42683 98780 183 51867 38752 
309 17 41418 01331 47295 17 93899 64242 359 502 95756 65060 00020 192 12289 32216 


310 18 67148 82996 00364 18 84259 79304 360 536 67907 03106 91121 201 11827 04478 
311 20 01742 67625 76945 19 79022 32212 361 572 61205 88980 37559 210 52205 02772 
312 21 45809 60373 52891 20 78394 72390 362 610 89840 37518 84101 220 35221 50410 
313 23 00000 66554 87337 21 82593 94656 363 651 68887 99972 06959 230 62751 50210 
314 24 65010 61508 39490 22 91846 82870 364 695 14371 34589 46040 241 36750 01278 


315 26 41580 76335 66326 24 06390 52286 365 741 43315 98840 81684 252 59255 33946 
316 28 30502 03409 96003 25 26472 94208 366 790 73811 96494 11319 264 32392 51488 
317 30 32618 19898 42964 26 52353 25352 367 843 25078 85625 28427 276 58376 86784 
318 32 48829 33514 66654 27 84302 35904 368 899 17534 83960 88349 289 39517 78822 
319 34 80095 48694 40830 29 22603 40224 369 958 72869 79123 38045 302 78222 57408 


320 37 27440 57767 48077 30 67552 32574 370 1022 14122 83673 45362 316 77000 44480 
321 39 91956 55269 99991 32 19458 41664 371 1089 65764 44243 99782 331 38466 77248 
322 42 74807 80359 54696 33 78644 88192 372 1161 53783 48499 62850 346 65347 41118 
323 45 77235 85435 78028 35 45449 47722 373 ©1238 05779 41191 25085 362 60483 21048 
324 49 00564 36352 37875 37 20225 12608 374 1319 51059 97274 73500 379 26834 76992 


325 52 46204 42288 28641 39 03340 57172 375 1406 20744 65614 84054 396 67487 30794 
326 56 15660 21128 74289 40 95181 08690 376 §=1498 47874 35905 81081 414 85655 73659 
327 60 10534 98396 66544 42 96149 17632 377 «1596 67527 44907 56791 433 84690 00206 
328 64 32537 46091 14550 45 06665 31450 378 1701 16942 79758 13525 453 68080 55808 
329 68 83488 59460 73850 47 27168 74732 379 =1812 35649 97394 72950 474 39464 06976 


330 73 65328 78618 50339 49 58118 28759 380 1930 65607 23504 65812 496 02629 40968 
331 78 80125 53026 66615 51 99993 15040 381 2056 51347 53366 33805 518 61523 80864 
332 84 30081 56362 25119 54 53293 85792 382 2190 40133 24237 65131 542 20259 26436 
333 90 17543 49805 49623 57 18543 13990 383 2332 82119 85438 92336 566 83119 27092 
334 96 45011 01922 02760 59 96286 87918 384 2484 30529 42654 18180 592 54565 72864 


335 103 15146 63217 35325 62 87095 13216 385 2645 41834 06887 63701 619 39246 14094 
336 «110 30786 04252 92772 65 91563 14788 386 2816 75950 32179 42792 647 42001 16480 
337 117 94949 15461 13972 69 10312 43770 387 2998 96444 77364 52194 676 67872 37064 
338 126 10851 78337 96355 72 43991 92576 388 3192 70751 84335 32826 707 22110 32064 
339 134 81918 06233 01520 75 93279 10200 389 3398 70404 13581 60275 739 10183 03854 


340 144 11793 65278 73832 79 58881 23110 390 ©3617 71276 38676 04423 772 37784 71936 
341 154 04359 73795 76030 83 41536 64940 391 3850 53843 46674 29186 807 10844 79444 
342 164 63747 91657 61044 87 42016 06890 392 4098 03453 56265 94791 843 35537 42947 
343 175 94355 98104 22753 91 61123 94270 393 4361 10617 07622 84114 881 18291 29614 
344 188 00864 70522 92980 95 99699 92704 394 4640 71312 46996 23515 920 65799 74150 


345 200 88255 62876 83159 100 58620 35461 395 4937 87309 67881 91655 961 85031 43424 
346 214 61829 97432 86299 105 38799 77632 396 5253 66512 44169 75163 1004 83241 32444 
347 229 27228 68712 17150 110 41192 60918 397 5589 23320 25954 04488 1049 67982 04736 
348 244 90453 74553 82406 115 66794 79970 398 5945 79011 47078 74597 1096 47115 85280 
349 261 57890 73511 44125 121 16645 56454 399 §=6324 62148 25042 94325 1145 28826 89344 


350 279 36332 84837 02152 126 91829 24648 400 6727 09005 17410 41926 1196 21634 00706 


ee 


6727 
7154 
7608 
8091 
8603 


9147 
9725 
10339 
10990 
11682 


12416 
13196 
14023 
14902 
15834 


16823 
17873 
18987 
20170 
21424 


22755 
24167 
25664 
27253 
28938 


30724 
32620 
34629 
36760 
39020 


41415 
43955 
46647 
49501 
52527 


55733 
59131 
$2733 
66549 
70593 


74878 
79418 
84227 
89322 
94720 


00437 
06493 
12906 
19698 
26891 


34508 


NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


n(n) 


09005 
64022 
80284 
20027 
55175 


67906 
51251 
09726 
60006 
31627 


67740 
25896 
78888 
15629 
42088 


82278 
79296 
96426 
18301 
52136 


29021 
05302 
64021 
16454 
03725 


98514 
06861 
70071 
66724 
14800 


73920 
477117 
86328 
89040 
07072 


46514 
71430 
07137 
43656 
39364 


24841 
06934 
73040 
95632 
37025 


54417 
05190 
52519 
71278 
54269 


18800 


17410 
26539 
33398 
64844 
93486 


88591 
37420 
71239 
37759 
71923 


31511 
69254 
35188 
03099 
44881 


71392 
96898 
73316 
88059 
02556 


65800 
14413 
38377 
62304 
70847 


70950 
74102 
39035 
18315 
02372 


71023 
05181 
42292 
94051 
91082 


46362 
91696 
60430 
69662 
65621 


94708 
64434 
77294 
13536 
78934 


17528 
52391 
91961 
27202 
09814 


15729 


41926 
42321 
79269 
65581 
55060 


17602 
21729 
47241 
26994 
17780 


90382 
35702 
47344 
48968 
87770 


35544 
76004 
64557 
33659 
36320 


25259 
63961 
14846 
21739 
98150 


51099 
32189 
75934 
27309 
59665 


58378 
16534 
67991 
50715 
40605 


86656 
18645 
79215 
97367 
35510 


86233 
02240 
99781 
45667 
71820 


47604 
18581 
03354 
05954 
18000 


23840 


1196 
1249 
1304 
1362 
1422 


1485 
1551 
1619 
1691 
1765 


1843 
1923 
2008 
2096 
2187 


2283 
2382 
2486 
2594 
2707 


2825 
2947 
3075 
3208 
3347 


3491 
3642 
3799 
3962 
4132 


4310 
4495 
4687 
4888 
5096 


5314 
5540 
5776 
6022 
6278 


6544 
6822 
7111 
7411 
7725 


8051 
8390 
8743 
9111 
9494 


9893 


COMBINATORIAL ANALYSIS 


an) 

21634 
34404 
76365 
57124 
86674 


75420 
34186 
74236 
07292 
45549 


01696 
88934 
20999 
12178 
77334 


31930 
92048 
74417 
96435 
76199 


32529 
84998 
53960 
60580 
26867 


75707 
30895 
17171 
60256 
86891 


24877 
03113 
51640 
01685 
85706 


37439 
91949 
85678 
56498 
43769 


88391 
32867 
21361 
99762 
15750 


18865 
60575 
94352 
75744 
62459 


14440 


00706 
08000 
81998 
07808 
81438 


52794 
29884 
54282 
29128 
15430 


07104 
65516 
30208 
16576 
80960 


70488 
69148 
20078 
42056 
52640 


77152 
62528 
09352 
00384 
45954 


60097 
45254 
07136 
14146 
79000 


85006 
72460 
62334 
40672 
20480 


57460 
44512 
02880 
45546 
39520 


85792 
92200 
67457 
56080 
89318 


81728 
94564 
40798 
62854 
05984 


61528 
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34508 
42573 
51112 
60152 
69723 


79855 
90581 
01933 
13948 
26665 


40123 
54365 
69435 
85381 
02253 


20103 
38987 
58963 
80095 
02447 


26088 
51092 
77535 
05499 
35069 


66337 
99397 
34350 
71304 
10369 


51666 
95317 
41457 
90222 
41761 


96228 
53787 
14608 
78875 
46778 


18520 
94313 
74382 
58964 
48308 


42678 
42351 
47619 
58791 
76192 


00165 


p(n) 


18800 
13615 
26207 
90524 
95104 


91645 
04044 
37928 
90703 
62143 


65561 
39575 
60521 
55524 
16287 


13615 
12724 
89376 
46876 
33986 


63801 
33635 
45970 
30531 
67535 


12186 
20478 
76365 
20389 
79823 


00419 
79841 
02874 
78495 
78911 


80660 
07886 
77893 
49115 
71600 


40161 
50322 
57204 
37499 
54706 


27774 
03350 
31798 
47204 
51543 


03257 


15729 
53474 
19173 
45537 
64580 


39582 
26519 
51146 
27330 
58313 


39251 
85741 
29549 
19619 
25766 


29932 
95254 
81628 
31205 
17114 


56524 
50960 
81641 
42046 
16072 


58055 
23018 
37870 
67318 
66282 


49931 
47582 
28236 
19280 
49976 


85734 
24553 
64264 
57358 
12729 


22702 
44478 
03639 
49778 
61724 


77609 
31598 
76580 
28849 
92874 


43239 


23840 
04229 
13678 
15585 
40965 


67598 
31034 
88629 
69132 
45565 


92081 
99975 
94471 
86287 
36605 


90544 
32549 
76613 
98477 
75160 


13417 
99864 
15593 


29558 


62125 


99675 
52926 
28583 
07232 
38005 


25591 
32180 
49455 
88294 
98055 


11012 
46513 
84248 
02646 
19665 


33223 
16939 
53132 
06173 
38760 


81187 
91466 
64007 
01563 
61625 


95027 


9893 
10307 
10739 
11188 
11656 


12143 
12649 
13176 
13724 
14295 


14888 
15506 
16148 
16817 
17512 


18236 
18988 
19771 
20585 
21431 


22312 
23228 
24180 
25171 
26201 


27271 
28385 
29543 
30747 
31998 


33300 
34652 
36059 
37521 
39040 


40620 
42261 
43968 
45741 
47585 


49500 
51491 
53560 
55709 
57943 


60264 
62675 
65181 
67784 
70489 


73298 


839 


Table 24.5 


an) 
14440 
93957 
65687 
96810 
57102 


19032 
57862 
51755 
81881 
32530 


91233 
48874 
99826 
42073 
77348 


11274 
53505 
17881 
22576 
90268 


48299 
28849 
69117 
11509 
03821 


99448 
57585 
43443 
28468 
90573 


14373 
91433 
20520 
07873 
67468 


21308 
99712 
41621 
94910 
16717 


73777 
42772 
10694 
75216 
45082 


40509 
93600 
48774 
63214 
07325 


65212 


61528 
13070 
10144 
43072 
54336 


12544 
22432 
08648 
00782 
93376 


20640 
75476 
46592 
15550 
45952 


38194 
94524 
29024 
95744 
83034 


10884 
04960 
98586 
01902 
12696 


23232 
65430 
69603 
94368 
73738 


57056 
03468 
80640 
43946 
62530 


45496 
45764 
12802 
51264 
64998 


62304 
84172 
36938 
10170 
47040 


50309 
10788 
31176 
30326 
21792 


45024 
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Table 24.6 ARITHMETIC FUNCTIONS 
non) oo 9; n o(n) a 7 n (rn) 1% 2% n on) 29 4 n on) op 11 
1 #1 1 1 51 32 4 72 101 100 2 102 151 150 2 152 201 132 4 272 
2 1 2 3 52 24 6 98 102 32 8 216 152. 72 8 300 202 100 4 306 
3 2 2 4 53 52 2 54 103 102 2 104 153 96 6 234 203 168 4 240 
4 2 3 7 54 18 8 120 104 48 8 210 154 60 8 288 204 64 12 504 
5 4 2 6 55 40 4 72 105 48 8 192 155 120 4 192 205 160 4 252 
6 2 4 12 56 24 8 120 106 52 4 162 156 48 12 392 206 102 4 312 
7 6 2 8 57 36 4 80 107 106 2 108 157 156 2 158 207 132 6 312 
8 4 4 15 58 28 4 90 108 36 12 280 158 78 4 240 208 896 10 434 
9 6 3 13 59 58 2 60 109 108 2 110 159 104 4 216 209 180 4 240 
10 4 4 18 60 16 12 168 110 40 8 216 160 64 12 378 210 48 16 576 
11 10 2 #12 61 60 2 = 62 1167204152 161 132 4 192 211 210 2 212 
12 4 6 28 62 30 4 9% 112. 48 10 248 162 54 10 363 212 104 6 378 
13 12 2 14 63 36 6 104 113 112 «2 114 163 162 2 164 213 140 4 288 
144 6 4 24 64 32 7 127 114 36 8 240 1644 80 6 294 214 106 4 324 
15 8 4 24 65 48 4 84 115 88 4 144 165 80 8 288 215 168 4 264 
146 8 5 31 66 20 8 144 116 56 6 210 166 82 4 252 216 «#72 16 600 
17 16 2 18 67 66 2. 68 117. -72)—Cs«d1 82 167 166 2 168 217 180 4 256 
18 6 6 39 68 32 6 126 118 58 4 180 168 48 16 480 218 108 4 330 
19 18 2 = 20 69 44 4 9% 119 96 4 144 169 156 3 183 219 144 4 296 
20 8 6 42 70 24 8 144 120 32 16 360 170 64 8 324 220 80 12 504 
21 12 4 32 71 70 2 = 72 121 110 3 133 171 108 6 260 221 192 4 252 
22 10 4 36 72 24 12 #195 122 60 4 186 172 84 6 308 222 72 8 456 
23 22 2 = 24 73 72 2 74 123 80 4 168 173 172 2 #174 223 222 2 224 
24 8 8 60 74 36 4 114 124 60 6 224 174 56 8 360 224 96 12 504 
25 20 3 31 75 40 6 124 125 100 4 156 175 120 6 248 225 120 9 403 
26 12 4 42 76 36 6 140 126 36 12 312 176 =80 10 372 226 112 4 342 
27 18 44 40 77 60 4 9% 127 126 2 128 177 116 4 240 227 226 2 228 
28 12 6 56 78 24 8 168 128 64 8 255 178 88 4 270 228 72 12 560 
29 28 2 30 79 78 $2 _- 80 129° 84 4 176 179 178 2 180 229 228 2 230 
30 8 8B 72 80 32 10 186 130 48 8 252 180 48 18 546 230 88 8 432 
31 30 2 32 81 54 5 lal 131 130 2 132 181 180 2 182 231 120 8 384 
32 16 6 63 82 40 4 126 132 40 12 336 182 72 8 336 232 112 8 450 
33 20 4 48 83 82 2 84 133 108 4 160 183 120 4 248 233 232 2 234 
34 16 4 54 84 24 12 224 134 66 4 204 184 88 8 360 234 72 12 546 
35 24 4 48 85 64 4 108 135 72 8 240 185 144 4 228 235 184 4 288 
36 12 9 91 86 42 4 132 136 64 8 270 186 60 8 384 236 116 6 420 
37 36 2 38 87 56 4 120 137 136 2 138 187 160 4 216 237 156 4 320 
38 18 4 ~ 60 88 40 8 180 138 44 8 288 188 92 6 336 238 96 8 432 
39 24 4 56 89 88 2 90 139 138 2 140 189 108 8 320 239 238 2 240 
40 16 8 90 90 24 12 234 140 48 12 336 190 72 8 360 240 64 20 744 
41 40 2 42 91 72 4 112 141 92 4 192 191 190 2 192 241 240 2 242 
42 12 8 % 92 44 6 168 142 70 4 216 192 64 14 508 242 110 6 399 
43 42 2 44 93 60 4 128 143 120 4 168 193 192 2 194 243 162 6 364 
44 20 6 84 94 46 4 144 144 48 15 403 194 96 4 294 244 120 6 434 
45 24 6 78 95 72 4 120 145 112 4 180 195 96 8 336 245 168 6 342 
46 22 4 72 96 32 12 252 146 72 4 222 196 84 9 399 246 80 8 504 
47 46 2 48 97 96 2 98 147, 84 6 228 197 196 2 198 247 216 4 280 
48 16 10 124 98 42 6 171 148 72 6 266 198 60 12 468 248 120 8 480 
49 42 3 57 99 60 6 156 149 148 2 150 199 198 2 200 249 164 4 336 
50 20 6 93 100 40 9 217 150 40 12 372 200 80 12 465 250 100 8 468 


From British Association for the Advancement of Science, Mathematical Tables, vol. VIII, Number-divisor 
tables. Cambridge Univ. Press, Cambridge, England, 1940 (with permission). 


COMBINATORIAL ANALYSIS 841 


ARITHMETIC FUNCTIONS Table 24.6 
n o(n) oo (Fy n o(n) o% 8608) n o(n) 6 «9 n o(n) % e| n o(n) ~ 7 
251 250 2 252 301 252 4 352 351 216 8 560 401 400 2 402 451 400 4 504 
252 72 18 728 302 150 4 456 352 160 12 756 402 132 8 816 452 224 6 798 
253 220 4 288 303 200 4 408 353 352 2 354 403 360 4 448 453 300 4 608 
254 126 4 384 304 144 10 620 354 116 8 720 404 200 6 714 454 226 4 684 
255 128 8 432 305 240 4 372 355 280 4 432 405 216 10 726 455 288 8 672 
256 128 9 511 306 96 12 702 356 176 6 630 406 168 8 720 456 144 16 1200 
257 256 2 258 307 306 2 308 357 192 8 576 407 360 4 456 457 456 2 458 
258 84 8 528 308 120 12 672 358 178 4 540 408 128 16 1080 458 228 4 690 
259 216 4 304 309 204 4 416 359 358 2 360 409 408 2 410 459 288 8 720 
260 96 12 588 310 120 8 576 360 96 24 1170 410 160 8 756 460 176 12 1008 
261 168 6 390 311 310 2 312 361 342 3 £381 411 272 4 552 461 460 2 462 
262 130 4 396 312 96 16 840 362 180 4 546 412 204 6 728 462 120 16 1152 
263 262 2 264 313 312 2 314 363 220 6 532 413 348 4 480 463 462 2 464 
264 80 16 720 314 156 4 474 364 144 12 #784 414 132 12 936 464 224 10 930 
265 208 4 324 315 144 12 624 365 288 4 444 415 328 4 504 465 240 8 768 
266 108 8 480 316 156 6 560 366 120 8 744 416 192 12 882 466 232 4 702 
267 176 4 360 317 316 2 318 367 366 2 368 417 276 4 560 467 466 2 468 
268 132 6 476 318 104 8 648 368 176 10 744 418 180 8 720 468 144 18 1274 
269 268 2 270 319 280 4 360 369 240 6 546 419 418 2 420 469 396 4 544 
270 72 #16 720 320 128 14 762 370 144 8 684 420 96 24 1344 470 184 8 864 
271 270 2 272 321 212 4 432 371 312 4 432 421 420 2 422 471 312 4 632 
272 128 10 558 322 132 8 576 372 120 12 896 422 210 4 636 472 232 8 900 
273 144 8 448 323 288 4 360 373 372 2 374 423 276 6 624 473 420 4 528 
274 136 4 414 324 108 15 847 374 160 8 648 424 208 8 810 474 156 8 960 
275 200 6 372 325 240 6 434 375 200 8 624 425 320 6 558 475 360 6 620 
276 88 12 672 326 162 4 492 376 184 8 720 426 140 8 864 476 192 12 1008 
277 276 2 278 327 216 4 440 377 336 4 420 427 360 4 496 477 312 6 702 
278 138 4 420 328 160 8 630 378 108 16 960 428 212 6 756 478 238 4 720 
279 180 6 416 329 276 4 384 379 378 2 380 429 240 8 672 479 478 2 480 
280 96 16 720 330 80 16 864 380 144 12 840 430 168 8 792 480 128 24 1512 
281 280 2 282 331 330 2 332 381 252 4 512 431 430 2 432 481 432 4 532 
282 92 8 576 332 164 6 588 382 190 4 576 432 144 20 1240 482 240 4 726 
283 282 2 284 333 216 6 494 383 382 2 384 433 432 2 434 483 264 8 768 
284 140 6 504 334 166 4 504 384 128 16 1020 434 180 8 768 484 220 9 931 
285 144 8 480 335 264 4 408 385 240 8 576 435 224 8 720 485 384 4 588 
286 120 8 504 336 «©6996 «620 «=—992 386 192 4 582 436 216 6 = 770 486 162 12 1092 
287 240 4 336 337 336 2 338 387 252 6 572 437 396 4 480 487 486 2 488 
288 96 18 819 338 156 6 549 388 192 6 686 438 144 8 888 488 240 8 930 
289 272 3 307 339 224 4 456 389 388 2 390 439 438 2 440 489 324 4 656 
290 112 8 540 340 128 12 756 390 96 16 -1008 440 160 16 1080 490 168 12 1026 
291 192 4 392 341 300 4 384 391 352 4 432 441 252 9 741 491 490 2 492 
292 144 6 518* 342 108 12 780 392 168 12 855 442 192 8 756 492 160 12 1176 
293 292 2 294 343 294 4 400 393 260 4 528 443 442 2 444 493 448 4 540 
294 84 12 684 344 168 8 660 394 196 4 594 444 144 12 1064 494 216 8 840 
295 232 4 360 345 176 8 576 395 312 4 480 445 352 4 540 495 240 12 936 
296 144 8 570 346 172 4 522 396 120 18 1092 446 222 4 672 496 240 10 992 
297 180 8 480 347 346 2 348 397 396 2 398 447 296 4 600 497 420 4 576 
298 148 4 450 348 112 12 840 398 198 4 600 448 192 14 1016 498 164 8 1008 
299 264 4 336 349 348 2 350 399 216 8 640 449 448 2 450 499 498 2 500 
300 80 18 868 350 120 12 744 400 160 15 961 450 120 18 1209 500 200 12 1092 


*See page HN. 
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Table 24.6 ARITHMETIC FUNCTIONS 

n Yn) a oO n O(n) a oO n O(n) a n (nr) a n(n) 
501 332 4 672 551 504 4 600 601 600 2 602 651 360 8 1024 701 700 
502 250 4 756 552 176 16 1440 602 252 8 1056 652 324 6 1148 702 216 
503 502 2 504 553 468 4 640 603 396 6 884 653 652 2 654 703 648 
504 144 24 1560 554 276 4 834 604 300 6 1064 654 216 8 1320 704 320 
505 400 4 = 612 555 288 8 912 605 440 6 798 655 520 4 792 705 368 
506 220 8 864 556 276 6 980 606 200 8 1224 656 320 10 1302 706 352 
507 312 6 732 557 556 2 558 607 606 2 608 657 432 6 962 707 600 
508 252 6 896 558 180 12 1248 608 288 12 1260 658 276 8 1152 708 232 
509 508 2. 510 559 504 4 616 609 336 8 960 659 658 2 660 709 708 
510 128 16 1296 560 192 20 1488 610 240 8 1116 660 160 24 2016 710 280 
511 432 4 592 561 320 8 864 611 552 4 = 672 661 660 2 662 711 468 
512 256 10 1023 562 280 4 846 612 192 18 1638 662 330 4 996 712 «352 
513 324 8 800 563 562 2 564 613 612 2 614 663 384 8 1008 713 «+660 
514 256 4 774 564 184 12 1344 614 306 4 924 664 328 8 1260 714 192 
515 408 4 624 565 448 4 684 615 320 8 1008 665 432 8 960 715 480 
516 168 12 1232 566 282 4 852 616 240 16 1440 666 216 12 1482 716 356 
517 460 4 576 567 324 10 968 617 616 2 = 618 667 616 4 —= 720 717 «+476 
518 216 8 912 568 280 8 1080 618 204 8 1248 668 332 6 1176 718 358 
519 344 4 696 569 568 2 570 619 618 2 620 669 444 4 896 719 #718 
520 192 16 1260 570 144 16 1440 620 240 12 1344 670 264 8 1224 720 192 
521 520 2 522 571 570 2 572 621 396 8 960 671 600 4 744 721 +612 
522 168 12 1170 572 240 12 1176 622 310 4 936 672 192 24 2016 722 «342 
523 522 2 524 573 380 4 768 623 528 4 720 673 672 2 = 674 723 +480 
524 260 6 924 574 240 8 1008 624 192 20 1736 674 336 4 1014 724 360 
525 240 12 992 575 440 6 744 625 500 5 £781 675 360 12 1240 725 560 
526 262 4 792 576 192 21 1651 626 312 4 942 676 312 9 1281 726 220 
527 480 4 576 577 576 2 578 627 360 8 # £960 677 676 2 678 727 726 
528 160 20 1488 578 272 6 921 628 312 6 1106 678 224 8 1368 728 288 
529 506 3 553 579 384 4 776 629 576 4 684 679 576 4 784 729 486 
530 208 8 972 580 224 12 1260 630 144 24 1872 680 256 16 1620 730 288 
531 348 6 780 581 492 4 672 631 630 2 632 681 452 4 912 731 672 
532 216 12 1120 582 192 8 1176 632 312 8 1200 682 300 8 1152 732 240 
533 480 4 588 583 520 4 648 633 420 4 848 683 682 2 684 733 732 
534 176 8 1080 584 288 8 1110 634 316 4 954 684 216 18 1820 734 366 
535 424 4 648 585 288 12 1092 635 504 4 768 685 544 4 828 735 336 
536 264 8 1020 586 292 4 882 636 208 12 1512 686 294 8 1200 736 352 
537 356 4 720 587 586 2 588 637 504 6 798 687 456 4 920 737 + =660 
538 268 4 810 588 168 18 1596 638 280 8 1080 688 336 10 1364 738 240 
539 420 6 684 589 540 4 640 639 420 6 936 689 624 4 756 739 = =738 
540 144 24 1680 590 232 8 1080 640 256 16 1530 690 176 16 1728 740 288 
541 540 2 542 591 392 4 792 641 640 2 642 691 690 2 692 741 432 
542 270 4 = 816 592 288 10 1178 642 212 8 1296 692 344 6 1218 742 «312 
543 360 4 728 593 592 2 594 643 642 2 644 693 360 12 1248 743 742 
544 256 12 1134 594 180 16 1440 644 264 12 1344 694 346 4 1044 744 240 
545 432 4 660 595 384 8 864 645 336 8 1056 695 552 4 840 745 592 
546 144 16 1344 596 296 6 1050 646 288 8 1080 696 224 16 1800 746 372 
547 546 2 548 597 396 4. 800 647 646 2 648 697 640 4 756 TAT 492 
548 272 6 966 598 264 8 1008 648 216 20 1815 698 348 4 1050 748 320 
549 360 6 806 599 598 2. 600 649 580 4 720 699 464 4 936 749 636 
550 200 12 1116 600 160 24 1860 650 240 12 1302 700 240 18 1736 75C 200 
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ARITHMETIC FUNCTIONS Table 24.6 
n O(n) a n O(n) a o n @(n) %% oF 

1170 851 792 4 912 901 832 4 972 951 632 4 1272 
1206 852 280 12 2016 902 400 8 1512 952 384 16 2160 
888 853 852 2 854 903 504 8 1408 953 952 2 954 

1904 854 360 8 1488 904 448 8 1710 954 312 12 2106 
1152 855 432 12 1560 905 720 4 1092 955 760 4 1152 
1344 856 424 8 1620 906 300 8 1824 956 476 6 1680 
1080 857 856 2 858 907 906 2 908 957 560 8 1440 
1530 858 240 16 2016 908 452 6 1596 958 478 4 1440 
810 859 858 2 _ 860 909 600 6 1326 959 816 4 1104 

2178 860 336 12 1848 910 288 16 2016 960 256 28 3048 
812 861 480 8 1344 911 910 2 912 961 930 3 993 

1680 862 430 4 1296 912 288 20 2480 962 432 -8 1596 
1088 863 862 2 864 913 820 4 1008 963 636 6 1404 
1368 864 288 24 2520 914 456 4 1374 964 480 6 1694 
984 865 688 4 1044 915 480 8 1488 965 768 4 1164 

2232 866 432 4 1302 916 456 6 1610 966 264 16 2304 
880 867 544 6 1228 917 780 4 1056 967 966 2 968 

1230 868 360 12 1792 918 288 16 2160 968 440 12 1995 
1456 869 780 4 960 919 918 %2 920 969 576 8 1440 
1764 870 224 16 2160 920 352 16 2160 970 384 8 1764 
822 871 792 4 952 921 612 4 1232 971 970 2 972 

1656 872 432 8 1650 922 460 4 1386 972 324 18 2548 
824 873 576 6 1274 923 840 4 1008 973 828 4 1120 

1560 874 396 8 1440 924 240 24 2688 974 486 4 1464 
1488 875 600 8 1248 925 720 6 1178 975 480 12 1736 
1440 876 288 12 2072 926 462 4 1392 976 480 10 1922 
828 877 876 2 878 927 612 6 1352 977 976 2 978 

2184 878 438 4 1320 928 448 12 1890 978 324 8 1968 
830 879 584 4 1176 929 928 2 930 979 880 4 1080 

1512 880 320 20 2232 930 240 16 2304 980 336 18 2394 
1112 881 880 2 882 931 756 6 1140 981 648 6 1430 
1778 882 252 18 2223 932 464 6 1638 982 490 4 1476 
1026 883 882 2 884 933 620 4 1248 983 982 2 984 
1680 884 384 12 1764 934 466 4 1404 984 320 16 2520 
1008 885 464 8 1440 935 640 8 1296 985 784 4 1188 
1680 886 442 4 1332 936 288 24 2730 986 448 8 1620 
1280 887 886 2 888 937 936 2 938 987 552 8 1536 
1260 888 288 16 2280 938 396 8 1632 988 432 12 1960 
840 889 756 4 1024 939 624 4 1256 989 924 4 1056 

2880 890 352 8 1620 940 368 12 2016 990 240 24 2808 
871 891 540 10 1452 941 940 2 942 ., 991 990 2 992 

1266 892 444 6 1568 942 312 8 1896 992 480 12 2016 
1128 893 828 4 960 943 880 4 1008 993 660 4 1328 
1484 894 296 8 1800 944 464 10 1860 994 420 8 1728 
1098 895 712 4 1080 945 432 16 1920 995 792 4 1200 
1872 896 384 16 2040 946 420 8 1584 996 328 12 2352 
1064 897 528 8 1344 947 946 2 948 997 996 2 998 
1674 898 448 4 1350 948 312 12 2240 998 498 4 1500 
1136 899 840 4 960 949 864 4 1036 999 648 8 1520 
1674 900 240 27 2821 950 360 12 1860 1000 400 16 2340 
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N 0 1 2 3 4 5 6 7 8 9 N° 
0 = 1 2 3 22 5 2.3 7 Q3 32 0 
1 2.5 11 22.3 13 2.7 3-5 24 17 2.32 19 1 
2 2.5 3-7 2-11 23 23.3 52 2.13 33 22.7 29 2 
3 2-3-5 31 25 3-11 2.17 5-7 22.32 37 2-19 3-13 3 
4 23.5 Al 2-3-7 43 2-11 32.5 2.23 47 1.3 7? 4 
5 2.53 3-17 22.13 53 2.33 5-11 23.7 3.19 2.29 59 5 
6 22.3.5 61 2.31 32-7 26 5-13 2.3-11 67 22.17 3-23 6 
2 2-5-7 7 23.33 73 2.37 3.52 22.19 7-11 2-3-13 79 7 
8 24.5 34 2-41 83 22.3.7 5-17 2.43 3-29 23.11 89 8 
9 2.32.5 7.13 22.23 3-31 2.47 5.19 25.3 97 2.72 32-11 9 
10 22.52 101 2-3-17 103 22.13 3-5-7 2.53 107 22.38 109 10 
11 2.5-11 3-37 24.7 113 2.3-19 5-23 22.29 32-13 2.59 7-17 11 
12 23.3.5 113 2-61 3-41 22.31 53 2.32.7 127 Qt 3-43 12 
13 2-5-13 131 2.3.11 7-19 2-67 33.5 23.17 137 2.3-23 139 13 
14 22.5.7 3-47 2.71 11-13 24.32 5-29 2-73 3.72 22.37 149 14 
15 2.3-52 151 23.19 32-17 2-7-11 5-31 22.3-13 157 2-79 3-53 15 
16 25.5 7-23 2.38 163 22.41 3-5-11 2.83 167 23.3.7 13? 16 
17 2.517 37-19 22.43 173 2-3-29 52-7 24.11 3-59 2-89 179 17 
18 22.32.5 181 2.7.13 3-61 23.23 5-37 2-3-31 11-17 22.47 33.7 18 
19 2-5-19 191 20.3 193 2.97 3.5-13 22.73 197 2.32.11 199 19 
20 23.52 3-67 2-101 7-29 22.3.17 5-41 2-103 32.23 24.13 11-19 20 
21 2.3-5-7 211 22.53 3-71 2-107 5-43 23.33 7-31 2.109 3-73 21 
22 2.5.11 13-17 2.3.37 223 25.7 32.52 2.113 227 22.3.19 229 22 
23 2.5-23 3-7-11 23.29 233 2.32.13 5-47 22.59 3-79 2.7-17 239 23 
24 24.3.5 241 2.112 35 22.61 5.72 2.3-41 13-19 23.31 3-83 24 
25 2.53 251 22.327 11-23 2.127 3.5-17 28 257 2.3-43 7:37 25 
26 22.5-13 32.29 2.131 263 23.3.11 5-53 2-7-19 3-89 22.67 269 26 
27 2.33.5 271 24.17 3-7-13 2.137 52.11 2.3.23 277 2.139 32.31 27 
28 23.5.7 281 2.3.47 283 2.71 3-5-19 2-11-13 7-41 25.32 172 28 
29 2.5-29 3-97 22.73 293 2.3-73 5-59 23.37 37-11 2.149 13-23 29 
30 22.3.52 7-43 2-151 3-101 24.19 5-61 2.32.17 307 2.7.14 3-103 30 
31 2.5.31 311 23.3.13 313 2-157 32.5.7 22.79 317 2.3-53 11-29 31 
32 28.5 3-107 2-7.23 17.19 22.38 52.13 2-163 3-109 23.41 7.47 32 
33. 2-3-5-11 331 22.83 32.37 2.167 5-67 4.3.7 337 2.13? 3-113 33 
34 22.5-17 11-31 2.37-19 73 23.43 3-5-23 2.173 347 22.3.29 349 34 
35 2.52.7 33.13 25.11 353 (3-59 5-71 22.89 3-7-17 2.179 359 35 
36 23.32.5 192 2-181 3-112 2.7.13 5-73 2-3-61 367 24.23 32-41 36 
37 2.5-37 7.53 2.3.31 373 2-11-17 3-53 23.47 13-29 2.33.7 379 37 
38 22.519 3-127 2-191 383 27.3 5-7-11 2.193 32.43 22.97 389 38 
39 —s-:2-3.5.13 17-23 23.72 3-131 2.197 5-79 22.32.11 397 2.199 3-7-19 39 
40 28.52 401 2:3-67 13.33 22.101 34.5 2.7-29 11.37 23.3.17 409 40 
41 2.5-41 3-137 22.103 7-59 2.32.23 5-83 25.13 3-139 2.11-19 419 41 
42 -22.3.5.7 421 2.211 32.47 23.53 52.17 2.3-71 7-61 22.107 3-11-13 42 
43 2.5-43 431 24.33 433 2.7.31 3-5-29 22.109 19-23 2.3-73 439 43 
44 23.5-11 32.72 2-13-17 443 22.3.37 5.89 2.223 3-149 26.7 449 44 
45 2.32.52 11-41 22.113 3-151 2.227 5-7-13 23.3.19 457 2.229 33.17 45 
46 22.5-23 461 2.3-7-11 463 24.29 3-5-31 2.233 467 92.32.13 7-67 46 
47 2.5-47 3-157 23.59 11.43 2.3-79 52-19 22.7.17 32.53 2.239 479 47 

48 25.3.5 13-37 2.241 3-7-23 92.112 5-97 2.35 487 23.61 3-163 48 

49 2.5-72 491 22.3.41 17-29 2-13-19 32.5-11 24.31 7-71 2.3.83 499 49 2 
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N 0 1 2 3 4 5 6 7 8 9 N 8 
100 23.53 7-11-13 2.3-167 17-59 22.251 3-5-67 2-503 19.53 4.32.7 1009 100 
101 —-.2-5-101 3-337 2.11.23 1013 2-3-138 57-29 23.127 32-113 2.509 1019 101 
102 -2-3-5-17 1021 2-7-73 3-11-31 Q10 52-41 2.33.19 13-79 22.257 3-73 102 
103 —- 2-5-1038 1031 23.3-43 1033 2-11-47 32.5.23 22.7-37 17-61 2.3-173 1039 103 
104. -24.5-18 3-347 2-521 7-149 22.33.29 5-11-19 2.523 3-349 28.131 1049 104 
105 —-2-3-52-7 1051 22.263 34.13 2-17-31 5-211 25.3-11 7-151 2.232 3-353 105 
106 —s-_-2.5-53 1061 2.32.59 1063 23.7.19 3-5-71 2-13-41 11.97 22.3.89 1069 106 
107 —-2-5-107 32.7-17 24.67 29.37 2-3-179 52.43 2.269 3-359 2-72.11 13-83 107 
108 23.33.5 23.47 2-541 3-19? 22.271 5-731 2.3-181 1087 28.17 32.112 108 
109 —-.2-5-109 1091 22.3.7-13 1093 2-547 3-5-73 23.137 1097 2.32.61 7-157 109 
11002-5211 3.367 2-19-29 1103 2!.3-23 5-13-17 2.7.79 38.41 22.277 1109 110 
111 —-23-5-37 11-101 28.139 3-7-53 2.557 5-223 22.32.31 1117 2-13-43 3-373 111 
112 25.5-7 19-59 2.3-11-17 1123 2?.281 32.58 2-563 72.23 23.3-47 1129 112 
113 -2-5-118 3-13-29 22.283 11-103 2.34.7 5-227 24.71 3-379 2-569 17-67 113 
114: 2.3.5-19 7-163 2-571 32.127 23-11-13 5-229 2-3-191 31-37 2.7.41 3-383 114 
115 —-2-5?.28 1151 21.32 1153 2.577 3-5-7-11 22.173 13-89 2-3-1938 19-61 115 
116 2.5.29 33.43 2-7-83 1163 22.3.97 5.233 2-11-53 3-389 24.73 7-167 116 
117 —-2-38.5-13 1171 22.293 3-17-23 2-587 52-47 23.372 11-107 2-19-31 32.131 117 
118 —-:22.5-59 1181 2-3-197 7-132 28.37 3-5-79 2.593 1187 2.33.11 29.41 118 
119 —-.2-5-7-17 3-397 23.149 1193 2-3-199 5-239 22.13.23 3?.7.19 2.599 11-109 119 
120 24.3.5 1201 2-601 3-401 2?.7-43 5-241 2-32.67 17-71 28.151 3-13-31 120 
121 2-5-112 7-173 2?.3.101 1213 2-607 3.5 28.19 1217 2.3-7-29 23-53 121 
122 -:2.5-61 3-11-37 2-13-47 1223 29.32.17 52.78 2-613 3-409 22.307 1229 122 
123. -.2.3-5-41 1231 247-11 32-137 2.617 5-13-19 22.3-103 1237 2.619 3-7-59 123 
124 -28.5.31 17-73 2.33.23 11-113 2.311 3-5-83 2.7.89 29.43 28.3-13 1249 124 
125 2.58 3.139 2.313 7-179 2.3-11-19 5-251 23.157 3-419 2-17-37 1259 125 
126 —-22. 32.5.7 13-97 2.631 3-421 24.79 5-11-23 2-3-211 7-181 22.317 33.47 126 
127 —-:2.5-127 31-41 23.3.53 19-67 2-72.13 3-52-17 22.11.29 1277 2.32.71 1279 127 
128 28.5 3-7-61 2-641 1283 22.3-107 5-257 2-643 32-11-13 23.7-23 1289 128 
129 -.2-3.5-43 1291 22.17-19 3-431 2.647 5-7-37 24.38 1297 2-11-59 3-433 129 
130 2.52.13 1301 2.3-7-31 1303 23.163 3?.5-29 2-653 1307 22.3.109 7-11-17 130 
131  —-2-5-131 3-19-23 25.41 13-101 2.32.73 5-263 22.7.47 3-439 2.659 1319 131 
132 -28.3.5-11 1321 2-661 33.72 22.331 52.53 2.3-13-17 1327 24.83 3-443 132 
133 -:25-7-19 113 22.32.37 31-43 2-23.29 3-5-89 23.167 7-191 23-223 13-103 133 
134 —-:22.5-67 32.149 2-11-61 17-79 28.3.7 5-269 2-673 3-449 22.337 19-71 134 
135 2.33.53 7-193 23.132 3-11-41 2.677 5-271 22.3-113 23-59 2.7.97 32-151 135 
136 —-2#.5-17 1361 2-3-227 29-47 2211-31 3-5-7-13 2-683 1367 23.32.19 372 136 
137-225-137 3-457 22.73 1373 2.3.229 5% 11 28.43 34.17 2-13-53 7-197 137 
138 —- 22.35.23 1381 2.691 3-461 23.173 5-277 2.32.7-11 19-73 22.347 3-463 138 
139 —-2-5-139 13-107 24.3.29 7-199 2-17-41 3?.5-31 22.349 11-127 2.3.233 1399 139 
140 22.52.7 3-467 2-701 23 64 22.38.13 5-281 2-19-37 3-7-67 21.11 1409 140 
141 —-.2-3.5-47 17-83 22.353 32-157 2-7-101 5-283 23.3.59 13-109 2-709 3-11-43 141 
142 -23.5-71 72.29 2.32.79 1423 24.89 3-52-19 2-23-31 1427 22.3.7-17 1429 142 
143 -2-5-11-13 3°.53 23.179 1433 23.239 57-41 22.359 3-479 2-719 1439 143 
144 25.32.5 11-131 2-7-103 3-13-37 2.192 5-17 2.3-241 1447 23.181 32.7-23 144 
145 ——-2.5?.29 1451 22.3.112 1453 2.727 3-5-97 2.7.13 31-47 2.38 1459 145 
146 =. 225-78 3-487 2-17-43 7-11-19 23.3-61 5-293 2-733 32.163 22.367 13-113 146 
147 -2.3-5-73 1471 28.23 3-491 2-11.67 52-59 22.32.41 7-211 2.739 3-17-29 147 

148 —-28.5.37 1481 2-3-13-19 1483 2.7.53 33.5-11 2.743 1487 2.3.31 1489 148 & 

149 -.2.5-149 37-71 22.373 1493 2.32.83 5-13-23 23.11.17 3-499 2.7-107 1499 149 
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2-3-13-23 
22-11-41 


2-37-1083 
23.233 


5-397 
3-5-7-19 


2-11-73 
24.101 

2.3-271 
22.409 
2-823 


23.32.23 

2-72.17 
22.419 

2-3-281 
25.53 


2-33.37 
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0 1 2 3 4 5 6 7 8 9 N 
24.58 3-23-29 2-7-11.13 2003 2?.3-167 5-401 2-17-59 37.223 2.251 72-41 200 
2.3.5-67 2011 22.503 3-11-61 2.19.53 5-13-31 25.32-7 2017 2.1009 3-673 201 
22.5-101 43.47 2.3-337 717 28.11.23 34.52 2.1013 2027 22.3.132 2029 202 
2.5-7-29 3.677 24.127 19-107 2.32-113 5-11.37 22.509 3-7-97 2.1019 2039 203 
2.3-5-17 13-157 2.1021 37.227 2.7.73 5-409 2-3-11.31 23-89 gu 3-683 204 
2-52-41 7-293 22.33.19 2053 2-13-79 3.5-137 28.257 112.17 2.3.78 29.71 205 
2.5.103 32.229 2.1031 2063 24.3.43 5-7-59 2.1033 3-13-53 22.11.47 2069 206 
2.3?.5-23 19-109 23.7.37 3-691 2-17-61 52.83 22.3.173 31.67 2.1039 37-11 207 
25.5-13 2081 2.3-347 2083 23.521 3-5-139 2.7-149 2087 23.32.29 2089 208 
2-5-11-19 3-17-41 22.523 7-13-23 2-3-349 5.419 24.131 32.233 2.1049 2099 209 
22.3.52.7 11-191 2.1051 3-701 23.263 5-421 2-34.13 72.43 22.17-31 3-19-37 210 
2-5-211 2111 2°.3-11 2113 2-7-151 3?.5-47 22.933 29-73 2.3.353 13-163 211 
23.5-53 3-7-101 2.1061 11-193 2.32.59 53.17 2.1063 3-709 24.7-19 2129 212 
2.3-5-71 2131 2?.13-41 3%.79 2.11.97 5-7-61 28.3-89 2137 2.1069 3-23-31 213 
2?.5-107 2141 2.32.7.17 2143 25.67 3-5-11-13 2.29.37 19-113 2?.3-179 7-307 214 
2.52.43 32.239 23.269 2153 2.3-359 5.431 2.72.11 3-719 2-13-83 17-127 215 
24.33.5 2161 2-23.47 3-7-103 27.541 5-433 2.3.19? 11-197 2.271 32.241 216 
2-5-7-31 13-167 27.3181 41.53 2-1087 3-52-29 27.17 7-311 2-37.11? 2179 217 
22.5-109 3-727 2-1091 37-59 28.3.7-18 5-19-23 2-1093 37 2.547 11-199 218 
2.3-5-73 7-313 24.137 3-17-43 2.1097 5-439 22.32.61 133 2.7-157 3-733 219 
2.52.11 31-71 2.3-367 2203 22.19.29 325-72 21103 2207 2.3.23 472 220 
2-5-13-17 3-11-67 22.7.79 2213 2.33.41 5-443 28.277 3-739 2.1109 7-317 221 
2?.3-5-37 2221 211-101 3?.13.19 24.139 52.89 2-3-7-53 17-131 2.557 3-743 222 
2.5-223 23.97 29.32.31 7-11.29 2.1117 3-5-149 22.13.43 2237 2.3.373 2239 223 
28.5.7 3°.83 2-19-59 2243 2?.3-11-17 5-449 2.1128 3-7-107 2.281 13-173 224 
2.32.58 2251 2.563 3-751 2.72.23 5-11-41 243-47 37-61 2-1129 32.251 225 
22.5-113 7-17-19 2.3-13-29 31-73 28.283 3-5-151 2-11-1038 2267 2.38.7 2269 226 
2.5-227 3.757 25.71 2273 2.3-379 B.7-13 2.569 32.11.23 2.17.67 43-53 227 
23.3-5-19 2281 2-7-1638 3-761 22.571 5.457 2.32-127 2287 24-11-18 3-7-109 228 
2.5-229 29.79 22.3-191 2293 2.31.37 33.5-17 28.7-41 2297 2-3-3883 12.19 229 
2.52.23 3-13-59 2.1151 72-47 28.32 5-461 2-1153 3-769 22.577 2309 230 
2.3-5-7-11 2311 28.173 32.257 2-13-89 5-463 22.3-193 7-331 2-19-61 3-773 231 
24.5.29 11-211 2.38.43 23-101 2.7.83 3-52.31 2.1163 13-179 28.397 17-187 232 
2-5-233 3.7.37 22.11.53 2333 2.3-389 5-467 25.73 3-19-41 2-7-167 2339 233 
22.32.5-13 2341 2-1171 3-11.71 28.293 5-7-67 2-3-17-23 2347 2.587 34.29 234 
2.52.47 2351 243-72 13-181 2-11-107 3-5-157 2?.19-31 2357 2.37131 7-337 235 
28.5-59 3-787 2.1181 17-139 22.3-197 5-11-43 2.7.13? 37.263 2°.37 23-103 236 
2.3.5-79 2371 22.593 3-7-118 2.1187 58.19 28.33.11 2377 2.29.41 3-13-61 237 
2.57.17 2381 2.3-397 2383 24.149 82.553 2.1193 7-11.31 2?.3.199 2389 238 
2-5-239 3-797 23.13.23 2393 2-32.7-19 5.479 2?.599 3-17-47 2.11-109 2399 239 
2.3.52 7 2.1201 38.89 2.601 5-13-37 2.3-401 29.83 2.7.43 3-11-73 240 
2-5-241 2411 22.32.67 19.127 217-71 3.5-7-23 24-151 2417 2.3.13-31 41.59 241 
2.5.11? 3?.269 2-7-1738 2423 23.3101 57.97. 2.1213 3-809 2.607 7-347 242 
2.39.5 11-13-17 27.19 3-811 2.1217 5-487 22.3.-7-29 2437 2.23.53 3.271 248 
23.5-61 2441 2.3-11.37 7-349 2?.13-47 3.5-163 2.1223 2447 2432-17 31-79 244 
2.52.72 3-19-43 22.613 11-223 2.3-409 5.491 28.307 3%.7-13 2-1229 2459 245 
27.3.5-41 23.107 2.1231 3-821 27-11 5-17-29 2.32.137 2467 2.617 3.823 246 
2.5-13-19 7-353 23.3-103 2473 2.1237 32.52.11 22.619 2477 2.3.7-59 37-67 247 
24.5.31 3-827 2-17-73 13-191 2.33.23 57-71 2-11-1138 3-829 2.311 19-131 248 
2-3.5-83 47.53 2.7.89 32.277 2.29.43 5.499 28.3-13 11-227 2.1249 3-72.17 249 
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2-5-13-23 


2-3?-139 
24-157 
2-13-97 
27.3-211 
2-31-41 


28.11.29 
2.3-7-61 
22.643 
2.1291 
28.38 


2-1301 
2?.653 
2-3-19-23 
23-7-47 
2-1321 


22.3-13-17 
2-113 
24.167 
2-3?-149 
2.673 


2-7-193 
2?-3-113 
2-1361 
2?.683 
2-3-457 


28.43 
2-1381 
2?.32.7-11 
2-13-107 
23.349 


2-3-467 
27.19.37 
2-17-83 
2!.3-59 
2-72.29 


2?-23-31 
2-38-53 
2*.359 

2-11-131 

2?.3-241 


2-1451 
25.7.13 
2-3-487 
2.733 
2-1471 


2°.3?-41 
2-1481 
22.743 

2-3-7-71 

24.11.17 


2?.3-7-31 
2-1307 
29.41 
2-3-439 
27.661 


2-1327 
23.32.37 
2-7-191 
27-11-61 
2-3-449 


24.13? 
2.23.59 
22.3.227 
2.1367 
23.78 


2-34.17 
27.691 
2-19-73 
25.3-29 
2-11-127 


22.701 
2-3-7-67 
23.353 
2-13-109 
22.32.79 


2-1427 
24.179 
2-3-479 
2?.7-103 
2-1447 


23.3-11? 
2-31-47 
2?.17-43 
2-32-163 
27.23 


2-7-211 
2?.3-13-19 
2-1487 
23.373 
2-3-499 


2-7-179 
27-17-37 
2-3-421 
23.317 
2-19-67 


22.32.71 

2-1283 

24.7-23 

2-3-431 

22.11.59 


2-1303 
23.3-109 
2-13-1041 

2?.659 

2.33.72 


25.83 
2-31-43 
2?.3-223 
2-17-79 

23-337 


2-3-11-41 
22.7-97 
2-29-47 
24-32-19 
2-1373 


2?.13-53 
2-3-461 
23.347 
2-7-199 
2?.3-233 


2-23-61 
28-11 
2-3?-157 
22.709 
2-1423 


23.3-7-17 
2.1433 
22.719 

2-3-13-37 
24.181 


2-1453 
22.36 
2-7-11-19 
23.367 
2-3-491 


22.739 
2-1483 
25.3.31 
2-1493 
22.7-107 


23-109 
3-839 
7-192 
43-59 
32-283 


2557 
17.151 
3-859 
13-199 
72.53 


3-11-79 
2617 
37-71 
3?.293 
2647 


2657 
3-7-127 
2677 
2687 
3-29-31 


2707 
11-13-19 
33.101 
7-17-23 
41-67 


3-919 
2767 
2777 
3-929 
2797 


7-401 
3?.313 
11-257 

2837 
3-13-73 


2857 
47-61 
3-7-137 
2887 
2897 


37-17-19 
2917 
2927 

3-11-89 

7-421 


2957 
3-23-43 
13-229 
29-103 

34-37 


2?.3-11-19 
2-1259 
25.79 
2-33.47 
22.72.13 


2.1279 
2°.3-107 
2-1289 

2?.647 
2-3-433 


2'.163 
2-7-11-17 
22.32.73 
2-1319 
23.331 


2-3-443 
2?.23-29 
2-13-1038 

27.3.7 

2-19-71 


27.677 
2-3?-151 
23-11-31 

2-377 
2?.3-229 


2-7-197 
2'.173 
2-3-463 
2?-17-41 
2-1399 


23.33.13 
2-1409 
2?.7-101 
2-3-11-43 
25.89 


2-1429 
2?.3-239 
2-1439 

23.19? | 
2-3?.7-23, 


22.727 

2-1459 

24.3-61 
2-13-113 
2?.11-67 


2-3-17-29 
23.7-53 
2-1489 
22.32.83 
2-1499 
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11-229 

3?-281 
2539 
2549 


3-853 
7-367 
2579 
3-863 
23-113 


2609 
33.97 
11-239 
7-13-29 
3-883 


2659 
17-157 
3-19-47 

2689 
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3?-7-43 
2719 
2729 

3-11-83 
2749 


31-89 
3-13-71 
7-397 
2789 
37-311 


53? 
2819 
3-23-41 
17-167 
7-11-37 


3-953 
19-151 
2879 
33-107 
13-223 


2909 
3-7-139 
29-101 

2939 

3-983 


11-269 
2969 
3?-331 
72.61 

2999 
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254 
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258 
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300 23.3-53 

301 2-5-7-43 
302 2?-5-151 
303 2-3-5-101 


304 2°.5-19 
305 2-57-61 
306 2?.3?-5-17 
307 2-5-307 


308 2°.5-7-11 
309 2-3-5-103 


310 2?.57-31 
311 2-5-311 
312 2*-3-5-13 
313 2-5-313 
314 2?-5-157 


315 2-3?-52-7 
316 23.5-79 
317 2-5-317 
318 2?.3-5-53 
319 2-5-11-29 


320 27.52 
321 2-3-5-107 
322 2?.5-7-23 
323 2-5-17-19 
324 23.38.5 


325 2-53.13 
326 2?.5-163 
327 2-3-5-109 
328 24.5-41 
329 2-5-7-47 


330 22.3-52-11 
331 2-5-331 
332 2%.5-83 
333 2-3?-5-37 
334 2?.5-167 


335 2-57-67 
836 25.3-5-7 
337 2-5-337 
338 22.5-13? 
339 2-3-5-113 
340 23-57-17 


341 2-5-11-31 
342 2?.3?.5-19 


343 2-5-78 
344 24.5-43 
345 2-3-5?-23 
346 2?.5-173 
347 2-5-347 


348 28.3-5-29 


ao 

[=] 

2 3 4 5 6 7 8 9 Ns 
a a ce me ee 
2-19-79 3-7-11-13 22.751 5-601 2.3?-167 31-97 28.47 3-17-59 300 
22.3.251 23-131 2.11-137 3?.5-67 23-13-29 7-431 2-3-503 3019 301 
2.1511 3023 2.33.7 52.112 2-17-89 3-1009 22.757 13-233 302 
23.379 32.337 2-37-41 5-607 2?.3-11-23 3037 2-72.31 3-1013 303 
2.32.13? 17-179 22.761 3-5-7-29 2.1523 11-277 23.3.127 3049 304 
22.7-109 43-71 2-3-509 5-13-47 24.191 3-1019 2.11-139 7-19-23 305 
2-1531 3-1021 23.383 5-613 2.3-7-73 3067 2?.13-59 32-11-31 306 
210.3 7-439 2-29-53 3-52-41 22.769 17-181 2.34.19 3079 307 
2.23-67 3083 22.3.257 5-617 2.1543 32.73 24.193 3089 308 
22.773 3-1031 2.7-13-17 5-619 23.32.43 19-163 2.1549 3-1033 309 
2.3-11-47 29-107 25.97 33.5-23 2.1553 13-239 2?.3-7-37 3109 310 
23.389 11-283 2.32173 5-7-89 22.19.41 3-1039 2-1559 3119 311 
2.7-223 32.347 27.11.71 55 2.3-521 53-59 23.17-23 3-7-149 312 
22.33.29 13-241 2-1567 3-5-11-19 28.72 3137 2-3-523 43-73 313 
2-1571 7-449 23.3.131 5-17-37 2-112-13 3-1049 22.787 47-67 314 
24.197 3-1051 2-19-83 5-631 22.3-263 T1141 2.1579 35.13 315 
2-3-17-31 3163 2?.7.113 3-5-211 2.1583 3167 28.32-11 3169 316 
22-13-61 19-167 2.3-23? 52.127 23.397 32.353 2-7-227 11-172 317 
2-37-43 3-1061 24.199 5-72-13 2-33-59 3187 22.797 3-1063 318 
23.3-7-19 31-103 2.1597 32.5-71 22.17-47 23-139 2.3-13-41 7-457 319 
2.1601 3203 22.32.89 5-641 2.7-229 3-1069 23.401 3209 320 
22.11-73 38.7-17 2.1607 5.643 24.3-67 3217 2.1609 3-29-37 321 
2-3?-179 11.293 23.13.31 3-52-43 2.1613 7-461 22.3-269 3229 322 
25.101 53-61 2-3-72-11 5.647 22.809 3-13-83 2-1619 41.79 323 
2.1621 3-23-47 22.811 5-11-59 2-3-541 17-191 4.7.29 32.192 324 
22.3.271 3253 2-1627 3-5-7-31 23.11-37 3257 2.3?-181 3259 325 
2.7-233 13-251 26.3.17 5-653 2.23.71 33.11? 2.19.43 7.467 326 
23.409 3-1091 2-1637 52.131 92.32.7.13 29-113 2.11-149 3-1093 327 
2.3-547 72.67 27.821 32.5-73 2.31.53 19-173 2.3.137 11-13-23 328 
22.823 37-89 2.39.61 5-659 25.103 3-7-157 2-17-97 3299 329 
2-13-127 32-367 23.7.59 5-661 2.3-19-29 3307 22.827 3-1103 330 
24.32.23 3313 2.1657 3-5:13-17 22.829 31-107 2.3-7-79 3319 331 
2-11-151 3323 22.3.277 52.7.19 2.1663 3-1109 28.13 3329 332 
22.72.17 3-11-101 2.1667 5.23-29 23.3.139 47-71 2-1669 32-7-53 333 
2.3-557 3343 24.11.19 3-5-2238 2.7239 3347 22.33.31 17-197 334 
23.419 7-479 2.3-13-43 5-11-61 22.839 32.373 2.23-73 3359 335 
2.412 3-19-59 92.292 5.673 2.3?-11-17 TjB87 23.421 3-1123 336 
92.3.281 3373 2.7-241 33.53 24.211 11-307 2.3-563 31-109 337 
2-19-89 17-199 23.32.47 5-677 2.1693 3-1129 2.7.11 3389 338 
28.53 3?.13-29 2.1697 5.7.97 22.3.283 43-79 2.1699 3-11-1038 339 
2.38.7 41-83 2?.23-37 3-5-227 2-13-131 3407 4.3.71 7-487 340 
22.853 3413 2.3-569 5.683 23.7.61 3-17-67 2.1709 13-263 341 
2.29.59 3-7-1638 25.107 52.137 2.3-571 23-149 22.857 33.127 342 
23.3-11-13 3433 217-101 3-5-229 22.889 7-491 2.3?-191 19-181 343 
2.1721 11.313 92.3.7-41 5-13-53 2.1723 32.383 23.431 3449 344 
22.863 3-1151 2.11-157 5-691 27.33 3457 2.7-13-19 3-1153 345 
2.3-577 3463 23.433 3?.5-7-11 2.1733 3467 2.3-172 3469 346 
4.7.31 23-151 2.32-193 52-139 22-11-79 3-19-61 2.37-47 72.71 347 

2.1741 31.43 22.13-67 5-17-41 2-3-7-83 11-317 25.109 3-1163 348 & 

22.32.97 7-499 2.1747 3-5-233 23.19.23 13.269 2.3-11-53 3499 349 © 
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22.53.7 
2-33.5-13 
28.5-11 
2-5-3538 
22.3-5-59 


2-5?.71 
2°.5-89 
2-3-5-7-17 
2?.5-179 
2-5-359 


24.32.52 
2-5-192 
2?.5-181 
2-3-5-11? 
23.5-7-13 


2-5?-73 
2?-3-5-61 
2-5-367 
25.5-23 
2-3?-5-41 


22.52.37 
2-5-7-53 
23.3-5-31 

2-5-373 

2?.5-11-17 


3?-389 
3511 
7-503 

3-11-107 
3541 


53-67 
3-1187 
3571 
3581 
3°-7.19 


13-277 
23-157 
3-17-71 
3631 
11-331 


3-1217 
7-523 
3671 
37-409 
3691 


3701. 
3-1237 
61? 
7-13-41 
3-29-43 


112.31 
3761 
3?-419 
19-199 
17-223 


3-7-181 
37-103 
3821 
3-1277 
23-167 


3851 
33-11-13 
7.79 
3881 
3-1297 


47-83 
3911 
3-1307 
3931 
7-563 


32-439 
17-233 
11-19? 
3-1327 
13-307 


2-17-1038 
23.439 
2-3-587 
2?.883, 
2-7-11-23 


25.3-37 
2-13-137 
2?-19-47 
2-3?-199 

28.449 


2-1801 
2?.3-7-43 
2-1811 
24.227 
2-3-607 


22-11-83 
2-1831 
28.33.17 
2-7-263 
2?.13-71 


2-3-617 
27.29 
2-1861 
2?.3-311 
2-1871 


23.7-67 
2-3?-11-19 
2?.23-41 
2-31-61 
24.3-79 


2-1901 
2?.953 
2-3-72-13 
23.479 
2-17-1138 


2?.32-107 
2-1931 
25.112 

2-3-647 

2?.7-139 


2-1951 
23.3-163 
2-37-53 

27.983 
2-33.73 


2'.13-19 
2-7-283 
2?.3-331 
2-11-18) 
28.499 


31-113 
3-1171 
13-271 
3533 
3-1181 


11-17-19 
7-509 
32.397 

3583 
3593 


3-1201 
3613 
3623 

3-7-1738 
3643 


13-281 
3?-J3.1-37 
3673 
29-127 
38-1231 


7-23? 
47-79 
3-17-73 
3733 
19-197 


33-139 
53-71 
711 

3-13-97 
3793 


3803 
3-31-41 
3823 
3833 
3?.7-61 


3853 
3863 
3-1291 
11-353 
17-229 


3-1301 
7-13-43 
3923 
3?-19-23 
3943 


59-67 
38-1321 
29-137 

7-569 

3-115 


24.3-73 
2-7-251 
22.881 
2-3-19-31 
23.443 


2-1777 
22.34.11 
2-1787 
29.7 
2-3-599 


2?.17-53 
2-13-139 
2°.3-151 
2-23-79 
27.911 


2-3?.7-29 
21.229 

2-11-167 

2?.3-307 
2-1847 


23.463 
2-3-619 
22.72.19 
2-1867 
25-37-13 


2-1877 
2?.941 
2-3-17-37 
23-11-43 
2-7-.271 


2?.3-317 
2-1907 
24.239 
2-35.71 
2?.312 


2-41-47 
23.3-7-23 
2-13-149 

2?.971 
2-3-11-59 


25.61 
2-19-1038 
2?.3?.109 
2-7-281 
23.17.29 


2-3-659 
2?.991 
2-1987 
24.3-83 
2-1997 


5-701 
5-19-37 
3-52.47 
5-7-101 

5-709 


3?.5-79 
5-23.31 
57-11-13 
3-5-239 
5-719 


5-7-1038 
3-5-241 
53-29 
5-727 
3°-5 


5-17-43 
5-733 

3-57-72 

5-11-67 
5-739 


3-5-13-19 
5-743 
5?.149 
3?-5-83 
5-7-107 


5-751 
3-5-251 
57-151 
5-757 
3-5-11-23 


5-761 
5-7-109 
3?.5?-17 
5-13-59 

5-769 


3-5-257 
5-773 
53.31 

3-5-7-37 

5-19-41 


5-11-71 
3°.5-29 
57.157 
5-787 

3-5-263 


5-7-113 
5-13-61 
3-57-53 
5-797 
5-17-47 


2-1753 
22.3-293 
2-41-43 
24.13-17 
2-3?-197 


22.7-127 
2-1783 
23.3-149 
2-11-1638 
2?.29-31 


2-3-601 
28.113 
2-72.37 

2?.3?-101 
2-1823 


23.457 
2-3-13-47 
2?.919 
2-19-97 
24.3-7-11 


2-17-109 
22.929 
2-34-23 
23.467 
2-1873 


2?.3-313 
2-7-269 
28.59 
2-3-631 
22.13-73 


2-11-1783 
23.37.53 
2-1913 

2?.7-137 
2-3-641 


24.241 
2-1933 
2?.3-17-19 
2-29-67 
23.487 


2-3?.7-31 
2?.11-89 

2-13-151 
25.3-41 
2-1973 


2?.23-43 
2-3-661 
2°.7-71 
2-1993 
22.33.37 


3-7-167 
3517 
3527 

33-131 
3547 


3557 
3-29-41 
7.73 
17-211 
3-11-109 


3607 
3617 
3?-13-31 
3637 
7-521 


3-23-53 
19-193 
3677 
3-1229 
3697 


11-337 
3?-7-59 
3727 
37-101 
3-1249 


13-172 
3767 
3-1259 
7-541 
3797 


34.47 
11-347 
43-89 
3-1279 
3847 


7-19-29 
3-1289 
3877 
13?.23 
3?-433 


3907 
3917 
3-7-11-17 
31-127 
3947 


3-1319 
3967 
41-97 
37-443 
7-571 


22.877 
2-1759 
23.32.72 
2-29-61 
2?.887 


2-3-593 
24.223 
2-1789 

2?-3-13-23 

2.7-257 


2-11-41 
2.33.67 
22.907 

2-17-107 
28.3-19 


2.31-59 

2?.7-131 

2-3-613 
23.461 
2-432 


2?.3?-103 

2-11-13? 
24.233 

2-3-7-89 
22-937 


2-1879 
23.3-157 
2-1889 
22.947 
2-3?-211 


25.7-17 
2-23-83 
2?-3-11-29 
2-19-101 
23.13-37 


2-3-643 
22.967 
2-7-277 
24.38 
2.1949 


22-977 
2-3-653 
23.491 
2-11-179 
22.3-7-47 


2.1979 
27.31 
2-3?-13-17 
22.997 
2.1999 


112.29 
3?-17-23 
3529 
3539 
3-7-13? 


3559 
43-83 
3-1193 
37-97 
59-61 


8?-401 
7-11-47 
19.191 
3-1213 

41-89 


3659 
3-1223 
13-283 

7-17-31 
33-137 


3709 
3719 
3-11-1138 
3739 
23-163 


3-7-179 
3769 
3779 

32.421 

29-131 


13-293 
3-19-67 
7-547 
11-349 
3-1283 


17-227 
53-73 
3?.431 
3889 
7-557 


3-1303 
3919 
3929 

3-13-101 

11-359 


37-107 
34.7? 
23-173 
3989 
3-31-43 


SU0T}Z110]98,J 


SISAIVNV ‘IVIYOLVNIAINOO 


1g8 


» 

oS 

0 1 2 a 4 5 6 7 8 9 NS 
25.58 4001 2-3-23-29 4003 22.7-11-13 3?.5-89 2.2003 4007 23.3.167 19.211 400 
2.5-401 3-7-191 22.17.59 4013 2.3?.223 5-11-73 24.251 3-13-1038 2.72.41 4019 401 
22.3.5-67 4021 2.2011 33.149 23.503 5?.7.23 2.3-11-61 4027 22.19.53 3-17-79 402 
2.5-13-31 29-139 28.32.7 37-109 2.2017 3-5-269 22.1009 11-367 2-3-673 7-577 403 
23.5-101 32.449 2-43-47 13-311 22.3.337 5-809 2-7-1723 3-19-71 24.11.23 4049 404 
2-34.52 4051 22.1013 3-7-1983 2.2027 5-811 23.3-132 4057 2.2029 32-11-41 405 
22.5-7-29 31-131 2.3-677 17-239 25.127 3-5-271 2-19-107 72.83 22.32.1138 13-313 406 
2.5-11-37 3.23-59 23.509 4073 2.3-7-97 52.163 22.1019 33-151 2.2039 4079 407 
24.3-5-17 7-11-53 2-13-157 3-1361 22.1021 5-19-43 2.3?-227 61-67 3.7.73 3-29-47 408 
2-5-409 4091 2?.3-11-31 4093 2.23.89 3?-5-7-13 Qu 17-241 2-3-683 4099 409 
22.52.41 3-1367 2-7-2983 11-373 23.33.19 5-821 2.2053 3.372 22.13.79 7-587 410 
2.3-5-137 4lll 24.257 32.457 2.112-17 5.823 22.3.78 23-179 2-29-71 3-1373 411 
23.5-103 13-317 2.3?-229 7-19-31 27.1031 3-53-11 2.2063 4127 25.3-43 4129 412 
2-5-7-59 35.17 22.1033 4133 2.3-13-53 5.827 23.11.47 3-7-197 2.2069 4139 413 
2?.32.5-23 41-101 2-19-109 3-1381 2.7.37 5-829 2-3-691 11-13-29 2-17-61 32-461 414 
2.52.83 7-593 23.3.173 4153 2-31-67 3-5-277 22.1039 4157 2.33.7-11 4159 415 
26.5-13 3-19-73 2.2081 23-181 22.3.347 5-72-17 2.2083 3?.463 23.521 11-379 416 
2.3-5-139 43.97 22.7.149 3-13-107 2.2087 52.167 24.32.29 4177 2.2089 3-7-199 417 
2?.5-11-19 37-113 2-3-17-41 47.89 23.523 3°.5-31 2-7-13-23 53-79 23.3.349 59-71 418 
2.5-419 3-11-127 25.131 7-599 2.3?-233 5-839 22.1049 3-1399 2.2099 13-17-19 419 
23.3.52-7 4201 2-11-191 32-467 22.1051 5-292 2.3:701 7-601 24.263 3-23-61 420 
2-5-421 4211 22.34.13 11.383 2.72.43 3-5-281 23.17-31 4217 2.3-19.37 4219 421 
22.5-211 3?-7-67 2-2111 41-103 27.3-11 52.132 2.2113 3.1409 22.7.151 4229 422 
2.32-5-47 423] 23.232 3-17-83 2.29.73 5-7-112 22.3.353 19-223 2.13-163 33.157 423 
2.5.53 4241 2-3-7-101 4243 2.1061 3-5-283 2.11-193 31-137 23.32.59 7-607 424 
2.59.17 3-13-109 22.1063 4253 2.3-709 5-23-37 25.7-19 32.11.43 2.2129 4259 425 
22.3.5-71 4261 2.2131 3-72.29 23.13-41 5.853 2.33.79 17-251 22.11.97 3-1423 426 
2.5-7-61 4271 24.3.89 4273 2.2137 32.52.19 22.1069 7-13-47 2.3-23-31 11-389 427 
23.5-107 3-1427 2.2141 4283 22.32.7.17 5-857 2.2143 3-1429 28.67 4289 428 
2.3-5-11-13 7.613 22.29.37 34.53 2-19-113 5-859 23.3.179 4297 2-7-8307 3-1433 429 
22.52.43 11-17-23 2.32.239 13-331 24.269 3-5-7-41 2.2153 59-73 22.3359 31-139 430 
2.5-431 32.479 23.72.11 19-227 2.3-719 5-863 22.13-83 3-1439 2:17-127 7-617 431 
25.33.5 29.149 2.2161 3-11-131 22.23.47 52.173 2-3-7-103 4327 23.541 3213-37 432 
2-5-4383 61-71 22.3.192 7-619 2.11-197 3-5-172 2.271 4337 2.32-241 4339 433 
22.5-7-31 3.1447 2-13-167 43-101 23.3-181 5-11-79 2.41-53 33.7.23 22.1087 4349 434 
2.3-5?-29 19-229 28.17 3-1451 2.7-311 5-13-67 22.32.11? 4357 2.2179 3-1453 435 
23.5-109 72.89 2.3-727 4363 22.1091 3?.5-97 2-37-59 11-397 24.3.7-13 17-257 436 
2.5-19-23 3-31-47 22.1093 4373 2.37 54.7 23.547 3-1459 2.11-199 29-151 437 
22.3.5-73 13-337 2.7-313 32.487 25.137 5-877 2.3-17-43 41-107 22.1097 3-7-11-19 438 
2.5-439 4391 23.32.61 23-191 2.13? 3-5-2938 22.7.157 4397 2.3-733 53-83 439 
24.52.11 3?-163 2.31-71 7-17-37 22.3.367 5-881 2.2203 3-13-1138 23.19.29 4409 440 
2.32.5-72 11-401 22.1103 3-1471 2.2207 5-883 2.3.23 7-631 2.472 37.491 441 
22.5-13-17 4421 2-3-11-67 4423 23.7.79 3-52-59 2.2213 19-233 22.33.41 43-103 442 
2-5-4483 3-7-211 24.277 11-13-31 2.3-739 5-887 22.1109 32-17-29 2-7-3817 23-193 443 
23.3.5-37 4441 2.2221 3.1481 2?-11-101 5-7-127 2.3?-13-19 4447 25.139 3-1483 444 
2-52-89 4451 22.3.7.53 61-73 2-17-1381 345-11 23.557 4457 2.3-743 73.13 445 
22.5.223 3-1487 2.23.97 4463 24.32.31 5-19-47 2.7-11.29 3.1489 22.1117 41-109 446 
2.3-5-149 17-263 93.13-43 32.7.71 2.2237 52-179 22.3.373 112-37 2.2239 3.1493 447 

27.5.7 4481 2.33.83 4483 22.19.59 3-5-13-23 2.2243 7-641 23.3-11-17 672 448 

2.5-449 32.499 22.1123 4493 2.3-7-107 5-29.31 24.281 3-1499 2.13-173 11-409 449 © 
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450 
451 
452 
453 
454 


455 
456 
457 
458 
459 


460 
461 
462 
463 
464 


465 
466 
467 
468 
469 


470 
471 
472 
473 
474 


475 
476 
477 
478 
479 


480 
481 
482 
483 
484 


485 
486 
487 
488 
489 


490 
491 
492 
493 
494 


495 
496 
497 
498 
499 


22.32.53 
2-5-11-41 
23.5-113 
2-3-5-151 
22.5-227 


2-5?-7-13 
24.3-5-19 
2-5-457 

2?.5-229 
2-33-5-17 


23.5?-23 
2-5-461 
22.3-5-7-11 
2-5-463 
25.5-29 


2-3-5?-31 
2?.5-233 
2-5-467 

2?.3?-5-13 
2-5-7-67 


22.57.47 
2-3-5-157 
24.5-59 
2-5-11-43 
2?.3-5-79 


2-57-19 
2°.5-7-17 
2-3?.5-53 
2?.5-239 
2-5-479 


2°.3.52 
2-5-13-37 
2?.5-241 
2:3-5-7-23 
23.5-11? 


2.52.97 
22.8.5 
25-487 
24.5-61 
2.3-5-163 


22.52.72 
2-5-491 
23.3-5-41 
2-5-17-29 
2?.§-13-19 


2-3?.5?-11 
2'.5-31 
2-5-7-71 

2?.3-5-83 
2-5-499 


7-643 
13-347 
3-11-137 


23-197 © 


19.239 


3-37-41 
4561 
7-653 

3?-509 
4591 


43-107 
3-29-53 
4621 
11-421 
3-7-13-17 


4651 

59-79 
33.173 
31-151 

4691 


3-1567 
7-673 
4721 

3-19-83 

11-431 


4751 
3?-232 
13-367 

7-683 
3-1597 


4801 
17-283 
3-1607 

4831 
47-103 


37-77-11 
4861 
4871 

3-1627 
67-73 


13?-29 
3-1637 
7-19-37 

4931 
34-61 


4951 

11?.41 
3.1657 
17-293 
7-23-31 


2.2251 
25.3-47 
2-7-17-19 
2?.11-103 
2-3-757 


25.569 
2-2281 
2?.3?.127 
2-29-79 
24.7-41 


2-3-13-59 
22.1153 
2-2311 
2°.3-193 
2-11-21] 


27.1163 
2-3?.7-37 
2°.73 
2-2341 
2?.3-17-23 


2-2351 
23-19-31 
2-3-787 
2?.7-13? 

2-2371 


2*.33-11 
2-2381 
27.1193 
2-3-797 
23.599 


2-74 
2°.3-401 
2-2411 
25.151 
2-3?.269 


27.1213 
2-11-13-17 
2?.3-7-29 
2-2441 
2?.1223 


2-3-19-43 
24.307 

2-23-107 

2?.32.137 
2-7-353 


23.619 
23-827 
2?.11-113 
2-47-53 
27.3-13 


3-19-79 
4513 
4523 

3-1511 

7-11-59 


29-157 
33.132 
17-269 
4583 
3-1531 


4603 
7-659 
3-23-67 
41-113 
4643 


37-11-47 
4663 
4673 

3:7-223 

13-19? 


4703 
3-1571 
4723 
4733 
3?-17-31 


7-97 
11-433 
3-37-43 

4783 

4793 


3-1601 
4813 
7-13-53 
37-179 
29-167 


23-211 
3-1621 
11-443 
19.257 
3-7-233 


4903 
178 
37.547 
4933 
4943 


3-13-127 
7-709 
4973 

3-11-151 
4993 


23.563, 
2-37-61 
2?.3-13-29 
2-2267 
2°.71 


2-3?-11-23 
2?.7-163 
2-2287 
23.3-191 
2.2297 


27-1151 
2-3-769 
24.172 
2-7-331 
22.33.43 


2-13-179 
23-11-53 
2-3-19-41 
2?-1171 
2-2347 


25.3.72 
2-2357 
27.1181 
2-3?.263 

23.593 


2-2377 
22.3-397 
2-7-11-31 
24-13-23 
2-3-17-47 


2?.1201 
2:29.83 
23.37.67 
2.2417 
2?.7-173 


2-3-809 
28.19 
2-2437 
2?.3-11-37 
2-2447 


23.613 
2-33.7-13 

2?.1231 

2.2467 
24.3-103 


2.2477 
2?.17-73 
2-3-829 

2.7.89 
2-11-227 


5-17-53 
3-5-7-43 
5-181 
5-907 
3?.5-101 


5-911 
5-11-83 
3-57-61 
5-7-131 

5-919 


3-5-307 
5-13-71 
53.37 
3?.5-103 
5-929 


5-77-19 
3-5-311 
57-11-17 

5-937 

3-5-313 


5-941 
5-23-41 
33.52.7 
5-947 
5-13-73 


3-5-317 
5-953 
5?-191 

3-5-11-29 

5-7-137 


5-31? 
3?.5-107 
5?.193 
5-967 
3-5-17-19 


5-971 
5-7-1389 
3-53.13 

5-977 
5-11-89 


3?-5-109 
5-983 
5?-197 

3-5-7-47 

5-23-43 


5-991 
3-5-331 

5?-199 

5-997 
39.5-37 


2-3-7561 
27.1129 
2-31-73 
23.34.7 
2.2273 


2?.17-67 
2-3-761 
25.11.13 
2-2293 
22.3.383 


2-72.47 
23.577 
2.3?.257 
22-19-61 
2-23-101 


2!.3-97 
2-2333 
2?.7-167 
2-3-11-71 
23.587 


2-13-181 
2?.3?.131 
2-17-139 
27.37 
2-3-7-113 


2?.29-41 
2-2383 
23.3-199 
2-2393 
2?.11-109 


2-33.89 
2!.7.43 
2-19-127 
2?.3-13-31 
2-2423 


23.607 
2-3-811 
2?.23-53 
2-7-349 
25.32.17 


2-11-223 
2?-1229 
2-3-821 

23.617 
2-2473 


22.3-7-59 
2-13-191 
24.311 
2-3?.277 
27.1249 


4507 
4517 
37-503 
13-349 
4547 


3-72.31 
4567 
23-199 
3-11-139 
4597 


17-271 
39-19 
7-661 
4637 

3-1549 


4657 
13-359 
3-1559 
43-109 
7-11-61 


3?-523 
53-89 
29-163 
3-1579 
47-101 


67-71 
3-7-227 
17-281 
4787 
3?.13-41 


11-19-23 
4817 
3-1609 
7-691 
37-131 


3-1619 
31-157 
4877 
3°.181 
59-83 


7-701 
3-11-149 
13-379 
4937 
3-17-97 


4957 
4967 
3?-7-79 
4987 
19-263 


22.72.23 
2-3?-251 
24.283 
2-2269 
2?.3-379 


2-43-53 
23.571 
2-3-7-109 
2?.31-37 
2-112-19 


29.3? 
2-2309 
27-13-89 
2-3-773 
23.7-83 


2-17-137 
2?.3-389 
2-2339 
24.293 
2-34.29 


2?.11-107 
2-7-337 
23.3-197 

2-23-1038 
2?.1187 


2-3-13-61 
25.149 
2-2389 

2?.32.7-19 
2-2399 


23.601 
2-3-11-73 
2?.17-71 
2.41.59 
2'.3-101 


2.7-347 
2?.1217 
2-3?-271 
23.13-47 
2-31-79 


2?.3-409 
2-2459 
28.7-11 
2-3-823 
2?-1237 


2-37-67 
23.33.23 
2-19-131 
2?.29-43 
2-3-7217 


33-167 
4519 
7-647 
3-17-89 
4549 


47-97 
3-1523 
19.241 
13-353 
3?-7-73 


11-419 

31-149 

38-1543 
4639 
4649 


3-1553 
7-23-29 
4679 
3?-§21 
37-127 


17-277 
3-112-13 
4729 
7-677 
38-1583 


4759 
19-251 
34.59 
4789 
4799 


3-7-229 
61-79 
11-439 
3-1613 
13-373 


43-113 
37.541 
7-17-41 
4889 
3-23-71 


4909 
4919 
3-31-53 
11-449 
7.101 


37-19-29 
4969 
13-383 
3-1663 
4999 
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2.3.5-173 


24.52.13 
2-5-521 
23.32.5-29 
2-5-5238 
2.5-131 


2-3-58-7 

2?.5-263 
2-5-17-31 
25.3-5-11 

2-5-232 


92.52.53 
2-32-5-59 
23.5-7-19 
2-5-13-41 
22.3-5-89 


2-5?-107 
24.5-67 
2-3-5-179 
22.5-269 
2-5-7211 


28.33.52 
2-5-541 
22.5-271 

2-3-5-181 

28.5.17 


2-5?-109 
22.3-5-7-13 
2-5-547 
23.5-137 
2-32.5-61 


11-13-37 
32-19-31 


33.7.29 
172.19 


2-41-61 
22.7-179 
2-34.31 
23.17-37 
2-2521 


2?.3-421 
2-2531 
24.317 

2-3-7-11? 

22-19-67 


2.2551 
23.32.71 
2-13-197 
22.1283 
2-3-857 


28.7.23 

2-29.89 
2?-3-431 
2-2591 
23.11-59 


2.32.1 72 
22.1303 
2-7-373 
24.3-109 
2-2621 


2?.13-101 
2-3-877 
23.659 
2-19-139 
22.93.72 


2-11-241 
28.83 
2:3-887 
22.31.43 
2-2671 


23.3-223 
2-7-383 
22.17-79 
2-32. 13-23 
24.337 


2-37-73 
22.3-11-41 
2-2711 
23.7-97 
2-3-907 


22.29.47 
2-2731 
28.32.19 
2.2741 
22.1373 


22.32.139 


22.1301 
2-3-11-79 
23.653 
2-2617 
22.3-19-23 


2-37-71 
24.7-47 
2-32-293 
22.1321 
2-2647 


23.3-13-17 
2-2657 


2.3.29.31 


22.7-193 
2.2707 
24.3-113 
2-11-13-19 
22.1361 


2-33.101 
23.683 
2-7-1723 
22.3:457 
2-41.67 
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2-2503 
23.3-11-19 
2-7-359 
22.1259 
2-3-292 


2°.79 
2-17-149 
22.33.47 
2-2543 
23.72.13 


2-3-23-37 
22.1279 
2-11-2383 
24.3-107 
2-31-83 


22.1289 
2.37.7-41 
23.647 
2.2593 
22.3.433 


2-19-137 
25.163 
2-3-13-67 
22.7-11-17 
2-43-61 


23.32.73 
2-2633 
22.1319 
2-3-881 
24.331 


2-7-379 
22.3.443 
2-2663 
23.23-29 
2-35.11 


22-13-1038 


22. 19-71 


2-3-17-53 
23.677 
2.2713 
22.32.1151 
2-7-389 


24-11-31 
2-3-911 
22.37? 
2-13-211 
23.3.229 


3-1669 
29-173 


3?-11-53 
7-751 
23.229 
83-1759 
17-311 
5297 


3-29-61 


23. 239 


24.313 
2-13-193 
23-3-419 
2-11-229 

2.631 


2-3?-281 


22.1277 
2:3-853 
23.641 
2-7-367 
2?.32.11-13 


2-2579 
24.17.19 
2-3-863 
22.1297 

2-23-113 


23.3-7-31 
2-2609 
2?.1307 
2-33-97 
27.41 


2-11-2839 
22-3-439 
2-7-13-29 
23-661 
2-3-883 


22.1327 

2-2659 
24.32.37 
2-17-157 
22.7.191 


2-3-19-47 
2-11-61 
2-2689 
23.3.449 
2-2699 


25.132 
2-32-7-43 
2?-23-59 

2-2719 
23.3-227 


2- 2749 


5009 
3-7-239 
47-107 
5039 
33-11-17 
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22.5.277 


2-3-5?-37 
23.5-139 
2-5-557 
22.3?-5-31 
2-5-13-43 


25.53.7 
2-3-5-11-17 
2?.5-281 
2-5-563 
23.3.5-47 


2-57-1138 
2?-5-283 
2-34.5-7 
24.5-71 
2-5-569 


22.3.52-19 


23.52.29 
2-5-7-83 
22.3-5-97 
2-5-11-53 

24.5-73, 


2.32.52-13 


2-5-19-31 


2?.5?.59 
2-3-5-197 
25.5-37 
2-5-593 
2?.33.5-11 


2-52-7-17 
23.5-149 

2-3-5-199 

22.5-13-23 
2-5-599 


5981 
3-1997 


2-3-7-131 
27-13-53 

2-11-251 

2?.3-461 

2-17-163 


24.347 
2-3-103 
2?.7-199 

2-2791 


2-7-13-31 


2?.3?-157 
2-19-149 
2°.709 
2-3-947 
23.1423 


2-3?-11-29 


23.719 
2-43-67 
2?.3-13-37 


2-23-127 


22.7-11-19 
2-3-977 
24.367 
2-17-1738 
2?.3-491 


2-13-227 
23.739 
2-3?.7.47 
2?.1483 
2-2971 


2°.3-31 
2-11-271 
27.1493 
2-3-997 
28.7-107 


13-461 


27.43 
2-3-919 
22.1381 
2-2767 

23.3?-7-11 


2:2777 
2?.13-107 
2-3-929 
24.349 
2-2797 


2?.3-467 
2-7-401 
23.19.37 
2-3?-313 
22.17-83 


2-11-257 
25.3-59 
2.2837 

22.72.29 
2-3-13-73 


23.23-31 


2-3-7-137 

2?.11-131 
2-2887 

2°.3-241 
2-2897 


2?.1451 
2-3?-17-19 
28.713 
2-2917 
2?.3-487 


21.37.41 
2.2957 
27.1481 
2-3-23-43 
23.743 


2-13-229 
22.3-7-71 
2-29-1038 
29.11.17 
2-31.37 


3-5-367 
5-1103 

52-13-17 
38.5-41 
5-1109 


§-11-101 


3?-5-131 


5-1181 
5-7-13? 
3-57-79 
5-1187 
5-29-41 


3-5-397 
5-1193 
52.239 

3?-5-7-19 
5-11-109 


2-2753 
2?.7-197 
2-3?.307 

25.173 
2-47.59 


2?.3-463 
2-11?-23 
23-17-41 
2-3-7219 
27.1399 


2-2803 
24.33.13 
2-29.97 
27-1409 
2-3-941 


23.7-101 


2?.1439 
2-3-31? 
24.197 
2-11-2638 
2?.3?.7.23 


2.2903 


2?.1489 
2-19.157 
23.37.83 
2-41-73 
27.1499 


3-19-101 
73-79 
53-109 
37.643 
11-17-31 


5807 


3-1999 


2?.33.17 
2-31-89 
23.691 
2-3-13-71 
2?.19-73 


2-7-397 
28.3-29 
2-2789 
2?.11-127 
2-3?-311 


2-3-23-41 
2?.13-109 
2-17-167 
23.32.79 
2-7-11-37 


2?.1427 
2-3-9563 
25.179 
2-19-151 
2?.3.479 


2-2879 
2°.7-103 
2-33.107 

2?.1447 
2-13-223 


24.3-11? 
2.2909 
2?.31-47 
2-3-7-139 
23-17-43 


2-29-101 
2?.3?-163 


23.7-211 
2-11-269 
28.3-13-19 
2-2969 
2?.1487 


2-3?-331 
24.373 
2-77.61 

2?.3-499 
2-2999 
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0 
600 —-24.3.58 17-353 2.3001 32.23.29 22.19.79 5-1201 2-3-7-11-13 6007 23.751 3.2003 600 = 
601 25-601 6011 2232-167 7-859 2-31-97 3-5-401 27.47 11-547 23-17-59 13-468 601 
602 —-22.5.7-43 33.223 2.3011 19-317 23.3.251 52.241 2-23-131 3-72-41 22.11.1387 6029 602 
603 —-2-3?.5-67 37-163 24.13.29 3.2011 2.7-431 5-17-71 22.3.503 6037 2.3019 32-11-61 603 
604 —-23.5-151 7-863 2-3-19-53 6043 2.1511 3-5-13-31 2-3023 6047 25.33.7 23-263 604 
605 2-57-11? 3-2017 22.17.89 6053 2-3-1009 5-7-1738 28.757 32.673 2-13-2338 73-83 605 
606 —-2?-3-5-101 11-19-29 2.7-433 3.43-47 24.379 5.1213 2-3?-337 6067 22.37.41 3-7-1727 606 
607 —-2-5-607 13-467 23.3.11-23 6073 2.3037 385.5? 22.72.31 59-103 2-3-1013 6079 607 
608  —_28.5-19 3.2027 2-3041 7-11-79 22.32. 132 5-1217 2-17-179 3.2029 23.761 6089 608 
609 —-2-3-5-7-29 6091 22.1523 32.677 2-11-277 5-23-53 24.3-127 7-13-67 2-3049 3-19-107 609 
610 —-2?.5?-61 6101 2-33-1138 17.359 23.7-109 3.5-11-37 2-43.71 31-197 2?.3-509 41-149 610 
611 -2-5-13-47 3?.7-97 25.191 6113 2-3-1019 5-1223 2?.11-139 3.2039 2-7-19-23 29-211 = 611 
612 —-28.3?.5-17 6121 2.3061 3-13-157 22.1531 53.72 2-3-1021 11-557 24.383 3.227 = 612 
613 -.2-5-613 6131 22.3.7-73 6133 2:3067 3-5-409 23.13.59 17-19? 2.32-11.31 7-877 613 
614 —-2.5-307 3-23-89 2-37-83 6143 211.3 5.1229 2-7-439 32.683 22.29.53 11-13-43 614 
615 23.52.41 6151 23.769 3-7-2938 2-17-181 5-1231 22.34.19 47-131 2.3079 3.2053 615 
616 24-5-7-11 61-101 2-3-13-79 6163 22.23.67 3?.5-137 2-3083 7-881 23.3-257 31-199 616 
617 —_2-5-617 3-11?-17 22.1543 6173 2-32.73 52-13-19 25.193 3-29-71 2.3089 37-167 617 
618 —_27-3-5-108 7-883 2-11-28] 33.229 23.773 5.1237 2-3-1031 23.269 22.7.13-17 3-2063 618 
619 25-619 41-151 24.32.43 11-563 2-19-163 3-5-7-59 22.1549 6197 2-3-1033 6199 619 
620 23-52-31 32-13-53 2-7-4438 6203 2?-3-11-47 5-17-73 2-29-107 3-2069 28.97 7-887 620 ¢ 
621 2-33.5-23 6211 27-1553 3-19-109 2-13-239 §-11-113 23.3-7-37 6217 2-3109 3?.691 621 6 
622 2?.5-311 6221 2-3-17-61 72.127 24.389 3-52-83 2-11-283 13-479 2?.3?-173 6229 622 
623 -.2.5-7-89 3-31-67 22.19.41 23-271 2-3-1039 5-29-43 22.1559 347-11 2.3119 17-367 623 & 
624 25.3-5-13 792 2-3121 3-2081 2?.7-223 5-1249 2-3?.347 6247 23-11-71 3-2083 624 sf 
625 2.58 7-19-47 22.3.521 132.37 2-53-59 32.5-139 24.17.23 6257 2.3-7-149 11-569 625 § 
626 —_-2.5.313 3.2087 2.31-101 6263 23.38.29 5-7-179 2-13-241 3.2089 22.1567 6269 626 & 
627 =. 2-3-5-11-19 6271 27.72 3?-17-41 2:3137 52.251 2?-3-523 6277 2-43-73 3-7-13-23 627 
628 23.5-157 11-571 2-3?.349 61-103 2?.1571 3-5-419 2-7-449 6287 2'.3-131 19-331 826 
629 25-17-37 33.233 2?.112.13 7-29-31 2-3-1049 5-1259 23.787 3.2099 2-47-67 6299 629 
630 —2?-3?.52.7 6301 223-137 3.11-191 25.197 5-13-97 2-3-1051 7-17-53 22.19.83 3?.701 630 
631 25-631 6311 23.3.263 59-107 2-7-11-41 3-5-421 2.1579 6317 2.35.13 71.89 631 
632 2'.5-79 3-72.43 2-29-109 6323 2?-3-17.31 52-11-23 2-3163 3?.19-37 23.7-113 6329 632 
633 -2.3-5-211 13-487 22.1583 3.2111 2.3167 5-7-181 28.37.11 6337 2.3169 3-2113 633 
634. 22.5.317 17-373 2-3-7-151 6343 23.13.61 32.5.47 2-19-167 11-577 22.3.238 7-907 634 
635 -:2.5?.127 3-29-73 24.397 6353 2.3?-353 5-31-41 2?.7.227 3-13-163 2-11-17 6359 635 
636 —-23.3.5-53 6361 2.3181 32.7101 22.37.43 5-19-67 2-3-1061 6367 25.199 3-11-1938 636 
637 2-5-7213 23.277 22.33.59 6373 2.3187 3-517 23.797 7-911 2-3-1063 6379 637 
638 —-22.5.11.29 32.709 2.3191 13.491 24.3.7-19 5.1277 231-103 3.2129 22.1597 6389 638 
639 -:2.3?.5-71 7-11-83 28.17.47 3.2131 2-23-139 5.1279 22.3-13-41 6397 2.7-457 34.79 639 
640 28.52 37-173 2-3-11-97 19.337 27-1601 3-5-7-61 2.3208 43-149 23.32.89 13-17-29 640 
641 2.5-641 3.2137 22.7.229 112.53 2-3-1069 5.1283 24.401 32.23.31 2.3209 7.131 641 
642 -22.3.5-107 6421 2-137.19 3.2141 23.11.73 52-257 2-3°.7-17 6427 27.1607 3.2143 642 
643 2.5643 59-109 25.3-67 7-919 2.3217 3?.5-11-13 22.1609 41-157 23-29-37 47-137 643 
644 -23.5.7-23 3-19-1138 2.3221 17.379 22.32.179 5-1289 2-11-2938 3-7-307 24.13.31 6449 644 
645 —-2-3.52.43 6451 22.1613 33.239 2.7-461 5.1291 23.3.269 11-587 2.3229 3-2153 645 
646 —-2?.5.17-19 7-13-71 2.3?.359 23-281 28.101 3-5-431 2-53-61 29.223 22.3-72-11 6469 646 
647 -:2.5-647 37.719 23.809 6473 2.3-13-83 52.7.37 22.1619 3-17-127 2.41.79 11-19-31 647 
648 2434.5 6481 2-7-463 3-2161 2?.1621 5.1297 2-3-23-47 13-499 23.811 3?.7-103 648 & 


649 2-5-11-59 6491 2?.3-541 43-151 2-17-191 3-5-433 25.7-29 73-89 2-37.19? 67-97 649 S 
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650 
651 
652 
653 
654 


655 
656 
657 
658 
659 


660 
661 
662 
663 
664 


665 
666 
667 
668 
669 


670 
671 
672 
673 
674 


675 
676 
677 
678 
679 


680 
681 
682 
683 
684 


685 
686 
687 
688 
689 


690 
691 
692 
693 
694 


695 
696 
697 
698 
699 


2?.59-13 
2-3-5-7-31 
23.5-163 
2-5-653 
2?.3-5-109 


2-57-131 
25.5-41 
2-3?-5-73 
2?.5-7-47 
2-5-659 


23.3-57-11 
2-5-661 
2?.5-331 
2-3-5-13-17 
24.5-83, 


2-5?.7-19 
2?.3?.5-37 
2-5-23-29 
2°-5-167 
2-3-5-223 


2?.5?.67 
2-5-11-61 
2°.3.5-7 
2-5-673 
2?.5-337 


2-33.53 
23.5-13? 
2-5-677 

2?.3-5-113 
2-5-7-97 


24.517 
2-3-5-227 
2?.5-11-31 

2-5-683 
25.3?.5-19 


2-52-4137 
22.578 
2-3-5-229 
25.5-43 
2-5-13-53 


2?.3-5?-23 
2-5-691 
23.5-173 

2-32.5-7-11 
2?.5-347 


2-5?-139 
24.3-5-29 
2-5-17-41 
2?.5-349 
2-3-5-233 


3-11-197 
17-383 
6521 
3-7-311 
31-211 


6551 
38 
6571 
6581 
3-13? 


7-23-41 
11-601 
3-2207 
19.349 
29.229 


3?-739 
6661 
7-953 
3-17-131 
6691 


6701 
3-2237 
11-13-47 
53-127 
3?-7-107 


43-157 
6761 

3-37-61 
6781 
6791 


3-2267 
72.139 
19-359 
33.11.23 
6841 


13-17-3] 
3-2287 
6871 
7-983 
3-2297 


67-103 
6911 
3?-769 
29-239 
11-631 


3-7-331 
6961 
6971 

3-13-179 
6991 


2-3251 
24.11-37 
2-3-1087 
2?.23-71 

2-3271 


23.3?-7-13 
2-17-193 
2?.31-53 
2-3-1097 
2°.103 


2-3301 
2?.3-19-29 
2-7-1143 

23.829 

2-34-41 


27.1663 
2-3331 
2!.3-139 
2-13-257 
2?.7-239 


2-3-1117 
23.839 
2-3361 


2?.32-11-17 


2-3371 


25.211 
2-3-7223 
2?.1693 
2-3391 
23.3-283 


2-19-179 
2?.13-131 
2-3?-379 
24.7-61 
2-11-311 


2?.3-571 
2-47-73 
2°.859 
2-3-31-37 
27.1723 


2.7-17-29 
28.33 
2.3461 
22.1733 
2.3-13-89 


23-11-79 


7-929 
3-13-167 
11-593 
47-139 
32.727 


6553 
6563 
3-7-313 
29-227 
19-347 


3-31-71 
17.389 
37-179 
37-11-67 
7-13-73 


6653 
3-2221 
6673 
41-163 
3-23-97 


6703 
72.137 
31-83 
6733 
11-613 


3-2251 
6763 
13-521 
3-7-17-19 
6793 


6803 
32-757 
6823 
6833 
38-2281 


7-11-89 
6863 
3-29-79 
6883 
61-113 


32-13-59 
31-223 

7-23-43 
3-2311 
53-131 


17.409 
3-11-211 
19.367 
6983 
35.7-37 


23.3-271 
2-3257 
2?.7-233 
2-33-11? 
24.409 


2-29-113 
2?.3-547 
2-19-1738 
23.823 
2-3-7-157 


2?-13-127 
2-3307 
25.32.23 

2-31-107 

27-11-4151 


2-3-1109 
23.72.17 

2-47-71 

2?.3-557 
2-3347 


24.419 
2-3?-373 
27.412 
2-7-13-37 
23.3-281 


2-11-307 
27.19.89 
2-3-1129 
2'.53 
2-43-79 


2?.35.7 
2-3407 
2°.853 
2-3-17-67 
2?.29.59 


2-23-149 
24-3-11-13 
2-7-491 
2?.1721 
2-3?-383 


23.863 
2-3457 
2?.3-577 
2-3467 
2°.7.31 


2-3-19-61 
22-1741 

2-11-317 
23.32.97 
2-13-269 


5-1301 
5-1303 
32-52-29 
5-1307 
5-7-11-17 


3-5-19-23 
§-13-101 
52-263 
3-5-439 
5-1319 


5-1321 
33.5.7? 
53-53 
5-1327 
3-5-443 


5-115 
5-31-43 
3-5?-89 
5-7-191 

5-13-103 


3?-5-149 
5-17-79 
57-269 
3-5-449 
5-19-71 


5-7-193 
3-5-11-41 
52.271 
5-23-59 
3?-5-151 


5-1361 
5.29.47 
3-57.7-13 
5-1367 
5-372 


3-5-457 
5-1373 
54-11 
34.5-17 
5-7-197 


5-1381 
3-5-461 
52-277 
5-19-73 
3-5-463 


5-13-107 
5-7-199 
3?.5?.31 

5-11-127 

5-1399 


2.3253 
2?.32.181 
2-13-251 
23.19.43 
2-3-1091 


2?.11-149 
2:72.67 
24.3-137 
2-37-89 
2?.17-97 


2-3?-367 
23.827 
2-3313 

2?.3-7-79 
2-3323 


29.13 
2-3-11-101 
27-1669 
2-3343 
23.33.31 


2-7-479 
2?.23-73 
2-3-19-59 
21.421 
2-3373 


2?.3-563 
2-17-199 
23.7-112 
2-3?.13-29 
2?.1699 


2-41-83 
25.3-71 
2-3413 
22.1709 
2-3-7-163 


23.857 
2-3433 
2?.3?.191 
2-11-313 
24.431 


2-3-1151 
2?.7-13-19 
2-3463 
23.3.172 
2-23-151 


22.37-47 
2-34-43 
2.109 
2-7-499 
2?.3-11-53 


33.241 
73.19 
61-107 
3-2179 
6547 


79-83 
3-11-199 
6577 
7-941 
37-733 


6607 
13-509 
3-47? 
6637 
172.23 


3-7-317 
59-113 
11-607 
3?-743 
37-181 


19-353 
3-2239 
7-317 
6737 
3-13-173 


29-233 
67-101 
33.251 
11-617 
7-971 


3-2269 
17.401 
6827 
3-43-53 
41-167 


6857 
32.7-109 
13.232 
71-97 
3-112-19 


6907 
6917 
3-2309 
7-991 
6947 


3?.773 
6867 
6977 

3-17-137 
6997 


2?-1627 
2-3259 
27.3-17 
2-7-467 
22.1637 


2-3-1093 
23.821 
2-11-13-23 
2?.33.61 
2-3299 


24.7-59 
2-3-1103 

2?.1657 

2-3319 
23.3-277 


2-3329 
2?-1667 
2-3?.7-53 
25.11-19 
2-17-197 


2?.3-13-43 
2-3359 
23.29? 
2-3-1123 
2?.7-241 


2-31-109 
24.32.47 
2-3389 
27.1697 

2-3-11-103 


23.23-37 
2-7-487 

2?.3-569 

2-13-263 
28.107 


2-33-127 
2?.17-101 
2-19-18] 
23.3-7-41 
2-3449 


22.11-157 
2-3-1153 
24.433 
2-3469 
2?.3?.193 


2-72.71 
23.13-67 
2-3-1163 

27.1747 

2-3499 


23-283 
3-41-53 
6529 
13-503 
3-37-59 


7-937 
6569 
3?-17-43 
11.599 
6599 


3-2203 
6619 
7-947 

3-2213 

61-109 


6659 
33-13-19 
6679 
6689 
3-7-11-29 


6709 
6719 
3-2243 
23-293 
17-397 


3?-751 
7-967 
6779 
3-31-73 
13-523 


11-619 
3-2273 
6829 
7:977 
3?-761 


198 
6869 
3.2293 
83? 
6899 


3-72.47 
11.17.37 
132.41 
3°.257 
6949 


6959 
3-23-101 
7-997 
29-241 
3-2333 
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23.53-7 
2-5-701 
2?.3°.5-13 
2-5-19-37 
27.5-11 


2-3-5?-47 
2?.5-353 

2-5-7-101 
23.3-5-59 
2-5-709 


22-52-71 
2-3?-5-79 
2!-5-89 
2-5-23-31 
2?.3-5-7-17 


2-5?-11-13 
23.5-179 

2-3-5-239 
2?.5-359 
2-5-719 


25.32.52 
2.5-7-103 
225-192 
2.3-5-241 
23.5-181 


2-53.29 
2?.3-5-11? 
2-5-727 
24.5-7-13 
2-38.5 


22.52.73 
2-5-17-43 
23.3-5-61 

2-5-733 

2?.5-367 


2.3-52-72 
28.5-23 

2.5-12-67 

22.32.5-41 
2-5-739 


23.52.37 
2-3-5-13-19 
2?.5-7-53 
2-5-743 
24.3-5-31 


2-5?-149 

2?.5-373 
2-3?-5-83 
23.5-11-17 
2-5-7-107 


7001 
37-19-41 
7-17-59 

79-89 
3-2347 


11-641 
23-307 
3-2357 
73-97 
7-1013 


33.263 
13-547 
7121 
38-2377 
37-193 


7151 
3-7-11-31 
71-101 
43-167 
32-17-47 


19-379 
7211 
3-29-83 
7-1033 
13-557 


3-2417 
53-137 
11-661 
3?-809 
23-317 


77.149 
38-2437 
7321 
7331 
3-2447 


7351 
17-433 
34-7-13 
112.61 
19-389 


3-2467 
7411 
41-181 
38-2477 
7-1063 


7451 
3?.829 
31-241 

7481 

3-11-227 


2-3?-389 
2?.1753 
2-3511 
2?.3-293 
2-7-503 


2?.41-43 
2-3-11-107 
25-13-17 
2-3541 

22.32.1197 


2-53-67 
23.7-127 
2-3-1187 
2?-1783 
2-3571 


21.3-149 
2-3581 
27-11-1638 
2-33.7-19 
23-29-31 


2-13-2777 
2?.3-601 
2-23-157 
28.113 
2-3-17-71 


22.72.37 
2-3631 
23.3?.101 
2-11-331 
27-1823 


2-3-1217 
24.457 
2-7-523 
2?.-3-13-47 
2-3671 


23.919 
2-3?-409 
2?.19.97 

2-3691 
25.3-7-11 


2-3701 
2?.17-109 
2-3-1237 
2°.929 
2-612 


22.34.23 
2-7-13-41 
24.467 
2-3-29-43 
22-1873 


47-149 
7013 
3-2341 
13-541 
7043 


3-2351 
7-1009 
11-643 
32-787 
41-173 


7103 
3-2371 
17-419 
7-10)9 
3-2381 


23-311 
13-19-29 
32-797 
11-653 
7193 
3-74 
7213 
31-233 
383-2411 
7243 


7253 
33-269 
7-1039 

7283 

3-11-13-17 


67-109 
71-103 
3.2441 
7333 
7-1049 


37.19.43 
37-199 
73-101 

3-23-107 

7393 


11-673 

3-7-353 
13-571 
7433 
3?.827 


29-257 
17-439 
3-47-53 
7-1069 
59-127 


2?.17-103 
2-3-7-167 
24.439 
2-3517 
2?.3-587 


2-3527 
23.883 
2-33-131 
22.7-11-23 
2-3547 


2°.3.37 
2-3557 
2?.13-137 
2-3-29-41 
23.19-47 


2-72.73 
2?.3?.199 
2-17-211 

21.449 

2-3-11-109 


27.1801 
2-3607 
23.3-7-43 
2-3617 
27.1811 


2-3?-13-31 
25.227 
2-3637 
2?.3-607 
2-7-521 


23-11-83 
2-3-23-53 
27.1831 
2-19-1938 
24.33.17 


2-3677 
2?.7-263 
2-3-1229 
23-13-71 

2-3697 


2?.3-617 
2-11-337 
28.29 
2-3?.7-59 
2?-1861 


2-3727 
23.3-311 
2-37-101 
2?.1871 
2-3-1249 


3-5-467 
5-23-61 
5?-281 
3-5-7-67 
5-1409 


5-17-83 
3?-5-157 
5?.283 
5-13-109 
3-5-11.43 


5-72.29 
5-1423 
3-53-19 
5-1427 
5-1429 


3°.5-53 
§-1433 
5?-7-41 
3-5-479 
5-1439 


5-11-13] 
3-5-13-37 
52.172 
5-1447 
3?-5-7-23 


5-1451 
5-1453 
3-5?.97 
5-31-47 
5-1459 


3-5-487 
5-7-11-19 
57.293 
3?-5-163 
5-13-113 


65-1471 
3-5-491 
53.59 
§-7-211 
3-5-17-29 


5-1481 
5-1483 
33.52.11 
5-1487 
5-1489 


3-5-7-71 
5-1493 

5?-13-23 
3-5-499 
5.1499 


2-31-113 
23.877 
2-3-1171 
22.1759 
2-13-271 


25.32.72 
2.3533 

22.29.61 

2-3-1181 
23.887 


2-11-17-19 
2?.3-593 
2-7-509 
25.223 
2-3?-397 


2?.1789 
2-3583 
23.3-13-23, 
2-3593 
2?.7-257 


2-3-1201 
24-11-41 
2-3613 
22.33.67 
2-3623 


23.907 
2-3-7-173 
2?.17-107 

2-3643 

27.3-19 


2-13-281 
2?.31-59 
2-3?.11-37 
23.7-131 
2-3673 


2?.3-613 
2-29-127 
2!.461 
2-3-1231 
22.432 


2-7-23? 
23.32.103 
2-47-79 
22-11-13? 
2.3-17-73 


25.233 
2-3733 
2?.3-7-89 
2-19-197 
23.937 


7-11-13 
3-2339 
7027 
31-227 
35-29 


7057 
37-191 
3-7-337 
19-373 
47-151 


3-23-103 
11-647 
7127 
3?-13-61 
7-1021 


17-421 
3-2389 
W177 
7187 
3-2399 


7207 
7-1031 
37-11-73 
7237 
7247 


3-41-59 
132.43 
19-383 

3-7-347 

7297 


7307 
3*.271 
17.431 

11-23-29 
3-31-79 


7-1051 
53-139 
38-2459 
83-89 
13-569 


3?-823 
7417 
7-1061 
3-37-67 
11-677 


7457 
3-19-131 
TAT7 
7487 
33.72.17 


25.3-73 
2-11?-29 
22.7-251 

2-3?-17-23 

23.881 


2-3529 
2?.3-19-31 
2-3539 
23.443 
2-3-7-13? 


27.1777 
2-3559 
23-34-11 
2-43-83 
27.1787 


2-3-1193 
910.7 
2-37-97 
2?.3-599 
2-59-61 


23.17.53 
2-3?-401 
2?.13-139 
2-7-11-47 
2*.3-151 


2-19-191 
2?.23-79 
2-3-1213 
23.911 
2-41-89 


2?.3?.7-29 
2-3659 
25.229 

2-3-1223 

2?.11-167 


2-13-283 
23.3-307 
2-7-17-31 
22.1847 
2.33.137 


24.463 
2-3709 
2?.3-619 
2-3719 
23.73.19 


2-3-11-113 
22.1867 
2-3739 
28.32.13 
2-23-163 


43-163 
7019 
3-11-71 
7039 
7-19-53 


3-13-181 
7069 
7079 

3-17-1389 

31-229 


7109 
3?-7-113 
7129 
112-59 
3-2383 


7159 
67-107 
3-2393 
7-13-79 
23-313 


34-89 
7219 
7229 
3-19-127 
11-659 


7-17-61 
3-2423 
29.251 
37-197 
3?-811 


7309 
13-563 
3-7-349 
41-179 

7349 


3-11-223 
7369 
47-157 
3?.821 
7.151 


31-239 
3-2473 
17-19-23 
43.173 
3-13-191 


7459 
7-11-97 
33.277 
7489 
7499 
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22.3.54 
2-5-7651 
25.5-47 

2-3-5-251 
2?.5-13-29 


2-57-151 
23.33.5-7 
2-5-757 
22.5-379 
2-3-5-11-23 


24.52.18 
2-5-761 
2?.3-5-127 
2-5-7-109 
2.5-191 


2.32.52.17 
22.5.383 
2-5-13-59 
20.3.5 
2.5-769 


2?.5?-7-11 

2-3-5-257 
23.5-193 
2-5-773 

2?.3?.5-43 


2-53.31 
24.5-97 
2-3-5-7-37 
2?.5-389 
2-5-19-41 


23.3-57-13 
2-5-11-71 
2?.5-17-23 
2-33.5-29 
25.5.7? 


2-5?.157 
2?.3.5-131 
2-5-787 
23.5-197 
2-3-5-263 


2?.5?.79 
2-5-7-113 
24.3?.5-11 
2-5-13-61 

2?.5.397 


2-3-5?.53 
23.5-199 
2.5-797 
22.3-5-7-19 
2-5-17-47 


13-577 
7-29-37 
3-23-109 

17.443 

7541 


32-839 
7561 
67-113 
3-7-1923 
7591 


11-691 
3-43-59 
7621 
13-587 
33-283 


7-1093 

47.163 
3-2557 
7681 
7691 


3-17-151 
11-701 
7-1103 
37.858 

7741 


23-337 
3-13-199 
19-409 
31-251 
3-72.53 


29-269 
73-107 
37.11.79 
41.191 
7841 


3-2617 
7-1123 
17-463 
3-37-71 
13-607 


7901 
33.293 
2 


89 
7-11-103 
83-2647 


7951 
19.419 
383-2657 
23-347 
61-131 


2-11?.31 
23.3-313 
2-3761 
2?.7-269 
2-3?-419 


27.59 
2-19-199 
2?.3-631 
2-17-223 
23.13-73 


2-3-7-181 

2?.11-173 

2-37-1038 
24-37-53 
2-3821 


27.1913 
2-3-1277 
23.7-137 
2-23-167 
2?.3-641 


2-3851 
2°.241 
2-3-11-13 
27.1933 
2-72.79 


23.3-17-19 
2-3881 
2?.29-67 
2-3-1297 
24.487 


2-47-83 
2?.3?.7-31 
2-3911 
23.11.89 
2-3-1307 


2?.13-151 
2-3931 
26.3-41 
2-7-563 
22.1973 


2-3?-439 
23.23-43 
2-17-2383 
2?.3-661 
2-11-19? 


2!.7-71 
2-3-1327 
22.1993 
2-13-307 
23.38.37 


3-41-61 

11-683 
7523 
35.31 

19-397 


7-13-83 
3-2521 
7573 
7583 
38-2531 


7603 
23-331 
3?.7.112 
17.449 
7643 


3-2551 
79-97 
7673 

3-13-197 

72.157 


7703 
37.857 
7723 
11-19-37 
3-29-89 


7753 
7-1109 
3-2591 
43-181 

7793 


33.17? 
13-601 
7823 
3-7-373 
11-23-31 


7853 
3-2621 
7873 
7883 
37.877 


7-1129 
41.193 
3-19-1839 
7933 
132.47 


3-11-241 
7963 
7-17-67 
37.887 
7993 


2!.7-67 
2-13-17? 
2?.3?.11-19 
2.3767 
23.23-41 


2-3-1259 

2?.31-61 
2-7-541 
25.3-79 
2-3797 


27-1901 

2-3'-47 

23.953 
2-11-347 
2?.3-72.13 


2-43-89 
25.479 
2-3-1279 
27-17-1138 
2-3847 


23.3?-107 
2-7-19-29 
27.1931 
2-3-1289 
28.11? 


2-3877 
2?.3-647 
2-13?-23 
23.7-139 
2-3?.433 


27.1951 
2-3907 
21.3-163 
2-3917 
22.37-53 


2-3-7-11-17 
23.983 
2-31-127 
27.33.73, 
2-3947 


25.13.19 
2-3-1319 
2?.7-283 
2-3967 
23.3-331 


2-41-97 
2?.11-181 
2-37. 443 

21.499 

2-7-571 


3-5-11-47 
5.1553 
57.311 

3?.5-173 
5-1559 


5-7.223 
3-5-521 
57.313 
5-1567 
3-5-5238 


5-1571 
§-117-13 
3?.53-7 
5-19-83 
5.1579 


3-5-17-31 
5.1583 
57.317 
3-5-23? 
5-7-227 


5-37-43 

33.5-59 
57-11-29 

5-1597 
3-5-13-41 


2-33.139 
27.1879 
2-53-71 
24.3-157 
2-73.11 


27-1889 
2-3-13-97 
23.947 
2.3793 
2?.32.211 


2-3803 
28.7.17 
2-3-31-41 
2?.23-83 
2-3823 


23.3-11-29 
2-3833 
2?.19-101 
2-3?.7-61 
24-13-37 


2-3853 
2?.3-643 

2-3863 

23.967 
2-3-1291 


22.7-277 
2-11-353 
25.35 
2-17.229 
27.1949 


2-3-1301 
23.977 
2-7-13-43 
2?.3-653 
2.3923 


24.491 
2-3?-19-23 
22.11.179 

2.3943 
23.3-7-47 


2-59-67 
22.1979 
2-3-1321 
28.31 
2-29-137 


2?.3?.13-17 
2-7-569 
23.997 
2-3-1138 
22.1999 


7507 
7517 
3-13-193 
7537 
7547 


3-11-229 
7-23-47 
7577 
33.281 
71-107 


7607 
3-2539 
29-263 
7-1091 
3.2549 


13-19-31 
11-17-41 
37.853 
7687 
43-179 


3-7-367 
W717 
7727 

3-2579 

61-127 


7757 
3?.863 
7-11-101 
13-599 
3-23-113 


37-211 
7817 
3-2609 
17-461 
7-19-59 


34.97 
7867 
7877 
3-11-2389 
53-149 


7907 
3-7-13-29 
7927 
7937 
37.883 


73-109 
31-257 
3-2659 
77.163 
11-727 


22.1877 
2-3-7-179 
23.941 
2-3769 
2?.3-17-37 


2-3779 
24-11-43 
2-3?-421 
22.7-271 
2-29-131 


23.3-317 
2-13-293 
27.1907 
2-3-19-67 
25.239 


2-7-547 
22.33.71 
2-11-349 
23.312 
2-3-1283 


27.41.47 

2-17-227 
24.3-7-23 

2-53-73 
2?.13-149 


2-32.431 
23.971 
2.3889 

22.3.11-59 

2.7-557 


27.61 
2-3-1303 
2?.19-103 

2-3919 
23.3?.109 


2.3929 
2?.7-281 
2-3-13-101 
24.17-28 
2-11-3859 


2?.3-659 
2-37-107 
23.991 
2-34.72 
27.1987 


2-23-1738 
25.3-83 
2-3989 
22.1997 

2-3-31-43 


3-2503 
73-103 
7529 
3-7-359 
7549 


7559 
3?.29? 
11-13-53 
7589 
3-17-149 


7-1087 
19-401 
83-2543 
7639 
7649 


3?.23-37 
7669 
7-1097 
3-11-2338 
7699 


13-593 
3-31-83 
59-131 
71-109 
33.7-41 


7759 
17-457 
3-2593 

7789 
11-709 


3-19-137 
7-1117 
7829 
37-13-67 

47.167 


29-271 
3-43-61 
7879 
7.23 
3-2633 


11-719 
7919 
3?.881 
17-467 
7949 


3-7-379 
13-613 
79-101 
3-2663 
19-421 


SUuOT]eZ1I0jNB 
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N 0 1 2 3 4 5 6 
FN ae eer Ire Se PN Se OE oad ees 
800 29.53 3?.7-127 2.4001 53-151 22.3.23-29 5-1601 2.4003 
801 _2-32-5-89 8011 22.2003 3-2671 2-4007 5-7-229 24.3-167 
802  2.5-401 13-617 2-3-7-191 71-113 23.17.59 3-5?-107 2.4013 
803 2-5-11-73 3-2677 25.251 29.277 2-3-13-103 5-1607 22.72.41 
804 «28.3.5 -67 11-17-43 2.4021 3-7-3838 22.2011 5-1609 2-33.149 
805 2-57-23 83-97 22.3-11-61 8053 2-4027 3?.5-179 23.19-53 
806 —-22.5-13-31 3-2687 2-29-139 11-733 27.32.7 5-1613 2-37-109 
807 __2-3-5-269 7-1153 23.1009 33.13-23 2-11-367 57-17-19 22.3.673 
808 245-101 8081 2-37.449 59-137 22.43.47 3-5-7211 2-13-311 
809 25-809 32.29.31 27.172 8093 2-3-19-71 5-1619 25.11.23 
810 22.35.52 8101 2-4051 3-37-73 23.1013 5-1621 2-3-7-193 
811 2-5-811 8111 24.3-132 7-19-61 2-4057 3-5-541 2.2029 
812 —-28.5-7-29 3.2707 2.31-131 8123 22.3.677 54-13 2-17-239 
813 -2-3-5-271 47-173 22.19-107 3-2711 2-72.83 5-1627 23.3?-113 
814 -22.5-11.37 7-1163 2-3-23-59 17-479 24.509 32.5-181 2.4073 
815 —-2.5.163 3-11-13-19 23-1019 31.263 2-33.151 5-7-2338 2.2039 
816 —-28.3-5-17 8161 2-7-11-53 32.907 22.13-157 5-23-71 2-3-1361 
817 —-2-5-19-43 8171 22.3?.227 11-743 2-61-67 3-5?-109 2!.7-73 
818 — 22.5-409 34.101 2-4091 72-167 23.3-11.31 5-1637 2-4093 
819 2.3%.5-7-13 8191 213 3-2731 2-17-241 - §-11-149 22.3-683 
820 —-.23.5?.41 59-139 2-3-1367 13-631 22.7.293 3-5-547 2-11-3738 
821 2-5-821 3-7-17-23 27.2053 43.191 2-3-372 5-31-53 23.13.79 
822 22.3.5-137 8221 2-411] 3-2741 25.257 527-47 2-3?-457 
823 2-5-8238 8231 23.3.73 8233 2-23-179 33.5-61 22.29-71 
824  -24.5-108 3-41-67 2-13-317 8243 22.32.229 5-17-97 2-7-19-31 
825 23-53-11 37-223 22.2063 3?.7-131 2.4127 5-13-127 28.3.43 
826 —_22.5-7-59 11-751 2.38.17 8263 23.1033 3-5-19-29 2.4133 
827 2-5-827 32.919 24.11.47 8273 2.3-7-197 52.331 22.2069 
828 —-23.3?.5-23 72.132 2-41-101 3-11-251 2?.19-109 5-1657 2-3-1381 
829 25-829 8291 22.3.691 8293 2-11-13-29 3-5-7-79 23-17-61 
830 —-:2?.5?.83 3-2767 2-7-5938 192.23 24.3-173 5-11-151 2-4153 
831 2-3-5-277 8311 23.1039 3-17-1638 2-4157 5-1663 22.33.7.11 
832 27.513 53-157 2-3-19-73 7-29-41 22.2081 32.52.37 2-23-181 
833 25-72-17 3-2777 22.2083 13-641 2-32.463 5-1667 24.521 
834  22.3.5-139 19-439 2-43-97 34.103 28.7.149 5-1669 2-3-13-107 
835 2.52167 7-11938 25.32.29 8353 2.4177 3-5-557 22.2089 
836 —-:28.5-11-19 32.929 2-37-1138 8363 2?.3-17-41 5-7-239 2-47-89 
837 —-:2-33.5-31 11-761 22.7-13-23 3-2791 2-53-79 53.67 23.3-349 
8388 225-419 172.29 2.3-11-127 83-101 28.131 3-5-13-43 2-7-599 
839 25-839 3.2797 23.1049 7-11-109 2-3-1399 5-23-73 22.2099 
840 —-24.8-52-7 31-271 2.4201 3-2801 2?.11.191 5-412 2-3?.467 
841 2.5-29? 13-647 22.3-701 47-179 2-7-601 3?.5-11-17 25.263 
842 22.5-421 3-7-401 2.4211 8423 23.34.13 52.337 2-11-3838 
843 -2.3-5-281 8431 24.17-31 32.937 2.4217 5-7-241 22.3.19-37 
844 —- 23.5211 23.367 2-32.7-67 8443 22.2111 3-5-5638 2-41-1038 
845 2.52.13? 33.313 27.2113 79-107 2-3-1409 5-19-89 28.7-151 
846 —-22.32.5.47 8461 2-4231 3-7-13-31 24.232 5-1693 2.3-17-83 
847 —-2.5-7-11? 43.197 23.3-353 37-229 2-19-2238 3-52-1183 22.13-163 
848 25.5.53 3-11-257 2-4241 17-499 2?.3.7-101 5-1697 2.4243 
849 —-2.3-5-283 7-1213 27-11-1938 3-19-149 2-31-1837 5-1699 24.32.59 


3-17-157 
8017 
23-349 
3?.19-47 
13-619 


7-1151 
3-2689 
41-197 
8087 
3-2699 


112.67 
8117 
33.7.43 
79-103 
8147 


3-2719 
8167 
13-17-37 
3-2729 
7-1171 


29-283 
37-11-83 
19-433 
8237 
3-2749 


23:359 

7-1181 

3-31-89 
8287 
8297 


3?.13-71 
8317 
11-757 
3-7-397 
17-491 


61-137 
3-2789 
8377 
8387 
33.311 


7-1201 
19.443 
3-53? 
11-13-59 
8447 


83-2819 
8467 
72.173 
3?.23-41 
29-293 


23.7-11-13 
2-19-211 
2?.3?.223 
2-4019 
2!.503 


23-17-79 
22.2017 
2:7-577 
23.3-337 

2.4049 


2?.2027 
2-37-11-41 
28.127 
2-13-3138 
2?.3-7-97 


2.4079 
23.1021 
2.3-29-47 
22.23.89 
2.4099 


24.33.19 
2-7-587 
2?.112.17 
2-3-1373 
23.1031 


2-4129 
2?.3-13-53 
2.4139 
25,7-37 
2-3?-461 


2?.31-67 
2.4159 
23.3.347 
2-11-379 
2?.2087 


2-3-7-199 
24.523 
2.59-71 
2?.3?.233 
2-13-17-19 


23.1051 
2-3-23-61 
22.72.43 
2-4219 
28.3-11 


2.4229 
2?.29-73 
2-33-157 
23.1061 
2-7-607 


8009 
36-11 
7-31.37 
8039 
3-2683 


8059 
8069 
3-2693 
8089 
7-13-89 


37-17-53 
23-353 
11-739 
383-2713 
29-281 


41-199 
3-7-389 
8179 
19-431 
37-911 


8209 
8219 
3-13-211 
7-11-107 
73-113 


3-2753 
8269 
17-487 
33-307 
43-193 


7-1187 
3-47-59 
8329 
31-269 
3-11?-23 


13-643 
8369 
3?.72.19 
8389 
37-227 


3-2803 
8419 
8429 

3-29-97 
7-17-71 


11-769 
37.941 
61-139 
13-653 
3-2833 


0008 
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22.53.17 
2-5-23-37 
23.3-5-71 

2-5-853 
2?.5-7-61 


2-3?.57.19 
2!-5-107 
2-5-857 

22.3-5-11-13 

2-5-859 
23.57.43 

2-3-5-7-41 
2?.5-431 
2-5-863 

2°.33.5 


2-5?-173 


2-5-11-79 


2?.3-5?.29 
2-5-13-67 
24.5-109 
2-3?-5-97 

2?.§-19-23 


2-54.7 
23.3-5-73 
25-877 
2?.5-439 
2-3-5-293 


25.57.11 


28.5. 13. 17 


2-3-5?.59 
2?-5-443 
2-5-887 
21-3-5-37 
2-5-7-127 


27.52.89 
2-34.5-11 
23.5-223 
2-5-19-47 
2?.3-5-149 


2-5?.179 
28.5-7 
2-3-5-13-23 
2?.5-449 
2-5-29-31 


3?.23-43 
7-19-67 


3. 37 


2-3-13-109 
28.7-19 
2-4261 
22.38.79 
2.4271 


23.1069 
2-3-1427 
2?.2143 
2-7-6138 
24.3-179 


2-11-17-23 
2?.2153 
2-3?-479 
23.13-83 
2-29-149 


2?.3-7-103 
2-61-71 
25.271 
2-3-1447 
27-41-53 


2-19-229 
23.37.11? 
2-72.89 
2?.37-59 
2-3-31-47 


2-33-163 
27.2203 
2-11-401 
27-3-23 
2-4421 


2?.2213 
2-3-7-211 
23.1109 
2-4441 
2?.37.13-19 


2-4451 
2'.557 
2-3-1487 
2?.7-11-29 
2-17-263 


23.3-373 
2-4481 
27.2243 

2-32.499 
25.281 


23.1063 
2-3?.11-43 
27.2131 
2-17-2651 
25.3-89 


2-7-13-47 
27.2141 

2-3-1429 

23.29-37 
2-4297 


2?.3?-239 
2-59-73 
24.72.11 

2-3-1439 
27.2161 


2-4327 

23-3-19? 

2-4337 
2?.13-167 
2-33.7-23 


29.17 
2-4357 
2?.3-727 
2-11-397 
23.1093 


2-3-1459 
22.7-313 
2-41-107 
24.32.61 
2-4397 


2?.31-71 
2-3-13-113 
23.1103 
2-7-631 
2?.3-11-67 


2-19-2338 


23.3-7-53 
2-4457 
2?.23-97 
2-3-1489 
24.13.43 


2-112.37 
27.33.83, 

2-7-641 

23.1123 
2-3-1499 


35.5.7 
§-13-131 


§-17-101 
3?.5-191 


5-1721 

5-1723 
3-53.23 
§-11-157 
5-7-13-19 


3-5-577 
5-1733 
5?.347 

325-193 

5-37-47 


5-1741 
3-5-7-83 
57.349 
5-1747 
3-5-11-53 


5-17-1083 


3?.5-199 
5-11-163 
52-359 
3-5-599 
5-7-257 


2.4253 
2?.2129 
2:3-72-29 
23.11.97 
2-4273 


a 31 


2?. 7. 307 


2-13-331 

23.3-359 
2-19-227 
2?.17-127 
2-3-11-131 


24-541 
2-7-619 
2?.3?.241 
2-43-101 
23.1087 


2-3-1451 
2?.2179 
2-4363 

25.3-7-13 
2-4373 


2?.11-199 
2-3?-487 
23.1097 

2-23-191 
2?.3-733 


2-7-17-37 
24.19.29 
2-3-1471 
27.472 
2-4423 


23.33.41 
2-11-13-31 
2?.7-317 
2-3-1481 
28.139 


2-61-73 
2?.3-743 

2-4463 
23.1117 
2-3?-7-71 


27.2239 


22. 13. 173 


47-181 


38-7-11-37 


43.199 
13-659 
37.953 
31-277 
8597 


3-19-151 
7-1231 
8627 
3-2879 
8647 


11-787 
34-107 
8677 
7-17-73 
3-13-223 


8707 
23-379 
3-2909 

8737 

8747 


3?.7-139 © 


11-797 
67-131 
3-29-101 
19-463 


8807 
3-2939 
7-13-97 

8837 
37.983 


17-521 
8867 
3-11-269 
8887 
7-31-41 


3-2969 
37-241 
79-113 
33.331 
23-389 


132.53 
3-77.61 
47-191 

11-19-43 
3-2999 


2?-3-709 


2-11-389 
23.32.7-17 
2-4289 
2?.19-113 
2-3-1433 


25-269 
2-31-139 
2?.3-719 

2-7-617 
23.23-47 


2-3?-13-37 

2?-11-197 
2-4339 
24.3-181 
2-4349 


2?.7-311 
2-3-1453 
23.1091 
2-17-257 
22.37 


2-29-151 
25.137 
2-3-7-11-19 
27.138 
2-53-83 


23.3-367 
2-4409 

27.2207 

2-37-491 
24.7-79 


2-43-1038 
22.3-739 
2-23-193 
23.11-101 
2-3-1483 


2?.17-131 
2:73.13 
25.37.31 

2-41-109 
22.2237 


2-3-1493 
23.19.59 
2-67? 
2?.3.7-107 
2-11-409 


3-19-157 


172.31 
8969 
3-41-73 
89-101 
8999 
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N 0 1 2 3 4 5 6 7 8 9 N 


0006 


900 23.32.58 

901 2-5-17-53 
902 =. 2?-5- 11-41 
903 =. 2-3-5-7-43 


904 24.5-113 
905 2-57-181 
906 22.3-5-151 
907 2-5-907 
908 23.5-227 


909 =. 2.3?.5-101 
910 22.52.7-13 


914 2?.5-457 
915 2-3-5?-61 
916 23.5-229 
917 2-5-7-131 
918 22.33-5-17 
919 2-5-919 

920 24.52.23 


921 2-3-5-307 
922 2?.5-461 


923 2-5-13-71 
924 23.3-5-7-11 
925 2-53-37 


926 2?.5-463 © 


927 2.-37.5-103 
928 28.5-29 
929 2-5-929 


930 2?.3-5?-31 
931 2-5-77.19 


932 235-233 
933 2-3-5-311 
934 22.5-467 


935 2-5?-11-17 
936 24.37.5-13 


937 2-5-937 
938 22.5-7-67 
939 =. 2-3-5-318 
940 23.52.47 
941 2-5-941 
942 23.3.5-157 
943 2-5-23-41 
944 25.5-59 
945 2-33.5?-7 
946 27.5-11-43 
947 2-5-947 


948 23.3-5-79 
949 2-5-13-73 


9001 


11-23-37 


2-7-643 
2?.3-751 
2-13-347 
23-1129 

2-3-11-187 


2?.31-73 
2-23-197 
24.34.7 
2-19-2839 
23.2273 


2-3-37-41 
23.17-67 
2-4561 
22.3-761 
2-7-6538 


2°-11-13 
2-3?-509 
27.2293 
2-4591 
23.3-383 


2-43-107 
22.73.47 
2-3-29-53 
24.577 
2-4621 


23.3?.257 
2-11.421 
25.19.61 
2-3-7-13-17 
2?.23-101 


2-4651 
25.3-97 
2-59-79 
23.2333 
2-38.173 


23.7-167 
2-31-151 
2?.3-11-71 
2-4691 
24.587 


2-3-1567 


2-11. 431 
23.3-7-113 


3-3001 
9013 


27.2251 
2-4507 
25.3-47 
2-4517 
2?.7-17-19 


2-37-5038 
23.11.1038 
2-13-349 
22.3-757 
2-4547 


21.569 
2-3-72.31 
27.2281 

2-4567 
23.32.127 


2-23-199 


2?.3-13-59 
2-17-271 
23.1153 
2-35-1S 
27.2311 


2-7-661 
-24.3-193 
2-4637 
23.11-211 
2-3-1549 


23.1163 
2-4657 
22.32.7.37 
2-13-359 
27.73 


2-3-1559 
23.2341 
2-43-109 
23.3-17-23 
2-7-11-61 


27.2351 


22. 3+ 787 


2-29-163 
23.7-133 
2-3-1579 
23.2371 
2-47-101 


5-1801 
3-5-601 
52.19? 
5-13-1389 
33.5-67 


5-1811 
5-72.37 
3-5?-112 
5-23-79 
5-17-107 


3-5-607 
5-1823 
53.73 
32.5-7-29 
5-31-59 


5. 1. 13? 


5-1861 
34.5-23 


3?.§-11-19 
5-7-269 
5?.13-29 

3-5-17-37 

5-1889 


5-31-61 
3-5-631 
57.379 
§-7-271 
3?.§-211 


2-3-19-79 
23.72.23 
2-4513 

2?.3?.251 
2-4523 


25.283 
2-3-1511 

22.2269 
2-7-11-59 
23.3-379 


2-29-157 
2?.43-53 
2-33-13? 
24.571 
2-17-269 


22.3-7-109 
2.4583 
23.31-37 
2-3-1531 
2?-417-19 


2-4603 
210.32 
2-7-659 
2?.2309 
2-3-23-67 


23.13-89 

2-41-1138 

22.3-773 
2.4643 
24.7-83 


2-3?.11-47 
22.17-137 
2-4663 
23.3-389 
2.4673 


27.2339 
2-3-7-223 
25.293 
2-13-19? 
27.34.29 


2-4703 
23.11-107 
2-3-1571 
22.7-337 

2-4723 


21.3-197 
2.4733 
2?.23-103 
2-37.17-31 
23.1187 


9007 
71-127 


23. 3. 13-29 
2-7-647 


2-19-241 
24.3-191 
2-13-353 
27.2297 
2-3?-7-73 


23.1151 
2-11-419 
22.3-769 
2-31-149 

25.172 


2-3-1543 
2?.7-331 
2-4639 
23.33.43 
2-4649 


2?.13-179 
2-3-1553 
24.11.53 

2-7-23-29 

22.3-19-41 


2-4679 
23.1171 
2-32.52 
22.2347 

2-37-127 


25.3372 
2-17-277 
22.2357 
2-3-112-13 
23.1181 


2.4729 
2?.3?.263 
27-677 
24.593 
2-3-1583 


29-311 


17-557 
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950 22.53.19 3-3167 2-4751 13-17-43 25.33.11 5-1901 2-73.97 3-3169 23.2377 37-257 950 
951 2-3-5-317 9511 23.29.41 3?.7-151 2-67-71 §-11-173 22.3-13-61 31-307 2-4759 3-19-167 951 
952 24.5-7-17 9521 2-32.23? 89-107 22.2381 3-52.127 2-11-4833 7-1361 23.3.397 13-733 952 
953 2-5-953 33.353 22.2383 9533 2.3-7-227 5-1907 28.149 3-11-17? 2-19-251 9539 953 
954 22.3?.5-53 7.29.47 2-13-367 3-3181 23.1193 5-23-83 2-3-37.43 9547 22.7.11-31 37.1061 954 
955 2.52-191 9551 24.3-199 41.233 2-17-281 3-5-73-13 22.2389 19-503 2-34.59 112.79 955 
956 23.5-239 3.3187 2-7.683 73-131 22.3-797 §-1913 2.4783 3?. 1063 25.13.23 7-1367 956 
957 —-.2.8-5-11-29 17-563 22.2393 3-3191 2.4787 53.383 23.33.7-19 61.157 2.4789 3-31-103 957 
958 2?.5-479 11-13-67 2-3-1597 7.37? 24.599 33.5-71 2.4793 9587 22.3.17-47 43.223 958 
959 2-5-7-137 3-23-139 23.11.109 53-181 2-3?.13-41 5-19-101 22.2399 3-7.457 2-4799 29-331 959 
960 27.3.5? 9601 2.4801 32.11.97 23.74 5-17-1138 2-3-1601 13-739 23.1201 3-3203 960 
961 2-5-313 7-1373 22.38.89 9613 2.11-19-23 3-5-641 24.601 59-163 2-3-7-229 9619 961 
962 22.5.13.37 37.1069 2-17-283 9623 23.3-401 5.7-11 2.4813 3-3209 22.29.83 9629 962 
963 = 2-3?.5.107 9631 25.77.43 3-13?.19 2.4817 5-41-47 22.3.11-73 23-419 2-61-79 34.7-17 963 
964 23.5-241 31.311 2-3-1607 9643 22.2411 3-5-643 2-7.13-53 11-877 24.37.67 9649 964 
965 2.57193 3-3217 2?.19.127 72.197 2-3-1609 §-1931 23.17-71 3?.29-37 2-11-4389 13.743 965 
966 =. 2?.3.5-7-23 9661. 2.4831 3-3221 28-151 5-1933 2-33.179 7-1381 22.2417 3-11-293 966 
967 2-5-967 19-509 23.3-13-31 17-569 2-7-691 37.57.43 22.41.59 9677 2-3-1613 9679 967 
968 24.5.112 3-7.461 2-47-103 23-421 2?.3?.269 5-13-149 2-29.167 3-3229 23.7.173 9689 968 
969 2.3.5.17-19 11-881 2?.2423 33.359 2-37-131 5-7.277 25.3-101 9697 2-13-3738 3-53-61 969 
970 22.52.97 89-109 2-3?.72.11 31-313 23.1213 3-5-647 2-23-211 17.571 2?.3-809 7-19-73 970 
971 2-5-971 3?.13-83 24.607 11-883 2.3-1619 5-29-67 23.7.347 3-41.79 2.43-113 9719 971 
972 23.35.5 9721 2.4861 3-7-463 22.11-13-17 52-389 2-3-1621 71-137 29.19 3?-23-47 972 
973 2-5-7-139 37-263 22.3-811 9733 2-31-157 3-5-11-59 23.1217 7-13-107 2-32.541 9739 973 
974 22.5.487 3-17-191 2-4871 9743 24.3-7-29 5.1949 2-11.443 33.192 23.2437 9749 974 
975 2-3-5813 72.199 23.23.53 3-3251 2.4877 5.1951 23.32.271 11.887 2-7.17-41 3-3253 975 
976 25.5-61 43.227 2-3-1627 13-751 2?.2441 32.5-7-31 2-19-257 9767 23.3-11-37 9769 976 
977 2-5-977 3-3257 22.7-349 29-337 2-38-181 52.17.23 24.13.47 3-3259 2.4889 7-11.127 977 
978 =. 22.3.5-163 9781 2-67-73 32.1087 23.1223 5-19-103 2-3-7-233 9787 22.2447 3-13-251 978 
979 2-5-11-89 9791 28.32.17 7-1399 2-59-83 3-5-653 22.31-79 97-101 2-3-23-71 41.239 979 
980 23.52.72 34.113 2-13?.29 9803 22.3-19.43 5.37.53 2.4903 3-7-467 24.613 17.577 980 
981 = 2.325.109 9811 2311-223 3.3271 2-7-701 5-13-151 23.3-409 9817 2.4909 3?.1091 981 
982 2?.5-491 7-23-61 2-3-1637 11.19.47 25.307 3-57.131 2-173 31.317 22.33.7.13 9829 982 
983 2-5-983 3-29-1138 23.1229 9833 2-3-11-149 §-7-281 2?.2459 3?.1093 2.4919 9839 983 
984 24.3-5-41 13-757 2.7-19-37 3-17-193 2?.23-107 5-11-179 2-32. 547 43.229 23.1231 3-72.67 984 
985 2-5?.197 9851 22.3-821 59-167 2-13:379 33.5-73 27.7-11 9857 2-3-31-53 9859 985 
986 22.5.17-29 3-19.173 2.4931 7-1409 23.32.137 5.1973 2.4933 3-11-13-23 2?.2467 71-139 986 
987 = 2.3.5-7-47 9871 24.617 32.1097 2-4937 5.79 23.3-823 7-17.83 2.11.449 3-37-89 987 
988 23.5.13-19 41.241 2-34.61 9883 22.7-353 3-5-659 2.4943 9887 25.3.103 11.29.31 988 
989 2-5-23-43 32.7-157 22.2473 13-761 2-3-17-97 5.1979 23.1237 3-3299 2-72.101 19.521 989 
990 =. 22. 32.52.11 9901 2.4951 3-3301 24.619 5-7.283 2-3-13-127 9907 22.2477 33.367 990 
991 2-5-991 11-17-53 23.3.7-59 23.431 2.4957 3-5-661 22.37.67 47.211 2-32.19-29 7-13-109 991 
992 28.5.31 3-3307 2-112.41 9923 22.3.827 52.397 2:7-709 32.1103 23.17.73 9929 992 
993 2-3-5-331 9931 2?.13-191 3-7-11-43 2.4967 5-1987 24.33.23 19.523 2-4969 3-3313 993 
994 22.5-7-71 9941 2-3-1657 61.163 23.11.1138 33.5-13-17 2.4973 73.29 2?.3-829 9949 994 
995 2.52199 3-31-107 25.311 37-269 2.32.7.79 §-11-181 23.19-131 3-3319 2-13-383 23-433 995 
996 23.3.5-83 7-1423 2-17-293 35.41 22.47.53 5.1993 2-3-11-151 9967 24.7-89 3-3323 996 
997 2-5-997 132.59 22.32.277 9973 2.4987 3-52.7.19° 23.29.43 11-907 2-3-1663 17-587 997 
998 22.5-499 32.1109 2-7-23-31 67.149 28.313 5-1997 2-4993 3-3329 22.11-227 7-1427 998 
999 2-33.5.37 97.103 23.1249 38-3331 2-19-263 5-1999 22.3-72.17 13-769 2.4999 3?.11-101 999 
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Table 24.8 Primitive Roots, Factorization of p—~1 


g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


p pl g |-G| « p p—1 g |-G| e p p-l g |-G| e« 
3 2 21 1] —10 359 2.179 7{| 2] —10 821 22.5-41 2] 2] +10 
5 2 ae a oe 367 2-3-61 6| 2 10 823 2-3-1387 3] 2 10 
7 2:3 3) °2 10 373 22.3.31 7a es 827 2-7-59 2| 3] -10 
11 2.5 2] 3 |.---- 379 2.33.7 2) 4 10 829 22.32.23 2) 2 lose. 
13 22.3 a ee a ee 383 2-191 5| 2 10 839 2.419 11 | 2] —10 
17 24 3] 3] +10 389 22.97 2} 2] +10 853 22.3.71 2) 2 | _-- 
19 2.32 21 4 10 397 22.32.11 5] 5 |... 857 23.107 3] &| +10 
23 2-11 5} 2 10 401 24.5? ce a ie 859 | 2-3-11-13 a ee a eee 
29 22.7 2| 2! +10 409 23.3-17 21 | 21 |___- 863 2.431 5| 2 10 
31 2.3-5 3| 7] —10 419 2-11-19 2| 3 10 877 2.3.73 Pee 2 ae 
37 22.32 7a 2 oe 421 22.3-5-7 9) SB lezeee 881 2.5.11 7 ae ee 
41 23.5 6] 6 |____- 431 2.5-43 7| 5] —10 883 2.32.72 2} 4] —10 
43 2-3-7 3| 9} —10 433 24.33 5} 5| +10 887 2-443 5| 2 10 
47 2.23 5| 2 10 439 2-3-73 15 | 5| —10 907 2-3-151 ee ae 
53 22.13 i i eee 443 2-13-17 2| 3] —10 911 2.5-7-13 17} 3] —10 
59 2.29 2| 3 10 449 28.7 Br) Boleses2 919 2-33.17 7{| 5| —10 
61 22.3.5 2) 2] +10 457 23.3.19 18 | 18 |____- 929 25.29 Ce ae a eee 
67 2-3-11 2| 4| —10 461 2?.5-23 2} 2) +10 937 23.32.13 5| 5| +10 
71 2-5-7 7| 2{—10 463 | 2.3-7-11 ce ee eee 941 22.5.47 2} 2] +10 
73 23.32 Bel a Ge 467 2-233 2/ 3{| —10 947 2-11-43 2|/ 3] —10 
79 2-3-18 Sa eee 479 2-239 13 | 2} —10 953 23.7-17 3| 3] +10 
83 2.41 2| 3] —10 487 2-35 3] 2 10 967 | 2.3-7-28 5| 2 |__..- 
89 23.11 Oe ee ee 491 2.5.72 2| 4 10 971 2.5-97 6| 3 10 
97 25.3 5| 5| +10 499 2-3-83 7| 5 10 977 24.61 3| 3| +10 
101 22.52 2) 24: 503 2.251 5| 2 10 983 2.491 5| 2 10 
103 2-3-17 7A lie ee 509 22.127 2} 2{| +10 991 | 2.3%.5-11 6| 2|—10 
107 2-53 2} 3| —10 521 23.5-13 a ie oe 997 22.3-83 tl ee a ee 
109 22.33 6| 6] £10 523 2-32.29 2} 4] —10/]] 1009 24.32.7 11 | 11 J____- 
113 24.7 3] 3] +10 541 22.33.5 2| 2] +410]! 1013 22.11.23 ee 
127 2.32.7 33) 20 kee 547 | 2.3-7-18 Aa tie a ees 1019 2-509 2.1 °3 10 
131 2-5-13 2| 3 10 557 22.139 Bi | See cs 1021 | 2.3-5-17 | 10] 10] +10 
137 23.17 B | 3 Weccce 563 2-281 2/ 3] —10/]| 1031 2.5-103 ee ee eee 
139 2-3-28 ae ee 569 23.71 ra Pe ee 1033 3.3.43 5| 5] +10 
149 22.37 2]/ 2] +10 571 2-3-5-19 3| 5 10 || 1039 2-3-1738 3| 2] —10 
151 2.3-52 6] 5] —10 577 28.32 5| 5 | +10} 1049 23.131 ee ee 
157 2.3.13 Beil |e ehces 587 2.293 2} 3] —10/| 1051 2-3-52-7 7| 5 10 
163 2.34 2] 4| —10 593 24.37 3} 3] +410/]| 1061 22.5-53 , es eee 
167 2.83 5| 2 10 599 2-13.23 7} 2{—10/] 1063 2.32.59 3} 2 10 
173 22.43 ia i ee 601 23.3.5? a ay ca ee 1069 22.38.89 6| 6| +10 
179 2-89 2/3 10 607 2-3-101 Sy) OMe a 1087 2.3-181 3) 2 10 
181 2?.32.5 2| 2/ +10 613 22.32.17 >a lie Re 1091 2.5-109 2| 4 10 
191 2-5-19 19} 2| —10 617 3.7.11 a re 1093 | 22.3.7-18 5| 5 |... 
193 28.3 5| 5| +10 619 2-3-1038 2/ 4 10 || 1097 23.137 3| 3] +10 
197 22.72 ee ee 631 2.32.57 3} 9] —10]] 1103 2-19-29 5| 3 10 
199 2-32-11 3} 2| —10 641 27.5 a ee ee 1109 22.277 2} 2] +10 
211 2.3-5-7 i oo 643 2-3-107 Ww} 7 | -- 1117 22.32.31 7 ee ee 
223 2.3.37 3/1 9 10 647 2-17-19 5| 2 10 || 1123 | 2-8-11-17 2| 4| —10 
227 2-113 2} 3] —10 653 22.163 Pe ee Ree 1129 23.3-47 11 | 11 |-2_- 
229 22.3.19 6} 6| +10 659 2.7.47 2] 3 10 || 1151 2-52-23 17| 2] —10 
233 23.29 3/ 3] +10 661 | 22-3-5-11 ra i ee 1153 27.32 5| 5| +10 
239 2-7-17 Pill Os 673 25.3.7 5] 5 |____- 11638 2.7.83 5| 3] —10 
241 24.3-5 7 a (ae da eect 677 22.132 2] 2 /____- 1171 | 2.32.5.13 2| 4 10 
251 2-58 6] 3 ].__-. 683 2-11-31 5| 10} —10]} 1181 22.5-59 7| 7} +10 
257 28 3] 3] +10 691 2-3-5-23 3] 6 leszes 1187 2.593 2| 3] —10 
263 2-131 5| 2 10 201 2.52.7 2} 2] +10] 1193 23.149 3/ 3] +10 
269 22.67 2} 2] +10 709 22.38.59 2} 2! +10]] 1201 24.3.5? 11 | 11 |-_-- 
271 2.33.5 6.2 bees 719 2-359 11} 2] —10]| 1213 22.3-101 ge ee 
277 2.3.23 5] 5 jo. 727 2.3.11? 5| 7 10 || 1217 28.19 3/ 3] +10 
281 23.5.7 Bil Boe 733 22.3-61 6| 6|____- 1223 2-13-47 5] 2 10 
283 2-3-47 3| 6| —10 739 2-32.41 3] 6]____- 1229 22.307 2/ 2] +10 
293 22.73 O18 ce 743 2-7-53 5| 2 10 || 1231 2-3-5-41 ell ra 
307 2-32.17 51 7 | —10 751 2.3.58 2 ee eee 1237 | 22.3-103 ag ee eee 
311 2.5.31 17; 2| —10 757 2.38.7 yal aie | eae 1249 5.3.13 ’ oA li ae ee 
313 3.3.13 10 | 10 | +10 761 23.5-19 6} 6|____- 1259 2-17-37 2| 3 10 
317 22.79 BD bet, 769 28.3 164:11-|0 2 1277 | 22.11.29 7a een eee 
331 2-3-5-11 CS i. oo 773 22.193 a a ee 1279 2-32-71 3| 2] —10 
337 24.3.7 10 | 10 | +10 787 2-3-131 2; 4] —10/! 1283 2.641 2} 3] —10 
347 2.173 2/ 3] —10 797 27.199 2} 2 ]___-. 1289 23.7.23 6} 6 |__-_- 
349 2.3.29 a ie eens 809 23-101 a ie eee 1291 2-3-5-43 2| 4 10 
353 25.11 3! 3 IL. 811 2-345 3! 5 10 Il 1297 24.34 10 | 10 | +10 
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Primitive Roots, Factorization of p—1l Table 24.8 


g, G denote the least positive and least negative (respectively) primitive roots of p. « denotes 
whether 10, —10 both or neither are primitive roots. 


Pp p—l g |-G € Pp p—1 g |-G € p p—1 g |-G| eé« 
1301 22.52.13 2/ 2) +10 1831 2:3-5-61 3109 jasess 2377 23.33.11 5] 5 |_-.-- 
1303 2-3-7-31 6] 2 10 1847 2-13-71 5| 2 10 2381 22.5-7-17 3| 3 |----- 
1307 2-653 2! 3j —10 1861 2?.3.5-31 2] 2] +10 2383 2-3-397 5 | 13 10 
1319 2-659 13 | 2 | —10 1867 2-3-311 2) 4] —10 2389 22.3-199 2|/ 2] +10 
1321 23.3-5-11 13 | 18 |----- 1871 2-5-1117 14] 2] —10 2393 23.13-23 3] 3 |.---- 
1327 2-3-13-17 3) 9 10 1873 24.32.13 10} 10] +10 2399 | 2-11-109 11 | 2] —10 
1361 2+.5-17 3| 3 {----- 1877 2?.7.67 7a ee eee 2411 2.5-241 6; 3 10 
1367 2-683 5| 2 10 1879 2-3-313 6] 2 |--_-- 2417 24.151 3] 3] +10 
1373 22.73 2: 2 Nee 1889 25.59 38] 3 |--.-- 2423 2-7:173 5} 2 i0 
1381 2?.3-5-23 2; 2] +10 1901 22.57.19 2] 2]. -- 2437 2?.3-7-29 2] 2 |----- 
1399 2-3-2338 13} 5 | —10 1907 2-953 2] 3) —10 2441 23.5-61 6] 6 |--_+- 
1409 2711 3 | 3 j----- 1913 23.239 3/ 3| +10 2447 2-1223 5 | 2 10 
1423 2-32-79 3] 9 |----- 1931 2-5-193 7 ae eee 2459 2-1229 2] 3 10 
1427 2-23-31 2/ 3] —10 1933 2?-3-7-23 5 | 5 |----- 2467 2-32-1837 2| 4 |----- 
1429 22-3-7-17 6 | 6] +10 1949 22.487 2| 2] +10 2473 23.3-103 5; 5 | +10 
1433 23.179 3] 3 | +10 1951 2.3-57-13 3] 2 |-_--- 2477 22.619 2] 2 }--.-- 
1439 2-719 7| 24) —10 1973 22.17-29 yd een eee 2503 2.3?-139 3 | 2 |----- 
1447 2-3-241 3|/ 2 10 1979 2-23-43 2] 3 10 2521 23.32.5-7 17 | 17 |--_-- 
1451 2-52.29 2.| 33 |-ses2 1987 2-3-33) 2] 4 |--_-- 2531 2-5-11-23 2] 3 f--_-- 
1453 22.3-11? 2{ 2 |_---- 1993 23.3-83 5 | 5 j--.-- 2539 2.33.47 2| 4 10 
1459 2-3¢ 3] 6 |----- 1997 22.499 2{/ 2 |--_-- 2543 2-31-41 5 | 2 10 
1471 2-3-5-7? 6| §&] —10 1999 2-33.37 3{ 5 | —10 2549 22.72.13 2; 2} +10 
1481 23.5-37 3} 3 j----- 2003 2-7-11-13 5] 3] —10 2551 2-3-52-17 6] 2 }_--_-- 
1483 2-3-13-19 2] 44... 2011 2-3-5-67 3 | 5 |----- 2557 22.32.71 2) 2 |. --- 
1487 2-743 5 | 2 10 2017 25.32.7 5 | 5 | +10 2579 2.1289 2) 3 10 
1489 24.3-31 14 | 14 J_-L-- 2027 2.1013 2{ 3]; —10 2591 2-5-7-37 fal i eee 
1493 22.373 2| 2 |--_-- 2029 2?.3-13? 2{ 2] +10 2593 25.34 7{ 7} +10 
1499 2-7-107 21) 38) |eecee 2039 2.1019 7] 2) —10 2609 24.163 3{ 3 [_-.-- 
1611 2-5-1651 11 2) —10 2053 22.33.19 2 2 |----- 2617 23.3-109 5 5} +10 
1523 2-761 21 3] —10 2063 2.1031 5| 2 10 2621 2?.5-131 2{ 2] +10 
1531 2-3?-5-17 2| 4 10 2069 22-11-47 2) 2] +10 2633 23.7-47 3} 3] +10 
1543 2-3-257 5 | 2 10 2081 25.5-13 3] 3 |----- 2647 2.33.7? 3] 2 |...-- 
1549 22.32.43 2/ 2] +10 2083 2:3-347 2| 4} —10 2657 25.83 3|/ 3] +10 
1553 24.97 3/ 3]; +10 2087 2-7.149 a ee 2659 2-3-443 2| 4 |--_-- 
1559 2-19-41 19; 2; —10 2089 23.32.29 © | sacs 2663 2-113 5 | 2 10 
1567 2-33.29 3| 2 10 2099 2.1049 2/ 3 10 2671 2-3-5-89 71] 5] —10 
1571 2-5-157 2/1 3 10 2111 2-5-2141 7| 2; —10 2677 22.3-223 2] 2 |o225. 
1579 2-3-263 3] 5 10 2113 28.3-11 5| 5] +10 2683 2-3?-149 2] 4 4-..-- 
1583 2-7-1138 5| 2 10 2129 24.7-19 3 8 feaecs 2687 2-17-79 5| 3 10 
1597 22.3-7-19 11 | 11 |----- 2131 2-3-5-71 2)| 4.) = 2689 27.3-7 19 | 19 |.-_-- 
1601 28.52 3] 3 |----- 2137 23.3-89 10 | 10 | +10 2693 22.673 2| 2 |----- 
1607 2-11-73 5| 2 10 2141 2?-5:107 2| 2) +10 2699 2-19-71 2] 8 10 
1609 23.3-67 @ | OT leseee 2143 2-32.7-17 3/ 9 10 2707 2-3-11-41 21! 41-10 
1613 22.13-31 3] 38 |----- 2153 23.269 3} 3] +10 2711 2-5-271 7{ 2; —10 
1619 2-809 2] 38 10 2161 24. 33.5 23 | 23 |--_-- 2713 23.3-113 5| 5 | +10 
1621 22.34.5 2/ 2) +10 2179 2-3?-11? 7) 5 10 2719 2.37-151 3| 2] —10 
1627 2-3-271 3] 6 |----.. 2203 2.3-367 5 {| 7] —10 2729 23.11-31 3] 8 |.---- 
1637 22.409 2)| 2 |sscee 2207 2-1,103 5] 2 10 2731 2-3-5-7-13 3] 5 10 
1657 23.32.23 11 | 11 j----- 2213 22.7-79 7 een 2741 22.5-137 2] 2] +10 
1663 2-3-277 3 | 2 10 2221 22.3-5.37 2/ 2} +10 2749 2?.3-229 6] 6 |--_-- 
1667 2-72.17 2] 3; —10 2237 22.13.43 2{ 2 j----- 2753 26.43 3} 3] +10 
1669 2?.3-139 22], s2enese 2239 2-3-373 3] 2] —10 2767 2-3-461 3] 9 10 
1693 22.32.47 a ee 2243 2-19-59 2/ 3] —10 2777 23.347 3} 3] +10 
1697 25.53 3/ 3; +10 2251 2-3?.53 7| 5 10 2789 22.17-41 2/ 2] +10 
1699 2-3-283 3 | 6 |-.--- 2267 2-11-103 2/ 3] —10 2791 2-37-5-31 (ey an ee 
1709 22.7.61 3] 3) +10 2269 2°.34.7 2/ 2] 410 2797 2?.3-233 2] 2 |----- 
1721 23.5-43 3] 3 j----- 2273 25.71 3] 3] +410 2801 21.5.7 3] 3 |_---- 
1723 2-3-7-41 3] 6 |----- 2281 23.3-5-19 (aa ee a ee 2803 2-3-467 2! 4); —10 
1733 2?.433 Qe! Delos oe 2287 2-3?-127 19] 7 j----- 2819 2.1409 2; 3 10 
1741 22.3-5-29 2; 2; +10 2293 2?.3-191 2] 2 |--.-- 2833 24.3-59 5/ 5] +10 
1747 2:32.97 2 || <4: [eee 2297 23.7-41 5| 5 {| +410 2837 22.709 2] 2 |_-_-- 
1753 23.3.73 yim ee Ae eee 2309 22.577 2] 2] +10 2843 2.72.29 2) 4; —10 
1759 2-3-2938 6| 2) —10 2311 | 2-3-5-7-11 Be] 2 faa-se 2851 2.3-52-19 2) 4 10 
1777 24.3-37 5] 5) +10 2333 22.11.53 7a ee a ees 2857 23.3-7-17 11 | 1i j--_-- 
1783 2-34-11 10 | 2 10 2339 2-7-167 2| 3 10 2861 22.5-11-18 2/ 2! +10 
1787 2-19.47 2/ 3) —10 2341 22.3?.5-13 7{ 7 { 410 2879 2.1439 7/ 2) —10 
1789 22.3-149 6| 6; +10 2347 2-3-17-23 3 | 6) —10 2887 2-3-13-37 5| 2 10 
1801 23.32.52 11 j 11 J--.-- 2351 2.52.47 13 | 3] —10 2897 24.181 3/ 3] +10 
1811 2-5-181 6| 3 10 2357 22-19-31 Bo} 2 dusoo. 2903 2-1451 5 | 2 10 
1823 2-911 5] 2 10 2371 2-3-5:79 21 4 10 2909 22.727 2] 2; +10 
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Table 24.8 Primitive Roots, Factorization of p—1 


g, G denote the least positive and least negative (respectively) primitive roots of p. « denotes 
whether 10, —10 both or neither are primitive roots. 


p p-1 g |-G| e Pp p-l g |~Gi e Pp p-1 g |-G/ ¢ 
2917 27.36 5| 5 {--.-- 3527 2-41-43 5| 2 10 || 4079 2.2039 11} 2]| —10 
2927 | 2-7-11-19 5} 2 10 || 3529 23.32.72 it a | a ee 4091 2-5-409 2| 3 10 
2939 | 2-13-1138 2| 3 10 || 3533 22.883 2] 2 |-__- 4093 | 22.3.11.31 Bil: 9 tr 2 oe 
2953 23.32.41 13 | 13 |.-__- 3539 2-29-61 2| 3 10 || 4099 2-3-683 2| 4 10 
2957 22.739 2) 2|___-- 3541 | 22-8.5-59 7| 7 I. 4111 | 2.3-5-187 | 12] 2] —10 
2963 2-1481 2/ 3] —10 |} 3547 2.32197 21 4] —-10]] 4127 2.20638 5| 2 10 
2969 3.7.53 3| 3 |z-_-- 3557 22.7-127 2! Oe, 4129 25.3-43 13 | 331-02 
2971 2.33-5-11 10] 5 10 || 3559 2-3-5938 3 —10 || 4133 22.1033 a |e eee 
2999 2-1499 17 —10 || 3571 | 2-3-5-7-17 2| 4 10 |} 4139 2-2069 2| 3 10 
3001 23.3.53 14 | 14 |____- 3581 22.5-179 2 +10 || 4153 23.3-173 5| 5] +10 
3011 2.5-7-43 2| 3 10 || 3583 2-32-199 3] 2 |-___- 4157 22.1039 7 eg Eee 
3019 2.3-503 2| 4 10 |} 3593 23.449 3/ 31 +10] 4159] 2.3%.7.11 3] 2] _- 
3023 2.1511 5| 2 10 || 3607 2-3-601 5 | 11 10 || 4177 24.32.29 5| 5 | +10 
3037 | 22-3-11-23 yal ee a ree 3613 | 22-3-7-43 a ak eee 4201 23.3-52-7 11] 44 Jeol 
3041 | 28.5-19 3] 3 |----- 3617 25.113 3] 3| £10]} 4211 2.5-421 6| 3 10 
3049 23.3-127 1G alee 5 oe 3623 2.1811 5| 2 10 || 4217 23.17-31 3/ 3] 410 
3061 | 22-32.5-17 6| 6 |__-.- 3631 | 2-3-5-11? 15 | 10] —10 || 4219 | 2.3-19.37 2: ||, 10 
3067 2.3-7-73 2| 4{|—10 || 3637} 2232-101 2| 2|---_- 4229 22.7-151 2| 2] +10 
3079 2.34.19 6| 2] -—10/|| 3643 2-3-607 2| 4! —-101| 4231 | 2.32.5.47 3| 2] —10 
3083 2-23-67 2| 31-10 || 3659 2-31-59 2/3 10 |} 4241 24.5-53 81 3 ]_--_- 
3089 24.193 3| 3 |--_-- 3671 2.5-367 13} 2 |---_- 4243 | 2.3-7-101 2| 4] —10 
3109 | 22-3.7-37 6| 6 |__.-- 3673 23.33.17 5] 5] +104] 4253 22.1063 2] 24 -L_- 
3119 2-1559 7| 2] —10 || 3677 22.919 2) 2 -.. 4259 2-2129 21 3 10 
3121 | 24.3.5-18 + al a a eee 3691 | 2-82.5.41 2] 4]... 4261 | 2?.3-5-71 21 2] +10 
3137 28.72 3 | 3] +410 || 3697 2.432 5] § |___. 4271 2-57-61 7/1 3] —10 
3163 | 2-3-17-31 3 | 6 | —10 || 3701 22.52.37 2| 2! +410]} 4273 24.3-89 5] 6 I_._- 
3167 2-1583 5| 2 10 || 3709 | 22.32.1038 2} 2] £10 || 4283 2.2141 2| 3] -10 
3169 25.32.11 7| 7 |---- 3719 2-11-13? 7/ 21 —10)| 4289 28.67 B.ll' Blzce 2. 
3181 | 2?-3-5-53 7| 7 Io. 3727 2-31.23 3| 2 10 || 4297 23.3-179 5| 5 |-._-- 
3187 2.33.59 7a ae ea 3733 22.3-311 2] 2 )_____ 4327 | 2.3-7-103 3| 2 10 
3191 | 25-11-29 | 11] 5 |... 3739 2-3-7-89 "le 4337 24.271 3| 3] +10 
3203 2-1601 2| 3|—10/|| 3761 24.5-47 SA Bolin 4339 2.3?-241 10] 5 10 
3209 23.401 Sab Ses 3767 2.7-269 5] 2 10 || 4349 22.1087 21 2] +10 
3217 21.3-67 3 ee oes 3769 23.3-157 7| 7 \---. 4357 | 22-32-12 7 Ga | aa 
3221 22.5-7-23 10 | 10} +10 || 3779 2.1889 1's 10 || 4363 2.3-727 21 4] —10 
3229 22.3.269 6| 6 |--_-- 3793 24.3-79 B|| Benes 4373 22.1093 2| 2] -._- 
3251 2.53.13 6| 3 10 || 3797 22.13-73 Bel) Oe econ. 4391 2-5-439 14} 2] —10 
3253 22.3.271 2 | oh 3803 2.1901 2/ 3! —10 || 4397 22.7-157 7 a al Dee 
3257 23.11.37 3/ 3] +10 |] 3821 22.5-191 31 3] +10} 4409 23.19.29 8] 3 |_-_-- 
3259 2.3?-181 3/ 5 10 |} 3823 | 2-3-7213 oS laa: oe ee 4421 | 22.5.13-17 3/ 3| +410 
3271 | 2-3-5-109 3/ 5|—10 || 3833 23.479 3| 3] +10 || 4423] 23-11-67 31 7 10 
3299 2.17-97 2| 3 10 || 3847 2-3-641 5| 2 10 || 4441 | 23.3.5.87 | 21 | 21 |-___- 
3301 | 22-3-52-11 6| 6] +10 |] 3851 2-52-7-11 2) 4 | -_. 4447 | 2.32.13-19 3| 2 10 
3307 | 2-3-19-29 2| 4] —10 || 3853 | 22-32.107 2| 2 |_.__- 4451 2.52.89 2/ 3 10 
3313 24.32.23 10 | 10} +10 || 3863 2.1931 5| 2 10 || 4457 23.557 3] 3] +10 
3319 2.3-7-79 6| 2|-__-- 3877 | 22-3-17-19 a 2 ae 4463 2.23.97 5| 2 10 
3323 | 2-11-151 2/ 3] —10]] 3881 23.5-97 13 | 13 |____. 4481 27.5.7 BS! Noes 
3329 28.13 S| Ble 3889 24.38 rs te 6 ha ae 4483 2.33.83 1 A er 
3331 | 2-3?-5-87 3| 5 10 || 3907] 2.-32.7.31 2! 4] —10 |] 4493 22.1123 2) 2|-__-- 
3343 2.3-557 5 | 11 10 || 3911 | 2-5-17-23 | 13] 2] —10 || 4507 2.3-751 21 4). 2. 
3347 2.'7.239 2/ 3] —10 |] 3917 22.11.89 2] 2|-__. 4513 23.3.47 aa ae a eee 
3359 2.23.73 11 —10 || 3919 2.3-653 ra ee eee 4517 27.1129 2| 2] ____ 
3361 28.3.5-7 22 | 22 |____- 3923 2.37-53 2 —10 || 4519 2.3?-251 3] 9 J.-_-- 
3371 2.5-337 2| 3 10 || 3929 23.491 Bo) 8 lek eS 4523 | 2-7-17-19 5{| 3] —10 
3373 22.3.281 5| 5 |--_-- 3931 | 2-3-5-131 7 ae (eae a ae 4547 2.2273 2! 3] —10 
3389 22.7.1]2 3 +10 || 3943 2.33.73 3/9 10 || 4549 22.3.379 6| 6 |_-_-- 
3391 | 2-3-5-113 3|/ 5] —10 |] 3947 2.1973 21 3|—10]| 4561 2.3.5-19 | 11] 11 |--__- 
3407 | 2-18-131 5| 2 10 || 3967 2-3-661 6| 2 10 |} 4567 2-3-761 3] 7 10 
3413 22.853 2/ 2|___- 3989 22.997 2/ 2] +410]! 4583 2-29-79 5| 2 10 
3433 | 23.3-11-18 5| 5] +10 || 4001 25.53 ee 2 ee 4591 2.33.5-17 {| 11] 2] —10 
3449 23.431 i ee a 4003 | 2-3-23-29 2) 4 ]____- 4597 22.3.383 5| 5 | _-- 
3457 27.38 As ee 4007 2-2003 5| 2 10 |} 4603 | 2-3-13-59 2/ 4] —10 
3461 22.5-173 2/ 2|+410/]] 4013 22.17-59 2) 2]... 4621 | 22.3-5-7-11 2] 2] 
3463 2.3.577 3| 9 10 || 4019 2.72.41 2| 4 10 || 4637 22.19.61 2] 2]... 
3467 2.1733 2/ 3|—10 |} 4021 | 22.3.5.67 2| 2 | __- 4639 | 2-3-7738 3] 2] —10 
3469 22.3.172 2} 2] +410]! 4027] 2.3-11-61 3| 6} —10 || 4643 | 2.11-211 5 | 3] —10 
3491 2.5-349 7A ae 1 EA 4049 24-11-23 3| 3 |-___- 4649 23.7.83 8] 3 |.--_- 
3499 | 2.3-11.53 2] 4) 4051 2.34.52 10] 5 10 || 4651 2-3-5?-31 3] 5 10 
351 2.33-5-13 7| 2] —10 || 4057 23.3.132 5! 5{| +10 || 4657 24.3.97 15 | 15 |_-._- 
3517 22.3.293 7 ee ee 4073 23.509 31 3! +410 ll 4663 2.3?.7.37 34 9 |e 


whether 10, —10 both or neither are primitive roots. 


COMBINATORIAL ANALYSIS 


Primitive Roots, Factorization of p—1 


867 


Table 24.8 
g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 


ee nnn A SI HS | Ss a SN | ee i ey 


-_ 


_ 
09 09 DO ST ST 00 DD DD G8 6 OTST IN & OU Fe GO 


—_ 


_ 
WIWN WONTTNATN NON NOON WON AN OWNNN HH WONWNWOD NH ON ONWDRWAWWN Re 


a ras ror" 


rors 


—_ 


5861 


2?.5-293 


_ 


_ _ et 
WTI OOD DDD ODOR MATIN OD OTD ON NH DD 09 9 OTD OO BT OTH O&O Or 0 ND 69 I ND ND ST ST G9 0 09 G9 09 On 9 ST G9 BN Go FG bt oT OT 


—_ 


= 


—_ 


_ 


NWaAWannmwwaand aby 


Hm CO ot 


NRPORNDRPODNWNNENNYNANONNE PWRWOHONP NN NONWRNOANENWONWNNWA 


om 


t— ot 
TON WWOMANNNNWOWOWOWNNTONSTNE NOWAN WON NOD NWO CON ATO DATONONNOCIOIN NWN WANTON Ot ee bot 


1 


_ 


— 


a 


_ 
STOR OO DH OTN BO 


eee ee 


868 COMBINATORIAL ANALYSIS 


Table 24.8 Primitive Roots, Factorization of p—1 


g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


p p—-1 g |-G| « Pp pl g |-G| « p p—1 g |-G| e« 
6491 | 2-5-11-59 Dt Bose 7121 2.5.89 ee a eed 7741 | 22.32.5.43 ea a Meee 
6521 23.5-163 6] 6 |____- 7127 2.7-509 i ae 7753 | 23%.3-17-19 | 10] 10] +10 
6529 1.3.17 a eg eee 7129 23.34.11 re a a ee 7757 22.7.277 cS 3 ee 
6547 | 2-3-1091 2] 4 [-___- 7151 | 2.5%-11-13 a ee 7759 | 2.32431 3] 2| —10 
6551 2.52131 17| 2] —10]/ 7159] 2-3-1193 3] 2| —10]| 7789} 22.3.11-59 a Nake al wean 
6553 | 23.32.7-13 | 10 | 10 | +10 || 7177 | 2%3-13-23 | 10 | 10] +10 || 7793 24.487 3| 3] £10 
6563 | 2-17-1938 5 | 10] —10 || 7187 2.3593 2| 3] —10]| 7817 22.977 3] 3] +10 
6569 23.821 3] BILL. 7198 | 23.29.31 3] 3| £10 |] 7823 2.3911 5] 2 10 
6571 | 2-3?.5-738 3] 7 10 || 7207 | 2-3-1201 32 10 || 7829 | 22.19.1038 2} 2] +10 
6577 | 243-137 ie eg Coe 7211 | 2-5-7-103 7a ie 2 eee 7841 5.5.72 12 | 12 |____- 
6581 | 22-5-7-47 | 14 | 14 |___.. 7213 | 223-601 Billie ssese 7853 | 2213-151 a ies 4 
6599 2.3299 13| 2| —10|| 7219 | 2.32401 2| 4 10 || 7867 | 2.32.19.23 3} 6] —10 
6607 | 2.32.367 3) 2 levee 7229 | 22.13-139 2| 2] +10] 7873 2.3.41 5} 5 | +10 
6619 | 2-3-1103 2] 4 10 || 7237 22.37.67 |e 7877 | 22.11-179 OD 
6637 | 22.3-7-79 7 ie ee 7243 | 2.3-17-71 2| 4] —10]|} 7879] 2.3-13-101 3} 2] —10 
6653 22.1663 a ee 32 ae 7247 2.3623 5| 2 10 || 7883 2.7-563 2/} 3] —10 
6659 2.3329 2| 3 10 || 7253 22.72.37 2.) eo Les 7901 22.52.79 2/ 2] +10 
6661 | 22.32.5.37 6| 6| +410 || 7283} 2-11-3381 2/ 3] —10]| 7907 2-59-67 2| 3] —10 
6673 24.3.139 5| 5|+10|| 7297 27.3-19 ea 4 Ree 7919 | 2.37-107 7/| 2] —10 
6679 | 2-3?-7.53 7} 5|—10|| 7307] 2-13-281 2} 3| —10]| 7927] 2.3.1321 3| 7 10 
6689 | 28-11-19 a oe eee 7309 | 22.32.7.29 6| 6| +410]|] 7933 | 22.3.661 7 ie a ree 
6691 | 2-3-5-223 21 4 10 || 7321 | 23.3.5-61 PWT ede a 7937 28.31 3} 3] +10 
6701 22.52.67 2) 2} 410]| 7331 2-5-7338 rd ees Se 7949 22.1987 2} 2] +10 
6703 | 2-3-1117 5] 2 10 || 7333 | 22.3-13-47 a 7951 | 2.3.5%.53 6| 2] —10 
6709 | 22.3-13-43 21 2] +410]| 7349 | 2211-167 2} 2| +10|| 7963} 2-3.1327 5] 10| —10 
6719 2.3359 11 | 2] —10 || 7351 | 2.3.52.72 i ee ae 7993 23.32.37 5| 5 |e. 
6733 | 22.32.11-17 20 ee 7369 | 23.3.307 TA Plea 8009 | 23.7-11-13 cas coe 
6737 24.421 3] 3] +10 || 7393 |  25.3-7-11 51 5| +£10]] 8011 | 2325-89 | 14] 7 |_____ 
6761 2.5.13? G1 Bile.” 7411 | 2.3.5-13-19 | 2] 4 10 || 8017 24.3-167 51 5] £10 
6763 | 2-3-72-23 a lies (apace 7417 | 23.32.1038 ine a oes 8039 2-4019 11] 2] —10 
6779 2.3389 2| 3 10 || 7433 23.929 3] 3] +410 |] 8053] 22.3.11-61 A ee eee 
6781 | 22.3-5-113 2) 2.2.3. 7451 2.52149 2] 4 10 || 8059 | 23-17-79 3] 5 10 
6791 2.5-7-97 P| 2 ae ts 7457 25.233 3} 3] +10]/ 8069 22.2017 2} 2| £10 
6793 23.3.283 10/10] +10 {| 7459 | 23-11-1138 | 2] 4 10 || 8081 24.5-101 8) 8p we 
6803 | 2-19-179 2} 3} —10]| 7477 | 22.3.7.89 7a ie a eee 8087 | 213-311 5| 2 10 
6823 2-32.379 3] 2 10 || 7481 | 2%.5.11-17 6] 6|_.._. 8089 |  23.3.337 07 147. ieee 
6827 2.3413 2|/ 3|—10|| 7487] 2-19.197 5| 3 10 |} 8093 22.7.172 a a ae 
6829 22.3.569 2| a] +4101] 7489 28.32.13 ria ae ae ee 8101 22.34.52 6} 6|__..- 
6833 2.7.61 3} 3] +10|/ 7499] 2-23-1638 2| 3 10 | 8111 2.5-811 Ut Bose 
6841 | 28.3%.5.19 | 22 | 22 |... __ 7507 2.33.139 2| 4|—10 || 8117 22.2029 i ee ol as 
6857 23.857 31 3] +410|| 7517 22.1879 2) Dieu. 8123 | 231-131 2} 3] —10 
6863 2-47-73 5] 2 10 || 7523 2.3761 2} 3] —10 || 8147 2.4073 2} 3] —10 
6869 | 2217-101 21 2| +410] 7529 23.941 Bl, ailtcecs 8161 | 25.3.5-17 ria i a eee 
6871 | 2.3-5-229 3/1 9! -—10]| 7537 24.3.157 (a ea cae 8167 | 23-1361 3] 9 |__--- 
6883 | 2.3-31-37 2) 41 —10|| 7541 | 22.5-13.29 2| 2] +101] 8171 | 2.5-19-43 2) 3 10 
6899 2.3449 2} 3 10 || 7547 2-73.11 2} 3] —10]| 8179 | 2-3.29.47 2| 4 10 
6907 | 2-3-1151 aa ee 7549 | 22.3.17-37 O | Dilessee 8191 | 2.3%.5-7-18 | 17 | 11 |... 
6911 2-5-691 7{ 2] —10|! 7559 2.3779 13 | 2] —10 || 8209 24.33.19 rae a ere 
6917 | 22.7-13-19 25). le 7561 | 23.38.5.7 13 | 13 |... 8219 2.7-587 2| 3 10 
6947 | 2-23-151 21 3] —10]} 7573 | 223-631 2) ee 8221 | 22.3.5-137 2:1 eBiisesez 
6949 | 22.32.1938 2} 2] +410] 7577 28.947 3] 3| +10]/ 8231 2.5-823 11] 2] —10 
6959 2-72.71 7} 3] —10]| 7583] 2-17-223 5| 2 10 || 8233 23.3.78 10 | 10| +10 
6961 | 24.3.5.29 | 13 | 13 |_____ 7589 | 22-7-271 Rae eee 8237 22.29.71 7 i eel ea 
6967 2-34.43 5 | 13 10 |} 7591 | 2.3-5-11.23 | 6] 2] —10]] 8243] 2.13.317 2!) 3] —10 
6971 | 2-5-17-41 2) 4 10 || 7603 | 2-3-7-181 a i eee 8263 2-35.17 31 2 10 
6977 28.109 3| 3] +10]| 7607 2.3803 5 | 2 10 || 8269 | 22.3.13-53 2) 2] +10 
6983 2.3491 5] 2 10 || 7621 | 22.3.5.127 2} 2|_.-.. 827 24.11-47 3] 3] +10 
6991 | 2.3.5-233 6| 2] —10]| 7639] 2.3.19.67 71 5] —10|| 8287] 2.3.1381 3°) 7 10 
6997 | 22.3-11-53 eg eee 7643 2.3821 21 3] —10]} 8291 2.5-829 2} 3] 10 
7001 23.53.7 a ee ee 7649 25.239 ie ee 8293 28.1049 7a ae eee 
7013 22.1753 > a nace Na 7669 22.33.71 2 Pe 8297 22.2099 3} 3] +10 
7019 | 2-112-29 2] 3 10 || 7673 | 23.7.137 3] 3] £10] 8311 | 2.3.5.277 3| 2| —10 
7027 | . 2-3-1171 ae ae 7681 29.3.5 17°| AT eo as 8317 | 22.33.7-11 6] 6 |_-.-- 
7039 | 2.32.17-23 a a eee 7687 | 2-32.7-61 6| 2 10 |} 8329 23.3.347 (a ae & pee 
7043 2.7-503 De ae ee 7691 2-5-769 2] 3 10 || 8353 25.32.29 5| 5| +10 
7057 24.32.72 5] 5] +10]/ 7699 | 2.3.1283 3] 5 10 || 8363 | 2.37-113 2| 3| —10 
7069 | 22.3.19.31 2) 2} +10|| 7703 2.3851 5] 2 10 |} 8369 24.523 3B |ocwes 
7079 2.3539 7 2) =10°|| 3707 22.3.643 hi. ee 8377 28.3.349 5| 5] +10 
7103 2.53-67 5] 2 10 || 7723 | 2.3%.11-13 ae ee 8387 2.7-599 a ae ee 
7109 22.1777 2! 21241011 7727 2-3863 5! 2 10 || 8389 | 22.37.2383 6] 6| +10 


8933 


2-3-1481 
22.3?.13-19 
2-3-1487 
25.37.31 
22.7-11-29 
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Table 24.9 PRIMES 


tu 1 2 3 4 3 6 i 8 9 10 by 12 13 M4 6b 16 17 18 19 20 21 22 23 24 


2 547 1229 1993 2749 3581 4421 5281 6143 7001 7927 8837 9739 10663 11677 12569 13513 14533 15413 16411 17393 18329 19427 20359 21391 
3 $57 1231 1997 2753 3583 4423 5297 6151 7013 7933 8839 9743 10667 12681 12577 13523 14537 15427 16417 17401 18341 19429 20369 21397 
5 563 1237 1999 2767 3593 4441 5303 6163 7019 7937 8849 9749 10687 11689 12583 13537 14543 15439 16421 17417 18353 19433 20389 21401 
7 569 1249 2003 2777 3607 4447 5309 6173 7027 7949 8862 9767 10691 11699 12589 13553 14549 15443 16427 17419 18367 19441 20393 21407 
hi S571 1259 2011 2789 3613 4451 5323 6197 7039 7951 8863 9769 10709 11701 12601 13567 14551 15451 16433 17431 18371 19447 20399 21419 


577, 1277) 2017) «2791 «(3617 «4457 «5333 6199 «7043 «47963 «8867 «9781 10711 11717 12611 13577 14557 15461 16447 17443 18379 19457 20407 21433 
17 587 1279 2027 2797 3623 4463 5347 6203 7057 7993 8887 9787 10723 11719 12613 13591 14561 15467 16452 17449 18397 19463 20411 21467 
19 593 1283 2029 2801 3631 4481 5351 6211 7069 8009 98893 9791 10729 11731 12619 13597 14563 15473 16453 17467 18401 19469 20431 21481 
23 599 1289 2039 2803 3637 4483 5381 6217 7079 8011 8923 9803 16733 11743 12637 13613 14591 15493 16477 17471 18413 19471 20441 21487 
29 601 12291 2053 2819 3643 4493 5387 6221 7103 8017 8929 9811 10739 11777 12641 13619 14593 15497 16481 17477 18427 19477 20443 21491 


ll 31 607 1297 2063 2833 3659 4507 5393 6229 7109 8039 8933 9917 10753 11779 12647 13627 14622 15511 16487 17483 18433 19483 20477 21493 
12 37 = 613-1302 «62069 ) «2837 «3671 «94513 5399 6247 7121 8053 8942 9829 10771 11783 12653 13633 14627 15527 16493 17489 18439 19489 20479 21499 
13 41 617 1303 2081 2843 3673 4517 5407 6257 7127 98059 8951 9833 10781 11789 12659 13649 14629 15541 16519 17491 18443 19501 20483 21503 
14 43 619 1307 2083 2851 3677 4519 5413 6263 7129 8069 8963 9839 10789 11801 12671 13669 14633 15551 16529 17497 18451 19507 20507 21517 
15 47 631-1319) 2087) 2857) «3691 «4523 «5417 +6269 7151 8081 8969 9851 10799 11807 12689 13679 14639 15559 16547 17509 18457 19532 20509 21521 


” 
OOM Vbune 
we 


16 53 641 1321 2089 2861 3697 4547 5419 6271 7159 8087 8971 9857 10831 11813 12697 13681 14653 15569 16553 17519 18461 19541 20521 21523 
17 59 643) 1327) 2099 2879 «3701 «4549 «5431 «6277, «7177 «8089 «8999 «9859 «10837 11821 12703 13687 14657 15581 16561 17539 18481 19543 20533 21529 
18 62 647 1361 2121 2887 3709 4561 5437 6287 7187 8093 9001 987] 10847 11827 12713 13691 14669 15583 16567 1755] 18493 19553 20543 21557 
19 67 653 1367 2113 2897 3719 4567 5441 6299 7193 8101 9007 9883 10853 11831 12721 13693 14683 15601 16573 17569 18503 19559 20549 21559 
20 7h 659 1373 2129 2903 3727 4583 5443 6301 7207 8111 9011 9887 10859 11833 12739 13697 14699 15607 16603 17573 18517 19571 20551 21563 


21 73 661 1381 2131 2909 3733 4591 5449 6311 7212 8117 9013 9901 10862 11839 12743 13709 14713 15619 16607 17579 18521 19577 20563 21569 
22 79 = 673) 1399) 2137) 2917) 3739 «4597 «5471 «6317 «7213-8123. 9029: «9907 «10867 11863 12757 13711 14717 15629 16619 17581 18523 19583 20593 21577 
23 83 677 1409 2141 2927 3761 4603 5477 6323 7219 8147 9041 9923 19883 11867 12763 13721 14723 15641 16631 17597 18539 19597 20599 21587 
24 89 683 1423 2143 «2939 3767 44621 5479 6329 7229 8161 9043 9929 10889 11887 12782 13723 14731 15643 16633 17599 18541 19603 20611 21589 
25 97 691 1427 2153 2953 3769 4637 5483 6337 7237 8167 9049 993, 10891 11897 12791 13729 14737 15647 16649 17609 18553 19609 20627 21599 


26 0=«:101 701 1429 216) 2957 3779 4639 S501 6343 7243 8i71 9059 9941 10903 11903 12799 13751 14741 15649 16651 17623 18583 19661 20639 2160) 
27 103 709 1433 2179 2963 3793 4643 5503 6353 7247 8179 9067 9949 10909 11909 12809 13757 14747 15661 16657 17627 18587 19681 20641 21611 
28 107 719 1439 2203 2969 3797 4649 5507 6359 7253 8191 9091 9967 10937 11923 12821 13759 14753 15667 16661 17657 18593 19687 20663 21613 
29 «109 727 #1447 2207 «2971 3803 4651 5519 6361 7283 98209 9103 9973 10939 11927 12823 13763 14759 1567] 16673 17659 18617 19697 20681 21617 
30 113 733° 1451 2213 2999 3821 4657 5521 6367 7297 8219 9109 10007 10949 11933 12829 13783 14767 15679 16691 17669 18637 19699 20693 21647 


31 127 739 #1453 2221 3001 3823 4663 5527 6373 7307 8222 9127 10009 10957 11939 12841 13789 14771 15683 16693 17681 18661 19709 20707 21649 
32 131 743° 1459 2237) «3011 43833 44673 «45531 46379 7309 8231 9133 10037 19973 11941 12853 13799 14779 15727 16699 17683 18671 19717 20717 21661 
33 137 751 #1471) «2239 «3019 43847 4679 5557 6389 7321 8233 9137 10039 10979 11953 12889 13807 14783 15731 16703 17707 18679 19727 20719 21673 
34 139 757 #1481 2243 3023 3851 4691 5563 6397 7331 8237 9151 10061 10987 11959 12893 13829 14797 15733 16729 17713 18691 19739 20731 21683 
35 149 761 1483 2251 2037 3853 4703 5569 6421 7333 8243 9157 10067 10993 11969 12899 13831 14813 15737 16741 17729 18701 19751 20743 21701 


360151 769 1487 2267 3041 3863 4721 5573 6427 7349 8263 9161 10069 11003 11971 12907 13841 14821 15739 16747 17737 18713 19753 20747 21713 
37-157) 773) 1489-2269 «3049 «3877 «4723, «5581 «6449 «7351 «8269 «9173 10079 «11027 11981 12911 13859 14827 15749 16759 17747 18719 19759 20749 21727 
38 = 163 787 1493 2273 3061 3881 4729 5591 6451 7369 8273 9181 1009] 11047 11987 32917 13873 14831 15761 16763 17749 18731 19763 20753 21737 
39-167) 797) -:1499) 2281-3067 «63889 494733 5623 6469 7393 8287 9187 10093 11057 12007 12919 13877 14843 15767 16787 17761 18743 19777 20759 21739 
40 173 809 1511 2287 3079 3907 4751 5639 6473 7411 8292 9199 10099 11059 12011 12923 13879 14851 15773 16811 17783 18749 19793 20771 21751 


41 179° 811-1523) 2293 3083) «3911 4759 «5641 «6482 «97417 «8293 9203 10103 11069 12037 12941 13883 14867 15787 16823 17789 18757 19801 20773 21757 
42 181 821 1531 2297 3089 3917 4783 5647 6491 7433 8297 9209 10111 11071 12041 12953 13902 14869 15791 16829 17791 18773 19813 20789 21767 
43 «191 82 1543 2309 3109 3919 4787 5651 6521 7451 8311 9221 10133 11083 12043 12959 13903 14879 15797 16831 17807 18787 19819 20807 21773 
44 193° 827 1549 2311 3119 3923 4789 5653 6529 7457 8317 9227 10139 11087 12049 12967 13907 14887 15803 16843 17827 18793 19841 20809 21787 
45 197 829 1553 2333 3121 3929 4793 5657 6547 7459 8329 9239 10341 11093 12071 12973 13913 14891 15809 16871 17837 18797 19843 20849 21799 


46 199 839 1559 2339 3137 3932 4799 5659 6551 7477 8353 9241 10151 11113 12073 12979 13921 14897 15817 16879 17839 18803 19853 20857 21803 
47 211 853 1567 2341 3163 3943 4801 5669 6553 7481 8363 9257 10159 11127 12097 12983 13931 14923 15823 16883 17851 18839 19861 20873 21817 
48 223 857 1571 2347 3167 3947 4813 5683 6563 7487 8369 9277 10163 11119 12101 13001 13933 14929 15859 16889 17863 18859 19867 20879 21821 
49 227) «859 «1579 2351 3169 3967 4817 5689 6569 7489 8377 9281 10169 11132 12107 13003 13963 14939 15877 16901 17881 18869 19889 20887 21839 
50 229 863 1583 2357 3181 3989 4831 5693 6571 7499 8387 9283 10177 11149 12109 13007 13967 14947 15881 16903 17891 18899 19891 20897 21841 


51 233 877 1597 2371 3187 4002 4861 5701 6577 7507 98389 9293 10181 11159 12113 13009 13997 14951 15887 16921 17903 18911 19913 20899 21851 
52 239 881 1601 2377 3191 4003 4871 5721 6581 7517 6419 9311 10193 11161 12119 13033 13999 14957 15889 16927 17909 18913 19919 20903 21859 
53 241 883 1607 2381 3203 4007 4877 5717 6599 7523 6423 9319 10211 LII71 12143 13037 14009 14969 15901 16931 17911 18917 19927 20921 21863 
54 251 887 1609 2383 3209 4013 4889 5737 6607 7529 8429 9323 10223 11173 12149 13043 14011 14983 15907 16937 17921 18919 19937 20929 21871 
55 257 907 1613 2389 3217 4019 4903 5741 6619 7537 8431 9337 10243 11177 12157 13049 14029 15013 15913 16943 17923 18947 19949 20939 21881 


56 263 912 1619 2393 3221 4021 4909 5743 6637 7541 8443 9341 10247 11197 12161 13063 14033 15017 15919 16963 17929 18959 19961 20947 21893, 
57 269 «919-1621 2399-3229 4027 «4919 5749 6653 7547 «8447 «9343: 10253 11213 12163 13093 14051 15031 15923 16979 17939 18973 19963 20959 21911 
$8 271 929 1627 2411 3251 4049 4931 5779 6659 7549 8461 9349 10259 11239 12197 13099 14057 15053 15937 16981 17957 18979 19973 20963 21929 
59 277 «937 1637 «2417 «3253 4051 4933 5783 6661 7559 8467 9371 10267 11243 12203 13103 14071 15061 15959 16987 17959 19001 19979 20981 21937 
60 = 281 941 1657 2423 3257 4057 4937 5791 6673 7561 6501 9377 10271 11251 12211 13109 14081 15073 15971 16993 17971 19009 19991 20983 21943 


61 283 947) 663) 2437 «3259 «4073 «(4943 5801 6679 7573 8513 9391 10273 11257 12227 13121 14083 15077 15973 17011 17977 19013 19993 21001 21961 
62 293 «953 1667 «2441 3271 «4079 «4951 5807 6689 7577 8521 9397 10289 11261 12239 13127 14087 15083 15991 17021 17981 19031 19997 21011 21977 
63 «307: 967) 1669) 2447) «3299 4091 «4957 «5813 6691 7583 8527 9403 10301 11273 12241 13347 14107 15991 16001 17027 17987 19037 20011 21013 21991 
64 311 971 1693 2459 3303 4093 4967 5821 6701 7589 8537 9413 10303 11279 12251 13151 14143 15101 16007 17029 17989 19051 20021 21017 21997 
65 313 «977: «1697 «2467: 3307 «64099 «4969 «5827 6703 7591 8539 9419 10313 11287 12253 13159 14149 15107 16033 17033 18013 19069 20023 21019 22003 


66 317) «6983-1699 2473-3313) 4111 «4973 «5839 «6709 «7603 8543) «9421 10321 «11299 12263 13163 14153 15121 16057 17041 18041 19073 20029 21023 22013 
67 331 «991 1709 2477 «3319 4127 4987 5843 6719 7607 8563 9431 10331 11311 12269 13171 14159 15131 16061 17047 18043 19079 20047 21031 22027 
68 337 997 1721 2503 3323 4129 4993 5849 6733 7621 8573 9433 10333 11317 12277 13177 14173 15137 16063 17053 18047 19081 20051 21059 22031 
69 347 1009 1723 2521 3329 4133 4999 5851 6737 7639 8581 9437 10337 11321 12281 13183 14177 15139 16067 17077 18049 19087 20063 21061 22037 
70 349 1013 1733 2531 43331 4139 5003 5857 6761 7643 8597 9439 10343 11329 12289 13187 14197 15149 16069 17093 18059 19121 20071 21067 22039 


71-353. 1019-1741) «2539 «3343-4253 «5009 «5861 6763 7649 8599 9461 10357 1135] 12301 13217 14207 15163 16073 17099 18061 19139 20089 21089 22052 
72 «359° «1022 1747) «2543 3347 «64157 5011 5867 6779 7669 8609 9463 10369 11353 12323 13219 14221 15173 16087 17107 18077 19141 20101 21101 22063 
73-367) «1031 «1753 «2549 «3359 «4159 «5021 «(5869 «6781 7673 8623 9467 10391 11369 12329 13229 14243 15187 16091 17117 18089 19157 20107 21107 22067 
74 =-373)- «1033. 1759) «2551-3361 «4277 «5023 «5879 «66791 «7681 8627 9473 10399 11383 12343 13241 14249 15193 16097 17123 18097 19163 20113 21121 22073 
75 379 «:1039 «:1777) 2557) 3371) «4202 «5039 «5881 696793 «7687 8629 9479 10427 11393 12347 13249 14251 15199 16103 17137 18119 19181 20117 21139 22079 


76 4 =6383 «©1049 «1783 42579 43373 4211 $051 5897 6803 7691 8641 9491 10429 11399 12373 13259 14281 15217 1é111 17159 18121 19183 20123 21143 22091 
77 =. 3389 «1051: «21787 «2591 3389 «4217 «5059 45903 6823 7699 8647 9497 10433 11411 12377 13267 14293 15227 16127 17167 18127 19207 20129 21149 22093 
78 397 1061 1789 2593 3391 4219 5077 5923 6827 7703 8663 9511 10453 11423 12379 13291 14303 15233 16139 17183 18131 19211 20143 21157 22109 
79° «©4901 «1063 1801 2609 3407 4229 5081 5927 6829 7717 8669 9521 10457 11437 12392 13297 14321 15241 16141 17189 18133 19213 20147 21163 22111 
80 «6409 «1069 1811 2617 3413 4231 5087 5939 6833 7723 8677 9533 10459 11443 12401 13309 14323 15259 16183 17191 18143 19219 20149 21169 22123 


81 419 1087 1823 2621 3433 4241 5099 5953 6841 7727 8681 9539 10463 11447 12409 13313 14327 15263 16187 17203 18149 19231 20361 22179 22129 
82 421 1091 1831 2633 3449 4243 5101 5981 6857 7741 8689 9547 10477 11467 12413 13327 14341 15269 16189 17207 18169 19237 20173 21187 22133 
83 431 1993 1847 2647 3457 4253 5107 5987 6863 7753 8693 9551 10487 11471 12421 13331 14347 15271 16193 17209 18181 19249 20377 21191 22147 
84 433 1097 1861 2657 3461 4259 5113 6007 6869 7757 8699 9587 10499 11483 12433 13337 14369 15277 16217 17231 18191 19259 20183 21193 22153 
85 439 1103 1867 2659 3463 4261 5119 6011 6871 7759 8707 9601 10501 11489 12437 13339 14387 15287 16223 17239 18199 19267 20201 21211 22157 


86 443 1109 1871 2663 3467 4271 5147 6029 6883 7789 8713 9613 10513 11491 12451 13367 14389 15289 16229 17257 18211 19273 20219 21221 22159 
87 449 1117 1873 2671 3469 4273 5153 6037 6899 7793 8719 9619 10529 11497 12457 13381 14401 15299 16231 17291 18217 19289 20231 21227 22171 
88 457 1123 1877 2677 3491 4283 5167 6043 6907 7817 8731 9623 10531 11503 12473 13397 14407 15307 16249 17293 18223 19301 20233 21247 22189 
89 461 1129 1879 2683 3499 4289 5171 6047 6911 7823 8737 9629 10559 11519 12479 13399 14411 15313 16253 17299 18229 19309 20249 21269 22193 
90 463 1152 1889 2687 3511 4297 5179 6053 6917 7829 8741 9631 10567 11527 12487 13411 14419 15319 16267 17317 18233 19319 20261 21277 22229 


91 467 1453 1902) 2689 «3517 44327 5189 6067 6947 7841 8747 9643 10589 123549 12491 13417 14423 15329 16273 17321 18251 19333 20269 21283 22247 
92 479 1163 1907 2693 3527 4337 $197 6073 6949 7853 8753 9649 10597 11551 12497 13421 14431 15331 16301 17327 18253 19373 20287 21313 22259 
93° «487: «1172, «1913-2699 3529) 4339 «5209 6079 «96959 «7867 «8761 9661 10601 11579 12503 13441 14437 15349 16319 17333 18257 19379 20297 21317 22271 
94 491 1181 1931 2707 3533 4349 5227 6089 6961 7873 8779 9677 10607 11587 12511 13451 14447 15359 16333 17341 18269 19381 20323 21319 22273 
95 499 1187 1933 2711 3539 4357 5231 6091 6967 7877 8783 9679 10613 11593 12517 13457 14449 15361 16339 17351 18287 19387 20327 21323 22277 


96 §=503 1193 1949 2713 3541 4363 5233 6101 6971 7879 8803 9689 10627 11597 12527 13463 14461 15373 16349 17359 18289 19391 20333 21341 22279 
97 509 1201 1951 2719 3547 4373 5237 6113 6977 7883 8807 9697 10631 11617 12539 13469 14479 45377 16361 17377 18301 19403 20341 21347 22283 
98 521 1213 1973 2729 3557 4391 5261 6121 6983 7902 8819 9719 10639 11621 12541 13477 14489 15383 16363 17383 18307 19417 20347 21377 22291 
99 523. 1217 «1979 2731-3559 4397 «5273 «6131 6991 7907 8821 9721 10651 11633 12547 13487 14503 15391 16369 17387 18311 19421 20353 21379 22303 
100 541 «1223. 1987) 2741 «3571 «4409 «5279 «6133 6997 7919 8831 «9733: 10657 «11657 12553 13499 14519 15401 16382 17389 18313 19423 20357 21383 22307 


From D. N. Lehmer, List of prime numbers from ] to 10,006,721, Carnegie Institution of Washington, Publication No. 165, Washington, 
D.C., 1914 (with permission). 


ODN NbUNe 


10 


25 


22343 
22349 
22367 
22369 
22381 


22391 
22397 
22409 
22433 
22441 


22447 
22453 
22469 
22481 
22483 


22501 
22511 
22531 
22541 
22543 


22549 
22567 
22571 
22573 
22613 


22619 
22621 
22637 
22639 
22643 


22651 
22669 
22679 
22691 
22697 


22699 
22709 
22717 
22721 
22727 


22739 
22741 
22751 
22769 
22777 


22783 
22787 
22807 
22811 
22817 


22853 
22859 
22861 
22871 
22877 


22901 
22907 
2292) 
22937 
22943 


22961 
22963 
22973 
22993 
23003 


23011 
23017 
23021 
23027 
23029 


23039 
23041 
23053 
23057 
23059 


23063 
23071 
23081 
23087 
23099 


23117 
23131 
23243 
23159 
23167 


23173 
23189 
23197 
23201 
23203 


23209 
23227 
23251 
23269 
23279 


23291 
23293 
23297 


9 23311 


23321 


26 
23327 
23333 
23339 
23357 
23369 


23371 
23399 
23417 
23431 
23447 


23459 
23473 
23497 
23509 
23531 


23537 
23539 
23549 
23557 
23561 


23563 
23567 
23581 
23593 
23599 


23603 
23609 
23623 
23627 
23629 


23633 
23663 
23669 
23671 
23677 


23687 
23689 
23719 
23741 
23743 


23747 
23753 
23761 
23767 
23773 


23789 
23801 
23813 
23819 
23827 


23831 
23833 
23857 
23869 
23873 


23879 
23887 
23893 
23899 
23909 


23911 
23917 
23929 
23957 
23971 


23977 
23981 
23993 
24001 
24007 


24019 
24023 
24029 
24043 
24049 


24061 
24071 
24077 
24083 
24091 


24097 
24103 
24107 
24109 
24113 


24121 
24133 
24137 
24151 
24169 


24179 
24181, 
24197 
24203 
24223 


24229 
24239 
24247 
24251 
24281 


27 


24317 
24329 
24337 
24359 
24371 


24373 
24379 
24391 
24407 
24413 


24419 
24421 
24439 
24443 
24469 


24473 
24481 
24499 
24509 
24517 


24527 
24533 
24547 
24551 
24571 


24593 
24611 
24623 
24631 
24659 


24671 
24677 
24683 
24691 
24697 


24709 
24733 
24749 
24763 
24767 


24781 
24793 
24799 
24809 
24821 


24841 
24847 
24851 
24859 
24877 


24889 
24907 
24917 
24919 
24923 


24943 
24953 
24967 
24971 
24977 


24979 
24989 
25013 
25031 
25033 


25037 
25057 
25073 
25087 
25097 


25211 
25117 
25121 
25127 
25147 


25153 
25163 
25169 
25171 
25183 


25189 
25219 
25229 
25237 
25243 


25247 
25253 
25261 
25301 
25303 


25307 
25309 
25321 
25339 
25343 


25349 
25357 
25367 
25373 
25391 


28 


25409 
25411 
25423 
25439 
25447 


25453 
25457 
25463 
25469 
25471 


25523 
25537 
25541 
25561 
25577 


25579 
25583 
25589 
25601 
25603 


25609 
25621 
25633 
25639 
25643 


25657 
25667 
25673 
25679 
25693 


25703 
25717 
25733 
25741 
25747 


25759 
25763 
25771 
25793 
25799 


25801 
25819 
25841 
25847 
25849 


25867 
25873 
25889 
25903 
25913 


25919 
25931 
25933 
25939 
25943 


25951 
25969 
25981 
25997 
25999 


26003 
26017 
26021 
26029 
26041 


26053 
26083 
26099 
26107 
26111 


26113 
26119 
26141 
26153 
26161 


26171 
26177 
26183 
26189 
26203 


26209 
26227 
26237 
26249 
26251 


26261 
26263 
26267 
26293 
26297 


26309 
26317 
26321 
26339 
26347 


26357 
26371 
26387 
26393 
26399 


29 


26407 
26417 
26423 
26431 
26437 


26449 
26459 
26479 
26489 
26497 


26501 
26513 
26539 
26557 
26561 


26573 
26591 
26597 
26627 
26633 


26641 
26647 
26669 
26681 
26683 


26687 
26693 
26699 
26701 
26711 


26713 
26717 
26723 
26729 
26731 


26737 
26759 
26777 
26783 
26801 


26813 
26821 
26833 
26839 
26849 


26861 
26863 
26879 
26881 
26891 


26893 
26903 
26921 
26927 
26947 


26951 
26953 
26959 
26981 
26987 


26993 
27011 
27017 
27031 
27043 


27059 
27061 
27067 
27073 
27077 


27091 
27103 
27107 
27109 
27127 


27143 
27179 
27191 
27197 
27211 


27239 
27241 
27253 
27259 
27271 


27277 
27281 
27283 
27299 
27329 


27337 
27361 
27367 
27397 
27407 


27409 
27427 
27431 
27437 
27449 


27457 
27479 
27481 
27487 
27509 


27527 
27529 
27539 
27541 
27551 


27581 
27583 
27611 
27617 
27631 


27647 
27653 
27673 
27689 
27691 


27697 
27701 
27733 
27737 
27739 


27743 
27749 
27751 
27763 
27767 


27773 
27779 
27791 
27793 
27799 


27803 
27809 
27817 
27823 
27827 


27847 
27851 
27883 
27893 
27901 


27917 
27919 
27941 
27943 
27947 


27953 
27961 
27967 
27983 
27997 


28001 
28019 
28027 
28031 
28052 


28057 
28069 
28081 
28087 
28097 


28099 
28209 
28111 
23123 
28151 


28163 
28181 
28183 
28201 
28211 


28219 
28229 
28277 
28279 
28283 


28289 
28297 
28307 
28309 
28319 


28349 
28351 
28387 
28393 
28403 


28409 
28411 
28429 
28433 
28439 


28447 
28463 
28477 
28493 
28499 


COMBINATORIAL ANALYSIS 


PRIMES 


34 35 36 37 38 39 40 
31607 32611 33617 3465] 35771 36787 37831 
31627 32621 33619 34667 35797 36791 37847 
31643 32633 33623 34673 35801 36793 37853 
31649 32647 33629 34679 35803 36809 37861 
31657 32653 33637 34687 35809 36821 37871 


31663 32687 33641 34693 35831 36833 37879 
31667 32693 33647 34703 35837 36847 37889 
31687 32707 33679 34721 35839 36857 37897 
31699 32713 33703 34729 35851 36871 37907 
31721 32717 33713 34739 35863 36877 37951 


31723 32719 33721 34747 35869 36887 37957 
31727 32749 33739 34757 35879 36899 37963 
31729 32771 33749 34759 35897 36901 37967 
31741 32779 33751 34763 35899 36913 37987 
31751 32783 33757 34781 35911 36919 37991 


31769 32789 33767 34807 35923 36923 37993 
31771 32797 33769 34819 35933 36929 37997 
31793 32801 33773 34841 35951 36931 38011 
31799 32803 33791 34843 35963 36943 38039 
31817 32831 33797 34847 35969 36947 38047 


31847 32833 33809 34849 35977 36973 38053 
31849 32839 33811 34871 35983 36979 38069 
31859 32843 33627 34877 35993 36997 38083 
31873 32869 33829 34883 35999 37003 38113 
31883 32887 33851 34897 36907 37013 38119 


31891 32909 33857 34913 36011 37019 38149 
31907 32911 33863 34919 36013 37021 38153 
31957 32917 33871 34939 36017 37039 38167 
31963 32933 33889 34949 36937 37049 38177 
31973 32939 33893 34961 36961 37057 38183 


31981 32941 33911 34963 36067 37061 33189 
31991 32957 33923 34981 36073 37087 38197 
32003 32969 33931 35023 36083 37097 38201 
32009 32971 33937 35027 36097 37117 38219 
32027 32983 33941 35051 36107 37123 38231 


32029 32987 33961 35053 36109 37139 38237 
32051 32993 33967 35059 36131 37159 38239 
32057 32999 33997 35069 36137 37171 38261 
32059 33013 34019 35081 36151 37181 38273 
32063 33023 34031 35083 36161 37189 38281 


32069 33029 34033 35089 36187 37199 38287 
32077 33037 34039 35099 36191 37201 38299 
32083 33049 34057 35107 36209 37217 38303 
32089 33053 34061 35111 36217 37223 38317 
32099 33071 34123 35117 36229 37243 38321 


32117 33073 34127 35129 36241 37253 38327 
32119 33083 34129 35141 36251 37273 38329 
32141 33091 34141 35149 36263 37277 38333 
32143 33107 34147 35153 36269 37307 38351 
32159 33]13 34157 35159 36277 37309 38371 


32173 33119 34159 35171 36293 37313 38377 
32183 33149 34171 35201 36299 37321 38393 
32189 33151 34183 35221 36307 37337 38431 
32191 33161 34211 35227 36313 37339 38447 
32203 33179 34213 35251 36319 37357 38449 


32213 33181 34217 35257 36341 37361 38453 
32233 33191 34231 35267 36343 37363 38459 
32237 33199 34253 35279 36353 37369 38461 
32251 33203 34259 35281 36373 37379 38501 
32257 33211 34261 35291 36383 37397 38543 


32261 33223 34267 35311 36389 37409 38557 
32297 33247 34273 35317 36433 37423 38561 
32299 33287 34283 35323 36451 37441 38567 
32303 33289 34297 35327 36457 37447 38569 
32309 33301 34301 35339 36467 37463 38593 


32321 33311 34303 35353 36469 37483 39603 
32323 33317 34313 35363 36473 37489 38609 
32327 33329 34319 35381 36479 37493 38611 
32341 33331 34327 35393 36493 37501 38629 
32353 33343 34337 35401 36497 37507 38639 


32359 33347 34352 35407 36523 37511 38651 
32363 33349 34361 35419 36527 37517 38653 
32369 33353 34367 35423 36529 37529 38669 
32371 33359 34369 35437 36541 37537 38671 
32377 33377 34381 35447 36551 37547 38677 


32381 33391 34403 35449 36559 37549 38693 
32401 33403 34421 35461 36563 37561 38699 
32411 33409 34429 35491 36571 37567 38707 
32413 33413 34439 35507 36583 37571 38711 
32423 33427 34457 35509 36587 37573 38713 


32429 33457 34469 35521 36599 37579 38723 
32441 33461 34471 35527 36607 37589 38729 
32443 33469 34463 35531 36629 37591 38737 
32467 33479 34487 35533 36637 37607 38747 
32479 33487 34499 35537 36643 37619 38749 


32491 33493 34501 35543 36653 37633 38767 
32497 33503 34511 35569 36671 37643 38783 
32503 33521 34513 35573 36677 37649 38791 
32507 33529 34519 35591 36683 37657 38803 
32531 33533 34537 35593 36691 37663 38821 


32533 33547 34543 35597 36697 37691 38833 
32537 33563 34549 35603 36709 37693 38839 
32561 33569 34583 35617 36713 37699 38851 
32563 33577 34589 35671 36723 37717 38861 
32569 33581 34591 35677 36739 37747 38867 


32573 33587 34603 35729 36749 37781 38873 
32579 33589 34607 35731 36761 37783 38891 
32587 33599 34613 35747 36767 37799 38903 
32603 33601 34631 35753 36779 37811 38917 
32609 33613 34649 35759 436761 37813 38921 


41 


38923 
38933 
38953 
38959 
38971 


38977 
38993 
39019 
39023 
39041 


39043 
39047 
39079 
39089 
39097 


39103 
39107 
39113 
39119 
39133 


39139 
39157 
39161 
39163 
39181 


39191 
39199 
39209 
39217 
39227 


39229 
39233 
39239 
39241 
39251 


39293 
39301 
39313 
39317 
39323 


39341 
39343 
39359 
39367 
39371 


39373 
39383 
39397 
39409 
39419 


39439 
39443 
3945) 
39461 
39499 


39503 
39509 
39511 
39521 
39541 


39551 
39563 
39569 
39581 
39607 


39619 
39623 
39631 
39659 
39667 


39671 
39679 
39703 
39709 
39719 


39727 
39733 
39749 
39761 
39769 


39779 
39791 
39799 
39821 
39827 


39829 
39839 
39841 
39847 
39857 


39863 
39869 
39877 
39883 
39887 


42 
39979 
39983 
39989 
40009 
40013 


40031 
40037 
40039 
40063 
40087 


40093 
40099 
40111 
40123 
40127 


40129 
49151 
40153 
40163 
40169 


40177 
40189 
40193 
40213 
40231 


40237 
40241 
40253 
40277 
40283 


49289 
40343 
40351 
40357 
40361 


40387 
40423 
40427 
40429 
40433 


40459 
40471 
40483 
40487 
40493 


40499 
40507 
40519 
40529 
40531 


40543 
40559 
40577 
40583 
40591 


40597 
40609 
40627 
40637 
40639 


40693 
40697 
40699 
40709 
40739 


40751 
40759 
40763 
40771 
40787 


40801 
40813 
40819 
40823 
40829 


40841 
40847 
40849 
40853 
40867 


40879 
40883 
40897 
40903 
40927 


40933 
40939 
40949 
40961 
40973 


40993 
41011 
41017 
41023 
41039 


41047 
41051 
41057 
41077 
41081 


43 
41113 
44117 
41131 
41141 
41143 


41149 
41161 
41177 
41179 
41183 


41189 
41201 
41203 
41213 
41221 


41227 
41231 
41233 
41243 
41257 


41263 
41269 
41281 
41299 
41333 


41341 
41351 
41357 
41381 
41387 


41389 
41399 
41411 
41413 
41443 


41453 
41467 
41479 
41491 
41507 


41513 
41519 
41521 
41539 
41543 


41549 
41579 
41593 
41597 
41603 


41609 
41611 
41617 
41621 
41627 


41641 
41647 
41651 
41659 
41669 


41681 
41687 
41719 
41729 
41737 


41759 
41761 
41771 
41777 
41801 


42809 
41813 
41843 
41849 
41651 


41863 
41879 
41887 
41893 
41897 


41903 
41911 
41927 
41941 
41947 


41953 
41957 
41959 
41969 
41981 


41983 
41999 
42013 
42017 
42019 


42023 
42043 
42061 
42071 
42073 


44 
42083 
42089 
42101 
42131 
42139 


42157 
42169 
42179 
42181 
42187 


42193 
42197 
42209 
4222) 
42223 


42227 
42239 
42257 
42281 
42283 


42293 
42299 
42307 
42323 
42331 


42337 
42349 
42359 
42373 
42379 


42391 
42397 
42403 
42407 
42409 


42433 
42437 
42443 
42451 
42457 


42461 
42463 
42467 
42473 
42487 


42491 
42499 
42509 
42533 
$2557 


42569 
42571 
42577 
42589 
42611 


42641 
42643 
42649 
42667 
42677 


42683 
42689 
42697 
42701 
42703 


42709 
42719 
42727 
42737 
42743 


42751 
42767 
42773 
42787 
42793 


42797 
42821 
42829 
42839 
42841 


42853 
42859 
42863 
42899 
42901 


42923 
42929 
42937 
42943 
42953 


42961 
42967 
42979 
42989 
43003 


43013 
43019 
43037 
43049 
43051 


45 
43063 
43067 
43093 
43103 
43117 


43133 
43151 
43159 
43177 
43189 


43201 
43207 
43223 
43237 
43261 


43271 
43283 
43291 
43313 
43319 


43321 
43331 
43391 
$3397 
43399 


43403 
43411 
43427 
4344) 
43451 


43457 
4348) 
43487 
43499 
43517 


43541 
43543 
43573 
43577 
43579 


43591 
43597 
43607 
43609 
43613 


43627 
43633 
43649 
43651 
43661 


43669 
43691 
43711 
43717 
43721 


43753 
43759 
43777 
43781 
43783 


43787 
43789 
43793 
43801 
43853 


43867 
43889 
43891 
43913 
43933 


43943 
4395) 
43961 
43963 
43969 


43973 
43987 
43991 
43997 
44017 


44021 
44027 
44029 
44041 
44053 


44059 
44071 
44087 
44089 
44t0. 


4411 
441g 
44123 
44129 
44131 


46 
44203 
44207 
44221 
44249 
44257 


44263 
44267 
44269 
44273 
44279 


44281 
44293 
44351 
44357 
44371 


44381 
44383 
44389 
4447 
44449 


44453 
44483 
44491 
44497 
44501 


44507 
44519 
44531 
44533 
44537 


44543 
44549 
44563 
44579 
44587 


44617 
44621 
44623 
44633 
44641 


44647 
44651 
44657 
44683 
44687 


44699 
44701 
44711 
44729 
44741 


44753 
44771 
44773 
44777 
44789 


44797 
44809 
44819 
44839 
44843 


44851 
44867 
44879 
44887 
44893 


44909 
44917 
44927 
44939 
44953 


44959 
44963 
44971 
44983 
44987 


45007 
45013 
45053 
45061 
45077 


45083 
45119 
45121 
45127 
45131 


45137 
45139 
45161 
45179 
45181 


45191 
45197 
45233 
45247 
45259 


45263 
45281 
45289 
45293 
45307 


47 
45317 
45319 
45329 
45337 
45341 


45343 
45361 
45377 
45389 
45403 


45413 
45427 
45433 
45439 
45481 


45491 
45497 
45503 
45523 
45533 


45541 
45553 
45557 
45569 
45587 


45589 
45599 
45613 
45631 
45641 


45659 
45667 
45673 
45677 
45691 


45697 
45707 
45737 
45751 
45757 


45763 
45767 
45779 
45817 
4582) 


45823 
45827 
45833 
45841 
45853 


45863 
45869 
45887 
45893 
45943 


45949 
45953 
45959 
45971 
45979 


45989 
46021 
46027 
46049 
46051 


46061 
46073 
46091 
46093 
46099 


46103 
46133 
40141 
46147 
46153 


46171 
46181 
46183 
46187 
46199 


46219 
46229 
46237 
46261 
46271 


46273 
46279 
46301 
46307 
46309 


46327 
46337 
46349 
46351 
46381 


46399 
46411 
46439 
46441 
46447 


871 
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48 
46451 
46457 
46471 
46477 
46489 


46499 
46507 
46511 
46523 
46549 


46559 
46567 
46573 
46589 
46591 


46601 
46619 
46633 
46639 
46643 


46649 
46663 
46679 
46681 
46687 


46691 
46703 
46723 
46727 
46747 


46751 
46757 
46769 
46771 
46807 


46811 
46817 
46819 
46829 
46831 


46853 
46861 
46867 
46877 
46889 


46901 
46919 
46933 
46957 
46993 


46997 
47017 
47041 
47051 
47057 


47059 
47087 
47093 
47113 
47119 


47123 
47129 
47137 
47143 
4N47 


47149 
47161 
47189 
47207 
47224 


47237 
47251 
47269 
47279 
47287 


47293 
47297 
47303 
47309 
47317 


487339 
47351 
47353 
47363 
47381 


47387 
47389 
47407 
47417 
47419 


47431 
47441 
47459 
47491 
47497 


47501 
47507 
47513 
47521 
47527 


49 
47533 
47543 
47563 
47569 
47581 


47591 
47599 
47609 
47623 
47629 


47639 
47653 
497657 
47659 
47681 


47699 
47701 
4a77tL 
47713 
aqnlt 


47737 
47741 
47743 
47777 
47779 


47791 
47797 
47807 
47809 
47819 


47837 
47843 
47857 
47869 
4788) 


47903 
47911 
47937 
47933 
47939 


47947 
47951 
47963 
47969 
47977 


47981 
48017 
48023 
48029 
48049 


48073 
48079 
48091 
48109 
48119 


4812) 
48131 
48157 
48163 
48179 


48187 
48393 
48197 
48221 
48239 


48247 
48259 
48271 
48281 
48299 


48311 
48313 
48337 
48341 
48353 


48371 
48383 
48397 
48407 
48409 


48413 
48437 
48449 
48463 
48473 


48479 
48481 
48487 
48491 
48497 


48523 
48527 
48533 
48539 
48541 


48563 
48571 
48589 
48593 
48611 


872 


Table 24.9 


POND UAUNY 


10 


50 


48619 
48623 
48647 
48649 
48661 


48673 
48677 
48679 
48731 
48733 


48751 
48757 
48761 
48767 
48779 


48781 
48787 
48799 
48809 
48817 


48821 
48823 
48847 
48857 
48859 


48869 
48871 
48883 
48889 
48907 


48947 
48953 
48973 
48989 
48991 


49003 
49009 
49019 
49031 
49033 


49037 
49043 
49057 
49069 
49081 


49103 
49109 
49117 
49121 
49123 


49139 
49157 
49169 
49171 
49177 


49193 
49199 
49201 
49207 
49211 


49223 
49253 
49261 
49277 
49279 


49297 
49307 
49331 
49333 
49339 


49363 
49367 
49369 
49391 
49393 


49409 
49411 
49417 
49429 
49433 


49451 
49459 
49463 
49477 
49481 


49499 
49523 
49529 
49531 
49537 


49547 
49549 
49559 
49597 
49603 


49613 
49627 
49633 
49639 
49663 


51 


49667 
49669 
49681 
49697 
49711 


49727 
49739 
49741 
49747 
49757 


49783 
49787 
49789 
49801 
49807 


49811 
49823 
49831 
49843 
49853 


49871 
49877 
49891 
49919 
49921 


49927 
49937 
49939 
49943 
49957 


49991 
49993 
49999 
50021 
50023 


50033 
50047 
50051 
50053 
50069 


50077 
59087 
50993 
$0101 
50111 


$0119 
50123 
$0129 
50131 
50147 


50153 
50159 
50177 
50207 
50221 


50227 
50231 
50261 
50263 
50273 


50287 
50291 
50311 
50321 
50329 


50333 
50341 
50359 
50363 
$0377 


50383 
50387 
50411 
50417 
50423 


50441 
50459 
50462 
50497 
50503 


50513 
50527 
50539 
50543 
50549 


50551 
50581 
50587 
50591 
50593 


50599 
50627 
50647 
50651 
50671 


50683 
50707 
50723 
50741 
50753 


52 


50767 
50773 
50777 
50789 
50821 


50833 
50839 
50849 
50857 
50867 


50873 
50891 
50893 
50909 
50923 


50929 
50951 
50957 
50969 
50971 


50989 
50993 
51001 
51031 
51043 


51067 
51059 
51061 
51071 
51109 


51131 
51133 
51137 
51152 
51157 


51169 
51193 
51197 
51199 
51203 


51217 
51229 
51239 
51241 
51257 


$1263 
51283 
51287 
51307 
51329 


51341 
51343 
51347 
51349 
51361 


51383 
51407 
51413 
$1419 
§1421 


51427 
51431 
51437 
51439 
$1449 


52461 
51473 
51479 
51481 
51487 


$1503 
51511 
$1517 
51521 
$1539 


51551 
51563 
51577 
$1581 
51593 


51599 
51607 
$1613 
$1631 
51637 


51647 
51659 
51673 
51679 
51683 


51691 
51713 
51719 
51721 
51749 


51767 
51769 
51787 
51797 
51803 


55109 
55117 
55127 
55147 
55163 


55171 
55201 
55207 
55213 
55217 


55219 
55229 
55243 
$5249 
55259 


55291 
55313 
55331 
55333 
55337 


55339 
55343 
55351 
55373 
$5381 


55399 
55411 
55439 
55441 
55457 


55469 
55487 
55501 
55911 
55529 


55541 
55547 
55579 
55589 
55603 


55609 
55619 
55621 
55631 
55633 


$5639 
55661 
55663 
55667 
55673 


55681 
55691 
55697 
55711 
55717 


55721 
55733 
55763 
55787 
55793 


55799 
55867 
55813 
55817 
55819 


55823 
$5829 
55837 
55843 
55849 


55871 
55889 
55897 
$5901 
55903 


55921 
55927 
55931 
55933 
55949 


55967 
55987 
55997 
56003 
56009 


56039 
56041 
56053 
56081 
56087 


56093 
56099 
56101 
56113 
56123 


56131 
56149 
56167 
56171 
56179 


56197 
56207 
56209 
56237 
56239 


56249 
56263 
56267 
56269 
56299 


56311 
56333 
56359 
56369 
56377 


56383 
56393 
56401 
56417 
56431 


56437 
56443 
56453 
56467 
56473 


56477 
56479 
56489 
56501 
56503 


56509 
56519 
56527 
56531 
56533 


56543 
56569 
56591 
56597 
56599 


$6611 
56629 
56633 
56659 
56663 


56671 
56681 
56687 
56701 
56711 


56713 
56731 
56737 
56747 
56767 


56773 
56779 
56783 
56807 
56809 


56813 
$6821 
56827 
56843 
56857 


56873 
56891 
56893 
56897 
56909 


56911 
56921 
56923 
56929 
56941 


56951 
56957 
56963 
56983 
56989 


56993 
56999 
57037 
57041 
57047 


57059 
57073 
57077 
57089 
57097 


57107 
57119 
57131 
57139 
57143 


57149 
57163 
$7173 
$7179 
57191 


57193 
57203 
57221 
57223 
$7241 


57251 
57259 
57269 
57271 
57283 


57287 
57301 
57329 
57331 
57347 


57349 
57367 
57373 
57383 
57389 


57397 
57413 
57427 
57457 
57467 


57487 
57493 
57503 
57527 
57529 


57557 
57559 
57571 
57587 
57593 


57601 
57637 
57641 
57649 
57653 


57667 
57679 
57689 
57697 
57709 


57713 
57719 
57727 
57731 
57737 


57751 
57773 
57781 
57787 
57791 


57793 
57803 
57809 
57829 
57839 


57847 
57853 
57859 
57881 
57899 


57901 
57917 
57923 
57943 
57947 


57973 
57977 
57991 
58013 
58027 


58031 
58043 
58049 
58057 
58061 


58067 
58073 
58099 
58109 
58111 


58129 
58147 
58151 
58153 
58169 


58171 
56189 
58193 
58199 
$8207 


58211 
58217 
58229 
58231 
58237 


COMBINATORIAL ANALYSIS 


PRIMES 


59 60 61 62 63 64 65 


58243 59369 60509 61637 62791 63823 65071 
58271 59377 60521 61643 62801 63839 65089 
58309 59387 60527 61651 62819 63841 65099 
58313 59393 60539 61657 62827 63853 65101 
58321 59399 60589 61667 62851 63857 65111 


58337 59407 60601 61673 62861 63863 65119 
58363 59417 60607 61682 62869 63901 65123 
58367 59419 60621 61687 62873 63907 65129 
58369 59441 60617 61703 62897 63913 65141 
58379 59443 60623 61717 62903 63929 65147 


58391 59447 60631 61723 62921 63949 65167 
58393 59453 60637 61729 62927 63977 65171 
58403 59467 60647 61751 62929 63997 65173 
$8411 59471 60649 61757 62939 64007 65179 
58417 59473 60659 61781 62969 64013 65183 


58427 59497 60661 61813 62971 64019 65203 
58439 59509 60679 61819 62981 64033 65213 
58441 59513 60689 61837 62983 64037 65239 
58451 59539 60703 61843 62987 64063 65257 
58453 59557 60719 61861 62989 64067 65267 


58477 59561 60727 61871 63029 64081 65269 
$8481 59567 60733 61879 63031 64091 65287 
58511 59581 60737 61909 63059 64109 65293 
58537 59611 60757 61927 63067 64123 65309 
58543 59617 60761 61933 63073 64151 65323 


58549 59621 60763 61949 63079 64153 65327 
58567 59627 60773 61961 63097 64157 65353 
58573 59629 60779 61967 63103 64171 65357 
58579 59651 60793 61979 63113 64187 65371 
58601 59659 60811 61981 63127 64189 65381 


58603 59663 60821 61987 63131 64217 65393 
58613 59669 60859 61991 63149 64223 65407 
58631 59671 60869 62003 63179 64231 65413 
58657 59693 60887 62011 63197 64237 65419 
58661 59699 60889 62017 63199 64271 65423 


58679 59707 60899 62039 63211 64279 65437 
58687 59723 60901 62047 63241 64283 65447 
58693 59729 60913 62053 63247 64301 65449 
58699 59743 60917 62057 63277 64303 65479 
58711 59747 60919 62071 63281 64319 65497 


58727 59753 60923 62081 63299 64327 65519 
58733 59771 60937 62099 63311 64333 65521 
58741 59779 60943 62119 63313 64373 65537 
58757 59791 60953 62129 63317 64381 65539 
58763 59797 6096) 62131 63331 64399 65543 


58771 59809 61001 62137 63337 64403 65551 
58787 59833 61007 62141 63347 64433 65557 
58789 59863 61027 62143 63353 64439 65563 
58831 59879 61031 62171 63361 64451 65579 
58889 59887 61043 62189 63367 64453 65581 


58897 59921 61051 62191 63377 64483 65587 
58901 59929 61057 62201 63389 64489 65599 
58907 59951 61091 62207 63391 64499 65609 
58909 59957 61099 62213 63397 64513 65617 
58913 59971 61121 62219 63409 64553 65629 


58921 59981 61129 62233 63419 64567 65633 
58937 59999 61141 62273 63421 64577 65647 
58943 60013 61151 62297 63439 64579 65651 
58963 60017 61153 62299 63443 64591 65657 
58967 60029 61169 62303 63463 64601 65677 


58979 60037 61211 62311 63467 64609 65687 
58991 60041 61223 62323 63473 64613 65699 
58997 60077 61231 62327 63487 64621 65701 
59009 60083 61253 62347 63493 64627 65707 
59011 60089 61261 62351 63499 64633 65713 


59021 60091 61283 62383 63521 64661 65717 
59023 60101 61291 62401 63527 64663 65719 
59029 60103 61297 62417 63533 64667 65729 
59051 60107 61331 62423 63541 64679 65731 
59053 60127 61333 62459 63559 64693 65761 


59063 60133 61339 62467 63577 64709 65777 
59069 60139 61343 62473 63587 64717 65789 
59077 60149 61357 62477 63589 64747 65809 
59083 60162 61363 62483 63599 64763 65827 
59093 60167 61379 62497 63601 64781 65831 


59107 60169 61381 62501 63607 64783 65837 
59113 60209 61403 62507 63611 64793 65839 
59119 60217 61409 62533 63617 64811 65843 
59123 60223 61417 62539 63629 64817 65851 
59141 60251 61441 62549 63647 64849 65867 


59149 60257 61463 62563 63649 64853 65981 
59159 60259 61469 62581 63659 64871 65899 
59167 60271 61471 62591 63667 64877 65921 
59183 60289 61483 62597 63671 64879 65927 
59197 60293 61487 62603 63689 64891 65929 


59207 60317 61493 62617 63691 64901 65951 
59209 60331 61507 62627 63697 64919 65957 
59219 60337 61511 62633 63703 64921 65963 
59221 60343 61519 62639 63709 64927 65981 
59233 60353 61543 62653 63719 64937 65983 


59239 60373 61547 62659 63727 64951 65993 
59243 60383 61553 62683 63737 64969 66029 
59263 60397 61559 62687 63743 64997 66037 
59273 60413 61561 62701 63761 65003 66041 
59281 60427 61583 62723 63773 65011 66047 


59333 60443 61603 62731 63781 65027 66067 
59341 60449 61609 62743 63793 65029 66071 
59351 60457 61613 62753 63799 65033 66083 
59357 60493 61627 62761 63803 65053 66089 
59359 60497 61631 62773 63809 65063 66103 


66 


66107 
66109 
66137 
66161 
66169 


66173 
66179 
66191 
66221 
66239 


66271 
66293 
66301 
66337 
66343 


66347 
66359 
66361 
66373 
66377 


66383 
66403 
66413 
66431 
66449 


66457 
66463 
66467 
66491 
66499 


66509 
66523 
66529 
66533 
66541 


66553 
66569 
66571 
66587 
66593 


66601 
66617 
66629 
66643 
66653 


66683 
66697 
66701 
66713 
66721 


66733 
66739 
66749 
66751 
66763 


66791 
66797 
66809 
66821 
66841 


66851 
66853 
66863 
66877 
66883 


66889 
66919 
66923 
66931 
66943 


66947 
66949 
66959 
66973 
66977 


67003 
67021 
67033 
67043 
67049 


67057 
67061 
67073 
67079 
67103 


67121 
67129 
67139 
67141 
67153 


67157 
67169 
67181 
67187 
67189 


67211 
672313 
67217 
67219 
67231 


67 


67247 
67261 
67271 
67273 
67289 


67307 
67339 
67343 
67349 
67369 


67391 
67399 
67409 
67411 
67421 


67427 
67429 
67433 
67447 
67453 


67477 
67481 
67489 
67493 
67499 


67511 
67523 
67531 
67537 
67547 


67559 
67567 
67577 
67579 
67589 


67601 
67607 
67619 
67631 
67651 


67679 
67699 
67709 
67723 
67733 


67741 
67751 
67757 
67759 
67763 


67777 
67783 
67789 
67801 
67807 


67819 
67829 
67843 
67853 
67867 


67883 
67891 
67901 
67927 
67931 


67933 
67939 
67943 
67957 
67961 


67967 
67979 
67987 
67993 
68023 


68041 
68053 
68059 
68071 
68087 


68099 
68111 
68113 
68141 
68147 


68161 
68171 
68207 
68209 
68213 


68219 
68227 
68239 
68261 
68279 


68281 
6831) 
68329 
68351 
68371 


68 


68389 
68399 
68437 
68443 
68447 


68449 
68473 
68477 
68483 
68489 


68491 
68501 
68507 
68521 
68531 


68539 
68543 
68567 
68581 
68597 


68611 
68633 
68639 
68659 
68669 


68683 
68687 
68699 
68711 
68713 


68729 
68737 
68743 
68749 
68767 


68771 
68777 
68791 
68813 
68819 


68821 
68863 
68879 
68881 
68891 


68897 
68899 
68903 
68909 
68917 


68927 
68947 
68963 
68993 
69001 


69011 
69019 
69029 
69031 
69061 


69067 
69073 
69109 
69119 
69127 


69143 
69149 
69151 
69163 
69191 


69193 
69197 
69203 
69221 
69233 


69239 
69247 
69257 
69259 
69263 


69313 
69317 
69337 
69341 
69371 


69379 
69383 
69389 
69401 
69403 


69427 
69431 
69439 
69457 
69463 


69467 
69473 
69481 
69491 
69493 


69 


69497 
69499 
69539 
69557 
69593 


69623 
69653 
69661 
69677 
69691 


69697 
69709 
69737 
69739 
69761 


69763 
69767 
69779 
69809 
69821 


69827 
69829 
69833 
69847 
69857 


69859 
69877 
69899 
69911 
69929 


69931 
69941 
69959 
69991 
69997 


70001 
70003 
70009 
70019 
70039 


70051 
70061 
70067 
70079 
70099 


70111 
70117 
70121 
70123 
70139 


70141 
70157 
70163 
70177 
70181 


70183 
70199 
70202 
70207 
70223 


70229 
70237 
70241 
70249 
70271 


70289 
70297 
70309 
70313 
70321 


70327 
70351 
70373 
70379 
70381 


70393 
70423 
70429 
70439 
70451 


70457 
70459 
70481 
70487 
70489 


70501 
70507 
70529 
70537 
70549 


70571 
70573 
70583 
70589 
70607 


70619 
70621 
70627 
70639 
70657 


70 


70663 
70667 
70687 
70709 
70717 


70729 
70753 
70769 
70783 
70793 


70823 
70841 
70843 
70849 
70853 


70867 
70877 
70879 
70891 
70901 


70913 
70919 
70921 
70937 
70949 


70951 
70957 
70969 
70979 
70981 


70991 
70997 
70999 
71011 
71023 


71039 
71059 
71069 
71081 
71089 


71119 
71129 


71143 


71147 
71153 


71161 
71167 
71171 
71191 
71209 


71233 
71237 
71249 
71257 
71261 


71263 
71287 
71293 
71317 
74327 


71329 
71333 
71339 
71341 
71347 


71353 
71359 
71363 
71387 
71389 


71399 
71421 
71413 
71419 
71429 


71437 
71443 
71453 
71471 
71473 


71479 
71483 
71503 
71527 
71537 


71549 
71551 
71563 
71569 
71593 


71597 
71633 
71647 
71663 
71671 


71693 
71699 
71707 
71711 
71743 


a 


71719 
71741 
71761 
73777 
71789 


71807 
71809 
71821 
71837 
71843 


71849 
71861 
71867 
71879 
71881 


71887 
71899 
71909 
71917 
71933 


71941 
71947 
71963 
TLITL 
71983 


71987 
71993 
71999 
72019 
72031 


72043 
72047 
72053 


72073° 


72077 


72089 
72091 
72101 
72103 
72109 


72139 
72161 
72167 
72169 
72173 


72211 
72221 
72223 
72227 
72229 


72251 
72253 
72269 
72271 
72277 


72287 
72307 
72313 
72337 
72341 


72353 
72367 
72379 
72383 
72421 


72431 
72461 
72467 
72469 
72481 


72493 
72497 
72503 
72533 
72547 


72551 
72559 
72577 
72613 
72617 


72623 
72643 
72647 
72649 
72661 


72671 
72673 
72679 
72689 
72701 


72707 
72719 
72727 
72733 
72739 


72763 
72767 
72797 
72817 
72823 


72 


72859 
72869 
72871 
72883 
72889 


72893 
72901 
72907 
72911 
72923 


72931 
72937 
72949 
72953 
72959 


72973 
72977 
72997 
73009 
73013 


73019 
73037 
73039 
73043 
73061 


73063 
73079 
73091 
73121 
73127 


73133 
73141 
73181 
73189 
73237 


73243 
73259 
73277 
73291 
73303 


73309 
73327 
73331 
73351 
73361 


73363 
73369 
73379 
73387 
73417 


73421 
73433 
73453 
73459 
73471 


73477 
73483 
73517 
73523 
73529 


73547 
73553 
73561 
73571 
73583 


73589 
73597 
73607 
73609 
73613 


73637 
73643 
73651 
73673 
73679 


73681 
73693 
73699 
73709 
73721 


73727 
73751 
73757 
73771 
73783 


73819 
73823 
73847 
73849 
73859 


73867 
73877 
73883 
73897 
73907 


73939 
73943 
73951 
73961 
73973 


73 
73999 
74017 
74021 
74027 
74047 


74051 
74071 
74077 
74093 
74099 


74101 
74131 
74143 
74149 
74159 


74162 
74167 
T4li7 
74189 
74197 


74201 
74203 
74209 
74219 
74231 


74257 
74279 
74287 
74293 
74297 


74311 
74317 
74323 
74353 
74357 


74363 
74377 
74381 
74383 
74411 


74413 
74419 
74441 
74449 
74453 


74471 
74489 
74507 
74509 
74521 


74527 
74531 
74551 
74561 
74567 


74573 
74587 
74597 
74609 
74611 


74623 
74653 
74687 
74699 
74707 


74713 
TANT 
Tangs 
74729 
74731 


74747 
74759 
74761 
74771 
74779 


74797 
74821 
74827 
74831 
74843 


74857 
74861 
74869 
74873 
74887 


74891 
74897 
74903 
74923 
74929 


74933 
74941 
74959 
75011 
75013 


75017 
75029 
75037 
75041 
15079 


74 


75083 
75109 
75133 
75149 
75161 


75167 
75169 
75181 
75193 
75209 


75211 
75217 
75223 
15227 
75239 


75253 
75269 
75277 
75289 
75307 


75323 
75329 
75337 
75347 
75353 


75367 
75377 
75389 
75391 
75401 


75403 
75407 
75431 
75437 
75479 


75503 
75511 
75521 
75527 
75533 


75539 
75541 
75553 
75557 
75571 


75577 
75583 
75611 
75617 
75619 


75629 
75641 
75653 
75659 
75679 


75683 
75689 
75703 
75707 
75709 


75721 
75731 
75743 
75767 
75773 


7578) 
75787 
75793 
75797 
75821 


75833 
75853 
75869 
75883 
75913 


75931 
75937 
75941 
75967 
75979 


75983 
75989 
75991 
75997 
76001 


76003 
76031 
76039 
76079 
76081 


76091 
76099 
76103 
76123 
76129 


76147 
76157 
76159 
76163 
76207 
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76213 
76231 
76243 
76249 
76253 


76259 
76261 
76283 
76289 
76303 


76333 
76343 
76367 
76369 
76379 


76387 
76403 
76421 
76423 
76441 


76463 
76871 
76481 
76487 
76493 


76507 
76511 
76519 
76537 
76541 


76543 
76561 
76579 
76597 
76603 


76607 
76631 
76649 
76651 
76667 


76673 
76679 
76697 
76717 
76733 


76753 
76757 
76771 
76777 
76781 


76801 
76819 
76829 
76832 
76837 


76847 
76871 
76873 
76883 
76907 


76913 
76919 
76943 
76949 
76961 


76963 
7699) 
77003 
77017 
77023 


77029 
77041 
77047 
77069 
77081 


77093 
77101 
77137 
77141 
77153 


77167 
77171 
77191 
77201 
77213 


77237 
77239 
77243 
77249 
77261 


77263 
77267 
77269 
77279 
77291 


77317 
77323 
77339 
77347 
77351 


80737 
80747 
80749 
80761 
80777 


80779 
80783 
80789 
80803 
80809 


80819 
80831 
80833 
80849 
80863 


80897 
80909 
80911 
80917 
80923 


80929 
80933 
80953 
80963 
80989 


81001 
81013 
81017 
81019 
81023 


81031 
81041 
81043 
81047 
81049 


81071 
81077 
81083 
81097 
81101 


81119 
81131 
81157 
81163 
81173 


81182 
81197 
81199 
81203 
81223 


81233 
81239 
81281 
81283 
81293 


81299 
81307 
81331 
81343 
81349 


81353 
81359 
81371 
81373 
81401 


81409 
82421 
81439 
81457 
81463 


81509 
81517 
81527 
81533 
81547 


81551 
81553 
81559 
81563 
81569 


81611 
81619 
81629 
81637 
81647 


81649 
81667 
81671 
81677 
81689 


81701 
81703 
81707 
81727 
81737 


81749 
81761 
81769 
81773 
81799 


80 


81817 
81839 
81847 
81853 
81869 


81883 
81899 
81901 
81919 
81929 


81932 
81937 
81943 
81953 
81967 


81971 
81973 
82003 
82007 
82009 


82013 
82021 
82031 
82037 
82039 


82051 
82067 
82073 
82129 
82139 


82142 
82153 
82163 
82171 
82183 


82189 
82193 
82207 
82217 
82219 


82223 
82231 
82237 
82241 
82261 


82267 
82279 
82301 
82307 
82339 


82349 
82351 
82361 
82373 
82387 


82393 
82421 
82457 
82463 
82469 


82471 
82483 
82487 
82493 
82499 


82507 
82529 
82531 
82549 
82559 


82561 
82567 
82571 
62591 
82601 


82609 
82613 
82619 
82633 
82651 


82657 
82699 
82721 
82723 
82727 


82729 
82757 
82759 
82763 
82781 


82787 
82793 
82799 
82811 
82813 


82837 
82847 
82883 
82889 
82891 


81 


82903 
82913 
82939 
82963 
82981 


82997 
83003 
83009 
83023 
83047 


83059 
83063 
83071 
83077 
83089 


83093 
83101 
83117 
83137 
83177 


83203 
83207 
83219 
83221 
83227 


83231 
83233 
83243 
83257 
83267 


83269 
83273 
83299 
83311 
83339 


83341 
83357 
83383 
83389 
83399 


83401 
83407 
83417 
83423 
83431 


83437 
63443 
83449 
83459 
83471 


83477 
83497 
83537 
83557 
83561 


83563 
83579 
63591 
83597 
83609 


83617 
83621 
83639 
83641 
83653 


83663 
83689 
83701 
83717 
83719 


B3737 
83761 
83773 
83777 
83791 


83813 
83833 
83843 
83857 
83869 


83873 
83891 
83903 
83911 
83921 


83933 
83939 
83969 
83983 
83987 


84011 
84017 
84047 
84053 
84059 


84061 
84067 
84089 
84121 
84127 
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R2 
84131 
84137 
84143 
84163 
84179 


84181 
84191 
84199 
84211 
84221 


84223 
84229 
84239 
84247 
84263 


84299 
84307 
84313 
84317 
84319 


84347 
84349 
84377 
84389 
84391 


84401 
84407 
84421 
84431 
84437 


84443 
84449 
84457 
84463 
84467 


8448) 
84499 
84503 
84509 
84521 


84523 
84533 
84551 
84559 
84589 


84629 
84631 
84649 
B4653 
84659 


84673 
84691 
84697 
84701 
84713 


84719 
64731 
84737 
84751 
84761 


84787 
84793 
84809 
84811 
84827 


84857 
84859 
B4869 
84871 
84913 


84919 
84947 
84961 
84967 
84977 


84979 
84991 
85009 
85021 
85027 


85037 
85049 
85061 
85081 
85087 


85091 
85093 
85103 
85109 
85121 


85133 
65147 
85159 
85193 
85199 


85201 
85213 
85223 
85229 
85237 


83 


85243 
85247 
85259 
85297 
85303 


65313 
85331 
85333 
85361 
85363 


85369 
85381 
85411 
85427 
85429 


85439 
85447 
85451 
85453 
85469 


85487 
85513 
85517 
85523 
85531 


85549 
85571 
85577 
85597 
85601 


85607 
85619 
85621 
85627 
85639 


85643 
85661 
85667 
85669 
85691 


85703 
85711 
85717 
85733 
85751 


65781 
65793 
65817 
85819 
85829 


85831 
85837 
85843 
85847 
85853 


85889 
85903 
85909 
85931 
85933 


85991 
85999 
66011 
86017 
86027 


86029 
86069 
86077 
86083 
86111 


86113 
86117 
86131 
86137 
86143 


86161 
86171 
86179 
86183 
86197 


86201 
86209 
86239 
86243 
86249 


86257 
86263 
86269 
86287 
86291 


86293 
86297 
86311 
86323 
86341 


86351 
86353 
* 86357 
86369 
86371 


84 


86381 
86389 
86399 
86413 
86423 


86441 
86453 
96461 
86467 
86477 


86491 
86501 
86509 
86531 


- 86533 


96539 
86561 
86573 
86579 
86587 


86599 
86627 
86629 
86677 
86689 


86693 
86711 
86719 
86729 
86743 


86753 
86767 
86771 
86783 
86813 


86837 
86843 
86851 
86857 
86861 


86869 
86923 
86927 
86929 
86939 


86951 
86959 
86969 
86981 
86993 


87011 
87013 
87037 
87041 
87049 


87072 
87083 
87103 
87107 
87119 


87121 
87133 
87149 
87151 
87179 


67181 
87187 
87211 
87221 
87223 


87251 
87253 
87257 
87277 
87281 


87293 
87299 
87313 
87317 
87323 


87337 
87359 
87383 
87403 
87407 


8742) 
87427 
87433 
87443 
87473 


87481 
87491 
87509 
87511 
87517 


87523 
87539 
87541 
87547 
87553 


85 


87557 
87559 
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25. Numerical Interpolation, Differentiation, and Integration 


Numerical analysts have a tendency to ac- 
cumulate a multiplicity of tools each designed for 
highly specialized operations and each requiring 
special knowledge to use properly. From the 
vast stock of formulas available we have culled 
the present selection. We hope that it will be 
useful. As with all such compendia, the reader 
may miss his favorites and find others whose 
utility he thinks is marginal. 

We would have liked to give examples to 
illuminate the formulas, but this has not been 
feasible. Numerical analysis is partially a science 
and partially an art, and short of writing a text- 
book on the subject it has been impossible to 
indicate where and under what circumstances the 
various formulas are useful or accurate, or to 
elucidate the numerical difficulties to which one 
might be led by uncritical use. The formulas are 
therefore issued together with a caveat against 
their blind application. 


Formulas 


Notation: Abscissas: 1<%,< ; functions: 


fig. . <i values: fle) fof =i I,J « 
er: 


indicate 15, ivatives. If abscissas 


are equally aed Qiu—ty=h and = f(a-+ ph) 
(p not necessarily integral). R, R, indicate re- 
mainders. 

25.1. Differences 

Forward Differences 
25.1.1 


A(f,) =A,=Ai=fnei— n 
nN =Ahe1—An=fnt2—Aasithe 


A= Ani —AR=fn+3—Bfnset3fnei—tn 


oe k 
=Aryi—Ak ‘=2y 1G) Snte-s 


Central Differences 
25.1.2 


5(fntt)=On44= Ong =fati—tn 
5,=0n44—On-4=Snt1— 2a than 
5349= 084 1 ~—8=fr+2—3fnsit3fr—Sani 


gt = 2k 
on 2 ( ( j ) fates 
2k-+1 2 
= 24 (—1*( a?) faleni 


in=Aja—p if n and & are of same parity. 


Forward Differences Central Differences 


t So roy fui 
Ao 6-3 
tH ht 4G Xm fo 5 
Ai dé 53 5 
tw fe Aj m fi a 
As 63/2 
tm fs mo fa 


Mean Differences 


25.1.3 uCfn) =43 fata th na) 
Divided Differences 
25.1.4 [Xo, nate aot, Lo] 
[0,21 22] {tos a1 “4 
pete 8 


Divided Differences in Terms of Functional Values 


[2o, 21, o. i ml=DD je 


25.1.5 
fmt Tn (Le) 


877 


878 


25.1.6 where r,(x)=(t4—%) (e—21) . . . (L—2n) 
and 7,(z) is its derivative: 
25.1.7 
W n(Ly) = (L~— 2X) oe (%4—2e—1) (2e— Leg) 
-  « (Lp—Ln) 


Let D be a simply connected domain with a 
piecewise smooth boundary C and contain the 
points 2, ..., 2n in its interior. Let f(z) be 
analytic in D and continuous in D+C. Then, 


1 (_f0 4 


25.1.8 [20, 21, - Sala n 
22 Cc Il (2—z) 
k=0 
25.1.9 =hfr(—e) (Ba E< ay) 
25.1.10 
At ie fs (é) 
[tot » - l= (a9<E< an) 
25.L11 
ag" 
[pay onda; se ey Ly es -»Tnl= faa Onyl 
Reciprocal Differences 
25.1.12 


p(X, a 


p2(%o, L122) = 


Lo— V2 
P(o, %1) — p (21, 22) th 


To— X3 
3) + p(t 5) Zp) 


P3\ Xo, X1, x: 23) => ————_. 
(20, @1, 22, % f2(%o, L1,L2) — po( 41, Xe, 


aay Lo— In 
Pn(Xo, 21, oe «> Zn) Pn—1(Xo, = +yLn—1)— Pn—1(21, 2 yn) 
+ pn-2(21, oa pee) 
25.2. Interpolation 
Lagrange Interpolation Formulas 
25.2.1 F@M=2 L(x) f.4+-B, (x) 
25.2.2 
l x Fal) __ 
= Gaara) 
_ (%—2%) .. . (4—2y_-1) (4-244) . . . (Z—Ip) 
(@p— Ip) « «(Bp Bp—-1) (Mi — Bega) « . « (Le a) 
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Remainder in Lagrange Interpolation Formula 


25.2.3 
R,,(z)=7,(2) *[2o,%, .« +) Ln, X] 
n+ 
anil) FO (tote) 
25.2.4 
LR(a)| << SE max [f*?(a)| 
25.2.5 


_™n(2) St (é) 
B= c (t—2)(t—2p)... a 


(t am 2n) 
The conditions of 25.1.8 are assumed here. 
Lagrange Interpolation, Equally Spaced Abscissas 


n Point Formula 


25.2.6 f (tot ph) = 25 Ai(D) fr t+Ba-1 
1 1 
For n even, (-5 (n—2) <k< 5 n). 
For n odd, (-3 (n—1)<k< 5 (n—1))} 
25.2.7 
—1)satk n 
As()=————  ___— OH (p+ yn—t) 
("F+#)!Gn—H1@—B 
nm even. 
—1])sa-D+k 
At(p)= Sy SS 
(Fk) (Ake 
ms 
0 nt (» +"5*-t) n odd. 
25.2.8 
Bye (POMS © 
~au (p—k) As (ap<E<2n) 


k has the same range as in 25.2.6. 


Lagrange Two Point Interpolation Formula 
(Linear Interpolation) 


F(2o+ ph) =(1—p)fot pith 
Ry(p) = .125h?f (£) 1254? 


25.2.9 
25.2.10 
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Lagrange Three Point Interpolation Formula 
25.2.11 
f(a+ph)=A-sf-r+Aofot Afi ths 
PPD 54 —prfyt PEE 5, 
25.2.12 
Ra(p) ~.06584(@) ~.0654° —_(|p|<1) 


Lagrange Four Point Interpolation Formula 
25.2.13 
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oP eo) DED 5 4-e-Vier) oO 
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25.214 R,(p) = 
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O42hf(£) 04204 (—1< p<, 1<p<2) 


(t1<&<m) 


Lagrange Five Point Interpolation Formula 
25.2.15 
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agg ae 6 fu 


+£2-De Ge ori) p(P—#) f 


(p?—1) p(p+2) 
: cay eae f 


25.2.16 Rp) = 
O12hf(£) =.012A (|p| <1) 
O31Nf®(E) =.03105 = (1<|p|<2) (ta E< a) 


Lagrange Six Point Interpolation Formula 
25.2.17 
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120 = 
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12 : 
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+ 120 ts 


879 


25.2.18 

0049h°f(£) ~.0049A° 
0071h®f(£) ~.0071A° 
024hf (£) ~.024A° 


Rs(p) = 
(0<p<}) 
(—1<p<0, 1<p<2) 
(—2<p<—1, 2<p<s3) 
(t-2<§<a) 


Lagrange Seven Point Interpolation Formula 


25.219  f(mtph)= Sy AgrtRe 
25.2.20 
0025h7f (&) &.002547 = (|p|<1) 
Re(p) 4 .0046h7f (E) ~.00464" (1 p| <2) 
.019h7f% (£) =.019A" (2<|p|<8) 
(t-a<&<4) 


Lagrange Eight Point Interpolation Formula 


4 
2.2.21 f(etph)= 3) Adct Rr 
25.2.22 
O011A8f (¢) ~.0011A8 = (0< p<‘) 
(—1<p<0) 
0 8 £8) (£) = .0014A® 
RE SONS - epee) 
Er(p) = 0033hf (£) ~.0033A8 (-—2<p<—1) 
: i (2<p<3) 
8418) (£) ne 8 (-3<p<—2) 
OLR FE) ~ 0168 ip 
(t-2<é< m4) 
Aitken’s Iteration Method 
Let f(2|2,2,, . . -,2x) denote the unique poly- 
nomial of k® degree which coincides in value with 
F(z) at a, . . -, Le 
25.2.23 
= So | 
Halt.) = FF 4, ne 
= fo %—* 
F(alx; a oar ts Lg—2X 
= S (2|005 1) ae 
(| Xo, 21, %2) => f(a|2, 22) t—z 


1 


(x|2,%1,%2) %—z 
F(a, 21,22, 2) == | eins 


F(a\20,%,; Ls) %g—2 
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Taylor Expansion 
25.2.24 


$a) =fot (aw) fer = ft... 
+ Goa)" 54k, 


R= [ipo (t) ear dt 


See frre) 


Newton’s Divided Difference Interpolation Formula 
25.2.26 


25.2.25 


(m<E<2) 


$a) forty me-1(2) [aot +R, 
tm fy 
[Xo, *1] 
ay hi Xo, X1, Xa] 
(x, 2] [Xo ¥1,%2, Xs] 
tw fa [21 2, Xa} 
[22, 2a] 
Xs Sf: 8 
25.2.27 
(+1) 
Ba (2)—ra(2) [2 « «tay 2}=ma(2) 
(%o<E< Ip) 
(For 7, see 25.1.6.) 
Newton’s Forward Difference Formula 
25.2.28 
Scot Dh) fot Dbot(S ait... +(?)as+R 
Lo f, 
Ad 
vy f 1 Az 
Ai 45 
L2 f: 2 Aj 
A: 
xs fs 
25.2.29 
—pn Pp n+l1 a Pp n+i1 
Ramer t rm @a(, far 
(m<é<z,) 


Relation Between Newton and Lagrange Coefficients 
25.2.30 


Bnei) (psi) (nator 
(2)=As@2—p) 
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Everett’s Formula 


25.2.31 
F (tot ph) =(1— pif pf PPV OD) 


(p+1) p(p—]) o DAN—-1\ son 
am a it+.. -( on-+1 ) a 


+( 21") 4 Bon 


2n+1. 
=(1—p) fot pf: t+ £25¢+ Fed} + £,8 
+Fioi+ ... +Ron 
t% ff & 8&8 
& | 8 


25.2.32 
Ro,=h2n*? ( a) font?)(£) 


_{ p+n 


Aleks Dens? 
“\2n-+2 [PS + | (tin <ECI p41) 


Relation Between Everett and Lagrange Coefficients 


25.2.33 
EL.=At, E.=A8 2 F,=A®; 
Fi,=Aj F,=A§ Py=A3 


Everett’s Formula With Throwback 
(Modified Central Difference) 


25.234 
S (tot ph) =(1—p) fot phit Exhn,ot Fini +R 
25.2.35 52, =3?—.18454 
25.2.36 R=.00045|u44|-+.00061|85| 
25.2.37 
S (e+ ph) =(1—p) fot pfi t+ Exi+ Foot 
+E,55, 0+ Fain +B 
25.2.38 84 =54— .2075°-+ . 
25.2.39 R= .000032|8$|-+ .000052(64| 
25.2.40 


f(to+ ph) = (1—p) fot pfit Eo + Fob 
+ E,85+ Fbt+ Loin, o+ Fini +h 


25.2.41 9, 8°—.2188°-+.0495-+ ... 
25.2.42 R ~:0000037|u83|+ . 
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Simultaneous Throwback 


25.2.43 
f(%o+ ph) = (1 —p)fotph + £6, ot F 83, 1 
+E 0+ F851 +8 

25.2.44 8 —8§—.013128°+ .00435°—.0016” 
25.2.45 64 =6'—.278276°+ .06856°— .0165” 
25.2.46 Re .00000083 |x63| + .00000948" 

Bessel’s Formula With Throwback 
25.2.47 


f(2o+-ph)=(1—p)fotafit Bo(Sn,o+68n,1) 
— _ —i 
+ Bi+R, BPP 1) B= PP Ae 2) 


25.2.48 82,=6"—.1846¢ 
25.2.49  — R ~.00045|us$|-+ 0008735} 
Thiele’s Interpolation Formula 
25.2.50 
f@)=f(a)+ 
L—2Z, 


p(X ,%2) + 2—2 
p2(%1,22,X3)—f(t1) + 2-2 
(geeks ) 
—p(%,%2)+... 


(For reciprocal differences, p, see 25.1.12.) 


Trigonometric Interpolation 


Gauss’ Formula 


25.2.51 F(x) 3h fabel2) =ta(2) 
25.2.52 
iam sin $(a—2a) ... sin 4(a—2y_1) 
me Sin ¥(ay—2) . . . SiN 4(G— Z-1) 
sin 3(2—2,41) .. . Sin 4(2—2oq) 
Sin $(%—2e41) . . . SiN ¥(2,—Zon) 


t,(z) is a trigonometric polynomial of degree n 
such that ¢,(a.) =f: (k=0,1, . . .,2n) 
Harmonic Analysis 
Equally spaced abscissas 
%=0, Diy ss 6 Vm—1) lm = 2O 


25.2.53 


F(x) x5 at > (a, cos kx+}, sin kz) 


25.2.54 m=2n-+1 


2_ Sf, coskt; bes S*f, sink 
On Onl aust COS KY;y; ay | as: sin K2, 


(k=0,1,...,n) 

25.2.55 m=2n 

1 2n- | an=l ‘ 

=~ > J, cos kz,; b=— >) f, sin ka, 

1 r=0 nN r=0 
(k=0,1,...,7) (k=0,1,...,n—1) 
b, is arbitrary. 

Subtabulation 


Let f(x) be tabulated initially in intervals of 
width fh. It is desired to subtabulate f(z) in 
intervals of width h/m. Let A and A designate 
differences with respect to the original and the 


final intervals respectively. Thus Aj=f (w+*) 


—f(z%). Assuming that the original 5" order 
differences are zero, 


25.2.56 
bom aot Sa mt * a Co 
lnm) 2m) 3m) 
Bp, 03 3C—™) ag 
R=, As 


From this information we may construct the final 
tabulation by addition. For m=10, 


25.2.57 
Ap=.1A9—.045A2-+.0285A3—.02066A4 
Az=.01A2—.009A3-+ 00772544 
A2= .001A3— .00135A4 
As=.000144 


Linear Inverse Interpolation 


Find p, given F0(=f (oth). 


25.2.58 px lee 


882 NUMERICAL ANALYSIS 


Quadratic Inverse Interpolation Bivariate Interpolation 


25.2.59 
(fi—2fotf-)P?+ (h—-f-1)p + 2(fo—So) +0 25.2.65 


Inverse Interpolation by Reversion of Series 


25.2.60 Given f(2-+ph) = L=d a,pt 


Three Point Formula (Linear) 


25.2.61 
p=rA+ed+es+ . . .. A=(fp—A)/1 
25.2.62 Sf (%o+ ph, yo gk) =(1—p—9)fo.o 
C2=— A/a, + pf 0+ 9fo,1+O0(h*) 
= Four Point Formula 
ae (2 =) 25.2.66 
Os 52d; _5a2 
¢ ig @ a © 
_— 4% ae 3a5 14a 
C5 a; + Tar as a 


Inversion of Newton’s Forward Difference Formula 


25.2.63 F (tot ph, yo gk) =(U—p)—Q) foot pl—Mfr0 
a=fo +q0—p)foitpafis+O(h*) 
As Ao Six Point Formul. 
=A eo hs a. ix Point Formula 
ane, 3+ a 25.267 
_A3_ AE, 11a 
aga Tee e 
aa 
At 
u=xa+ os 
—l1 —1 
(Used in conjunction with 25.2.62.) F(%o+Ph, Yo gh = UG) 5, Pe F-1.0 
95.2.64 Inversion of Everett’s Formula xara +pq—p’—¢) fo.o 
a= —2Qq+1 
So F 42 et Nye 
om 3 3 tant q(g—2p+1) 
a $ LE 2PED 5, 1 past OW) 
goo 
“2 24 25.3. Differentiation 
oot 4 
_aain_gia, sca Lagrange’s Formula 
n is 
a=t4 - 25.3.1 f@=D K@frt Bile) 
— f4 4 
as= ora ; (See 25.2.1.) 
25.3.2 I, (2) =>. wa(2 


(Used in conjunction with 25.2.62.) ors (2— my) (Ba) a(x) 
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25.3.3 
(n+ 
E=E(x) (M<E< az) 


Equally Spaced Abscissas 


Three Points 
25.3 4 


f=f' (tot ph) 
={(P— BS -a—2pfot (Pt DA) +B 


Four Points 


25.3.5 
ap 1 *—§p+2 | 
fafa phy—p4 AP EPL? 
3p’—4p—1 3p?—2p—2 
+2 het tee 
7. : 
+31 5 bars 
Five Points 
25.3.6 


Haft pip { “PEP ys, 


3 8p +4 2p3—5 
1p’ Spr—ep 4 y 4 2b, 


te te" —8p— 4, 


3 
22a, 


For numerical values of differentiation coefhi- 
cients see Table 25.2. 


Markoff’s Formulas 
(Newton’s Forward Difference Formula Differentiated) 


25.3.7 
1 1 2p— 
fot ph) =F] Ay +=# 
— 
4.3? Sete 


1 a3 


At... +7 (?) as +R. 
25.3.8 


t_epngs(n @ Dp n Dp d n 
Rawr sr (2 a (2 SZ pow 
(a<é<a,) 
25.3.9 Att... 


! 1 1 1 
hfo=Ao—5 As+s Aa—F 


833 
(2: 2 3 11 4 5 
25.810 hif?=A}—AS+75 AS—> ARY 
25.3.11 
3 7 15 
WIP = O85 AS+ 3 AB— ART... 
25.3.12 
BY A$ 208+ LB —FAsL 
25.3.13 


APF =Aj—2 as 5 az 35 


GAct -. 


Everett’s Formula 


25.3.14 
hf" (aot ph) =~ —fort fy—2Z OPT? 94 3? op 
_ 5pt—20p*+ 15p?+10p—6 a oP —15p’ +4 5 
120 120 
ene enc 
25.3.15 


j 1 1 1 1 
hfo~—fothi—3 oo ato do+35 5 


Differences in Terms of Derivatives 


25.3.16 
domhfsth (P45 (P45 +E I 


25.3.17 
Aix RYO AYO +S aie +3 Refi) 


2.3.18 ARRAY +3 AYLO+2 F 
25.3.19 AS hip 4 OhFf 
25.3.20 ho 

Partial Derivatives 
25.3.21 


Sans (f1.0—F 1,0) + OCH?) 
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25.3.2 


Ofo,o 1 goa —_ 2 
B08 (fra—foarths.-1—$-1, 2) +O) 


25.3.23 
foo! 2 Oh? 
7 he (fi.0— fo, otf -1,.0) + (h?) 
25.3.24 
7fo,0 


1 
Ox? TOK (—fe,o+16f1,0—30fo,0 
+16f_1,0—f-2,0) +O(h4) 


25.3.25 


"fy 
slats (fur Bort Sarthe Bfoot S10 


+hi,-1—2fo, -1 +f -1,-1) + O(h) 


25.3.26 


setae 4h? hati sa a) FOR) 


25.3.27 


st at hi, otf -1, ot fo, itfo, -1 


—2fo,0—f1.1—F -1, ~-1) +0(h*) 


25.3.28 


F002 (fuo—Afuot Gfoo 4h not F-n0) + 008% 


25.3.29 


rae ~~ a th od =i ith, -utf-1, =-1 


—2f1,0—-2f-1,0—2fo,1—-2fo, -1+4fo,0) +0(h’) 
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Laplacian 


25.3.30 


O7u , Oru 
Vucom (oat a so 
= (U1, o+Uo,1-+ U1, 0+ Mo, -1—4Uo, 0) +O (h?) 


25.3.31 


1 
Vuo.0= Tope [— 60 eo, +16 (t,o +%o,1+&-1,0 +o, -1) 


— (U2, o+Uo, 2+ U-2, o-+ Uo, -2)] + Oh‘) 


Biharmonic Operator 


25.3.32 


Vito, (S442 


Otu | Otu 
Soy t dof ), 0 


=a [20%, o— 8(U1, 0+ Uo, 1-4-1, o-+ tho, -1) 


$2 (t,1-U1, -1-FU-1,1 FU -1, -1) 
+ (Uo, 2+ Ue, oF U-2,0-+ Uo, -2) ] + O(A?) 


25.3.33 


1 
V'lloo= B73 [— (to, 3+ Uo, ~3tUs,o+U-s,0) 


+14 (Uo, 2+ Uo, 2+ U2, o-+U-2,0) 
—77 (Uo,1+Uo, -1+ U1,0+%-1,0) 
+184, 0+20(t1, 121, -1 + U-1,1+FU-1, -1) 
— (ty, 22,1 Uh, 2b Ue, -1 bU-1 22,1 
+U-1,-2+%-2, ~1)]+O(h') 
25.4. Integration 


Trapezoidal Rule 
25.4.1 


J. ferdemp Got 0-5 [tad eos" 


=} (fot Fi) © (%<E<N) 
Extended Trapezoidal Rule 
25.4.2 
if f(ode=h [4+ ee faitt| 
79 
mh® -,, 
a7 f'@) 


Error Term in Trapezoidal Formula for Periodic 
Functions 


If f(z) is periodic and has a continuous k™ 
derivative, and if the integral is taken over a 
period, then 


25.4.3 |Error |< 
Modified Trapezoidal Rule 
25.4.4 
[sean [Brit ... +h Z| 
%q 


ay (- farthithn-1 — fal ae WF (8) 
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Simpson’s Rule 


25.4.5 
{ f (2)da=4 [fot 4hi thal 
+h f (to—t)?(a—t)f (t)dt 


+5 f° @—Oer—os(oae 
= tithes 


Extended Simpson’s Rule 
25.4.6 


[opera fot thot «Hana 


+2(fot hit .-- + on-1) Haale F(8) 


Euler-Maclaurin Summation Formula 


25.4.7 


[CrerdemiBtitiet th] 


_ Bah 
(2k)! 


_# Wf, —fo) — ue 1) —fP*-")+Re 
On Bo 42h?**8 
(2k+2)! 


(For B.,, Bernoulli numbers, see chapter 23.) 

If f(z) and f“*(z) do not change sign for 
mwy<2“2<2, then |Rx| is less than the first neglected 
term. If f(z) does not change sign for 
<L<2n, |Rox| is less than twice the first neglected 
term. 


Ru= max | f2+2"(z)|, 


ZySTLIn 


(—1<6<)) 


Lagrange Formula 


25.4.8 
» 


[fod QL O-LY OR, 
(See 25.2.1.) 
25.4.9 

L} (x)= 


* a, (t) ~{" 
(Zs) 29 t—2, at 2 U(t)dt 


25.4.10 R=Gaepi cian (é (2))dx 


Equally Spaced Abscissas 
25.4.11 


J. “faddem=ps 3 f, se [2 aetR, 


i(n—i)! J, 
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25.4.12 f “m+ ta dexh 5 4 Amc ‘ 
Im i= —[** 


(See Table 25.3 for A,(m).) 
Newton-Cotes Formulas (Closed Type) 


(For Trapezoidal and Simpson’s Rules see 25.4.1- 
25.4.6.) 


25.4.13 


(Sim pson’s 3 rule) 


s. S(a)daass (fot 3fit 3f2t+fs) 8f or 
25.4.14 (Bode’s rule) 
J. f(ada= 2 » (Ifo Bf: +12, 
Bf (ERT 


+32f.+7f)—~ og 
25.4.15 


f  faddagn (IMfot T5fit 50fs+50fs 


275f (E)h? 


25.4.16 

[ Heondem sig AMfot Uf +27fs+272f, 
+27f,+-216f;+-41f Se 
25.4.17 

[fou (751 fo-+3577 f, +1323 f2 


+2989 f3+2989/,+1323/;+3577 fe 


8183f © (Eh? 
+751f7)— 518400 


25.4.18 


zg 4h 
f "fladdemqi7g O8Mfo+ S888f.— 28h 


+10496f,—4540f,-+10496/,—928fs+5888f; 


2368 poy rey p11 
ae7775! @)h 


+980f,)— 
25.4.19 
f. ; Ha)da= or {2857 (forse) 


+15741 (fi tf) +1080(fatfz) +19344 fa +fs) 


HSTIE FAA) —Zeag hor OR" 


*See page II. 
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25.4.20 
ie 16067 ) 
J St (deste { (fothro 


+-106300(f1+f2) —48525 (fo-+fs) +272400(f2+s2) 
—260550(f1+-e) +427368/5} 


1346350 sy .p19 
—3pe0iss0n7 eA 


Newton-Cotes Formulas (Open Type) 
25.4.21 


[rea rtm +2 F 

25.4.22 

[serdemtt of p29) + EGE 
25.4.23 

f. f(adz=3t haiti tfotfet fs) a ee 

25.424 
Jf feoa=sy (11f,—14f.+26fs—14f,+11fs) 
25.4.25 


f f(a)dem lh (611f1—453f2+ 562/,+562f, 


—453f,+611fe) + pera FOR 


25.4.26 
78 8h 

i) J (a)da= Fe (460f:—954f2+2196f,—2459f, 
Zo 


+2196/5— 954fo+ 460f:) +e FO EDR 


Five Point Rule for Analytic Functions 


25.4.27 


Zo+ ih 
Zo 

Zo~ h Zoth 
Zo7 ih 


[ fou=z {24f (29) +4[ f(2o+h) +f (2o—A)] 


—[fZo+th) +f(zo—th)]} +B 


lal’ 
|B] <7 399 M 
wiih vertices cobb k= 0,1,2,3); Acan be complex. 


Max |f(z)|, S designates the square 


Chebyshev’s Equal Weight Integration Formula 


1 n 
25.4.28 f Hada? Sse) +R, 
-1 = 


Abscissas: 2, is the i” zero of the polynomial part 


gy” ex oe > 8 
Plo32 458 67a! ° °° 
(See Table 25.5 for z,.) 


For n=8 and n>10 some of the zeros are 
complex. 
Remainder: 


Hiogntt 
R= f Gps Gade 


aati ey este 
where §=£(z) satisfies O0<§<-z and 0<£,<2, 
(i=1,...,7) 
Integration Formulas of Gaussian Type 
(For Orthogonal Polynomials see chapter 22) 


Gauss’ Formula 
1 n 
25.4.29 f fizdr= 3 wif la) +R, 
~1 i=1 


Related orthogonal polynomials: Legendre poly- 
nomials P,(x), P,(1)=1 


Abscissas: 2, is the 7™ zero of P,(z) 


Weights: w,=2/(1—27) [Pi (2) }? 
(See Table 25.4 for x, and w,.) 


Dent 1 (nt)4 


(2n-+ 1) [(2n)!}* 


Gauss’ Formula, Arbitrary Interval 


b = n 
25.430 [ f(y)dy="52 3 wily.) +Re 


nC 


R,= sfOM(E)  (—1<E<1) 


*See page 11. 
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Related orthogonal polynomials: P,(z), P,(1)=1 
Abscissas: 2, is the i“ zero of P,(x) 

Weights: wy=2/(1—27) [P,(z)P 

(b—a)?"*1(n!)4 


Fo On-FI@n)!P 


tf (2n) ( £) 


Radau’s Integration Formula 
25.4.31 
1 n—1 
fi) f@de=5 +E wd @)+R, 


Related polynomials: 


P,,-1(2) +P,,(z) 
z+1 


Abscissas: x, is the i™ zero of 
P,,-1(2) +P, (2) 
z+1 
Weights: 


1 1 
i—z, —2, [Pa-1(2,) ? 


1 1— AT 
ne (P,-1(t0F 1(2) ie 


Remainder: 


Ra [ae —ayip (DFP (—1<¢<1) 


Lobatto’s Integration Formula 


25.4.32 


fsoamz 2 YO+H-0I 
+5 wis (t+, 


Related polynomials: P},_,(z) 
Abscissas: z, is the ({—1)* zero of P',_;(z) 


Weights: 
2 


n@—WiPrateoe *tn 


Wy 


(See Table 25.6 for x, and w,.) 


Remainder: 


_—n(n—1)827*-[ (n—2)!]4 Qn—2) 
b= — on yia@a—aip 
(—1<&<1) 


*See page Il. 


25.4.33 1 kd 
f vf (2)da= > wif(ty+Ra 


Related orthogonal polynomials: 


Qn(t) =Vk+2n-+1P* (1—22) 
(For the Jacobi polynomials P,* see chapter 22.) 
Abscissas: 


z, is the i™ zero of g,(z) 


w= {Ss tater ; 


(See Table 25.8 for z, and w,.) 


Weights: 


Remainder: 
£2 6) ni(k-+-n) VP 
osm (k+2n-+1) (2n)! ean | (0<é<1) 
25.4.34 


1 n 
f T(x) v1 a da= >) wi(t)+Rh, 
Related orthogonal polynomials: 


Pong (vi—2z), Ponii(1)=1 


1 
yl—z 


Abscissas: 2,= 
zero Of Pon+;(x). 
Weights: w,=2#w/"t? where wf"t” are the 
Gaussian weights of order 2n+1. 

Remainder: 


2e+3{ (2n-+1)!]4 
~~ @n)!(4n-+3)[(4n-+-2) 17 


25.4.35 


1—#} where &, is the i positive 


FO) O<EKY 
$e P=vay=0-a)"” $ ww) 


y:=a-+ (b—a)z, 


Related orthogonal polynomials: 


FP (vi—2), Poy =1 


Abscissas: 2,= 
zero Of Pon4;(x). 
Weights: w,=2gw?*t where wi"*) 
Gaussian weights of order 2n+1. 


1—& where & is the i“ positive 


are the 


NUMERICAL’ ANALYSIS 


25.4.36 f i d= 3 w fla) +Re 


v 1—2z 
Related orthogonal polynomials: 
Pon, (vi—2), P2,(1)=1 


Abscissas: 2,=1—#3 where £, is the 2" positive 
zero of Po,(2). 
Weights: w,=2w??”, wi?” are the Gaussian weights 
of order 2n. 
Remainder: 
2+! [(2n)! 
=F (anes 


(0<é<)) 


"AD 5 7S R 
25.4.37 f. Tony vb a>) wi(y th, 
yi=a-+ (b—a) a, 
Related orthogonal polynomials: 
Poy(¥1—2) ,Pon(1)=1 


Abscissas: 
z,=1—&} where £, is the i” positive zero of P2,(z). 


Weights: w,=2w!?”, wf” are the Gaussian weights 
of order 2n. 


25.4.38 f * _f(@) 
-1 


1-2’ 


dz= > wif (a) +R, 


Related orthogonal polynomials: Chebyshev Poly- 
nomials of First Kind 


1 
T,,(2) L,(1) pai 
Abscissas: 
_ (2i—1)x 
i= C08 > 
Weights: 
apes 
on 
Remainder: 


R.=Gpger®) (-1<e<1) 


25.4.39 
«Viy—a)(b—y) 


b pon 
yobs tet, 


"LO Sw fy) +B, 


1 


Related orthogonal polynomials: 
T,(2),T.()=sm 


5aat 


889 


Abscissas: 
- (2i—1)7 
21=CO8 a 
Weights: 
Tv 
w,=- 
n 
25.4.40 


fi s@ vi-Fde= 3 wilt) +h, 


Related orthogonal polynomials: Chebyshev Poly- 
nomials of Second Kind 
U () = 32 ((7+1) arccos 2] J 
nw’ sin (arccos 2) 


Abscissas: 

A * 

os 4 
2,= COs — +17 
Weights: 
* 
Ww = nm sin? aa T 
Remainder: 
R= Gp Bar f°") (-1<é<1) 

25.4.41 


[. Vo=9 =D sardy=(752) Fwd od +R 


yobs 


Related orthogonal polynomials: 


U (2) =8i0 {(n+1) arecos z] 
uw sin (arccos 2) 


Abscissas: 
; @,=—COos m+ v 
Weights: 
sa fe ‘ 
wal sin n+ v 


25.4.42 ii H(2) Vie-d wf(edtRn 


Related orthogonal polynomials: 


as 


Vi Tent (vz) 


Abscissas: 


Weights: 


*See page 1. 
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Remainder: 


R.=Gpypent” (€) 
25.4.43 


(0<é<1) 


b en n 
J 10) [F8 te=6—-«) F wf 0+ Re 
yi=a+ (b—a) zy 
Related orthogonal polynomials: 


3 Tones VD) 
Abscissas: ; 
£4=COs? sR 
2n+1 2 
Weights: 
2 
Oot 


25.4.4 f hace f(@)de=3 wif (t) +R, 
: = 


Related orthogonal polynomials: polynomials or- 
thogonal with respect to the weight function —In z 
Abscissas: See Table 25.7 

Weights: See Table 25.7 


25.4.45 
f. " ef a)d2= 3) wif le.) + Re 


Related orthogonal polynomials: Laguerre poly- 
nomials L,(z). 
Abscissas: 2, is the 7“ zero of L,(z) 


Weights: 
w= ae 
(n+1)*[Ln+1(21)] 
(See Table 25.9 for x, and w;.) 
Remainder: 
= ETP @ — O<t< =) 
25.4.46 


[oe *pade= ZS wif(e) + Re 


Related orthogonal polynomials: Hermite poly- 
nomials H(z). 
Abscissas: 2, is the i zero of H(z) 


Weights: 
2° In) lr 
nH, -1(2) 
(See Table 25.10 for x, and w;.) 


*See page i. 


Remainder: 


R= ZtA™ some) 


27(2n 2"(2n)! (—o<é< @) 


Filon’s Integration Formula 3 


25.4.47 
f ” f(a) cos tz dr=h [ eth) (fo Sin tro, 
—fo sin ta) +8(th) -Cont+y(th) + Cons 


+3 Sins |-R, 
25.4.48 


n 
Con= 25 for COS (tX21)—31fon COS t22n+fy cos EX] 
i= 


25.4.49 
Con1= 25 for-1 COS EXq4_1 
25.4.50 
Son- =e >, Sin £241 
25.4.5] 
Ba=pqnh'f (E)-+0(0K" 
25.4.52 
1. sin 262 sin? @ 
(= 9+ 398 e 
8(6)=2 hee Pan 
>(0)=4 inte 6 


For small 6 we have 


25.4.53 
28 26° | 26" 
O45 315 | 4725 
2.26? 464  2¢8 
B= 315 1 567 
4 26? 6° 
w=3 15 on T3407 °° 
25.4.54 


[se sin tzdz=h| a(th) (fo cos t%—fon COS EX2n) 
79 

+68 00+Smatz thOhy-1 [Rs 
25.4.55 


Su= 3 Soe Sin (é224) ~; [Fon SiN (£222) +fo sin (€2)] 


3 For certain difficulties associated with this formula, 
see the article by J. W. Tukey, p. 400, ‘On Numerical 
Approximation,” Ed. R. E. Langer, Madison, 1959. 
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25.4.56 Som 1= 24 fas-1 sin (¢2%2;4~1) 


25.4.57 Co = FH2-1 COS (t224_1) 


(See Table 25.11 for a, 8, y.) 


Iterated Integrals 


25.4.58 


x ty tg to 
f dt, i dicaesi f dt, f F(tdt, 
0 0 0 0 


| =a J eon yea 
25.4.59 


z tn tg to 
i) dt, ih Teas f dt, f H(ty)dt, 


(z—a)” 


1 
a NS n-1 — (prp— 
(aati)! f t”-'f(a—(a—a)t)dt 
Multidimensional Integration 


Circumference of Circle I: 2?+y’=h?. 


25.4.60 


1 1 2 ™m , . aN 
ah [Jono=s 3 (ih cos h sin =) 


+0(Wen-9) 
Circle C: 2’?+y?<h?. 


25.4.61 


ap f [ Sendnty=B ws ey) +R 


(ty) W4 
(0, 0) 1/2 R=O(h‘) 
(44,0), (0, +A) 1/8 


(x4, yi) Wi 


(+34) 1/4 R=O(h) 


(14, Ys) Wi 
(0, 0) 1j2 
(+h, 0) 1/12 R=O(h‘) 


(+345 3) 1/12 
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(24 ys) W4 
(0, 0) 1/6 
(+h,0) 1/24 R=O(h°) 
(0, +h) 1/24 
hiokh 
(+ 33) 1/6 
(x4, Y) Wi 
(0, 0) 1/4 
(22 h, 0) 1/8 R=0O(h') 
( + i hte 2) 1/8 
(24,43) Wi 
(0,0) 1/9 
(528s 00s 3 cos —— ame ay ee =16 5, si in ie) 16+ v6 
360 
(k=1, .. .,10) 
( ye h cos 2 ee mee “a 16— 6 
360 
R=O(h”) 


Square‘ S: |z/<h,lyl<h 
25.4.62 


] n 
ae, F(z, y)dady= > wf (tyYN+tR 


(14,491) Ws 
(0,0) 4/9 
(4h, th) 1/36 R=O(h‘) 
(+h,0) 1/9 
(0, +h) 1/9 
(24, Y1) 

(28/3 = af) R=O(h‘) 
(24,42) WW, 
(0,0) 16/81 


‘For regions, such as the square, cube, cylinder, etc., 
which are the Cartesian products of lower dimensional 
regions, one may always develop integration rules by 
“multiplying together” the lower dimensional rules. Thus 


fi'flerdom Dy was es) 
0 f=1 


is a one dimensional rule, then 


1f1 n 
f f, f(z, y)dedy= oo ww; f (xs,24) 


becomes a two dimensional rule. Such rules are not 


necessarily the most ‘‘economical’’. 
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(,/2 hfs h) 25/324 


R=O(h') 
3 10/81 
(0,4,/2 h) 0/8 
3 ; ” 
(4 yi: h,0) 0/81 
Equilateral Triangle T 
Radius of Circumscribed Circle=h 
25.4.63 (4, Ys) Ww: 
s Jf fended =Z wifleny+R (0,0) 270/120 
es (4) a0) 
] Mee 165—V16 
: = 1200 
(=3tt vi5 Et) h, p00 
aa «(2 
| aac 
! 155+15 
1200 
(24,41) Ww, (8 v15=1) 5h) 
(0,0) 3/4 
(h,0) 1/12 aa Regular Hexagon H 
heck Radius of Circumscribed Circle=h 
—=yt- 1/12 
( 2 8) j 25.4.64 
n 
5 ffrevaudy=3 when yd+k 
5 V8h? “et - 
anes is | 
\ 
f 
I 
' 
| -_—_— =~ = 
(24,Ys) W 
(0,0) 27/60 
(h,0) 3/60 
($45 3) 3/60 R=O(h‘) (X41, Ys) Wt 
(0,0) 21/36 
(-4 0) 8/60 
(45 ye 3V3) 5/72 R=O(h‘) 


hh 
g+4 3) 8/60 (+h,0) 5/72 
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' (24,44, 24) Ww; 


3 (2y3 hyt/s h,0) 
_ - (+3 i,0,44/3 4) 1/15 
! (0,443 ha) h) 


R=O0(h' 
(4,42) Wi (+h,0,0) ( ) 
(0,0) 258/1008 (0, -h, 0) 1/30 
(+4 via, £% vB) 125/108 R=O108 (0,0, +h) 
(x Ye Ww 
(4h =, 0) 125/1008 pine ; 
1 1 1 
ait ba = 
Surface of Sphere 2: 2?+y’+2?=h? (2y3 : +f A, + v5 a) 27/840 
25.4.65 1 i 
: , ( i 3 h, +} h,0) 
Anh? [fread Wf (L1,Y1,2.) +h 


( afi h,0, + Vi h) 32/840 R=O(AS) 


UT 


(0, +h,0) 40/840 
(0,0, +h) 
Sphere S: 2?+4?+2?<H? 


(BYey2s) We 25.4.6 

(+h,0,0) 1/6 — ; . 

(0, +h, 0) 1/6 ae ae SJ Jace 2)dadyd2== >" Wf (21,Ys, 2) +R 
3 


(0,0, A) 1/6 


ay | Re 
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(24, Ys; 24) Wy; 


(0,0, 0) 2/5 
(+h,0,0) 1/10 
R=O(h) 
(0, +h,0) 1/10 
(0,0,+h) 1/10 
Cube®C: |a|<h 
lylsh 
le|Sh 


25.4.67 


as [[ [reuerdaiyde 3 wo (en420+P 
Cc 


(21, Ys, 24) Ws 


(+h,0,0) 1/6 


R=O(h') 
(0,+h,0) 1/6 


(0,0,+4) 1/6 
25.4.68 
1 
ae A S(x,y, 2)dadydz 
Cc 


= aa [—496fn +1285 0 f;+82 55; +520 f0]+ O(h) 
25.4.69 


= 755 (MDL —ADI HED LI+ Ow") 
where f,,=f(0,0,0). 


5 See footnote to 25.4.62. 


895 
> f,=sum of values of f at the 6 points midway 
from the center of C to the 6 faces. 


> fy=sum of values of f at the 6 centers of the 
faces of C. 


>of,=sum of values of f at the 8 vertices of C. 


> f.=sum of values of f at the 12 midpoints of 
edges of C. 


> fa=sum of values of f at the 4 points on the 
diagonals of each face at a distance of 


5vBh from the center of the face. 


Tetrahedron: 7 


25.470 


vl [frau a)dadyde= Dhtg 2st 
re 


+terms of 4 order 
32 1 4 
=3 fatgg beta Lh 


+terms of 4" order 


where 
V: Volume of ZF 


>f,: Sum of values of the function at the vertices 


of J. 
S“f-: Sum of values of the function at midpoints 
of the edges of 7. 


> fr: Sum of values of the function at the center 
of gravity of the faces of 7. 


fm: Value of function at center of gravity of J. 
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25.5. Ordinary Differential Equations’ 
First Order: y’=/(z, y) 


Point Slope Formula 


25.5.1 Yari=Yathy, +O) 
25.5.2 Ynt1=Yn-1+ 2hy,+ O(h’) 
Trapezoidal Formula 
h , i 
Adams?’ Extrapolation Formula 
25.5.4 


Unset oh (55y;,— 59y,-1+37yn,-2—9Yn—a) +0(h) 


Adams’ Interpolation Formula 


25.5.5 


Uns =Unrt oy (9yn41+19y,—5y,-1+-Yn-2) + O(h) 


Runge-Kutta Methods 
Second Order 


25.5.6 
Uni=taty (ithe) +000) 
ky =f (Gn, Yn) ko=hf (Lath, ya thi) 
25.5.7 
Yn41=Yn thet O(h ) 
=f se.) l=hf( x ae +5 41) 
ny Gni 9 n 2 Gn 9 1 


Third Order 
25.5.8 
=o te byte hath ky +OUR) 
Ynt1=Yn Bra Meg Ks 


1 1 
x=hf nse) lah (to $5 bya bs ba) 
ks=hf (Cath, Yn—h + 2k) 
5The reader is cautioned against possible instabilities 


especially in formulas 25.5.2 and 25.5.13. See, e.g. 
[25.11], [25.12]. 


25.5.9 
ate ; 
Ynti=IntZ kn+3 kgs+O(h ) 
ky=Nf (fn, Yn), e=hf (z+ hues ii) 
ka=hf («+3 huwts ks) 


Fourth Order 
25.5.10 


Yor =artg bite kets kote ket OCH) 
ly =hflants) dah (a t5 bite ty ta) 
1 1 

ba (at 5 havnt hs) keh tat hy ta tha) 
25.5.11 

ee er ee ee ; 
Ynti=Ints kits lots kets kt+O(h') 

=H (oust) shah (ta-+3 by uarty he) 


ka=hf (a+5 Yas hth) 
ky=hf (tn th, ynthi—ketks) 


Gill’s Method 
25.5.12 


Yari=Uartg (lit? (1-4/8) kes 
$2 (1+4)2) bth) +00 
by=hf (an, Yu) 
ey, (a-+5 hy ats hi) 
boht (a+b, ue+( gta) h 
+(1-¥3)#) 
ke=bf (24+h,tm —a/d ke+(1+4/3) bs) 


Predictor-Corrector Methods 


Milne’s Methods 
25.5.13 


P: Unti=Unat (2Yn—Yn—1+2Yn—2) + O(h') 


C Yar =Uar tS Vist duction +000) 


NUMERICAL 


25.5.14 


3h ' , 
re Yn4+1=Yn- stig (Ql ly, Pm 14Y,-1 
+26yn-2— 14yn-a tL yn-s) + O(R’) 
2h ins ' 
C: Ynri=Yn—st Ze (7Yyn41t82yn 
412y,-1+32yn-2+7yn-3) +O (h’) 
Formulas Using Higher Derivatives 


29.5.15 


Py Ynt+1=Yn-2t+3(Yn—Yn-1) +H (Yn —Yn-1) +0(h') 


C: Yati= unt (YrtitYyn)— 
25.5.16 


r = (flea Yn ’) +0(h) 


Pr Yn41=Yn-2+3(Yn—Yn- +e (yf! ty!) + O(K?) 


C: = +h ¢ , + ry DOS eR, a 
> Yat1=Yn 2 Yativ Yn 10 Ynti— Yn 
are ae 7 
+, (yl? ty! )+0(h’) 


Systems of Differential Equations 
First Order: y’=/(z,y,2), 2’=g(z,y, 2). 


Second Order Runge-Kutta 
25.5.17 


Yau=Uats (eth) +0), 
1 
enti 2a b5 (1; +12) +O(h') 
ky =hf(an, Yn 2n); L, =hg(ta,Yn 2.) 
kne=hf(a, +h, Ynthi, Z2a+h), 
L=hg(tath,yath, ent) 


Fourth Order Runge-Kutta 
25.5.18 


Yori =tnetg (kit 2he + Bhs the) +O(H°), 
enmeaty (+ 2le 42, +1) +008) 
Ky=hf(@nyYny2n) >= hg (Tn, Yny Zn) 
b=hf (cot5 huaty hven tS h) 


lL=hg (a+% tate ante 
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1 1 1 
kj=hf (+3 h,ynts ke, Zat5 ln) 


ls=hg (ath unt Bs ante 
BW Gar deb aet 


Le=hg(tnth, Yak, 2n+ le) 
Second Order: y’’=/(z,y, y’) 


Milne’s Method 
25.5.19 


Pr Yns1=Yn- +2 Mout! 4 —Ynert+2yn) +O(h) 
Cc. ton=thits (yn 1 t4yh + yo) +O) 


Runge-Kutta Method 
25.5.20 


ton=veth| vets (eth ths) |+00" 
Yar =oitE (hit 2ket2ksthy) 
ky=Af (tn, Yns Yn) 
ki 
Li=hf (oth buat g Ute hvvets 


b= hf (ta-+5 bute yth te) * 


bhi (aathyya tlyet§ baste) 


Second Order: y’’=f(z,y) 


Milne’s Method 
25.5.2] 


Ps Yn41=YntYn-2— Yaa 
+e (Sy, +2yn_1+5yn-2) + OCR) 
Co Ya=2tn—1— Yana tS (ul +10y ys +962) +009) 
Runge-Kutta Method 


25.5.22  Yan=tath( vats (lr t2he) + O(0) 
Yo =Uatg hits kote he 
ky=hf (tn, Yn) 
bhi (aot rath votg hy) 
kg=hf (a thurtlasts ks). 


*See page Il. 
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0.50 
—p 


See 25 


A_1 
-0,00000 
-0.00495 
-—0,00980 
-0,01455 
-0.01920 


-0,02375 
-0,02820 
~0,03255 
-0,03680 
-0,04095 


-0.04500 
~0.04895 
~-0.05280 
-0,05655 
-0,06020 


-0,06375 
-0.06720 
~0.07055 
-0.07380 
-0,07695 


-0,08000 
-0.08295 
-0,08580 
-0.08855 
~-0,09120 


-0,09375 
~-0,09620 
~0,09855 
-0.10080 
-0,10295 


-0.10500 
~0,10695 
~0.10880 
-0.11055 
-0,11220 


-0,11375 
-0.11520 
-0,11655 
-0.11780 
-0.11895 


-0.12000 
-0.12095 
~0.12180 
-0.12255 
-0,12320 


-0,12375 
-0.12420 
~0,12455 
-0,12480 
-0.12495 


~0.12500 
At 


2.6. 


A}(p)=(-D)e+1 


Ao 
1.00000 
0.99990 
0.99960 
0.99910 
0.99840 


0.99750 
0.99640 
0.99510 
0.99360 
0.99190 


0.99000 


0.98790 
0.98560 
0.98310 
0.98040 


0.97750 
0.97440 
0.97110 
0.96760 
0.96390 


0.96000 
0.95590 
0.95160 
0.94710 
0.94240 


0.93750 
0.93240 
0.92710 


- 0.92160 


0.91590 


0.91000 
0.90390 
0.89760 
0.89110 
0.88440 


0.87750 
0.87040 
0.86310 
0.85560 
0.84790 


0.84000 
0.83190 
0.82360 
0.81510 
0.80640 


0.79750 
0.78840 
0.77910 
0.76960 
0.75990 


3.75000 
Ao 


NUMERICAL ANALYSIS 


Ay 
0.00000 
0.00505 
0.01020 
0.01545 
0.02080 


0.02625 
0.03180 
0.03745 
0.04320 
0.04905 


0.05500 
0.06105 
0.06720 
0.07345 
0.07980 


0.08625 
0.09280 
0.09945 
0.10620 
0.11305 


0.12000 
0.12705 
0.13420 
0.14145 
0.14880 


0.15625 
0.16380 
0.17145 
0.17920 
0.18705 


0.19500 
0.20305 
0.21120 
0.21945 
0.22780 


0.23625 
0.24480 
0.25345 
0.26220 
0.27105 


0.28000 
0.28905 
0.29820 
0.30745 
0.31680 


0.32625 
0.33580 
0.34545 
0.35520 
0.36505 


0.37500 
A_j 


p(p?—1) 
(14%) !(1—®) !(p—#) 

Pp A_| 
0.50 -0.12500 
0.51 -0,12495 
0.52 -0.12480 
0.53 -0.12455 
0.54 ~-0,12420 
0.55 -0,12375 
0.56 -0,12320 
0.57 0.12255 
0.58  ~-0,12180 
0.59 -0,12095 
0.60 -0,12000 
0.61 -0,11895 
0.62 -0,11780 
0.63 -0.11655 
0.64 -0.11520 
0.65 -0.11375 
0.66 -0.11220 
0.67 -0,11055 
0.68  -0,10880 
0.69 ~-0.10695 
0.70 -0.10500 
0.71 -0.10295 
0.72 -0,10080 
0.73 0.09855 
0.74 0.09620 
0.75 -0,09375 
0.76 -0.09120 
0.77 -0.08855 
0.78  -0.08580 
0.79 -0.08295 
0.80 -0.08000 
0.81  -0.07695 
0.82 ~-0.07380 
0.83 -0.07055 
0.84  ~-0.06720 
0.85  -0.06375 
0.86  -0,06020 
0.87 -0.05655 
0.88  ~0.05280 
0.89 -0.04895 
0.90 -0.04500 
0.91 -0.04095 
0.92 -0.03680 
0.93 -0,03255 
0.94 -0.02820 
0.95  -0.02375 
0.96  -0.01920 
0.97 -0,01455 
0.98 -0,00980 
0.99 ~-0.00495 
1.00  -0.00000 
—p Ai 


Ao 
0.75000 
0.73990 
0.72960 
0.71910 
0.70840 


0.69750 
0.68640 
0.67510 
0.66360 
0.65190 


0.64000 
0.62790 
0.61560 
0.60310 
0.59040 


0.57750 
0.56440 
0.55110 
0.53760 
0.52390 


0.51000 
0.49590 
0.48160 
0.46710 
0.45240 


0.43750 
0.42240 
0.40710 
0.39160 
0.37590 


0.36000 
0.34390 
0.32760 
0.31110 
0.29440 


0.27750 
0.26040 
0.24310 
0.22560 
0.20790 


0.19000 
0.17190 
0.15360 
0.13510 
0.11640 


0.09750 
0.07840 
0.05910 
0.03960 
0.01990 


0.00000 
Ao 


THREE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


A 
0.37500 
0.38505 
0.39520 
0.40545 
0.41580 


0.42625 
0.43680 
0.44745 
0.45820 
0.46905 


0.48000 
0.49105 
0.50220 
0.51345 
0.52480 


0.53625 
0.54780 
0.55945 
0.57120 
0.58305 


0.59500 
0.60705 
0.61920 
0.63145 
0.64380 


0.65625 
0.66880 
0.68145 
0.69420 
0.70705 


0.72000 
0.73305 
0.74620 
0.75945 
0.77280 


0.78625 
0.79980 
0.81345 
0.82720 
0.84105 


0.85500 
0.86905 
0.88320 
0.89745 
0.91180 


0.92625 
0.94080 
0.95545 
0.97020 
0.98505 


1.00000 
A_) 


Compiled from National Bureau of Standards, Tables of Lagrangian interpolation 
coefficients. Columbia Univ. Press, New York, N.Y., 1944 (with permission). 


NUMERICAL 


ANALYSIS 


FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


e eee 


OnNou hWNE OS oon ou bwWNF Oo Won W hWNH OO oan onui PWNHO WON AU hWNMEFO 


e 
Roh pata PHPHAH WWWWW W WWW bo NNN Pp NNMND Bee be et et et ooo00o ooooc”’s 


oOoo°0o°o ooo0oo ooooo SOOoe92 oOoo°ooe oo0o00 oo 


0. 50 


A-1 

0. 00000 
~0. 00328 
-0, 00646 
~0, 00955 
-0, 01254 


-0. 01543 
-0, 01823 
-0, 02094 
-0, 02355 
-0, 02607 


-0, 02850 
-0, 03083 
~0. 03308 
-0, 03524 
~0, 03732 


-0. 03931 
-0. 04121 
-0, 04303 
-0. 04477 
-0, 04642 


-0. 04800 
-0, 04949 
-0. 05090 
-0. 05224 
-0. 05350 


-0. 05468 
-0, 05579 
-0, 05683 
-0. 05779 
-0, 05868 


-0, 05950 
-0, 06024 
-0, 06092 
-0. 06153 
-0. 06208 


-0, 06256 
~0, 06297 
-0, 06332 
-0, 06361 
-0, 06383 


-0. 06400 
-0. 06410 
-0, 06414 
-0, 06413 
-0. 06406 


-0. 06393 
~0, 06375 
~0, 06352 
-0, 06323 
-0. 06289 


-0. 06250 
Ag 


Aj(p) =(—1)#+2 


Ao 
1. 00000 
0. 99490 
0. 98960 
0. 98411 
0. 97843 


0.97256 
0. 96650 
0. 96027 
0. 95385 
0. 94726 


0. 94050 
0. 93356 
0. 92646 
0. 91919 
0.91177 


0. 90418 
0. 89644 
0. 88855 
0. 88051 
0. 87232 


0. 86400 
0. 85553 
0. 84692 
0. 83818 
0. 82931 


0. 82031 
0. 81118 
0. 80194 
0. 79257 
0, 78309 


0. 77350 
0. 76379 
0. 75398 
0. 74406 
0. 73405 


0. 72393 
0. 71372 
0. 70342 
Q. 69303 
0. 68255 


0. 67200 
0. 66136 
0. 65064 
0, 63985 
0. 62899 


0. 61806 
0. 60706 
0. 59601 
0. 58489 
0. 57372 


0. 56250 
Ai 


p(p?—1)(p—2) 


(1+k)!(2—k)p—k) 


Ai 
0. 00000 
0. 01004 
0, 02019 
0, 03043 
0, 04076 


0. 05118 
0. 06169 
0. 07227 
0, 08294 
0. 09368 


0.10450 
0.11538 
0.12633 
0.13735 
0. 14842 


0.15956 
0.17075 
0.18199 
0.19328 
0. 20462 


0. 21600 
0. 22741 
0. 23887 
0. 25036 
0. 26188 


0, 27343 
0. 28501 
0. 29660 
0, 30822 
0. 31985 


0. 33150 
0. 34315 
0. 35481 
0. 36648 
0. 37814 


0. 38981 
0.40147 
0, 41312 
0. 42476 
0. 43639 


0. 44800 
0. 45958 
0.47115 
0. 48269 
0. 49420 


0. 50568 
0.51713 
0. 52853 
0. 53990 
0.55122 


0. 56250 
Ao 


As 

0. 00000 
-0. 00166 
~0. 00333 
~0, 00499 
~0. 00665 


-0, 00831 
~0, 00996 
-0. 01160 
-0. 01324 
~0, 01487 


~0, 01650 
-0, 01811 
-0. 01971 
-0, 02130 
-0, 02287 


~0. 02443 
-0. 02598 
~0. 02751 
-0, 02902 
-0. 03052 


-0, 03200 
-0. 03345 
~0. 03489 
-0. 03630 
-0. 03769 


-0. 03906 
~0. 04040 
-0, 04171 
-0. 04300 
-0. 04426 


~0, 04550 
-0. 04670 
-0. 04787 
-0, 04901 
-0, 05011 


~0, 05118 
-0. 05222 
~0, 05322 
-0. 05418 
~0. 05511 


-0. 05600 
-0. 05684 
-0. 05765 
~0. 05841 
-0. 05913 


-0, 05981 
-0. 06044 
-0. 06102 
-0. 06156 
-0, 06205 


-0, 06250 


-1 
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NUMERICAL ANALYSIS 


FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 
p(p?—1)(p—2) 


A-1 
0. 00000 
0. 00166 
0. 00333 
0.00499 
0. 00665 


0. 00831 
0. 00996 
0, 01160 
0. 01324 
0, 01487 


0. 01650 
0, 01811 


0, 01971 


0, 02130 
0. 02287 


0. 02443 
0, 02598 
0. 02751 
0. 02902 
0. 03052 


0. 03200 
0. 03345 
0. 03489 
0. 03630 
0. 03769 


0. 03906 
0, 04040 
0.04171 
0. 04300 
0. 04426 


0. 04550 
0. 04670 
0. 04787 
0.04901 
0. 05011 


0.05118 
0, 05222 
0. 05322 
0. 05418 
0.05511 


0, 05600 
0. 05684 
0. 05765 
0. 05841 
0.05913 


0. 05981 
0. 06044 
0. 06102 
0, 06156 
0. 06205 


0. 06250 
A2 


Aj(p) =(— 1+? 


Ao 
0. 00000 
-0, 00994 
-0. 01979 
-0. 02953 
-0. 03916 


-0, 04868 
-0. 05809 
-0, 06737 
-0. 07654 
-0. 08558 


-0. 09450 
-0. 10328 
-0.11193 
~0,12045 
~0, 12882 


-0. 13706 
-0.14515 
-0, 15309 
-0. 16088 
-0. 16852 


-0. 17600 
~0, 18331 
-0. 19047 
-0. 19746 
-0, 20428 


-0. 21093 
-0. 21741 
-0, 22370 
-0. 22982 
~0. 23575 


~0. 24150 
-0. 24705 
-0. 25241 
~0. 25758 
-0, 26254 


-0. 26731 
-0. 27187 
-0. 27622 
-0, 28036 
~0, 28429 


-0, 28800 
-0. 29148 
~0, 29475 
-0. 29779 
~0. 30060 


-0. 30318 
-0. 30553 
~0. 30763 
-0. 30950 
-0, 31112 


-0. 31250 
Al 


(1+k)1(2—k)\(p—k) 


Ai 
1, 00000 
1, 00489 
1.00959 
1, 01408 
1, 01836 


1, 02243 
1, 02629 
1, 02992 
1. 03334 
1. 03653 


1. 03950 
1, 04223 
1, 04473 
1. 04700 
1, 04902 


1. 05081 
1. 05235 
1. 05364 
1. 05468 
1.05547 


1. 05600 
1. 05626 
1. 05627 
1. 05601 
1, 05548 


1. 05468 
1. 05361 
1.05225 
1, 05062 
1. 04870 


1. 04650 
1. 04400 
1. 04121 
1. 03813 
1, 03474 


1. 03106 
1, 02707 
1. 02277 
1, 01816 
1.01324 


1, 00800 
1, 00243 
0.99655 
0. 99034 
0. 98380 


0. 97693 
0. 96973 
0. 96218 
0. 95430 
0. 94607 


0. 93750 
Ao 


A2 
0.00000 00 
0.00338 35 
0.00686 80 
0.01045 45 
0.01414 40 


0.01793 75 
0.02183 60 
0. 02584 05 
0.02995 20 
0, 03417 15 


0.03850 00 
0. 04293 85 
0. 04748 80 
0.05214 95 
0.05692 40 


0.06181 25 
0. 06681 60 
0.07193 55 
0.07717 20 
0. 08252 65 


0.08800 00 
0.09359 35 
0.09930 80 
0.10514 45 
0.11110 40 


0.11718 75 
0.12339 60 
0.12973 05 
0.13619 20 
0.14278 15 


0.14950 00 
0.15634 85 
0.16332 80 
0.17043 95 
0.17768 40 


0.18506 25 
0.19257 60 
0.20022 55 
0, 20801 20 
0.21593 65 


0.22400 00 
0.23220 35 
0.24054 80 
0. 24903 45 
0.25766 40 


0. 26643 75 
0.27535 60 
0. 28442 05 
0. 29363 20 
0.30299 15 


0.31250 00 
A-1 
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NUMERICAL ANALYSIS 


FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 


p(p?—1)(p—2) 


Ay(p) =(— 1)? Ge yp —b) 


1) A_y Ao Ai Az 

1.50 0.06250 00 -0. 31250 00 0.93750 00 0.31250 00 0.50 
1.51 0.06289 15 -0. 31362 45 0.92857 45 0.32215 85 0.51 
1.52 0. 06323 20 ~0. 31449 60 0.91929 60 0. 33196 80 0. 52 
1.53 0, 06352 05 ~0. 31511 15 0.90966 15 0. 34192 95 0.53 
1.54 0. 06375 60 ~0. 31546 80 0. 89966 80 0. 35204 40 0.54 
1.55 0.06393 75 -0, 31556 25 0. 88931 25 0. 36231 25 0.55 
1.56 0.06406 40 -0. 31539 20 0.87859 20 0. 37273 60 0. 56 
1,57 0.06413 45 -0, 31495 35 0.86750 35 0. 38331 55 0.57 
1.58 0.06414 80 ~0. 31424 40 0.85604 40 0.39405 20 0.58 
1.59 0.06410 35 -0, 31326 05 0. 84421 05 0. 40494 65 0.59 
1.60 0.06400 00 -0. 31200 00 0. 83200 00 0.41600 00 0. 60 
1.61 0, 06383 65 -0, 31045 95 0. 81940 95 0.42721 35 0. 61 
1, 62 0. 06361 20 -0, 30863 60 0. 80643 60 0. 43858 80 0, 62 
1. 63 0. 06332 55 -0. 30652 65 0.79307 65 0.45012 45 0. 63 
1. 64 0.06297 60 -0. 30412 80 0.77932 80 0. 46182 40 0. 64 
1.65 0.06256 25 ~0,. 30143 75 0.76518 75 0.47368 75 0. 65 
1. 66 0.06208 40 -0, 29845 20 0. 75065 20 0.48571 60 0, 66 
1, 67 0. 06153 95 ~0.29516 85 0.73571 85 0.49791 05 0.67 
1. 68 0.06092 80 -0, 29158 40 0.72038 40 0.51027 20 0. 68 
1, 69 0. 06024 85 -0. 28769 55 0.70464 55 0.52280 15 0. 69 
1,70 0.05950 00 -0. 28350 00 0. 68850 00 0.53550 00 0.70 
1.71 0.05868 15 -0. 27899 45 0.67194 45 0.54836 85 0.71 
1.72 0.05779 20 -0,27417 60 0. 65497 60 0.56140 80 0.72 
1. 73 0.05683 05 -0, 26904 15 0.63759 15 0.57461 95 0.73 
1.74 0.05579 60 -0. 26358 80 0.61978 80 0.58800 40 0.74 
1.75 0.05468 75 ~0. 25781 25 0.60156 25 0.60156 25 0.75 
1.76 0.05350 40 -0. 25171 20 0.58291 20 0.61529 60 0.76 
1.77 0.05224 45 -0. 24528 35 0.56383 35 0. 62920 55 0.77 
1.78 0.05090 80 -0. 23852 40 0.54432 40 0. 64329 20 0. 78 
1.79 0.04949 35 -0. 23143 05 0.52438 05 0.65755 65 0.79 
1. 80 0.04800 00 ~-0, 22400 00 0.50400 00 0.67200 00 0. 80 
1,81 0.04642 65 -0, 21622 95 0.48317 95 0. 68662 35 0. 81 
1. 82 0.04477 20 -0, 20811 60 0.46191 60 0. 70142 80 0. 82 
1, 83 0. 04303 55 -0.19965 65 0. 44020 65 0.71641 45 0. 83 
1. 84 0.04121 60 -0.19084 80 0.41804 80 0.73158 40 0. 84 
1,85 0.03931 25 -0.18168 75 0.39543 75 0. 74693 75 0. 85 
1. 86 0.03732 40 -0.17217 ‘20 0, 37237 20 0. 76247 60 0. 86 
1. 87 0.03524 95 -0.16229 85 0. 34884 85 0.77820 05 0. 87 
1. 88 0.03308 80 -0.15206 40 0.32486 40 0.79411 20 0. 88 
1.89 0.03083 85 ~0,14146 55 0.30041 55 0. 81021 15 0.89 
1.90 0.02850 00 -0,13050 00 0.27550 00 0. 82650 00 0.90 
1.91 0. 02607 15 -0.11916 45 0.25011 45 0. 84297 85 0.91 
1. 92 0.02355 20 -0.10745 60 0. 22425 60 0. 85964 80 0.92 
1.93 0.02094 05 ~0, 09537 15 0.19792 15 0.87650 95, 0. 93 
1.94 0.01823 60 -0. 08290 80 0.17110 80 0. 89356 40 0.94 
1.95 0.01543 75 -0.07006 25 0.14381 25 0.91081 25 0.95 
1.96 0.01254 40 -0. 05683 20 0.11603 20 0.92825 60 0.96 
1.97 0.00955 45 -0,. 04321 35 0.08776 35 0.94589 55 0.97 
1.98 0.00646 80 ~0, 02920 40 0.05900 40 0. 96373 20 0.98 
1.99 0.00328 35 -0. 01480 05 0.02975 05 0. 98176 65 0.99 
2. 00 0.00000 00 0.00000 00 0.00000 00 1. 00000 00 1.00 

Ao Al Ao A-1 —p 
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0. 50 


A-2 
0.00000 00000 
0, 000382 90838 
0.00164 93400 
0.00246 02838 
0.00326 14400 


0.00405 23438 
0.00483 25400 
0.00560 15838 
0.00635 90400 
0.00710 44838 


0.00783 75000 
0.00855 76838 
0.00926 46400 
0.00995 79838 
0, 01063 73400 


0.01130 23438 
0.01195 26400 
0.01258 78838 
0.01320 77400 
0, 01381 18838 


0.01440 00000 
0. 01497 17838 
0.01552 69400 
0.01606 51838 
0.01658 62400 


0.01708 98438 
0.01757 57400 
0.01804 36838 
0.01849 34400 
0.01892 47838 


0.01933 75000 
0.01973 13838 
0.02010 62400 
0.02046 18838 
0.02079 81400 


0.02111 48438 
0.02141 18400 
0,02168 89838 
0.02194 61400 
0.02218 31838 


0.02240 00000 
0.02259 64838 
0.02277 25400 
0.02292 80838 
0.02306 30400 


0.02317 73438 
0.02327 09400 
0, 02334 37838 
0.02339 58400 
0.02342 70838 


0. 02343 75000 
Ag 
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Aj(p)=(— D+? 


A-1 


0. 00000 
~0. 00659 
~0. 01306 
-0. 01939 
-0. 02558 


~0, 03164 
-0, 03756 
~0. 04334 
-0, 04898 
-0. 05448 


-0, 05985 
-0, 06506 
-0. 07014 
-0, 07508 
~0, 07987 


-0, 08452 
-0. 08902 
-0. 09338 
~0. 09760 
-0, 10167 


-0. 10560 
-0, 10938 
-0. 11301 
~0. 11650 
-0. 11984 


~-0, 12304 
-0, 12609 
-0. 12900 
~0, 13176 
-0. 13438 


-0, 13685 
~0. 13917 
-0, 14135 
-0. 14338 
-0,14527 


~0. 14702 
-0. 14862 
-0. 15008 
-0, 15139 
-0, 15256 


-0. 15360 
-0, 15448 
-0, 15523 
~0. 15584 
-0. 15631 


-0, 15664 
-0, 15683 
~0. 15689 
-0, 15681 
-0. 15659 


-0, 15625 


00000 
98350 
53600 
56350 
97600 


68750 
61600 
68350 
81600 
94350 


00000 
92350 
65600 
14350 
33600 


18750 
65600 
70350 
29600 
40350 


00000 
06350 
57600 
52350 
89600 


68750 
89600 
52350 
57600 
06350 


00000 
40350 
29600 
70350 
65600 


18750 
33600 
14350 
65600 
92350 


00000 
94350 
81600 
68350 
61600 


68750 
97600 
56350 
53600 
98350 


00000 


Al 


p(p?—1) (p?—4) 


Ao 
1, 00000 
0. 99987 
0.99950 
0. 99887 
0. 99800 


0. 99687 
0. 99550 
0. 99388 
0.99201 
0. 98989 


0. 98752 
0.98491 
0. 98205 
0. 97894 
0.97559 


0. 97200 
0. 96816 
0. 96408 
0. 95976 
0.95520 


0. 95040 
0. 94536 
0. 94008 
0.93457 
0. 92882 


0. 92285 
0. 91664 
0. 91020 
0. 90353 
0. 89664 


0. 88952 
0. 88218 
0. 87462 
0. 86683 
0, 85884 


0. 85062 
0. 84219 
0. 83356 
0. 82471 
0. 81565 


0. 80640 
0. 79693 
0. 78727 
0.77742 
0. 76737 


0. 75712 
0. 74669 
0. 73607 
0.72527 
0. 71428 


0. 70312 


00000 
50025 
00400 
52025 
06400 


65625 
32400 
10025 
02400 
14025 


50000 
16025 
18400 
64025 
60400 


15625 
38400 
38025 
24400 
08025 


00000 
12025 
56400 
46025 
94400 


15625 
24400 
36025 
66400 
32025 


50000 
38025 
14400 
98025 
08400 


65625 
90400 
04025 
28400 
86025 


00000 
94025 
92400 
20025 
02400 


65625 
36400 
42025 
10400 
70025 


50000 


Ao 


2-+k)\2—k)i(p—b) 


0. 02059 
0.02772 


0. 03497 
0, 04236 
0, 04987 
0. 05750 
0. 06526 


0.07315 
0, 08115 
0, 08927 
0.09751 
0.10587 


0.11435 
0.12294 
0.13164 
0.14045 
0.14937 


0.15840 
0.16753 
0.17676 
0, 18610 
0.19554 


0, 20507 
0. 21470 
0, 22443 
0. 23425 
0. 24415 


0, 25415 
0. 26422 
0, 27439 
0. 28463 
0. 29495 


0. 30535 
0. 31582 
0. 32636 
0. 33697 
0. 34765 


0. 35840 
0. 36920 
0. 38006 
0. 39098 
0. 40195 


0. 41297 
0. 42404 
0. 43516 
0. 44632 
0. 45751 


0. 46875 


00000 
31650 
86400 
53650 
22400 


81250 
18400 
21650 
78400 
75650 


00000 
37650 
74400 
95650 
86400 


31250 
14400 
19650 
30400 
29650 


00000 
23650 
82400 
57650 
30400 


81250 
90400 
37650 
02400 
63650 


00000 
89650 
10400 
39650 
54400 


31250 
46400 
75650 
94400 
77650 


00000 
35650 
58400 
41650 
58400 


81250 
82400 
33650 
06400 
71650 


00000 


A-1 


FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


Ag 
0. 00000 00000 
-0, 00083 74163 
-0,00168 26600 
~0, 00253 52163 
-0. 00339 45600 


~0. 00426 01563 
~0, 00513 14600 
-0, 00600 79163 
~0,00688 89600 
~0. 00777 40163 


~0, 00866 25000 
~-0.00955 38163 
-0. 01044 73600 
-0, 01134 25163 
-0, 01223 86600 


-0. 01313 51563 
-0. 01403 13600 
-0, 01492 66163 
-0, 01582 02600 
-0. 01671 16163 


-0.01760 00000 
-0, 01848 47163 
-0.01936 50600 
~0. 02024 03163 
-0, 02110 97600 


-0.02197 26563 
-0, 02282 82600 
-0, 02367 58163 
-~0.02451 45600 
-0. 02534 37163 


-0.02616 25000 
-0.02697 01163 
-0.02776 57600 
-0. 02854 86163 
-0, 02931 78600 


~0. 03007 26563 
~0, 03081 21600 
-0. 03153 55163 
-0, 03224 18600 
-0. 03293 03163 


-0, 03360 00000 
-0, 03425 00163 
~-0. 03487 94600 
~0, 03548 74163 
~0. 03607 29600 


-0. 03663 51563 
~0.03717 30600 
-0, 03768 57163 
~0, 03817 21600 
-0. 03863 14163 


~0..03906 25000 
A-2 
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NUMERICAL ANALYSIS 905 


FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 


p(p?—1)(p?—4) 
Aj(p)=(—1)#+2 (24%) '(2—k)'\(p—k) 


A_2 A-1 Ao Ai A2 


0.02343 75000 -0,.15625 00000 0.70312 50000 0.46875 00000 -0,03906 25000 0,5 
0.02342 70838 -0.15576 68350 0.69178 80025 0.48001 61650 -0.03946 44163 90.5 
0.02339 58400 -0,15515 13600 0.68027 90400 0.49131 26400 -0.03983 61600 0.5 
0.02334 37838 -0,15440 46350 0.66860 12025 0.50263 63650 -0,04017 67163 90.5 
0.02327 09400 -0.15352 77600 0.65675 76400 0.51398 42400 -0,04048 50600 0.5 
0.02317 73438 -0,15252 18750 0.64475 15625 0.52535 31250 -0.04076 01563 90.5 
0.02306 30400 -0,15138 81600 0.63258 62400 0.53673 98400 -0.04100 09600 0.5 
0.02292 80838 -0,15012 78350 0.62026 50025 0.54814 11650 -0,04120 64163 0.5 
0.02277 25400 -0.14874 21600 0.60779 12400 0.55955 38400 -0,04137 54600 0.5 
0.02259 64838 -0,14723 24350 0.59516 84025 0.57097 45650 -0,04150 70163 0.5 
0.02240 00000 -0.14560 00000 0,58240 00000 0.58240 00000 -0.04160 00000 0.6 
0.02218 31838 -0,14384 62350 0.56948 96025 0.59382 67650 -0.04165 33163 0.6 
0.02194 61400 -0,14197 25600 0.55644 08400 0.60525 14400 -0,04166 58600 0.6 
0.02168 89838 -0.13998 04350 0.54325 74025 0.61667 05650 -0.04163 65163 0. 

0.02141 18400 -0,13787 13600 0.52994 30400 0.62808 06400 -0.04156 41600 0. 

0.02111 48438 -0,13564 68750 0.51650 15625 0.63947 81250 -0,04144 76563 0. 

0.02079 81400 -0.13330 85600 0.50293 68400 0.65085 94400 -0.04128 58600 0. 

0.02046 18838 -0,13085 80350 0.48925 28025 0.66222 09650 -0,04107 76163 0. 


0.02010 62400 -0,12829 69600 0.47545 34400 0.67355 90400 -0.04082 17600 
0.01973 13838 -0,12562 70350 0.46154 28025 0,68486 99650 -0.04051 71163 


0.01933 75000 -0,12285 00000 0.44752 50000 0,69615 00000 ~-0,04016 25000 
0.01892 47838 -0,11996 76350 0.43340 42025 0.70739 53650 -0,03975 67163 
0.01849 34400 -0,11698 17600 0.41918 46400 0.71860 22400 -0,03929 85600 
0.01804 36838 -0.11389 42350 0.40487 06025 0.72976 67650 -0,03878 68163 
0.01757 57400 -0,11070 69600 0.39046 64400 0.74088 50400 -0. 03822 02600 


0.01708 98438 -0,10742 18750 0.37597 65625 0.75195 31250 -0.03759 76563 
0.01658 62400 -0.10404 09600 0.36140 54400 0.76296 70400 -0.03691 77600 
0.01606 51838 -0,10056 62350 0.34675 76025 0.77392 27650 -0,03617 93163 
0.01552 69400 -0.09699 97600 0.33203 76400 0.78481 62400 -0. 03538 10600 
0.01497 17838 -0.09334 36350 0.31725 02025 0.79564 33650 -0.03452 17163 


0.01440 00000 -0.08960 00000 0.30240 00000 0,80640 00000 -0.03360 00000 
0.01381 18838 ~-0.08577 10350 0.28749 18025 0.81708 19650 -0.03261 46163 
0.01320 77400 -0.08185 89600 0.27253 04400 0.82768 50400 -0.03156 42600 
0.01258 78838 -0.07786 60350 0.25752 08025 0.83820 49650 -0.03044 76163 
0.01195 26400 -0.07379 45600 0.24246 78400 0.84863 74400 -0.02926 33600 


0.01130 23438 -0.06964 68750 0.22737 65625 0.85897 81250 -0.02801 01563 
0.01063 73400 -0.06542 53600 0.21225 20400 0.86922 26400 -0,02668 66600 
0.00995 79838 -0,06113 24350 0.19709 94025 0.87936 65650 -0.02529 15163 
0.00926 46400 -0.05677 05600 0.18192 38400 0.88940 54400 ~0.02382 33600 
0.00855 76838 -0.05234 22350 0.16673 06025 0.89933 47650 -0,02228 08163 


» 


0.00783 75000 -0,04785 00000 0.15152 50000 0.90915 00000 -0,02066 25000 
0.00710 44838 -0.04329 64350 0.13631 24025 0.91884 65650 -0,01896 70163 
0.00635 90400 -0.03868 41600 0.12109 82400 0.92841 98400 -~0.01719 29600 
0.00560 15838 -0.03401 58350 0.10588 80025 0.93786 51650 -0,.01533 89163 
0.00483 25400 -0,02929 41600 0.09068 72400 0.94717 78400 -0.01340 34600 


0.00405 23438 -0.02452 18750 0.07550 15625 0.95635 31250 -0.01138 51563 
0.00326 14400 -0.01970 17600 0.06033 66400 0.96538 62400 -0. 00928 25600 
0.00246 02838 -0.01483 66350 0.04519 82025 0.97427 23650 -0.00709 42163 
0.00164 93400 -0.00992 93600 0.03009 20400 0.98300 66400 -0,00481 86600 
0.00082 90838 -0,00498 28350 0.01502 40025 0.99158 41650 -0,00245 44163 


0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 
Ag Al Ao A-1 A-2 
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A-2 
0.00000 00000 
-0.09083 74163 
-0. 00168 26600 
-0, 00253 52163 
-0. 00339 45600 


~0, 00426 01563 
-0. 00513 14600 
-0.00600 79163 
-0. 00688 89600 
-0. 00777 40163 


-0. 00866 25000 
-0.00955 38163 
0.01044 73600 
0.01134 25163 
0.01223 86600 


-0. 01313 51563 
~0, 01403 13600 
-0. 01492 66163 
-0, 01582 02600 
~0, 01671 16163 


-0.01760 00000 
~0. 01848 47163 
-0. 01936 50600 
-0. 02024 03163 
-0. 02110 97600 


~-0, 02197 26563 
-0. 02282 82600 
-0. 02367 58163 
-0.02451 45600 
-0. 02534 37163 


-0.02616 25000 
~0, 02697 01163 
-0. 02776 57600 
-0, 02854 86163 
-0. 02931 78600 


-0.03007 26563 
-0, 03081 21600 
-0. 03153 55163 
-0. 03224 18600 
~-0, 03293 03163 


-0, 03360 00000 
~0, 03425 00163 
-0. 03487 94600 
~0, 03548 74163 
-0. 03607 29600 


-0. 03663 51563 
-0. 03717 30600 
~-0, 03768 57163 
-0, 03817 21600 
-0, 03863 14163 


~0. 03906 25000 
A2 
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A3(p)=(—1)#+2 


A-1 


0. 00000 
0. 00501 
0, 01006 
0. 01513 
0. 02023 


0, 02535 
0. 03048 
0. 03564 
0. 04080 
0. 04597 


0, 05115 
0. 05632 
0. 06150 
0. 06667 
0, 07183 


0. 07697 
0. 08210 
0. 08722 
0. 09230 
0, 09736 


0.10240 
0.10739 
0.11235 
0.11726 
0.12213 


0.12695 
0.13171 
0.13642 
0.14106 
0.14564 


0.15015 
0.15458 
0, 15893 
0. 16320 
0. 16738 


0.17147 
0.17547 
0.17936 
0.18315 
0. 18683 


0.19040 
0.19384 
0.19716 
0, 20036 
0. 20342 


0, 20635 
0. 20913 
0.21177 
0. 21425 
0. 21658 


0. 21875 


00000 
61650 
26400 
63650 
42400 


31250 
98400 
11650 
38400 
45650 


00000 
67650 
14400 
05650 
06400 


81250 
94400 
09650 
90400 
99650 


00000 
53650 
22400 
67650 
50400 


31250 
70400 
27650 
62400 
33650 


00000 
19650 
50400 
49650 
74400 


81250 
26400 
65650 
54400 
47650 


00000 
65650 
98400 
51650 
78400 


31250 
62400 
23650 
66400 
41650 


00000 


Ai 


p(p?—1) (p?—4) 


Ao 


0. 00000 
-0, 01497 
-0, 02989 
-0, 04474 
~0, 05953 


-0. 07424 
-0. 08888 
~0. 10342 
-0, 11787 
-0. 13222 


-0. 14647 
-0. 16060 
-0. 17462 
-0. 18850 
~0. 20225 


-0, 21587 
-0, 22934 
-0, 24265 
~0, 25580 
-0, 26879 


-0. 28160 
~0. 29422 
-0, 30666 
-0. 31890 
-0, 33094 


~0. 34277 
-0. 35438 
-0. 36576 
-0. 37691 
~0, 38781 


~0. 39847 
-0, 40887 
~0. 41901 
-0. 42887 
-0. 43845 


~0. 44774 
-0, 45674 
~0. 46543 
~0. 47381 
-0. 48187 


~0. 48960 
-0. 49698 
~0. 50403 
-0. 51072 
-0, 51704 


-0. 52299 
~-0. 52857 
-0, 53375 
-0, 53853 
~0. 54291 


-0. 54687 


00000 
39975 
19600 
77975 
53600 


84375 
07600 
59975 
77600 
95975 


50000 
73975 
01600 
65975 
99600 


34375 
01600 
31975 
55600 
01975 


00000 
77975 
63600 
83975 
65600 


34375 
15600 
33975 
13600 
77975 


50000 
51975 
05600 
31975 
51600 


84375 
49600 
65975 
51600 
23975 


00000 
95975 
27600 
09975 
57600 


84375 
03600 
27975 
69600 
39975 


50000 


Ao 


(2+k)(2—k)!(p—k) 


1.03194 


1, 03947 
1. 04681 
1. 05396 
1. 06089 
1. 06763 


1.07415 
1. 08044 
1. 08652 
1, 09237 
1, 09798 


1, 10335 
1.10847 
1.11334 
1, 11796 
1.12231 


1.12640 
1.13020 
1.13373 
1.13697 
1.13992 


1.14257 
1.14492 
1.14696 
1.14868 
1.15008 


1.15115 
1.15188 
1.15227 
1.15232 
1.15201 


1.15135 
1.15032 
1.14891 
1, 14713 
1.14496 


1.14240 
1.13943 
1.13607 
1.13229 
1.12809 


1.12347 
1.11842 
1.11293 
1.10699 
1.10060 


1, 09375 


73650 
62400 


81250 
78400 
01650 
98400 
15650 


00000 
97650 
54400 
15650 
26400 


31250 
74400 
99650 
50400 
69650 


00000 
83650 
62400 
77650 
70400 


81250 
50400 
17650 
22400 
03650 


00000 
49650 
90400 
59650 
94400 


31250 
06400 
55650 
14400 
17650 


00000 
95650 
38400 
61650 
98400 


81250 
42400 
13650 
26400 
11650 


00000 


A-1 


FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


0.00791 92838 
0.01074 94400 


0.01367 73438 
0.01670 45400 
0.01983 25838 
0.02306 30400 
0.02639 74838 


0.02983 75000 
0.03338 46838 
0.03704 06400 
0.04080 69838 
0. 04468 53400 


0.04867 73438 
0.05278 46400 
0.05700 88838 
0.06135 17400 
0.06581 48838 


0.07040 00000 
0.07510 87838 
0.07994 29400 
0.08490 41838 
0.08999 42400 


0.09521 48438 
0.10056 77400 
0.10605 46838 
0.11167 74400 
0.11743 77838 


0.12333 75000 
0.12937 83838 
0.13556 22400 
0.14189 08838 
0.14836 61400 


0.15498 98438 
0.16176 38400 
0.16868 99838 
0.17577 01400 
0.18300 61838 


0.19040 00000 
0.19795 34838 
0.20566 85400 
0.21354 70838 
0. 22159 10400 


0.22980 23438 
0. 23818 29400 
0.24673 47838 
0.25545 98400 
0. 26436 00838 


0.27343 75000 
A-2 


° 


eo eee 


° 


. 


oeee 


eee . 
Dre prsitea a eet woOoomo oanmMmoand ONnNnDao Wana ~ aA DRHRXDAD AOAADO VOWS KOM 's 


ON Ou PWNHO OOS PWN OC OOO UT AWNEHO OOTNHU WN O Oon our PwWNrO 


PRP RR PRE Pree PR RPE Re PR PRE ER PRP RR Pee ee 
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FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 
p(p?—1)(p?—4) 


A-2 


~0. 03906 
~0. 03946 
-0. 03983 
-0. 04017 
-0. 04048 


~0. 04076 
-0. 04100 
-0. 04120 
-0. 04137 
-0. 04150 


-0, 04160 
~0, 04165 
-0. 04166 
-0. 04163 
-0. 04156 


-0. 04144 
~0. 04128 
-0. 04107 
-0. 04082 
~0. 04051 


-0. 04016 
-0. 03975 
-0. 03929 
-0, 03878 
-0, 03822 


-0. 03759 
-0, 03691 
-0. 03617 
-0, 03538 
~0, 03452 


-0. 03360 
-0, 03261 
-0, 03156 
-0. 03044 
-0. 02926 


-0. 02801 
-0. 02668 
~0,. 02529 
~0. 02382 
-0, 02228 


-0, 02066 
-0, 01896 
-0. 01719 
-0, 01533 
-0. 01340 


-0. 01138 
-0. 00928 
-0, 00709 
-0. 00481 
-0. 00245 


0. 00000 


25000 
44163 
61600 
67163 
50600 


01563 
09600 
64163 
54600 
70163 


00000 
33163 
58600 
65163 
41600 


76563 
58600 
76163 
17600 
71163 


25000 
67163 
85600 
68163 
02600 


76563 
77600 
93163 
10600 
17163 


00000 
46163 
42600 
76163 
33600 


01563 
66600 
15163 
33600 
08163 


25000 
70163 
29600 
89163 
34600 


51563 
25600 
42163 
86600 
44163 


00000 


Ae 


A}(p)=(—1)#+? 


A-1 


0, 21875 
0, 22074 
0, 22257 
0. 22422 
0. 22569 


0, 22697 
0. 22806 
0. 22896 
0, 22964 
0. 23013 


0, 23040 
0. 23044 
0. 23027 
0. 22987 
0. 22923 


0, 22835 
0. 22722 
0, 22584 
0. 22421 
0. 22231 


0. 22015 
0. 21770 
0. 21498 
0. 21197 
0. 20867 


0. 20507 
0.20117 
0.19696 
0.19243 
0.18758 


0. 18240 
0.17688 
0.17102 
0.16482 
0.15826 


0.15135 
0.14407 
0.13641 
0.12838 
0.11996 


0.11115 
0.10193 
0. 09232 
0, 08229 
0. 07184 


0. 06097 
0. 04967 
0. 03793 
0. 02574 
0. 01310 


0. 00000 


00000 
91650 
66400 
73650 
62400 


81250 
78400 
01650 
98400 
15650 


00000 
97650 
54400 
15650 
26400 


31250 
74400 
99650 
50400 
69650 


00000 
83650 
62400 
77650 
70400 


81250 
50400 
17650 
22400 
03650 


00000 
49650 
90400 
59650 
94400 


31250 
06400 
55650 
14400 
17650 


00000 
95650 
38400 
61650 
98400 


81250 
42400 
13650 
26400 
11650 


00000 


Aj 


Ao 


-0. 54687 
-0, 55041 
-0, 55351 
~0. 55617 
-0. 55837 


-0. 56012 
-0. 56139 
~0, 56219 
-0. 56249 
-0. 56230 


-0. 56160 
-0. 56037 
-0. 55863 
-0. 55634 
-0. 55351 


-0, 55012 
-0. 54616 
-0. 54163 
-0, 53651 
-0, 53079 


-0, 52447 
-0, 51753 
-0. 50996 
-0. 50176 
-0. 49290 


-0. 48339 
~0, 47321 
-0, 46235 
-0. 45081 
~0, 43856 


-0, 42560 
-0. 41191 
-0. 39750 
-0. 38234 
-0, 36642 


-0. 34974 
-0. 33229 
-0. 31404 
~0. 29500 
-0. 27515 


-0. 25447 
-0. 23296 
-0. 21061 
-0. 18740 
~0. 16332 


-0. 13837 
-0. 11252 
-0. 08577 
-0, 05811 
-0, 02952 


0, 00000 


50000 
09975 
29600 
17975 
83600 


34375 
77600 
19975 
67600 
25975 


00000 
93975 
11600 
55975 
29600 


34375 
71600 
41975 
45600 
81975 


50000 
47975 
73600 
23975 
95600 


84375 
85600 
93975 
03600 
07975 


00000 
71975 
15600 
21975 
81600 


84375 
19600 
75975 
41600 
03975 


50000 
65975 
37600 
49975 
87600 


34375 
73600 
87975 
59600 
69975 


00000 


Ao 


(2+h)(2—k)i(p—b) 


Ai 


1.09375 
1. 08643 
1. 07864 
1. 07036 
1, 06160 


1.05235 
1, 04259 
1, 03232 
1.02154 
1, 01023 


0. 99840 
0. 98602 
0. 97309 
0. 95962 
0. 94558 


0. 93097 
0.91579 
0. 90002 
0. 88367 
0. 86671 


0. 84915 
0. 83097 
0. 81217 
0.79273 
0. 77266 


0. 75195 
0. 73058 
0.70855 
0. 68584 
0. 66246 


0. 63840 
0. 61363 
0.58817 
0.56199 
0.53510 


0. 50747 
0.47911 
0. 45001 
0.42015 
0. 38953 


0. 35815 
0. 32598 
0. 29302 
0. 25927 
0. 22472 


0, 18935 
0.15316 
0.11614 
0. 07827 
0. 03956 


0. 00000 


00000 
21650 
06400 
83650 
82400 


31250 
58400 
91650 
58400 
85650 


00000 
27650 
94400 
25650 
46400 


81250 
54400 
89650 
10400 
39650 


00000 
13650 
02400 
87650 
90400 


31250 
30400 
07650 
82400 
73650 


00000 
79650 
30400 
69650 
14400 


81250 
86400 
45650 
74400 
87650 


00000 


25650 ° 


78400 
71650 
18400 


31250 
22400 
03650 
86400 
81650 


00000 


A-1 
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Table 25.1 
Aa 
0.27343 75000 1.50 
0.28269 40838 1,51 
0.29213 18400 1.52 
0.30175 27838 1,53 
0.31155 89400 1.54 
0.32155 23438 1,55 
0.33173 50400 1,56 
0.34210 90838 1,57 
0.35267 65400 4,58 
0. 36343 94838 1.59 
0.37440 00000 1,60 
0.38556 01838 1,61 
0.39692 21400 1,62 
0.40848 79838 1,63 
0.42025 98400 1,64 
0.43223 98438 1,65 
0.44443 01400 1,66 
0. 45683 28838 1,67 
0.46945 02400 1.68 
0.48228 43838 1,69 
0. 49533 75000 1,70 
0.50861 17838 1,71 
0.52210 94400 1,72 
0.53583 26838 1,73 
0.54978 37400 1,74 
0.56396 48438 41,75 
0.57837 82400 1.76 
0.59302 61838 4,77 
0.60791 09400 1.78 
0. 62303 47838 1,79 
0.63840 00000 1,80 
0.65400 88838 1,81 
0.66986 37400 1,92 
0.68596 68838 4,83 
0.70232 06400 1, 84 
0.71892 73438 1,85 
0.73578 93400 1,86 
0.75290 89838 41,87 
0.77028 86400 1.88 
0.78793 06838 1,89 
0.80583 75000 1,90 
0.82401 14838 4,91 
0. 84245 50400 4,92 
0.86117 05838 41,93 
0.88016 05400 1,94 
0.89942 73438 1,95 
0.91897 34400 1,96 
0.93880 12838 1,97 
0.95891 33400 1,98 
0.97931 20838 1,99 
1.00000 00000 92,90 
A-2 —?p 


908 


Table 25.1 
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A_2 


0.00000 
0.00049 
0.00098 
0.00146 
0.00193 


0.00239 
0.00284 
0.00328 
0.00371 
0.00413 


0.00454 
0.00494 
0.00533 
0.00571 
0,00608 


0.00644 
0.00678 
0.00712 
0.00744 
0.00776 


0.00806 
0.00835 
0.00863 
0.00890 
0.00915 


0.00939 
0,00963 
0.00985 
0.01006 
0.01025 


0.01044 
0.01061 
0.01077 
0.01092 
0.01106 


0.01119 
0.01130 
0.01140 
0.01149 
0.01157 


0.01164 
0.01170 
0.01175 
0.01178 
0.01180 


0.01182 
0.01182 
0.01181 
0.01179 
0.01176 


0.01171 


00000 
57921 
30066 
14085 
07725 


08828 
15335 
25281 
36794 
48096 


57500 
63412 
64326 
58827 
45585 


23359 
90995 
47422 
91654 
22787 


40000 
42553 
29786 
01118 
56045 


94141 
15055 
18513 
04314 
72328 


22500 
54844 
69446 
66459 
46105 


08672 
54515 
84054 
97774 
96219 


80000 
49786 
06306 
50351 
82765 


04453 
16375 
19546 
15034 
03961 


87500 


A3 


NUMERICAL ANALYSIS 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 
p(p?—1) (p?—-4) (p—8) 


A) 


0.00000 
-0.00493 
-0.00973 
-0.01440 
-0.01893 


-0.02333 
~0.02761 
-0,03175 
~0.03576 
-0.03964 


-0,04339 
~0.04701 
-0.05050 
~0.05387 
~-0.05710 


-0.06022 
-0.06320 
~0.06607 
-0.06881 
-0.07142 


-0.07392 
-0.07629 
0.07854 
~0.08067 
-0.08269 


-0.08459 
~0.08637 
~-0.08804 
-0.08960 
-0.09104 


-0.09237 
-0.09359 
~0.09470 
-0,09571 
~0.09660 


~0.09740 
-0.09809 
~-0.09867 
-0.09916 
~0.09955 


-0.09984 
-0,10003 
-0.10012 
~0.10013 
-0.10004 


-0,09986 
~0.09959 
-0.09923 
-0.09879 
-0.09826 


-0.09765 


00000 
33767 
36932 
12590 
64224 


95703 
11276 
15567 
13568 
10640 


12500 
25223 
55232 
09296 
94524 


18359 
88576 
13273 
00868 
60096 


00000 
29929 
59532 
98752 
57824 


47266 
77876 
60729 
07168 
28802 


37500 
45385 
64832 
08458 


89124 


19922 
14176 
85435 
47468 
14258 


00000 
19092 
86132 
15915 
23424 


23828 
32476 
64892 
36768 
63965 


62500 


Ag 


Ap(p)=(-1)**8 


Ao 
1.00000 00000 
0.99654 20858 
0.99283 67064 
0.98888 64505 
0.98469 39648 


0.98026 19531 
0.97559 31752 
0.97069 04458 
0.96555 66336 
0.96019 46604 


0.95460 75000 
0.94879 81771 
0.94276 97664 
0.93652 53917 
0.93006 82248 


0.92340 14844 
0.91652 84352 
0.90945 23870 
0.90217 66936 
0.89470 47517 


0.88704 00000 
0.87918 59183 
0.87114 60264 
0.86292 38830 
0.85452 30848 


0.84594 72656 
0.83720 00952 
0.82828 52783 
0.81920 65536 
0.80996 76929 


0.80057 25000 
0.79102 48096 
0.78132 84864 
0.77148 74242 
0.76150 55448 


0.75138 67969 
0.74113 51552 
0.73075 46195 
0.72024 92136 
0.70962 29842 


0.69888 00000 
0.68802 43508 
0.67706 01464 
0.66599 15155 
0.65482 26048 


0.64355 75781 
0.63220 06152 
0.62075 59108 
0.60922 76736 
0.59762 01254 


0.58593 75000 
Ay 


(2+k)! (8—k) !(p—k) 


Aj 
0.00000 00000 
0.01006 60817 
0.02026 19736 
0.03058 41170 
0.04102 89152 


0.05159 27344 
0.06227 19048 
0.07306 27217 
0.08396 14464 
0.09496 43071 


0.10606 75000 
0.11726 71904 
0.12855 95136 
0.13994 05758 
0.15140 64552 


0.16295 32031 
0.17457 68448 
0.18627 33805 
0.19803 87864 
0.20986 90158 


0.22176 00000 
0.23370 76492 
0.24570 78536 
0.25775 64845 
0.26984 93952 


0.28198 24219 
0.29415 13848 
0.30635 20892 
0.31858 03264 
0.33083 18746 


0.34310 25000 
0.35538 79579 
0.36768 39936 
0.37998 63433 
0.39229 07352 


0.40459 28906 
0.41688 85248 
0.42917 33480 
0.44144 30664 
0.45369 33833 


0.46592 00000 
0.47811 86167 
0.49028 49336 
0.50241 46520 
0.51450 34752 


0.52654 71094 
0.53854 12648 
0.55048 16567 
0.56236 40064 
0.57418 40421 


0.58593 75000 
Ag 


Ae 


0.00000 
~0.00250 
-0.00501 
-0.00752 
~0.01004 


-0,01256 
~0,01508 
-0.01760 
~0.02011 
-0.02262 


-0.02512 
~0.02761 
~0.03008 
-0.03255 
-0.03500 


-0.03743 
-0.03984 
-0.04224 
~0.04461 
-0,04695 


-0,04928 
~0,05157 
-0.05383 
-0.05606 
-0.05826 


-0.06042 
-0.06254 
-0.06463 
-0.06667 
-0.06868 


-0.07063 
-0.07254 
-0.07441 
~0.07622 
-0.07798 


-0.07969 
-0.08134 
-0.08293 
-0,08447 
-0.08594 


~0.08736 
-0,08870 
-0.08998 
~0.09120 
-0.09234 


-0.09341 
-0.09441 
-0.09534 
~0.09619 
-0,09696 


~0,09765 


00000 
38746 
43268 
95922 
78976 


74609 
64924 
31946 
57632 
23873 


12500 
05290 
83968 
30217 
25676 


51953 
90624 
23240 
31332 
96417 


00000 
23583 
48668 
56760 
29376 


48047 
94324 
49783 
96032 
14711 


87500 
96127 
22368 
48054 
55076 


25391 
41024 
84077 
36732 
81254 


00000 
75421 
90068 
26598 
67776 


96484 
95724 
48621 
38432 
48548 


62500 


A_ 


A3 
0.00000 00000 
0.00033 32917 
0.00066 63334 
0.00099 88752 
0.00133 06675 


0.00166 14609 
0.00199 10065 
0.00231 90557 
0.00264 53606 
0.00296 96742 


0.00329 17500 
0.00361 13426 
0.00392 82074 
0.00424 21011 
0.00455 27815 


0.00486 00078 
0.00516 35405 
0.00546 31416 
0.00575 85746 
0.00604 96051 


0.00633 60000 
0.00661 75284 
0.00689 39614 
0.00716 50719 
0.00743 06355 


0.00769 04297 
0.00794 42345 
0:00819 18324 
0.00843 30086 
0.00866 75510 


0.00889 52500 
0.00911 58993 
0.00932 92954 
0.00953 52378 
0.00973 35295 


~ 0.00992 39766 


0.01010 63885 
0.01028 05783 
0.01044 63626 
0.01060 35618 


0.01075 20000 
0.01089 15052 
0.01102 19094 
0.01114 30487 
0.01125 47635 


0.01135 68984 
0.01144 93025 
0.01153 18292 
0.01160 43366 
0.01166 66877 


0.01171 87500 
A_2 
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A_2 
0.00000 00000 
-0,00033 32917 
-0,00066 63334 
-0.00099 88752 
~-0.00133 06675 


-0.00166 14609 
-0,00199 10065 
~0,00231 90556 
-0,00264 53606 
~0.00296 96742 


~-0,00329 17500 
-0.00361 13426 
~0.00392 82074 
-0,00424 21011 
-0.00455 27815 


-0.00486 00078 
-0.00516 35405 
-0.00546 31415 
-0.00575 85746 
-0,00604 96051 


~-0.00633 60000 
-0,00661 75284 
-0.00689 39614 
-0.00716 50719 
-0.00743 06355 


-0.00769 04297 
-0.00794 42345 
-0.00819 18324 
~0.00843 30086 
-0,00866 75509 


-0.00889 52500 
-0,00911 58993 
~0,00932 92954 
-0,00953 52378 
-0.00973 35295 


~0.00992 39766 
-0.01010 63885 
-0.01028 05783 
-0,01044 63626 
~0.01060 35618 


-0,01075 20000 
-0.01089 15052 
-0.01102 19094 
-0.01114 30487 
~0.01125 47635 


-0.01135 68984 
-0.01144 93025 
-0.01153 18292 
~0,01160 43366 
-0.01166 66877 


-0.01171 87500 
A3 


NUMERICAL ANALYSIS 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


Alo) = ee) 


A-} 


0.00000 
0.00249 
0.00498 
0.00745 
0.00991 


0.01235 
0.01478 
0.01719 
0.01958 
0.02195 


0.02429 
0.02661 
0.02890 
0.03116 
0.03340 


0.03560 
0.03777 
0.03990 
0.04200 
0.04405 


0.04608 
0.04805 
0.04999 
0.05189 
0.05373 


0.05554 
0.05729 
0.05900 
0.06065 
0.06226 


0.06381 
0.06531 
0.06675 
0.06813 
0.06946 


0.07073 
0.07194 
0.07309 
0.07417 
0.07520 


0.07616 
0.07705 
0.07788 
0.07864 
0.07933 


0.07996 
0.08051 
0.08100 
0.08141 
0.08176 


0.08203 


00000 
55421 
10068 
46597 
47776 


96484 
75724 
68621 
58432 
28547 


62500 
43965 
56768 
84892 
12476 


23828 
03424 
35915 
06132 
99092 


00000 
94258 
67468 
05435 
94176 


19922 
69124 
28458 
84832 
25385 


37500 
08802 
27168 
80729 
57876 


47266 
37824 
18752 
79532 
09929 


00000 
40096 
20868 
33273 
68576 


18359 
74524 
29296 
75232 
05223 


12500 


Ag 


Ao 
0.00000 00000 
-0,00993 27517 
~0,01972 86936 
-0,02938 43870 
-0.03889 64352 


~0.04826 14844 
~0.05747 62248 
-0.06653 73917 
~-0.07544 17664 
~0.08418 61771 


-0.09276 75000 
~0,10118 26604 
-0.10942 86336 
-0.11750 24458 
-0,12540 11752 


-0.13312 19531 
-0.14066 19648 
-0.14801 84505 
-0,15518 87064 
-0,16217 00858 


-0.16896 00000 
-0.17555 59192 
-0.18195 53736 
-0.18815 59545 
-0.19415 53152 


-0.19995 11719 
~-0,20554 13048 
-0.21092 35592 
-0.21609 58464 
-0.22105 61446 


~0.22580 25000 
-0.23033 30279 
-0.23464 59136 
-0.23873 94133 
-0.24261 18552 


-0.24626 16406 
-0.24968 72448 
-0.25288 72180 
-0.25586 01864 
-0.25860 48533 


-0,26112 00000 
~0.26340 44867 
-0.26545 72536 
-0.26727 73220 
-0.26886 37952 


-0.27021 58594 
-0,27133 27848 
-0.27221 39267 
-0.27285 87264 
~0.27326 67121 


-0.27343 75000 
Ay 


A, 
1.00000 00000 
1.00320 79192 
1.00616 33736 
1.00886 39545 
1.01130 73152 


1,01349 11719 
1.01541 33048 
1.01707 15592 
1.01846 38464 
1.01958 81446 


1.02044 25000 
1.02102 50279 
1.02133 39136 
1.02136 74133 
1.02112 38552 


1.02060 16406 
1.01979 92448 
1.01871 52180 
1.01734 81864 
1.01569 68533 


1.01376 00000 
1.01153 64867 
1.00902 52536 
1.00622 53220 
1.00313 57952 


0.99975 58594 
0.99608 47848 
0.99212 19267 
0.98786 67264 
0.98331 87121 


0.97847 75000 
0.97334 27954 
0.96791 43936 
0.96219 21808 
0.95617 61352 


0.94986 63281 
0.94326 29248 
0.93636 61855 
0.92917 64664 
0.92169 42208 


0.91392 00000 
0.90585 44542 
0.89749 83336 
0.88885 24895 
0.87991 78752 


0.87069 55469 
0.86118 66648 
0.85139 24942 
0.84131 44064 
0.83095 38796 


0.82031 25000 
Ao 


Ae 


0,00000 
0.00506 
0.01026 
0.01560 
0.02106 


0.02667 
0.03240 
0.03827 
0.04428 
0.05041 


0.05669 
0.06309 
0.06963 
0.07630 
0.08311 


0.09005 
0.09712 
0.10432 
0.11166 
0.11912 


0.12672 
0.13444 
0.14229 
0.15028 
0.15838 


0.16662 
0.17498 
0.18347 
0.19208 
0.20081 


0.20967 
0.21864 
0.22774 
0.23695 
0.24628 


0.25573 
0.26529 
0.27496 
0.28474 
0.29463 


0.30464 
0.31474 
0.32495 
0.33526 
0.34568 


0.35619 
0.36680 
0.37750 
0.38829 
0.39918 


0.41015 


00000 
67067 
69732 
09890 
89024 


08203 
68076 
68866 
10368 
91940 


12500 
70523 
64032 
90596 
47324 


30859 
37376 
62572 
01668 
49396 


00000 
47229 
84332 
04052 
98624 


59766 
78676 
46029 
51968 
86102 


37500 
94685 
45632 
77758 
77924 


32422 
26976 
46735 
76268 
99558 


00000 
60392 
62932 
89215 
20224 


36328 
17276 
42192 
89568 
37265 


62500 


Aj 
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-0.00153 63410 
-0,00206 38925 


-0.00259 86953 
-0.00314 04535 
~0.00368 88606 
-0.00424 35994 
-0.00480 43420 


~0,00537 07500 
-0.00594 24737 
-0.00651 91526 
~-0.00710 04152 
~0.00768 58785 


~0.00827 51484 
-0,00886 78195 
-0.00946 34747 
-0.01006 16854 
-0,01066 20112 


-0.01126 40000 
-0.01186 71878 
-0.01247 10986 
-0.01307 52443 
-0.01367 91245 


~-0.01428 22266 
-0.01488 40255 
-0.01548 39838 
-0,01608 15514 


‘-0.01667 61653 


-0.01726 72500 
-0.01785 42169 
-0.01843 64646 
-0.01901 33784 
-0.01958 43305 


~0.02014 86797 
-0,02070 57715 
-0.02125 49379 
-0,02179 54974 
0.02232 67544 


-0,02284 80000 
-0.02335 85111 
0.02385 75506 
-0.02434 43676 
~0.02481 81965 


-0.02527 82578 
-0.02572 37575 
-0.02615 38871 
-0.02656 78234 
-0.02696 47286 


-0.02734 37500 
A_2 


ee ee 
sae A>HHAADHL WWW Ww WwW WW NMMhwhy NNNMND PRR endl ll sald aul owed ooooo eo0o0oo 


SO PUNE OS WOO WN PUNHO OONau hWNHO Conan PWN! oO COON hWNHO 


e 


ooo0°0o ooo0o°o oQoo0o0 ao00o ooo°oo eeeeso ooo°oo oDoooeo ooooo ooooo 


PY 
f- 
oO 


oO 
ba oa) 
° 


1 


910 


Table 25.1 
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Pere ite oe ee Re eee ee ee ee 
Bwo oo WOODDOD0D DDDMDH CMMMHD WANN NANNY BEOBSOHK SFERTKHR UUW NOUNS 


oe # 6 
ana PWNFO OONOW hHWNrH © OoOnanw PWNEO OOnNanMN hWNEHO OoOonouw PWNHrO 


2.00 


A_2 


-0.01171 
-0.01176 
-0.01179 
~0.01181 
-0.01182 


-0.01182 
~0.01180 
-0.01178 
-0.01175 
~0.02170 


-0,.01164 
-0,01157 
-0,01149 
-0,01140 
-0.01130 


~0.01119 
~0.01106 
-0.01092 
~0.01077 
-0.01061 


-0,01044 
~0.01025 
-0.01006 
-0,00985 
-0,00963 


~0.00939 
-0.00915 
-0.00890 
~0.00863 
-0.00835 


-0,00806 
~0.00776 
-0.00744 
-0.00712 
-0.00678 


~-0.00644 
-0.00608 
-0.00571 
~0.00533 
-0.00494 


~0.00454 
-0.00413 
-0.00371 
-0.00328 
-0,00284 


-0,00239 
-0,00193 
-0.00146 
-0.00098 
-0,00049 


0.00000 


87500 
03961 
15034 
19546 
16375 


04453 
82765 
50350 
06306 
49786 


80000 
96219 
97774 
84054 
54515 


08672 
46105 
66459 
69446 
54845 


22500 
72328 
04314 
18513 
15055 


94141 
56045 
01118 
29786 
42553 


40000 
22787 
91654 
47422 
90995 


23359 
45585 
58826 
64326 
63412 


57500 
48096 
36794 
25281 
15335 


08828 
07725 
14086 
30066 
57921 


00000 


A3 


NUMERICAL ANALYSIS 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


A_| 


0.08203 
0.08222 
0.08235 
0.08240 
0.08237 


0.08227 


0.08210 
0.08185 
0,08152 
0.08112 


0.08064 
0.08008 
0.07944 
0.07873 
0.07793 


0.07706 
0.07612 
0.07509 
0.07399 
0.07280 


0.07154 
0.07021 
0.06879 
0.06730 
0.06573 


0.06408 
0.06236 
0.06056 
0.05869 
0.05674 


0.05472 
0.05262 
0.05045 
0.04821 
0.04589 


0.04351 
0.04106 
0.03853 
0.03594 
0.03328 


0.03056 
0.02777 
0.02492 
0.02201 
0.01904 


0.01600 
0.01291 
0.00976 
0.00656 
0.00330 


0.00000 


12500 
90640 
33568 
35567 
91276 


95703 
44224 
32590 
56932 
13767 


00000 
12933 
50268 
10110 
90976 


91797 
11924 
51133 
09632 
88061 


87500 
09477 
55968 
29404 
32676 


69141 
42624 
57427 
18332 
30604 


00000 
32771 
35668 
15948 
81376 


40234 
01324 
73971 
68032 
93898 


62500 
85315 
74368 
42242 
02076 


67578 
53024 
73265 
43732 
80442 


00000 


Ag 


Ap(p)=(-))**8 


p(p?—1) (p2—4) (p—8) 


Ao 


-0.27343 
-0.27337 
~0.27306 
-0.27252 
-0.27174 


~0.27072 
~0.26947 
-0.26797 
~0.26624 
~0.26428 


-0.26208 
~0.25964 
-0.25697 
0.25406 
-0.25092 


-0.24755 
-0.24395 
-0.24012 
~0.23606 
~0.23178 


-0.22727 
~0.22253 
-0.21758 
-0.21241 
-0,20702 


~-0.20141 
-0.19559 
-0.18956 
-0.18332 
-0.17688 


-0.17024 
-0.16339 
-0.15635 
-0.14911 
-0,14168 


-0.13407 
~0.12627 
-0.11829 
0.11013 
~0.10180 


-0.09330 
-0.08464 
-0.07582 
-0.06684 
-0.05770 


~-0.04843 
-0.03900 
-0.02945 
-0,01975 
-0.00994 


0.00000 


75000 
07954 
63936 
41808 
41352 


63281 
09248 
81855 
84664 
22208 


00000 
24542 
03336 
44895 
58752 


55469 
46648 
44942 
64064 
18796 


25000 
99629 
60736 
27483 
20152 


60156 
70048 
73530 
95464 
61883 


00000 
38217 
06136 
34570 
55552 


02344 
09448 
12617 
48864 
56471 


75000 
45304 
09536 
11158 
94952 


07031 
94848 
07205 
94264 
07558 


00000 


A 


(2+k)! (8-4) !(p—k) 


0.76295 
0.75066 
0.73811 
0.72529 
0.71221 


0.69888 
0.68528 
0.67143 
0.65734 
0.64299 


0.62841 
0.61358 
0.59851 
0.58322 
0.56769 


0.55194 
0.53597 
0.51978 
0.50338 
0.48678 


0.46997 
0.45296 
0.43575 
0.41836 
0.40079 


0.38304 
0.36511 
0.34702 
0.32876 
0.31035 


0.29179 
0.27309 
0.25425 
0.23528 
0.21619 


0.19698 
0.17766 
0.15823 
0.13871 
0.11910 


0.09941 
0.07964 
0.05981 
0.03992 
0.01998 


0.00000 


00000 


Ao 


Ag 


0.41015 
0.42121 
0.43235 
0.44357 
0.45487 


~ 0.46625 


0.47769 
0.48921 
0.50080 
0.51244 


0.52416 
0.53592 
0.54775 
0.55962 
0.57155 


0.58352 
0.59553 
0.60758 
0.61967 
0.63179 


0.64393 
0.65610 
0.66830 
0.68050 
0.69272 


0.70495 
0.71718 
0.72942 
0.74165 
0.75387 


0.76608 
0.77827 
0.79043 
0.80258 
0.81469 


0.82676 
0.83879 
0.85078 
0.86272 
0.87460 


0.88642 
0.89817 
0.90985 
0.92145 
0.93297 


0.94439 
0.95573 
0.96696 
0.97809 
0.98910 


1.00000 


62500 
41848 
51232 
65921 
60524 


08984 
84576 
59897 
06868 
96721 


00000 
86554 
25532 
85377 
33824 


37891 
63876 
77354 
43168 
25427 


87500 
92010 
00832 
75083 
75124 


60547 
90176 
22061 
13468 
20883 


00000 
05717 
92132 
12540 
19424 


64453 
98476 
71516 
32768 
30590 


12500 
25173 
14432 
25246 
01724 


87109 
23776 
53223 
16068 
52046 


00000 


Aj 


-0.02836 
~-0.02866 


-0.02893 
-0.02919 
-0.02942 
~0.02962 
~0,02980 


-0.02995 
-0.03007 
~0.03016 
~0.03022 
-0.03025 


-0.03025 
-0.03022 
-0,03015 
-0.03004 
-0.02990 


~0.02972 
-0,02949 
-0.02923 
-0.02893 
-0.02858 


-0.02819 
-0.02776 
~0.02727 
0.02674 
-0.02616 


-0.02553 
-0.02485 
~0.02411 
-0.02332 
-0.02247 


-0.02156 
-0.02060 
-0.01957 
-0.01848 
-0.01733 


-0.01611 
-0.01483 
~0,01347 
~0,01205 
-0.01056 


-0.00899 
-0,00735 
~0.00563 
-0,00383 
-0.00195 


0.00000 
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NUMERICAL ANALYSIS 911 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 


Ai(p)=(-s PEE De® 


A_2 A_) Ao Aj Ag A3 
0.00600 00000 0.00000 00000 0,00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 
0.00050 41246 -0.00335 80392 0.01005 74108 -0.02001 52433 1.01076 97879 0.00204 19592 
0.00101 63266 -0.00676 42932 0.02022 59064 -0.04005 52264 1.02140 82732 0.00416 90134 
0.00153 63410 -0.01021 69214 0.03049 97755 -0.06011 12080 1.03190 90702 0.00638 29427 
0.00206 38925 -0.01371 40224 0.04087 31648 -0.08017 42848 1.04226 57024 0.00868 55475 


0.00259 86953 -0.01725 36328 0.05134 00781 -0.10023 53906 1.05247 16016 0.01107 86484 
0.00314 04535 -0.02083 37276 0.06189 43752 -0.12028 52952 1.06252 01076 0.01356 40865 
0.00368 88605 -0.02445 22191 0.07252 97708 -0.14031 46033 1.07240 44679 0.01614 37232 
0.00424 35994 -0,02810 69568 0.08323 98336 -0.16031 37536 1.08211 78368 0,01881 94406 
0.00480 43420 -0.03179 57264 0.09401 79854 -0.18027 30179 1.09165 32752 0.02159 31417 


0.00537 07500 -0.03551 62500 0.10485 75000 -0.20018 25000 1.10100 37500 0.02446 67500 
0.00594 24737 -0.03926 61847 0.11575 15021 -0.22003 21346 1.11016 21335 0.02744 22100 
0.00651 91526 ~0.04304 31232 0.12669 29664 -0.23981 16864 1.11912 12032 0.03052 14874 
0.00710 04151 -0.04684 45921 0.13767 47167 -0.25951 07492 1.12787 36409 0.03370 65686 
0.00768 58785 -0,05066 80524 0.14868 94248 -0.27911 87448 1.13641 20324 0.03699 94615 


0.00827 51484 -0.05451 08984 0.15972 96094 -0.29862 49219 1.14472 88672 0.04040 21953 
0.00886 78195 ~-0.05837 04576 0.17078 76352 -0.31801 83552 1.15281 65376 0,04391 68205 
0.00946 34747 -0.06224 39898 0.18185 57120 -0.33728 79445 1.16066 73385 0.04754 54091 
0.01006 16854 -0.06612 86868 0.19292 58936 -0.35642 24136 1.16827 34668 0.05129 00546 
0.01066 20112 -0,07002 16721 0.20399 00767 -0,37541 03092 1.17562 70208 0.05515 28726 


0.01126 40000 -0.07392 00000 0.21504 00000 -0.39424 00000 1.18272 00000 0.05913 60000 
0.01186 71878 -0.07782 06554 0.22606 72433 ~0.41289 96758 1.18954 43042 0.06324 15959 
0.01247 10986 -0.08172 05532 0.23706 32264 -0.43137 73464 1.19609 17332 0.06747 18414 
0.01307 52443 -0.08561 65377 0.24801 92080 -0.44966 08405 1.20235 39865 0.07182 89394 
0.01367 91245 -0.08950 53824 0.25892 62848 -0.46773 78048 1.20832 26624 0.07631 51155 


0.01428 22266 -0.09338 37891 0.26977 53906 -0.48559 57031 1.21398 92578 0.08093 26172 
0.01488 40255 -0.09724 83876 0.28055 72952 -0.50322 18152 1.21934 51676 0.08568 37145 
0.01548 39838 -0.10109 57353 0.29126 26033 -0.52060 32358 1.22438 16841 0.09057 06999 
0.01608 15514 -0.10492 23168 0.30188 17536 -0.53772 68736 1.22908 99968 0.09559 58886 
0.01667 61653 -0.10872 45427 0.31240 50179 -0,55457 94504 1.23346 11915 0.10076 16184 


0.01726 72500 -0.11249 87500 0.32282 25000 -0.57114 75000 1.23748 62500 0.10607 02500 
0.01785 42169 -0.11624 12010 0.33312 41346 -0.58741 73671 1.24115 60498 0.11152 41668 
0.01843 64646 -0.11994 80832 0.34329 96864 -0.60337 52064 1.24446 13632 0.11712 57754 
0.01901 33784 -0.12361 55083 0.35333 87492 -0.61900 69817 1.24739 28571 0.12287 75053 
0.01958 43305 -0.12723 95124 0,36323 07448 -0.63429 84648 1.24994 10924 0.12878 18095 


0.02014 86797 -0.13081 60547 0.37296 49219 -0.64923 52344 1.25209 65234 0.13484 11641 
0.02070 57715 -0.13434 10176 0.38253 03552 ~-0.66380 26752 1.25384 94976 0.14105 80685 
0.02125 49379 -0.13781 02060 0.39191 59445 -0.67798 59770 1.25519 02548 0.14743 50458 
0.02179 54974 -0.14121 93468 0.40111 04136 -0.69177 01336 1.25610 89268 0.15397 46426 
0.02232 67544 -0.14456 40883 0.41010 23092 -0.70513 99417 1.25659 55371 0.16067 94293 


0.02284 80000 -0.14784 00000 0.41888 00000 -0.71808 00000 1.25664 00000 0.16755 20000 
0.02335 85111 ~-0.15104 25717 0.42743 16758 -0,73057 47083 1.25623 21204 0.17459 49727 
0.02385 75506 -0.15416 72132 0.43574 53464 -0.74260 82664 1.25536 15932 0.18181 09894 
0.02434 43676 -0,15720 92540 0.44380 88405 -0.75416 46730 1.25401 80027 0.18920 27162 
0.02481 81965 -0.16016 39424 0.45160 98048 -0.76522 77248 1.25219 08224 0.19677 28435 


0.02527 82578 -0.16302 64453 0.45913 57031 -0.77578 10156 1.24986 94141 0.20452 40859 
0.02572 37575 -0.16579 18476 0.46637 38152 -0.78580 79352 1.24704 30276 0.21245 91825 
0.02615 38870 -0.16845 51516 0,47331 12358 -0.79529 16683 1.24370 08004 0.22058 08967 
0.02656 78234 -0.17101 12768 0.47993 48736 -0,80421 51936 1.23983 17568 0.22889 20166 
0.02696 47286 -0.17345 50590 0.48623 14504 -0.81256 12829 1.23542 48077 0.23739 53552 


0.02734 37500 -0.17578 12500 0.49218 75000 -0.82031 25000 1.23046 87500 0.24609 37500 
Ag Ag A, Ag A_y A_2 —p 


oes 


. 
PHPHhH HPAPPH WWWWw WW Wo bo Wo MNMNNN PP MNNIN AR BRR eR RR Re ooooo oooceo 
aAnan AWN FO WOoanawm hHwWwNnNrHO ODNAW AWNEO woanawn PUNRO OOM PWM O 


PRR Ree Pe oe pee ieee eee ee bet pep 


he 
. . 

Ww 
o oO 


912 NUMERICAL ANALYSIS 


Table 25.1 SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


A_2 A-j Ap Ay Ag A3 


ee « e 


° 


ee 2 6 


oo 8 


ee 4 
soe se WOoono WHOMWO reRore Rodos) ANN SNS DATHOHO FOTCKM UNUM UNMUUUw's 


Onn PWNHO OOH PWNEHO won oaw PWNEHO WOODwAIDW PWNHO Won au PUNE O 


MNP NP MMMND MMNMNN Pp MMM hw PO MMM hh NNNNN MNMMN PP MMM PHP MMrmMMP NMM MP 


w 
e 

o 
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Ag Ag Aj Ao Ay A_2 


0.02734 37500 -0.17578 12500 0.49218 75000 -0,82031 25000 1.23046 87500 0.24609 37500 
0.02770 40203 -0.17798 45173 0.49778 93671 -0.82745 11996 1.22495 22660 0.25499 00635 
0.02804 46566 -0.18005 94432 0.50302 32064 -0.83395 95264 1.21886 39232 0.26408 71834 
0.02836 47616 -0.18200 05246 0.50787 49817 -0.83981 94142 1.21219 21734 0.27338 80221 
0.02866 34225 -0.18380 21724 0.51233 04648 -0.84501 25848 1.20492 53524 0.28289 55175 


0.02893 97109 -0.18545 87109 0.51637 52344 -0.84952 05469 1.19705 16797 0.29261 26328 
0.02919 26835 -0,18696 43776 0.51999 46752 -0.85332 45952 1.18855 92576 0.30254 23565 
0.02942 13812 -0.18831 33223 0.52317 39770 -0.85640 58095 1.17943 60710 0,31268 77026 
0.02962 48294 -0,18949 96068 0.52589 81336 -0.85874 50536 1.16966 99868 0.32305 17106 
0.02980 20377 ~0.19051 72046 0.52815 19417 -0.86032 29742 1.15924 87533 0.33363 74461 


0.02995 20000 -0.19136 00000 0.52992 00000 -0.86112 00000 1.14816 00000 0.34444 80000 
0.03007 36943 -0.19202 17879 0.53118 67083 -0,.86111 63408 1.13639 12367 0.35548 64894 
0.03016 60826 -0.19249 62732 0.53193 62664 -0.86029 19864 1.12392 98532 0.36675 60574 
0.03022 81107 -0.19277 70702 0.53215 26730 -0.85862 67055 1.11076 31190 0.37825 98730 
0.03025 87085 -0.19285 77024 0,53181 97248 -0.85610 00448 1.09687 81824 0.39000 11315 


0.03025 67891 -0.19273 16016 0.53092 10156 -0.85269 13281 1.08226 20703 0.40198 30547 
0.03022 12495 -0.19239 21076 0,52943 99352 -0.84837 96552 1.06690 16876 0.41420 88905 
0.03015 09704 -0,19183 24679 0.52735 96683 -0.84314 39008 1.05078 38166 0.42668 19134 
0.03004 48154 -0.19104 58368 0.52466 31936 ~0.83696 27136 1.03389 51168 0.43940 54246 
0.02990 16317 -0.19002 52752 0.52133 32829 -0.82981 45154 1.01622 21240 0.45238 27520 


0.02972 02500 -0.18876 37500 0.51735 25000 -0,82167 75000 0.99775 12500 0.46561 72500 
0.02949 94834 -0.18725 41335 0.51270 31996 -0,81252 96321 0.97846 87823 0.47911 23003 
0.02923 81286 -0,18548 92032 0.50736 75264 -0.80234 86464 0.95836 08832 0.49287 13114 
0.02893 49650 -0.18346 16409 0.50132 74142 -0.79111 20467 0.93741 35896 0,50689 77188 
0.02858 87545 -0.18116 40324 0.49456 45848 -0.77879 71048 0.91561 28124 0.52119 49855 


0.02819 82422 -0.17858 88672 0.48706 05469 -0.76538 08594 0.89294 43359 0.53576 66016 
0.02776 21555 -0.17572 85376 0.47879 65952 ~-0.75084 01152 0.86939 38176 0.55061 60845 
0.02727 92044 -0.17257 53385 0.46975 38095 -0.73515 14420 0.84494 67873 0.56574 69793 
0.02674 80814 -0.16912 14668 0.45991 30536 -0.71829 11736 0.81958 86468 0.58116 28586 
0.02616 74609 -0.16535 90208 0.44925 49742 -0.70023 54067 0.79330 46696 0.59686 73228 


0.02553 60000 ~0.16128 00000 0.43776 00000 -0.68096 00000 0.76608 00000 0.61286 40000 
0.02485 23376 -0.15687 63042 0.42540 83408 -0.66044 05733 0.73789 96529 0.62915 65462 
0.02411 50946 -0,15213 97332 0.41217 99864 -0.63865 25064 0.70874 85132 0.64574 86454 
0.02332 28741 -0.14706 19865 0.39805 47055 -0.61557 09380 0.67861 13352 0.66264 40097 
0.02247 42605 -0.14163 46624 0.38301 20448 -0.59117 07648 0.64747 27424 0.67984 63795 


0.02156 78203 -0.13584 92578 0.36703 13281 ~0.56542 66406 0.61531 72266 0.69735 95234 
0.02060 21015 -0.12969 71676 0.35009 16552 ~-0.53831 29752 0.58212 91476 0.71518 72385 
0.01957 56335 -0.12316 96841 0.33217 19008 -0.50980 39333 0.54789 27329 0.73333 33502 
0.01848 69274 -0.11625 79968 0.31325 07136 -0.47987 34336 0.51259 20768 0.75180 17126 
0.01733 44751 -0.10895 31915 0.29330 65154 ~-0.44849 51479 0.47621 11402 0.77059 62087 


0.01611 67500 -0.10124 62500 0.27231 75000 -0.41564 25000 0.43873 37500 0.78972 07500 
0.01483 22068 -0.09312 80498 0.25026 16321 -0.38128 86646 0.40014 35985 0.80917 92770 
0.01347 92806 -0.08458 93632 0.22711 66464 -0.34540 65664 0.36042 42432 0.82897 57594 
0.01205 63881 -0,07562 08571 0.20286 00467 -0.30796 88792 0.31955 91059 0.84911 41956 
0.01056 19265 -0.06621 30924 0.17746 91048 -0.26894 80248 0.27753 14724 0.86959 86135 


0.00899 42734 -0.05635 65234 0.15092 08594 -0.22831 61719 0.23432 44922 0.89043 30703 
0.00735 17875 -0.04604 14976 0.12319 21152 -0.18604 52352 0.18992 11776 0.91162 16525 
0.00563 28077 -0.03525 82547 0.09425 94420 ~-0.14210 68745 0.14430 44035 0.93316 84760 
0.00383 56534 -0.02399 69268 0.06409 91736 -0.09647 24936 0.09745 69068 0.95507 76866 
0.00195 86242 ~0.01224 75371 0.03268 74067 -0.04911 32392 0.04936 12858 0.97735 34596 


0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 
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NUMERICAL ANALYSIS 913 


SEVEN-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 


Al(p)=(-1)#+3 P ae Pa ( a) 


P A_3 A_2 A-| Ao A, Ag A3 
0.0 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.0 
0,1 0.00159 10125 0.02409 18250 -0.06725 64375 0.98642 77500 0.08220 23125 ~0.01557 51750 0.00170 07375 0.1 
0.2 -0.00295 68000 0.02580 48000 -0.11827 20000 0.94617 60000 0.17740 80000 -0.03153 92000 0.00337 92000 0.2 
0.3 -0.00400 28625 0.03445 94250 -0.15241 66875 0.88062 97500 0.28305 95625 0.04662 15750 0.00489 23875 0:3 
0.4 -0,00465 92000 0.03960 32000 -0.16972 80000 0.79206 40000 0.39603 20000 -0.05940 48000 0.00609 28000 0:4 
0.5 -0.00488 28125 0.04101 56250 -0.17089 84375 0.68359 37500 0.51269 53125 -0,06835 93750 0.00683 59375 0.5 
0.6 -0,00465 92000 0.03870 72000 -0.15724 80000 0.55910 40000 0.62899 20000 -0:07188 48000 0.00698 88000 0:6 
0.7 -0,00400 28625 0,03291 24250 -0.13068 16875 0.42315 97500 0.74052 95625 0.06835 65750 0.00643 93875 0:7 
0.8 -0,00295 68000 0.02407 68000 -0.09363 20000 0.28089 60000 0.84268 80000 -0:05617 92000 0:00510 72000 0.8 
0.9 -0.00159 10125 0.01283 78250 -0.04898 64375 0.13788 77500 0.93074 23125 0.03384 51750 0.00295 47375 0.9 
1.0 0.00000 00000 0.00000 00000 0,00000 00000 0,00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 1.0 
1:1 0.00170 07375 -0.01349 61750 0.04980 73125 -0.12678 22500 1.04595 35625 0.04648 68250 -0:00367 00125 1/1 
1.2 0.00337 92000 -0.02661 12000 0.09676 80000 -0.23654 40000 1.06444 80000 0.10644 48000 0.00788 48000 1:2 
1.3 0.00489 23875 ~0.03824 95750 0.13719 95625 0.32365 02500 1.05186 33125 0.18031 94250 0.01237 48625 1.3 
1:4 0.00609 28000 -0:04730 88000 0.16755 20000 -0.38297 60000 1.00531 20000 0.26808 32000 0.01675 52000 1.4 
1.5 0,00683 59375 -0.05273 43750 0.18457 03125 -0.41015 62500 0.92285 15625 0.36914 06250 -0,02050 78125 1.5 
1.6 0.00698 88000 -0.05358 08000 0.18547 20000 -0.40185 60000 0.80371 20000 0.48222 72000 -0:02296 32000 1.6 
1.7 0.00643 93875 -0.04907 85750 0.16813 95625 -0.35606 02500 0.64853 83125 0.60530 24250 -0:02328 08625 1.7 
1.8 0.00510 72000 -0.03870 72000 0.13132 80000 -0.27238 40000 0.45964 80000 0.73543 68000 -0:02042 88000 1/8 
1.9 0.00295 47375 -0.02227 41750 0.07488 73125 0.15240 22500 0.24130 35625 0.86869 28250 -0.01316 20125 1.9 
2.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 90000 0.00000 00900 1.00000 00000 0.00000 00000 2.0 
2.1 -0.00367 00125 0.02739 08250 -0.09056 64375 0.17825 77500 -0.25523 26875 1.12302 38250 0.02079 67375 2.1 
2.2 -0.00788 48000 0.05857 28000 -0.19219 20000 0.37273 60000 -0.51251 20000 1.23002 88000 0.05125 12000 2.2 
2:3 -0.01237 48625 0.09151 64250 -0.29812 16875 0.57031 97500 -0.75677 04375 1.31173 54250 0.09369 53875 2.3 
2.4 -0.01675 52000 0.12337 92000 -0,39916 80000 0.75398 40000 -0.96940 80000 1.35717 12000 0.15079 68000 2.4 
2.5 -0.02050 78125 0.15039 06250 -0,48339 84375 0,90234. 37500 -1,12792 96875 1.35351 56250 0.22558 59375 2.5 
2.6 -0.02296 32000 0.16773 12000 -0,53580 80000 0.98918 40000 -1.20556 80000 1.28593 92000 0.32148 48000 2.6 
2:7 -0.02328 08625 0.16940 54250 -0.53797 66875 0.98296 97500 -1.17089 04375 1.13743 64250 0.44233 63875 2.7 
2.8 -0.02042 88000 0.14810 88000 -0.46771 20000 0.84633 60000 0.98739 20000 0.88865 28000 0.59243 52000 2°8 
2:9 -0.01316 20125 0.09508 88250 -0.29867 64375 0.53555 77500 -0.61307 26875 0.51770 58250 0.77655 87375 2.9 
3.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 3.0 
A3 A, A, Ao A_\ A_2 A_3  -p 


EIGHT-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 
AB (p)~(—1)e+4 P&P? I) (PA) (p?-9) (p-4) 


(8+k)!(4-k)!(p-k) 
A-3 A-2 A_; Ay A, Ag Ag Aq 


0.00000 90000 0.00000 00000 0.00000 00000 1.00000 00900 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 
-0.00088 64213 0.00915 96863 -0.05246 00213 0.96176 70563 0,10686 30063 -0.03037 15913 0,00663 28763 -0.00070 45913 
-0.00160 51200 0.01634 30400 -0.08988 67200 0.89886 72000 0,22471 68000 -0.05992 44800 0.01284 09600 -0.00135 16800 
~0.00211 57988 0.02124 99787 -0.11278 83487 0.81458 25188 0.34910 67938 -0.08624 99137 0.01810 18337 -0.00188 70638 
-0,00239 61600 0,02376 19200 -0.12220 41600 0.71285 76000 0.47523 84000 -0.10692 86400 0.02193 40800 -0.00226 30400 
~0.00244 14063 0.02392 57812 -0.11962 89062 0.59814 45312 0.59814 45313 -0.11962 89062 0.02392 57812 -0,00244 14062 


0.00000 00000 0.00000 00000 0.00000 00000 0,00000 00000 1.00000 00000 0.00000 00000 0.00000 60000 0.00000 00000 
0.00070 45912 -~0,00652 31512 0.02888 82412 -0.09191 71312 1.01108 84438 0.06740 58962 -0.01064 30362 0.00099 61462 
0.00135 16800 ~-0,01241 85600 0.05419 00800. -0.16558 08000 0.99348 48000 0.14902 27200 -0.02207 74400 0.00202 75200 
0.00188 70638 -0.01721 23088 0.07408 77638 -0,21846 39188 0.94667 69812 0.24343 12238 -0.03341 21288 0.00300 53238 
0.00226 30400 -0.02050 04800 0,08712 70400 -0.24893 44000 0.87127 04000 0.34850 81600 ~0.04356 35200 0,00382 97600 


0.00244 14062 -0.02197 26562 0.09228 51562 -0.25634 76562 0.76904 29688 0.46142 57812 -0.05126 95312 0.00439 45312 
0.00239 61600 -0,02143 23200 0.08902 65600 -0,24111 36000 0.64296 96000 0.57867 26400 -0.05511 16800 0,00459 26400 
0.00211 57988 -0.01881 34538 0.07734 41988 -0.20473 46438 0.49721 27062 0.69609 77888 -0.05354 59838 0.00432 35888 
0.00160 51200 -0.01419 26400 0.05778 43200 -0,.14981 12000 0.33707 52000  0,80898 04800 -0.04494 33600 0.00350 20800 
0.00088 64213 -0,00779 59613 0.03145 26712 -0.08001 11812 0.26891 24938 0.91212 74662 -0.02764 02263 0,00206 83163 


0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 
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-0.00099 61462 0.00867 37612 -0,03441 52462 0.08467 24312 -0.16164 73688 1.06687 26338 0.03951 38012 -0.00267 38662 -1. 
~0,00202 75200 0.01757 18400 -0.06918 91200 0.16773 12000 ~0.30750 72000 1.10702 59200 0.09225 21600 -0.00585 72800 -1, 
~0.00300 53238 0.02592 96538 -0.10136 13738 0.24238 58938 -0.42883 65812 1.21497 51112 0.15928 21588 -0.00936 95388 -1 
-0.00382 97600 0.03290 11200 -0,12773 37600 0.30159 36000 -0.51701 76000 1.08573 69600 0.24127 48800 -0.01292 54400 -1. 
-0.00439 45312 0.03759 76562 -0,14501 95312 0.33837 89062 -0.56396 48438 1.01513 67188 0.33837 89062 -0.01611 32812 -1. 
-0.00459 26400 0.03913 72800 -0.15002 62400 0,34621 44000 -0.56259 84000 0.90015 74400 0.45007 87200 -0.01837 05600 -1, 
-0.00432 35888 0.03670 45088 ~0,13987 39388 0.31946 51688 -0.50738 58562 0.73933 36762 0,57503 73038 -0,01895 72738 -1. 
-0.00350 20800 0.02962 17600 -0,11225 08800 0.25390 08000 ~0,39495 68000 0.53319 16800 0.71092 22400 -0.01692 67200 -1. 
-0,00206 83162 0.01743 29512 -0.06570 88162 0.14727 83812 -0.22479 33188 0.28473 82038 0.85421 46112 -0.01109 36962 -1. 
0.00000 00000 0,00000 00000  0,00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1,00000 00000 0,00000 00000 -2, 
0.00267 38662 -0.02238 70762 0,08354 20162 -0.18415 17562 0,27184 30688 -0,.31138 38788 1.14174 08888 0.01812 28712 -2. 
0.00585 72800 -0,04888 57600 0.18157 56800 -0.39719 68000 0.57774 08000 -0.63551 48800 1.27102'97600 0.04539 39200 -2. 
0.00936 95388 -0,07796 16338 0.28827 67388 -0.62605 55438 0,89825 36062 ~-0.95353 07512 1.37732 21962 0.08432 58488 -2, 
0.01292 54400 -0,10723 32800 0.39481 34400 -0.85155 84000 1.20637 44000 -1.24084 22400 1.44764 92800 0.13787 13600 -2, 
0.01611 32812 ~0.13330 07812 0.48876 95312 -1.04736 32812 1.46630 85938 -1.46630 85938 1.46630 85938 0.20947 26562 -2. 
0.01837 05600 -0.15155 71200 0.55351 29600 -1.17877 76000 1.63215 36000 -1.59134 97600 1.41453 31200 0.30311 42400 -2, 
0.01895 72738 ~0.15598 17788 0.56750 81738 ~-1.20148 12688 1.64647 43312 -1.56899 31862 1.27013 73412 0.42337 91138 -2, 
0.01692 67200 -0.13893 58400 0.50356 99200 ~1,06014 72000 1,43877 12000 -1.34285 31200 1.00713 98400 0.57550 84800 -2, 
0.01109 36962 -0.09081 78862 0.32805 64462 -0.68695 58062 0.92383 71188 -0.84604 03088 0.59536 16988 0.76546 50412 -2, 
0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0,00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 -3, 
4 Ag Ap Ay Ao A_, A_» A_3 P 
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NUMERICAL ANALYSIS 


COEFFICIENTS FOR DIFFERENTIATION 


Differentiation Formula: 


FIRST DERIVATIVE (k=1) 


alo Aj dg A3 
Three Point (m=2) 
-3 4 -1 
-1 0 1 
1 —-4 3 
Four Point (m=8) 
-11 18 ~9 2 
-2 3 6 -l 
1 -6 3 2 
2 9 ~-18 1l 
Five Point (m=4) 
50 9% -72 32 
~ -20 36 -12 
2-16 0 16 
2 12 -36 20 
6 -32 72 -% 
Six Point (m#=5) 
-274 600 -600 400 
~24 -130 240 -120 
6 -60 -40 120 
-4 30 -120 40 
6  -40 120 -240 
-24 150 -400 600. 


Ag 


A; 


24 
-6 
4 
-6 
24 
274 


SECOND DERIVATIVE (k=2) 


aly Aly alo al 
Three Point (m=2) 

1 -2 1 

1 -2 1 

1 —2 1 


Four Point (m=8) 


6 -15 
3 -6 
0 3 
3 12 


12 -3 
3 0 
-6 3 
15 6 


Five Point (#=4) 


35 ~104 
11 ~20 
-1 16 
-1 4 
il -56 


114 —56 
6 4 
~-30 16 
6 -20 
114-104 


Six Point (--5) 


225 —-770 
50 -75 
5 80 

0 -5 
5 ~30 
50 305 


Compiled from W. G. Bickley, Formulae for numerical differentiation, Math. Gaz. 25, 19-27, 1941 


*See page 11. 


1070 ~780 
-20 70 
-150 80 
80 -150 
70 -20 
-780 1070 


aq 


h* Brror 
ki 


1/3 
-1/6 nt GG) 
1/3 


-1/4 

1/12 

-1/12h 
1/4 


4, (4) 


1/5 
-1/20 
1/30 n> £6 
~1/20 

1/5 


ie 

1/30 
~1/60, 6 (6) 
loo" * 
-1/30 

1/6 


d; he Error 
k! 


-50 
5 

0 
-5 
50 
225 


“12 we 


-1/24n42 


1/2 n? 2? 


11/24 
1/24 4 (4a) 
=1724n' 
11/24 


137/360 
—13/360 
1/180 | 6, (6) 
1/180 
-13/360 
137/360 


dkf (2'/) 
dak 


| 
| 
Den. 


huUnreo WNrO 


MPwnro 


PwWwWNrO 


WMmPwWwNrY © 


MPWNHO 


k! 
. mthk 
J 


alo 


Ree ee 


-1 
-1 
-1 
—1 
-l 
-1 


m 


Ag 


-205 
—35 
35 


A; 


Aj f(a, 
% if (z,) 
THIRD DERIVATIVE (k=3) 
A; Ap Ay 
Four Point (m=8) 
3 -3 1 
3 =3 1 
3 -3 1 
3 =o: 1 
Five Point (m=4) 
36 48 28 
20 ~-24 12 
4 0 4 
~1l2 24 —20 
-28 48 —36 
Six Point (=5) 
355 -590 490 
125 -170 110 
-5 50 -70 
—35 70 -50 
35 -110 170 
205 -490 590 


FOURTH DERIVATIVE (k=4) 


Ay 


Five Point (=4) 


-4 
-4 
-4 
~4 
~4 


alo aly 


~4 
4 
-4 
—4 
~4 


aQaanna 


Six Point (m=5 


130 = -120 
80 -70 
30 -20 

~-20 30 

-70 80 

120 130 


alg 


PRR eS 


aly 


FIFTH DERIVATIVE (k--5) 


ly 


Wm nww 


alo aly 
Six Point (m-—5) 
~10 10 
-10 10 
-10 10 
-10 10 
-10 10 
-10 10 


aly 


-5 
=5 
= 
-5 
-5 
-5 


als 


el ee eo oo 


h* Error * 
kt 


Vay 
1/12 ,4 
Lae 
1/4 


7/24 
1/24 
1/34 no e6) 
1/24 
7/24 


5/16 
-1/48 

1/48 6 (6) 
-1y4g% t 
1/48 

5/16 


h* Brror 
ki 


-1/12 neh? 
-1/24 6 (6) 


-1/144n°¢ 


17/144 
5/144 
-1/144 6.) 
1/1448 £ 
5/144 
17/144 


hk 
wT Error 


~1/48 

-1/80 
-1/240, 6,(6) 
1/240" 
1/80 

1/48 


(with permission). 


n m\k —4 
3 -l 
5 -2 
-1 
7 -3 
-2 
-1 
9 —4 1070017 
~-3 33953 
-2 7297 
~l ~3233 
4 
n m\k -4 
| 
0 
6 -2 
—1 
0 
8 ~3 
—2 
-1 
0 
10 -4 2082753 
~3 57281 
-2 10625 
-1 -3969 
0 2497 
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LAGRANGIAN INTEGRATION COEFFICIENTS Table 25.3 
E 
fede =k Di Aen f%) 
Im k 
DAj(m) 
n= odd 
-~8 -2 -1 0 1 2 3 4 D 
5 8 -1 0 12 
251 646 -264 106 ~19 1 720 
-19 346 456 -74 ll 0 
19087 65112 —46461 37504 -20211 6312 863 2 60480 
—863 25128 46989 -16256 7299 2088 271 1 
271 ~2760 30819 37504 ~6771 1608 ~191 0 
4467094 -4604594 5595358 5033120 3146338 ~-1291214 312874 -33953 3 3628800 
1375594 3244786 -1752542 1317280 -755042 294286 -68906 7297 2 
-99626 1638286 2631838  -833120 397858  -142094 31594 3233 1 
36394 ~216014 1909858 2224480 425762 126286 -25706 2497 0 
3 2 1 0 -l -2 -3 -4 k\m 
n=even 
-8 =2 -1 0 1 2 3 4 5 D 
9 19 5 1 1 24 
-l 13 13 -1 0 
475 1427 -798 482 -173 27 2 1440 
-27 637 1022 -258 77 -11 1 
ll -93 802 802 -93 11 0 
36799 139849 -121797 123133 -88547 41499-11351 1375 3 120960 
~-1375 47799 101349 44797 26883 —11547 2999 351 2 
351 —4183 57627 81693 -20227 7227. 1719 191 1 
-191 1879 9531 68323 68323 -9531 1879 191 0 
9449717 -11271304 16002320 —17283646 13510082 ~7394032 2687864 -583435 57281 4 7257600 
2655563 6872072 -4397584 3973310 -2848834 1481072 -520312 110219 -10625 3 
-163531 3133688 5597072 -2166334 1295810 -617584 206072 -42187 3969 2 
50315  —-342136 3609968 4763582 -1166146 462320 -141304 27467 -2497 1 
-28939 162680 -641776 4134338 4134338 -641776 162680 -28939 2497 0 
4 3 2 1 0 a ad =) -4 k\m 


Compiled from National Bureau of Standards, Tables of Lagrangian interpolation coefficients. Colum- 
bia Univ. Press, New York, N.Y., 1944 (with permission). 


SS 


*See page I. 
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Table 25.4 


NUMERICAL ANALYSIS 


ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 


n 


JV s@)dr= DY wisles 


Abscissas= +7; (Zeros of Legendre Polynomials) 


0.57735 


0.00000 
0.77459 


0.33998 
0.86113 


0.00000 
0.53846 
0.90617 


0.23861 
0.66120 
0.93246 


0.00000 
0.40584 
0.74153 
0,94910 


£2} 


02691 


00000 
66692 


10435 
63115 


00000 
93101 
98459 


91860 
93864 
95142 


00000 
51513 
11855 
79123 


89626 


00000 
41483 


84856 
94053 


00000 
05683 
38664 


83197 
66265 
03152 


wi 


1.00000 00000 


0.88888 88888 
0.55555 55555 


0.65214 51548 
0.34785 48451 


0.56888 88888 
0.47862 86704 
0.23692 68850 


0.46791 39345 
0.36076 15730 
0.17132 44923 


n=7 


00000 
77397 
99394 
42759 


0.09501 
0.28160 
0.45801 
0.61787 
0.75540 
0.86563 
0.94457 
0.98940 


0.07652 
0.22778 
0.37370 
0.51086 
0.63605 
0.74633 
0.83911 
0.91223 
0.96397 
0.99312 


0.06405 
0.19111 
0.31504 
0.43379 
0.54542 
0.64809 
0.74012 
0.82000 
0.88641 
0.93827 
0.97472 
0.99518 


Compiled from P. Davis 
order, J. Research NBS 56, 35-87, 1956, RP2645; P. Davis and P. Rabinowitz, Additional abscissas 
Values for »=64, 80, and 96, J. Research NBS 60, 
613-614, 1958, RP2875; and A. N. Lowan, N. Davids, and A. Levenson, Table of the zeros of the Legendre 
polynomials of order 1-16 and the weight coefficients for Gauss’ mechanical quadrature formula, Bull. 
Amer. Math. Soc. 48, 739-748, 1942 (with permission). 


and weights for Gaussian quadratures of high order. 


0.41795 91836 
0.38183 00505 
0.27970 53914 
0.12948 49661 


t2i 


00000 


88889 
55556 


62546 
37454 


88889 
99366 
56189 


72691 
48139 
79170 


73469 
05119 
89277 
68870 


25098 37637 440185 
35507 79258 913230 
67776 57227 386342 
62444 02643 748447 
44083 55003 033895 
12023 87831 743880 
50230 73232 576078 
09349 91649 932596 


i=1 


+73 


Weight Factors=w; 


n=8 


0.18343 46424 95650 
0.52553 24099 16329 
0.79666 64774 13627 
0.96028 98564 97536 


0,00000 00000 00000 
0.32425 34234 03809 
0.61337 14327 00590 
0.83603 11073 26636 
0.96816 02395 07626 


0.36268 
0.31370 
0.22238 
0.10122 


0.33023 
0.31234 
0.26062 
0.18064 
0.08127 


n=10 


0.14887 43389 81631 
0.43339 53941 29247 
0.67940 95682 99024 
0.86506 33666 88985 
0.97390 65285 17172 


0.12523 34085 11469 
0.36783 14989 98180 
0.58731 79542 86617 
0.76990 26741 94305 
0.90411 72563 70475 
0.98156 06342 46719 


n=16 


0.18945 
0.18260 
0.16915 
0.14959 
0.12462 
0.09515 
0.06225 
0.02715 


n=20 


65211 33497 333755 
58511 41645 078080 
60887 15419 560673 
70019 50827 098004 
36807 26515 025453 
19064 60150 792614 
69718 22218 823395 
44282 51325 905868 
19272 77913 791268 
85991 85094 924786 


0.15275 
0.14917 
0.14209 
0.13168 
0.11819 
0.10193 
0.08327 
0.06267 
0.04060 
0.01761 


n=24 


68928 62605 626085 
88674 73616 309159 
26796 96163 374387 
35076 26045 138487 
14713 88839 535658 
36519 36975 569252 
41915 78554 364244 
19859 73902 921954 
55270 04401 034213 
45520 02732 758524 
85559 71309 498198 
72199 97021 360180 


and P. Rabinowitz, Abscissas and weights for 


0.12793 
0.12583 
0.12167 
0.11550 
0.10744 
0.09761 
0.08619 
0.07334 
0.05929 
0.04427 
0.02853 
0.01234 


wy 
06104 55068 
34150 44923 
65193 95002 
59888 16576 
89712 55533 
85116 82492 
35239 38647 
24594 11754 


33871 30725 
29864 72603 
61093 18382 
86384 49176 
45319 61518 
01198 17240 
67415 76704 
20483 34109 
14298 00386 
40071 39152 


81953 46752 
74563 46828 
04729 27803 
56680 53725 
42701 15965 
86521 04113 
01615 31953 
64814 11080 
85849 15436 
74388 17419 
13886 28933 
12297 99987 


0.29552 
0.26926 
0.21908 
0.14945 
0.06667 


0.24914 
0.23349 
0.20316 
0.16007 
0.10693 
0.04717 


496285 
588867 
538189 
732081 
872052 
784810 
892863 
094852 


850698 
746788 
051329 
626898 
417312 
435037 
748725 
063570 
941331 
118312 


156974 
296121 


91204 
691353 
634783 


888270 
275917 
305734 
780746 
806169 
663181 
199547 


uy 


37833 
66458 
10344 
85362 


93550 
70770 
06964 
81606 
43883 


42247 
67193 
63625 
13491 
13443 


70458 
25365 
74267 
83285 
93259 
53363 


78362 
77887 
53374 
90376 


01260 
40003 
02935 
94857 
61574 


14753 
09996 
15982 
50581 
08688 


13403 
38355 
23066 
43346 
95318 
86512 


Gaussian quadratures of high 
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Table 25.4 
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 


ie, (x)dz~ a wif (xi) 


Abscissas=+z; (Zeros of Legendre Polynomials) Weight Factors=w, 


+23 Wi 

n=82 
0.04830 76656 87738 316235 0.09654 00885 14727 800567 
0.14447 19615 82796 493485 0.09563 87200 79274 859419 
0.23928 73622 52137 074545 0.09384 43990 80804 565639 
0.33186 86022 82127 649780 0.09117 38786 95763 884713 
0.42135 12761 30635 345364 0.08765 20930 04403 811143 
0.50689 99089 32229 390024 0.08331 19242 26946 755222 
0.58771 57572 40762 329041 0.07819 38957 87070 306472 
0.66304 42669 30215 200975 0.07234 57941 08848 506225 
0.73218 21187 40289 680387 0.06582 22227 76361 846838 
0.79448 37959 67942 406963 0.05868 40934 78535 547145 
0.84936 76137 32569 970134 0.05099 80592 62376 176196 
0.89632 11557 66052 123965 0.04283 58980 22226 680657 
0.93490 60759 37739 689171 0.03427 38629 13021 433103 
0.96476 22555 87506 430774 0.02539 20653 09262 059456 
0.98561 15115 45268 335400 0.01627 43947 30905 670605 
0.99726 38618 49481 563545 0.00701 86100 09470 096600 

n=40 
0.03877 24175 06050 821933 0.07750 59479 78424 811264 
0.11608 40706 75255 208483 0.07703 98181 64247 965588 
0.19269 75807 01371 099716 0.07611 03619 00626 242372 
0.26815 21850 07253 681141 0.07472 31690 57968 264200 
0.34199 40908 25758 473007 0.07288 65823 95804 059061 
0.41377 92043 71605 001525 0.07061 16473 91286 779695 
0.48307 58016 86178 712909 0.06791 20458 15233 903826 
0.54946 71250 95128 202076 0.06480 40134 56601 038075 
0.61255 38896 67980 237953 0.06130 62424 92928 939167 
0.67195 66846 14179 548379 0.05743 97690 99391 551367 
0.72731 82551 89927 103281 0.05322 78469 83936 824355 
0.77830 56514 26519 387695 0.04869 58076 35072 232061 
0.82461 22308 33311 663196 0.04387 09081 85673 271992 
0.86595 95032 12259 503821 0.03878 21679 74472 017640 
0.90209 88069 68874 296728 0.03346 01952 82547 847393 
0.93281 28082 78676 533361 0.02793 70069 80023 401098 
0.95791 68192 13791 655805 0.02224 58491 94166 957262 
0.97725 99499 83774 262663 0.01642 10583 81907 888713 
0.99072 62386 99457 006453 0.01049 82845 31152 813615 
0.99823 77097 10559 200350 0.00452 12770 98533 191258 

n=48 
0.03238 01709 62869 362033 0.06473 76968 12683 922503 
0.09700 46992 09462 698930 6.06446 61644 35950 082207 
0.16122 23560 68891 718056 0.06392 42385 84648 186624 
0.22476 37903 94689 061225 0.06311 41922 86254 025657 
0.28736 24873 55455 576736 0.06203 94231 59892 663904 
0.34875 58862 92160 738160 0.06070 44391 65893 880053 
0.40868 64819 90716 729916 0.05911 48396 98395 635746 
0.46690 29047 50958 404545 0.05727 72921 00403 215705 
0.52316 09747 22233 033678 0.05519 95036 99984 162868 
0.57722 47260 83972 703818 0.05289 01894 85193 667096 
0.62886 73967 76513 623995 0.05035 90355 53854 474958 
0.67787 23796 32663 905212 0.04761 66584 92490 474826 
0.72403 41309 23814 654674 0.04467 45608 56694 280419 
0.76715 90325 15740 339254 0.04154 50829 43464 749214 
0.80706 62040 29442 627083 0.03824 13510 65830 706317 
0.84358 82616 24393 530711 0.03477 72225 64770 438893 
0.87657 20202 74247 885906 0.03116 72278 32798 088902 
0.90587 91367 15569 672822 0.02742 65097 08356 948200 
0.93138 66907 06554 333114 0.02357 07608 39324 379141 
0.95298 77031 60430 860723 0.01961 61604 57355 527814 
0.97059 15925 46247 250461 0.01557 93157 22943 848728 
0.98412 45837 22826 857745 0.01147 72345 79234 539490 
0.99353 01722 66350 757548 0.00732 75539 01274 262102 


0.99877 10072 52426 118601 0.00315 33460 52305 838633 
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Table 25.4 
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 
41 ld 
J") Fle)dem Y) wife) 


Abscissas= +7; (Zeros of Legendre Polynomials) Weight Factors=w, 


tri Wi 
n=64 
0.02435 02926 63424 432509 0.04869 09570 09139 720383 
0.07299 31217 87799 039450 0.04857 54674 41503 426935 
0.12146 28192 96120 554470 0.04834 47622 34802 957170 
0.16964 44204 23992 818037 0.04799 93885 96458 307728 
0.21742 36437 40007 084150 0.04754 01657 14830 308662 
0.26468 71622 08767 416374 0.04696 81828 16210 017325 
0.31132 28719 90210 956158 0.04628 47965 81314 417296 
0.35722 01583 37668 115950 0.04549 16279 27418 144480 
0.40227 01579 63991 603696 0.04459 05581 63756 563060 
0.44636 60172 53464 087985 0.04358 37245 29323 453377 
0.48940 31457 07052 957479 0.04247 35151 23653 589007 
0.53127 94640 19894 545658 0.04126 25632 42623 528610 
0.57189 56462 02634 034284 0.03995 37411 32720 341387 
0.61115 53551 72393 250249 0.03855 01531 78615 629129 
0.64896 54712 54657 339858 0.03705 51285 40240 046040 
0.68523 63130 54233 242564 0.03547 22132 56882 383811 
0.71988 18501 71610 826849 0.03380 51618 37141 609392 
0.75281 99072 60531 896612 0.03205 79283 54851 553585 
0.78397 23589 43341 407610 0.03023 46570 72402 478868 
0.81326 53151 22797 559742 0.02833 96726 14259 483228 
0.84062 92962 52580 362752 0.02637 74697 15054 658672 
0.86599 93981 54092 819761 0.02435 27025 68710 873338 
0.88931 54459 95114 105853 0.02227 01738 08383 254159 
0.91052 21370 78502 805756 0.02013 48231 53530 209372 
0.92956 91721 31939 575821 0.01795 17157 75697 343085 
0.94641 13748 58402 816062 0.01572 60304 76024 719322 
0.96100 87996 52053 718919 0.01346 30478 96718 642598 
0.97332 68277 89910 963742 0.01116 81394 60131 128819 
0.98333 62538 84625 956931 0.00884 67598 26363 947723 
0.99101 33714 76744 320739 0.00650 44579 68978 362856 
0.99634 01167 71955 279347 0.00414 70332 60562 467635 
0.99930 50417 35772 139457 0.00178 32807 21696 432947 
n=80 
0.01951 13832 56793 997654 0.03901 78136 56306 654811 
0.05850 44371 52420 668629 0.03895 83959 62769 531199 
0.09740 83984 41584 599063 0.03883 96510 59051 968932 
0.13616 40228 09143 886559 0.03866 17597 74076 463327 
0.17471 22918 32646 812559 0.03842 49930 06959 423185 
0.21299 45028 57666 132572 0.03812 97113 14477 638344 
0.25095 23583 92272 120493 0.03777 63643 62001 397490 
0.28852 80548 84511 853109 0.03736 54902 38730 490027 
0.32566 43707 47701 914619 0.03689 77146 38276 008839 
0.36230 47534 99487 315619 0.03637 37499 05835 978044 
0.39839 34058 81969 227024 0.03579 43939 53416 054603 
0.43387 53708 31756 093062 0.03516 05290 44747 593496 
0.46869 66151 70544 477036 0.03447 31204 51753 928794 
0.50280 41118 88784 987594 0.03373 32149 84611 522817 
0.53614 59208 97131 932020 0.03294 19393 97645 401383 
0.56867 12681 22709 784725 0.03210 04986 73487 773148 
0.60033 06228 29751 743155 0.03121 01741 88114 701642 
0.63107 57730 46871 966248 0.03027 23217 59557 980661 
0.66085 98989 86119 801736 0.02928 83695 83267 847693 
0.68963 76443 42027 600771 0.02825 98160 57276 862397 
0.71736 51853 62099 880254 0.02718 82275 00486 380674 
0.74400 02975 83597 272317 0.02607 52357 67565 117903. 
0.76950 24201 35041 373866 0.02492 25357 64115 491105 
0.79383 27175 04605 449949 0.02373 18828 65930 101293 
0.81695 41386 81463 470371 0.02250 50902 46332 461926 
0.83883 14735 80255 275617 0.02124 40261 15782 006389 
0.85943 14066 63111 096977 0.01995 06108 78141 998929 
0.87872 25676 78213 828704 0.01862 68142 08299 031429 
0.89667 55794 38770 683194 0.01727 46520 56269 306359 
0.91326 31025 71757 654165 0.01589 61835 83725 688045 
0.92845 98771 72445 795953 0.01449 35080 40509 076117 
0.94224 27613 09872 674752 0.01306 87615 92401 339294 
0.95459 07663 43634 905493 0.01162 41141 20797 826916 
0.96548 50890 43799 251452 0.01016 17660 41103 064521 
0.97490 91405 85727 793386 0.00868 39452 69260 858426 
0.98284 85727 38629 070418 0.00719 29047 68117 312753 
0.98929 13024 99755 531027 0.00569 09224 51403 198649 
0.99422 75409 65688 277892 0.00418 03131 24694 895237 
0.99764 98643 98237 688900 0.00266 35335 89512 681669 


0.99955 38226 51630 629880 0.00114 49500 03186 941534 
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J F@)de~ J) wif (os 


w= 


Abscissas= +2; (Zeros of Legendre Polynomials) 
+25 


0.01627 
0.04881 
0.08129 
0.11369 
0.14597 
0.17809 


0.21003 
0.24174 
0.27319 
0.30436 
0.33520 
0.36569 


0.39579 
0.42547 
0.45470 
0.48345 
0.51169 
0.53938 


0.56651 
0.59303 
0.61892 
0.64416 
0.66871 
0.69256 


0.71567 
0.73803 
0.75960 
0.78036 
0.80030 
0.81940 


0.83762 
0.85495 
0.87138 
0.88689 
0.90146 
0.91507 


0.92771 
0.93937 
0.95003 
0.95968 
0.96832 
0.97593 


0.98251 
0.98805 
0.99254 
0.99598 
0.99836 
0.99968 


67448 
29851 
74954 
58501 
37146 
68823 


13104 
31561 
88125 
49443 
85228 
68614 


76498 
89884 
94221 
79739 
41771 
81083 


04185 
23647 
58401 
34037 
83100 
45366 


68123 
06437 
23411 
90438 
87441 
03107 


35112 
90334 
85059 
45174 
06353 
14231 


24567 
03397 
27177 
82914 
68284 
91745 


72635 
41263 
39003 
18429 
43758 
95038 


49602 
36049 
64425 
10665 
54896 
67618 


60567 
63840 
91049 
54496 
92625 
72313 


28908 
07300 
67743 
20596 
54667 
24357 


61397 
77572 
25468 
84967 
43916 
42171 


48967 
44400 
76647 
67433 
39140 
37931 


28187 
34601 
09296 
02420 
15852 
20898 


22308 


52755. 


84437 
48742 
63264 
85136 


63014 
29623 
23762 
87209 
63181 
83230 


969579 
731112 
558994 
920911 
941989 
602759 


203603 
012328 
141487 
353024 
422616 
635031 


603285 
545365 
008636 
359768 
673586 
436227 


168404 
080684 
570386 
106798 
153953 
561344 


626225 
132851 
498703 
217604 
817229 
675539 


121494 
455463 
502874 
416057 
341319 
074206 


690965 
216932 
635756 
539300 
212174 
466453 


677447 
799481 
624572 
290650 
677724 
766828 


n=96 


0.03255 
0.03251 
0.03244 
0.03234 
0.03220 
0.03203 


0.03182 
0.03158 
0.03131 
0.03101 
0.03067 
0.03029 


0.02989 
0.02946 
0.02899 
0.02849 
0.02797 
0.02741 


0.02682 
0.02621 
0.02557 
0.02490 
0.02420 
0.02348 


0.02273 
0.02196 
0.02117 
0.02035 
0.01951 
0.01866 


0.01778 
0.01688 
0.01597 
0.01503 
0.01409 
0.01312 


0.01215 
0.01116 
0.01016 
0.00914 
0.00812 
0.00709 


0.00605 
0.00501 
0.00396 
0.00291 
0.00185 
0.00079 


Table 25.4. 
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 
n 


Weight Factors=w; 


Wi 


06144 
61187 
71637 
38225 
62047 
44562 


87588 
93307 
64255 
03325 
13761 
99154 


63441 
10899 
46141 
74110 
00076 
29627 


68667 
23407 
00360 
06332 
48417 
33990 


70696 
66444 
29398 
67971 
90811 
06796 


25023 
54798 
05629 
87210 
09417 
82295 


16046 
21020 
07705 
86712 
68769 
64707 


85455 
42027 
45543 
07318 
39607 
67920 


92363 
13868 
14064 
68575 
94030 
31992 


94411 
70727 
96861 
86313 
23669 
20827 


36328 
58167 
50555 
65085 
16848 
26029 


25591 
35672 
05349 
22483 
92364 
85926 


58329 
38744 
92191 
54333 
40145 
27411 


16045 
64245 
02562 
26994 
72314 
66961 


71088 
99838 
35008 
30783 
25698 
91153 


04235 
42927 
38444 
17934 
88946 
65552 


166242 
835987 
269364 
928429 
250669 
663218 


006535 
168558 
355813 
837423 
149014 
593794 


385984 
905970 
236543 
385646 
334440 
242823 


762198 
413913 
361499 
610288 
691282 
219842 


374001 
349195 
298988 
324595 
022410 
467385 


260838 
172450 
291381 
938006 
860916 
572637 


319635 
498591 
415758 
386633 
759217 
865269 


961683 
517693 
686674 
946408 
921732 
012429 


919 


920 


Table 25.5 


4 


ERG 
0.57735 02692 


0.70710 67812 
0.00000 00000 


0.79465 44723 
0.18759 24741 
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{5 Modern? = Sri) 


a 


Abscissas= +.r; 
zag 
0. 83249 74870 


0.37454 14096 
0.00000 00000 


0. 86624 68181 
0, 42251 86538 
0. 26663 54015 


ABSCISSAS FOR EQUAL WEIGHT CHEBYSHEV INTEGRATION 


Bon a 
0, 88386 17008 
0.52965 67753 
0, 32391 18105 
0. 00000 00000 


0.91158 93077 
0.60101 86554 
0.52876 17831 
0.16790 61842 
0. 00000 00000 


Compiled from H. E. Salzer, Tables for facilitating the use of Chebyshev’s quadrature formula, J. Math. 
Phys. 26, 191-194, 1947 (with permission). 


Table 25.6 


n 


6 


Abscissas= 


fay 


1.00000 000 
0.00000 000 


1.00000 000 
0.44721 360 


1,00000 000 
0.65465 367 
0.00000 000 


1, 00000 000 
0.76505 532 
0. 28523 152 


Jot Ayes i f(-1) +5 wif (xi) + af (1) 


bay 


Wy 


Q, 33333 
1. 33333 


0. 16666 
0. 83333 


0. 10000 
0.54444 
0.71111 


0. 06666 
0. 37847 
0.55485 


333 
333 


667 
333 


000 
444 
111 


667 
496 
838 


10 


4 


ABSCISSAS AND WEIGHT FACTORS FOR LOBATTO INTEGRATION 


Weight Factors=w; 
bhai 


1. 00000 
0, 83022 
0. 46884 
0. 00000 


1, 00000 
0. 87174 
0.59170 
0, 20929 


1. 00000 
0. 89975 
0. 67718 
0. 36311 
0. 00000 


1, 00000 
0. 91953 
0. 73877 
0. 47792 
0, 16527 


000 
390 
879 
000 


000 
015 
018 
922 


00000 
79954 
62795 
74638 
00000 


00000 
39082 
38651 
49498 
89577 


wy 
0.04761 904 
0.27682 604 
0.43174 538 
0. 48761 904 


0.03571 428 
0, 21070 422 
0, 34112 270 
0.41245 880 


0.02777 77778 
0.16549 53616 
0, 27453 87126 
0, 34642 85110 
0.37151 92744 


0.02222 22222 
0.13330 59908 
0. 22488 93420 
0, 29204 26836 
0. 32753 97612 


Compiled from Z. Kopal, Numerical analysis, John Wiley & Sons, Inc., New York, N.Y., 1955 (with 
permission). 


Table 25.7 


n 


ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 


FOR INTEGRANDS WITH A LOGARITHMIC SINGULARITY 


Vy — Ws 


af I(r) Inv d= wif(ri) + 


Abscissas=.rj 


K, 


2 0.112009 0.718539 0.00285 


0.602277 0.281461 


n 


Bad — Wy Ky 


FEM) 5 
(2u)t * 
Weight Factors — +; 


n 


Hn 


3 0.063891 0.513405 0,00017 4 
0.368997 0.391980 
0.766880 0.094615 


aM 
0,041448 
0.245275 
0.556165 
0.848982 


K 


— Wy ” 
0.383464 0.00001 
0.386875 
0.190435 
0.039225 


Compiled from Berthod-Zaborowski, Le calcul des intégrales de la forme Ie f(«) log «dr. H. Mineur, 


Techniques de calcul numérique, pp. 555-556. Librairie Polytechnique Ch. Béranger, Paris, France, 
1952 (with permission). 


*See page I1. 


ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS 


x 
1 0.50000 


2 0.21132 
0.78867 


3 -0,11270 
0.50000 
0.88729 


4 0.06943 
0.33000 
0.66999 
0.93056 


5 0,04691 
0.23076 
0.50000 
0.76923 
0.95308 


6 0.03376 
0.16939 
0.38069 
0.61930 
0.83060 
0.96623 


7 0.02544 
0.12923 
0.29707 
0.50000 
0.70292 
0.87076 
0.97455 


8 0,01985 
0.10166 
0.23723 
0.40828 
0.59171 
0.76276 
0.89833 
0.98014 


NUMERICAL ANALYSIS 


1 n 
J, @ds~ ZS wife) 
Weight Factors =w; 


Abscissas =2; 


k=0 


00000 


48654 
51346 


16654 
00000 
83346 


18442 
94782 
05218 
81558 


00770 
53449 
00000 
46551 
99230 


52429 
53068 
04070 
95930 
46932 
47571 


60438 
44072 
74243 
00000 
25757 
55928 
39562 


50718 
67613 
37950 
26788 
73212 
62050 
32387 
49282 


w 
1.00000 


0.50000 
0.50000 


0.27777 
0.44444 
0.27777 


0.17392 
0.32607 
0.32607 
0.17392 


0.11846 
0.23931 
0.28444 
0.23931 
0.11846 


0.08566 
0.18038 
0.23395 
0.23395 
0.18038 
0.08566 


0.06474 
0.13985 
0.19091 
0.20897 
0.19091 
0.13985 
0.06474 


0.05061 
0.11119 
0.15685 
0.18134 
0.18134 
0.15685 
0.11119 
0.05061 


00000 


00000 
00000 


77778 
44444 
77778 


74226 
25774 
25774 
74226 


34425 
43352 
44444 
43352 
34425 


22462 
07865 
69673 
69673 
07865 
22462 


24831 
26957 
50253 
95918 
50253 
26957 
24831 


42681 
05172 
33229 
18917 
18917 
33229 
05172 
42681 


k=1 


Uy 


0.66666 


0.35505 
0.84494 


0.21234 
0.59053 
0.91141 


0.13975 
0.41640 
0.72315 
0.94289 


0.09853 
0.30453 
0.56202 
0.80198 
0.96019 


0.07305 
0.23076 
0.44132 
0.66301 
0.85192 
0.97068 


0.05626 
0.18024 
0.35262 
0.54715 
0.73421 
0.88532 
0.97752 


0.04463 
0.14436 
0.28682 
0.45481 
0.62806 
0.78569 
0.90867 
0.98222 


w 
0.50000 


0.18195 
0.31804 


0.06982 
0.22924 
0.20093 


0.03118 
0.12984 
0.20346 
0.13550 


0.01574 
0.07390 
0.14638 
0.16717 
0.09678 


0.00873 
0.04395 
0.09866 
0.14079 
0.13554 
0.07231 


0.00521 
0.02740 
0.06638 
0.10712 
0.12739 
0.11050 
0.05596 


0.00329 
0.01784 
0.04543 
0.07919 
0.10604 
0.11250 
0.09111 
0.04455 


‘00000 


86183 
13817 


69799 
11064 
19137 


09710 
75476 
45680 
69134 


79145 
88701 
69871 
46381 
15902 


83018 
51656 
11509 
25538 
24972 
03307 


43622 
83567 
46965 
50657 
08973 
92582 
73634 


51914 
29027 
93195 
95995 
73594 
57995 
90236 
08044 


921 


Table 25.8 


k=2 


vy 
0.75000 00000 


0.45584 81560 
0.87748 51773 


0.29499 77901 
0.65299 62340 
0.92700 59759 


0.20414 85821 
0.48295 27049 
0.76139 92624 
0.95149 94506 


0.14894 57871 
0.36566 65274 
0.61011 36129 
0,82651 96792 
0.96542 10601 


0.11319 43838 
0.28431 88727 
0.49096 35868 
0.69756 30820 
0.86843 60583 
0.97409 54449 


0.08881 68334 
0.22648 27534 
0.39997 84867 
0.58599 78554 
0.75944 58740 
0.89691 09709 
0.97986 72262 


0.07149 10350 
0.18422 82964 
0.33044 77282 
0.49440 29218 
0.65834 80085 
0.80452 48315 
0.91709 93825 
0.98390 22404 


w 
0.33333 


0.10078 
0.23254 


0.02995 
0.14624 
0.15713 


0.01035 
0.06863 
0.14345 
0.11088 


0.00411 
0.03205 
0.08920 
0.12619 
0.08176 


0.00183 
0.01572 
0.05128 
0.09457 
0.10737 
0.06253 


0.00089 
0.00816 
0.02942 
0.06314 
0.09173 
0.09069 
0.04927 


0.00046 
0.00447 
0.01724 
0.04081 
0.06844 
0.08528 
0.07681 
0.03977 


33333 


58821 
74513 


07030 
62693 
63611 


22408 
38872 
87898 
84156 


38252 
56007 
01612 
89619 
47843 


10758 
02972 
95711 
71867 
64997 
87027 


26880 
29256 
22113 
63787 
38033 
88246 
65018 


85178 
45217 
68638 
44264 
71834 
47692 
80933 
89578 


Compiled from H. Fishman, Numerical integration constants, Math. Tables Aids Comp. 11, 1-9, 1957 (with permission). 
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Table 25.8 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS 
1 
Jj ef @ar~ ZS wife) 
Abscissas =2; Weight Factors =w; 
k=3 k=4 k=5 
n x. W: 


i Wi Zi i xi Wi 
1 0.80000 00000 0.25000 00000 0.83333 33333 0.20000 00000 0.85714 28571 0.16666 66667 


2 0.52985 79359 0.06690 52498 0.58633 65823 0.04908 24923 0.63079 15938 0.03833 75627 
0.89871 34927 0.18309 47502 0.91366 34177 0.15091 75077 0.92476 39617 0.12832 91039 


3 0.36326 46302 0.01647 90593 0,42011 30593 0.01046 90422 0.46798 32355 0.00729 70036 
0.69881 12692 0.10459 98976 0.73388 93552 0.08027 66735 0.76162 39697 0.06459 66123 
0.93792 41006 0.12892 10432 0,94599 75855 0.10925 42844 0,95221 09767 0.09477 30507 


4 0.26147 77888 0.00465 83671 0.31213 54928 0.00251 63516 0.35689 37290 0.00153 44797 
0.53584 64461 0.04254 17241 0.57891 56596 0.02916 93822 0.61466 93899 0,02142 84046 
0.79028 32300 0,10900 43689 0.81289 15166 0.08706 77121 0.83107 90039 0.07205 63642 
0.95784 70806 0.09379 55399 0.96272 39976 0.08124 65541 0.96658 86465 0.07164 74181 


5 0.19621 20074 0.00152 06894 0,23979 20448 0.00069 69771 0.27969 31248 0.00036 97155 
0.41710 02118 0.01695 73249 0.46093 36745 0.01021 05417 0.49870 98270 0.00672 96904 
0.64857 00042 0.06044 49532 0.68005 92327 0.04402 44695 0.70633 38189 0.03376 77450 
0.84560 51500 0.10031 65045 0,86088 63437 0.08271 27131 0.87340 27279 0.07007 13397 
0.96943 57035 0.07076 05281 0.97261 44185 0.06235 52986 0.97519 38347 0,05572 81761 


6 0.15227 31618 0.00056 17109 0.18946 95839 0.00021 94140 0.22446 89954 0,00010 13258 
0.33130 04570 0.00708 53159 0.37275 11560 0.00372 67844 0.40953 33505 0.00218 79257 
0.53241 15667 0.03052 61922 0.56757 23729 0.01995 62647 0.59778 90484 0.01396 96531 
0.72560 27783 0.06844 32818 0.74883 64975 0,05223 99543 0.76841 36046 0,04148 63470 
0.88161 66844 0.08830 09912 0,89238 51584 0.07464 91503 0.90135 07338 0.06445 88592 
0.97679 53517 0.05508 25080 0.97898 52313 0.04920 84323 0,98079 72084 0.04446 25560 


7 0.12142 71288 0.00022 99041 0.15324 14389 0.00007 70737 0.18382 87683 0.00003 11046 
0.26836 34403 0.00314 75964 0.30632 65225 0.00144 70088 0.34080 75951 0,00075 53838 
0.44086 64606 0.01531 21671 0.47654 00930 0.00892 69676 0.50794 05240 0.00566 04137 
0.61860 40284 0.04099 51686 0.64638 93025 0.02854 78428 0.67036 34101 0.02095 92982 
0.78025 35520 0.06975 00981 0.79771 66898 0.05522 48742 0.81258 84660 0.04510 49816 
0.90636 25341 0.07655 65614 0.91421 99006 0.06602 18459 0.92085 64173 0.05790 76135 
0.98176 99145 0.04400 85043 0.98334 38305 0.03975 43870 0.98466 74508 0.03624 78712 


8 0.09900 17577 0,00010 24601 0.12637 29744 0,00002 97092 0.15315 06616 0.00001 05316 
0.22124 35074 0.00148 56841 0.25552 90521 0.00059 89500 0.28726 44039 0.00027 83586 
0.36912 39000 0.00785 50738 0.40364 12989 0.00407 79241 0.43462 74067 0,00233 53415 
0.52854 54312 0.02363 15807 0.55831 66758 0.01490 99334 0.58451 85666 0.01004 46144 
0.68399 32484 0.04745 43798 0.70600 95429 0.03471 99507 0.72512 64097 0.02648 53011 
0.82028 39497 0.06736 18394 0.83367 15420 0.05491 00973 0.84518 94879 0.04588 56532 
0.92409 37129 0,06618 20353 0.92999 57161 0.05800 05653 0.93504 35075 0.05153 42238 
0.98529 34401 0.03592 69468 0.98646 31979 0.03275 28699 0.98746 05085 0.03009 26424 
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ABSCISSAS AND WEIGHT FACTORS FOR LAGUERRE INTEGRATION Table 25.9 
fiver flade= 3 wi fx) fosla)de 3, wietg(x) 
Abscissas=x; (Zeros of Laguerre Polynomials) Weight Factors=w, 
x; W; wet x; W; wet 
n=2 n= 
0.58578 64376 27 eiuerrs 390593 = 1, 53332 603312 0,15232 22277 32 . 36126 421798 0. 39143 11243 16 
3.41421 35623 73 (-1)1.46446 609407 4. 45095 733505 0.80722 00227 42 11213 980424 0.92180 50285 29 


2.00513 51556 19 
3, 78347 39733 31 
6.20495 67778 77 
9, 37298 52516 88 
n=3 13. 46623 69110 92 


0.41577 45567 83 (-1)7.11093 009929 1.07769 285927 =: 18. 83359 77889 92 
2.29428 03602 79 Pas gests 733569 2.76214 296190  26.37407 18909 27 (-1 
6.28994 50829 37 (-2)1.03892 565016 5.60109 462543 


1)3 

1)4 

1)1.99287 525371 1.48012 790994 
2)4, 74605 627657 2.08677 080755 
3)5.59962 661079 2.77292 138971 
4) 3.05249 767093 3.59162 606809 
6) 6.59212 302608 4.64876 600214 
8) 4.11076 933035 6.21227 541975 
1) 3.29087 403035 9.36321 823771 


n-4 
0. 32254 76896 19 (-1)6.03154 104342 0.83273 91238 38 n=10 
1.74576 11011 58 (-1)3.57418 692438 2.04810 243845 0.13779 34705 40 (- 1)3.08441 115765 0.35400 97386 07 
4.53662 02969 21 (-2)3.88879 085150 3.63114 630582 0.72945 45495 03 (- Tac orto 929155 0.83190 23010 44 
9, 39507 09123 01 (-4)5.39294 705561 6.48714 508441 1.80834 29017 40 (- 1)2.18068 287612 1.33028 856175 
3, 40143 36978 55 (- 2)6.20874 560987 1.86306 390311 
5.55249 61400 64 {- 3)9.50151 697518 2.45025 555808 
8.33015 27467 64 (- 4)7,.53008 388588 3.12276 415514 
11. 84378 58379 00 (- 5)2.82592 334960 3.93415 269556 
n-5 16. 27925 78313 78 (- 7)4.24931 398496 one 487219 
-1)5, 0. 67909 40422 0g 21.99658 58119 81 (- 9)1.83956 482398 6.57 248513 
Paieie  saeel Ge (othe oaeee Stlons 11e38a8 787360, 29.92069 70122 74 (-13)9.91182 721961 9.78469 584037 
3.59642 57710 41 (-2)7.59424 496817 2.76944 324237 
7, 08581 00058 59 far 3, 61175 867992 4.31565 690092 
12. 64080 08442 76 (~5)2.33699 723858 7.21918 635435 
n=12 
-6 0.11572 21173 58 (- 1)2.64731 371055 0.29720 96360 44 
n= 0,61175 74845 15 (- 1)3,77759 275873 0.69646 29804 31 
0. 22284 66041 79 (-1)4.58964 673950 0.57353 55074 23 1.51261 02697 76 (- 1)2.44082 011320 1.10778 139462 
1.18893 21016 73 {-1)4.17000 830772 1, 36925 259071 2.83375 13377 44 (- 2)9,04492 222117 1.53846 423904 
2.99273 63260 59 (-1)1.13373 382074 2.26068 459338 4.59922 76394 18 (- 2)2,01023 811546 1.99832 760627 
5.77514 35691 05 (-2)1.03991 974531 3.35052 458236 6. 84452 54531 15 (- 3)2,66397 354187 2.50074 576910 
9, 83746 74183 83 {-4)2.61017 202815 4, 88682 680021 9.62131 68424 57 (- 4)2.03231 592663 3.06532 151828 
15. 98287 39806 02 (-7)8.98547 906430 7,84901 594560 13.00605 49933 06 (- 6)8, 36505 585682 » 3.72328 911078 
17.11685 51874 62 (- 7)1.66849 387654 4.52981 402998 
22.15109 03793 97 (- 9)1. 34239 103052 5.59725 846184 


28. 48796 72509 84 (-12)3.06160 163504 7.21299 546093 
7 37.09912 10444 67 (-16)8.14807 746743 10, 54383 74619 
n= 

0.19304 36765 60 (-1)4.09318 951701 0, 49647 75975 40 

1.02666 48953 39 (-1)4.21831 277862 1.17764 306086 

2°56787 67449 51 (-1)1.47126 348658 1.91824 978166 

4°90035 30845 26 (-2)2.06335 144687 2.77184 863623 

8.18215 34445 63 -3)1.07401 014328 3.84124 912249 =15 

12. 73418 02917 98 bo aoe ote ea eT oe ees 0.09330 78120 17 2.18234 885940 0.23957 81703 11 

~8) 3.17031 547900 8.40543 24868 ; ; é 

Eiecete teeee oe 3, 42210 177923 0.56010 08427 93 


0. 49269 17403 02 

1.21559 54120 71 2. 63027 577942 0.88700 82629 19 

2. 26994 95262 04 1.26425 818106 1.22366 440215 

3.66762 27217 51 4.02068 649210 1.57444 872163 
n-8 rdisn eazee 13. (= 3}09000 Glaral cSahuo oneeg 
0.17027 96323 05 (-1)3.69188 589342 0.43772 34104 93 19,12022 85680 19 1.11674 392344 2.77404 192683 
0.90370 17767 99 (-1)4.18786 780814 1,03386 934767 143°13028 24821 76 6.45992 676202 3.25564 334640 
2.25108 66298 66 (-1)1.75794 986637 1.66970 976566 16,65440 77083 30 2.22631 690710 3.80631 171423 
4.26670 01702 88 3} 2.7453 922612 2.37692 470176 20, 77647 88994 49 4,22743 038498 4.45847 775384 


ONO BOW DH Re 


7.04590 54023 93 (-3)2.79453 623523 3,20854 091335 25. 62389 42267 29 11) 3.92189 726704 5.27001 778443 
10. 75851 60101 81 ¢-5)9.07650 877336 4.26857 551083 = 31, 40751 91697 54 (-13)1. 45651 526407 6. 35956 346973 
15, 74067 86412 78 {-7)8.48574 671627 5, 81808 336867 3853068 33064 86 (-16)1.48302 705111 8.03178 763212 
22. 86313 17368 89 (-9)1.04800 117487 8.90622 621529 4g. 92608 55726 86 (-20)1.60059 490621 11,52777 21009 


Compiled from H. E. Salzer and R. Zucker, Table of the zeros and weight factors 
of the first fifteen Laguerre polynomials, Bull. Amer. Math. Soc. 55, 1004-1012, 
1949 (with permission). 


924 


Table 25.10 


4X; 


0, 70710 67811 


0. 00000 
1, 22474 


00000 
48713 


0. 52464 
1. 65068 


76232 
01238 


0, 00000 
0.95857 
2.02018 


00000 
24646 
28704 


0. 43607 
1, 33584 
2. 35060 


74119 
90740 
49736 


0, 00000 
0, 81628 
1, 67355 
2.65196 


00000 
78828 
16287 
13568 


0. 38118 
1.15719 
1.98165 
2. 93063 


69902 
37124 
67566 
74202 


0, 00000 
0. 72355 
1, 46855 
2, 26658 
3, 19099 


00000 
10187 
32892 
05845 
32017 


Table 25.11 


ABSCISSAS AND WEIGHT FACTORS FOR HERMITE INTEGRATION 
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fo en? flx)dx- D wi; (xi) 


Abscissas=+x; (Zeros of Hermite Polynomials) 


86548 


00000 
91589 


75290 
85785 


00000 
13819 
56086 


27617 
13697 
74492 


00000 
58965 
67471 
35233 


07322 
46780 
95843 
57244 


00000 
52838 
16668 
31843 
81528 


( 


e 


Wi 


-1) 8, 86226 92545 


n=3 
0)1.18163 59006 
2.95408 97515 


n=4 
Ae un 09000 
-2)8.13128 35447 


ee 45308 an 
3.93619 32315 
i 99532 an 


-1)7. 24629. an 
~1)1.57067 32032 
~3)4,53000 99055 
) 


1)8,10264 Pies 
1) 4.25607 25261 
2)5.45155 82819 
9, 71781 24509 


n=8 
6.61147 01255 
2.07802 32581 
1.70779 83007 
1.99604 07221 


n=9 
7.20235 21560 
4, 32651 55900 
8.84745 27394 
4.94362 42755 
3.96069 77263 


-4 


wer; 
1, 46114 11826 


1.18163 
1, 32393 


59006 
11752 


1. 05996 
1, 24022 


44828 
58176 


0, 94530 
0, 98658 
1.18148 


87204 
09967 
86255 


13344 
05576 
83326 


0, 87640 
0, 93558 
1, 13690 


0, 81026 
0, 82868 
0. 89718 
1.10133 


46175 
73032 
46002 
07296 


41286 
00483 
26065 
01442 


0. 76454 
0. 79289 
0. 86675 
1, 07193 


0. 72023 
0, 73030 
0, 76460 
0. 84175 
1. 04700 


52156 
24527 
81250 
27014 
35809 


611 


037 
136 


950 
958 


829 
514 
360 


362 
312 
745 


568 
836 
252 
103 


517 
864 
634 
480 


061 
451 
946 
787 
767 


0. 34290 
1, 03661 
1. 75668 
2.53273 
3, 43615 


Q, 31424 
0, 94778 
1.59768 
2, 27950 
3, 02063 
3, 88972 


0.27348 


0, 82295 
1, 38025 
1.95178 
2. 54620 
3.17699 
3, 86944 
4, 68873 


0, 24534 
Q. 73747 
1, 23407 
1.73853 
2.25497 
2, 78880 
3. 34785 
3, 94476 
4, 60368 
5. 38748 


£X; 


13272 
08297 
36492 
16742 
91188 


03762 
83912 
26351 
70805 
70251 
48978 


10461 
14491 
85391 
79909 
21578 
91619 
79048 
89393 


07083 
37285 
62153 
77121 
40020 
60584 
45673 
40401 
24495 
08900 


JP glx)dx~ E, wretig(xi) 


Weight Factors=w; 


23705 
89514 
99882 
32790 
37738 


01060 
20890 
69782 


54359 
40164 
52605 


i 
oa 
a 
prtedvorere 


-1 


112 =] 


Ww; 

n=10 
1) 6.10862 63373 
1) 2.40138 61108 
2) 3. 38743 94455 
3) 1. 34364 57467 
6) 7.64043 28552 


n:-12 
5.70135 23626 
2; 60492 31026 
5.16079 85615 
3. 90539 05846 
8.57368 70435 
2, 65855 16843 


74740 


n=20 
4. 62243 66960 
2. 86675 50536 
1.09017 20602 
2.48105 20887 
3.24377 33422 
2, 28338 63601 
7, 80255 64785 
1, 08606 93707 
0) 4. 39934 09922 
3) 2, 22939 36455 


1 
1 
1 
2 
3 
4 
6 
7 


73 
34 


wer? 


0. 68708 
0, 70329 
0. 74144 
0. 82066 
1, 02545 


0. 62930 
0. 63962 
0. 66266 
0, 70522 
0. 78664 
0. 98969 


0, 54737 
0, 55244 
0, 56321 
0, 58124 
0. 60973 
0, 65575 
0. 73824 
0. 93687 


0. 49092 
0. 49384 
0. 49992 
0. 50967 
0. 52408 
0. 54485 
0, 57526 
0. 62227 
0. 70433 
0, 89859 


Compiled from H. E. Salzer, R. Zucker, and R. Capuano, Table of the zeros 
and weight factors of the first twenty Hermite polynomials, J. Research NBS 
48, 111-116, 1952, RP2294 (with permission). 


COEFFICIENTS FOR FILON’S QUADRATURE FORMULA 


tT 


ovate UbpwWNe ooo 


oo-~ 


a 
0. 00000 
0. 00000 
0. 00000 
0, 00000 
0, 00000 


0, 00000 
0, 00000 
0. 00001 
0, 00002 
0, 00003 


0. 00004 
0. 00035 
0. 00118 
0, 00278 
0. 00536 


0, 00911 
0, 01421 
0, 02076 
0. 02884 
0, 03850 


ee 25.4.47. 


B 
0. 66666 
0. 66668 
0. 66671 
0, 66678 
0. 66687 


0. 66699 
0, 66714 
0. 66731 
0. 66751 
0, 66774 


Q. 66799 
0. 67193 
0. 67836 
0. 68703 
0. 69767 


0. 70989 
0. 72325 
0, 73729 
0.75147 
0. 76525 


Y 
1. 33333 
1, 33332 
1, 33328 
1, 33321 
1, 33312 


1, 33300 
1. 33285 
1, 33268 
1, 33248 
1. 33225 


1, 33200 
1, 32800 
1, 32137 
1, 31212 
1, 30029 


1, 28594 
1, 26913 
1, 24992 
1, 22841 
1, 20467 


18539 
63231 
19319 
61264 
16913 


78743 
12320 
27732 
03661 
39394 
90470 


52050 
19573 
78290 
72754 
69582 
56728 
56222 
44928 


15006 
33852 
08713 
90271 
03509 
17423 
24428 
86961 
29611 
19614 


26. Probability Functions 


Marvin ZELEN? anp Norman C. SEVERO? 
Contents 


Mathematical Properties . . 2. 1 2 2 ee ee te ee et ee 
26.1. Probability Functions: Definitions and Properties. ... . 
26.2. Normal or Gaussian Probability Function. ....... 
26.3. Bivariate Normal Probability Function. ........ 
26.4. Chi-Square Probability Function. ........... 
26.5. Incomplete Beta Function. ............2.-. 
26.6. F-(Variance-Ratio) Distribution Function ........ 
26.7. Student’s t-Distribution . . . ............. 


HIOTIS' 5: 9:20 eet s Re, a8, oh ck ks ne eee ar. “aes ee ees 


References «3. 6 @ 6% © 80 © 66 © 8% * we wee ee we 


Table 26.1. Normal Probability Function and Derivatives (0<z<5). . 
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26. Probability Functions 


Mathematical Properties * 


26.1. Probability Functions: Definitions and 
Properties 


Univariate Cumulative Distribution Functions 


A real-valued function F(z) is termed a (uni- 
variate) cumulative distribution function (c.d.f.) 
or simply distribution function if 


i) F(z) is non-decreasing, i.e., F'(2;)<F (x2) for 
Ly SI2 

ii) F(z) is everywhere continuous from the 
right, ie., F(z) =u F(z+e) 


iii) F(—©)=0, F()=1. 


The function F(x) signifies the probability of 
the event ‘“X<z” where X is a random variable, 
ie., Pr{X<zx}=F(x), and thus describes the 
c.d.f. of X. The two principal types of distribu- 
tion functions are termed discrete and continuous. 

Discrete Distributions: Discrete distributions are 
characterized by the random variable X taking 
on an enumerable number of values . . ., 2-;, 
Zo, %, . . . with point probabilities 


pra=Pr{ X=2,} >0 
which need only be subject to the restriction 


> P= L. 
n 


The corresponding distribution function can 
then be written 


26.1.1 F(z) =Pr{X<z} =D p, 


InSz 

3 Comment on notation and conventions. 

a. We follow the customary convention of denoting a 
random variable by a capital letter, i.e., X, and using the 
corresponding lower case letter, i.e., z, for a particular 
value that the random variable assumes. 

b. For statistical applications it is often convenient to 
have tabulated the “upper tail area,” 1— F(x), or the 
e.d.f. for |X|, F(z)—F(—z), instead of simply the c.df. 
F(z). We use the notation P to indicate the c.d.f. of 
X, Q=1—P to indicate the “upper tail area” and A= 
P—Q to denote the c.d.f. of |X|. In particular we use 
P(x), Q(x), and A(z) to denote the corresponding functions 
for the normal or Gaussian probability function, see 
26.2.2-26.2.4. When these distributions depend on other 
parameters, say 6 and 62, we indicate this by writing 
P(z|61, 62), Q(x|6:, 62), or A(z{;, 62). For example the chi- 
square distribution 26.4 depends on the parameter » and 
the tabulated function is written Q(x?|v). 


*See page It. 


where the summation is over all values of x for 
which z,<z. The set {z,} of values for which 
Pn>>0 is termed the domain of the random variable 
X. A discrete distribution of a random variable 
is called a lattice distribution if there exist numbers 
a and 60 such that every possible value of X 
can be represented in the form a+bn where n 
takes on only integral values. A summary of 
some properties of certain discrete distributions 
is presented in 26.1.19-26.1.24. 

Continuous Distributions. Continuous distri- 
butions are characterized by F(x) being absolutely 
continuous. Hence F(z) possesses a derivative 
F'(x)=f(z) and the c.d.f. can be written 


26.1.2 Fl2)=Pr{X<z}= f ” (tat. 


The derivative f(z) is termed the probability 
density function (p.d.f.) or frequency function, and 
the values of x for which f(z)>0 make up the 
domain of the random variable X. A summary 
of some properties of certain selected continuous 
distributions is presented in 26.1.25-26.1.34. 


Multivariate Probability Functions 


The real-valued function F(z, 2, ... In) 
defines an n-variate cumulative distribution func- 
tion if 


i) F(a, %, ... %,) is a non-decreasing func- 
tion for each x, 

ii) F(t, 2%, ...2,) i8 continuous from the 
right in each 2;; i.e., F(a, ta, ~~ - 2n) 
=lim F(a, .. ., tite, . . ., Zn) 

0+ 


iii) F(z, 2, ... %2)=0 when any z;=—@; 
F(o, oo, ae | o)=1. 


iv) F(2,, 22, . . ., 2n) assigns nonnegative prob- 
ability to the event m<Xi<at+h, 
By< Xe tothe, . © 6) In<CXn<Itath, for 
all 2, 2, ...,; 2, and all nonnegative 
hy, he, . . «, An, e.g., for n=2, F(ath, 
Yathe)—Fla, weth)—Flath, 22) + 
F(x, 22) >0 and in general for 2,<X,< 


2th, (=1, 2,..., ), the kth order 
difference A,F (1, 22, . . ., 2n)>0 for 
k=1, 2... 4%. 
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The joint probability of the event X,<2, vectors (2, 2, ..., 2,) and continuous distribu- 
Xo<to, . . 5 Xn<In is F(a, %2, . . . 2n). Analo- tions are characterized by absolute continuity of 
gous to the one-dimensional case, discrete distribu- F(x, %, . . ., tn). 


tions assign all probability to an enumerable set of 


Characteristics of distribution functions: Moments, characteristic functions, cumulants 


Continuous distributions Discrete distributions 
. ° 2 

26.1.3 | nt» moment about origin nf rnf(z)dz =>) z°D. 

—o 

& 
é =. ’ 
26.1.4 | mean movi=f ade m=u= >) ZaDe 
& 
. o e 
26.1.5 | variance tnn—mia [ (e—m)9f(z)de otap,—mi= >) (fm) ps 
—o 
& 

o 
26.1.6 | ntb central moment bam f (2—m)=fiz)dz Bae >) (Zam) "Pe 

—@ 

& 
o 
26.1.7 | expected value operator for Eucaol~ f (2) fz)dz Elg(X))= >) o(ze)D. 
the function g(z) —- 3 
ao 
26.1.8 | characteristic function of X | $(¢)= E(¢#!X) = J evtef(x)dz (6) = E(etX) = >) ett, 
—o 


& 


eo 
26.1.9 ark “eal function of | ¢4(¢)=E(eite(9) -f ettatz) f(x) dx a(t) = E(eite(X)) = > yestets,) De 
g =2 : 


26.1.10 | inversion formula sereze {” e-st3g (0) dt pene ‘i em ttang(t) dt 
a tJ ~ afb 
(lattice distributions only) 
Relation of the Characteristic Function to Moments Coefficients of Skewness and Excess 
About the Origin 
26.1.15 2 K3 __ Hs 
26.1.11 a” naa gs (skewness) 
om O= [Fo | =item 
dt t=0 
26.1.16 K 
Cumulant Function 12 == a3 (excess) 
2 
26.1.12 = (it)* 
In o(¢) = —— F 3 
n $(t) 24 ‘nl Occasionally coefficients of skewness and excess 


; (or kurtosis) are given by 
x, is called the n™ cumulant. 


26.1.17 _ og (may 
26.113 k=, Ko=0", Ka= Us, Ky= Ha 3G a=-(4) ekewaee) 
Relation of Central Moments to Moments About the 
Origin 26.1.18 


B= 2+ 3=" 


n nN = o 
m= 2s ( ) (—1)""Fuym"—4 (excess or kurtosis) 


26.1.14 


Some one-dimensional discrete distribution functions 


Name 


26.1.19 
Single point or 
degenerate 


26.1.20 
Binomial 


26.1.21 
Hypergeometric 


26.1.22 
Poisson 


26.1.23 
Negative binomial 


26.1.24 
Geometric 


Domain 


z=c (c a constant) 


z.=8, for s=0,1,2,....7 (?) p(l—p)*-* 


2.=8, for 
e=0,1,. 


2.=8, for 8=0, 1, 2,.. 


7.=8, for =0, 1, 2,.. 


2,=8, for s=0, 1, 2, . 


.. doin (n, Ni) 


8 


oe 


Point 
Probabilities 


Restrictions on 
Parameters 


@) GA) 
es 


e-™m* 
al 


(74) pap) 


p(l—p)s 


0<p<1 (g=1—p) 


Niand N3integers, 
and Bays 
(N=Nit+ 
p=NiIN Vand, 
q=1—p=N; 


0<m<oeo 


n>0 and 0<p<1 
‘(=1/9, and 
1—p=P/Q) 


0<p<1 


np 


npg 


nPQ 


Skewness 71 Excess +2 Characteristic Cumulants 
function 
ave a vee sees. Sot eee ce send sens eeas ees eta x=, «r=0 for r>1 
q—-P 1—6pq (q+-peit)» n=np - 
— Kr 
npg npg xeti =D ap for r>1 
eS N- N-1) ea Pomel: es *) Complicated 
za cal 
N-n N—2 (*) F(~n, -Ni Na—nt+h ett) 
ms m-1 em(e#t—1) kre=m 
forr=1,2,... 
QtP | 146PQ = | (Q—Peis)-» ee cae 
nP = prackd 
vnPQ Q arri=PQ qo 
for r>1 
= —(1—p)eitj-1 os 
2—p 6+ i pl1—(—p)ei} ant, 
ee re 1=—(1—p) 2 


r>1 
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Some one-dimensional continuous distribution functions 


0&6 


26.1.26 


26.1.27 


26.1.28 


26.1.29 


26.1.30 


26.1.31 


26.1,32 


26.1.33 


26.1.34 


Error function 


Normal 


Cauchy 


Exponential 


Laplace, or double 
exponential 


Extreme-Value,¢ 
(Fisher-Tippett 
Type I or doubly 
exponential) 


Pearson Type III 


Gamma distribution 


Beta distribution 


Rectangular, or 
uniform 


Domain 


—a<r<ce 


—e<ice 


arco 


—e<rco 


—2<rJe@ 


a<r<e@ 


Probability Density 
Function f(z) 


7 


1 4 
¢€ 


5 exp (—y—e-*) 
I-a 


with y= 


1 


——~ yr-le-s 


&T(p) 
I-a@ 


with ye-4- 


1 
= rP-le-= 


T(p) 


Bed ze-\(]—z) b-1 


Restrictions 


on 
Parameters 


0<o<@ 

—2<acm | not de- 
0<B<@ fined 

—a<aco | atp 
0<8<@ 

—o<aco ja 
0<B<@ 

—2<acow | atr7p 
0<B< oe 

—a<a<om | at pp 
0<B<@ 
0<p<o 

0<p<o@ D 

@ 

1<e< — 

i<bc@ a+b 


Variance 


not defined 


ab 
(a+b)?(a+6-+1) 


2 
12 


Skewness 
Y% 


a 
vp 


xc 

vp 
2(a—b) 

(a+6+2) 


not defined 


oo 


6/p 


See footnote 6. 


Characteristic 
function 


eiat-Bl a 
eft igi) 
eft 4 gaya) 


T(i—igtye'=* 


ef@t(1 —ipt)-» 


(1—it)-? 


M(a, a+, it) 


2 ht imt 
asin (F) 


Cumulants 
1 
x1=0, om 
«,=0 for n>2 


K1=™M, Kg=07, xn=0 for n>2 


not defined 


xi=a+f, xn=B8"T(n) for n>1 


KL=a, x9=262 
(2n)! 


Kanti=0, Kin= 


fn 
forn=1,2,... 


a= 7, Ka= 


(xB)? 
6 


iJ 
«n= BT (0) >) for n>2 
r=} 


SNOILONOA ALITIAVEOUd 


x1=a+Bp, kn=A"pl(n) 
for n>1 


K1=D, kn=pI'(n) for n>1 


K1=™, Kant =0 

h27 Bon 

“on 

Bi, (Bernoulli numbers), 


n= 


* 


Bi=y Be=—dy ++ - 


4 y (Euler’s constant) =.57721 56649... . 
las qe icteric arta th—O_ 


ab 


ab(a-+b-+2)(a+5+3) 


*See page Il. 
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Inequalities for distribution functions 
(F(x) denotes the c.d.f. of the random variable X and ¢ denotes a positive constant; further m is always assumed to be finite and all expectations are assumed to exist.) 


Inequality 


26.1.85 Pr{g(X) >t} <Elg(X)Ve 
26.1.36 Pr{X>t}<mit 
FP) 21-7 
26.137 Pr{|X—m|>te) <1/e 
F(m-+ta) — F(m—to) >1-5 
26.1.38 


a ST 1 


26.1.39 


Tesh s 
_|m—2o 
Fifa Gara 


F(m+te) —F(m—te) >1—5 


9 ‘cu m—Xo 


y 


Pr{|X—m| >to} < <j 


o 


26.1.40 Pr{|X—m| >to} <4/9¢ 


F(m-+ic) — F(m—te) 21-8 


oe et 

pat tot— 2boA 
pa ot 

y+ Bo — 2fo4 


26.1.41 Pr{|X—m| >to} < 


F(m+to) —F(m—te) >1— 
6z9 is such that F’(z»)> F’(z) for r#20. 
26.2. Normal or Gaussian Probability Function 


1 _y» 
v2 


iT 


2 + an _ z 
262.2 Pla) fie dt fi Za 
26.2.3 Qa—=Fe | ° gelag¢ — f ” Zt)dt 


26.2.4 A(x) = f * etd = i) Z(t) dt 
V2r J -2 -2 


26.2.5 P(x) +Q(z)=1 
26.2.6 P(—z)=Q(z) 
26.2.7 A(2)=2P(z)—1 


Probability Integral with Mean m and Variance co? 

A random variable X is said to be normally 
distributed with mean m and variance o? if the 
probability that X is less than or equal to z is 
given by 


Conditions 
(i) g(X) 20 
(i) Pr{ X<0}=0 
(ii) E(X)=m 
(i) EX)=m * 


(ii) B(X—m)?=o? 


(i) E(X—m)?*=o3 
(ii) F(x) is a continuous c.d.f. 
(iii) F(x) is unimodal at 2° 


(i) E(X¥—m)?=0? 

(ii) F(z) is a continuous c.d.f. 
(iii) F(x) is unimodal at 2° 
(iv) m=29 


(i) E(X—m)?=0 
(i) E(X—m)*= us 


26.2.8 
1 z _(t—m)? 
Pr{X<2} = =| oat dt 
o: 2a oo 


1 (z- see 2/2 (= 7). 
dt=P 
~ an J - 


The corresponding probability density function 
is 


26.2.9 
> 1 a 
Z—M\_1 r~—-™mM pares) Qq2 
ss P( o = 2( g ) ovr 
and is symmetric around m, i.e. 
M+2Z\_7f(M—z\ 
z( o )=2( o ) 


The inflexion points of the probability density 
function are at m+o. 
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Power Series (x >0) 


26.2.10 1 2 De 


1 
PO)= 9+ oe exh nlB* (On-F1) 


26.2.11 
; = gent 1 
P@)=5+2Z@) 2) 735. Gnd) 


Asymptotic Expansions (x>0) 
26.2.12 
Py 22) 11-3 
(0) 22 {1 oe: 


4(-D" ae nD \ +R, 


where 


R,=(—1)"1.3... (en+1) [ au dt 


which is less in absolute value than the first 
neglected term. 


26.2.13 
Z(z) Gy a2 
Q(z) 22{ 1 —pygt (a?-+-2) (2?+-4) 


ae, een 2 } 
(a?-+2) (27 +-4) (2?-+6) 0°” 


where a@,=1, @=1, d@;=5, a=9, d5=129 and the 
general term is 


GQn=O1-3... (2n—1)+2e,1-3... (2n—3) 
+27¢1-3... (2n—5) +... +2*7¢,_; 


and ¢, is the coefficient of ¢"-* in the expansion of 
tit—1) .. . (t—n-+1). 


Continued Fraction Expansions 


26.2.14 
= 1123 4 
aw=20{ 5234 } (z>0) 
26.2.15 


Polynomial and Rational Approximations’ for P(x) 


and Z(x) 
0<2< © 
26.2.16 
P(x) =1—Z(z) (a,t+-aat?+agt*) +e(2), Te 
le(z)|<1 10-5 
p= .33267 == .43618 36 
dg=—.12016 76 
d3==.93729 80 
26.2.17 
P(x) =1—Z(x) (byt + bet? bgt? + b4t* + bst®) +(2), 
1 
i=——_ 
1-+-pz 


\e(x) |<7.5X 1078 


p=.23164 19 
b= .31938 1530 5,=—1.82125 5978 
= —.35656 3782 b= 1.33027 4429 
bs= 1.78147 7937 


26.2.18 
P(a)=1—5 (Lt eya-+ oa" og2! +0424) ~*+e(2) 


le(x)|<2.5X 107! 
¢,=.196854 es .000344 
y=.115194 ¢,=.019527 


26.2.19 
P(t)=1-5 (14de+dett+dge 


+dj,z*+d,a5+d,x°)~* + (x) 
je(x)|<1.5 1077 
d,= .04986 73470 d,= .00003 80036 
d,= .02114 10061 d= .00004 88906 
d3= .00327 76263 dg= .00000 53830 


26.2.20 2 (x)= (dot aor?+a,x* + ag2*)-!+ €(x) 
\e(x)|<2.7 10-8 
Qy = 2.490895 Q4== — 024393 
Q2== 1.466003 Qg=  .178257 
7 Based on approximations in C. Hastings, Jr., Approxi- 


mations for digital computers. Princeton Univ. Press, 
Princeton, N.J., 1955 (with permission). 


PROBABILITY FUNCTIONS 


26.2.21 


Z(x) = (bo+ bow? + bya* + byx® + bax + bit”)? + €() 
. le(x)|<2.310-* 


o= 2.50523 67 bk= .13064 69 
b,= 1.28312 04 bg=—-.02024 90 
b,= .22647 18 bi= .00391 32 


Rational Approximations ’ for x, where Q(x,)=p 


0<ps.b 


26.2.22 
=e Atat —_ ye 
Lp=t Tthitbe te t ys 
le(p)|<3X 1073 
Q@=2.30753 6, =.99229 
a= .27061 2==.04481 
26.2.23 


4 Sot eyt+ert? oe ey 
tb TT attdhtab OP» t=a/ind 


\e(p)|<4.5X 10 


Cp =2.515517 d= 1.432788 
C= .802853 dz= .189269 
C= .010328 d;= .001308 


Bounds Useful as Approximations to the Normal 
Distribution Function 


26.2.24 


Py(a)=5+5 (1-e-B)# (a0) 
P(2)< 


Pa(a)—=1— ESE ante 
(2>1.4) 
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26.2.25 


= i 
P(x) a5 t5 (teat 2) ate) 
P(x) 2 (2>0) 


P,(2)= 1-2 (2n)-te-#/2, (22.2) 


See Figure 26.1 for error curves. 


P{x)- P(x) 


Pix) - Px) 


To 8 se 


Pd —P(x) 


P(x) - Pix) 


bounds on normal 


curves for 
distribution. 


Fievure 26.1. Error 


Derivatives of the Normal Probability Density Function 


26.2.26 Z™ (2) = = Z(z) 


Differential Equation 


26.2.27  Z™*2 (x) +a Zt (2) -+(m+1)Z™ (x) =0 


Value at x=0 


26.2.28 
—1)"/2m! 
Ce for m=27r,r=0,1,... 
Z™) (9) = V2n2"/? (F) 
0 for odd m>0 
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26.2.29 


26.2.30 


26.2.31 


26.2.32 


26.2.33 


26.2.34 


26.2.35 


26.2.36 


26.2.37 


26.2.38 


26.2.39 


26.2.40 


Error function 


PROBABILITY FUNCTIONS 


Relation of P(x) and Z(™)(x) to Other Functions 


Function Relation 


erf z=2P(x2-2)—1 


re) 
Incomplete gamma function (special case) =[2P (/2z)—1] 


r(3) 


Zo (x) 


Hermite polynomial He,(z)=(—1)" Za) 


Hh, function 


ce 


eer as nonje 2” (ay2) (x2) 
H,(x)=(—1)"2 “Zea) 


Hh_n(2)=(—1)""! y2nZ"—» (2) 


Hha(2)="—9 "Hh (2) + aan) * 
t=) 


Tetrachoric function 7,(z) = Zn) (2) 
oe a 


Confluent hypergeometric function (special 4 (53 3 zyar{ Pot} 


case) 


Parabolic cylinder function 


*See page 11. 


i M(u3% z — i} 


i Q2m4+1 1 _ Ze" (2) 
M 3 ’ 3’ Zemy (Oy 

, 2m+2 3 _# _ Zem-0(z) 
M(" 22 
U(-n-} a )=e-#"(—1)" oe ae 


Repeated Integrals of the Normal Probability Integral 
26.2.41  I,(2)= f I,-1(t)dt — (n>0) 
z 


where J_,(1)=Z(z) 


26.2.42 
I_,(2) -(-£) Z(2)=(—1)*1Z-Y (2) 
(n> —1) 
26.243 (ote —n)I4(2) =0 
26.2.44 


(2-+1)Inai(2) +21, (2)—In-1(2)=0 = (2 >—1) 


(z>0) 


(x>0) 


(n>0) 
(n>0) 


(x>0) 


(x>0) 


(x20) 


(x20) 


(n>0) 


PROBABILITY FUNCTIONS 


26.2.45 

Lda= | at Z()dt=e#n |” as Z(t)dt 
(n>—1) 

26.2.46 I,,(0)=I_,(0)= (n even) 


os 
n+2 
5) 2? 
2 
Asymptotic Expansions of an Arbitrary Probability 
Density Function and Distribution Function 
Let Y, (i=1,2, .. ., n) ben 


independent random variables with mean m,, 
variance o7, and higher cumulants «,,; Then 
asymptotic expansions with respect to n for the 
probability density and cumulative distribution 
function of 


26.2.47 
J@xzZe)= [% ZO » La 2 710(a) 4H 700 @ | 


—| 3 Z® (x +t Z (2) +3506 vi 122) | 
+] 2s 2 (a) +H, 2 (a) + 22 2 (2) 


vive (10) at 


2” ( ol... 
26.2.48 


F(2)~P(z) _|[% Zo (a) + oi Z® (2) a Ze @| 


—| 3 Z® (x) +8 Z( 2)-+sya5 5 zm co 
+| 3s rie 
1728 e104 
where 
1 n 
1 G isi tt) 
Yr-2 ra /1 2 T/2 
ni” (7 Sot) 
N j=1 


Terms in brackets are terms of the same order 
with respect to n. When the Y, have the same 
distribution, then m;=m, of7=o7, x,,;=«, and 


“ 
=a 
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Asymptotic Expansion for the Inverse Function of an 
Arbitrary Distribution Function 


Let the cumulative distribution function of 
Y= Y, be denoted by F(y). Then the (Cornish- 


Fisher) asymptotic expansion with respect to 7 for 
the value of y, such that F(y,)=1—p is 


26.2.49 Yp~m+ow 
where 
w=2t+ [yh (z)] 

+[yehe(2) +-yihiu(2)] 


+[yaha(x) +rvvahie(z) + ihn (2)] 
+L yaha(x) +y2hee (2) +1rvahia(z) +ivai2(2) 


+yihiun(z))+ .. 
and 
Q(x)=p, Yay 7r=3,4,... 
2 

26.2.50 

hy (2) = He,(z) 

hale) =o g Heal) 

hu (2)=—35 (2Hes(2) +Hes(2)] 


soma (Hex(2)] 
hyo(2) = "=94 7 [Hlea(a) +He,2(2)] 


has (2) yg [12H s(x) +19Hea(a)] 


h(x) = =a5 He;(x) 
ha(z)=— a [3He,(x) +6He,(z) +2He,(z)] 
his (2) =—— a [2H e,(x) +3He,(z)] 


hir2(2) =55 (14H e,.(x) +37He;(x) +8He,(2)] 


hasns(2) = — zg (252H (2) + 832H e4(z) 
+227He,(z)] 
Terms in brackets in 26.2.49 are terms of the 


same order with respect ton. The He,(x) are the 
Hermite polynomials. (See chapter 22.) 


* 


26.2.51 
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Z™ (x) 


He,(z)= = 1)" Z(2) = 


In the following auxiliary table, the polynomial functions h,(z), he(z) . . 
p=.25, .1, .05, .025, .01, .005, .0025, .001, 


Aucziliary coeficients® for use with Cornish-Fisher asymptotic expansion. 


PROBABILITY FUNCTIONS 


(3) 
ni 


m=o 2"m\(n—2m)! 


(—1)* 


gn am 


. Ayu (x) are tabulated for 
.0005. 
26.2.49 


125 10 05 025 
z 67449 1, 28155 1. 64485 1. 95996 
hi(z) | —.09084 , 10706 + 28426 . 47358 
ha(z) | —.07153 | ~—.07249 | —.0201 :06872 
bu(z) 07663 06108 | —.01878 | —. 14607 
his(z) 00308 | —.03464! —.04928| —.04410 
hi(z) 00282 » 14844 117532 : 10210 
bin(z) | —.01428 | —.11629] —.11900]} —.02037 
«(z) 298 00227 | —.01082 | —.02357 
ha(z) |  —. 03285 , 00776 05085 09659 
n(z) | —.05126 01086 09462 . 16106 
hi(z) . 14764 | —.10858 | —. 3051 —. 55856 
hin(z) | —.06898 09585 . 25623 . 31624 


01 005 


0025 


2. 32635 2. 57583 2, 80703 3.09022 3, 20053 
. 73532 - 93915 1. 14657 1, 42491 1. 63793 

. 23379 . 39012 - 57070 - 84331 1.07320 
—. 37634 —. 59171 —. 83890 | —1.21025 —1. 52234 
—.00152 06010 . 14841 . 30746 - 46059 
—. 17621 ~-. 53531 } —1.02868 | —1, 89355 —2, 71243 
25105 50757 1.06301 1, 86787 2. 62337 
—.03176 —. 02621 —. 00666 - 04591 - 10950 
07888 —. 01226 —. 19116 —. 69060 — 1.03555 

- 16058 - 05366 —. 17498 —. 70464 —1. 30531 
~. 32621 - 35696 1. 60445 4. 20304 7, 23307 
07286 —. 46534 | —1.39199 | —3.32708 —5. 40702 


§ From R. ‘A. Fisher, Contributions to mathematical statistics, Paper 30 (with E. A. Cornish) Extrait de la Revue de 
Y fistlene International de Statistique 4, 1-14 (1937) (with permission). 


26.3. Bivariate Normal Probability Function 


26.3.1 


g(x, y, p) =[2r-y1— p*]- ' exp—5 eaten ty 


: y— px 
26.3.2 g(z,y, p)=(1—p%) 'Z(a)Z (YP) 
26.3.3 
Lite= if dx |" g(z,y, eddy 


k— px 


yv1—p? 
A k 
26.3.4 L(—h, —k, p)= f dx (g(x,y, p)dy 


f ”Z(a)da f Zw) de. Supa 


A r) 
26.3.5 L(—h,k, —p)= i de i) gle, y, addy 
-o k 


© k 
26.3.6 L(h, k= [def o(c,u, dy 
ah —o 


26.3.7 L(h, k, p) =L(k, h, p) 

26.3.8  L(—h,k, p)+L(h, k, — p)=Q(h) 
26.3.9 L(—h, —k, p)—L(h,k, p)=P()—Q(h) 
26.3.10 

2[L(h, k, o)+L(h, k, —e)+P(h)—Q(k)]—1 


h k 
={ dx f g(x, y, p)dy 
-h -k 


Probability Function With Means m,, m,, Variances 
o2, o?, and Correlation p 


The random variables X, Y are said to be dis- 
tributed as a bivariate Normal distribution with 


*See page 11. 


means and variances (mz, m,) and (0%, 0%) and 
correlation p if the joint probability that X is 
less than or equal to 4 and Y less than or equal to 
k is given by 


26.3.11 


h-—m, k—m, 


Pr{X<h, Yskj=s [* me g(s, t, p)ds dt 
te) 


1(-()- 


The probability density function is 


26.3.12 


1 exp Ogee lg 2 Us, ) 
2rozo,V1— p* 2(1—p*) azo, oz Oy 


where 


= (z—m,)? _2(a—mz) (y—m) 4+ ym)" 


an O28 y oF 


Circular Normal Probability Density Function 


26.3.13 
1 L—M, Y—-M, 0 \= 
wie Se 
L exp — ame tym) 
Qo” as 2 20° 


PROBABILITY FUNCTIONS 


Special Values of L(h, k, p) 


26.3.14 L(h, k, 0) =Q(h) Q() 

26.315 L(h,k,—1)=0  (h+k>0) 
26.316 L(h,k, -I)=P(h)—Qk) (hk) 
26.317 L(h,k,1)=Q(h) (KSA) 

26.318  L(h,k,1)=Q(k) (kA) 

26.3.19  -L(0,0,e)=,+ sin p 


ATA TAA ITA LL 
ALATA TPL 


a Was 
NU INS 
iN Bis 
NE IN 

eS 


J 
N 


wis 
NAS 
AYN 
EN 
EN 


\ 


USS BE as 
HAW ANAAAAKAL IN TS 
AAAS 


937 
L(h, k, p) as a Function of L(h, 0, p) 
26.3.20 


_ (ph—k) (sgn h) 
L(h, k, p) Lk, 0, EE 

(pk—h) (sgn k) 
Vie—2 hk 


0 if hk>0 or hk=0 
\; 


and A+k>0 
where sgn h=1 if h>0 and sgn h=—1 if h<0. 


ld A APA 
AAA 


+L (é,0, 


/| 


SN iis Sa BBS S 


PARR 


He A ANIAIASASSS 


Fi@ure 26.2. oe i > oe a <A on, and ee 
Values for h<0 can be obtained using L(h, 0, —p)=4—L(—h, 0, o). 
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AAAI VUE TEC 
4 o ZL 


OA 
lS, A AE A 
AMZN | AA VAL 
aaa ay a8 av are 
ATA A AAA GA A A 
LAA ARO AAA AY 
CANADA ie ZN ee | 
MILLA Af 
S45 40 2F ey er. aera 
Cotta 
AAR As 2a Aa Ame 
WANNA VAN OAL Ah 
VSIA D fF 

i 
VA 


i Ske 


PA OAL ALL A 
aR AS 2E 4e4eEra 
LYLVL YP YEA Yd 


Fieurs 26.3. L(h, 0, ») for O<h<1 and 0<p<1. 
Values for <0 can be obtained using L(h, 0, —p)=4—L(—h, 


PROBABILITY FUNCTIONS 


PACT Coe Cece 
at TE Et PE 
Ptr UE TT ET ee TE 
ee eae eae Re See 
Vy | Pt eT ET 
‘ViaP Be ose oe ee ees 
Vi i/7T TA PT TALS TET TT 
oT ee ee iE 
See ar Re ee ee aes eae ee 
Ani BAe Sr ey Reale eee ase 
PAR ade erie eee sae eee 
PI IAAF AY IATA TVET TA TT 
PIY VIZ VII IAT TAT TT Tt TT 7 
VIIA Yi siz TAT VI TVET iT yt tt te TT | 
Poffo fof fo efor ft 
EVV ADT A Veet Pale Vl | a sale! 

7aZ040 40407 40/200/oo 
PTA I A AL A A ee a 


J | i | 
: ZEA AAA 
ACES aa ase 2a ase seek 
: A Aa ial ee 
AD Ane a4even sie aera eeeeeeee 
See ae Gae. espe eeaae 
ake ak eee eee 
He Ht 
a 


a SRR eases Ee 


| 
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~LO h 
1.00 105 110 LIS L20 125 430 135 140 1.45 150 1.55 160 1.65 1.70 1.75 180 185 1.90 195 200 205 2/0 2.15 2.20 225 2.30 2.35 240 245 250 


Fieure 26.4. L(h, 0, p) for h21 and -1<p<l. 
Values for h<0 can be obtained using L(h, 0, —p)=4—L(—A, 0, p.) 


940 PROBABILITY FUNCTIONS 


Integral Over an Ellipse With Center at (m,, m,) 


26.3.21 


ff. (coy) ~ (= eS ee ») dxdy=1—e~?/? 


where A is the area enclosed by the ellipse 


(7-™) —20— Mz) (Y— My) 


O2Sy 
= 2 
+(e" 7) =a?(1—p?) 
Oy 


Integral Over an Arbitrary Region 
26.3.22 


Png sone 


2, ™ p) dxudy 


“Mon 


where A*(s, ¢) is the transformed region obtained 
from the transformation 


1 (= 24 Ur) 
y¥2+2p or Cy 


ines (™) 
V¥2—2p\ % oy 


Integral of the Circular Normal Probability Function 
With Parameters m,=m,=0, c=1 Over the Triangle 
Bounded by y=0, y=ax, x=h 


g(s, t, o)dsdt 


ss 


26.3.23 
a ar 
V(h, ah) if f eke dandy 


=14L(h, 0, »)—L(0, 0, »)— 3 Q(h) 


where 


i a 
V¥1+a? 
Integral of Circular Normal Distribution Over an Offset 
Circle With Radius Ro and Center a Distance ro From 
(m,, m,) 


26.3.24 
f it og (A, yo My, 0) dedy=P(R?2, r2) 
A o o 


where P(R?|2, 7?) is the c.d.f. of the non-central 
x? distribution (see 26.4.25) with »=2 degrees of 
freedom and noncentrality parameter r’. 


Approximation to P(R?|2, r2) 


26.3.25 
Approximation Condition 
2h? 2r? 
7+ Ri P47 Re ae 
26.3.26 P(x) R>1 
26.3.27 P(x2) R>5 
2 2+27? 
2 2) 11/3 ag ree ae 
eles 5 oa 
2 24277 ii 
9 2+r)2 
m= R—Vr?—1 R, r both large bd 
Inequality 
26.3.28 


Qn) #20) [e(z ia) Ke k, p)<Q(h) 


where 


ph—k>0, 0< p<. 


Series Expansion 


26.3.29 


L(h, k, = QMQW+E5 AEA 


(n+1)! 
26.4. Chi-Square Probability Function 
26.4.1 


-1 2 2 ae mz 
Poe) =| ar (5) f. * (t)? le Bde 
0 


(0<xX*< ~) 


p™t! 


26.4.2 
Q(x? |v) =1—P(x)|r) 


“Pr @y florea 


Relation to Normal Distribution 


Let X,, X2, . . ., X, be independent and identi- 
cally distributed random variables each following 
a normal distribution with mean zero and unit 


Then X?= 7X} is said to follow the 
im] 


chi-square distribution with v degrees of freedom 
and the probability that X?<x’? is given by P(x’|»). 


(0<V< ~) 


variance. 


Cumulants 


26.4.3 Knp1==2"nly (n=0, 1, oe ») 


*See page It. 
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Series Expansions 


26.4.4 


eet 


x- -1 


Q(x?|») =2Q (x) +22 Ox 1703-5... rai) 


(v odd) and x=+x2 


26.4.5 
y—2 
i “9” 27 
Qe = 27200 {1433 x a } 
(v even) 
26.4.6 


en X72 


Poel) =(5 ¢) i >) #3) 


{ x2 
(2 eae Gaa 


1 Siz (=1)"@@2)?"* 


@)* oe oal(Gtn) 


Recurrence and Differential Relations 


-(v+2r) } 


26.4.7 P(X?| y)= = _ yo 


2/2) *!2@ -x3/3 


r (5+) 
Oo" QC |v) 1 FM 7 _ ym 2 
26.4.9 caer PL 1)"+1Q(x[yp—29) 


26.4.8  Q(x?|v+2)=—Q(x*]v) + XP)" e =" 


Continued Fraction 


x’) v/2 eat 
2”27 (p/2) 


{= 1—»/2 1 2-v/2 2 } 
7/2+ 14+ ~/2+ 14 2/2... 


Asymptotic Distribution for Large v 


26.4.10  *Q(x?|»)= 


x—p 
where z= 


V2v 


Asymptotic Expansions for Large x? 
26.4.12 


26.4.11 P(x?|v)~P(z) 


v,. 
r r (1-54) git 


r Piz) Gy 


¥ 
(x2) 27 e7X7/2_@ 


QX? |r) ~ ~ "PAE OR) ag 1) 


*See page I. 


Approximations to the Chi-Square Distribution for 


Large v 
26.4.13 
Approximation Condition 
Qe |v) Q(z), m= 2x7—/2v—1 (v>100) 
26.4.14 
G1) 
|v) = ; L2= $$ 30 
26.4.15 
‘ 60 
Q(x |v) ~Q(r2+h), hy=—- heo (v>380) 
Values of hu 
z hoo z hoo z feo 
-3.5| —.O118 —1.0] +.0006 +15] —.0005 
—3.0| —.0067 —.5 .0008 2.0| +.0002 
—2.5| —.0033 0| +.0002 2.5 -0017 
—2.0| —.0010 +.5 1) —.0003 3.0 0043 
—1.5| +.0001 1.0] —.0006 3.5 - 0082 


Approximations for the Inverse Function for Large » 


If Q(3|v) =p and Q(z,)=1—P(z,)=p, then 


Approximation Condition 
2 
26.4.16 x3 x5 { typ+y¥2v—1 } (v>100) 
26.4.17 x2=y (S745 vz ‘ (v>30) 
ve a Qv  *? V Oy 


eee ea 4 ve : 
26.4.18 gor{ 1 at (t,—hn)a{ = +  (P>30) 


where h, is given by 26.4.15. 
Relation to Other Functions 


26.4.19 Incomplete gamma function 


ee P|»), v=2a, P=2z 
T(@,2) Apne 
Ta) =Q(x|r) 


26.4.20 Pearson’s incomplete gamma function 


1 uVpti 
w= Ep f PH a6 tdt-=P(x*|v) 


y=2(p+1), X°=2uvpt+l 
26.4.21 Poisson distribution 


¢=} mi v x 
Q(x lr) p> é 1’ c=’ jm iy (v eve ) 


-1 


QUE») —Q0el—2) =e" Te 
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26.4.22 Pearson Type III 


ab br t ab ape ; 
[=] f-G44) e-"dt=P(x!|») 

v= 2ab-+2, x?=2b(2+a) 
26.4.23 Incomplete moments of Normal distribu- 


tion 


ae 


(n—1)!! ——— v) (n even) 


f "PZ (t)dt= 
0 (n—1)!! 


ae P(x|v) (n odd) 
V=2, v=n+1 
26.4.24 Generalized Laguerre Polynomials 


atl 


_yyaty (M41 : - 
(a) (»\ =. J=0 1) ( j ) ae ly-+-2—2]) 
mL (2) = 


27 Q(7/»-+-2)— Q07»)] 


r=X?/2, a=v/2 


PROBABILITY FUNCTIONS 


Non-Centra! x? Distribution Function 


26.4.25 
CS 5 
P(x", N=By em a P(x!%y-425) 

where \>0 is termed the non-centrality param- 
eter. 
Relation of Non-Central x2 Distribution With »=2 to the 

Integral of Circular Normal Distribution (c?=1) Over 

an Offset Circle Having Radius R and Center a Dis- 


tance r= yh From the Origin. (See 26.3.24-26.3.27.) 


26.4.26 


f f g(z, y, 0) dady=P(e=R?|y=2, d) 
A 


CJ e723 ; 


Approximations to the Non-Central x? Distribution 


a=v-+h 
Approzimating Function 


26.4.27 x? distribution P(x" |p, \) = 


26.4.28 Normal distribution 


26.4.29 Normal distribution 


P(x’"|», d) =P(2), 


r 
I= TER 
Approximation 
_ @ 
das Ge 
nase [r-$C2) 
ona) 


Pa, =P),  2=[ P| AP 


Approximations to the Inverse Function of Non-Central 
x? Distribution 


Tf QXs'l¥, =p, Q%5|»*)=p, and Q(x,)=p then 


Approximating Variable 


Approximation to the Inverse Function 


26.4.30 x? Xe = (1+5)x2 
2 
26.4.31 Normal xX = : + : Lpt ins 1 


26.4.32 Normal 


Properties of Chi-Square, Non-Central Chi-Square, and Related Quantities 


Variable 
26.4.33 x ’ 
26.4.34 Vie rH I+ [160-4 00- 
26.4.35 Gann 1-2 +009 
26.4.36 inc) v (Z)-n (Z)=-3- 400-9 


26.4. 37 x? a 


26.4.38 V2x2 = {2a—(1-+0)]#4+-0(04”) 


26.4.39 (tan a. ware eo 


a@=py+r 


v(=2 mre), 


Variance 


2y 


1 1 5 
1-7 antag O09 


2 104 
By at OO) 

2. 1 
v (G) “Si [-ahp ]+o@-n-» 
2a(1+-b) 


1-40) —% [9-+(1+0) (1—-70)14+-0(6-4) 


2 or HL+8)+55 oA O(0-%) 


x 


bu 


ytr 


Honk we 


Coefficient of skewness (71) 
2 
ve 
1 5 1 
- [tases ] +907 


(cfs) asane 


(3) ees 


[1-t J+0ce—v 


a 4(1—b) (1438) ow) 
ah(-5)sn 


(-fs)"wr totem 


Coefficient of excess (1) 
Re 
2a[ng}rors 


$[oe}rovs 
¥® (2) 
“Gy 


12 0435) 
a@ (1+-5)3 


4 4 
“5 Dict |+0@-0 


36(6-+-2) 
Cpt Oe 


4 (1480419604458) _ 
“HB eGtos 


SNOLLONNA ALITIaAVaoud 


£76 


944 PROBABILITY FUNCTIONS 


26.5. Incomplete Beta Function Continued Fractions 
26.5.8 
1 3 ‘ I, ,b)=— m2 rit} 
1(a,) =p f ed-oridt OSes) (0) GB, by L 1+ 1+ 1+ 
d (a+m)(a+b+m) 
26.5.2 am+i~ (g+2m)(at2m+l) ” 
J,(a,b)=1—1,-_,(b,a) d m(b—m) 
Relation to the Chi-Square Distribution oa (a+2m—1) (a+2m) * 
If X? and X? are independent random variables Best results are obtained when z< a—1_. 
following chi-square distributions 26.4.1 with », at+b—2 
and », degrees of freedom respectively, then Also the 4m and 4m-+1 convergents are less than 


xX? I,(a, b) and the 4m+2, 4m+3 convergents are 
Xi+X? is said to follow a beta distribution with greater than J,(a, 6). 


v, and », degrees of freedom and has the distribu- 26.5.9 
tion function 


w(l—a)''f é: e2 €3 
1.0, )="T ge by LT+ 14 T+ 
26.5.3 
* xe<l é;=1 
P{ ase = Bad frera-ora o=— —atm—W(bom) 
* vo a (a+2m—2)(a+2m—1) 1—z 
= I,(a,b) a=>) =5 
_ _m(atb—itm) zx 
Series Expansions (0<x< 1) Com+1~ (GT 9m—1)(a+2m) = 
26.5.4 
2(1— B( 44, +1) ; 96.5.10 Recurrence Relations 
= a n n+l ade 
1.0, D=TRG, iy 1433 Bath ati" } 
I,(a,6)=x1,(a—1,6)+(1—2)1,(a,5—1) 
26.5.5 26.5.11 
a(1—zx)?-? i _(d— bs 
1,00, I,(a,b)="{I,(a+1,6)—(1—a) L(a+1,6—-1)} 
= Ba+i,nt+1)_ 26.5.12 
{142 agoa-ietp dss) Sp . 
i= fi0,0)=| pl bleab-+1 
~ @aBia, b) +a(1—z)I,(a+1,b6—1)} 
2 Baa+1,n+1) | .)" ‘} 26.5.13 
{14+ Bb—n—1, n+l) GS 
+I,(a+s, b—s) I,(a, = 5 (el(a+l, 6)+6/, (a, b+1)} 
26.5.6 26.5.14 
= 1 1 , 1\2 1% 
I,(a, 6)=1,-(b,a) | I(a,a)=5h1(a,5)  2=4 (2-5) < | 


_ (=z) _fa-1l\ —2)' ,. 
BG, yg (I (%G a) bei OMteger) | 96 5.15 


Leja T(a+d) 


#(1—2)?"'+L(a+1,6—1) 


26.5.7 P(a+l rib) 
11a DHT a) 26.5.16 
Bi ayene cae . : _ (a+) © _ 
= (1-2) = GS =) (integer a) (0,8) =e ery Mla) + Lela +10) 


*See page U1, 
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A ic Expansi = 
26.5.17 Sea gaa e er and y is taken negative when r< ES 
ae (by) = 
1—I,(a,6)=1,-2(6, a) T(d) 
1 _ rarer ' } Approximations 
sa y 
24.N? ay “3 26.5.20 If (a+b—1)(1—z)<.8 


1 
- -ngsaene} . [e|<5X 1073 if a+b>6 


y=—-Ninz, N=at3—} X= (a+b—1(1—2)(8—z)— (1a) (6-1), 
26.5.18 v=2b 
T(a,w) , e~*w* f (a—1—w) 
I,(a,b)~ T(a) acc oa 26.5.21 If (a+b—1)(1—z)>.8 
3 11 
+a ($-3 bat+3a— ;-»[3 a ats] L(a, )=P(y) +e, 
|el<5X 1073 if a+b6>6 
tu! (Fa-§)-5 0 )} 
w= (;2,) see ~as)-™ (aa) 
—Z Tae mk 
26.5.19 “ a 
1,(a,8)~PQ)—Ziy) | a+ 22) wo, =(b2)", w.=[a(1—2)]!" 
a3(1+y"/2) ss 
+ 1+a, - | 7 < . 
2 Approximation to the Inverse Function 
n=3 (b—a) [(a+b—2) (a—1)(b—1)]-*% 
1 13 26.5.22 If I,,(4, b)=p and Q(y,)=p then 
ae plea tien a+b—1 ; 
Lp ~— 7 e 
as=—TE 5 [a (a+5-5) | 2 at+be’ 
7 ere = wate (1d Y (yg 
=2 [ @+o—1) In Party 5 t (a— 1) ln ——— Cote yz 2b—1 2a—1 6 3h 
so (otal —%—3 
+ (6-1) In aticnacy | ge (somitsp—i) bo N36 
Relations to Other Functions and Distributions 
Function Relation 
26.5.23 Hypergeometric function Ba, 5) a a — F(a, 1—6; a+1; z)=I,(a, 6) 
26.5.24 Binomial distribution > (7 \pta—p)t=I ,(@,n—a+1) 
=a 
26.5.25 . (")p*(—2)**=1,(a, n—a+1)—I,(a+1, n—a) * 
26.5.26 Necati . i eo iat tid see 1 Ee 
ay gative binomial distribution >a p'¢g=1,(a,n) 
pai Haspetye Tes 1 v _ 
26.5.27 Student’s distribution 5 1— Att) =; L, (5 5) rT * 
. = . . ° . = v2 
26.5.28 F-(variance-ratio) distribution Q(F |v, ») =I, ( 3) by F 


eee tiniee $e page 11. 
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26.6. F-(Variance-Ratio) Distribution Function 


26.6.1 
vi" 4¥s 
P(F|»,, »)=——~ i 2 { B- 2)(y9-+-,t) ~ a+) dt 
BG 15) (F>0) 
26.6.2 
Q(F\n, n= PUP Wet. (2 

where 

—__¥2 

= yy F 


Relation to the Chi-Square Distribution 


If X? and X? are independent random variables 
following chi-square distributions 26.4.1 with » 
and », degrees of freedom respectively, then the 

Xilny 
distribution of F= Xr, 
variance ratio or F-distribution with », and » 
degrees of freedom. The corresponding distribu- 
tion function is P(F|»,, v2). 


is said to follow the 


Statistical Properties 


26.6.3 


mean: n= 


5 >?) 


v2 


2v2(v,+»2.—2) 
v1 (v2—2)?(v2.—4) 


third central moment: 


variance: o7= 


(v2 >4) 


ai aaa aa 
n= (? 3) (v2—2)* (v,.—4) (ve— (v2 >6) 
moments about the origin: 
r yy+2n yy—2n 
(2) ol Gra bs Ga oe 


7G) 


characteristic function: 


: 7G) 
#2. mee) it) 
Vy 


Series Expansions 


$()=E(e*")=M (3 


go 
Pot y,F 
26.6.4 


« UF) =a" 1420-2) 2 — yet, 


4.2a(ve+2) os We+-~—4) a-2'F | (v, even) 


. (1,—2) 


*See page 0. 


26.6.5 
QUF |», »2)=1—(1—2)"”? [1+ ep Bt?) ge, 


rs ae - (v2.-+,—4 
2: 4. (r=2) 


vg—2 
x2 ] (v2 even) 
26.6.6 
atact —2 1— 
Q(F\|n, vo) == a [ purnne (= 


+Mctan tan ata) CS V+. 


+n) -. 2 me LN" 4 (v, even) 
26.6.7 
ata 1 ate? 
QF, »)=1—(1—2) +o eee i) 
ee, ae ae ee a= 
is even) 


26.6.8 


Q( Fly, v2) =1— A(t|y2) +8(n, v2) (1, V2 odd) 
2 o-+sin 6[cos a+? cos? 6+... + 
A(t|»2) = eee cos 76) Vor »>1 


a for v= 1 
T 


C=) 
*) 


“rs 


sin @cos”? 6 {1 + 


B(%, ¥2) = sin? 6-+ +++ + 
(v.+1) ai . 2. (ym —4) sin’ \ 
5... (%i—2) 
for ».>1 
0forvy,=1 * 
where 


é=arctan 1 [2 F 
V2 


Reflexive Relation 
If F,(1, v2) and F,_,(v2, ) satisfy 
Q(F (v1, 2) |¥1, v2) =p 
Q(Fi- (v2, 1) |v2, 1) =1—p 


PROBABILITY 
26.6.9 then 


1 
Fin, 


Fan) 
Relation to Student’s t-Distribution Function (See 26.7) 
26.6.10 Q(Fly,=1,»)=1—A(t|») t=VF 
Limiting Forms 

26.6.11 
ae QF |, v2) =Q(X? |), 


26.6.12 
lim QF In, V2) =P(x?|r2), 
vo 


Approximations 


26.6.13 


Q(F |r, v2) ~ Q(z), I= 


(v, and », large) 


2(v,-+r2—2) 


Vo J 
vo— 2 Vy (v,.—4) 


V (2.—1) = F—J2y,—1 
2 


Vite 
V2 


26.6.14 


is 


Q(F |», »2) = Q(2), 
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2 
1/3 ae 
. (1-3 a) (is — NE 9nJ \" 9n,/ 
2 273 
fie +F 


Approximation to the Inverse Function 
26.6.16 If Q(F,|n, v)=p, then 
. F,~e™ where w is given by 26.5.22, with 
y,=2b, ».=2a 


26.6.15 


Q(F |r, Ye) ~Q(z), c= 


Non-Central F-Distribution Function 


26.6.17 
Fr 
PUP" riyresd—= f P(tlr1, v2, \)\dt=1—Q(F’ |r, vo, d) 


where 
vi t2i 
-w2 (M2)? (29) ? yan! 
i y+2] 2) 
B( 2. "2 
vy +2j-2 
xt 2 


p(t|n, V2, N= é 
j=0 


= (9, +2}+92)/2 
[ve-+(m+27)¢] 


and A>0 is termed the non-centrality parameter. 


Relation of Non-Central F-Distribution Function to Other Functions 


Function 


Relation 


26.6.18 


26.6.19 


26.6.20 


26.6.21 


F-distribution 


Non-central ¢-distribution 


Incomplete Beta function 


Confluent hypergeometric function 


PiRinam Se -ve (M2)? ae P(F"|n-+2i,p») 
P(F’ Lae eee 
P(F’|\n,=1, v2, ))=P(t' |v, 8), t’ = VF’, v=, B= Vd 


_w (A/2)? Vi, - ve 
PUP" nn) =3y eM A 7, (B45, 2) 


— vF' re 
Fe, 
ai 
2 2e-M? 
P(F’|n1, 2, = 2) x 
oto) B (2+é+1, 2-1) 


"ye 
aq)? M (15" B+itl, x 


Fra) 


(> even and z= 
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Series Expansion 


26.6.22 


¥2 


a=] 


2 
P(F'ln1, 2, =e “50-9 Mort? ST, (even) 


where 
T,=1 


1— 
Tia} (-t—2+d2) —* 


TS ort 2i+ dat M1—2)T 1-2] 


pene sais 
a ee 
Limiting Forms 

26.6.23 
lim P(F’|»;,»2,4)=P(x'?|»,d), x? =», F’, v=, 
v7 @ 
26.6.24 mee 

lim PEF in =O), va BGte) 

Eo ead 


where A/y,c? as 4, 
Approximations to the Non-Central F-Distribution 
26.6.25 P(F' |», v2, d) = P(2,) ’ 


where 


(vy, and vy large) 


1 __¥2(M%-A) 
- ¥4(¥2—2) 


2. FF Oreos 
Pa 2 (v1-F A)? 4 
beeen w.—2 +n42r}\ 


26.6.26 
P(F' |», ¥2,) = P(F |v¥, v2), 


’ (+n? 
F= ay F’ wyyt2r 
26.6.27 
P(F’|y,,¥2,d) =P(2), 
_L yF’ T’L- 2.]- ie _2(», +2) 
(vA) a 904A)? 


2 eres 
9 ty? 


2/3 i 
om am Ht) ] 


26.7. Student’s t-Distribution 


If X is a random variable following a normal 
distribution with mean zero and variance unity, 
and x? is a random variable following an inde- 
pendent chi-square distribution with » degrees of 


freedom, then the distribution of the ratio 


ver 
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is called Student’s ¢-distribution with v degrees of 
*_ will be less 
Vx] 


in absolute value than a fixed constant ¢ is 


26.7.1 
A(t) =P-{ | 2 <i} 


[9 (e3)] S42) Pe 


freedom. ‘The probability that 


L($5) (O<t<e) » 
where 
_ v 
pi? 
Statistical Properties 
26.7.2 
| mean: m=0 
variance: o?=— (v>2) 
y—2 
skewness: 7,=0 
6 
excess: y= (v>4) 
y—4 
moments: 
we _ " 
1-3... (2n—1)» (v>2n) 


Han (y—2)(v—4) . . . (v—2n) 
Hon4i1=0 
characteristic function: 


x (Gn) It] 
o(t)=E [exp (it ole TOM ie a 


Series Expansions 


(= arctan =) 
vv 


26.7.3 
é-+sin 6 i o+5 cos? 6+ . 
2. 4. 7a -) ae } 
ee 6 * 
A(t|y)= "i582. WH. 
(v>1 and odd) 
2 0 (v=1) 

26.7.4 


A(t|y) =sin o{ 14) cos? o+5) cost 0+... 


1-3-5... (v—3) cos 0} 
.. (v—2) 


(v even) * 


Paar e 


*See page 1. 
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Asymptotic Expansion for the Inverse Function 
If A(t,|v)=1—2p and Q(z,)=p, then 


s (x ) (x ) (x ) 
g J2\Lp Js 
2 er aaa d eee + 


gi(a)=% (2+) 

1 
92(2) = 9g (52*+162°+ 32) 
nae (3a?-+192°+1723— 152) 


(792°-+7762' + 14822°— 19202°—945z) 


942) = ae 


Limiting Distribution 


26.7.6 


lim A(t|y)= io vda= Alt) 


= /. 


Approximation for Large Values of t and »<5 


949 


Approximation for Large » 


26.7.8 A(t|y) ~2P(x)—1, = 


Non-Central t-Distribution 


26.7.9 
F ae 6) = 


of" ae 
ae 3) --(=43) e 2++2 Hh, (== =) de 


= —87/2 Seed I ') Sipe 
1— -3 e pti ogee 
where 6 is termed the cents parameter. 


Approximation to the Non-Central t-Distribution 


26.7.7 A(t|v) ~1—2 fo Oe 26.7.10 
Y oe 
y 1 2 3 4 5 are Z " “(1-z)=3 
a, 3183 4991 1.1094 3.0941 9.948 ol aaa 
b, .0000 .0518 —.0460 —2.756 ~14.05 2y 
Numerical Methods 


26.8. Methods of Generating Random Numbers and Their Applications ° 


Random digits are digits generated by repeated 
independent drawings from the population 0, 1, 
2, . ..,9 where the probability of selecting any 
digit is one-tenth. This is equivalent to putting 
10 balls, numbered from 0 to 9, into an urn and 
drawing one ball at a time, replacing the ball 
after each drawing. The recorded set of numbers 
forms a collection of random digits. Any group of 
n successive random digits is known as a random 
number. 

Several lengthy tables of random digits are 
available (see references). However, the use of 
random numbers in electronic computers has re- 
sulted in a need for random numbers to be gen- 
erated in a completely deterministic way. The 
numbers so generated are termed pseudo-random 
numbers. The quality of pseudo-random ‘num- 
bers is determined by subjecting the numbers to 
several statistical tests, see [26.55], [26.56]. The 
purpose of these statistical tests is to detect any 
properties of the pseudo-random .numbers which 
are different from the (conceptual) properties of 
random numbers. 


*The authors wish to express their appreciation to 
Professor J. W. Tukey who made many penetrating and 
helpful suggestions in this section. 


Experience has shown that the congruence 
method is the most preferable device for generating 
random numbers on a computer. Let the sequence 
of pseudo-random numbers be denoted by {X,}, 
n=0, 1, 2, Then the congruence method 
of generating pseudo-random numbers is 


Xnapi=aX,+5(mod 7) 


where 6 and 7 are relatively prime. The choice 
of T is determined by the capacity and base of the 
computer; a and 6 are chosen so that: (1) the re- 
sulting sequence {X,} possesses the desired sta- 
tistical properties of random numbers, (2) the 
period of the sequence is as long as possible, and 
(3) the speed of generation is fast. A guide for 
choosing a and 6 is to make the correlation 
between the numbers be near zero, e.g., the correla- 


tion between X, and ae is 


a ae). 


a,=a’' (mod T) 
6,=(1+ta+e?+ ... 
|e|<a,/T 


*See page Il. 


where 


+a'*~!)b (mod T) 


950 


which occur in 
Xnps=G,Xn+6, (mod 7) 


When a is chosen so that a~7™?, the correlation 
p= TOY, 

The sequence defined by the multiplicative 
congruence method will have a full period of T 
numbers if 


(i) 6is relatively prime to 7 
(ii) a=1 (mod p) if p is a prime factor of T 
(iii) a@=1 (mod 4) if 4 is a factor of T. 


Consequently if 7=2*, 6 need only be odd, and 
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a=1 (mod 4). When J=10*, d need only be not 
divisible by 2 or 5, and a=1 (mod 20). The 
most convenient choices for a are of the form 
a=2'+1 (for binary computers) and a=10'+1 
(for decimal computers). This results in the 
fastest generation of random numbers as the 
operations only require a shift operation plus 
two additions. Also any number can serve as 
the starting point to generate a sequence of 
random digits.. A good summary of generating 
pseudo-random numbers is [26.51]. 

Below are listed various congruence schemes 
and their properties. 


Congruence methods for generating random numbers 
XasimaX,+b(mod T), T and 6 relatively prime 


a 6 T Period Xo 
26.8.1 | +e odd | T=t« te O<Xe<T 
26.8.2 | r2'1(r odd, | 0 Tate tee relatively 
3>2) prime to 
26.8.3 | r29+1 (rodd, | 0 T=tetl (varies) | relatively 
3>2) prime 
26.8.4 | 7atl 0 T=10¢ 5-10¢3 | relatively 
prime 
26.8.5 | Bett T=10¢ 5-10e2 | relatively 
(s=0, 2, 3, 4) Pome to 


Special cases for eo random numbers have passed statistical 


ts for randomness! 


T=2, Xo unknown; a=2’+1, d=]; Se a=—2-+1, 
b=29741 09625 8473, Xo=76203 9453 

T= 20, 23, Xo=1; a= 5'7(9=2) 

T=, Xo=l; T=, Xo=1—2-3, .5478126193; a= G18(¢ = 2) 

T=, Xo=l: a=5I5(9=2 

T=2+1, Xo=10, 987,654,321; a==23; period ~ 106 


to| T= 10%-+1, Xo=47, 504,118; @=23; period = 5.8X 10° 


T= 10, Xoml; am? 


to T=10u; Xo=ml; am7is 


10 Xo given is the starting point for random numbers when statistical tests were made. 


When the numbers are generated using a con- 
gruence scheme, the least significant digits have 
short periods. Hence the entire word length can- 
not be used. If one desired random numbers with 
as many digits as possible, one would have to 
modify the congruence schemes. One way is to 
generate the numbers mod T+1. This unfor- 
tunately reduces the period. 


Generation of Random Deviates 


Let {.X} be a generated sequence of independent 
random numbers having the domain (0, 7). 
Then {U}={T7-1X} is a sequence of random 
deviates (numbers) from a uniform distribution 
on the interval (0,1). This is usually a necessary 
preliminary step in the generation of random 
deviates having a given cumulative distribution 
function F(y) or probability density function f(y). 
Below are summarized some general techniques 


*See page I. 


for producing arbitrary random deviates. (In 
what follows {U} will always denote a sequence of 
random deviates from a uniform distribution on 
the interval (0, 1).) 


1. Inverse Method 


The solutions {y} of the equations {u=F‘(y) } 
form a sequence of independent random deviates 
with cumulative distribution function F(y). (If 
F(y) has a discontinuity at yy, then whenever u 
is such that F(y—0)<u<F(y), select yo as the 
corresponding deviate.) Generally the inverse 
method is not practical unless the inverse function 
y=F-(u) can be obtained explicitly or can be 
conveniently approximated. 


2. Generating a Discrete Random Variable 


Let Y be a discrete random variable with point 
probabilities p,=Pr{Y=y,} for 1=1, 2, 
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The direct way to generate Y is to generate { U} 
and put Y=y, if 

Pitpet . 2. $MiU<pt pet ... +o. 
However, this method requires complicated ma- 
chine programs that. take too long. 

An alternative way due to Marsaglia [26.53] 
is simple, fast, and seems to be well suited to high- 
speed computations. Let p,fori=1,2,...,n7 
be expressed by & decimal digits as py=.611da: . . . 
dx: where the 6’s are the decimal digits. (If the 
domain of the random variable is infinite, it is 
necessary to truncate the probability distribu- 
tion at p,.) Define 


n 
P,=0, P,=107 24 6,,forr=1,2,..., k, and 
& 
I=) 10°P,, s=1,2,...,kh. 
r=Q 


Number the computer memory locations by 0, 
1, 2,..., 1,—1. The memory locations are 
divided into & mutually exclusive sets such that 
the sth set consists of memory locations H,_;, 
T,1:+1,...,0,—1. The information stored 
in the memory locations of the sth set consists of 
Y: in 4, locations, yz in dy locations, ..., Yn 
in 6,n locations. 

Denote the decimal expansion of the uniform 
deviates generated by the computer by u 
=-d,d.d,; .. . and finally let a{m} be the con- 
tents of memory location m. Then if 


s—! 8 
27 P»sUuc 2 P, 


put 
8-1 
yaa dds at chp ih d+1.1—10' 5 P, }- 


This method is perhaps the best ail-around 
method for generating random deviates from a 
discrete distribution. In order to illustrate this 
method consider the problem of generating 
deviates from the vinomial distribution with point 
probabilities 


p~(}) op) 


for n=5 and p=.20. The point probabilities to 


4D are 
Value of 
Random Variable Point Probabilities 
0 Po=0.38277 
1 P= .4096 
2 Do= .2048 
3 ps= .0512 
4 yy te .0064 
5 Ds= .0003 


and thus P)=0, Pi=.9, P.,=.07, P;=.027, 
P,=.0030 from which Ih=0, 0,=9, I,=16, 
II,=43, I,=73. The 73 memory locations are 
divided into 4 mutually exclusive sets such that 


Set | Memory Locations 


1 0,1,...,8 
2 9,10,..., 15 
3 16,..., 42 
4 AS os ae 92 


Among the nine memory locations of set 1, zero 
is stored 6;>=3 times, 1 is stored 5,,=4 times, 2 is 
stored 6,,.=2 times; the seven locations of set 2 
store 0 6-2 times and 3 6 3=5 times; etc. 
A summary of the memory locations is set out 


below: 
Value of Random Variable 
0 1 2 3 4 


Frequency (set 1) 3 
Frequency (set 2) 2 
Frequency (set 3) 7 
Frequency (set 4) 7 


ooeory 
CO fF ON 
roo oO 
wNnoons on 


0 
5 
1 
2 


Then to generate the random variables if 


0<u<.9 put y=a{d,} 
9<uU<.97 y=a{d,d.—81} 
.97 <u<..997 y=a{ d\dod3—954} 


997 <u<1.000 y=a{d,d,d3d,— 9927} 


3. Generating a Continuous Random Variable 


The method for generating deviates from a 
discrete distribution can be adapted to random 
variables having a continuous distribution. Let 
F(y) be the cumulative distribution function and 
assume that the domain of the random variable 
is (a,b) where the interval is finite. (If the 
domain is infinite, it must be truncated at (say) 
the points a and 6.) Divide the interval (b—a) 
into n sub-intervals of length A (nA=b—a) such 
that the boundary of the ith interval is (y1_1, ys) 
where y;=a+7A for i=0, 1,...,7. Now 
define a discrete distribution having domain 


{eatctyes} 


with point probabilities p,=F(y,)—F(y:-1). 
Finally, let W be a random variable having a 


uniform distribution on (-$ 3) This can be 


done by setting W= a(u ~) - Then random 


952 


deviates from the distribution function F(y), can 
be generated (approximately) by setting y=z+w 


=2z+A (5 - This is simply an approximate 


decomposition of the continuous random variable 
into the sum of a discrete and continuous random 
variable. The discrete variable can be generated 
quickly by the method described previously. 
The smaller the value of A the better will be the 
approximation. Each number can be generated 
by using the leading digits of U to generate the 
discrete random variable Z and the remaining 
digits forming a uniformly distributed deviate 
having (0,1) domain. 


4. Acceptance-Rejection Methods 


In what follows the random variable Y will be 
assumed to have finite domain (a,b). If the 
domain is infinite, it must be truncated for com- 
putational purposes at (say) the points @ and 6. 
Then the resulting random deviates will only have 
this truncated domain. 

a) Let f be the maximum of f(y). Then the 
procedure for generating random deviates is: 
(1) generate a pair of uniform deviates U;, U2; 
(2) compute a point y=a+(b—a)uw in (a,d); 
(3) if m<f(y)/f accept y as the random deviate, 
otherwise reject the pair (uw, uw) and start again. 
The acceptance ratio of deviates actually produced 
is [(b—a)f]~'. Hence the acceptance ratio de- 
creases as the domain increases. One way to 
increase the acceptance ratio is to divide the 
interval (a,b) into mutually exclusive sub- 
intervals and then carry out the acceptance- 
rejection process. For this purpose let the interval 
(a, 6) be divided into k sub-intervals such th at the 
end points of the jth interval are (£,_,, £;) with 


=a, &=b and " t(y)dy=p,; further let the 
j-1 

maximum of f(y) in the jth interval be f;. Then to 
generate random deviates from f(y), generate 
m pairs of deviates (t,,%2.)s=1, 2,..., 7. 
Assign [np,] such pairs to the jth interval and 
compute yy=fy-1t(Ey—Ej-1)uer, If as f(ys)/S; 
accept y; as a deviate. The acceptance ratio of 
this method is 


k 
2 DAE En 


b) Let F(y) be such that f(y)=f(y)f(y) 
where the domain of y is (a, b). Let f, and f2 be 
the maximum of f,(y) and f(y) respectively. 
Then the procedure for generating random de- 


PROBABILITY FUNCTIONS 


viates having the probability density function 
Fly) is: (1) generate U,, U2, Us; (2) define z=a 


+-(b—a)ua; (3) if both u4.< Ag) ond ae He, 


take z as the random deviate; otherwise take 
another sample of three uniform deviates. The 
acceptance ratio of this method is [(b—a)f,f.J~! 
and can be increased by dividing (a, 5) into sub- 
intervals as in the previous case. 

c) Let the probability density function of Y be 


iM= f. “gly, t)dt, (a<t<6), (a<y<b). 


Let g be the maximum of g(y, ¢). Then ‘the pro- 
cedure for generating random deviates having the 
probability density function f(y) is: (1) generate 
U,, U2, Us; (2) define s=a+(G—a)w; z=a+ 


(b—a) ug; (3) if H< ae, take z as the random 


deviate; otherwise take another sample of three. 
The acceptance ratio for this method is [(b—a)g]-! 
and can be increased by dividing the domain of 
t and y into sub-domains. 


5. Composition Method 


Let g.(y) be a probability density function 
which depends on the parameter z; further let 
H(z) be the cumulative distribution function for z. 
In order to generate random deviates Y having 
the frequency function 


fo=f- g:(y)dH (2) 


one draws a deviate having the cumulative distri- 
bution function H(z); then draws a second sample 
having the probability density function g,(y). 
6. Generation of Random Deviates From Well Known 
Distributions 

a. Normal distribution 

(1) Inverse method: The inverse method depends 
on having a convenient approximation to the 
inverse function z=P-!(u) where 


Zz 
w= (2n)~"? f en dt. 


Two ways of performing this operation are to (i) 
1/2 
use 26.2.23 with t=(In a) or (ii) approximate 


z=P-'(u) piecewise using Chebyshev polyno- 
mials, see [26.54]. 

(2) Sum of uniform deviates: Let U,, U2, . . ., 
U, be a sequence of n uniform deviates. Then 
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n W (n\n? 
X=(B 0-5) (5) 


will be distributed asymptotically as a normal 
random deviate. When n=12, the maximum 
errors made in the normal deviate are 9107? 
for |X|<(2, 9X107! for 2<|.X|<3. An improve- 
ment can be made by taking a polynomial function 
of X, (say) 


k 
XR=X, 2 Ar X 


as the normal deviate where a, are suitable 
coefficients. These coefficients may be calculated 
using (say) Chebyshev polynomials or simply by 
making the asymptotic random deviate agree 
with the correc normal deviate at certain specified 
points. When n=12, the maximum error in the 
normal deviate is 8107‘ using the coefficients 


* do= 9.8746 * ae=(—T) —5.102 


a2 = (—8)3.9439 * as=(—7)1.141 
ay= (— 5)7.474 
(3) Direct method: Generate a pair of uniform 


deviates (U,, U.). Then 
Xi= (—2 In U,)'? cos 2nU,, 


X2=(—2 In U,)"? sin 27U, will be a pair of 
independent normal random deviates with mean 
zero and unit variance. This procedure can be 
modified by calculating cos 2xU and sin 2rU 
using an acceptance rejection method; e.g., 
(1) generate (U,, U2) ; (2) if (2U,—1)?+(2U,—1)? <1 
generate a third uniform deviate U3, otherwise 
reject the pair and start over; (3) calculate 


w—u3 uu 
m= (—In ws)" pag! = £2(—In 1)" era (+ 
random). Both y, and y2 are the desired random 
deviates. 


(4) Acceptance-rejection method: 1) Generate a 
pair of uniform deviates (U;, U2); 2) compute 
z=—In uw; 3) if e#@-»? >u (or equivalently 
(z—1)?< —2 (In ue) accept x, otherwise reject the 
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pair and start over. The quantity will be the 
required normal deviate with mean zero and unit 
variance. 
b. Bivariate normal distribution 

Let {X,, X2} be a pair of independent normal 
deviates with mean zero and unit variance. Then 
{.X1, pX1+(1—p*)"?.X_} represent a pair of devi- 
ates from a bivariate normal distribution with 
zero means, unit variances, and correlation 
coefficient p. 


c. Exponential distribution 

(1) Inverse method: Since F(x)=e7**, X= 
—6@I1n U will be a deviate from the exponential 
distribution with parameter 0. 

(2) Acceptance-rejection method: 1) Generate a 
pair of independent uniform deviates (Uo, Ui); 
2) if U;<U, generate a third value U2; 3) if 
Uit+U.,.<U) generate a fourth value U;, etc.; 
4) continue generating uniform deviates until an 
m is obtained such that U,1tU.+ ...+U0,-: 
<U.<U,+ ...+U0,; 5) if n is even reject the 
procedure and start a fresh trial with a new value 
of Uo, otherwise if n is odd take X=@U,) as the 
desired deviate; 6) in general if ¢ is the number of 
trials until an acceptable sequence is obtained 
X=6(t+U)). The random deviates produced in 
this way follow an exponential distribution with 
parameter @. One can expect to generate approxi- 
mately six uniform deviates for every exponential 
deviate. 

(3) Discrete Distribution Method: Let Y and n 
be discrete random variables with point probabili- 
ties 
* Pri Y=r}=(e—ljet* r=0,1,2,... 

Pr{n=s}=[s!(e—1)}7! ea a 


Then X=Y-+min(U,, Us, . . . , Un) will follow 
an exponential distribution. The average value 
of n is 1.58 so that one needs, on the average, only 
1.58 w’s from which the minimum is selected. 


26.9. Use and Extension of the Tables 
Use of Probability Function Inequalities 


Example 1. Let X be a random variable with 
finite mean and variance equal to m and o’, 
respectively. Use the inequalities for probability 
functions 26.1.37, 40, 41 to place lower bounds 
on 


A=F)-F(-)=P{ Aa < } 


for t=1(1)4. 


*See page I. 


Lower bounds on A(t)=F(t)— F(—1t) 


t=] 2 8 4 Remarks 
0 .7500 .8889 .9375 | no knowledge of 
F(t); 26.1.37 


5556 .8889 .9506 .9722 | F(t) is unimodal and 
continuous; 26.1.40 


0 .8182 .9697 .9912 | F(t) is such that 
f= 3; 26.1.41 
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It is of interest to note that the standard normal 
distribution is unimodal, has mean zero, unit 
variance w,=3, is continuous, and such that 


A(®)=P(t)—P(—t) 
= 6827, .9545, .9973, and .9999 
for t=1, 2, 3 and 4 respectively. 


Interpolation for P(x) in Table 26.1 


Example 2. Compute P(x) for r=2.576 to 
fifteen decimal places using a Taylor expansion. 
Writing z=2%)+0 we have 


2 
P(a)=P (2) +Z(20)0-+Z" (te) 5 
2) i (3) 64 
$2 (1) F+Z (1) Gt 


Taking 2=2.58 and 6=—4 X10? we calculate 
the successive terms to 16D 


+.99505 99842 42230 

a 5 72204 35976 6 

_ 2952 57449 6 

_ 8 63097 8 

— 1439 4 

_ 9 
99500 24676 84265 7 


The result correct to 17D is 
P(2.576)=.99500 24676 84264 98 
Calculation for Arbitrary Mean and Variance 


Example 3. Find the value to 5D of 
1 6 t-1\2 
P{X<.50 -—= { -2(*) dt 
{ SS } 22m ae 2 


using 26.2.8 and Table 26.1. 

This represents the probability of the random 
variable being less than or equal to .5 for a normal 
distribution with mean m=1 and variance o’=4. 
Using 26.2.8 we have 


P{X<.5}=P (25*)-P(- 25) 
Since P(—x)=1—P(z), we have 
P(—.25) =1—P(.25) =1—.59871=.40129 


where a two-term Taylor series was used for inter- 
polation. Note that when interpolating for P(z) 
for a value of x midway between the tabulated 


values we can write r=2%+.01 and a two-term 
Taylor series is P(x) = P(a)+Z(a)10-*. Thus one 
need only multiply Z(a) by 10-? and add the 
result to P(2»). 


Calculation of P(x) for x Approximate 


Example 4. Using Table 26.1, find P(z) for 
z=1.96, when there is a possible error in z of 
+5X107%. 

This is an example where the argument is only 
known approximately. The question arises as to 
how many decimal places one should retain in 
P(x). If Ar and AP(z) denote the error in x and 
the resulting error in P(x), respectively, then 


AP(x) = Z(x) Ax 


Hence AP(1.960)=3X107* which indicates that 
P(1.960) need only be calculated to 4D. There- 
fore P(1.960) =.9750. 


Inverse Interpolation for P(x) 


Example 5. Find the value of x for which 
P(x) =.97500 00000 00000 using Table 26.1 and 
determining as many decimal places as is consistent 
with the tabulated function. 

For inverse interpolation the tabulated function 
P(x) may be regarded as having a possible error 
of .5X10-%. Hence 


_AP(z) _.5107% 
“~Z(2) Zz) 


Az 


Let P(x) correspond to the closest tabulated 
value of P(x). Then a convenient formula for 
inverse interpolation is 


2 
raat t+ Bt 4 Pt 


ha 


where 
pal (2) —P (2p) 
Z(2o) 


If only the first two terms (i.e., =a +1) are used, 
the error in x will be bounded by 7 107 and the 


true value will always be greater than the value 
thus calculated. 

With respect to this example, Ar~10-" and 
thus the interpolated value of x may be in error 
by one unit in the fourteenth place. The closest 
value to P(x) =.97500 00000 00000 is P(a)) =.97500 
21048 51780 with 2—1.96. Hence using the 
preceding inverse interpolJation formulas with 
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t= — .00003 60167 31129 


and carrying fifteen decimals we have the succes- 
sive terms 
+1.96000 00000 00000 
— .00003 60167 31129 
+ 12 71261 
a 68 
0 


+1.95996 39845 40064 
Edgeworth Asymptotic Expansion 


Example 6. Find the Edgeworth asymptotic 
expansion 26.2.49 for the c.d.f. of chi-square. 


Method 1. Expansion for x? 
Let 
Q(X?|») =1— F(t) 
where 
Fae teal 
~ (2x)8 


Since the values of y, and 2 26.4.33 are 


1=2-2/v4 
> 12/p, 


we obtain, by using the first two bracketed terms 
of 26.2.49 


F)~Pw—} [2 200 | 
+ [5 Z(t)-+e Z(t) 


The Edgeworth expansion is an asymptotic 
expansion in terms of derivatives of the normal 
distribution function. It is often possible to 
transform a random variable so that the distribu- 
tion of the transformed random variable more 
closely approximates the normal distribution 
function than does the distribution of the original 
random variable. Hence for the same number of 
terms, greater accuracy may be achieved by using 
the transformed variable in the expansion. Since 
the distribution of /2x? is more closely approxi- 
mated by a normal distribution than x? itself 
(as judged by a comparison of the values of 7; 
and 2), we would expect that the Edgeworth 
asymptotic expansion of 2x? would be superior 
to that of x?. 


Method 2. Expansion for ¥2x?. Let 
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Q(x») =1- F(t) =1— secon ay) 
— 
4p 


where (2y—1)* and nz are the mean and. vari- 


ance to terms of order v~? of 2x? (see 26.4.34). 
The values of y, and 7, for /2x? are 


1 5 
=—] 1+— 
v1 ae +3 


Thus we obtain 


F(t)~P)—5 “li (8 ee) 


For numerical examples using these expansions 
see Example 12. 


3 


n~G 


Calculation of L(h, k, p) 


Example 7. Find L(.5,.4,.8). Using 26.3.20 


Vh?—2phkFl = ¥09=.3 
L(.5, .4, .8) =L(.5, 0, 0) + L(.4, 0, —.6) 
Reference to Figure 26.2 yields 
£(.5, 0, 0) ++ £(.4, 0, —.6) =.16-+.08=.24 
The answer to 3D is L(.5, .4, .8) =.250. 


Calculation of the Bivariate Normal Probability 
Function 


Example 8. Let X and Y follow a bivariate 
normal distribution with parameters m,=3, 
My=2, o,=4, o,=2, and p=—.125. Find the 
value of P,{X>2, Y>4} using 26.3.20 and 
Figures 26.2, 26.3. 

Since P,{ X>h, Y>k} =L (a sy, p) we 

z v 
have P{X>2, Y>4} =L(—.25, 1, —.128). 
26.3.20 
L(—.25, 1, —.125) =L(—.25, 0, .969) 
+L(1, 0, .125) 5 


Using 


Figure 26.2 only gives values for h>0, however, 
using the relationship 26.3.8 with k=0, L(—A, 0, p) 
=41—L(h, 0, —p) and thus L(—.285, 0, .969) 
=3—L/(.25, 0, —.969). Therefore L(—.25, 1, —.125) 
=—L(.25, 0, —.969)-+L(1, 0, .125)=—.01+.09=.08. 

The answer to 3D is L(—.25, 1.,.—.125) =.080. 
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Integral of a Bivariate Normal Distribution Over a 
Polygon 

Example 9. Let the random variables X and Y 
have a bivariate normal distribution with param- 
eters m,=5, o,=2, m,=9, oy=4, and p=.5. 
Find the probability that the point (X,Y) be 
inside the triangle whose vertices are A=(7, 8), 
B=(9,13), and C=(2, 9). 

When obtaining the integral of a bivariate 
normal distribution over a polygon, it is first 
necessary to use 26.3.22 in order to transform the 
variates so that one deals with a circular normal 
distribution. The polygon in the region of the 
transformed variables is then divided into con- 
figurations such that the integral over any selected 
configuration can be easily obtained. Below are 
listed some of the most useful configurations. 


y “GY (o2 ,b2) 


Tec ') 


x 

Fia@ure 26.5 

ay (°bs 
Jf 902.4, dzdy=tP (a2) Pla) }(P6) -P) 
y 
2 of 
y? 

x 

Figure 26.6 


o far arctan @ 
f, f g(2, yy; 0)dzdy= or 


; ‘ 


FiguRE 26.7 


k 
A .2 
f°" ove.y, Odady=V 
0 0 


1 See 26.3.23 for definition of V(h, k). 


For the following two configurations we define 


|tos1—t189| 


Te) tye 


is |s:(Ss—S1) +e: (t2—t 1) | 
[(S2—81)?-+ (t2— t,)?} 


—_ _|82(82—81) + t2(t2—t1)| 
[(ss—s1)?+ (t2—t1)*}8 


(s,,t,) 


A(S2, to) 


Fiaure 26.8 


Jf, 42 Odzdy=V(h, ba) V(b, f) 
SAOB 


A(s2,t2) 


Fiaure 26.9 


fog 962% Oddy =V Uh, ka) +V Gf) 
AQAOB 


Using the circularizing transformation 26.3.22 
for our example results in 


es (care 
= aS 


PROBABILITY FUNCTIONS 


The vertices of the triangle in the (s, t) coordinates 
become A=(V3/4, —5/4), B=(¥3, —1) and 


o-(-%, 3): These points are plotted below. 


From the figure it is seen that the desired prob- 
ability is the sum of the probabilities that the 
point having the transformed variables as coor- 
dinates is inside the triangles AOB, AOC, and 
BOC. 


oh 


ac - §) 


FicurE 26.10 


For these three triangles we have 


h ky ka 
AAOB = Vai vis =A? 
a4oco tvn Sy 2a 

74 37 74 

1] 7 6 os 
ABOC 7339 73V13 73V18 


From the graph it is seen that the probability 
over AOB may be found in the same manner as 
that over Figure 26.8, and over AOC and BOC 
the probabilities may be found as that over 
Figure 26.9. 

Hence 


J { ote y Sldady= i i} g(s, t, 0)dsdt 


AABC 


={ fa, t, odsatt ff a6, t, O)dsdt 


AAOB AAOC 


g(s, t, O)dsdt 


A4BOC 


and consequently using 26.3.23 and Figure 26.2 


Jfav a odedt=v (? Vai, 42 W)_v(2 24 vt) 


l 1 
—[f+20.21, 0,—.76)—L(0, 0,—.76) 5,911.31) | 


1 
—|¢+00.31, 0,—.14)-L(0, 0,-.14) 5 qa.st | 


= (1.31, 0,—.76) —L(0, 0,—.76) 
—L(1.31, 0,—.14) +L (0, 0,—.14) 
=.00—.11—.04-++.23=.08 


[foc t, 0)dsdt=V ve, eve?) + (E, 2iBt 


AAOC 


1 1 
=| Ft (4, 0,—.99) —L(0, 0,—.99) —5 Q14) | 
1 1 
+] F404, 0,-1)—-L(0, 0-1) 4 Q¢.14) | 
=.01+.02=.03 


ffae, t, odsat=v (89, 11 9 7y13 4V v3 Ey 


ABOC 


1 
=| 5+ 1048, 0,—.97)—L(0, 0,~.97) 5 1.48) | 


1 1 
+] f+ L048, 0,—.96) —L(0, 0,—.96) —5 Q0.48) | 
=.05-+ .04=.09 


Thus adding all parts, the probability that X 
and Y are in triangle ABC is =.08+.03+.09=.20. 
The answer to 3D is .211. 


Caleulation of a Circular Normal Distribution Over an 
Offset Circle 


Example 10. Let X and Y have a circular 
normal distribution with o=1000. Find the 
probability that the point (X, Y) falls within a 
circle having a radius equal to 540 whose center 
is displaced 1210 from the mean of the circular 
normal distribution. 

In units of o, the radius and displacement from 


the center are, respectively, R= ele and r 


1000 
__1210 - , 
~T000 =1.21. The problem is thus reduced to 


finding the probability of X and Y falling in a 
circle of radius R=.54 displaced r=1.21 from the 
center of the distribution where o=1. 
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Since R<1, the approximation 26.3.25 is used. 
This results in 


2.54)? 
44+(.54) 


—2(1.21)? 
xP 4 (54)? 


= (.1359) e~ = 06869 


P(R?|2, 7) = 


The answer to 5D is .06870. 


Interpolation for Q(x?|v) 


Example ll. Find Q(25.298|20) using the 
interpolation formula given with Table 26.7. 

Taking x?=25, 6=.298 and applying the inter- 
polation formula results in 


Q(25.298|20)=5 { Q(25|16)6-+-Q(25|18) (49—26?) 
+ Q(25|20)(8—40+-6?) } 


=} {(.06082)(.088804) 
+ (.12492) (1.014392) 
+ (.20143) (6.896804) } 
=.19027 


A less accurate interpolate may be obtained by 
setting @ equal to zero in the above formula. 
This results in the value .19003. The correct 
value to 6D is Q(25.298|20) =.190259. 

On the other hand if x?=25.298 is assumed to 
have an error of +5X107*, then how large an 
error arises in Q(x’|v)? Denoting the error in 
x? by Ax? and the resulting error in Q(x*{v) by 
AQ(x?|v), we then have the approximate relation- 
ship 


2 
2002) ays 


AQ(d|») =P 


Using 26.4.8 we can write 


OQ») _l ins ; 
axe 7g [GC |¥—2)—Q(X"I»)] 


and 
1 
AQ(e|») 5 [Q¢bb—2) — Q(x") Jax? 
For practical purposes it is sufficient to evaluate 


the derivative to one or two significant figures. 
Consequently we can write 


BQ(X*|») _ BQ(alv) 
Ox? ox? 


where x3 is the closest value to x? for which Q is 
tabulated. Hence 


AQU*)») 5 [QOSy—2) — Qtx3))]ax? 


For this example Ax?= +5107‘ and x23=25. This 
results in 


AQ(x*\n) =5 (—.076) (+5)10-4= 4210-5 


as the possible error in Q(x?|v). 

Calculation of Q(,’|v) Outside the Range of Table 26.7 
Example 12. Find the value of Q(84{72). 
Since this value is outside the range of Table 

26.7 we can approximate Q(84|72) by (1) using the 

Edgeworth expansion for Q(x’|») given in Example 

6, (2) the cube root approximation 26.4.14, (3) 

the improved cube root approximation 26.4.15 or 

(4) the square root approximation 26.4.13. The 

results of using all four methods are presented 

below: 

1. Edgeworth expansion 
The successive terms of the Edgeworth expan- 

sion for the distribution of chi-square result in 

1— Q(84|72) =.841345 
.000000 
.001120 


.842465 


Hence Q(84|72) =.15754. 
The successive terms of the Edgeworth expan- 
sion for the distribution of /2x? result in 


1— Q(84|72) =.842544 
— .000034 
— .000138 
.842372 
Hence Q(84|72) =.15764. 
2. Cube root approximation 26.4.14 
Using the cube root approximation we have 


Q(84|72) = Qa) 


where 
() [aaa] 
\7 9(72) | 
r= [ 5) } =1.0046 
9(72) 
This results in Q(84|72)=Q(1.0046)=1— 


P(1.0046) =.15754. 


3. Improved cube root approximation 26.4.15 


The improved cube root approximation in- 
volves calculating a correction factor Ah, to 2. 
Linearly interpolating for he (which appears 
below 26.4.15) with z=1.0046 results in hAgo= 
— .0006 and hence 
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hin= oe 0006) = — .00049 
Thus 


Q(84|72) = Q(1.0046 — .0005) = Q(1.0041) 
=1—P(1.0041)=.15766 


4. Square root approximation 26.4.13 


Using the square root approximation we have 


Q(84|72)= Q(x) where 
a= 2 (84)—12(72)— 1=1.0032. 
This results in 
Q(84|72) = Q(1.0032)= 1— P(1.0032) =.15788 


The value correct to 6D is Q(84|72)=.157653. 
Generally the improved cube root approximation 
will be correct with a maximum error of a few 
units in the fifth decimal and is recommended for 
calculations which are outside the range of 
Table 26.7. 


Calculation of x? for @(x?|v) Outside the Range of 
Table 26.8 


Example 13. Find the value of x? for which 
Q(2|144) =.01. 

Since v=144 is outside the range of Table 26.8, 
we can compute it by using (1) the Cornish-Fisher 
asymptotic expansion 26.2.50, for x?, (2) the cube 
approximation 26.4.17, (3) the improved cube 
approximation 26.4.18, or (4) the square approxi- 
mation 26.4.16. We shall compute the value by 
all four methods. 


1. Cornish-Fisher asymptotic expansion 26.2.50 


The Cornish-Fisher asymptotic expansion for 
x? with v=144 can be written as 


?~144-+12y2z2-+4h, (+4? a2 [Bhe(x) +-2h1(z)] 


+o na cosa [30A,(2x) 


+9ho2(X) +12h13(2) + 6hiyo(2) +4 Ain (zx)] 


Hence using the auxiliary table following 26.2.51 
with p=.01 we have 
144. 0000 
39. 4794 
2. 9413 
—. 0242 
—. 0019 
+. 0002 


x?= 186. 395 


*See page IT. 


2. Cube approximation 26.4.17 
Taking X.9,= 2.32635 we have 


i _ 2 | 
vos { [1 veers 


+(2.32685)/ scum } 186.405 


3. Improved cube approximation 26.4.18 


From the table for he we obtain using linear 
interpolation with z=2.33 (approximately) 


gp =.0012 and thus hua (.0012) =.00049 


Hence 


2 
2 ae 
144 | 1 9(144) 


+ (2.32635—. 00049)4/ 


wea | = 186.394 


4. Square approximation 26.4.16 


=; [2.32635 -+ -/2(144) —1]?= 185.616 


The correct answer to 3D is x?=186.394. 
Generally the improved cube approximation will 
give results correct in the second or third decimal 
for v>30. 


Calculation of the Incomplete Gamma Function 


Example 14. Find the value of 
9 
1(25,.9)= [ t) edt 
0 


making use of 26.4.19 and Table 26.7. 
Using 26.4.19 we have 


¥(2.5,.9) =P (2.5) P(1.8/5) =I (2.5)[1 — Q(1.8|5) ] 
¥(2.5, )=5 m[1—.87607]=.16475 


Poisson Distribution 


Example 15. Find the value of m for which 


using 26.4.21 and Table 26.8. 
From Table 26.8 with v=2ce=8 and Q=.99 
we have x?=1.646482. Hence m=x?/2=.823241. 


Inverse of the Incomplete Beta Function 


Example 16. Find the value of x for which 
I,(10, 6)=.10 using Table 26.9 and 26.5.28. * 
Using 26.5.28 we have 


* 


960 


20 


10 where *~$0+12F 


I,(10,6) =Q(F|12,20) = 
From Table 26.9 the upper 10 percent point of F 
with 12 and 20 degrees of freedom is F=1.89. 


Hence 
20 


x Ti2.an) 2 


A 


The correct value to 4D is z=.4683. 
Calculation of I,(a, b) for a or b Small Integers 


Example 17. Calculate J.19(3, 20). 
_ Values of J,(a, 6) for small integral @ or 6 can 
conveniently be calculated using 26.5.6 or 26.5.7. 
Using 26.5.6 we have 


1 I0(20,9)= BE 90) 7 7412 -o'(§) ai} 


Sa (.110390X 10-?) = .620040 


Binomial Distribution 


Example 18. Find the value of p which satisfies 


20 
> (°°) pig? *=.95, 
=0 s 


using 26.5.24 and Table 26.9. 
Combining 26.5.24 and 26.5.28 we have 


> (*) pg" *=Q(F |r, v2) 


q=1—p 


where 


y,=2(n—a+1), »=2(a), and P= arat DF 


“2 ) re 


=1—Q(F|60, 42)=.95 


Hence 

20 
(reat 
s=0 s 


Harmonic interpolation on » in the table for 
which Q(F|»,,%)=.05 results in F=1.624 for 
42 
49-+60(1.624) 8}. 
The correct answer to 4D is p=.3003. 


»,=60, »=42, and thus p= 


Approximating the Incomplete Beta Function 


Example 19. Find J .9(16, 10.5) using 26.5.21. 

Values of J,(a, b) can conveniently be calculated 
with good accuracy using the approximation 
given by 26.5.20 or 26.5.21. For this example 
(a-+b—1)(1—z)=10.20 which is greater than .8 
and hence 26.5.21 will be used. Thus 


*See page I. 
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w,=[ (10.5) (.60)]/? = 1.8469, w.=[16(.4)}/3= 


_3{ (1.8469) (.98942) — (1.8566) (.99306)]_ 
(1. 8469)" | (1. rT 


1.8566 


— .0668 
10.5 16 


and interpolating in Table 26.1 gives 
P(—.0668) = 1— P(.0668) =.47336 
The answer correct to 5D is J.(16, 10.5) =.47332. 


Interpolation for F in Table 26.9 
Example 20. Find the value of F for which 


Q(F|7, 20) =.05 using Table 26.9. 


Interpolation in Table 26.9 is approximately 
linear when the reciprocals of the degrees of 
freedom (v,72) are used as the interpolating 
variable. For this example it is only necessary to 
interpolate with respect to 1/»,. Thus linear 
interpolation on 1/y, results in F=2.51 which is 
the correct interpolate. 


Calculation of F for Q@(F |, »2)>.50 


Example 21. Find the value of F for which 
Q(F|4,8)=.90 using 26.6.9 and Table 26.9. 

Table 26.9 only tabulates values of F for which 
Q(F |, »%)=p where p=.500, .250, .100, .050, 
.025, .010, .005, .001. However making, use of 
Table 26.9 we can find the values of F, for which 
p=.75, .9, .95, .975, .99, .995, .999. For this ex- 
ample we have 


1 
F 0(4,3)—F ea 


and referring to the table for which Q(F|, v2) =.10 
gives F.o(8,4)=3.95 and thus F'(4,8)= sce 
=.253. 


3.95 


Calculation of Q(F |», 72) for Small Integral »; or v2 


Example 22. Compute Q(2.5/4,15) using 
26.6.4. % 
Values of Q(F|»,, v2) can be readily computed for 


small », or v2 using the expansions 26.6.4 to 26.6.8 


inclusive. We have using 26.6.4 
15 
*=1544(0.50) °° 
and 


Q(2.50/4, 15) =(.6)7§ [at+3 2 (4) fe. 086 735 
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Approximating Q(F |», 72) 


Example 23. Calculate Q(1.714|10,40) using 


26.6.15. 

The approximation given by 26.6.15 will result 
in a maximum error of .0005. For this example 
we have 


[sant a. san |’ 


Interpolating in Table 26.1 results in 
Q(1.714|10, 40) ~ Q(1.2222) = 1— P(1.2222) =.1108 
The correct value to 5D is Q(1.714[10, 40) =.11108. 


On the other hand the approximation given by 
26.6.14 which is usually less accurate results in 


J [2(40)—1] (35) (1.714) 200) 1 
eNO 


J 1439 (1.714) 
and interpolating in Table 26.1 gives 
Q(1.714|10, 40) ~ Q(1.2210) =1— P(1.2210) =.1112 
Calculation of F Outside the Range of Table 26.9 


Example 24. Find the value of F for which 
Q(F|10, 20) ~.0001 using 26.6.16 and 26.5.22. 


For this problem we have a=3=10, b=3=5, 


p=.0001. The value of the normal deviate which 
cuts off .0001 in the tail of the distribution is 


x =1.2222 


=1.2210 


y=3.7190 (i.e., O(3.7190) =.0001). Hence sub- 
stituting in 26.5.22 gives 
1,1y° 
h=2 ts | =12.2143 
2 
jad O03 = 1.8062 
6 
a (12.2143-++1.8052)# 
v= 3 12.2143 
1 1 2 
w=.9889 . 
and thus FP=e?”=7.23. The correct answer is 
F=7.180. 


Approximating the Non-Central F-Distribution 


Example 25. Compute P(3.71({3,10,4) using 
the approximation 26.6.27 to the non-central F- 
distribution. 

Using 26.6.27 with »,=3, ».=10, A=4, F’=3.71 
we have 


‘a 
(ga) 0 |" [maa Hae 


= .675 


and interpolating in Table 26.1 gives 
P(3.71|3, 10,4) ~P(.675) =.750 
The exact answer is P(3.71/|3, 10, 4) =.745. 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


a P (x) Z (x) Z(1) (x) 
0.00 0.50000 00000 00000 0.39894 22804 01433 0.00000 00000 00000 
0.02 0.50797 83137 16902 0.39886 24999 23666 -0.00797 72499 98473 
0.04 0.51595 34368 52831 0.39862 32542 04605 ~0.01594 49301 68184 
0.06 0.52392 21826 54107 0.39822 48301 95607 -0.02389 34898 11736 
0.08 0.53188 13720 13988 0.39766 77055 11609 -0.03181 34164 40929 
0.10 0.53982 78372 77029 0.39695 25474 77012 ~0.03969 52547 47701 
0.12 0.54775 84260 20584 0.39608 02117 93656 -0.04752 96254 15239 
0.14 0.55567 00048 05907 0.39505 17408 34611 -0,05530 72437 16846 
0.16 0.56355 94628 91433 0.39386 83615 68541 -0.06301 89378 50967 
0.18 0.57142 37159 00901 0.39253 14831 20429 -0.07065 56669 61677 
0.20 0.57925 97094 39103 0.39104 26939 75456 ~-0.07820 85387 95091 
0.22 0.58706 44226 48215 0.38940 37588 33790 -0.08566 88269 43434 
0.24 0.59483 48716 97796 0.38761 66151 25014 -0.09302 79876 30003 
0.26 0.60256 81132 01761 0.38568 33691 91816 -0.10027 76759 89872 
0.28 0.61026 12475 55797 0.38360 62921 53479 -0.10740 97618 02974 
0.30 0.61791 14221 88953 0.38138 78154 60524 -0.11441 63446 38157 
0.32 0.62551 58347 23320 0.37903 05261 52702 -0.12128 97683 68865 
0.34 0.63307 17360 36028 0.37653 71618 33254 -0.12802 26350 23306 
0.36 0.64057 64332 17991 0.37391 06053 73128 -0.13460 78179 34326 
0.38 0.64802 72924 24163 0.37115 38793 59466 -0.14103 84741 56597 
0.40 0.65542 17416 10324 0.36827 01403 03323 ~-0.14730 80561 21329 
0.42 0.66275 72731 517512 0.36526 26726 22154 -0.15341 03225 01305 
0.44 0.67003 14463 39407 0.36213 48824 13092 -0.15933 93482 61761 
0.46 0.67724 18897 49653 0.35889 02910 33545 -0.16508 95338 75431 
0.48 0.68438 63034 83778 0.35553 25285 05997 -0.17065 56136 82879 
0.50 0.69146 24612 74013 0.35206 53267 64299 ~0.17603 26633 82150 
0.52 0.69846 82124 53034 0.34849 25127 58974 -0.18121 61066 34667 
0.54 0.70540 14837 84302 0.34481 80014 39333 -0.18620 17207 77240 
0.56 0.71226 02811 50973 0.34104 57886 30353 -0.19098 56416 32997 
0.58 0.71904 26911 01436 0.33717 99438 22381 -0.19556 43674 16981 
0.60 0.72574 68822 49927 0.33322 46028 91800 -0.19993 47617 35080 
0.62 0.73237 11065 31017 0.32918 39607 70765 -0.20409 40556 77874 
0.64 0.73891 37003 07139 0.32506 22640 84082 -0.20803 98490 13813 
0.66 0.74537 30853 28664 0.32086 38037 71172 -0.21177 01104 88974 
0.68 0.75174 77695 46430 0.31659 29077 10893 -0.21528 31772 43407 
0.70 0.75803 63477 76927 0.31225 39333 66761 ~0.21857 77533 56733 
0.72 0.76423 75022 20749 0.30785 12604 69853 -0.22165 29075 38294 
0.74 0.77035 00028 35210 0.30338 92837 56300 ~0.22450 80699 79662 
0.76 0.77637 27075 62401 0.29887 24057 75953 -0.22714 30283 89724 
0.78 0.78230 45624 14267 0.29430 50297 88325 -0.22955 79232 34894 
0.80 0.78814 46014 16604 0.28969 15527 61483 ~0.23175 32422 09186 
0.82 0.79389 19464 14187 0.28503 63584 89007 ~0.23372 98139 60986 
0.84 0.79954 58067 39551 0.28034 38108 39621 ~0.23548 88011 05281 
0.86 0.80510 54787 48192 0.27561 82471 53457 -0.23703 16925 51973 
0.88 0.81057 03452 23288 0.27086 39717 98338 ~0.23836 02951 82537 
0.90 0.81593 98746 53241 0.26608 52498 98755 -0.23947 67249 08879 
0.92 0.82121 36203 85629 0.26128 63012 49553 -0.24038 33971 49589 
0.94 0.82639 12196 61376 0.25647 12944 25620 -0.24108 30167 60083 
0.96 0.83147 23925 33162 0.25164 43410 98117 ~0.24157 85674 54192 
0.98 0.83645 69406 72308 0.24680 94905 67043 -0,24187 33007 55702 
1.00 0.84134 47460 68543 0.24197 07245 19143 -0.24197 07245 19143 
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PROBABILITY FUNCTIONS 


NORMAL PROBABILITY FUNCTION AND DERIVATIVES 
Z (2)(x) 


-0.39894 
-0.39870 
-0.39798 
-0.39679 
-0.39512 


-0.39298 
-0.39037 
-0.38730 
-0.38378 
-0.37981 


~0.37540 
~0.37055 
-0.36528 
~0.35961 
-0,35353 


0.34706 
-0.34021 
-0.33300 
-0,32545 
-0.31755 


-0.30934 
-0.30083 
~0.29202 
~0.28294 
-0.27361 


-0.26404 
-0.25426 
-0.24426 
-0.23409 
-0,22375 


~0,.21326 
-0.20264 
~-0.19191 
~0.18109 
-0.17020 


~0,15924 
~0.14826 
-0.13725 
~0.12624 
-0.11524 


-0.10428 
-0.09337 
~0.08253 
-0.07177 
-0.06110 


-0.05055 
-0.04013 
-0.02985 
-0.01972 
-0.00977 


0.00000 


22804 
29549 
54570 
12208 
26322 


30220 
66567 
87267 
53315 
34631 


09862 
66169 
98981 
11734 
15588 


29121 
78003 
94659 
17909 
92592 


69179 
03372 
55692 
91055 
78339 


89951 
01373 
90722 
38293 
26107 


37459 
56463 
67607 
55308 
03472 


95060 
11670 
33120 
37042 
98497 


89590 
79110 
32179 
09916 
69120 


61975 
35759 
32587 
89163 
36558 


00000 


a 


P(-x)=1-P(x) 


Z(3)(x) Z‘4)(x) 
0.00000 000 1.19682 684 
0.02392 856 1.19563 029 
0.04780 928 1.19204 400 
0.07159 445 1.18607 800 
0.09523 664 1.17774 897 
0.11868 881 1.16708 019 
0.14190 445 1.15410 144 
0.16483 771 1.13884 890 
0.18744 353 1.12136 503 
0.20967 776 1.10169 839 
0.23149 727 1.07990 350 
0.25286 011 1.05604 063 
0.27372 555 1.03017 556 
0.29405 426 1.00237 941 
0.31380 836 0.97272 834 
0.33295 156 0.94130 327 
0.35144 923 0.90818 965 
0.36926 849 0.87347 711 
0.38637 828 0.83725 919 
0.40274 947 0.79963 298 
0.41835 488 0.76069 880 
0.43316 939 0.72055 987 
0.44716 995 0.67932 193 
0.46033 566 0.63709 291 
0.47264 779 0.59398 256 
0.48408 982 0.55010 207 
0.49464 748 0.50556 372 
0.50430 874 0.46048 050 
0.51306 383 0.41496 574 
0.52090 525 0.36913 279 
0.52782 777 0.32309 457 
0.53382 841 0.27696 332 
0.53890 643 0.23085 017 
0.54306 327 0.18486 483 
0.54630 259 0.13911 528 
0.54863 016 0.09370 741 
0.55005 386 0.04874 473 
0.55058 359 +0.00432 808 
0.55023 127 -0.03944 465 
0.54901 073 -0.08247 882 
0.54693 765 -0.12468 324 
0.54402 952 ~-0.16597 047 
0.54030 551 -0.20625 697 
0.53578 644 ~0.24546 336 
0.53049 467 -0,28351 458 
0.52445 403 -0.32034 003 
0.51768 968 ~0,35587 378 
0.51022 810 ~0.39005 463 
0.50209 689 -0.42282 627 
0.49332 478 -0.45413 732 
0.48394 145 -0.48394 145 

bal ew 

6 6 
Z(-x)=Z(x) 


Z(5)(x) 


0.00000 
-0,11962 
~0.23891 
~0.35754 
-0.47516 


-0.59146 
~0.70610 
-0,81878 
-0.92919 
-1,03701 


~1.14196 
-1.24376 
-1,34214 
~1.43683 
-1.52759 


~-1.61419 
~1,.69641 
-1.77405 
-1.84692 
1.91485 


-1.97769 
-2,03531 
-2,08758 
-2.13440 
-2.17570 


-2.21141 
-2.24148 
~2.26589 
~2.28463 
-2.29771 


-2.30516 
-2.30703 
-2.30336 
-2,29426 
~2.27980 


-2,26011 
-2,23531 
-2.20553 
~2,17094 
-2,13170 


~-2,08800 
-2,04002 
-1.98796 
-1.93204 
-1.87248 


-1.80951 
-1.74335 
~1.67426 
-1.60247 
-1,52824 


-1,45182 


000 
684 


435 
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Table 26.1 
Z(8)(x) 


-5.98413 
-5.97575 
-5.95066 
-5.90893 
-5.85073 


-5.77625 
-5.68577 
-5.57961 
5.45815 
-5.32182 


-5.17112 
-5.00657 
-4.82876 
-4,63831 
-4,43591 


-4,22225 
-~3.99809 
~3.76420 
-3.52140 
-3.27051 


-3,01241 
-2.74796 
-2.47807 
~2,.20363 
~1.92557 


-1.64480 
~1.36224 
-1.07881 
-0.79543 
-0,51298 


-0.23237 
+0.04554 
0.31990 
0.58988 
0.85469 


1.11354 
1.36570 
1.61045 
1.84714 
2.07512 


2.29381 
2.50267 
2.70117 
2.88887 
3.06536 


3.23025 
3.38325 
3.52407 
3.65250 
3.76836 


3.871 
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PROBABILITY FUNCTIONS 


Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 
x P(x) Z(2) ZY (x) 
1.00 0.84134 47460 68543 0.24197 07245 19143 -0.24197 07245 19143 
1,02 0.84613 57696 27265 0.23713 19520 19380 -0,24187 45910 59767 
1.04 0.85083 00496 69019 0.23229 70047 43366 -0.24158 88849 33101 
1.06 0.85542 77003 36091 0.22746 96324 57386 -0.24111 78104 04829 
1.08 0.85992 -89099 11231 0.22265 34987 51761 -0.24046 57786 51902 
1.10 0.86433 39390 53618 0.21785 21770 32551 -0.23963 73947 35806 
1.12 0.86864 31189 57270 0.21306 91467 75718 -0.23863 74443 88804 
1.14 0.87285 68494 37202 0.20830 77900 47108 -0,23747 08806 53704 
1.16 0.87697 55969 48657 0.20357 13882 90759 -0,23614 28104 17281 
1.18 0.88099 98925 44800 0.19886 31193 87276 -0.23465 84808 76986 
1.20 0.88493 03297 78292 0.19418 60549 83213 -0,23302 32659 79856 
1.22 0.88876 75625 52166 0.18954 31580 91640 -0.23124 26528 71801 
1.24 0.89251 23029 25413 0.18493 72809 63305 -0,22932 22283 94499 
1.26 0.89616 53188 78700 0.18037 11632 27080 -0.22726 76656 66121 
1.28 0.89972 74320 45558 0.17584 74302 97662 -0.22508 47107 81008 
1.30 0.90319 95154 14390 0.17136 85920 47807 -0.22277 91696 62150 
1.32 0.90658 24910 06528 0.16693 70417 41714 -0.22035 68950 99062 
1.34 0.90987 73275 35548 0.16255 50552 25534 -0.21782 37740 02216 
1.36 0.91308 50380 52915 0.15822 47903 70383 ~0.21518 57149 03721 
1.38 0.91620 66775 84986 0.15394 82867 62634 -0.21244 86357 32434 
1.40 0.91924 33407 66229 0.14972 74656 35745 -0,20961 84518 90043 
1.42 0.92219 61594 73454 0.14556 41300 37348 -0.20670 10646 53034 
1.44 0.92506 63004 65673 0.14145 99652 24839 ~0.20370 23499 23768 
1.46 0.92785 49630 34106 0.13741 65392 82282 ~0,20062 81473 52131 
1.48 0.93056 33766 66669 0.13343 53039 51002 -0.19748 42498 47483 
1.50 0.93319 27987 31142 0.12951 75956 65892 -0.19427 63934 98838 
1.52 0.93574 45121 81064 0.12566 46367 89088 -0.19101 02479 19414 
1.54 0.93821 98232 88188 0.12187 75370 32402 -0.18769 14070 29899 
1.56 0.94062 00594 05207 0.11815 72950 59582 -0.18432 53802 92948 
1.58 0.94294 65667 62246 0.11450 48002 59292 -0.18091 75844 09682 
1.60 0.94520 07083 00442 0.11092 08346 79456 -0.17747 33354 87129 
1.62 0.94738 38615 45748 0.10740 60751 13484 -0.17399 78416 83844 
1.64 0.94949 74165 25897 0.10396 10953 28764 -0.17049 61963 39173 
1.66 0.95154 27737 33277 0.10058 63684 27691 -0.16697 33715 89966 
1.68 0.95352 13421 36280 0.09728 22693 31467 -0.16343 42124 76865 
1.70 0.95543 45372 41457 0.09404 90773 76887 -0.15988 34315 40708 
1.72 0.95728 37792 08671 0.09088 69790 16283 -0.15632 56039 08007 
1.74 0.95907 04910 21193 0.08779 60706 10906 -0.15276 51628 62976 
1.76 0.96079 60967 12518 0.08477 63613 08022 -0.14920 63959 02119 
1.78 0.96246 20196 51483 0.08182 77759 92143 -0.14565 34412 66014 
1.80 0.96406 96808 87074 0.07895 01583 00894 -0.14211 02849 41609 
1.82 0.96562 04975 54110 0.07614 32736 96207 ~0.13858 07581 27097 
1.84 0.96711 58813 40836 0.07340 68125 81657 ~-0.13506 85351 50249 
1.86 0.96855 72370 19248 0.07074 03934 56983 ~0.13157 71318 29989 
1.88 0.96994 59610 38800 0.06814 35661 01045 -0.12810 99042 69964 
1.90 0.97128 34401 83998 0.06561 58147 74677 -0.12467 00480 71886 
1.92 0.97257 10502 96163 0.06315 65614 35199 ~0.12126 05979 55581 
1.94 0.97381 01550 59548 0.06076 51689 54565 ~0.11788 44277 71856 
1.96 0.97500 21048 51780 0.05844 09443 33451 -0.11454 42508 93565 
1.98 0.97614 82356 58492 0.05618 31419 03868 -0.11124 26209 69659 
2.00 0.97724 98680 51821 0.05399 09665 13188 -0.10798 19330 26376 
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PROBABILITY FUNCTIONS 


NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


Z)(x) 


0.00000 
0.00958 
0.01895 
0.02811 
0.03704 


0.04574 
0.05420 
0.06240 
0.07035 
0.07803 


0.08544 
0.09257 
0.09942 
0.10598 
0.11226 


0.11824 
0.12393 
0.12932 
0.13442 
0.13923 


0.14373 
0.14795 
0.15187 
0.15550 
0.15884 


0.16189 
0.16467 
0.16716 
0.16939 
0.17134 


0.17303 
0.17447 
0.17565 
0.17658 
0.17728 


0.17775 
0.17799 
0.17801 
0.17782 
0.17743 


0.17684 
0.17607 
0.17511 
0.17399 
0.17270 


0.17125 
0.16966 
0.16793 
0.16606 
0.16407 


0.16197 


00000 
01309 
54356 
52466 
95422 


89572 
47909 
90139 
42718 
38880 


18642 
28784 
22822 
60955 
09995 


43285 
40598 
88019 
77819 
08305 


83670 
13818 
14187 
05559 
13858 


69946 
09400 
72298 
02982 
49831 


65021 
04284 
26667 
94284 
72076 


27562 
30597 
53128 
68955 
53495 


83546 
37061 
92921 
30717 
30539 


72766 
37866 
06209 
57874 
72476 


28995 
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Z®)(2) 


0.48394 
0.47397 
0.46346 
0.45243 
0.44091 


0.42895 
0.41656 
0.40379 
0.39067 
0.37723 


0.36351 
0.34954 
0.33536 
0.32099 
0.30647 


0.29184 
0.27712 
0.26234 
0.24754 
0.23275 


0.21800 
0.20331 
0.18870 
0.17422 
0.15988 


0.14570 
0.13172 
0.11794 
0.10440 
0.09111 


0.07808 
0.06535 
0.05292 
0.04080 
0.02902 


0.01758 
+0,00650 
-0.00421 
~0,.01456 
-0.02452 


-0.03410 
-0.04329 
-0,05208 
~0.06047 
-0.06846 


~0.07604 
~0.08323 
-0.09001 
~0,09640 
~0.10238 


~0,10798 


145 


193 
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P(-2) =1—P(2) 


ZA (z) 


~0.48394 
-0.51219 
-0,53886 
-0.56392 
-0.58734 


~0.60909 
~0.62916 
-0.64755 
-0.66424 
~0.67924 


~0.69254 
-0.70416 
-0,71411 
-0.72240 
-0.72907 


0.73412 
-0.73760 
0.73953 
-0.73995 
-0.73889 


-0.73641 
-0.73255 
-0.72735 
-0.72087 
~0.71315 


-0.70425 
-0.69422 
-0.68313 
-0.67103 
-0.65798 


-0.64405 
~-0,62928 
0.61375 
-0.59751 
-0.58062 


~0.56315 
-0.54516 
-0.52670 
-0.50785 
-0.48864 


-0.46915 
~0.44942 
0.42952 
0.40949 
0.38940 


-0,36927 
~0.34918 
-0.32915 
-0.30925 
-0,28950 


0.26995 


145 
739 


483 
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Z(-2) =Z(x) 


Z) (x) 


-1.45182 
~1,37346 
~1.29343 
~1.21197 
-1.12934 


-1.04580 
~0.96159 
0.87697 
0.79217 
-0.70744 


~0.62301 
0.53910 
-0.45594 
-0,37373 
~0.29268 


~0.21299 
~0.13484 
-0.05841 
+0.01613 

0.08864 


215897 
0.22698 
0.29255 


0.35556 
0.41593 


0,47354 
0.52834 
0.58025 
0.62921 
0.67518 


0.71812 
0.75802 
0.79486 
0.82863 
0.85934 


0.88701 
0.91167 
0.93333 
0.95206 
0.96790 


0.98090 
0.99113 
0.99865 
1.00356 
1.00592 


1.00582 
1.00336 
0.99863 
0.99173 
0.98276 


0.97183 
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Table 26.1 


Z)(z) 


3.87153 
3.96192 
4.03951 
4.10431 
4.15639 


4.19584 
4.22282 
4.23751 
4.24014 
4.23098 


4.21033 
4.17853 
4.13593 
4.08295 
4.02000 


3.94752 
3.86600 
3.77593 
3.67781 
3.57216 


3.45953 
3.34046 
3.21550 
3.08522 
2.95017 


2.81093 
2.66805 
2.52210 
2.37361 
2.22315 


2.07124 
1.91841 
1.76517 
1.61201 
1.45942 


1.30785 
1.15774 
1.00953 
0.86361 
0.72036 


0.58014 
0.44328 
0.31010 
0.18087 
+0.05587 


-0.06467 
-0.18054 
-0,29155 
-0.39754 
-0.49836 


~0.59390 


159 
478 


Py 


969 


970 


Table 26.1 
x 

2.00 0.97724 
2.02 0.97830 
2.04 0.97932 
2.06 0.98030 
2,08 0.98123 
2.10 0.98213 
2.12 0.98299 
2,14 0.98382 
2.16 0.98461 
2.18 0.98537 
2.20 0.98609 
2,22 0.98679 
2.24 0.98745 
2.26 0.98808 
2.28 0.98869 
2.30 0.98927 
2.32 0.98982 
2.34 0.99035 
2.36 0.99086 
2.38 0.99134 
2.40 0.99180 
2.42 0.99223 
2.44 0.99265 
2.46 0.99305 
2.48 0.99343 
2.50 0.99379 
2.52 0.99413 
2.54 0.99445 
2.56 0.99476 
2.58 0.99505 
2.60 0.99533 
2.62 0.99560 
2.64 0.99585 
2.66 0.99609 
2.68 0.99631 
2.70 0.99653 
2.72 0.99673 
2.74 0.99692 
2.76 0.99710 
2.78 0.99728 
2.80 0.99744 
2.82 0.99759 
2.84 0.99774 
2.86 0.99788 
2.88 0.99801 
2.90 0.99813 
2.92 0.99824 
2.94 0.99835 
2.96 0.99846 
2.98 0.99855 
3.00 0.99865 

Z(2) = i en 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


P() 
98680 51821 
83062 32353 
48371 33930 
07295 90623 
72335 65062 


55794 37184 
69773 52367 
26166 27834 
36652 16075 
12692 24011 


65524 86502 
06161 92744 
45385 64054 
93745 81453 
61557 61447 


58899 78324 
95613 31281 
81300 54642 
25324 69428 
36809 74484 


24640 75404 
97464 49447 
63690 44652 
31492 11376 
08808 64453 


03346 74224 
22582 84668 
73765 56918 
63918 36444 
99842 42230 


88119 76281 
35116 51879 
46986 38964 
29674 25147 
88919 90825 


30261 96960 
59041 84109 
80407 81350 
99319 23774 
20550 77299 


48696 69572 
88175 25811 
43233 08458 
17949 59596 
16241 45106 


41866 99616 
98430 71324 
89387 65843 
18047 88262 
87580 82660 


01019 68370 
(—6)5 
10 


P(e)= fo | Z(at 


0.05399 
0.05186 
0.04980 
0.04779 
0.04586 


0.04398 
0.04216 
0.04040 
0.03870 
0.03706 


0.03547 
0.03394 
0.03246 
0.03103 
0.02965 


0.02832 
0.02704 
0.02581 
0.02463 
0.02349 


0.02239 
0.02134 
0.02032 
0.01935 
0.01842 


0.01752 
0.01667 
0.01584 
0.01505 
0.01430 


0.01358 
0.01289 
0.01223 
0.01160 
0.01099 


0.01042 
0.00987 
0.00934 
0.00884 
0.00836 


0.00791 
0.00748 
0.00707 
0.00667 
0.00630 


0.00595 
0.00561 
0.00529 
0.00499 
0.00470 


0.00443 


‘Z(x) 

09665 
35766 
00877 
95748 
10762 


35959 
61069 
75539 
68561 
29102 


45928 
07631 
02656 
19322 
45848 


70377 
80995 
65754 
12693 
09853 


45302 
07148 
83557 
62767 
33106 


83004 
01008 
75790 
96163 
51089 


29692 
21261 
15263 
01351 
69366 


09348 
11537 
66383 
64543 
96891 


54515 
28725 
11048 
93237 
67263 


25324 
59835 
63438 
28992 
49575 


18484 
(—6)8 
10 


13188 
82821 
35071 
82077 
71055 


80427 
61770 
22860 
47456 
47806 


46231 
82449 
43697 
15008 
47341 


41601 
46882 
71588 
06382 
58201 


94843 
99923 
38226 
31737 
46862 


93569 
37381 
25361 
27377 
94150 


33686 
07895 
51278 
13703 
29406 


14423 
94751 
67612 
98237 
54653 


82980 
25781 
86019 
39203 
96266 


19776 
95991 
65311 
13612 
26934 


11938 


209(2) = £5 (2) 


~0.10798 
-0.10476 
0.10159 
-0.09846 
~0.09539 


-0,09236 
-0,08939 
-0.08647 
-0.08360 
~0.08079 


-0,07804 
-0.07534 
-0,07271 
-0.07013 
~0,06761 


~0.06515 
-0.06275 
-0.06041 
-0.05812 
-0.05590 


-0.05374 
-0.05164 
~0.04960 
-0,04761 
-0,04568 


-0.04382 
-0.04200 
~0.04025 
~0.03855 
-0.03690 


-0.03531 
~0,03377 
~0.03229 
-0,03085 
-0,02947 


-0,02813 
-0,02684 
-0.02560 
~0,02441 
-0,02326 


-0.02216 
-0.02110 
-0.02008 
-0,01910 
-0.01816 


-0.01726 
-0,01639 
~-0.01557 
~-0.01477 
~0.01402 


-0.01329 


Z\0 (z) 
19330 
44248 
21789 
71242 
10386 


55515 
21467 
21653 
68092 
71443 


41042 
84942 
09950 
21668 
24534 


21868 
15909 
07866 
97955 
85451 


68727 
45300 
11880 
64407 
98104 


07512 
86541 
28507 
26177 
71812 


57200 
73704 
12295 
63594 
17901 


65239 
95383 
97891 
62141 
77358 


32644 
17005 
19378 
28658 
33720 


23440 
86721 
12509 
89816 
07734 


55452 


[50] 


26376 
99298 
79544 
57079 
43794 


58897 
58953 
94921 
78504 
40218 


61709 
65037 
41882 
05919 
51938 


05683 
48766 
03515 
63063 
52519 


07623 
57813 
01271 
60073 
04218 


33921 
10200 
24416 
98086 
04906 


07583 
02686 
67374 
02449 
66807 


98941 
21723 
27258 
39135 
49935 


32344 
22701 
76295 
94119 
21246 


17350 
00294 
64014 
72293 
30263 


35814 


Hen(x) =(—1)"Z™ (2) /Z(2) 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES Table 26.1 


Z)(z) Z®(z) Z9(2) Z®)(2) Z®(z) 
0.16197 28995 -0.10798 193 -0.26995 483 0.97183 740 -0.59390 063 
0.15976 05616 -0,11318 748 -0.25064 297 0.95904 873 -0.68406 360 
0.15744 79574 ~0.11800 948 -0.23160 454 0.94451 117 -0.76878 007 
0.15504 27011 ~0.12245 372 ~0.21287 345 0.92833 417 -0,84800 114 
0.15255 22841 -0.12652 667 -0.19448 137 0.91062 795 -0.92169 927 


0.14998 40623 -0.13023 543 ~0.17645 779 0.89150 307 ~0.98986 750 
0.14734 52442 -0.13358 762 -0,15882 997 0.87107 003 -1.05251 862 
0.14464 28800 -0.13659 143 -0.14162 297 0.84943 890 -1,10968 436 
0.14188 38519 ~0.13925 550 -0,12485 967 0.82671 890 ~1.16141 446 
0.13907 48644 ~0.14158 892 ~0.10856 076 0.80301 811 -1,20777 570 


0.13622 24365 -0.14360 115 ~0.09274 478 0.77844 311 -1.24885 097 
0.13333 2894) -0.14530 204 -0.07742 816 0.75309 866 -1.28473 823 
0.13041 23633 ~0.14670 170 ~0.06262 527 0.72708 743 -1.31554 947 
0.12746 67648 ~0,14781 055 ~0.04834 844 0.70050 969 -1.34140 971 
0.12450 18090 -0.14863 922 -0.03460 801 0.67346 314 -1.36245 589 


0.12152 29919 -0.14919 851 ~0,02141 241 0.64604 257 -1.37883 587 
0.11853 55915 -0.14949 939 -0.00876 819 0.61833 976 ~1.39070 730 
0.11554 46652 -0.14955 294 +0.00331 989 0.59044 323 -1.39823 661 
0.11255 50482 -0.14937 032 0.01484 882 0.56243 808 -1.40159 796 
0.10957 13521 -0.14896 273 0.02581 724 0.53440 589 -1.40097 220 


0.10659 79642 -0.14834 137 0.03622 539 0.50642 453 -1.39654 584 
0.10363 90478 -0.14751 744 0.04607 505 0.47856 812 ~1.38851 010 
0.10069 85430 -0.14650 207 0.05536 942 0.45090 689 -1.37705 991 
0.09778 01675 -0.14530 633 0.06411 307 0.42350 717 -1.36239 299 
0.09488 74192 ~0.14394 118 0.07231 187 0.39643 129 -1.34470 892 


0.09202 35776 -0.14241 744 0.07997 287 0.36973 759 ~1.32420 833 
0.08919 17075 -0.14074 579 0.08710 428 0.34348 039 ~1.30109 199 
0.08639 46618 -0.13893 674 0.09371 533 0.31771 001 ~1.27556 010 
0.08363 50852 -0.13700 058 0.09981 624 0.29247 277 -1.24781 146 
0.08091 54185 -0.13494 742 0.10541 808 0.26781 102 -1.21804 284 


0.07823 79028 -0.13278 711 0.11053 277 0.24376 323 -1.18644 824 
0.07560 45843 -0.13052 927 0.11517 293 0.22036 399 -1.15321 833 
0.07301 73197 -0.12818 326 0.11935 186 0.19764 415 -1.11853 985 
0.07047 77809 -0.12575 818 0.12308 341 0.17563 084 -1,08259 509 
0.06798 74610 -0.12326 282 0.12638 196 0.15434 760 ~1.04556 139 


0.06554 76800 -0.12070 569 0.12926 232 0.13381 449 -1.00761 072 
0.06315 95904 -0.11809 501 0.13173 965 0.11404 817 -0.96890 932 
0.06082 41838 -0.11543 869 0.13382 945 0.09506 206 -0.92961 727 
0.05854 22966 -0.11274 431 0.13554 741 0.07686 640 -0.88988 829 
0.05631 46165 ~0.11001 916 0.13690 942 0.05946 846 -0.84986 942 


0.05414 16888 -0,10727 020 0.13793 149 0.04287 262 -0.80970 080 
0.05202 39229 -0.10450 406 0.13862 969 0.02708 053 -0.76951 553 
0.04996 15987 -0.10172 706 0.13902 007 +0.01209 127 -0.72943 954 
0.04795 48727 ~0,09894 520 0.13911 867 -0.00209 857 -0.68959 143 
0.04600 37850 -0.09616 416 0.13894 142 -0.01549 465 -0.65008 248 


0.04410 82652 -0.09338 928 0.13850 412 -0.02810 482 ~0.61101 661 
0.04226 81389 -0.09062 562 0.13782 240 -0.03993 892 -0,57249 036 
0.04048 31340 ~0.08787 791 0.13691 166 -0.05100 863 -0.53459 292 
0.03875 28865 ~0.08515 058 0.13578 706 ~0,06132 737 -0.49740 627 
0.03707 69473 -0.08244 776 0.13446 347 ~0.07091 012 -0.46100 520 


0.03545 47873 = -0.07977 327 0.13295 545 -0.07977 327 = - 0.42545 745 
ue ae Garey forse berg 
6 6 6 6 


P(—2) =1—P(z) Z(—2) =Z(x) Z™ (—z) =(—1)"Z (a) 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 
3,00 0.99865 01020 -3) 4.43184 8412 -2)-1.32955 45 
3.05 0.99885 57932 -3)3.80976 2098 -2)-1.16197 74 
3.10 0.99903 23968 -3) 3.26681 9056 ~2)-1.01271 39 
3.15 0.99918 36477 -3) 2.79425 8415 -3)~-8.80191 40 
3.20 0.99931 28621 (-3) 2.38408 8201 -3)-7.62908 22 
3.25 0.99942 29750 -3)2.02904 8057 ~3)~6.59440 62 
3.30 0.99951 65759 ~3)1.72256 8939 -3)-5.68447 75 
3.35 0.99959 59422 ~3) 1.45873 0805 -3)-4.88674 82 
3,40 0.99966 30707 -3)1.23221 9168 -3)-4.18954 52 
3.45 0.99971 97067 ~3) 1.03828 1296 -3)-3.58207 05 
3.50 0.99976 73709 -4) 8.72682 6950 -3)-3,05438 94 
3.55 0.99980 73844 ~4) 7.31664 4628 -3)~2.59740 88 
3.60 0.99984 08914 -~4) 6.11901 9301 ~3)-2.20284 69 
3.65 0.99986 88798 ~4)5.10464 9743 ~3)~-1.86319 72 
3.70 0.99989 22003 -4) 4.24780 2706 -3)-1.57168 70 
3.75 0.99991 15827 ~4) 3.52595 6824 -3)-1.32223 38 
3,80 0.99992 76520 -4) 2.91946 9258 -3)-1.10939 83 
3.85 0.99994 09411 ~4) 2.41126 5802 ~4) -9.28337 33 
3.90 0.99995 19037 -4) 1.98655 4714 -4)-7.74756 34 
3.95 0.99996 09244 ~4) 1.63256 4088 ~4) ~6.44862 81 
4,00 0.99996 83288 -4) 1.33830 2258 -4)-5.35320 90 
4.05 0.99997 43912 -4) 1.09434 0434 ~4) -4.43207 88 
4,10 0.99997 93425 -5) 8.92616 5718 -4) -3.65972 79 
4.15 0.99998 33762 -5) 7.26259 3030 -4) -3.01397 61 
4.20 0.99998 66543 ~5) 5.89430 6776 -4) -2.47560 88 
4,25 0.99998 93115 -5) 4.77186 3654 ~4)-2.02804 21 
4.30 0.99999 14601 -5) 3.85351 9674 ~4)-1.65701 35 
4,35 0.99999 31931 ~5) 3.10414 0706 —4) -1.35030 12 
4,40 0.99999 45875 -5) 2.49424 7129 -4)-1.09746 87 
4.45 0.99999 57065 -5)1.99917 9671 ~5)-8.89634 95 
4.50 0.99999 66023 -5) 1.59837 4111 -5)-7.19268 35 
4.55 0.99999 73177 ~5)1.27473 3238 -5)-5.80003 62 
4,60 0.99999 78875 -5)1.01408 5207 -5)~4.66479 20 
4.65 0.99999 83403 -6) 8.04718 2456 -5)-3.74193 98 
4.70 0.99999 86992 -6) 6.36982 5179 ~5)-2.99381 78 
4.75 0.99999 89829 ~6)5,02950 7289 ~5)~2.38901 60 
4.80 0.99999 92067 -6) 3.96129 9091 ~5)-1.90142 36 
4,85 0.99999 93827 -6)3.11217 5579 -5)-1.50940 52 
4.90 0.99999 95208 ~6) 2.43896 0746 ~5)~-1.19509 08 
4.95 0.99999 96289 ~6) 1.90660 0903 ~6)~9.43767 45 
5.00 0.99999 97133 (-6) 1.48671 9515 (-6) -7.43359 76 


re 


Table 26.2 NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS 


x —log Q(z) au —log Q(2) a —log Q(x) 
54265 15 50.43522 25 137.51475 
é 9,00586 16 57.19458 26 148,60624 
7 11.89285 17 64,38658 27 160,13139 
8 15,20614 18 72.01140 28 172.09024 
9 18.94746 19 80,06919 29 184.48283 
1180 20 88.56010 30 197.30921 
y 57 71882 21 97.48422 31 210,56940 
12 32,75044 22 = =106,84167 32 224.26344 
13 38.21345 23: 116,63253 33 238.39135 
14 44,10827 24 126,85686 34 252.95315 
(—2)5 (| [| 
he i 5 


From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, 
vol. I. Cambridge Univ. Press, Cambridge, England, 1954(with permission). Known 
error has been corrected. 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES Table 26.1 

x Z2)(x) Z(3)(x) Z(4)(x) Z(5)(x) Z(8)(x) 
3.00 -2) 3.54547 87 ~2) -7,97732 71 -1)1.32955 45 ~2)-7.97732 71 ~-1) -4,25457 45 
3.05 ~2) 3.16305 50 -2) -7,32336 28 -1)1.28470 92 -2) -9.89017 82 -1)-3.40704 15 
3.10 -2) 2.81273 12 -2)~6.69403 89 -1) 1.23133 27 -1)-1.13951 58 ~1)-2.62416 45 
3.15 ~2) 2.49317 71 ~2)-6,.09312 50 -1)1.17138 12 -1)-1.25260 09 -1)-1.91121 33 
3.20 -2)2.20289 75 -2) -5,.52345 55 -1)1.19663 65 -1)-1.33185 47 -1)-1.27124 77 
3,25 ~-2)1,94027 72 3) -4,98701 97 -1)1.03869 82 ~1)-1.38096 14 -2)-7,.05366 66 
3.30 ~2)1.70362 07 ~2)-4.48505 27 -2)9.68981 20 -1)-1.40361 69 -2)-2.12970 34 
3.35 -2)1.49118 76 -2)-4,01812 87 +2) 8.98716 85 -1)-1.40345 00 ~2)4+2.07973 11 
3,40 -2)1.30122 34 ~2)-3,58625 07 ~2) 8.28958 19 -1)-1.38395 76 ~2) 5.60664 85 
3,45 -2)1.13198 62 -2)-3,.18893 82 ~2) 7.60587 84 ~1) -1.34845 27 -2) 8.49222 78 
3.50 ~3)9.81768 03 -2) -2.82531 02 -2) 6.94328 17 -1)-1.30002 45 -1) 1.07844 49 
3.55 ~3) 8.48913 69 ~2)~-2,49416 18 -2) 6.30753 35 -1)-1.24150 96 -1) 1.25359 25 
3.60 -3) 7.31834 71 ~2)-2.19403 56 -2) 5.70302 39 -1)-1.17547 44 -1) 1.38019 58 
3.65 ~3) 6.29020 46 ~2)-1.92328 53 ~2) 5.13292 98 -1)-1.10420 53 ~-1) 1.46388 44 
3.70 -3)5.39046 16 -2)-1.68013 34 -2) 4.59935 51 -1)-1.02970 80 -1) 1.51024 21 
3.75 -3) 4.60578 11 -2)-1.46272 12 ~-2) 4.10347 00 -2)-9.53712 78 -1) 1.52468 79 
3.80 ~3) 3.92376 67 ~2)-1.26915 17 -2) 3.64564 64 -2)-8.77684 95 -1) 1.51237 96 
3.85 ~3) 3.33297 22 ~2)~1.09752 68 -2) 3.22558 66 -2)-8.02840 11 ~-1) 1.47814 11 
3.90 Be osaaee 42 ~3) -9.45977 49 -2) 2.84244 39 -2)-7,30162 14 -1) 1.42641 04 
3.95 -3) 2.38395 17 -3)-8.12688 36 ~-2) 2.49493 35 -2)-6.60423 39 -1) 1.36120 56 
4,00 hsycicanse 34 ~3)-6.95917 17 -2) 2.18143 27 -2) -5.94206 20 -1) 1.28610 85 
4.05 ~3)1.68555 79 ~3)~5.94009 36 ~2)1.90007 05 ~2) ~5.31924 82 -1) 1.20426 03 
4.10 oy iat 68 -3)-5.05408 43 ~2) 1.64880 65 ~2) -4.73847 30 ~1) 1.11837 07 
4.15 -3)1.17817 42 -3)-4.28662 75 ~2)1.42549 82 ~2)-4.20116 64 -1) 1.03073 50 
4.20 ~4)9,80812 65 -3)-3.62429 14 -2)1.22795 86 ~2)-3.70770 95 -2) 9.43258 69 
4.25 ~4) 8.14199 24 ~3)-3.05473 83 ~2)1.05400 40 -2)~3.25762 18 -2) 8.57487 24 
4.30 -4) 6.73980 59 -3)-2.56671 38 —3)9.01492 78 -2) -2.84973 34 -2) 7.74638 98 
4,35 -4) 5.56339 62 (-3)-2.15001 71 -3) 7.68355 55 -2)-2.48233 98 -2) 6.95640 04 
4.40 -4) 4.57943 77 -3)-1.79545 89 -3)6.52618 76 -2) -2.15333 90 -2) 6.21159 79 
4.45 -4) 3.75895 76 —3)-1.49480 91 -3)5.52421 34 -2)-1.86035 13 -2) 5.51645 66 
4.50 -4) 3.07687 02 i ~1.24073 79 ~3) 4.66025 95 -2)~1,.60082 16 -2) 4.87356 75 
4.55 -4) 2.51154 32 ~3)-1.02675 14 -3) 3.91825 60 -2)-1.37210 59 -2) 4.28395 39 
4.60 -~4) 2.04439 58 ~4) -8.47126 22 ~3) 3.28346 19 ~2)-1.17154 20 -2) 3.74736 21 
4.65 ~4)1.65953 02 ~4) -6.96842 75 -3) 2.74245 97 ~3) -9.96506 67 -2) 3.26252 61 
4.70 -4) 1.34339 61 -4) -5.71519 82 -3)2.28312 43 —3) -8.44460 51 -2) 2.82740 22 
4.75 -4) 1.08448 75 Ae -4,67351 25 -3)1.89457 22 -3)-7.12981 28 -2) 2.43937 50 
4.80 -5) 8.73070 32 -3.81045 28 -3)1.56709 63 -3)-5.99788 09 -2) 2.09543 47 
4.85 ~5) 7.00939 74 4 -3.09767 67 -3)1.29209 13 -3)~-5.02757 21 -2) 1.79232 68 
4.90 -5)5.61204 87 ~2,51088 57 ~3)1.06197 25 -3) ~4.19931 11 -2) 1.52667 62 
4.95 -5) 4.48098 88 ~2,02933 60 -4) 8.70091 63 -3) -3.49521 92 -2) 1.29508 77 
5.00 (-+-5)3.56812 68 (-4)-1.63539 15 (-4)7.10651 93 (-3)~-2.89910 31 (-2) 1.09422 56, 

NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS Table 26.2 

x —log Q(z) L —log Q(z) x —log Q(z) 

35 267.94888 45 441.77568 100 2173.87154 

36 283.37855 46 461.54561 150 4888. 38812 

37 299.24218 47 481.74964 200 8688.58977 

38 315,53979 48 502.38776 250 13574.49960 

39 332,27139 49 523.45999 300 19546.12790 

40 349,43701 50 544.96634 350 26603,48018 

41 367.03664 60 783.90743 400 34746.55970 

42 385,07032 70 1066,.26576 450 43975.36860 

43 403.53804 80 1392.04459 500 54289.90830 

44 422.43983 90 1761.24604 bee 

9 


eal 


Q(z)=1- P(e) == J 


Hen(2)=(-1)Z(2)/Z(2) 


e 


* o—ee Z(2)=Fpee-h? P(a)=f"_ 2a ZO) (x) =£". Be) 


P(-2)=1-P(z) 


Z(-2)=Z(z) 


Z(n)(—2) =(-1)"Z (a) 
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Table 26.3 HIGHER DERIVATIVES OF THE NORMAL PROBABILITY FUNCTION 

a ZO (x) Z8) (x) Z(9) (x) Z(19) (4°) ZOD ( os Z(12) (x) 
0.0 0.00000 00 1) 4.18889 39 0.00000 00 2) -3.77000 46 0.00000 00 (3) 4.14700 
0.1 ( 0) 4.12640 51 1) 4.00211 42 ( 1)-3.70133 55 2)-3.56488 94 (2) 4.05782 aa 3) 3.88080 
0.2 ( 0) 7.88604 35 1) 3.46206 56 1)-7.00124 79 2)-2.97583 41 (2) 7.59641 48 (3) 3.12148 
0.3 i} 1.09518 61 1) 2.62702 42 1)~9.54959 57 ) 25 as608 39 (3) 1.01729 46 (3) 1.98042 
0.4 ( 1) 1.30711 60 1) 1.58584 37 2)-1.10912 65 1)-9.83608 69 (3) 1.14847 09 (2)+46.22581 
0.5 ( 1) 1.40908 65 0)+4.46820 41 2)~1.14961 02 1)4+1.72666 73 (3) 1.14097 69 (2)-7.60421 
0.6 1) 1.39704 30 0)-6.75565 29 2)-1.07710 05 2) 1.25426 91 3) 1.00184 44 3) -1.98080 
0.7 ( 1) 1.27812 14 1)-1.67416 58 1)~9.05305 52 2) 2.14046 31 (2) 7.55473 11 (3)-2.88334 
0.8 3} 1.06929 69 1)-2.46111 11 iy coun 60 2) 2.74183 89 (2) 4.39201 49 (3)-3.36738 
0.9 ( 0) 7.94982 72 1) -2.97666 59 1)-3.68086 24 2) 3.01027 69 (1)4+9.71613 18 (3)-3.39874 
1.0 ( 0) 4.83941 45 1) -3.19401 36 0)-6.77518 03 2) 2.94236 40 3} -2.26484 60 Ae ie 
1.1 ( 0)+4+1.65937 85 1) -3.11962 40 1)4+2,10408 36 2) 2.57621 24 (2)-4.93791 72 (3)-2.29066 
1.2 ( 0)-1.31434 07 1)-2.78951 64 1) 4.39889 22 2) 1.98269 77 (2)~-6.77812 94 (3)~1.36759 
1.3 ( 0)-3.85379 20 1} ~2.26227 70 1) 6.02399 37 2) 1.25293 01 (2)-7.65280 28 (2)~-3.83358 
1.4 0)-5.79719 45 1)-1.61006 61 1) 6.89184 82 1)+4.84200 76 2)-7.56972 92 2)4+5.27141 
1.5 0)-7.05769 71 0) ~9.09001 03 1) 7.00965 92 1)-2.33347 96 2)-6.65963 73 Me 1.25562 
1.6 ( 0)-7.62276 66 0) -2.30231 44 1) 6.46658 36 1)-8.27445 07 (2)-5.14267 14 (3) 1.73301 
1.7 ( 0)-7.54545 38 0)4+3.67230 07 1) 5.41207 19 2)-1.25055 93 (2)-3.28612 11 (3) 1.93425 
1.8 ( 0)-6.92967 04 { 0) 8.41240 26 1) 4.02950 39 2)-1.48242 69 (2)-1.36113 54 (3) 1.87567 
1.9 ( 0)-5.91207 57 1) 1.16856 49 1) 2.50938 72 2)~-1.52849 20 (1)+3.94747 58 (3) 1.60633 
2.0 ( 0)-4.64322 31 1) 1.34437 51 1)+1.02582 84 2)-1.41510 32 (2) 1.80437 81 (3) 1.19573 
2.1 ( 0)-3.27029 67 1) 1.37966 95 0)-2,.81068 72 2)-1.18267 82 (2) 2.76469 29 (2) 7.20360 
2.2 ( 0)-1.92318 65 1) 1.29729 67 1)-1.31550 35 1)-8.78156 27 (2) 3.24744 73 (2)+2.51533 
2.3 (-1)-7.04932 91 1) 1.12731 97 1)~-2.02888 89 1) -5.47943 26 2) 3.28915 84 2) -1.53768 
2.4 (-1)+3.13162 82 0) 9.02423 01 1)-2.41634 55 1) -2.32257 79 2) 2.97376 42 2) -4.58219 
2.5 0} 1.09209 53 0} 6.53922 01 1)-2.50848 12 f Ty a teese 05 (2) 2.41200 50 (2)-6.45450 
2.6 0) 1.62218 61 0) 4.08745 39 1)-2.36048 69 1) 2.45855 73 2) 1.72126 20 2)-7.17969 
2.7 0) 1.91766 20 0) 1.87558 77 1) -2.04053 83 1) 3.82142 44 2) 1.00875 37 2) -6.92720 
2.8 ( 0) 2.00992 65 (-2)+4.01113 24 1)-1.61917 24 1) 4.49758 25 (1)4+3.59849 29 (2)-5.95491 
2.9 ( 0) 1.94057 71 0)-1.35055 73 1)-1.16080 01 1) 4.58182 18 (1)-1.67928 25 (2)-4.55301 
3.0 0) 1.75501 20 Heeneas 38 0) -7.17959 44 1) 4.21202 87 (1)-5.45649 18 bh a atase 
3.1 ( 0) 1.49720 05 0)-2.80440 64 0) ~3.28394 42 1) 3.54198 84 (1)-7.69621 99 (2)-1.51035 
3.2 ( 0) 1.20591 21 0)~2.96904 52 (-1)-1.46351 84 1) 2.71897 33 (1)-8.55436 26 (1)-2.53474 
3.3 (-1) 9.12450 33 0) ~2.86200 69 0)+2.14502 00 1) 1.86794 96 (1)-8.30925 36 (1)+6.87309 
3.4 (-1) 6.39748 51 0)~2.56761 03 0) 3.61188 70 1) 1.08280 77 (1)-7.29343 32 (2) 1.28867 
3.5 (-1) 4.02558 98 0) -2.16386 79 0) 4.35306 57 0)+4.23908 09 (1)-5.83674 40 (2) 1.57656 
3.6 (-1) 2.08414 13 0)-1.71642 80 0) 4.51182 76 (-1)-7.94727 62 (1)-4.22572 56 (2) 1.60868 
3.7 (-2)+4+5.90352 21 0) -1.27559 98 0) 4.24743 76 0) ~4.23512 06 1)-2.68044 29 2) 1.45762 
3.8 (-2)-4.80932 87 (-1)-8.75911 24 0) 3.71320 90 0)-6.22699 31 (1)-1.34695 16 (2) 1.19681 
3.9 (-1)-1.18202 76 (-1)-5.37496 49 0) 3.04185 84 0)-7.02577 94 (0)-3.01804 44 (1) 8.90539 
4.0 (-1)-1.57919 67 (-1)-2.68597 26 0) 2.33774 64 0) -6.93361 02 (0)+4.35697 68 (1) 5.88418 
4.1 (-1)-1.74223 60 (-2)-6.85427 28 0) 1.67481 40 0)-6.24985 27 (0) 8.87625 64 (1) 3.23557 
4.2 (-1)-1.73706 08 (-2)+6.92844 60 0) 1.09865 39 0)-5.23790 66 (1) 1.10126 69 (1)4+1.13637 
4,3 (-1)-1.62110 76 (-1) 1.54828 96 (-1) 6.31121 50 0)-4.10728 31 (1) 1.13501 02 (0)-3.62532 
4.4 (-1)-1.44109 96 (-1) 1.99272 00 (-1) 2.76082 94 0)-3.00821 29 (1) 1.04753 07 (1)-1.30010 
4.5 (-1)-1.23261 24 (-1) 2.13525 86 (-2)42.52235 61 0) -2.03523 88 f° 8.90633 89 (1)-1.76908 
4.6 (-1)-1.02086 14 (-1) 2.07280 89 (-1)-1.36802 99 0)-1.23623 43 (0) 7.05470 76 (1)-1.88530 
4.7 (-2)-8,22202 74 (-1) 1.88517 13 (-1)-2.28268 33 (-1)-6.23793 04 (0) 5.21451 06 (1)~1.76464 
4.8 (-2)-6.45935 81 (-1) 1.63368 76 (-1)-2.67421 39 (-1)-1.86696 14 (0) 3.57035 54 (1)-1.50840 
4.9 (-2)-4.96112 66 (-1) 1.36227 87 (-1)-2.70626 44 (-1)+1.00018 72 (0) 2.21617 27 (1)-1.19594 
5.0 (-2)-3.73166 60 (-1) 1.09987 51 (-1)-2,.51404 27 (-1) 2.67133 76 (0) 1.17837 39 (0)-8.83034 


Z(a ) “ee ena? Zn) (x) = Z(r) He n(x) = (- 1) "Zi (n) (x) IZ(x) Z(n) (—.) = (- 1) NZ (n) (x) 
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NORMAL PROBABILITY FUNCTION—VALUES OF Z(x) IN TERMS OF P(x) AND Q(x) Table 26.4. 


(7) 0.000 0.001 0.002 0.0038 0.004 0.005 0.006 0.007 0.008 0.009 0.010 

0.09 0.00000 0.00337 0.00634 0.00915 0.01185 0.01446 0.01700 0.01949 0.02192 0.02431 0.02665 
0.01 0.02665 0.02896 0.03123 0.03348 0.03569 0.03787 0.04003 0.04216 0.04427 0.04635 0.04842 
0.02 0.04842 0.05046 0.05249 0.05449 0.05648 0.05845 0.06040 0.06233 0.06425 0.06615 0.06804 
0.03 0.06804 0.06992 0.07177 0.07362 0.07545 0.07727 0.07908 0.08087 0.08265 0.08442 0.08617 
0.04 0.08617 0.08792 0.08965 0.09137 0.09309 0.09479 0.09648 0.09816 0.09983 0.10149 0.10314 


0.05 0.10314 0.10478 0.10641 0.10803 0.10964 0.11124 0.11284 0.11442 0.11600 0.11756 0.11912 
0.06 0.11912 0.12067 0.12222 0.12375 0.12528 0.12679 0.12830 0.12981 0.13130 0.13279 0.13427 
0.07 0.13427 0.13574 0.13720 0.13866 0.14011 0.14156 0.14299 0.14442 0.14584 0.14726 0.14867 
0.08 0.14867 0.15007 0.15146 0.15285 0.15423 0.15561 0.15698 0.15834 0.15970 0.16105 0.16239 
0.09 0.16239 0.16373 0.16506 0.16639 0.16770 0.16902 0.17033 0.17163 0.17292 0.17421 0.17550 


0.10 0.17550 0.17678 0.17805 0.17932 0.18057 0.18184 0.18309 0.18433 0.18557 0.18681 0.18804 
0.11 0.18804 0.18926 0.19048 0.19169 0.19290 0.19410 0.19530 0.19649 0.19768 0.19886 0.20004 
0.12 0.20004 0.20121 0.20238 0.20354 0.20470 0.20585 0.20700 0.20814 0.20928 0.21042 0.21155 
0.13 0.21155 0.21267 0.21379 0.21490 0.21601 0.21712 0.21822 0.21932 0.22041 0.22149 0.22258 
0.14 0.22258 0.22365 0.22473 0.22580 0.22686 0.22792 0.22898 0.23003 0.23108 0.23212 0.23316 


0.15 0.23316 0.23419 0.23522 0.23625 0.23727 0.23829 0.23930 0.24031 0.24131 0.24232 0.24331 
0.16 0.24331 0.24430 0.24529 0.24628 0.24726 0.24823 0.24921 0.25017 0.25114 0.25210 0.25305 
0.17 0.25305 0.25401 0.25495 0.25590 0.25684 0.25778 0.25871 0.25964 0.26056 0.26148 0.26240 
0.18 0.26240 0.26331 0.26422 0.26513 0.26603 0.26693 0.26782 0.26871 0.26960 0.27049 0.27137 
0.19 0.27137 0.27224 0.27311 0.27398 0.27485 0.27571 0.27657 0.27742 0.27827 0.27912 0.27996 


0.20 0.27996 0.28080 0.28164 0.28247 0.28330 0.28413 0.28495 0.28577 0.28658 0.28739 0.28820 
0.21 0,28820 0,28901 0.28981 0,29060 0.29140 0.29219 0.29298 0.29376 0.29454 0.29532 0.29609 
0.22 0.29609 0.29686 0.29763 0.29840 0.29916 0.29991 0.30067 0.30142 0.30216 0.30291 0.30365 
0.23 0.30365 0.30439 0.30512 0.30585 0.30658 0.30730 0.30802 0.30874 0.30945 0.31016 0.31087 
0.24 0.31087 0.31158 0.312238 0.31298 0.31367 0.31436 0.31505 0.31574 0.31642 0.31710 0.31778 
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0.25 0.31778 0.31845 0.31912 0.31979 0.32045 0.32111 0.32177 0.32242 0.32307 0.32372 0.32437 
0.26 0.32437 0.32501 0.32565 0.32628 0.32691 0.32754 0.32817 0.32879 0.32941 0.33003 0.33065 
0.27 0.33065 0.33126 0.33187 0.33247 0.33307 0.33367 0.33427 0.33486 0.33545 0.33604 0.33662 
0.28 0.33662 0.33720 0.33778 0.33836 0.33893 0.33950 0.34007 0.34063 0.34119 0.34175 0.34230 
0.29 0.34230 0.34286 0.34341 0.34395 0.34449 0.34503 0.34557 0.34611 0.34664 0.34717 0.34769 


0.30 0.34769 0.34822 0.34874 0.34925 0.34977 0.35028 0.35079 0.35129 0.35180 0.35230 0.35279 
0.31 0.35279 0.35329 0.35378 0.35427 0.35475 0.35524 0.35572 0.35620 0.35667 0.35714 0.35761 
0.32 0.35761 0.35808 0.35854 0.35900 0.35946 0.35991 0.36037 0.36082 0.36126 0.36171 0.36215 
0.33 0.36215 0.36259 0.36302 0.36346 0.36389 0.36431 0.36474 0.36516 0.36558 0.36600 0.36641 
0.34 0.36641 0.36682 0.36723 0.36764 0.36804 0.36844 0.36884 0.36923 0.36962 0.37001 0.37040 


0.35 0.37040 0.37078 0.37116 0.37154 0.37192 0.37229 0.37266 0.37303 0.37340 0.37376 0.37412 
0.36 0.37412 0.37447 0.37483 0.37518 0.37553 0.37588 0.37622 0.37656 0.37690 0.37724 0.37757 
0.37 0.37757 0.37790 0.37823 0.37855 0.37888 0.37920 0.37951 0.37983 0.38014 0.38045 0.38076 
0.38 0.38076 0.38106 0.38136 0.38166 0.38196 0.38225 0.38254 0.38283 0.38312 0.38340 0.38368 
0.39 0.38368 0.38396 0.38423 0.38451 0.38478 0.38504 0.38531 0.38557 0.38583 0.38609 0.38634 


0.40 0.38634 0.38659 0.38684 0.38709 0.38734 0.38758 0.38782 0.38805 0.38829 0.38852 0.38875 
0.41 0.38875 0.38897 0.38920 0.38942 0.38964 0.38985 0.39007 0.39028 0.39049 0.39069 0.39089 
0.42 0.39089 0.39109 0.39129 0.39149 0.39168 0.39187 0.39206 0.39224 0.39243 0.39261 0.39279 
0.43 0.39279 0.39296 0.39313 0.39330 0.39347 0.39364 0.39380 0.39396 0.39411 0.39427 0.39442 
0.44 0.39442 0.39457 0.39472 0.39486 0.39501 0.39514 0.39528 0.39542 0.39555 0.39568 0.39580 


0.45 0.39580 0.39593 0.39605 0.39617 0.39629 0.39640 0.39651 0.39662 0.39673 0.39683 0.39694 
0.46 0.39694 0.39703 0.39713 0.39723 0.39732 0.39741 0.39749 0.39758 0.39766 0.39774 0.39781 
0.47 0.39781 0.39789 0.39796 0.39803 0.39809 0.39816 0.39822 0.39828 0.39834 0.39839 0.39844 
0.48 0.39844 0.39849 0.39854 0.39858 0.39862 0.39866 0.39870 0.39873 0.39876 0.39879 0.39882 
0.49 0.39882 0.39884 0.39886 0.39888 0.39890 0.39891 0.39892 0.39893 0.39894 0.39894 0.39894 

0.010 0.009 0.008 0.007 0.006 0.005 0.004 0.003 0.002 0.001 0.000 


Linear interpolation yields an error no greater than 5 units in the fifth decimal place. 
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Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass., 
1948 (with permission). 
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Table 26.5 


Q (2) 
0,00 
0.01 
0.02 
0.03 
0.04 


0,05 
0.06 
0.07 
0.08 
0.09 


0.10 
0,11 
0.12 
0,13 
0.14 


0.15 
0.16 
0.17 
0.18 
0.19 


0.20 
0.21 
0.22 
0.23 
0.24 


0,25 
0.26 
0.27 
0.28 
0.29 


0.30 
0.31 
0.32 
0.33 
0.34 


0.35 
0.36 
0.37 
0.38 
0.39 


0.40 
0.41 
0.42 
0.43 
0.44 


0.45 
0.46 
0.47 
0.48 
0.49 


0.000 0.001 0.002 0.003 


00 3.09023 2.87816 2.74778 
2.32635 2.29037 2.25713 2.22621 
2.05375 2.03352 2.01409 1.99539 
1.88079 1.86630 1.85218 1.83842 
1.75069 1.73920 1.72793 1.71689 


1.64485 1.63523 1.62576 1.61644 
1.55477 1.54643 1.53820 1.53007 
1.47579 1.46838 1.46106 1.45381 
1.40507 1.39838 1.39174 1.38517 
1.34076 1.33462 1.32854 1.32251 


1.28155 1.27587 1.27024 1.26464 
1.22653 1.22123 1.21596 1.21072 
1.17499 1.17000 1.16505 1.16012 
1.12639 1.12168 1.11699 1.11232 
1.08032 1.07584 1.07138 1.06694 


1.03643 1.03215 1.02789 1.02365 
0.99446 0.99036 0.98627 0.98220 
0.95416 0.95022 0.94629 0.94238 
0.91537 0.91156 0.90777 0.90399 
0.87790 0.87422 0.87055 0.86689 


0.84162 0.83805 0.83450 0.83095 
0.80642 0.80296 0.79950 0.79606 
0.77219 0.76882 0.76546 0.76210 
0.73885 0.73556 0.73228 0.72900 
0.70630 0.70309 0.69988 0.69668 


0.67449 0.67135 0.66821 0.66508 
0.64335 0.64027 0.63719 0.63412 
0.61281 0.60979 0.60678 0.60376 
0.58284 0.57987 0.57691 0.57395 
0.55338 0.55047 0.54755 0.54464 


0.52440 0.52153 0.51866 0.51579 
0.49585 0.49302 0.49019 0.48736 
0.46770 0.46490 0.46211 0.45933 
0.43991 0.43715 0.43440 0.43164 
0.41246 0.40974 0.40701 0.40429 


0.38532 0.38262 0.37993 0.37723 
0.35846 0.35579 0.35312 0.35045 
0.33185 0.32921 0:32656 0.32392 
0.30548 0.30286 0.30023 0.29761 
0.27932 0.27671 0.27411 0.27151 


0.25335 0.25076 0.24817 0.24559 
0.22754 0.22497 0.22240 0.21983 
0.20189 0.19934 0.19678 0.19422 
0.17637 0.17383 0.17128 0.16874 
0.15097 0.14843 0.14590 0.14337 


0.12566 0.12314 0.12061 0.11809 
0.10043 0.09791 0.09540 0.09288 
0.07527 0.07276 0.07024 0.06773 
0.05015 0.04764 0.04513 0.04263 
0.02507 0.02256 0.02005 0.01755 
0.010 0.009 0.008 0.007 
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0.004 


2.65207 
2.19729 
1.97737 
1.82501 
1.70604 


1.60725 
1.52204 
1.44663 
1.37866 
1.31652 


1.25908 
1.20553 
1.15522 
1.10768 
1.06252 


1.01943 
0.97815 
0.93848 
0.90023 
0.86325 


0.82742 
0.79262 
0.75875 
0.72574 
0.69349 


0.66196 
0.63106 
0.60076 
0.57100 
0.54174 


0.51293 
0.48454 
0.45654 
0.42889 
0.40157 


0.37454 
0.34779 
0.32128 
0.29499 
0.26891 


0.24301 
0.21727 
0.19167 
0.16620 
0.14084 


0.11556 
0.09036 
0.06522 
0.04012 
0.01504 
0.006 


0.005 


2.57583 
2.17009 
1.95996 
1.81191 
1.69540 


1.59819 
1.51410 
1.43953 
1.37220 
1.31058 


1.25357 
1.20036 
1.15035 
1.10306 
1.05812 


1.01522 
0.97411 
0.93458 
0.89647 
0.85962 


0.82390 
0.78919 
0.75542 
0.72248 
0.69031 


0.65884 
0.62801 
0.59776 
0.56805 
0.53884 


0.51007 
0.48173 
0.45376 
0.42615 
0.39886 


0.37186 
0.34513 
0.31864 
0.29237 
0.26631 


0.24043 
0.21470 
0.18912 
0.16366 
0.13830 


0.11304 
0.08784 
0.06271 
0.03761 
0.01253 
0.005 


0.006 


2.51214 
2.14441 
1.94313 
1.79912 
1.68494 


1.58927 
1.50626 
1.43250 
1.36581 
1.30469 


1.24808 
1.19522 
1.14551 
1.09847 
1.05374 


1.01103 
0.97009 
0.93072 
0.89273 
0.85600 


0.82038 
0.78577 
0.75208 
0.71923 
0.68713 


0.65573 
0.62496 
0.59477 
0.56511 
0.53594 


0.50722 
0.47891 
0.45099 
0.42340 
0.39614 


0.36917 
0.34247 
0.31600 
0.28976 
0.26371 


0.23785 
0.21214 
0.18657 
0.16112 
0.13577 


0.11052 
0.08533 
0.06020 
0.03510 
0.01003 
0.004 


0.007 


2.45726 
2.12007 
1.92684 
1.78661 
1.67466 


1.58047 
1.49851 
1.42554 
1.35946 
1.29884 


1.24264 
1.19012 
1.14069 
1.09390 
1.04939 


1.00686 
0.96609 
0.92686 
0.88901 
0.85239 


0.81687 
0.78237 
0.74876 
0.71599 
0.68396 


0.65262 
0.62191 
0.59178 
0.56217 
0.53305 


0.50437 
0.47610 
0.44821 
0.42066 
0.39343 


0.36649 
0.33981 
0.31337 
0.28715 
0.26112 


0.23527 
0.20957 
0.18402 
0.15858 
0.13324 


0.10799 
0.08281 
0.05768 
0.03259 
0.00752 
0.003 


0.008 


2.40892 
2.09693 
1.91104 
1.77438 
1.66456 


1.57179 
1.49085 
1.41865 
1.35317 
1.29303 


1.23723 
1.18504 
1.13590 
1.08935 
1.04505 


1.00271 
0.96210 
0.92301 
0.88529 
0.84879 


0.81338 
0.77897 
0.74545 
0.71275 
0.68080 


0.64952 
0.61887 
0.58879 
0.55924 
0.53016 


0.50153 
0.47330 
0.44544 
0.41793 
0.39073 


0.36381 
0.33716 
0.31074 
0.28454 
0.25853 


0.23269 
0.20701 
0.18147 
0.15604 
0.13072 


0.10547 
0.08030 
0.05517 
0.03008 
0.00501 
0.002 


0.009 


2.36562 
2.07485 
1.89570 
1.76241 
1.65463 


1.56322 
1.48328 
1.41183 
1.34694 
1.28727 


1.23186 
1.18000 
1.13113 
1.08482 
1.04073 


0.99858 
0.95812 
0.91918 
0.88159 
0.84520 


0.80990 
0.77557 
0.74214 
0.70952 
0.67764 


0.64643 
0.61584 
0.58581 
0.55631 
0.52728 


0.49869 
0.47050 
0.44268 
0.41519 
0.38802 


0.36113 
0.33450 
0.30811 
0.28193 
0.25594 


0.23012 
0.20445 
0.17892 
0.15351 
0.12819 


0.10295 
0.07778 
0.05266 
0.02758 
0.00251 
0.001 


NORMAL PROBABILITY FUNCTION—VALUES OF x IN TERMS OF P(x) AND Q(x) 


0.010 


2.32635 
2.05375 
1.88079 
1.75069 
1.64485 


1.55477 
1.47579 
1.40507 
1.34076 
1.28155 


1.22653 
1.17499 
1.12639 
1.08032 
1.03643 


0.99446 
0.95416 
0.91537 
0.87790 
0.84162 


0.80642 
0.77219 
0.73885 
0.70630 
0.67449 


0.64335 
0.61281 
0.58284 
0.55338 
0.52440 


0.49585 
0.46770 
0.43991 
0.41246 
0.38532 


0.35846 
0.33185 
0.30548 
0.27932 
0.25335 


0.22754 
0.20189 
0.17637 
0.15097 
0.12566 


0.10043 
0.07527 
0.05015 
0.02507 
0.00000 
0.000 


For Q(zx)>0.007, linear interpolation yields an error of one unit in the third decimal place; five-point 
interpolation is necessary to obtain full accuracy. 


Compiled from T. L. Kelley, The Kelley Statistical Tables. 


1948 (with permission). 


P(x)=1-Q(a)=f* , Z@dt 


Harvard Univ. Press, Cambridge, Mass., 
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NORMAL PROBABILITY FUNCTION—VALUES OF x FOR EXTREME VALUES OF P(x) AND Q(x) 


V(r) 0.0000 
0,000 co 
0.001 3.09023 
0.002 2.87816 
0,003 2.74778 
0.004 2.65207 


0.005 2.57583 
0.006 2.51214 
0.007 2.45726 
9.008 2.40891 
0.009 2.36562 


0.010 2.32635 
0.011 2.29037 
0.012 2.25713 
9,013 2.22621 
0.014 2.19729 


0.015 2.17009 
0.016 2.14441 
0.017 2.12007 
9.018 2.09693 
0.019 2.07485 


0.020 2.05375 
9.021 2.03352 
0.022 2.01409 
9,023 1.99539 
0.024 1.97737 

0.0010 


0.0001 


3.71902 
3.06181 
2.86274 
2.73701 
2.64372 


2.56897 
2.50631 
2.45216 
2.40437 
2.36152 


2.32261 
2.28693 
2.25394 
2.22323 
2.19449 


2.16746 
2.14192 
2.11771 
2.09467 
2.07270 


2.05169 
2.03154 
2.01219 
1.99356 
1.97560 

0.0009 


PROBABILITY FUNCTIONS 


0.0002 0.0008 


3.54008 3.43161 
3.03567 3.01145 
2.84796 2,83379 
2.72655 2.71638 
2.63555 2.62756 


2.56224 2.55562 
2.50055 2.49483 
2.44713 2.44215 
2.39989 2.39545 
2.35747 2.35345 


2.31891 2.31524 
2.28352 2.28013 
2.25077 2.24763 
2.22028 2.21734 
2.19172 2.18896 


2.16484 2.16224 
2.13944 2,13698 
2.11535 2.11301 
2.09243 2.09020 
2.07056 2,06843 


2.04964 2.04759 
2.02957 2.02761 
2.01029 2.00841 
1.99174 1.98992 
1.97384 1,97208 
0.0008 0.0007 


0.0004 


3.35279 
2.98888 
2.82016 
2.70648 
2.61973 


2.54910 
2.48929 
2.43724 
2.39106 
2.34947 


2.31160 
2.27677 
2.24450 
2.21442 
2.18621 


2.15965 
2.13452 
2.11068 
2.08798 
2.06630 


2.04556 
2.02566 
2.00653 
1.98811 
1.97033 

0.0006 


0.0005 


3.29053 
2.96774 
2.80703 
2.69684 
2.61205 


2.54270 
2.48377 
2.43238 
2.38671 
2.34553 


2.30798 
2.27343 
2.24140 
2.21152 
2.18349 


2.15707 
2.13208 
2.10836 
2.08576 
2.06419 


2.04353 
2.02371 
2.00465 
1.98630 
1.96859 
0.0005 


0.0006 


3.23888 
2.94784 
2.79438 
2.68745 
2.60453 


2.53640 
2.47833 
2.42758 
2.38240 
2.34162 


2.30440 
2.27013 
2.23832 
2.20864 
2.18078 


2.15451 
2.12966 
2.10605 
2.08356 
2.06208 


2.04151 
2.02177 
2.00279 
1.98450 
1.96685 
0.0004 


0.0007 


3.19465 
2.92905 
2.78215 
2.67829 
2.59715 


2.53019 
2.47296 
2.42283 
2.37814 
2.33775 


2.30085 
2.26684 
2.23526 
2.20577 
2.17808 


2.15197 
2.12724 
2.10375 
2.08137 
2.05998 


2.03950 
2.01984 
2.00093 
1.98271 
1.96512 
0.0003 


0.0008 


3.15591 
2.91124 
2.77033 
2.66934 
2.58991 


2.52408 
2.46765 
2.41814 
2.37392 
2.33392 


2.29733 
2.26358 
2.23223 
2.20293 
2.17540 


2.14943 
2.12484 
2.10147 
2.07919 
2.05790 


2.03750 
2.01792 
1.99908 
1.98092 
1.96340 

0.0002 


0.0009 


3.12139 
2.89430 
2.75888 
2.66061 
2.58281 


2.51807 
2.46243 
2.41350 
2.36975 
2.33012 


2.29383 
2.26034 
2.22921 
2.20010 
2.17274 


2.14692 
2.12245 
2.09919 
2.07702 
2.05582 


2.03551 
2.01600 
1.99723 
1.97914 
1.96168 
0.0001 


Table 26.6 


0.0010 


3.09023 
2.87816 
2.74778 
2.65207 
2.57583 


2.51214 
2.45726 
2.40891 
2.36562 
2.32635 


2.29037 
2.25713 
2.22621 
2.19729 
2.17009 


2.14441 
2.12007 
2.09693 
2.07485 
2.05375 


2.03352 
2.01409 
1.99539 
1.97737 
1.95996 

0.0000 


For Q(+)>0.0007, linear interpolation yields an error of one unit in the third decimal place; five-point 


interpolation is necessary to obtain full accuracy. 


Q(x) 
(-4)1.0 


(-5)1,.0 
(-6)1.0 
(-7)1.0 
(-8)1.0 


Compiled from T. L. Kelley, The Kelley Statistical Tables. 


Pr 
3. 71902 
4, 26489 
4, 75342 
5. 19934 
5.61200 


200) 
(- 9)1.0 


(-10)1.0 
(-11)1.0 
(-12)1, 0 
(-13)1.0 


r 
5.99781 
6. 36134 
6. 70602 
7.03448 
7, 34880 


P(x) =1-Q(n) =f", Z (Hat 


1948 (with permission) for Q(.)>(-9)1. 


(a) 


(-14)1.0 
(-15)1.0 
(-16)1.0 
(-17)1.0 
(-18)1. 0 


; 
7, 65063 
7.94135 
8, 22208 
8. 49379 
8.75729 


ATED) 


(-19)1.0 
(-20) 1.0 
(-21)1.0 
(-22)1.0 
(-23)1.0 


- 
9. 01327 
9, 26234 
9. 50502 
9. 74179 
9.97305 


Harvard Univ. Press, Cambridge, Mass., 


0.999 
0.998 
0.997 
0.996 
0.995 


0.994 
0.993 
0.992 
0.991 
0.990 


0.989 
0.988 
0,987 
0.986 
0.985 


0.984 
0.983 
0,982 
0.981 
0.980 


0.979 
0.978 
0.977 
0.976 
0.975 

PW) 


977 


978 


PROBABILITY FUNCTIONS 


Table 26.7 PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


SPWNe < 


oO MPWrr < 


0 OO WPWNMe 


16 


Q¢h)=1-P6%)) =| 2r( 


x2=0.001 
m=(0.0005 


0.97477 
0.99950 
0.99999 


x2=0,01 

m=0.005 
0. 92034 
0.99501 
0.99973 
0.99999 


x2=0.1 
m=0.05 
0. 75183 
0.95123 
0. 99184 
0.99879 
0.99984 


0.99998 


=1.1 
m=0.55 


0. 29427 
0.57695 
0.77707 
0. 89427 
0.95410 


0.98154 
0.99305 
0.99753 
0.99917 
0.99973 


0. 99992 
0.99998 
0.99999 


0.002 

0.0010 
0. 96433 
0.99900 
0.99998 


0.02 


0.010 
0. 88754 
0.99005 
0.99925 
0.99995 


0.2 
0.10 
0. 65472 
0. 90484 
0.97759 
0, 99532 
0.99911 


0.99985 
0.99997 


1.2 
0.60 


0.27332 
0. 54881 
0.75300 
0, 87810 
0. 94488 


0.97689 
0.99093 
0.99664 
0.99882 
0.99961 


0.99987 
0.99996 
0. 99999 


v 


2 


0.003 


0.0015 
0. 95632 
0.99850 
0. 99996 


0.08 


0.015 
0, 86249 
0.98511 
0. 99863 
0.99989 
0.99999 


0.3 
0.15 
0. 58388 
0.86071 
0. 96003 
0. 98981 
0.99764 


0.99950 
0.99990 
0.99998 


1.3 
0.65 
0, 25421 
0.52205 
0.72913 
0. 86138 
0, 93493 


0.97166 
0. 98844 
0.99555 
0. 99838 
0.99944 


0. 99981 
0. 99994 
0. 99998 
0. 99999 


0.004 


0.0020 
0.94957 
0.99800 
0. 99993 


0.04 


0.020 
0. 84148 
0. 98020 
0. 99790 
0. 99980 
0.99998 


0.4 
0.20 
0.52709 
0. 81873 
0. 94024 
0.98248 
0. 99533 


0.99885 
0.99974 
0.99994 
0.99999 


1.4 
0.70 


0, 23672 
0.49659 
0. 70553 
0, 84420 
0.92431 


0. 96586 
0.98557 
0.99425 
0.99782 
0.99921 


0.99973 
0. 99991 
0.99997 
0. 99999 


0.005 

0.0025 
0, 94363 
0.99750 
0.99991 


0.05 


0.025 
0. 82306 
0.97531 
0.99707 
0.99969 
0.99997 


0.5 
0.25 
0. 47950 
0. 77880 
0. 91889 
0.97350 
0.99212 


0.99784 
0.99945 
0.99987 
0.99997 
0, 99999 


1.5 
0.75 
0. 22067 
0. 47237 
0. 68227 
0. 82664 
0.91307 


0.95949 
0. 98231 
0.99271 
0.99715 
0. 99894 


0.99962 
0.99987 
0.99996 
0. 99999 


0.006 


0.0030 
0. 93826 
0. 99700 
0.99988 


0.06 
0.030 


0. 80650. 


0.97045 
0.99616 
0.99956 
0.99995 


0.6 
0.30 
0.43858 
0. 74082 
0. 89643 
0. 96306 
0. 98800 


0.99640 
0.99899 
0.99973 
0.99993 
0. 99998 


1.6 
0.80 
0.20590 
0. 44933 
0. 65939 
0. 80879 
0.90125 


0.95258 
0.97864 
0.99092 
0.99633 
0.99859 


0.99948 
0.99982 
0.99994 
0.99998 
0.99999 


0.007 


0.0035 
0. 93332 
0.99651 
0. 99984 
0. 99999 


0.07 


0.085 
0.79134 
0.96561 
0.99518 
0.99940 
0.99993 


0.99999 


0.7 
0.35 
0.40278 
0. 70469 
0. 87320 
0. 95133 
0.98297 


0.99449 
0.99834 
0.99953 
0.99987 
0.99997 


0.99999 


1.7 
0.85 
0.19229 
0. 42741 
0. 63693 
0. 79072 
0. 88890 


0.94512 
0.97457 
0. 98887 
0. 99537 
0.99817 


0.99930 
0.99975 
0.99991 
0.99997 
0.99999 


0.008 


0.0040 
0. 92873 
0.99601 
0.99981 
0.99999 


0.08 


0.040 
0. 77730 
0.96079 
0.99412 
0.99922 
0.99991 


0. 99999 


0.8 

0.40 
0.37109 
0.67032 
0.84947 
0.93845 
0.97703 


0.99207 
0.99744 
0.99922 
0.99978 
0.99994 


0.99998 


1.8 
0.90 
0.17971 
0. 40657 
0. 61493 
0. 77248 
0.87607 


0.93714 
0.97008 
0.98654 
0.99425 
0.99766 


0.99908 
0. 99966 
0.99988 
0.99996 
0. 99999 


0.009 


0.0045 
0.92442 
0.99551 
0.99977 
0. 99999 


0.09 


0.045 
0. 76418 
0. 95600 
0.99301 
0.99902 
0.99987 


0.99999 


0.9 
0.45 
0.34278 
0. 63763 
0. 82543 
0.92456 
0.97022 


0.98912 
0.99628 
0.99880 
0.99964 
0.99989 


0.99997 
0.99999 


“0. 86280 


0. 92866 
0.96517 
0. 98393 
0.99295 
0.99705 


0. 99882 
0.99954 
0. 99983 
0. 99994 
0. 99998 


0.99999 


0.010 

0.0050 
0. 92034 
0. 99501 
0.99973 
0.99999 


0.10 


0.050 
0. 75183 
0.95123 
0.99184 
0.99879 
0.99984 


0.99998 


1.0 
0.50 
0. 31731 
0. 60653 
0.80125 
0.90980 
0.96257 


0. 98561 
0.99483 
0.99825 
0.99944 
0.99983 


0.99995 
0.99999 
2.0 
1.00 
0.15730 
0. 36788 
0.57241 
0.73576 
0.84915 


0.91970 
0.95984 
0.98101 
0.99147 
0. 99634 


0.99850 
0.99941 
0.99977 
0.99992 
0.99997 


0.99999 


Biigag aie ead -lpo -t%-1. c-1 
foe 2? dt=lr (5 f e 0 dt=>X e-™mi/jl(v even, c=, m=?) 
x2 2 dx2 j=0 


Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, vol. I. 
Cambridge Univ. Press, Cambridge, England, 1954 (with permission). 


PROBABILITY FUNCTIONS 


PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


x2=2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 

m=1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 

0.13801 0.12134 0,10686 0.09426 0.08327 0.07364 0.06520 0.05778 0.05125 0.04550 
0.33287 0.30119 0.27253 0.24660 0.22313 0.20190 0.18268 0.16530 0.14957 0.13534 
0.53195 0.49363 0.45749 0.42350 0.39163 0.36181 0.33397 0.30802 0.28389 0.26146 
0.69903 0.66263 0.62682 0.59183 0.55783 0.52493 0.49325 0.46284 0.43375 0.40601 
0.82084 0.79147 0.76137 0.73079 0.69999 0.66918 0.63857 0.60831 0.57856 0.54942 


0.90042 0.87949 0.85711 0.83350 0.80885 0.78336 0.75722 0.73062 0.70372 0.67668 
0.94795 0.93444 0.91938 0.90287 0.88500 0.86590 0.84570 0.82452 0.80250 0.77978 
0.97426 0.96623 0.95691 0.94628 0.93436 0.92119 0,90681 0.89129 0.87470 0.85712 
0.98790 0.98345 0.97807 0.97170 0.96430 0.95583 0.94631 0.93572 0.92408 0.91141 
10 0.99457 0.99225 0.98934 0.98575 0.98142 0.97632 0.97039 0.96359 0.95592 0.94735 


11 0.99766 0.99652 0.99503 0.99311 0.99073 0.98781 0.98431 0.98019 0.97541 0.96992 
12 0.99903 0.99850 0.99777 0.99680 0.99554 0.99396 0.99200 0.98962 0.98678 0.98344 
13 0.99961 0.99938 0.99903 0.99856 0.99793 0.99711 0.99606 0.99475 0,99314 0.99119 
14 0.99985 0.99975 0,99960 0.99938 0.99907 0.99866 0.99813 0.99743 0.99655 0.99547 
15 0.99994 0.99990 0.99984 0.99974 0.99960 0.99940 0.99913 0.99878 0.99832 0.99774 


16 0.99998 0.99996 0.99994 0,99989 0.99983 0.99974 0.99961 0.99944 0.99921 0,99890 
l7 0.99999 0.99999 0.99998 0.99996 0.99993 0.99989 0.99983 0.99975 0.99964 0.99948 


Nekeck S gey UW PWNMrF 


18 0.99999 0.99998 0.99997 0.99995 0.99993 0.99989 0,99984 0.99976 
19 0.99999 0.99999 0.99998 0.99997 0.99995 0.99993 0.99989 
20 0.99999 0.99999 0.99998 0.99997 0.99995 
21 0.99999 0.99999 0.99998 
22 0.99999 
=4.2 4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8 6.0 
y m= 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 
1 0.04042 0.03594 0.03197 0.02846 0.02535 0.02259 0.02014 0.01796 0.01603 0.01431 
2 0.12246 0.11080 0.10026 0,09072 0.08209 0.07427 0.06721 0.06081 0.05502 0.04979 
3 0.24066 0.22139 0.20354 0.18704 0.17180 0.15772 0.14474 0.13278 0.12176 0.11161 
4 0.37962 0.35457 0.33085 0.30844 0.28730 0.26739 0.24866 0.23108 0.21459 0.19915 
5 0.52099 0.49337 0.46662 0.44077 0.41588 0.39196 0.36904 0.34711 0.32617 0.30622 
6 0.64963 0.62271 0.59604 0.56971 0.54381 0.51843 0.49363 0.46945 0.44596 0.42319 
7 0.75647 0.73272 0.70864 0.68435 0.65996 0.63557 0.61127 0.58715 0.56329 0.53975 
8 0.83864 0.81935 0.79935 0.77872 0.75758 0.73600 0.71409 0.69194 0.66962 0.64723 
9 0.89776 0.88317 0.86769 0.85138 0.83431 0.81654 0.79814 0.77919 0.75976 0.73992 
10 0.93787 0.92750 0.91625 0.90413 0.89118 0.87742 0.86291 0.84768 0.83178 0.81526 
11 0.96370 0.95672 0.94898 0.94046 0,93117 0.92109 0.91026 0.89868 0.88637 0.87337 
12 0.97955 0.97509 0.97002 0.96433 0.95798 0.95096 0.94327 0.93489 0.92583 0.91608 
13 0.98887 0.98614 0.98298 0.97934 0.97519 0.97052 0.96530 0.95951 0.95313 0.94615 
14 0.99414 0.99254 0.99064 0.98841 0.98581 0.98283 0.97943 0.97559 0.97128 0.96649 
15 0.99701 0.99610 0.99501 0.99369 0.99213 0.99029 0.98816 0.98571 0.98291 0.97975 
16 0.99851 0.99802 0.99741 0.99666 0.99575 0.99467 0.99338 0.99187 0.99012 0.98810 


17 0.99928 0.99902 0.99869 0.99828 0.99777 0.99715 0.99639 0.99550 0.99443 0.99319 
18 0.99966 0.99953 0.99936 0.99914 0.99886 0.99851 0.99809 0.99757 0.99694 0,99620 
19 0.99985 0.99978 0.99969 0.99958 0.99943 0.99924 0.99901 0.99872 0.99836 0.99793 
20 0.99993 0.99990 0.99986 0.99980 0.99972 0.99962 0.99950 0.99934 0.99914 0.99890 


21 0.99997 0.99995 0.99993 0.99991 0.99987 0.99982 0.99975 0.99967 0.99956 0.99943 
22 0.99999 0.99998 0.99997 0.99996 0.99994 0.99991 0.99988 0.99984 0.99978 0.99971 
23 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996 0.99994 0.99992 0.99989 0.99986 
24 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996 0.99995 0.99993 
25 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997 
26 gag (x2—x)) — w=r-no>0 0.99999 0.99999 0.99998 
27 ; 0.99999 0.99999 


Interpolation on x2 


9) [1-045 2" 


2(2))=0 (x8 ro-2) [2-00 (4 


Double Entry Interpolation 
Q(2)r)=@ (xolo-4) [20° }+2 (x5 
+Q (x5}%0)[1-0?-6+5 e419 |+Q Gg 


ro 4) [3 0? }+2 (% 


%9-2) [ o—?—we |+Q (x “y-1) [3 we} wtwe | 
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PROBABILITY FUNCTIONS 


Table 26.7 PROBABILITY INTEGRAL OF X2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 


OOWD MPWrHHY 


WON UPWNHY 


10 


x2 =6.2 


m=3.1 
0. 01278 
0. 04505 
0.10228 
0.18470 
0. 28724 


0. 40116 
0.51660 
0. 62484 
0.71975 
0. 79819 


0, 85969 
0. 90567 
0. 93857 
0. 96120 
0.97619 


0. 98579 
0.99174 
0. 99532 
0. 99741 
0. 99860 


0. 99926 
0. 99962 
0.99981 
0. 99990 
0.99995 


0. 99998 
0. 99999 


x2=8.2 


m=4.1 
0. 00419 
0. 01657 
0. 04205 
0. 08452 
0.14555 


0, 22381 
0. 31529 
0. 41418 
0. 51412 
0, 60931 


0. 69528 
0. 76931 
0. 83033 
0. 87865 
0.91551 


0. 94269 
0, 96208 
0.97551 
0. 98454 
0. 99046 


0, 99424 
0. 99659 
0. 99802 
0. 99888 
0. 99937 


0. 99966 
0.99981 
0. 99990 
0, 99995 
0. 99997 


QG2))=1-P (25) =| 


6.4 


3.2 
0.01141 
0. 04076 
0. 09369 
0.17120 
0. 26922 


0. 37990 
0. 49390 


0. 60252 


0. 69931 
0, 78061 


0. 84539 
0. 89459 
0. 93038 
0. 95538 
0.97222 


0, 98317 
0, 99007 
0. 99429 
0, 99679 
0. 99824 


0. 99905 
0. 99950 
0. 99974 
0.99987 
0.99994 


0. 99997 
0. 99999 
0. 99999 


8.4 


4.2 


0. 00375 
0, 01500 
0. 03843 
0, 07798 
0, 13553 


0, 21024 
0. 29865 
0, 39540 
0. 49439 
0. 58983 


0. 67709 
0, 75314 
0. 81660 
0. 86746 
0. 90675 


0. 93606 
0.95723 
0. 97207 
0.98217 
0. 98887 


0, 99320 
0. 99593 
0.99761 
0.99863 
0. 99922 


0. 99957 
0.99977 
0. 99987 
0. 99993 
0. 99997 


v 


2? rb 


CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


6.6 


3.3 
0, 01020 
0, 03688 
0, 08580 
0.15860 
0, 25213 


0. 35943 
0, 47168 
0. 58034 
0. 67869 
0. 76259 


0, 83049 
0, 88288 
0.92157 
0. 94903 
0. 96782 


0. 98022 
0. 98816 
0. 99309 
0. 99606 
0, 99781 


0.99880 
0. 99936 
0. 99967 
0. 99983 
0, 99991 


0. 99996 
0.99998 
0. 99999 


8.6 


4.3 
0. 00336 
0, 01357 
0, 03511 
0.07191 
0.12612 


0, 19736 
0, 28266 
0.37715 
0. 47499 
0.57044 


0. 65876 
0. 73666 
0, 80244 
0, 85579 
0. 89749 


0. 92897 
0. 95198 
0. 96830 
0.97955 
0. 98709 


0. 99203 
0. 99518 
0. 99714 
0. 99833 
0.99905 


0.99947 
0.99971 
0. 99984 
0, 99991 
0. 99996 


v\F1 p@ 5 3-1 
(3)| f 0 22 t= 


x2 


6.8 


3.4 
0. 00912 
0. 03337 
0.07855 
0.14684 
0. 23595 


0. 33974 
0. 45000 
0. 55836 
0. 65793 
0. 74418 


0. 81504 
0.87054 
0. 91216 
0. 94215 
0, 96296 


0. 97693 
0.98599 
0.99171 
0. 99521 
0.99729 


0. 99850 
0.99919 
0.99957 
0.99978 
0. 99989 


0. 99994 
0. 99997 
0. 99999 
0. 99999 


8.8 


4.4 
0. 00301 
0, 01228 
0, 03207 
0. 06630 
0.11731 


0.18514 
0. 26734 
0. 35945 
0. 45594 
0.55118 


0. 64035 
0, 71991 
0. 78788 
0, 84365 
0, 88774 


0.92142 
0. 94633 
0. 96420 
0. 97666 
0.98511 


0. 99070 
0.99431 
0. 99659 
0. 99799 
0. 99884 


0. 99934 
0. 99963 
0. 99980 
0. 99989 
0. 99994 


7.0 


3.5 
0. 00815 
0, 03020 
0. 07190 
0, 13589 
0. 22064 


0.32085 
0. 42888 
0. 53663 
0, 63712 
0. 72544 


0. 79908 
0.85761 
0.90215 
0, 93471 
0.95765 


0.97326 
0. 98355 
0. 99013 
0.99421 
0. 99669 


0.99814 
0, 99898 
0.99945 
0.99971 
0.99985 


0. 99992 
0, 99996 
0.99998 
0.99999 


9.0 


4.5 
0. 00270 
0.01111 
0. 02929 
0. 06110 
0. 10906 


0.17358 
0. 25266 
0. 34230 
0, 43727 
0, 53210 


0. 62189 
0. 70293 
0. 77294 
0, 83105 
0. 87752 


0.91341 
0. 94026 
0.95974 
0, 97348 
0. 98291 


0. 98921 
0. 99333 
0.99596 
0, 99760 
0, 99860 


0. 99919 
0.99955 
0.99975 
0. 99986 
0. 99993 


7.2 


3.6 
0.00729 
0. 02732 
0.06579 
0.12569 
0. 20619 


0. 30275 
0. 40836 
0.51522 
0, 61631 
0. 70644 


0. 78266 
0. 84412 
0. 89155 
0, 92673 
0. 95186 


0. 96921 
0. 98081 
0. 98833 
0. 99307 
0. 99598 


0.99771 
0. 99873 
0.99931 
0.99963 
0.99981 


0. 99990 
0.99995 
0. 99998 
0.99999 
0.99999 


9.2 


4.6 
0.00242 
0, 01005 
0. 02675 
0. 05629 
0. 10135 


0, 16264 
0, 23861 
0.32571 
0. 41902 
0. 51323 


0. 60344 
0. 68576 
0. 75768 
0. 81803 
0, 86683 


0. 90495 
0, 93378 
0. 95493 
0, 97001 
0. 98047 


0.98755 
0, 99222 
0.99524 
0.99714 
0. 99831 


0. 99902 
0. 99944 
0. 99969 
0. 99983 
0. 99991 


7.4 


3.7 
0. 00652 
0, 02472 
0. 06018 
0.11620 
0.19255 


0, 28543 
0. 38845 
0.49415 
0.59555 
0. 68722 


0. 76583 
0. 83009 
0. 88038 
0.91819 
0. 94559 


0. 96476 
0.97775 
0. 98630 
0.99176 
0.99515 


0.99721 
0. 99843 
0.99913 
0. 99953 
0.99975 


0. 99987 
0. 99993 
0.99997 
0.99998 
0. 99999 


9.4 


47 
0. 00217 
0. 00910 
0. 02442 
0. 05184 
0. 09413 


0, 15230 
0, 22520 
0. 30968 
0. 40120 
0. 49461 


0. 58502 
0. 66844 
0. 74211 
0. 80461 
0. 85569 


0. 89603 
0. 92687 


0. 94974 


0. 96623 
0.97779 


0. 98570 
0. 99098 
0. 99442 
0. 99661 
0. 99798 


0. 99882 
0. 99932 
0. 99962 
0.99979 
0. 99988 


7.6 


3.8 
0.00584 
0. 02237 
0.05504 
0.10738 
0.17970 


0, 26890 
0. 36918 
0. 47349 
0.57490 
0. 66784 


0. 74862 
0. 81556 
0. 86865 
0. 90911 
0. 93882 


0. 95989 
0.97437 
0.98402 
0. 99026 
0.99420 


0.99662 
0. 99807 
0.99892 
0.99941 
0. 99968 


0. 99983 
0.99991 
0. 99996 
0.99998 
0. 99999 


9.6 


4.8 
0. 00195 
0. 00823 
0, 02229 
0, 04773 
0. 08740 


0.14254 
0. 21240 
0. 29423 
0. 38383 
0.47626 


0. 56669 
0. 65101 
0. 72627 
0. 79081 
0. 84412 


0. 88667 
0.91954 
0. 94418 
0. 96213 
0. 97486 


0. 98365 
0. 98958 
0. 99349 
0.99601 
0.99760 


0. 99858 
0. 99917 
0. 99953 
0. 99973 
0. 99985 


7.8 


3.9 
0. 00522 
0. 02024 
0, 05033 
0. 09919 
0.16761 


0.25313 
0. 35056 
0. 45325 
0. 55442 
0. 64837 


0.73110 
0. 80056 
0. 85638 
0.89948 
0. 93155 


0.95460 
0.97064 
0.98147 
0. 98857 
0.99311 


0.99594 
0.99765 
0. 99867 
0. 99926 
0. 99960 


0. 99978 
0. 99989 
0.99994 
0.99997 
0. 99999 


9.8 


49 
0. 00175 
0. 00745 
0. 02034 
0. 04394 
0. 08110 


0. 13333 
0. 20019 
0. 27935 
0. 36692 
0, 45821 


0. 54846 
0. 63350 
0. 71020 
0. 77666 
0, 83213 


0. 87686 
0.91179 
0. 93824 
0.95771 
0.97166 


0. 98139 
0. 98803 
0.99245 
0.99532 
0.99716 


0. 99830 
0. 99900 
0.99942 
0.99967 
0. 99982 


8.0 


4.0 
0. 00468 
0. 01832 
0. 04601 
0.09158 
0. 15624 


0. 23810 
0. 33259 
0. 43347 
0.53415 
0. 62884 


0. 71330 
0. 78513 
0. 84360 
0. 88933 
0. 92378 


0.94887 
0. 96655 
0.97864 
0. 98667 
0. 99187 


0.99514 
0.99716 
0. 99837 
0. 99908 
0.99949 


0.99973 
0. 99985 
0.99992 
0. 99996 
0. 99998 


10.0 


5.0 
0.00157 
0. 00674 
0. 01857 
0. 04043 
0.07524 


0. 12465 
0. 18857 
0. 26503 
0. 35049 
0. 44049 


0. 53039 
0. 61596 
0. 69393 
0. 76218 
0. 81974 


0, 86663 
0. 90361 
0. 93191 
0. 95295 
0. 96817 


0.97891 
0. 98630 
0.99128 
0.99455 
0. 99665 


0.99798 
0. 99880 
0. 99930 
0. 99960 
0.99977 


v 
~! on er | At 
[r (3) rat P dt= > e—mmi/jl(veven, c=By, m= }x2) 
3% j=0 
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Table 26.7 
PROBABILITY INTEGRAL OF x?-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 


CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


7-10.5 
v m= 5,25 


0.00119 
0, 00525 
0. 01476 
0, 03280 
0. 06225 


0.10511 
0.16196 
0. 23167 
0, 31154 
0.39777 


1 0. 48605 
12 0, 57218 
13 0, 65263 
14 0, 72479 
15 0. 78717 


16 0, 83925 
17 0. 88135 
18 0, 91436 
19 0, 93952 
20 0.95817 


21 0. 97166 
22 0, 98118 
23 0. 98773 
24 0.99216 
25 0.99507 


26 0. 99696 
27 0.99815 
28 0. 99890 
29 0.99935 
30 0. 99963 


x7=15.5 


m= 7.75 
- 0,00008 
0. 00043 
0.00144 
0. 00377 
0, 00843 


0. 01670 
0, 03010 
0. 05012 
0. 07809 
0.11487 


11 0. 16073 
12 0, 21522 
13 0. 27719 
4 0. 34485 
15 0. 41604 


rR 
ovMvONo MPwhrHY 


ew 
CCMIND UPwWwNre 


16 0. 48837 
17 0. 55951 
18 0. 62740 
19 0. 69033 
20 0.74712 


21 0. 79705 
22 0. 83990 
23 0. 87582 
24 0.90527 
25 0. 92891 


26 0. 94749 
27 0. 96182 
28 0.97266 
29 0, 98071 
30 0. 98659 


11.0 
5.5 


0, 00092 
0. 00409 
0, 01173 
0. 02656 
0.05138 


0, 08838 
0. 13862 
0, 20170 
0, 27571 
0. 35752 


0. 44326 
0. 52892 
0, 61082 
0. 68604 
0, 75259 


0. 80949 
0, 85656 
0, 89436 
0. 92384 
0. 94622 


0. 96279 
0.97475 
0. 98319 
0. 98901 
0.99295 


0.99555 
0. 99724 
0. 99831 
0. 99899 
0, 99940 


16.0 
8.0 


0. 00006 
0. 00034 
0. 00113 
0, 00302 
0, 00684 


0. 01375 
0, 02512 
0. 04238 
0, 06688 
0, 09963 


0.14113 
0.19124 
0, 24913 
0, 31337 
0. 38205 


0, 45296 
0, 52383 
0, 59255 
0. 65728 
0. 71662 


0, 76965 
0. 81589 
0.85527 
0. 88808 
0. 91483 


0, 93620 
0. 95295 
0, 96582 
0, 97554 
0. 98274 


Interpolation on x? 


11.5 


5.75 
0. 00070 
0. 00318 
0.00931 
0. 02148 
0, 04232 


0, 07410 
0,11825 
0.17495 
0. 24299 
0, 31991 


0, 40237 
0. 48662 
0. 56901 
0. 64639 
0.71641 


0. 77762 
0. 82942 
0, 87195 
0. 90587 
0.93221 


0.95214 
0. 96686 
0.97748 
0, 98498 
0.99015 


0. 99366 
0. 99598 
0.99749 
0. 99846 
0. 99907 


16.5 


8.25 
0. 00005 
0. 00026 
0. 00090 
0, 00242 
0. 00555 


0. 01131 
0. 02092 
0, 03576 
0, 05715 
0. 08619 


0.12356 
0. 16939 
0. 22318 
0, 28380 
0. 34962 


,0. 41864 


0, 48871 
0,55770 
0. 62370 
0, 68516 


0. 74093 
0. 79032 
0, 83304 
0. 86919 
0. 89912 


0.92341 
0, 94274 
0.95782 
0. 96939 
0.97810 


12.0 


6.0 
0, 00053 
0. 00248 
0, 00738 
0. 01735 
0. 03479 


0, 06197 
0.10056 
0.15120 
0. 21331 
0, 28506 


0. 36364 
0. 44568 
0. 52764 
0. 60630 
0. 67903 


0, 74398 
0, 80014 
0. 84724 
0, 88562 
0. 91608 


0, 93962 
0, 95738 
0.97047 
0.97991 
0. 98657 


0.99117 
0. 99429 
0. 99637 
0.99773 
0. 99860 


17.0 


8.5 
0, 00004 
0. 00020 
0. 00071 
0, 00193 
0. 00450 


0, 00928 
0, 01740 
0, 03011 
0, 04872 
0. 07436 


0, 10788 
0.14960 
0.19930 
0. 25618 
0, 31886 


0. 38560 
0. 45437 
0.52311 
0. 58987 
0. 65297 


0. 71111 
0. 76336 
0, 80925 
0. 84866 
0. 88179 


0. 90908 
0, 93112 
0. 94859 
0, 96218 
0.97258 


12.5 


6.25 
0, 00041 
0, 00193 
0, 00585 
0, 01400 
0, 02854 


0.05170 
0, 08527 
0.13025 
0. 18657 
0. 25299 


0. 32726 
0. 40640 
0. 48713 
0. 56622 
0. 64086 


0. 70890 
0. 76896 
0, 82038 
0, 86316 
0. 89779 


0. 92513 
0, 94618 
0. 96201 
0. 97367 
0. 98206 


0. 98798 
0. 99208 
0, 99487 
0, 99672 
0. 99794 


17.5 


8.75 
0. 00003 
0. 00016 
0. 00056 
0.00154 
0. 00364 


0. 00761 
0.01444 
0, 02530 
0. 04144 
0, 06401 


0, 09393 
0.13174 
0.17744 
0, 23051 
0. 28986 


0. 35398 
0, 42102 
0, 48902 
0. 55603 
0. 62031 


0. 68039 
0. 73519 
0, 78402 
0. 82657 
0. 86287 


0. 89320 
0. 91806 
0. 93805 
0, 95383 
0, 96608 


1-8) 


062-06 ro-A)LL#]- 06a 2)le-F O68 )[1-#146 
Double Entry Interpolation 


0621)- O64) [35] O06 2)[o-# ws], (8 pL) [$2 Laws 
+068) [1-12 owed 0 (8p) [Jute w vg 


13.0 


6.5 


0, 00031 
0, 00150 
0. 00464 
0. 01128 
0, 02338 


0, 04304 
0, 07211 
0.11185 
0, 16261 
0, 22367 


0, 29333 
0. 36904 
0. 44781 
0.52652 
0, 60230 


0. 67276 
Q, 73619 
0. 79157 
0. 83857 
0. 87738 


0. 90862 
0. 93316 
0.95199 
0. 96612 
0.97650 


0. 98397 
0. 98925 
0. 99290 
0. 99538 
0.99704 


18.0 


9.0 
0. 00002 
0. 00012 
0. 00044 
0, 00123 
0, 00295 


0. 00623 
0, 01197 
0, 02123 
0, 03517 
0. 05496 


0, 08158 
0.11569 
0.15752 
0. 20678 
0. 26267 


0. 32390 
0. 38884 
0. 45565 
0.52244 
0. 58741 


0. 64900 
0. 70599 
0. 75749 
0. 80301 
0. 84239 


0. 87577 
0, 90352 
0.92615 
0, 94427 
0. 95853 


13.5 


6.75 


0, 00024 
0.00117 
0, 00367 
0.00907 
0.01912 


0.03575 
0, 06082 
0.09577 
0. 14126 
0.19704 


0. 26190 
0. 33377 
0. 40997 
0. 48759 
0. 56374 


0, 63591 
0. 70212 
0. 76106 
0, 81202 
0. 85492 


0. 89010 
0.91827 
0. 94030 
0.95715 
0. 96976 


0. 97902 
0. 98567 
0. 99037 
0. 99363 
0.99585 


18.5 


9.25 
0, 00002 
0. 00010 
0. 00035 
0. 00099 
0, 00238 


0, 00510 
0, 00991 
0, 01777 
0, 02980 
0. 04709 


0. 07068 
0.10133 
0.13944 
0.18495 
0.23729 


0.29544 
0. 35797 
0. 42320 
0. 48931 
0.55451 


0. 61718 
0. 67597 
0. 72983 
0.77810 
0. 82044 


0. 85683 
0. 88750 
0.91285 
0. 93344 
0. 94986 


w=v-vg>0 


14.0 
7.0 


0. 00018 
0.00091 
0, 00291 
0. 00730 
0. 01561 


0, 02964 
0, 05118 
0.08177 
0.12233 
0.17299 


0, 23299 
0.30071 
0. 37384 
0. 44971 
0, 52553 


0.59871 
0. 66710 
0. 72909 
0. 78369 
0, 83050 


0. 86960 
0. 90148 
0. 92687 
0. 94665 
0. 96173 


0. 97300 
0, 98125 
0. 98719 
0. 99138 
0. 99428 


19.0 


9.5 
0. 00001 
0. 00008 
0. 00027 
0. 00079 
0. 00192 


0. 00416 
0, 00819 
0. 01486 
0.02519 
0. 04026 


0. 06109 
0. 08853 
0.12310 
0. 16495 
0. 21373 


0. 26866 
0. 32853 
0. 39182 
0. 45684 
0. 52183 


0.58514 
0. 64533 
0, 70122 
0.75199 
0. 79712 


0. 83643 
0. 87000 
0. 89814 
0.92129 
0. 94001 


14.5 


7.25 
0.00014 
0. 00071 
0, 00230 
0. 00586 
0.01273 


0. 02452 
0. 04297 
0. 06963 
0. 10562 
0.15138 


0. 20655 
0. 26992 
0. 33960 
0. 41316 
0. 48800 


0, 56152 
0. 63145 
0, 69596 
0. 75380 
0. 80427 


0. 84718 
0, 88279 
0.91165 
0.93454 
0. 95230 


0. 96581 
0, 97588 
0, 98324 
0. 98854 
0, 99227 


19.5 


9.75 
0. 00001 
0. 00006 
0, 00022 
0, 00063 
0, 00155 


0. 00340 
0, 00676 
0. 01240 
0. 02126 
0, 03435 


0, 05269 
0. 07716 
0. 10840 
0.14671 
0.19196 


0. 24359 
0. 30060 
0. 36166 
0.42521 
0. 48957 


0.55310 
0. 61428 
0.67185 
0. 72483 
0.77254 


0. 81464 
0. 85107 
0. 88200 
0.90779 
0. 92891 


15.0 


7.5 


0. 00011 
0. 00055 
0. 00182 
0.00470 
0. 01036 


0. 02026 
0. 03600 
0.05915 
0.09094 
0.13206 


0.18250 
Q. 24144 
0. 30735 
0.37815 
0, 45142 


0.52464 
0.59548 
0. 66197 
0. 72260 
0.77641 


0. 82295 
0. 86224 
0. 89463 
0. 92076 
0. 94138 


0. 95733 
0. 96943 
0.97844 
0. 98502 
0, 98974 


20.0 


10.0 

0. 00001 
0, 00005 
0. 00017 
0, 00050 
0. 00125 


0. 00277 
0. 00557 
0. 01034 
0. 01791 
0.02925 


0. 04534 
0. 06709 
0, 09521 
0.13014 
0.17193 


0, 22022 
0.27423 
0. 33282 
0. 39458 
0. 45793 


0.52126 
0. 58304 
0, 64191 
0. 69678 
0. 74683 


0. 79156 
0. 83076 
0. 86446 
0. 89293 
0. 91654 


981 


982 
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Table 26.7 PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


ro] 
OoODOanNe WMhwWNMr < 


rom 
~ 


12 


x2 =21 


m = 10.5 
0. 00001 
0. 00003 
0. 00011 
0. 00032 
0. 00081 


0, 00184 
0. 00377 
0.00715 
0. 01265 
0. 02109 


0, 03337 
0. 05038 
0, 07293 
0.10163 
0. 13683 


0.17851 
0. 22629 
0.27941 
0. 33680 
0. 39713 


0. 45894 
0. 52074 
0. 58109 
0. 63873 
0. 69261 


0. 74196 
0. 78629 
0. 82535 
0, 85915 
0. 88789 


z= 3l 


m= 15.5 
0, 00001 
0, 00003 
0. 00006 
0. 00014 
0, 00030 


0. 00059 
0. 00110 
0. 00197 
0. 00337 
0, 00554 


0. 00878 
0, 01346 
0, 01997 
0. 02879 
0. 04037 


0.05519 
0. 07366 
0, 09612 
0.12279 
0.15378 


0.18902 
0. 22827 
0.27114 
0. 31708 
0. 36542 


0.41541 


22 
11.0 


0, 00002 
0. 00007 
0.00020 
0. 00052 


0.00121 
0. 00254 
0. 00492 
0. 00888 
0.01511 


0. 02437 
0. 03752 
0, 05536 
0. 07861 
0, 10780 


0.14319 
0.18472 
0. 23199 
0. 28426 
0. 34051 


0. 39951 
0. 45989 
0.52025 
0.57927 
0, 63574 


0. 68870 
0. 73738 
0. 78129 
0. 82019 
0. 85404 


32 


16.0 
0, 00001 
0. 00002 
0. 00004 
0. 00009 
0. 00020 


0. 00040 
0.00076 
0. 00138 
0. 00240 
0. 00401 


0. 00644 
0. 01000 
0. 01505 
0. 02199 
0, 03125 


0. 04330 
0, 05855 
0, 07740 
0.10014 
0.12699 


0.15801 
0.19312 
0, 23208 
0.27451 
0. 31987 


0, 36753 


23 
11.5 


0. 00001 
0. 00004 
0. 00013 
0. 00034 


0, 00080 
0. 00171 
0. 00336 
0. 00620 
0.01075 


0, 01768 
0. 02773 
0. 04168 
0. 06027 
0. 08414 


0.11374 
0.14925 
0.19059 
0. 23734 
0. 28880 


0. 34398 
0. 40173 
0. 46077 
0.51980 
0, 57756 


0. 63295 
0. 68501 
0. 73304 
0.77654 
0. 81526 


33 
16.5 


0. 00001 
0, 00003 
0. 00006 
0. 00013 


0, 00027 
0. 00053 
0. 00097 
0. 00170 
0. 00288 


0. 00469 
0. 00739 
0, 01127 
0. 01669 
0. 02404 


0. 03374 
0, 04622 
0. 06187 
0. 08107 
0. 10407 


0.13107 
0.16210 
0.19707 
,0, 23574 
0.27774 


0, 32254 


24 
12.0 


0. 00001 
0. 00003 
0. 00008 
0, 00022 


0. 00052 
0.00114 
0. 00229 
0. 00430 
0. 00760 


0. 01273 
0. 02034 
0. 03113 
0, 04582 
0. 06509 


0. 08950 
0.11944 
0.15503 
0.19615 
0. 24239 


0. 29306 
0, 34723 
0. 40381 
0. 46160 
0.51937 


0.57597 
0. 63032 
0. 68154 
0. 72893 
0. 77203 


34 
17.0 


0.00001 
0. 00002 
0. 00004 
0. 00009 


0.00019 
0. 00036 
0. 00068 
0. 00120 
0. 00206 


0. 00341 
0. 00543 
0. 00840 
0. 01260 
0. 01838 


0. 02613 
0. 03624 
0.04912 
0. 06516 
0. 08467 


0.10791 
0.13502 
0.16605 
0. 20087 
0, 23926 


0. 28083 


25 
12.5 


0. 00002 
0.00005 
0. 00014 


0. 00034 
0. 00076 
0, 00155 
0. 00297 
0, 00535 


0, 00912 
0. 01482 
0. 02308 
0. 03457 
0. 04994 


0. 06982 
0.09471 
0.12492 
0.16054 
0. 20143 


0. 24716 
0. 29707 
0. 35029 
0, 40576 
0. 46237 


0. 51898 
0.57446 
0. 62784 
0. 67825 
0. 72503 


35 
17.5 


0. 00001 
0. 00003 
0. 00006 


0.00012 
0.00025 
0. 00047 
0. 00085 
0.00147 


0. 00246 
0. 00397 
0.00622 
0.00945 
0. 01397 


0. 02010 
0. 02824 
0. 03875 
0. 05202 
0. 06840 


0. 08820 
0.11165 
0. 13887 
0. 16987 
0.20454 


0. 24264 


26 
13.0 


0. 00001 
0. 00003 
0. 00009 


0. 00022 
0.00050 
0.00105 
0. 00204 
0. 00374 


0. 00649 
0. 01073 
0. 01700 
0. 02589 
0. 03802 


0. 05403 
0. 07446 
0. 09976 
0.13019 
0.16581 


0. 20645 
0. 25168 
0. 30087 
0. 35317 
0. 40760 


0. 46311 
0. 51860 
0. 57305 
0. 62549 
0. 67513 


36 
18.0 


0, 00001 
0. 00002 
0.00004 


0. 00008 
0.00017 
0. 00032 
0. 00059 
0.00104 


0.00177 
0. 00289 
0.00459 
0. 00706 
0. 01056 


0.01538 
0. 02187 
0. 03037 
0. 04125 
0. 05489 


0. 07160 
0. 09167 
0.11530 
0. 14260 
0.17356 


0, 20808 


27 
13.5 


0. 00001 
0. 00002 
0.00006 


0.00015 
0. 00033 
0. 00071 
0. 00140 
0. 00260 


0. 00460 
0, 00773 
0.01244 
0. 01925 
0. 02874 


0. 04148 
0. 05807 
0. 07900 
0.10465 
0.13526 


0.17085 
0. 21123 
0. 25597 
0. 30445 
0. 35588 


0. 40933 
0. 46379 
0.51825 
0.57171 
0. 62327 


37 
18.5 


0. 00001 
0. 00003 


0. 00006 
0. 00012 
0. 00022 
0. 00041 
0. 00074 


0.00127 
0. 00210 
0. 00337 
0. 00524 
0. 00793 


Q. 01170 
0. 01683 
0. 02366 
0. 03251 
0. 04376 


0. 05774 
0.07475 
0. 09507 
0. 11886 
0.14622 


0.17714 


28 
14.0 


0. 00001 
0.00004 


0.00009 
0. 00022 
0. 00047 
0.00095 
0. 00181 


0. 00324 
0.00553 
0. 00905 
0. 01423 
0. 02157 


0. 03162 
0.04494 
0. 06206 
0. 08343 
0.10940 


0.14015 
0.17568 
0.21578 
0. 26004 
0. 30785 


0. 35846 
0. 41097 
0.46445 
0.51791 
0.57044 


38 
19.0 


0.00001 
0. 00002 


0. 00004 
0.00008 
0.00015 
0. 00029 
0. 00052 


0. 00090 
0.00151 
0. 00246 
0. 00387 
0. 00593 


0. 00886 
0. 01289 
0. 01832 
0. 02547 
0. 03467 


0. 04626 
0. 06056 
0. 07786 
0, 09840 
0.12234 


0.14975 


29 
14.5 


0. 00003 
0, 00002 


0. 00006 
0.00015 
0. 00032 
0. 00065 
0.00125 


0. 00227 
0. 00394 
0.00655 
0.01045 
0. 01609 


0. 02394 
0, 03453 
0. 04838 
0. 06599 
0. 08776 


0.11400 
0. 14486 
0. 18031 
0. 22013 
0. 26392 


0. 31108 
0. 36090 
0. 41253 
0. 46507 
0.51760 


39 
19.5 


0. 00001 


0. 00003 
0, 00005 
0, 00011 
0. 00020 
0. 00036 


0. 00064 
0. 00109 
0.00179 
0. 00285 
0.00442 


0. 00667 
0. 00981 
0.01411 
0. 01984 
0.02731 


0. 03684 
0.04875 
0, 06336 
0. 08092 
0.10166 


0.12573 


30 
15.0 


0. 00001 
0. 00002 


0. 00004 
0.00010 
0.00021 
0. 00044 
0. 00086 


0.00159 
0.00279 
0. 00471 
0. 00763 
0. 01192 


0. 01800 
0. 02635 
0.03745 
0. 05180 
0. 06985 


0. 09199 
0.11846 
0.14940 
0.18475 
0. 22429 


0. 26761 
0.31415 
0. 36322 
0. 41400 
0. 46565 


40 
20.0 


0. 00001 


0. 00002 
0. 00004 
0. 00007 
0. 00014 
0. 00026 


0. 00045 
0. 00078 
0.00129 
0.00209 
0. 00327 


0.00500 
0.00744 
0.01081 
0. 01537 
0. 02139 


0. 02916 
0. 03901 
0. 05124 
0. 06613 
0. 08394 


0. 10486 
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PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7 


CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 


x2=42 
¥ m=21 
10 0. 00001 


11 0.00002 0. 
12 0.00003 0Q, 
13 0.00006 0. 
14 0.00012 0. 


15 0.00023 OQ. 
16 0.00040 0, 
17 0.00067 0. 
18 0.00111 0. 
19 0.00177 0. 


20 0.00277 0. 
21 0.00421 0. 
22 0,00625 0. 
23 0.00908 0. 
24 0.01291 0. 


25 0.01797 0. 
26 0.02455 0. 
27 0.03292 0. 
28 0.04336 0, 
29 0.05616 0, 


30 0.07157 0. 


x? = 62 


v m=3l 
21 0. 00001 


22 0.00001 0. 
23 0.00002 0. 
24 0.00003 0. 
25 0.00006 0. 


26 0.00009 0. 
27 0.00014 0. 
28 0.00023 0. 
29 0.00035 0. 
30 0.00052 0. 


Q (x2|r) =1—P (x2|p) [2 r(s)) Sar? an 


Interpolation on x? 


Q(x2)) = (x5 


44 
22 


00001 
00002 
00003 
00006 


00011 
00020 
00034 
00058 
00094 


00151 
00234 
00355 
00526 
00763 


01085 
01512 
02068 
02779 
03670 


04769 


64 
32 


00001 
00001 
00002 
00003 


00005 
00008 
00012 
00019 
00029 


46 
23 


0.00001 
0. 00001 
0. 00003 


0. 00005 
0. 00010 
0.00017 
0. 00030 
0. 00050 


0. 00081 
0. 00128 
0.00198 
0, 00299 
0. 00443 


0, 00642 
0, 00912 
0.01272 
0.01743 
0, 02346 


0. 03107 


66 
33 


0, 00001 
0. 00001 
0. 00002 


0. 00003 
0. 00004 
0. 00007 
0. 00011 
0. 00016 


Double Entry Interpolation 


Q (? 


=O (% 
+2(% 


ro) [0+ (x 


ry)[ 1—-w?—0-+5 +09 |+Q (x) 


48 
24 


0.00001 


0.00001 0. 


0.00003 0. 
6.00005 0. 
0.00009 0, 
0.00015 0. 
0.00026 0. 


0.00043 0, 
0,00069 0, 
0.00109 0. 
0.00167 0, 
0.00252 0. 


0.00373 0. 
0.00540 0. 
0.00768 0. 
0.01072 QO, 
0.01470 0, 


0.01983 0. 


68 
34 


0. 00001 


0.00001 0. 
0.00002 0. 
0.00004 0. 
0.00006 0. 
0.00009 0, 


oA) [ae ]+2 (x 


50 
25 


00001 


00001 
00002 
00004 
00008 
00013 


00022 
00036 
00059 
00092 
00142 


00213 
00314 
00455 
00647 
00903 


01240 


70 
35 


00001 
00001 
00002 
00003 
00005 


Ps 


52 54 
26 27 
0.00001 


0.00001 0.00001 
0.00002 0,00001 
0.00004 0.00002 
0.00007 0.00003 


0.00011 0.00006 
0.00019 0.00010 
0.00031 0.00016 
0.00050 0.00027 
0,00078 0, 00043 


0.00120 0.00066 
0.00180 0.00102 
0.00265 0, 00152 
0.00384 0, 00224 
0.00545 0, 00324 


0.00762 0.00460 


72 74 
36 37 
0. 00001 


0.00001 0.00001 
0.00002 0.00001 


56 
28 


0. 00001 
0. 00003 
0.00002 


0. 00003 
0. 00005 
0.00009 
0.00014 
0.00023 


0.00036 
0.00056 
0. 00086 
0, 00129 
0. 00189 


0. 00273 


76 
38 


0.00003 0.00001 0.00001 


ro) -t- 


-1 c—1 Ayaed 
a dt= Sy e—mmi/ jy even, c=}», m=}x?) 
I= 


W=r—vy>O 


19-2) [4-27 +0 (xp 


v2) [owe 1+ (x4 


10) [1-45 | 


v1) [5 wz w+we | 


rt 1) [5 w2+5 w—we | 


58 
29 


0.00001 


0. 00001 
0. 00003 


0. 00004. 


0. 00007 
0. 00012 


0, 00020 
0. 00031 
0.00048 
0. 00073 
0, 00109 


0. 00160 


60 
30 


0.00001 
0. 00001 
0.00002 
0. 00004 
0.00006 


0. 00011 
0. 00017 
0. 00026 
0.00041 
0. 00062 


0. 00092 


984 


Table 26.8 
\Q 
PN 0.995 
1 (-5) 3.92704 
2 (-2)1,00251 
3 (-2)7.17212 
4 0.206990 
5 0.411740 
6 0.675727 
7 0.989265 
8 1.344419 
9 1.734926 
10 2.15585 
ll 2.60321 
12 3.07382 
13 3.56503 
14 4.07468 
15 4.60094 
16 5.14224 
17 5.69724 
18 6.26481 
19 6.84398 
20 7.43386 
21 8.03366 
22 8.64272 
23 9.26042 
24 9.88623 
25 10,5197 
26 11.1603 
27 11,8076 
28 12,4613 
29 13.1211 
30 13.7867 
40 20.7065 
50 27,9907 
60 35.5346 
70 43,2752 
80 51.1720 
90 59,1963 
100 67.3276 
x -2,5758 


From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, vol. I. 
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PERCENTAGE POINTS OF THE x?-DISTRIBUTION—VALUES OF 
x2 IN TERMS OF Q AND >» 


-4 
-2 


0.99 


1.57088 

2.01007 
0.114832 
0.297110 
0.554300 


0.872085 
1.239043 
1.646482 
2.087912 
2.95821 


3.05347 
3.57056 
4.10691 
4.66043 
5.22935 


5.81221 
6.40776 
7.01491 
7.63273 
8.26040 


8.89720 

9.54249 
10.19567 
10,8564 
11.5240 


12,1981 
12.8786 
13,5648 
14.2565 
14.9535 


22,1643 
29.7067 
37.4848 
45.4418 
53.5400 


61,7541 
70,0648 


~2,3263 


-4 
-2 


0.975 0.95 
jaeroe (-3) 3.93214 
5.06356 0.102587 
0.215795  -0,351846 
0.484419 0.710721 
0.831211 «1.145476 
1.237347 1.63539 
1.68987 2.16735 
2.17973 2.73264 
2.70039 3.32511 
3.24697 3.94030 
3.81575 4.57481 
4.40379 5.22603 
5.00874 5.89186 
5.62872 6.57063 
6.26214 7.26094 
6.90766 7.96164 
7.56418 8.67176 
8.23075 9.39046 
8.90655 —«-10,1170 
9.59083 10.8508 
10,28293 11.5913 
10,9823 12.3380 
11,6885 13.0905 
12.4011 13.8484 
13.1197 14.6114 
13.8439 15,3791 
14.5733 16.1513 
15.3079 16.9279 
16.0471 17.7083 
16.7908 18.4926 
24,4331 26.5093 
32.3574 34.7642 
40,4817 43,1879 
48.7576 51.7393 
57,1532 60.3915 
65.6466 69.1260 
74,2219 77.9295 
-1.9600 1.6449 


0.9 


0,0157908 
0.210720 
0.584375 
1.063622 
1.61031 


2.20413 
2.83311 
3.48954 
4.16816 
4.86518 


5.57779 
6.30380 
7.04150 
7.78953 
8.54675 


9.31223 
10.0852 
10,8649 
11.6509 
12,4426 


13.2396 
14,0415 
14.8479 
15.6587 
16.4734 


17.2919 
18,1138 
18.9392 
19,7677 
20.5992 


29,0505 
37,6886 
46.4589 
55.3290 
64.2778 


73.2912 
82.3581 


-1,2816 


Q(x? |») - |r @l i enka dt 


0.75 


0.101531 
0.575364 
1.212534 
1.92255 
2.67460 


3.45460 
4.25485 
5.07064 
5.89883 
6.73720 


7.58412 

8.43842 

9.29906 
10,1653 
11.0365 


11,9122 
12.7919 
13.6753 
14,5620 
15.4518 


16.3444 
17.2396 
18,1373 
19,0372 
19,9393 


20.8434 
21.7494 
22,6572 
23,5666 
24.4776 


33.6603 
42,9421 
52.2938 
61.6983 
71.1445 


80.6247 
90.1332 


-0,6745 


Univ. Press, Cambridge, England, 1954 (with permission) for Q > 0.0005. 


0.5 0.25 
0.454937 1.32330 
1.38629 2.77259 
2.36597 4,10835 
3.35670 5.38527 
4.35146 6.62568 
5.34812 7.84080 
6.34581 9.03715 
7.34412 10,2188 
8.34283 11.3887 
9.34182 12.5489 

10.3410 13,7007 
11.3403 14.8454 
12.3398 15,9839 
13.3393 17.1170 
14.3389 18,2451 
15.3385 19,3688 
16,3381 20.4887 
17.3379 21.6049 
18.3376 22.7178 
19.3374 23,8277 
20.3372 24,9348 
21.3370 26.0393 
22,3369 27,1413 
23.3367 28.2412 
24.3366 29,3389 
25.3364 30.4345 
26.3363 31.5284 
27.3363 32.6205 
28.3362 33.7109 
29.3360 34.7998 
39.3354 45.6160 
49.3349 56.3336 
59.3347 66.9814 
69.3344 77.5766 
79.3343 88,1303 
89.3342 98.6499 
99.3341 109.141 
0.0000 0.6745 
Cambridge 


= 
— 


0 OI Oo UW BWNr 


10 


0.1 


2.70554 
4,60517 
6.25139 
7.77944 
9.23635 


10,6446 
12,0170 
13.3616 
14.6837 
15.9871 


17.2750 
18,5494 
19,8119 
21,0642 
22.3072 


23,5418 
24.7690 
25.9894 
27.2036 
28.4120 


29,6151 
30,8133 
32,0069 
33.1963 
34,3816 


35.5631 
36,7412 
37.9159 
39,0875 
40.2560 


51.8050 
63.1671 
74,3970 
85.5271 
96.5782 


107.565 
118.498 


1.2816 


0.05 


3.84146 
5.99147 
7.81473 
9.48773 
11,0705 


12.5916 
14,0671 
15,5073 
16.9190 
18,3070 


19,6751 
21.0261 
22,3621 
23.6848 
24.9958 


26.2962 
27,5871 
28,8693 
30.1435 
31.4104 


32.6705 
33.9244 
35.1725 
36.4151 
37,6525 


38.8852 
40.1133 
41.3372 
42,5569 
43.7729 


55.7585 
67.5048 
79,0819 
90.5312 
101.879 


113.145 
124.342 


1.6449 


PROBABILITY FUNCTIONS 


x2 IN TERMS OF @ AND » 


0.025 


5.02389 

7.37776 

9.34840 
11.1433 
12,8325 


14,4494 
16,0128 
17.5346 
19,0228 
20,4831 


21.9200 
25.D907. 
24,7356 
26.1190 
27,4884 


28.8454 
30,1910 
31.5264 
32,8523 
34,1696 


35.4789 
36.7807 
38,0757 
39.3641 
40,6465 


41.9232 
43,1944 
44,4607 
45.7222 
46,9792 


59.3417 
71.4202 
83.2976 
95,0231 
106,629 


118.136 
129,561 


1.9600 


awl =|2r(5)] f 


0.01 


6.63490 

9.21034 
11.3449 
13.2767 
15.0863 


16,8119 
18.4753 
20,0902 
21.6660 
23.2093 


24.7250 
26.2170 
27,6883 
29.1413 
30.5779 


31.9999 
33.4087 
34,8053 
36.1908 
37.5662 


38,9321 
40,2894 
41.6384 
42.9798 
44,3141 


45,6417 
46.9630 
48,2782 
49.5879 
50,8922 


63,6907 

76,1539 

88.3794 
100,425 
112,329 


124,116 
135.807 


2.3263 


0.005 


7.87944 
10.5966 
12,8381 
14,8602 
16.7496 


18,5476 
20.2777 
21.9550 
23.5893 
25,1882 


26.7569 
28.2995 
29,8194 
31.3193 
32,8013 


34,2672 
35.7185 
37,1564 
38.5822 
39.9968 


41.4010 
42.7956 
44,1813 
45.5585 
46.9278 


48,2899 
49,6449 
50.9933 
52.3356 
53,6720 


66.7659 

79,4900 

91.9517 
104,215 
116.321 


128,299 
140.169 


2.5758 
toy 


e212 dt 


PERCENTAGE POINTS OF THE x2-DISTRIBUTION—VALUES OF 


0.001 


10,828 
13.816 
16.266 
18.467 
20.515 


22.458 
24,322 
26.125 
27,877 
29,588 


31.264 
32.909 
34,528 
36.123 
37.697 


39,252 
40.790 
42,312 
43,820 
45.315 


46.797 
48.268 
49.728 
51.179 
52.620 


54,052 
55.476 
56.892 
58.302 
59.703 


73.402 
86.661 
99.607 
112,317 
124,839 


137.208 
149,449 


3,0902 


985 


Table 26.8 
0.0005 0.0001 
12.116 15.137 
15.202 18.421 
17.730 21.108 
19,997 23.513 
22.105 25.745 
24,103 27,856 
26,018 29.877 
27,868 31,828 
29,666 33.720 
31.420 35,564 
33.137 37,367 
34,821 39.134 
36.478 40,871 
38,109 42,579 
39.719 44,263 
41.308 45.925 
42,879 47,566 
44,434 49,189 
45.973 50.796 
47.498 52,386 
49.011 53.962 
50.511 55,525 
52,000 57,075 
53.479 58.613 
54.947 60.140 
56.407 61.657 
57.858 63.164 
59.300 64.662 
60,735 66.152 
62,162 67.633 
76.095 82.062 
89.560 95.969 
102.695 109,503 
115.578 122,755 
128.261 135,783 
140.782 148,627 
153.167 161.319 
3.2905 3.7190 


986 PROBABILITY FUNCTIONS 


Table 26.9 PERCENTAGE POINTS OF THE F-DISTRIBUTION —VALUES 
; OF F IN TERMS OF Q, », % 
Q(F'%,,%)=0.5 
WA 1 2 3 4 5 6 8 12 15 20 30 60 
1.89 1,94 2,00 2,07 2,09 2.12 2.15 2.17 


1,82 

1.21 1.25 1.28 1.32 1.36 1.38 1.39 1.41 1.43 
106 1,10 1.13 1.126 1.20 1.21 1.23 1.24 1.25 
ise 


8 


oe 


1.04 1,06 1.09 1.13 2.14 1.15 1.16 1,18 
965 1.00 1.02 1.05 1.09 1.10 121 1.12 1.14 


1 
2 
3 
4 
5 
3 0.515 0.780 0,886 0.942 0.977 1.00 1.03 1,06 1,07 1.08 1.30 1,11 
8 
a 
10 


rf 


0.506 0.767 0,871 0.926 0,960 0.983 1.01 1.04 1.05 1.07 1,08 1.09 
0.499 0,757 0,860 0.915 0.948 0.971 1.00 1.03 1.04 1.05 1.07 1,08 
0.494 0.749 0.852 0.906 0.939 0.962 0.990 1.02 1.03 1.04 1.05 1,07 
0.490 0.743 0,845 0,899 0.932 0.954 0.983 1.01 1.02 1.03 1.05 1,06 


11 0.486 0.739 0,840 0.893 0.926 0.948 0.977 1.01 1.02 1.03 1,04 1,05 
12 0.484 0.735 0.835 0.888 0.921 0,943 0.972 1.00 1.01 12.02 1.03 1,05 
13 0.481 0.731 0.832 0.885 0.917 0.939 0,967 0.996 1.01 1.02 1.03 1,04 
14 0.479 0.729 0.828 0.881 0.914 0.936 0.964 0.992 1.00 1.01 12.03 1,04 
15 0.478 0.726 0.826 0.878 0.911 0.933 0.960 0.989 1.00 1.01 1.02 1,03 


16 0.476 0.724 0,823 0.876 0.908 0,930 0.958 0.986 0.997 1.01 1.02 1,03 
17 0.475 0,722 0.821 0.874 0.906 0,928 0,955 0,983 0.995 1.01 1.02 1.03 
18 0.474 0.721 0.819 0,872 0.904 0.926 0,953 0,981 0,992 1.00 1.02 1.03 
19 0.473 0.719 0.818 0.870 0,902 0,924 0,952 0.979 0.990 1.00 1.01 1.02 
20 0.472 0.718 0.816 0.868 0.900 0.922 0.950 0.977 0.989 1.00 1.01 1.02 


21 0.471 0.716 0,815 0,867 0,899 0,921 0.948 0.976 0.987 0.998 1.01 1.02 
22 0.470 0.715 0.814 0,866 0,898 0.919 0.947 0,974 0.986 0.997 1.01 1.02 
23 0.470 0.714 0,813 0,864 0.896 0.918 0.945 0,973 0.984 0.996 1.01 1.02 
24 0.469 0.714 0,812 0,863 0.895 0.917 0.944 0,972 0,983 0,994 1.01 1.02 
25 0.468 0.713 0.811 0.862 0.894 0.916 0,943 0.971 0.982 0,993 1.00 1,02 


26 0.468 0.712 0,810 0,861 0,893 0.915 0,942 0.970 0.981 0.992 1.00 1.01 
27 0.467 0.711 0,809 0,861 0,892 0.914 0.941 0.969 0.980 0,991 1.00 1.01 
28 0.467 0.711 0.808 0.860 0.892 0.913 0.940 0.968 0.979 0,990 1.00 1.01 
29 0.466 0.710 0.808 0,859 0.891 0.912 0.940 0.967 0.978 0.990 1.00 1.01 
30 0.466 0.709 0.807 0.858 0.890 0,912 0.939 0.966 0.978 0.989 1.00 1.01 


40 0.463 0.705 0.802 0.854 0.885 0.907 0.934 0.961 0.972 0.983 0.994 1.01 
60 0.461 0.701 0.798 0.849 0,880 0.901 0.928 0.956 0.967 0.978 0.989 1.00 
120 0.458 0,697 0.793 0.844 0.875 0,896 0.923 0.950 0.961 0.972 0.983 0.994 
% 0.455 0.693 0.789 0.839 0.870 0.891 0.918 0.945 0.956 0.967 0.978 0,989 


OCF |, 14)~0.25 


SoFPRPN NNNWW WoWWW WH HpHhD MON Oo wODOWON Mon bho 


PRP Peer Peet Ree Re Ge pn 
CSSO09O GOSCKGDO0 BS0SCOD BDODSO GOD00 COOKE HRN AN 


wy 1 2 3 4 5 6 8 12 15 20 30 60 @ 
1 5.83 7.50 8.20 858 882 898 919 941 9.49 958 9.67 9.76 9.85 
2 2.57 3,00 3.15 3.23 3.28 3,31 3.35 3.39 3.41 3.43 3.44 3.46 3.48 
3 2.02 2.28 2.36 2.39 2.41 2.42 2.44 2.45 2.46 2.46 2.47 2.47 2.47 
4 1.81 2.00 2.05 2.06 2.07 2,08 2.08 2.08 2.08 2.08 2.08 2,08 2,08 
5 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.87 1,87 
6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 41.77 1.76 1.76 1.75 1.74 1.74 
7 1.57 1.70 1.72 1.72 1,71 1.71 41.70 1.68 1.68 2.67 1.66 1.65 1.65 
8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.62 1.62 1.61 1.60 1.59 1.58 
9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.58 1.57 1.56 121.55 1.54 1,53 
10 1.49 1.60 1.60 1,59 1.59 1.58 1.56 1,54 1,53 1.52 1.51 1,50 1.48 
11 1.47 1.58 1.58 1.57 1.56 12.55 1.53 1.51 1.50 1.49 1.48 1.47 1.45 
12 146 1.56 1.56 1.55 1.54 1,53 1.51 1.49 12.48 1.47 1.45 1.44 1.42 
13 2.45 1.55 1.55 1.53 1.52 1.51 1.49 1.47 1.46 1.45 1.43 1.42 1.40 
14 1.44 1.53 1.53 1.52 1.51 1.50 1.48 1.45 1.44 1.43 1.41 1.40 1.38 
15 1.43 1.52 1.52 1.51 1.49 1.48 1.46 1.44 1.43 1.41 1.40 1.38 1.36 
16 1.42 1.51 1.51 1.50 1.48 1.47 1.45 1.43 1.41 1,40 1.38 1.36 1.34 
17 1.42 1.51 1.50 1.49 1.47 1.46 1.44 1.41 1.40 1.39 1.37) 1.35 1.33 
18 1.41 1.50 1.49 1.48 12.46 1.45 1.43 1.40 1.39 1.38 1.36 1.34 1.32 
19 141 #21.49 #1449 21.47) 1.46 1.44 1.42 1.40 1.38 1.37 1.35 1.33 1.30 
20 1.40 1.49 1.48 1.47 1.45 1.44 1.42 1,39 1.37) 1.36 1.34 1.32 1.29 
21 1.40 1.48 41.48 41.46 12.44 1.43 1.41 1.38 41.37 1.35 1.33 1.31 1.28 
22 1.40 1.48 1.47) 1.45 1.44 1.42 12.40 1.37 1.36 1.34 1.32 1.30 1.28 
23 1.39 41.47) 1.447) 1.445 1.43 1.42 1.40 1.37 1.35 1.34 1.32 1.30 1.27 
24 1.39 147 1.446 1.44 1.43 1.41 1.39 1.36 1.35 1,33 1.31 1.29 1.26 
25 139° 1.47) 146 1.44 121.42 1.41 1.39 1.36 1.34 1.33 1.31 1,28 1.25 
26 1.38 1.46 4.45 1.444 1.42 1.41 1.38 41.35 1.34 12.32 1.30 1.28 1.25 
27 1.38 1.46 1.45 1.43 1.42 1.40 1.38 41.35 1.33 1.32 1.30 1.27 1.24 
28 1.38 1.46 1.45 1.43 1.41 1.40 1.38 1.34 1.33 41.31 21.29 1.27 1.24 
29 1.38 1.445 1.45 1.43 1.41 1,40 1.37) 1.34 1.32 1.31 1.29 1.26 1.23 
30 1.38 1.45 144 2142 1.41 1.39 1.37 1.34 1.32 1.30 1.28 1.26 1.23 
40 1.360 1.44 1.42 1.40 1.39 1.37 1.35 1.31 1.30 1.28 41.25 1.22 1.19 
60 135 1.442 1.41 1.38 1.37) 1.35 1.32 1.29 1.27 1.25 1.22 1.19 1,15 
120 1.34 1.40 1.39 1.37 1.35 1.33 1,30 1.26 1.24 1.22 2,19 1.16 1,10 
« 1.32 1.39 1.37 1.35 12.33 1.31 21.28 1.24 1.22 1.19 1.16 1.12 1.00 


Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for 
statisticians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 (with 
permission). 


PROBABILITY FUNCTIONS 


PERCENTAGE POINTS OF THE F-DISTRIBUTION—VALUES Table 26.9 
OF F IN TERMS OF Q, », »% 
Q(F |, %)=0.1 


mA 1 2 3 4 5 6 8 12 15 = 20 30. = 60 o 
1 39,86 49.50 53.59 55,83 57.24 58.20 59,44 60,71 61.22 61.74 62.26 62.79 63,33 
2 853 5.00 916 9.24 9,29 9,33 370 «9.41942 9.44 9.47 9.89 
3 5.54 5.46 5.39 5.34 5,31 5.28 5.25 5.22 5.20 5.18 5.17 5.15 5.13 
4 454 432 419 411 4.05 401 3:95 3.90 3.87 3.84 3.82 3.79 3.76 
5 4,06 3.78 362 352 3.45 3.40 3.34 3,27 3.24 3.21 3.17 3.14 3.10 
6 3.78 3.46 3.29 3.18 311 3.05 2,98 2,90 287 2.84 2.80 2.76 272 
7 3:59 3.26 3.07 2.96 2.88 2.83 2.75 2.67 2.63 2.59 2.56 2.51 2.47 
8 3.46 3.11 2.92 2.81 2.73 2.67 2.59 2.50 2.46 2.42 2.38 2.34 2.29 
9 336 3.01 281 2.69 261 255 2.47 2,38 2.34 230 2.25 2.21 2.16 
10 3.29 «2,92 2.73 2.61 2.52 2.46 2.38 2.28 2.24 2.20 216 231 2.06 
ll 3.23 2,86 02.660 2,54 2452392302207) 2022008 = 2.03.97 
12 3.18 2.81 261 2.48 2.39 2.33 2.24 215 210 206 2.01 1.96 1.90 
13 3,14 2.76 2.56 2.43 2.35 2.28 2.20 2.10 2.05 2,01 1,96 1,90 1.85 
14 «3102.73 2.522439 231224215205) 2.0Ssid296)Ssi91s:1.86 ~—'1.80 
153,072.70 2.492360 227) 22121220297) s92)s:87)Ssd82—s1.76 
16 3.05 267 2.46 2,33 2.24 228 2.09 41.99 1.94 1.89 1,84 178 41.72 
17 3,03 2.64 2.44 2.31 2.22 2.15 2,06 1.96 1.91 1.86 1.81 1,75 1.69 
18 3,01 2.62 2.42 2.29 2.20 2.13 2.04 1.93 1.89 1.84 1.78 1,72 1,66 
192.99 2610240227) 2B 21220291682) 76) 701.63 
202.97 2.59 2.38) 2.250216) 2092008984 79ssa74s68 161 
21 «2.96 2.572.360 2.232014 2.08) 1.98) 87) BB 78 7206.59 
22 2.95 2.56 2.35 2.22 2.13 2.06 1.97 1.86 1.81 1.76 1.70 1.64 1,57 
230 «2.94255 23402210 1l 2059518480) 7469162 ..55 
24 «2.93 2.542433 21922020494) 83) 78) .73)s67) L653 
25 «2.92 -2,53 2432218) 209,202,293) 82 0 L77)sd72~—S—ts«i2z]CiS—s«,52 
26 2,91 252 231 2.17 2.08 201 4192 181 1.76 41.71 1.65 1.58 1.50 
27 2.90 2.51 2.30 2.17 2,07 2.00 1.91 1.80 1.75 1.70 1.64 1,57 1.49 
28 «2.89 2.50 2,292.16) 2.06 «= 200 ss.90ssd79)sid:74sid2069)s263 561,48 
292.89 2.502.282.1506 S99) 8978) 73)s*:68 S62) 55 47 
30 2.88 8=2.49 2.280214 20598 = 88)OdA77)s«d2«72s—id2«NTsiddSL245A O46 
40 2.84 2.44 2.23 2,09 2.00 1.93 1.83 1.71 1,66 1,61 1,54 1.47 1.38 
60 2.79 2.39 2.18 2.04 1.95 1.87 177 166 160 154 1.448 1.40 1.29 
120 2.75 2.3500 2.132499) 1.90) 82072055 4B 4D 14329 
o 271 2.30 208 194 1.85 177 1.67 1.55 1.49 1.42 1.34 1.24 1200 
Q(F |¥.¥2)-0.05 
VA 1 2 3 4 5 6 8 12 15 20 ~~ 30 60 o 
1 161.4 199.5 215.7 224.6 230.2 234.0 238.9 243.9 245.9 248.0 250.1 252.2 254.3 
2 18,51 19,00 19.16 19.25 19.30 19.33 19.37 19.41 19,43 19.45 19.46 19.48 19,50 
3 1013 9.55 9.28 9.12 9.01 8.94 .85 68.74 B70 B66) 8.62857) 8.53 
4 771 6.94 6.59 6.39 6.26 6.16 6.04 5.91 5.86 5.80 5.75 5.69 5.63 
5 661 5.79 5.41 5.19 5.05 4.95 4.82 4.68 462 456 450 4.43 4,36 
6 5.99 514 4.76 453 439 428 415 4.00 3.94 3.87 3.81 3.74 3.67 
7 5,59 4.74 435 412 3.97 3.87 3.73 357 3.51 3.44 3.38 3.30 3.23 
8 5.32 4.46 4,07 3,84 3.69 3.58 3.44 3.28 3.22 3.15 3,08 3.01 2.93 
9 5.12 4.26 3.86 3.63 3.48 3.37 3.23 3.07 3.01 2.949 2.86 2.79 2.71 
104.96 «694100 3.71 3,48) 3.333.220 807 292 285277270 e224 
11 4.84 «3.98 «3.59 3,363.20, 3,09 2,952.79 2726557249 2,40 
12 «4.75 «3.89 «=. 3.493.260 113,00 2850 269) 262254247238 2.30 
13 4,67 3.81 3.41 3.18 3,03 2.92 2.77 2.60 2.53 2.46 2.38 2.30 2.21 
14 4,60 «3.74 3.340311 2.96285) 2.700 253246 239231222213 
15 4.54 3.68 3.29 3.06 2.90 2.79 2.64 2.48 2.40 2,33 2.25 2.16 2,07 
164.493.633.240 3,01 285274259242 23522819 S201 
174.45 3.59 3.202496) 2.812.700 2.85 2,38 = 2312.23 2015 2.06 =~ «1.96 
18 4,41 3.55 3.16 2.93 2.77 2.66 2.51 2.34 2.27 2.19 2.11 2,02 1.92 
194.38 = 3.52313 2,902.74 63 248231223026) 2.07,s«d2498 si 88 
20 4.35 «3.49 3,10 287) 7k) 6024522822200 2122049584 
21 4.320347 3072842682057) 2,422,250 21810202292, 
22 4.30 3.44 3.05 2.82 2.66 2.55 2.40 2,23 2.15 2,07 1.98 1.89 1.78 
23° «4.28 «= 3.42 3.03 2,802.64) 2532.37 2.20213 205) s.968 Ss id86i.76 
24 «4.263.400 301s 2.78) 262251236) 218) L203) .94 84.73 
25 «4.243.392.9976 60249234 216209 ol 92sae2 7 
26 4.23 «3437.02.98 = 2.7459) a?) 282215207) s99sid2«w90si2 BO 169 
27 4.21 3.35 2.96 2.73 2.57 2.46 2.31 2.13 2.06 1.97 1.88 1.79 1,67 
284.203.342.957 256) 2452029 201220496287) 771.65 
2904.18 = 3.332.932.7000 255 248) 2.28) 210 203.94) 85 751.64 
30 4,17 3.32 2.92 2.69 2.53 2.42 2,27 2.09 2.01 1.93 1.84 1.74 1,62 
40 4,08 3.23 2.84 2.61 2.45 234 218 2,00 1.92 1.84 1.74 1.64 1,51 
60 4,00 3.15 2.76 2.53 2.37 2.25 2.10 1,92 1.84 1.75 1.65 1.53 1.39 
1203.92 3.07, 2,68 = 245229217, 202si:83) 75166) 551,431,258 
o 3.64 3,09 260 237 2.21 210 194 175 167 1.57 146 1,32 1,00 
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Table 26.9 PERCENTAGE POINTS OF THE F-DISTRIBUTION —VALUES 


OF F IN TERMS OF Q, », », 
QUF|Y;,%) =0.025 
YY 1 2 3 4 5 6 8 122 15 20 ~~ 30 


1 647.8 799.5 864.2 899.6 921.8 937.1 956.7 976.7 984.9 993.1 1001 

2 38,51 39.00 39.17 39,25 39,30 39,33 39,37 39.41 39.43 39.45 39.46 
3 17.44 16,04 15.44 15,10 14,88 14,73 14,54 14,34 14,25 14,17 14,08 
4 12,22 10,65 9.98 9.60 9.36 9,20 8.98 8.75 8.66 8.56 8.46 
5 10,01 8.43 7.76 7.39 7.15 6.98 6.76 6,52 6.43 6.33 6.23 
6 
7 
8 
9 


8.81 7.26 6.60 6.23 5.99 5.82 5.60 5.37 5.27 5.17 5.07 


11 6,72 5.26 4.63 4.28 4.04 3.88 3.66 3,43 3.33 3.23 3.12 
12 6.55 5,10 4.47 4.12 3.89 3.73 3.51 3.28 3.18 3.07 2.96 
13 6.41 4.97 4.35 4,00 3.77 3.60 3.39 3.15 3,05 2.95 2.84 
14 6.30 4,86 4.24 3.89 3.66 3.50 3.29 3.05 2.95 2,84 2.73 
15 6.20 4,77 4.15 3.80 3,58 3.41 3.20 2.96 2.86 2.76 2.64 
16 6,12 4.69 4.08 3.73 3.50 3.34 3.12 2.89 2.79 2.68 2.57 
17 6.04 4.62 4.01 3.66 3.44 3,28 3,06 2,82 2,72 2.62 2.50 
18 5.98 4.56 3.95 3.61 3.38 3.22 3.01 2.77 2.67 2.56 2.44 
19 5.92 4.51 3.90 3.56 3.33 3.17 2.96 2.72 2.62 2.51 2.39 
20 5.87 4,46 3.86 3.51 3.29 3.13 2.91 2.68 2.57 2.46 2.35 
21 5.83 4.42 3,82 3,48 3.25 3.09 2.87 2.64 2.53 2.42 2.31 
22 5.79 4.38 3.78 3.44 3.22 3.05 2.84 2.60 2.50 2.39 2.27 
23 5.75 4.35 3.75 3.41 3.18 3.02 2.81 2.57 2.47 2.36 2.24 
24 5.72 4,32 3.72 3.38 3.15 2.99 2.78 2.54 2.44 2.33 2.21 
25 5.69 4.29 3.69 3,35 3.13 2.97 2.75 2.51 2.41 2.30 2.18 
26 5.66 4.27 3.67 3.33 3.10 2.94 2.73 2.49 2.39 2,28 2.16 
27 5.63 4.24 3.65 3.31 3,08 2.92 2.71 2.47 2.36 2.25 2.13 
28 5.61 4,22 3.63 3.29 3.06 2.90 2.69 2.45 2.34 2.23 2.11 
29 5.59 4.20 3.61 3.27 3.04 2,88 2.67 2.43 2.32 2.21 2,09 
30 5.57 4.18 3,59 3.25 3.03 2.87 2.65 2.41 2.31 2.20 2.07 
40 5.42 4,05 3.46 3.13 2.90 2.74 2.53 2.29 2.18 2.07 1.94 
60 5.29 3.93 3.34 3,01 2.79 2.63 2.41 2.17 2.06 1.94 1,82 
120 5.15 3.80 3.23 2.89 2.67 2.52 2.30 2.05 1.94 1.82 1.69 
© 5.02 3.69 3.12 2.79 2.57 2.41 2.19 1.94 1.83 171 1.57 


Q(F|% ¥2) =0.01 


wy, 1 2 3 4 5 6 8 12 15 20 30 


1 4052 4999.5 5403 5625 5764 5859 5982 6106 6157 6209 6261 
98.50 99.00 99.17 99.25 99,30 99,33 99.37 99.42 99.43 99,45 99.47 
34,12 30,82 29.46 28.71 28,24 27.91 27.49 27.05 26.87 26.69 26.50 
21.20 18,00 16,69 15,98 15,52 15.21 14,80 14.37 14.20 14,02 13.84 
16.26 13.27 12,06 11.39 10.97 10,67 10.29 9.89 9.72 9.55 9.38 


2 

3 

4 

5 

6 13.75 10,92 9.78 9.15 8.75 8.47 8.10 7.72 7.56 7.40 7.23 

7 12.25 9.55 8.45 7.85 7.46 7419 6.84 6.47 6.31 6.16 5.99 

8 11,26 8.65 7.59 7,01 6.63 6.37 6.03 5.67 5.52 5.36 5.20 

9 10,56 8,02 6.99 6.42 6.06 5.80 5.47 5.11 4.96 4,81 4.65 
10 10,04 7.56 6.55 5.99 5.64 5.39 5.06 471 4.56 4,41 4.25 


11 9.65 7.21 6.22 5.67 5.32 5.07 4.74 4.40 4.25 4.10 3.94 
12 9.33 6,93 5.95 5.41 5.06 4.82 4.50 4.16 4.01 3,86 3.70 
13 9,07 6.70 5.74 5.21 4.86 4,62 4.30 3.96 3.82 3,66 3.51 
14 8.86 6.51 5.56 5.04 4.69 4.46 4.14 3.80 3.66 3.51 3.35 
15 8.68 6.36 5.42 4,89 4.56 4.32 4.00 3.67 3.52 3.37 3.21 


16 8,53 6.23 5.29 4.77 4.44 4.20 3.89 3.55 3.41 3.26 3.10 
17 8.40 6.11 5.18 4.67 4.34 4.10 3.79 3.46 3.31 3.16 3.00 


18 8.29 6,01 5.09 4.58 4.25 4.01 3.71 3.37 3.23 3.08 2.92 
19 8.18 5.93 5.01 4.50 4.17 3.94 3.63 3.30 3.15 3.00 2.84 
20 8.10 5.85 4.94 4.43 4.10 3.87 3.56 3,23 3.09 2.94 2.78 
21 8,02 5.78 4.87 4.37 4,04 3,81 3.51 3.17 3,03 2.88 2.72 
22 7.95 5.72 4.82 4.31 3.99 3,76 3.45 3.12 2.98 2.83 2.67 
23 7.88 5.66 4.76 4.26 3.94 3.71 3.41 3.07 2.93 2,78 2.62 
24 7.82 5.61 4.72 4.22 3.90 3.67 3,36 3.03 2.89 2.74 2.58 
25 7.77 5.57 4.68 4.18 3.85 3.63 3.32 2,99 2.85 2.70 2.54 
26 7.72 5.53 4.64 4.14 3.82 3.59 3.29 2.96 2.81 2.66 2.50 
27 7.68 5.49 4,60 4.11 3.78 3.56 3.26 2.93 2.78 2.63 2.47 
28 7.64 5.45 4.57 4.07 3.75 3,53 3.23 2.90 2.75 2,60 2.44 
29 7.60 5.42 4.54 4.04 3.73 3.50 3.20 2.87 2.73 2.57 2.41 
30 7.56 5.39 4.51 4.02 3.70 3.47 3.17 2.84 2.70 2,55 2.39 
40 7.31 5.18 4.31 3,83 3.51 3.29 2.99 2.66 2.52 2.37 2.20 
60 7,08 4.98 4.13 3.65 3,34 3.12 2,82 2,50 2.35 2.20 2.03 
120 6.85 4,79 3.95 3.48 3.17 2.96 2.66 2.34 2.19 2.03 1,86 
6.63 


4.61 3.78 3.32 3.02 2.80 2.51 2.18 2.04 1.88 1.70 


60 


1010 
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PERCENTAGE POINTS OF THE F-DISTRIBUTION —VALUES Table 26.9 


OF F IN TERMS OF Q, », »: 
Q(F|%,?2)=0.005 


BA. ok 2 3 4 5 6 8 12 15 20 30 60 © 
1 16211 20000 21615 22500 23056 23437 23925 24426 24330 24836 25044 25253 25465 
2 198.5 199,90 199.2 199,2 199.3 199.3 199.4 199.4 199.4 199.4 199.5 199.5 199.5 
3 55.55 49,80 47,47 46.19 45,35 44,84 44,13 43,39 43.08 42,78 42.47 42.15 41.83 
4 31.33 26.28 24.26 23.15 22.46 21.97 21,35 20,70 20.44 20.17 19,89 19,61 19.32 
5 22,78 18,32 16,53 15.56 14,94 14,51 13.96 13,38 13.15 12,90 12,66 12.40 12.14 
6 18,63 14,54 12.92 12,03 11.46 11.07 10,57 10.03 9,81 9.59 9.36 9,12 8,88 
7 16.24 12,40 10,88 10,05 9.52 9.16 8.68 8.18 7.97 7.75 7.53 7.31 7,08 
8 14.69 11,04 9.60 8.81 8,30 7.95 7,50 7.01 6.81 6.61 6.40 6,18 5.95 
9 13.61 10.11 8.72 7.96 TAT 7.13 6,69 6.23 6.03 5.83 5.62 5.41 5.19 
10 12.83 9.43 8.08 7.34 6.87 6.54 6,12 5.66 5.47 5.27 5.07 4,86 4.64 
11 12.23 8,91 7,60 6.88 6.42 6.10 5.68 5.24 5.05 4.86 4.65 4.44 4.23 
12 11.75 8.51 7.23 6,52 6,07 5.7€ 5.35 4.91 4.72 4,53 4.33 4,12 3.90 
13 11,37 8.19 6.93 6.23 5.79 5.48 5.08 4.64 4.46 4.27 4,07 3.87 3.65 
14 11,06 7.92 6.68 6,00 5.56 5.26 4.86 4,43 4.25 4,06 3,86 3.66 3.44 
15 10,80 7.70 6.48 5.80 5.37 5,07 4.67 4,25 4.07 3.88 3,69 3.48 3.26 
16 10,58 7.51 6,30 5.64 5,21 4.91 4.52 4.10 3.92 3.73 3.54 3,33 3.11 
17 10.38 7.35 6.16 5.90 5.07 4.78 4,39 3,97 3.79 3.61 3.41 3.21 2.98 
18 10,22 7.21 6,03 5.37 4.96 4.66 4.28 3.86 3.68 3.50 3.30 3.10 2.87 
19 10,07 7.09 5.92 5.27 4.85 4.56 4.18 3.76 3.59 3.40 3.21 3.00 2.78 
20 9.94 6.99 5.82 5.17 4.76 4.47 4.09 3.68 3.50 3.32 3,12 2.92 2.69 
21 9.83 6.89 5.73 5.09 4.68 4.39 4.01 3.60 3.43 3,24 3.05 2.84 2.61 
22 9.73 6,81 565 5.02 4.61 4,32 3.94 3.54 3.36 3.18 2,98 2.77 2.55 
23 9.63 6.73 5.58 4.95 4.54 4.26 3.88 3.47 3.30 3.12 2.92 2.71 2.48 
24 9.55 6.66 5.52 4.89 4.49 4.21 3.83 3.42 3.25 3.06 2.87 2.66 2.43 
25 9.48 6.60 5.46 4.84 4.43 4.15 3.78 3.37 3.20 3.01 2.82 2.61 2.38 
26 9,41 6.54 5.41 4.79 4.38 4.10 3.73 3.33 3.15 2.97 2.77 2.56 2,33 
27 9.34 6.49 5.36 4,74 4,34 4.06 3.69 3.28 3.11 2.93 2.73 2,52 2.29 
28 9.28 6.44 5.32 4.70 4.30 4.02 3.65 veo 3,07 2.89 2.69 2.48 2.25 
29 9.23 6.40 5.28 4.66 4.26 3.98 3.61 3.21 3.04 2.86 2.66 2.45 2.21 
30 9,18 6.35 5.24 4.62 4.23 3.95 3.58 3.18 3.01 2.82 2.63 2.42 2.18 
40 * 8,83 6,07 4.98 4,37 3.99 3.71 3.35 2.95 2.78 2.60 2.40 2.18 1.93 
60 8.49 5.79 4.73 4.14 3.76 3.49 3.13 2.74 2.57 2.39 2.19 1.96 1.69 
120 8.18 5.54 4.50 3.92 3.55 3.28 2.93 2.54 2.37 2.19 1.98 1.75 1.43 
«© 7.88 5.30 4.28 3.72 3.35 3.09 2.74 2.36 2.19 2.00 1.79 1,53 1,00 


QF |v, v2) = 0.001 


wh 1 2 38 4 5 6 8 12 15 20 30 60 © 
1 (5) 4,053 (5)5.000 (5)5.404 (5)5.625 (5)5.764 (5)5.859 (5)5.981 (5)6.107 (5)6.158 (5)6,209 (5)6.261 (5)6.313 (5) 6,366 
2 998.5 999.0 999.2 999.2 999.3 9 999.4 999.4 999.4 999.4 999.5 999.5 999.5 


167.0 148.5 141.1 137.1 134.6 132.8 130.6 128.3 127.4 126.4 125.4 124.5 123.5 


3 
4 74.14 61.25 56.18 53.44 51.71 50.53 49,00 47.41 46.76 46.10 45.43 44,75 44,05 
5 47,18 37,12 33.20 31,09 29.75 28,84 27.64 26.42 25.91 25.39 24,87 24,33 23.79 
6 35.51 27,00 23.70 21.92 20.81 20,03 19,03 17.99 17.56 17,12 16.67 16,21 15.75 
ri 29,25 21.69 18.77 17.19 16,21 15,52 14.63 13.71 13.32 12.93 12,53 12.12 11.70 
8 25.42 18.49 15.83 14,39 13,49 12,86 12,04 11.19 10,84 10.48 10.11 9.73 9.33 
9 22,86 16.39 13.90 12.56 11.71 11,13 10,37 9.57 9.24 8.90 8.55 8,19 7.81 
10 21.04 14.91 12.55 11.28 10.48 9.92 9,20 8.45 8.13 7,80 7.47 7.12 6.76 
11 19.69 13.81 11.56 10,35 9.58 9.05 8.35 7.63 7.32 7,01 6,68 6.35 6,00 
lz 18.64 12.97 10,80 9.63 8.89 8.38 7.71 7,00 6.71 6.40 6,09 5.76 5.42 
13 17,81 12.31 10.21 9.07 8.35 7.86 7.21 6,52 6.23 5.93 5.63 5.30 4.97 
14 17,14 11.78 9.73 8.62 7.92 7.43 6.80 6.13 5.85 5.56 5.25 4.94 4,60 
15 16,59 11.34 9.34 8.25 7.57 7,09 6.47 5.81 5.54 5.25 4.95 4.64 4,31 
16 16,12 10.97 9.00 7.94 7.27 6.81 6.19 5.55 5.27 4,99 4,70 4.39 4.06 
17 15.72 10.66 8.73 7.68 7.02 6.56 5.96 5.32 5.05 4.78 4.48 4.18 3.85 
18 15.38 10,39 8.49 7.46 6,81 6.35 5.76 5.13 4,87 4.59 4,30 4,00 3.67 
19 15,08 10.16 8.28 7.26 6.62 6,18 5.59 4,97 4.70 4,43 4.14 3.84 3.51 
20 14,82 9.95 8.10 7,10 6.46 6,02 5.44 4,82 4.56 4,29 4.00 3.70 3.38 
21 14,59 9.77 7.94 6.95 6,32 5,88 5.31 4.70 4.44 4.17 3.88 3.58 3.26 
22 14,38 9.61 7.80 6,81 6,19 5.76 5.19 4,58 4.33 4,06 3.78 3.48 3.15 
23 14,19 9.47 7.67 6,69 6.08 5.65 5.09 4,48 4.23 3.96 3,68 3,38 3.05 
24 14,03 9.34 7.55 6,59 5.98 5.55 4.99 4,39 4.14 3.87 3,59 3.29 2.97 
25 13.88 9,22 7.45 6.49 5.88 5.46 4.91 4.31 4,06 3.79 3.52 3.22 2.89 
26 13.74 9.12 7.36 6.41 5.80 5.38 4,83 4.24 3.99 3,72 3.44 3.15 2.82 
27 13,61 9.02 7.27 6.33 5.73 5.31 4,76 4.17 3.92 3.66 3.38 3,08 2.75 
28 13.50 8.93 7.19 6.25 5.66 5.24 4.69 4.11 3.86 3.60 3.32 3,02 2.69 
29 13.39 8.85 7.12 6.19 5.59 5.18 4.64 4.05 3.80 3.54 3.27 2.97 2.64 
30 13.29 8,77 7.05 6.12 5.53 5.12 4.58 4.00 3.75 3.49 3.22 2.92 2.59 
40 12,61 8.25 6,60 5.70 5.13 4.73 4,21 3.64 3.40 3,15 2.87 2.57 2.23 
60 11.97 7.76 6.17 5.31 4.76 4,37 3.87 3.31 3,08 2.83 2.55 2.25 1,89 
120 11,38 7.32 5.79 4.95 4.42 4.04 3.55 3.02 2.78 2.53 2.26 1.95 1.54 
«2 10,83 6.91 5.42 4.62 4.10 3.74 3.27 2.74 2.51 2.27 1.99 1.66 1,00 


*See page Il. 
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Table 26.10 
PERCENTAGE POINTS OF THE ¢DISTRIBUTION— VALUES OF ¢ IN TERMS OF 4 AND v 


y402 05 08 0.9 0.95 0.98 0.99 0.995 0.998 0.999 0.9999 0.99999 0.999999 


1 0,325 1.000 3.078 6.314 12.706 31.821 63.657 127.321 318.309 636.619 6366.198 63661.977 636619.772 
2 0.289 0,816 1.886 2.920 4.303 6.965 9.925 14.089 22.327 31.598 99.992 316.225 999.999 
3 0.277 0.765 1.638 2.353 3,182 4.541 5.841 7.453 10.214 12.924 28.000 60.397 130.155 
4 0.271 0.741 1.533 2.132 2.776 3.747 4.604 5,598 7.173 8,610 15.544 27.771 49.459 
5 0,267 0.727 1.476 2.015 2.571 3.365 4.032 4,773 5.893 6.869 11.178 17.897 28.477 
6 0.265 0.718 1.440 1.943, 2.447 3.143 3.707 = 4,317 5.208 5.959 9,082 13.555 20,047 
7 0.263 0.711 1.415 1.895 2.365 2.998 3.499 4,029 4.785 5.408 7.885 11.215 15.764 
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041 7.120 9.782 13.257 
9 0.261 0.703 1.383 1.833 2,262 2.821 3.250 3.690 4.297 4.781 6.594 37827 13.257 
10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587 6.211 8,150 10.516 
11 0.260 0.697 1.363 1.796 2.201 2,718 3.106 3,497 4,025 4,437 5.921 7.648 9.702 
12 0.259 0,695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318 5.694 7.261 9.085 
13 0.259 0.694 1.350 1.771 2.160 2.650 3,012 3.372 3.852 4.221 5.513 6.955 8.604 
14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3,326 3.787 4.140 5.363 6.706 8.218 
15 0.258 0.691 1.342 1.753 2.131 2.602 2.947 3.286 3.733 4,073 5.239 6.502 7°903 
16 0.258 0.690 1.337 1.746 2.120 2.583 2,921 3.252 3.686 4.015 5.134 6.330 7.642 
17. 0.257 0,689 1.333 1.740 2.110 2.567 2.898 3,223 3.646 3.965 5.044 6.184 7423 
18 0.257 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3,922 4.966 6.059 7232 
19 0.257 0,688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3,883 4.897 5.949 77069 
20 0.257 0,687 1.325 1.725 2.086 2.528 2.845 3,153 3.552 3,850 4,837 5.854 6.927 
21 0.257 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3,819 4,784 5.769 6.802 
22 0.256 0.686 1.322 1.717 2.074 2.508 2.819 3.119 3.505 3.792 4.736 5.694 6.692 
23 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3,768 4.693 5.627 6.593 
24 0.256 0,685 1.318 1.711 2.064 2.492 2.797 3,090 3.467 3.745 4.654 5.566 6.504 
25 0.256 0,684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725 4.619 5.511 6.424 
26 0.256 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3,707 4,587 5.461 6.352 
27 (0.256 0,684 1.314 1.703 2.052 2.473 2.771 3,057 3.421 3,690 4.558 5.415 6.286 
28 0.256 0,683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674 4.530 5,373 6.225 
29 0:256 0.683 1.311 1.699 2.045 2,462 2.756 3.038 3.396 3.659 4.506 5.335 6.170 
30 0.256 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3,646 4,482 5.299 6.119 
40 0.255 0,681 1.303 1.684 2.021 2.423 2.704 2,971 3.307 3,551 4.321 5.053 5.768 
60 0.254 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.460 4.169 4.825 5.449 
120 0.254 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373 * 4025 * 4613 * 5158 
co 0,253 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3,291 3.891 4.417 4.892 


A=A(tv) -[\7B ( all ie (ey Yas 


From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisti- 
cians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 for 4 0.999, 
from E. T. Federighi, Extended tables of the percentage points of Student’s 
t-distribution, J. Amer. Statist. Assoc. 54, 683-688 (1959) for 4 0.999 (with 


permission). 


*See page II. 


53479 
97344 
66023 
99776 
30176 


81874 
19839 
09337 
31151 
67619 


61946 
04811 
05763 
73260 
54909 


42583 
27266 
49843 
29316 
30463 


28708 
13183 
60796 
13486 
34914 


28105 
59231 
87437 
29046 
62035 


38856 
40666 
40588 
78237 
98247 


69977 
39843 
62880 
56138 
90804 


09665 
34756 
12157 
69384 
93358 


38879 
58314 
83568 
28067 
05730 


Compiled from Rand Corporation, A million random digits with 100,000 normal deviates. The Free Press, Glencoe, IIl., 
1955 (with permission). 


81115 
70328 
38277 
75723 
48979 


83339 
90630 
33435 
58295 
52515 


48790 
64892 
39601 
56877 
09976 


36335 
27403 
11442 
40460 
27856 


84088 
50652 
76639 
46918 
94502 


04814 
45028 
82758 
01301 
71886 


80048 
43328 
90087 
86556 
67474 


78558 
23074 
87277 
64927 
56026 


44672 
50403 
73327 
07734 
64565 


35544 
60298 
10227 
91152 
75557 
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2500 FIVE DIGIT RANDOM NUMBERS 


98036 
58116 
74523 
03172 
92153 


14988 
71863 
53869 
40823 
03037 


11602 
96346 
56140 
40794 
76580 


60068 
97520 
66682 
27076 
67798 


65535 
94872 
30157 
64683 
39374 


85170 
01173 
71093 
55343 
94506 


59973 
87379 
37729 
50276 
71455 


65430 
40814 
99895 
29454 
48994 


74762 
76634 
74196 
94451 
43766 


99563 
72394 
99471 
40568 
93161 


12217 
91964 
71118 
43112 
38416 


99937 
95053 
52769 
41330 
81699 


83043 
79065 
25513 
13948 
02645 


04044 
23334 
36055 
69232 
16837 


44258 
28257 
40295 
07411 
34185 


86490 
08848 
36833 
65732 
15263 


73368 
86418 
08667 
20431 
69540 


32627 
03713 
99965 
52967 
64569 


33357 
12767 
26668 
76428 
45041 


85404 
69668 
74729 
33705 
80921 


59526 
26240 
84892 
83086 
42436 


13213 
55532 
18801 
21093 
17106 


22257 
26999 
86151 
96289 
35795 


29678 
36453 
32002 
51423 
74273 


33869 
78547 
99476 
77842 
57500 


35695 
81925 
53582 
78714 
61435 


52876 
95841 
37256 
00243 
01169 


28312 
21891 
34374 
86624 
67465 


67301 
32220 
78087 
16121 
44930 


04913 
12474 
22075 
64510 
55873 


40238 
44643 
13956 
81982 
26636 


30177 
60908 
25820 
93882 
64982 


11832 
43967 
78657 
90185 
44537 


16342 
33699 
78600 
58515 
05793 


82530 
55286 
28334 
01908 
22514 


03483 
71494 
25986 
43644 
10369 


47673 
25590 
20317 
02303 
03320 


61815 
96353 
42556 
62422 
60180 


80546 
34545 
53636 
09300 
69970 


62547 
93059 
10233 
07067 
54103 


40577 
83287 
98899 
14538 
83903 


47967 
84108 
96198 
49192 
60834 


04344 
63485 
02184 
47111 
64428 


48592 
23672 
36924 
49920 
02900 


98399 
33591 
15368 
47796 
04060 


57315 
95401 
46005 
46248 
42054 


41020 
54137 
53316 
71029 
67017 


14598 
96806 
11679 
30163 
12972 


97659 
18100 
52304 
67417 
16964 


78406 
02053 
21575 
64374 
34801 


39351 
97391 
92315 
26162 
44722 


93793 
55342 
66518 
44876 
85319 


95541 
93572 
29715 
66807 
35441 


25547 
45884 
59962 
03901 
63498 


26387 
61965 
42481 
65796 
94511 


63174 
34049 
42840 
53205 
68257 


82295 
94182 
50982 
49932 
92543 


79728 
24595 
99605 
76181 
03848 


11348 
53513 
00007 
68587 
08277 


01017 
29807 
20325 
26336 
83157 


Table 26.11 


43211 
92823 
65783 
24899 
69210 


86693 
48479 
78314 
47185 
47814 


20366 
80753 
04334 
61849 
28318 


63177 
41515 
68191 
26597 
00782 


02836 
51723 
60312 
44230 
44612 


71902 
04851 
81683 
94868 
14385 


26430 
42308 
32900 
23245 
97977 


55699 
26203 
98011 
95317 
62582 


78771 
14521 
05708 
87932 
67752 


86187 
63645 
21317 
79652 
04534 


69255 
71578 
59640 
20551 
69117 


98854 
63799 
97013 
81425 
08075 


55937 
96582 
15678 
44686 
99001 


75225 
04756 
62580 
33068 
35097 


36838 
14211 
42770 
77230 
10485 


71182 
65914 
21459 
48711 
79436 


87377 
07361 
32097 
00862 
52728 


91348 
26009 
48867 
39264 
93855 


45011 
72120 
63538 
38840 
60292 


22072 
12792 
57124 
31140 
81368 


991 


992 


Table 26.11 


26687 
60675 
45418 
69872 
03765 


84686 
91512 
10737 
54870 
48967 


91430 
92564 
41734 
25251 
91657 


00149 
53250 
25587 
01176 
83531 


19902 
96516 
99417 
77699 
32245 


12874 
63899 
16255 
75553 
41772 


09270 
85058 
80222 
83901 
36303 


91543 
14415 
82465 
27306 
91960 


59284 
10428 
65527 
59688 
44452 


87275 
94155 
26488 
37073 
83835 


74223 
75169 
98635 
48026 
86366 


57636 
49670 
49307 
19676 
49579 


79112 
29567 
12199 
78110 
11563 


84745 
73200 
17481 
12182 
15544 


98866 
78705 
56171 
57853 
83794 


72753 
41910 
43271 
30207 
18441 


01245 
17815 
87572 
88028 
57833 


63886 
33816 
07781 
39843 
82766 


96108 
96003 
41039 
43078 
10188 


82013 
93110 
76394 
34547 
89575 


PROBABILITY FUNCTIONS 


2500 FIVE DIGIT RANDOM NUMBERS 


43546 
24510 
83123 
89755 
99539 


32326 
32556 
18307 
58367 
65369 


03685 
47476 
77441 
54178 
66036 


63222 
84066 
56716 
06882 
40834 


32805 
25556 
19848 
93213 
99528 


66469 
45484 
26540 
41814 
34685 


81765 
71551 
62758 
56743 
77622 


60539 
78231 
09938 
05634 
02331 


91610 
71223 
79574 
93275 
43565 


59804 
49964 
91282 
88296 
55956 


45699 
15100 
98558 
28470 
44183 


19867 
85189 
22246 
20905 
74305 


05411 
62804 
92415 
78241 
28523 


50533 
59620 
49749 
27562 
20296 


61091 
35181 
24352 
27342 
05150 


13782 
55461 
41298 
74985 
13892 


06809 
36356 
14858 
25598 
02238 


96334 
87674 
66874 
96368 
08797 


07483 
21352 
05105 
31978 
46531 


78595 
27753 
03419 
68638 
93957 


94469 
02011 
09953 
44130 
23886 


71345 
28023 
22461 
38324 
62085 


23027 
73428 
63542 
09226 
83705 


50159 
61009 
70733 
75456 
88576 


91587 
29064 
51844 
28906 
27246 


64330 
66518 
35095 
40223 
38843 


10561 
97519 
36350 
79349 
53285 


20804 
96473 
72128 
72022 
33858 


37943 
78685 
59588 
08768 
93023 


60553 
85090 
68758 
12976 
30361 


82125 
14375 
60255 
59979 
89977 


42002 
88151 
10003 
00026 
39297 


54735 
04535 
42115 
87529 
09956 


60433 
38542 
32733 
54261 
47815 


30340 
49005 
03791 
31052 
48263 


00056 
82486 
32170 
91223 
69007 


10080 
54144 
23304 
47880 
71316 


72692 
44451 
99685 
01278 
21847 


96832 
55964 
02115 
84805 
07618 


14038 
77677 
89575 
50896 
47679 


37370 
65187 
42071 
91063 
11964 


96997 
62896 
93157 
98440 
10309 


91550 
86395 
84972 
35376 
76610 


04822 
05758 
60365 
38564 
96540 


84909 
29843 
72127 
65815 
62156 


73324 
74694 
70625 
64238 
10362 


17482 
51132 
70453 
77912 
40106 


08944 
25098 
84329 
92830 
17391 


15444 
35510 
33446 
50661 
12910 


12096 
69303 
66469 
10023 
83001 


23966 
10630 
40930 
28766 
51581 


84379 
95498 
66984 
37427 
23173 


06250 
12162 
12454 
90690 
88116 


49577 
06178 
14108 
89054 
79462 


64047 
68949 
57958 
21637 
62469 


03920 
07865 
66407 
73012 
84125 


05471 
83169 
21065 
52020 
38456 


02870 
29296 
14530 
40094 
53755 


12091 
94805 
56780 
18523 
60934 


95472 
66323 
97835 
27220 
35056 


68926 
64421 
97992 
85962 
18033 


2799) 
29423 
44919 
22896 
74212 


18705 
59647 
33133 
54178 
78351 


89049 
80193 
52573 
96911 
78666 


67750 
50506 
08366 
49385 
97048 


13193 
09724 
01050 
83100 
08814 


82273 
27373 
63812 
84305 
92214 


74892 
50679 
08410 
31776 
58079 


36690 
23422 
18402 
83235 
53403 


42736 
77811 
66681 
05785 
07103 


37664 
66745 
93085 
77173 
56239 


21459 
38138 
30467 
37637 
32272 


18909 
97726 
48467 
08561 
50877 


16162 
26466 
39391 
88906 
25353 


87638 
45862 
43190 
75406 
16511 


19466 
76490 
44225 
92041 
66785 


06902 
68609 
29860 
02897 
54278 


22598 
07798 
45953 
41822 
48498 


58317 
04492 
36279 
50602 
18401 


08573 
22791 
03171 
77538 
63072 


55034 
25521 
85421 
61219 
20230 


95776 
07603 
00645 
62950 
79350 


48339 
05842 
25855 
25272 
73003 


81310 
10024 
84671 
29296 
51771 


42166 
78355 
09552 
15771 
13231 


50583 
99485 
54676 
99343 
35492 


98170 
02670 
36934 
56851 
05464 


15025 
95610 
09026 
81431 
21431 


95832 
99813 
77210 
13268 
44285 


70526 
88386 
83161 
50214 
97689 


81217 
99536 
72744 
48390 
03147 


83206 
17344 
17459 
83162 
10276 


69834 
08439 
02209 
16152 
29058 


94430 
44713 
52806 
58162 
94074 


56251 
67041 
51347 
63127 
99058 


03570 
57330 
39524 
71549 
40231 


25384 
86155 
42879 
12778 
28892 


20237 
08030 
40378 
99955 
59335 


76145 
44631 
31148 
02609 
71735 


45953 
11222 
73994 
71721 
29341 


PROBABILITY FUNCTIONS 


2500 FIVE DIGIT RANDOM NUMBERS 


90564 
43233 
97242 
47344 
58854 


56144 
01148 
78742 
61504 
81933 


59047 
79836 
07307 
82323 
17605 


22663 
59832 
89124 
21858 
70630 


60770 
22492 
33864 
34847 
93754 


38472 
10634 
73785 
10248 
34868 


03841 
56860 
81637 
24309 
14271 


63386 
81469 
05731 
52462 
58627 


11636 
43746 
50543 
79833 
26620 


79637 
25080 
17209 
33851 
67747 


81943 
48786 
66383 
30413 
11650 


55953 
83300 
39005 
31557 
26347 


82175 
50957 
59942 
70718 
49298 


06584 
80721 
37691 
33732 
41286 


51672 
51522 
89018 
05660 
36730 


73236 
74905 
48864 
76036 
55356 


23920 
02592 
79952 
73660 
23778 


71122 
91066 
55128 
67667 
94822 


80284 
99790 
11603 
66058 
54691 


57374 
71462 
79441 
45144 
80643 


11241 
49221 
00132 
39392 
28415 


89787 
96955 
36027 
80590 
08068 


92010 
32059 
71389 
98081 
47675 


38142 
63711 
20897 
94056 
90583 


36031 
31164 
73418 
06156 
44286 


67613 
90671 
69835 
31702 
12847 


47954 
01646 
07066 
84264 
88599 


06620 
88857 
74298 
97322 
65484 


17787 
86823 
50934 
80277 
14909 


05053 
09818 
64091 
05696 
13620 


84512 
06960 
05661 
91365 
12821 


64426 
65027 
98807 
47893 
67816 


58446 
32910 
76159 
38631 
90445 


00146 
67882 
82339 
88806 
87680 


77273 
30450 
81538 
48970 
44326 


72780 
19643 
62798 
76868 
68093 


10359 
42200 
41625 
24668 
17081 


07415 
56583 
49196 
69808 
09641 


97934 
12114 
02498 
08533 
52132 


31965 
46001 
49790 
29935 
23943 


12288 
31564 
96442 
56203 
58931 


08448 
31713 
72666 
72360 
06659 


69591 
15842 
11263 
91956 
68919 


“17496 


25100 
22627 
54603 
13961 


85218 
27600 
77399 
55699 
15729 


78174 
69903 
65205 
88909 
52643 


70114 
79950 
96804 
16686 
33884 


94982 
01224 
31669 
21240 
41018 


12822 
31706 
09184 
28676 
81110 


33376 
19065 
11936 
12823 
49396 


89862 
21458 
37388 
79204 
30508 


45707 
89013 
54484 
72720 
87917 


56205 
13918 
38787 
49909 
05676 


51115 
45345 
06142 
00384 
55627 


14812 
44428 
30448 
61818 
37500 


18718 
60950 
69187 
69574 
32732 


11177 
37764 
92388 
02239 
88783 


32324 
28097 
42605 
65921 


~ 85100 


73890 
05024 
95875 
37532 
74548 


13232 
68981 
44864 
01594 
83686 


Table 26.11 


00760 
88199 
57671 
05330 
65989 


80364 
79557 
68262 
08396 
74166 


95700 
41365 
61541 
76253 
23823 


61458 
55743 
05773 
66340 
23670 


90758 
96380 
97740 
91763 
47269 


99092 
17968 
05572 
27642 
67016 


63298 
82341 
88860 
66022 
39015 


79427 
19726 
30368 
12629 
16110 


66009 
28156 
85840 
70535 
78853 


85666 
18310 
86978 
08453 
37302 


76159 
06312 
27916 
31196 
26675 


60262 
49755 
38827 
33674 
85519 


86211 
80115 
22606 
33970 
84892 


65790 
67618 
03547 
69232 
35109 


23677 
26772 
18158 
20821 
13333 


64114 
37217 
74741 
00336 
46784 


99903 
71952 
68580 
64133 
57118 


70387 
71465 
96424 
92896 
32077 


27521 
04202 
71954 
82356 
31996 


86615 
74178 
34538 
52825 
95350 


993 


994 
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12367 
38890 
80788 
02395 
73720 


61383 
39161 
80907 
09052 
33425 


72651 
04142 
85226 
54888 
33258 


75973 
90638 
65061 
64420 
27175 


32215 
54209 
59286 
83872 
83310 


64545 
39269 
29763 
06310 
97541 


82968 
76878 
87394 
74040 
47896 


87778 
96977 
43820 
57203 
49065 


94250 
68148 
12208 
88317 
56728 


07138 
21188 
02154 
90953 
80103 


23891 
30239 
55410 
77585 
70184 


17222 
44282 
74484 
65670 
24226 


69474 
32092 
14193 
03579 
51516 


15957 
75314 
15498 
07427 
17389 


30094 
58043 
66964 
58167 
57080 


29500 
00076 
05675 
02998 
47607 


85717 
34727 
78884 
12731 
41413 


71697 
63143 
13285 
83960 
72171 


84270 
81382 
97809 
89705 
80359 


12320 
64554 
12250 
85238 
91308 


PROBABILITY FUNCTIONS 


2500 FIVE DIGIT RANDOM NUMBERS 


31506 
34237 
39770 
08854 
69112 


55234 
14975 


. 39884 


63660 
32043 


73648 
83586 
52213 
91674 
82032 


32405 
35381 
93348 
82233 
76963 


87276 
72350 
84843 
01221 
03366 


13351 
55489 
28193 
01463 
57655 


11619 
12524 
87237 
59616 
66431 


64148 
72219 
77811 
40096 
80939 


95798 
82383 
33619 
26119 
29613 


01073 
55618 
88738 
32771 
12858 


90721 
22578 
93317 
23562 
71887 


18963 
97498 
19885 
34035 
60082 


71530 
61825 
60746 
59502 
45233 


82081 
34451 
33566 
97812 
75117 


56896 
89828 
71549 
95558 
80017 


78647 
01524 
65514 
27738 
59102 


97721 
90642 
92086 
33697 
70046 


54363 
80040 
81697 
39234 
06017 


13477 
18674 
28868 
12416 
63052 


19304 
36088 
43917 
07305 
41293 


18710 
74420 
18270 
33544 
80140 


39006 
25973 
37311 
06578 


20418 


55454 
35482 
24414 
08619 
39351 


02214 
49246 
19427 
39572 
45580 


15625 
02706 
67553 
22196 
39601 


92628 
76568 
11954 
90288 
21851 


53513 
16921 
95633 
12592 
50793 


92114 
11990 
29937 
65953 
90323 


80139 
40453 
41646 
19438 
15251 


87042 
24331 
03655 
36181 
00325 


89140 
22734 
21141 
45796 
72876 


93504 
33605 
04209 
87837 
85047 


19576 
32736 
57858 
33790 
33229 


57143 
11465 
66826 
07766 
99904 


32594 
16815 
33867 
65905 
40698 


19354 
22571 
78599 
17697 
44446 


53781 
13669 
66841 
44891 
45920 


34037 
47698 
70750 
59911 
63687 


26335 
92828 
16734 
65665 
44684 


58920 
84390 
21099 
47420 
15013 


58595 
26930 
52085 
10976 
38984 


18273 
60141 
49675 
28125 
53570 


15552 
63403 
31884 
29011 
59464 


33526 
25102 
03044 
65844 
47160 


80663 
89985 
83011 
38785 
56434 


60479 
20328 
63902 
64511 
07976 


98941 
17420 
22906 
67982 
96564 


59061 
95621 
02029 
91411 
07932 


55169 
30042 
88860 
60989 
64681 


28454 
16022 
60805 
19681 
19579 


99425 
40604 
78093 
44721 
23409 


49815 
30030 
39596 
48883 
32554 


20577 
91499 
51266 
85193 
65545 


47194 
71489 
97361 
29980 
55364 


08082 
37380 
66213 
01355 
64055 


57338 
84623 
21346 
39552 
54295 


38401 
84483 
64989 
72972 
67958 


62051 
72990 
32377 
55573 
99587 


73417 
37412 
32636 
59766 
42354 


81069 
12200 
63246 
33184 
91132 


22840 
10782 
85638 
24781 
63957 


52802 
77677 
01052 
50482 
64099 


12124 
37196 
82293 
62262 
76809 


94526 
89883 
08159 
15533 
25666 


19422 
44032 
69372 
47489 
02495 


52133 
30188 
19219 
34694 
84671 


70939 
68309 
86952 
89795 
56369 


62049 
29047 
00556 
88427 
49014 


40766 
43423 
41985 
11418 
51029 


93978 
77559 
26842 
41386 
12720 


08267 
80128 
81140 
09690 
44751 


69675 
49294 
43999 
55735 
52326 


50038 
02762 
73553 
28684 
16982 


73253 
99708 
47485 
90114 
25405 


80717 
59366 
23903 
28170 
50880 


07114 
43904 
90286 
03211 
78755 


11319 
85241 
54700 
10587 
44725 


33526 
85893 
86687 
45573 
26452 


45170 
45138 
84615 
18250 
77680 


66659 
75661 
35816 
03249 
92603 


92630 
79445 
59654 
31524 
06348 


28703 
68108 
99938 
91543 
42103 


17138 
28297 
09331 
31295 
36146 


29553 
23501 
57888 
55336 
10087 


34101 
53362 
82975 
54827 
25464 


67609 
44921 
33170 
84687 
71886 


00475 
25993 
92882 
25138 
84631 


34003 
53775 
59316 
20479 
86180 


21451 
98062 
01788 
62465 
94324 


05797 
10395 
35177 
25633 
16464 


78240 
78735 
71966 
49587 
76938 


51709 
89266 
90704 
73196 
02781 


27584 
14280 
56712 
04204 
15560 


18432 
22642 
85846 
71264 
10072 


81277 
44940 
66158 
84673 
59098 


60214 
70924 
30972 
85445 
56450 


02224 
38881 
53178 
26810 
71882 


92326 
45749 
97885 
66557 
84931 


68001 
68375 
64429 
04841 
31089 


43984 
14289 
56986 
89619 
48280 


2500 


19267 
71549 
27386 
76612 
90379 


94456 
94730 
93621 
34449 
73920 


25296 
54524 
51333 
93712 
27592 


13630 
63081 
67967 
88472 
55980 


66090 
60430 
84731 
22898 
27436 


41475 
61295 
98130 
06208 
36567 


74722 
68361 
99195 
07093 
12991 


12793 
05734 
72807 
50705 
25455 


72710 
80089 
14430 
43272 
84159 


21575 
52185 
25549 
75882 
94254 


PROBABILITY FUNCTIONS 


FIVE DIGIT RANDOM NUMBERS 


95457 
44843 
50004 
39789 
51392 


48396 
95761 
66330 
63513 
56297 


28387 
21618 
06289 
51287 
42089 


05529 
08191 
07835 
04334 
64688 


88872 
22834 
19436 
08094 
89421 


84950 
51137 
95828 
17654 
09395 


14721 
59560 
93803 
15677 
83028 


61453 
86169 
54966 
26999 
26044 


40261 
24135 
94575 
68702 
92933 


09908 
09721 
59730 
98256 
45777 


53497 
26104 
05358 
13537 
55887 


73780 
75023 
33393 
83834 
72678 


51350 
95320 
75345 
05754 
99281 


02791 
89420 
11314 
63919 
68239 


37818 
14130 
55790 
14326 
80754 


40133 
47596 
49786 
51333 
96951 


40215 
41274 
56985 
60688 
82484 


48121 
42762 
60859 
09854 
02227 


61281 
72355 
75153 
01274 
99989 


70221 
25789 
64718 
02126 
45150 


23894 
67318 
94031 
48086 
71015 


06436 
48464 
95261 
99411 
12249 


61664 
38174 
08811 
79396 
59640 


81017 
67800 
01545 
36394 
20461 


72142 
96593 
69229 
87038 
89924 


02546 
86735 
13301 
02878 
35507 


21351 
69742 
53089 
04410 
90339 


74271 
70175 
11932 
52591 
52015 


13172 
95428 
94576 
05437 
89500 


19791 
38562 
52630 
72099 
68865 


37708 
00701 
29281 
59483 
09209 


86641 
65544 
95349 
58826 
25270 


37893 
60579 
82711 
87399 
15221 


49027 
55137 
48535 
11196 
89381 


67140 
23298 
28661 
42892 
19097 


09570 
35561 
36081 
35010 
17555 


08596 


40703 
15305 
24505 
91950 


28363 
97310 
35265 
14063 
21820 


63819 
11808 
61393 
22953 
91586 


51578 
54794 
31100 
57183 
11382 


79862 
34986 
18544 
60680 
79157 


69239 
96583 
51769 
40456 
36678 


05363 
08089 
57392 
51773 
96079 


79031 
54707 
17142 
92470 
93809 


50785 
56203 
13675 
21127 
67737 


45682 
76649 
80761 
67578 
35212 


45625 
37993 
50522 
37890 
74579 


66561 
73894 
71601 
30214 
50599 


48970 
29740 
96192 
18946 
02802 


36432 
04897 
62384 
55887 
11782 
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76471 
66751 
52429 
84675 
24440 


57662 
18911 
91616 
69268 
21313 


44143 
94999 
25252 
33075 
09961 


50912 
32945 
08552 
70543 
00796 


21380 
92671 
99318 
30712 
80368 


50165 
18217 
33985 
61574 
69106 


83981 
03435 
55900 
67186 
03539 


75220 
88606 
55577 
19890 
51671 


51732 
81644 
03227 
99053 
69471 


33494 
59012 
49483 
09320 
22695 


66418 
99723 
06080 
53014 
30244 


80181 
16391 
33238 
48562 
75767 


42677 
78460 
30333 
97061 
05371 


09399 
64522 
67457 
29776 
95945 


16703 
15925 
76873 
48489 
08795 


15609 
63446 
68621 
20749 
01679 


63748 
18873 
43026 
62829 
90122 


35908 
19994 
67715 
19292 
65411 


54113 
86610 
32258 
41690 
68274 


79888 
89251 
11409 
73463 
41988 


995 
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27. Miscellaneous Functions 


27.1. Debye Functions Relation to Riemann Zeta Function (see chapter 23) 
Series Representations ” tdt 
27.1.1 27.1.3 f. aps (nt). 
*a'dt A x cS Byx™ {27.1] J. A. Beattie, Six-place tables of the Debye energy 
3 Pe ant) hes Ck+nQb!! and specific heat functions, J. Math. Phys. 6, 
1-32 (1926). 
(|t|<22,n>1) 
’ 3 yrdy 12 2 yedy 3x = 
(For Bernoulli numbers Bz, see chapter 23.) zi), vot’ 2, evel etc! t= Ol.01)24, 68. 
27.1.2 ; (27.2] E. Griineisen, Die Abhangigkeit des elektrischen 
m z, = . Widerstandes reiner Metalle von der Temperatur, 
f dt _ Sy g-agt® nate! , (n)(n—1)e" Ann. Physik. (5) 16, 530-540 (1933). 
2 e—1 ete kT BP Ps : 
; 20(7 dt 4x 
n! wiJoe’—1 e=—1 
+...45-5)(2>0,n>1 ° 
+ Fnrill 70,n21) z=0(.1)13(.2)18(1)20(2)52(4)80, 48. 
Table 27.1 Debye Functions 
P 1? tat 22 Pat 3 (* Bde 4? tat 
zJo et—1 x*Jo ef —1 ziJo et—1 ztJo e*—1 
0.0 1. 000000 1. 000000 1. 000000 1. 000000 
0.1 0. 975278 0. 967083 0. 963000 0. 960555 
0. 2 0. 951111 0. 934999 0. 926999 0. 922221 
0.3 0. 927498 0. 903746 0. 891995 0. 884994 
0. 4 0. 904437 0. 873322 0. 857985 0. 848871 
0.5 0. 881927 0. 843721 0. 824963 0. 813846 
0. 6 0. 859964 0. 814940 0. 792924 0. 779911 
0. 7 0. 838545 0. 786973 0. 761859 0. 747057 
0.8 0. 817665 0. 759813 0. 731759 0. 715275 
0. 9 0. 797320 0. 733451 0. 702615 0. 684551 
1.0 0. 777505 0. 707878 0. 674416 0. 654874 
11 0. 758213 0. 683086 0. 647148 0. 626228 
1,2 0. 739438 0. 659064 0. 620798 0. 598598 
1.3 0. 721173 0. 635800 0. 595351 0. 571967 
14 0. 703412 0. 613281 0. 570793 0. 546317 
1.6 0. 669366 0. 570431 0. 524275 0. 497882 
1.8 0. 637235 0. 530404 0. 481103 0. 453131 
2.0 0. 606947 0. 493083 0. 441129 0. 411893 
2. 2 0. 578427 0. 458343 0. 404194 0. 373984 
2.4 0. 551596 0. 426057 0. 370137 0. 339218 
2.6 0. 526375 0. 396095 0. 338793 0. 307405 
2.8 0. 502682 0. 368324 0. 309995 0. 278355 
3.0 0. 480435 0. 342614 0. 283580 0. 251879 
3. 2 0. 459555 0. 318834 0. 259385 0. 227792 
3. 4 0. 439962 0. 296859 0. 237252 0. 205915 
3. 6 0. 421580 0. 276565 0. 2170380 0. 186075 
3.8 0. 404332 0. 257835 0. 198571 0. 168107 
4.0 0. 388148 0. 240554 0. 181737 0. 151855 
4.2 0. 372958 0. 224615 0. 166396 0. 137169 
4.4 0. 358696 0. 209916 0. 152424 0. 123913 
4.6 0. 345301 0. 196361 0. 139704 0. 111957 
4.8 0. 332713 0. 183860 0. 128129 0. 101180 
5.0 0. 320876 0. 172329 0. 117597 0. 091471 
5.5 0. 294240 0. 147243 0. 095241 0. 071228 
6.0 0. 271260 0. 126669 0. 077581 0. 055677 
6. 5 0. 251331 0. 109727 0. 063604 0. 043730 
7.0 0. 233948 0. 095707 0. 052506 0. 034541 
7. 5 0. 218698 0. 084039 0. 043655 0. 027453 
8.0 0. 205239 0. 074269 0. 036560 0. 021968 
8.5 0. 193294 0. 066036 0. 030840 0. 017702 
9.0 0. 182633 0. 059053 0. 026200 0. 014368 
9.5 0. 173068 0. 053092 0. 022411 0. 011747 
10.0 0. 164443 0. 047971 0. 019296 0. 009674 
fe] Fed ey 19 
5 5 5 5 
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Planck’s Radiation Function Table 27.2 
f(z) =z-(ev/*#—1)71 
x f@) x f(z) x f(z) z f(@) x f(z) 
0. 050 0. 007 0. 10 4. 540 0. 20 21. 199 0. 40 8. 733 0.9 0. 831 
0. 055 0. 025 0. 11 6. 998 0. 22 20. 819 0. 45 6. 586 10 0. 582 
0. 060 0. 074 0. 12 9. 662 0. 24 19. 777 0. 50 5. 009 ll 0. 419 
0. 065 0. 179 0. 13 12. 296 0. 26 18. 372 0. 55 3. 850 1.2 0. 309 
0. 070 0. 372 0. 14 14. 710 0. 28 16. 809 0. 60 2. 995 1.3 0. 233 
0. 075 0. 682 0. 15 16. 780 0. 30 15. 224 0. 65 2. 356 14 0. 178 
0. 080 1. 137 0. 16 18. 446 0. 32 13. 696 0. 70 1, 875 1.5 0. 189 
0. 085 1. 752 0. 17 19. 692 0. 34 12. 270 0. 75 1. 508 2.0 0. 048 
0. 090 2. 531 0. 18 20. 539 0. 36 10. 965 0. 80 1. 225 2.5 0. 021 
0. 095 3. 466 0. 19 21. 025 0. 38 9. 787 0. 85 1. 005 3. 0 0. 010 
0. 100 4. 540 0. 20 21. 199 0. 40 8. 733 0. 90 0. 831 3. 5 0. 006 


EE oo 7 nn 7 9 eo ee 
ere Pare eel [ 5 ] [ 5 | [ 4 ] 


{27.3] Miscellaneous Physical Tables, Planck’s radiation Ry Ro-rv Ny No-v 


functions and electronic functions, MT 17 (U.S. Table Z: Ra max Ro-w Namx No-w for 
Government Printing Office, Washington, D.C., xT =[.05(.001).1(.005) .4(.01).6(.02)1(.05)2]Jem K°. 
1941), 
) " Table II: Ry, Ror», Na, No-, (T=1000° K) 
Ry=cd-8(exAT—1)-1, Roa fi Ryda, for \=[.5(.01) 1(.05) 4(.1)6(.2)10(.5)20] microns. 


Table III: Ny for d=[.25(.05)1.6(.2)3(1)10] 


» 
= _ og /AT _ - os. 
Na=2aen “(ort — 1), Noa= fi Nidd microns, T'=[1000°(500°)3500° K and 6000° KJ. 


Einstein Functions Table 27.3 
: x 
ze z z—1 
oes i In (l—e-* e 
sf (e=— 1)? e7—1 ( ) —In (1—e-*) 

0. 00 1. 00000 1. 00000 —o2 oo 

0. 05 0. 99979 0. 97521 — 3. 02063 3. 99584 
0. 10 0. 99917 0. 95083 —2. 35217 3. 30300 
0. 15 0. 99813 0. 92687 —1. 97118 2. 89806 
0. 20 0. 99667 0. 90333 —1. 70777 2. 61110 
0. 25 0. 99481 0.8 — 1. 50869 2. 38888 
0. 30 0. 99253 0. 85749 — 1, 35023 2. 20771 
0. 35 0. 98985 0. 83519 —1i, 21972 2. 05491 
0. 40 0. 98677 0. 81330 —1. 10963 1. 92293 
0. 45 0. 98329 0. 79182 — 1, 01508 1. 80690 
0. 50 0. 97942 0. 77075 —0. 93275 1. 70350 
0. 55 0. 97517 0. 75008 —0. 86026 1. 61035 
0. 60 0. 97053 0. 72982 —0. 79587 1. 52569 
0. 65 0. 96552 0. 70996 —0. 73824 1. 44820 
0. 70 0. 96015 0. 69050 —0. 68634 1. 37684 
0. 75 0. 95441 0. 67144 —0. 63935 1. 31079 
0. 80 0. 94833 0. 65277 —0. 59662 1, 24939 
0. 85 0. 94191 0. 638450 —0. 55759 1. 19209 
0. 90 0. 98515 0. 61661 —0. 52184 1, 13844 
0. 95 0. 92807 0. 59910 —0. 48897 1. 08809 
1. 00 0. 92067 0. 58198 —0. 45868 1. 04065 
1. 05 0. 91298 0. 56523 —0. 43069 0. 99592 
1.10 0. 90499 0. 54886 —0. 40477 0. 95363 
1.15 0. 89671 0. 58285 —0. 38073 0. 91358 
1. 20 0. 88817 0. 51722 —0. 35838 0. 87560 
1. 25 0. 87937 0. 50194 —0. 33758 0. 83952 
1. 30 0. 87031 0. 48702 —0. 31818 0. 80520 
1. 35 0. 86102 0. 47245 —0. 30008 0. 77253 
1. 40 0. 85151 0. 45824 —0. 28315 0. 74139 
1. 45 0. 84178 0. 44436 —0. 26732 0. 71168 
1. 50 0. 83185 0. 43083 —0. 25248 0. 68331 
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Table 27.3 Finstein Functions 
a 
axe x mae = 
x (e=—1) | In (1—e7?) ez—1 
—In (1—e-*) 

1.6 0. 81143 0. 40475 —0. 22552 0. 63027 
1.7 0. 79035 0. 37998 —0. 20173 0. 58171 
1.8 0. 76869 0. 35646 —0. 18068 0. 58714 
1.9 0. 74657 0. 338416 —0. 16201 0. 49617 
2.0 0. 72406 0. 31304 —0. 14541 0. 45845 
2.1 0. 70127 0. 29304 —0. 18063 0. 42367 
2. 2 0. 67827 0. 27414 —0. 11744 0. 39158 
2.3 0. 65515 0. 25629 —0. 10565 0. 36194 
2. 4 0. 63200 0. 23945 —0. 09510 0. 33455 
2.5 0. 60889 0. 22356 —0. 08565 0. 30921 
2. 6 0. 58589 0. 20861 —0. 07718 0. 28578 
2.7 0. 56307 0. 19453 —0. 06957 0. 26410 
2.8 0. 54049 0. 18129 —0. 06274 0. 24403 
2.9 0. 51820 0. 16886 —0. 05659 0. 22545 
3.0 0. 49627 0. 15719 —0. 05107 0. 20826 
3.2 0. 45363 0. 13598 —0. 04162 0. 17760 
3. 4 0. 41289 0. 11739 —0. 03394 0. 15133 
3. 6 0. 37429 0. 10113 —0. 02770 0. 12883 
3. 8 0. 33799 0. 08695 —0. 02262 0. 10958 
40 0. 30409 0. 07463 —0. 01849 0. 09311 
4.2 0. 27264 0. 06394 —0. 01511 0. 07905 
4.4 0. 24363 0. 05469 —0. 012385 0. 06705 
4.6 0. 21704 0. 04671 —0. 01010 0. 05681 
4.8 0. 19277 0. 03983 —0. 00826 0. 04809 
5.0 0. 17074 0. 03392 —0. 00676 0. 04068 
5. 2 0. 15083 0. 02885 —0. 00553 0. 034388 
5. 4 0. 13290 0. 02450 —0. 00453 0. 02903 
5. 6 0. 11683 0. 02078 —0. 00370 0. 02449 
5.8 0. 10247 0. 01761 —0. 00303 0. 02065 
6.0 0. 08968 0. 01491 —0. 00248 0. 01739 

[a"4 ae iow eps] 

4 4 4 4 
(27.4] H. L. Johnston, L. Savedoff and J. Belzer, Contri- Representation in Terms of Exponential Integrals 


butions to the thermodynamic functions by a 27.4.2 


Planck-Einstein oscillator in one degree of free- rn 5 
dom, NAVEXOS p. 646, Office of Naval Re- f E77 80° Cdp== f e7* see tdd 
0 0 


search, Department of the Navy, Washington, a 
D.C. (1949). Values of x%e*(e*—1)-2, z(e*—1)—, — >) a (cos 0)**1 Hop +2 (3) 
—In (1—e-*) and 2(e*—-1)1—In (1—e-*) for a oe 7 
2=0(.001)3(.01) 14.99, 5D with first differences. (x2 0,0<6< 5) 
: 1-3-5... (2k—1) 
27.4, Sievert Integral a=, 9-4-6... (2k) 
P (For Eox42(z), see chapter 5.) 
d e77 8° #de Relation to the Integral of the Bessel Function Ky(z) 
27.4.3 
Relation to the Error Function f 2 e-# #00 #dg-— Ki, (1) = f K,(t)dt where 
0 z 


27.4.1 
5 , 129 


zte*Ki, (2) ~ Gry 12+ ioe 


_ 
-rsec¢Jn~,. | @ ,-2 x 
J, ae Vz ee (3 a) =) 2655 , 301035 } 


~~ 1024a° "327682 * 
(For erf, see chapter 7.) (For Ki,(x), see chapter 11.) 
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[27.5] National Bureau of Standards, Table of the Sievert (27.6] R. M. Sievert, Die v-Strahlungsintensitit an der 


integral, Applied Math. Series— (U.S. Government Oberfliche und in der nichsten Umgebung von 
Printing Office, Washington, D.C. In press). Radiumnadeln, Acta Radiologica 11, 239-301 
(1930). 


2=0(.01)2(.02)5(.05) 10, @=0°(1°)90°, 9D. . 
f e~4 #e¢ $d, p= 30°(1°)90°, A=0(.01).5, 3D. 
0 


0 
Sievert Integral f e700 o dy Table 27.4 
0 
a2\o 10° 20° 30° 40° 50° 60° 75° 90° 

0.0 0. 174533 0. 349066 0. 523599 0. 698132 0. 872665 1. 047198 1. 308997 1. 570796 
0.1 0. 157843 0. 315187 0. 471456 0. 625886 0. 777323 0. 923778 1. 123611 1. 228632 
0. 2 0. 142749 0. 284598 0. 424515 0. 561159 0. 692565 0. 815477 0. 968414 1. 023680 
0.3 0. 129099 0. 256978 0. 382255 0. 503165 0. 617194 0. 720366 0. 837712 0. 868832 
0. 4 0. 116754 0. 232040 0. 344209 0. 451198 0. 550154 0. 636769 0. 727031 0. 745203 
0.5 0. 105589 0, 209522 0. 309957 0. 404629 0. 490508 0. 563236 0. 632830 0. 643694 
0. 6 0. 095492 0. 189191 0. 279118 0. 362893 0. 437428 0. 498504 0. 552287 0. 558890 
0.7 0. 086361 0. 170833 0. 251353 0. 325486 0. 390178 0. 441478 0. 483134 0. 487198 
0.8 0. 078103 0. 154256 0. 226354 0. 291957 0. 348109 0. 391204 0. 423535 0. 426062 
0.9 0. 070634 0. 139289 0. 203845 0. 261901 0. 310642 0. 346851 0. 371996 0. 373579 
1.0 0. 063880 0. 125775 0. 183579 0. 234956 0. 277267 0. 307694 0. 327288 0. 328286 
1.2 0. 052247 0. 102553 0. 148899 0. 189138 0. 221027 0. 242523 0. 254485 0. 254889 
1.4 0. 042733 0. 083620 0. 120780 0. 152298 0. 176336 0. 191533 0. 198885 0. 199051 
1.6 0. 034951 0. 068183 0. 097979 0. 122667 0. 140792 0. 151541 0. 156087 0. 156156 
18 0. 028587 0. 055597 0. 079488 0. 098829 0. 112497 0. 120105 0. 122932 | 0. 122961 
2.0 0. 023381 0. 045335 0. 064492 0. 079644 0. 089954 0. 095342 0. 097108 0. 097121 
2. 2 0. 019123 0. 036967 0. 052329 0. 064201 0. 071979 0. 075797 0. 076905 0. 076911 
2. 4 0. 015641 0. 030145 0. 042463 0. 051766 0. 057635 0. 060342 0.061040 | 0.061043 
2.6 0. 012793 0. 024582 0. 034460 0. 041750 0. 046179 0. 048100 0. 048541 0, 048542 
2.8 0. 010463 0. 020045 0. 027968 0. 033680 0. 037024 0. 038387 0. 038667 0. 038668 
3.0 0. 008558 0. 016347 0. 022700 0. 027177 0. 029702 0. 030670 0. 030848 0. 030848 
3.5 0. 005178 0. 009817 0. 013477 0. 015912 0. 017164 0. 017576 0. 017634 0. 017634 
4.0 0. 003132 0. 005896 0. 008005 0. 009330 0. 009951 0. 010128 0. 010147 0. 010147 
| 45 0. 001895 0. 003542 0. 004756 0. 005478 0. 005787 0. 005862 0. 005869 0. 005869 
5. 0 0. 001147 0. 002127 0. 002828 0. 003221 0. 003374 0. 003407 0. 003409 0. 003409 
5. 5 0. 000694 0. 001278 0. 001682 0. 001896 0. 001972 0. 001986 0. 001987 0. 001987 
6.0 0. 000420 0. 000768 0. 001001 0. 001117 0. 001155 0. 001162 0. 001162 0. 001162 
6.5 0. 000254 0. 000461 0. 000596 0. 000659 0. 000678 0. 000681 0. 000681 0. 000681 
7.0 0. 000154 0. 000277 0. 000355 0. 000389 0. 000399 0. 000400 0. 000400 0. 000400 
7.5 0. 000093 0. 000167 0. 000211 0. 000230 0. 000235 0. 000235 0. 000235 | 0. 000235 
8. 0 0. 000056 0. 000100 0. 000126 0. 000136 0. 000139 0. 000139 0. 000139 0. 000139 
8.5 0. 000034 0. 000060 0. 000075 0. 000081 0. 000082 0. 000082 0. 000082 0. 000082 
9.0 0. 000021 0. 000036 0. 000045 0. 000048 0. 000048 0. 000048 0. 000048 0. 000048 
9.5 0. 000012 0. 000022 0. 000027 0. 000028 0. 000029 0. 000029 0. 000029 0. 000029 
10. 0 0. 000008 0. 000013 0. 000016 0. 000017 0. 000017 0. 000017 0. 000017 0. 000017 
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Power Series Representations 


27.5. fa(a)= f i™e-"-F dt and 
0 


Related Integrals 27.5.4 2fi(x) rae (a; In e+ by)a* 
m=0,1,2... 
Differential Equations = WED be 
27.5.1 fm —(m—1)f7+2f,,=0 ph each: 
27.5.2 5 —fin-1 (m= J ) 2, eee ) 3 
Recurrence Relation bo= 1 b=—Vvr b=5 (—y) 


27.5.3 2fm=(mM—1)fm—-2+ tf n—3 (m>3) (For y, see chapter 6.) 
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27.5.5 


2f, (2) =1—Vre+ .63422?+ .59082°—.143124 
— .019682°+- .003242°+ .0001882" ... 
—z? In x(1—.083332?-+ .001389a*— .00000832°+- . . .) 


27.5.6 
2 fo(x) a4 x?— .32252°— .14772*-+ .0319525 


+ .0038282°— .0004912’— .00002352° . . . 
+23 In 2(4—.016672?+-.000198z'— .. .) 


27.5.7 
vr ye? r 5 
2fs(2)=1— 5 t+ 5 —.20542°-+ 10142 + .029542 


— .005782°— .00047z’-+ .0000642° .. . 
—z‘ In x(.0833—.002782?+ .0000252*— .. .) 


Asymptotic Representation 


27.5.8 
7 FoF bet] Y Ge 
Ina) ~a/5 8 2 y2 ¢ (ap 24+ Sp stake 


z 2/3 
v=3 G) 


a=1, a= (8m?+3m—1) 


+34 45) 


(t>&) 


12(k+2)az42=— (12k? +-36k—3m?—3m-+25)az44 
+3(m—2k) (2k+3—m) (2k+3+2m)a, 


(k=0, 1,2...) 
27.5.9 gi(x) + ige(z) = f te tds 

0 
27.5.10 


(2) = Bf,(iz) g2(z) = — Ffa(tx) 


MISCELLANEOUS FUNCTIONS 


Asymptotic Representation 
27.5.11 


91(2) =() § exp [3] (A sin 6+ B cos @) 


27.5.12 
1/2 2/3' 
g.(z)=—(5) Sexp| —3(3) |4 nee Bae) 


=3 3 (3)" 
naa QH[-"--0" 
—u(2)"ta@)".] ee) 
~F[a "40 2)" 2)" 
—das (2)y"+ os | (1 & ) 


Q=1 = .972222 Q2==.148534 
Q3== — .017879 a,4= .004594 as= — .000762 
[27.7] M. Abramowitz, Evaluation of the integral 
f e~“-a/udy, J. Math. Phys. 32, 188-192 (1953). 
[27.8] H. Faxén, Expansion in series of the integral 
f exp [—x(t4t-*)]@dt, Ark. Mat., Astr., Fys. 
vy 
15, 13, 1-57. (1921). 
[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete 
energy levels associated with the Lennard- 
Jones potential, J. Chem. Phys. 19, 7, 930-933 


(1951). 
(27.10] U. E. Kruse and N. F. Ramsey, The integral 


f y® exp (-v+i “) dy, J. Math. Phys. 30, 
0 


40 (1951). 

(27.11] O. Laporte, Absorption coefficients for thermal] 
neutrons, Phys. Rev. 52, 72-74 (1937). 

[27.12] H. C. Torrey, Notes on intensities of radio fre- 
quency spectra, Phys. Rev. 59, 293 (1941). 

(27.13] C. T. Zahn, Absorption coefficients for thermr? 
neutrons, Phys. Rev. 52, 67-71 (1937). 


f yre-9-# Vi dy for n=0, }, 1; 2=0(.01).1(.1)1. 
0 
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wo 2 z 
fn (2) = f tme- OF dt Table 27.5 
x fi@) f2(z) fa(x) x fil) f2(z) f(x) x fi) fa(z) fa(x) 
0. 00 0. 5000 0. 4431 0. 5000 0.1 0. 4263 0. 3970 0. 4580 0. 6 0. 2255 QO. 2415 0. 3025 
0. O1 0. 4914 0. 4382 0. 4956 0. 2 0. 3697 0. 3573 0. 4204 0.7 0. 2015 0. 2202 0. 2793 
0. 02 0. 4832 0. 4333 0. 4912 0.3 0. 3238 0. 3227 0. 3864 0.8 0. 1807 0. 2011 0. 2584 
0. 03 0. 4753 0. 4285 0. 4869 0. 4 0. 2855 0. 2923 0. 3557 0.9 0. 1626 0. 1839 0. 2392 
0. 04 0. 4676 0. 4238 0. 4826 0.5 0. 2531 0. 2654 0. 3278 1.0 0. 1466 0. 1685 0. 2215 
0. 05 0. 4602 0. 4191 0. 4784 
bea E95) [35] [ 32] [ ‘- 97] [95] [ 28] [2] ia 
2 2 2 4 3 3 3 3 3 
x ji)  —Ifa(iz) z Riz) —4f,(iz) 1c Riz) —Sfsliz) 
0. 0 0. 50000 0. 00000 4.0 —0. 2626 0. 0430 8.0 0.06078 —0. 09808 
0. 2 0. 49019 0. 08754 4,2 —0. 2552 +0. 0094 8. 5 0.07562 —0. 07131 
0. 4 0. 46229 0. 16933 4.4 —0O. 2441 —0. 0214 9.0 0.08221 —0. 04496 
0. 6 0. 41950 0. 24139 4.6 —0. 2299 —0. 0490 9. 5 0.08191 —0. 02082 
0. 8 0. 36543 0. 30136 4.8 —0. 2132 —0. 0734 10. 0 0. 07626 —0. 00010 
10 0. 30366 0. 34805 5.0 —0O. 1945 —0. 0944 10.5 0. 06684 +0. 01654 
1.2 0. 23746 0. 38122 5. 2 —0. 1745 —0O. 1120 11.0 0. 05507 0. 02889 
1.4 0. 16972 0. 40127 5. 4 —0. 1536 —0. 1263 11.5 0. 04224 0. 03707 
1.6 0. 10288 0. 40910 5. 6 —0. 1322 —0. 1374 12.0 0. 02937 0. 04146 
1.8 +0. 03892 0. 40592 5. 8 —0. 1108 —0. 1455 12.5 0. 01727 0. 04259 
2. 0 —0. 02062 0. 39314 6.0 —0. 0896 —0. 1507 13. 0 +0. 00650 0. 04109 
2. 2 —0. 0746 0. 3722 6. 2 —0. 0691 —0. 1533 13. 5 —0. 00259 0. 03758 
2.4 —0O. 1221 0. 3448 6. 4 —0. 0493 —0. 1535 14.0 —0. 00982 0. 03268 
2. 6 —O0O. 1629 0. 3122 6. 6 —0. 0307 —O0. 1515 14.5 —0. 01517 0. 02696 
2.8 —0. 1966 0. 2759 6. 8 —0. 0132 —0. 1476 15.0 —0. 01872 0. 02089 
3.0 —0. 2233 0. 2371 7.0 +0. 00286 —0O. 14211 16.0 —0. 02118 +0. 00921 
3. 2° —0. 2432 0. 1971 7.2 0.01749 —O. 13518 17.0 —0. 01906 —0. 00022 
3. 4 —0. 2565 0. 1569 7.4 0.03061 —O. 12709 18. 0 —0. 01435 —0. 00650 
3. 6 —0. 2639 0. 1173 7.6 0.04220 —0O. 11805 19.0 —0. 00879 —0. 00965 
3. 8 —0. 2657 0. 0792 7.8 0.05224 —0. 10830 20. 0 —0. 00360 —0. 01021 


[2] ae 


) e7?? 
21.6. fe)” A at 


Power Series Representation 


27.6.1 < 
—__ pz? & . 
f(z) =—e-* In e+e77 ‘We > BRT i QE+1) “ 
ee =e HED 
ay Le (HIRI) 2 
=—e-* In w+ 2 ii 
© (— 2)gttt 
tm 35... ORF) 


(For y and the digamma finction aye see chap- 


ter 6.) 
Relation to the Exponential Integral 


27.6.3 f(2)=—3 e* Bi (2°)-+yme™ f. * oat 
0 


(For Ei (x) see chapter 5; ef e” dt, see chapter 
0 
vf 


ce 


o 
Compiled from U. E. Kruse and N. F. Ramsey, The integra f y3 exp (- 
0 


ed [c-e7] 


yi z) dy, J. Math, Phys. 30, 40 (1951) (with permission). 


a | 4) 


Asymptotic Representation 


27.6.4 


feay~¥F p 1-3, 1-3-5 


Fs atta a Sx" ear tel 


(20) 


1p ares ere 
—slatatytat 


[27.14] A. Erdélyi, Note on the paper “On a definite inte- 
gral” by R. H. Ritchie, Math. Tables Aids 
Comp. 4, 31, 179 (1950). 


[27.15] E. T. Goodwin and J. Staton, Table of f° — “du, 


Quart. J. Mech. Appl. Math. 1, 319 hen 
z=0(.02)2(.05)3(.1)10. Auxiliary function for 
z=0(.01)1. 


(27.16] R. H. Ritchie, On a definite integral, Math. Tables 
Aids Comp. 4, 30, 75 (1950). 


1004 


Table 27.6 
x f(z)+inz x f(z)+Inz x 
0. 00 —0. 2886 0. 50 0. 2704 1.0 
0. 05 —0, 2081 0. 55 0. 3100 1.1 
0. 10 —0. 1375 0. 60 0. 3479 1.2 
0. 15 —0. 0735 0. 65 0. 3842 1.3 
0. 20 —0. 0146 0. 70 0. 4192 1,4 
0. 25 +0. 0402 0. 75 0. 4529 1.5 
0. 30 0. 0915 0. 80 0. 4854 1.6 
0. 35 0. 1398 0. 85 0. 5168 1.7 
0. 40 0. 1856 0. 90 0. 5472 1.8 
0. 45 0. 2290 0. 95 0. 5766 1.9 
0. 50 0. 2704 1. 00 0. 6051 2.0 


oc? 


wa 


MISCELLANEOUS FUNCTIONS 


f o=("s a dt 


f(z) x f(z) x f@) 
0. 6051 2.0 0. 3543 3.0 0. 2519 
0. 5644 2.1 0. 3404 3.5 0. 2203 
0. 5291 2.2 0. 3276 4.0 0. 1958 
0. 4980 2.3 0. 3157 4.5 0. 1762 
0. 4705 2. 4 0. 3046 5.0 0. 1602 
0. 4460 2.5 0. 2944 5.5 0. 1468 
0. 4239 2.6 0. 2848 6.0 0. 1356 
0. 4040 2.7 0. 2758 6.5 0. 1259 
0. 3860 2.8 0. 2673 7.0 0. 1175 
0. 3695 2.9 0. 2594 7.5 0. 1102 
0. 3543 3.0 0. 2519 8.0 0. 1037 


[92] area 


2 3 
Compiled from E. T. Goodwin and J. Staton, Table of f, te du, Quart. J. Mech. Appl. Math. 1, 319 (1948) (with permission), 


27.7. Dilogarithm 
(Spence’s Integral for n=2) 


s@=-f A mt at 


Series Expansion 


27.7.2 fa)=3 (—1)# a 


Functional Relationships 


27.7.1 


(2> 220) 


27.7.3 
f(a) +f—a)=—In en (I-a) += (1.20) 
27.7.4 

fl—a)+fd+a)=5f0-2)  (12z>0) 
21.7.5 fa@)+f(Z)=-5 na? O<e<1) 


27.7.6 
fa-+1)—f2)=—In en (21) 5-5 Ff) 
(2>2>0) 


Relation to Debye Functions 


27.7.7 f(e))=— Hle)—E= f tdt 


0 e'—1 


{27.17] L. Lewin, Dilogarithms and associated functions 
(Macdonald, London, England, 1958). 

[27.18] K. Mitchell, Tables of the function f, : wey dy, 

with an account of some properties of this and 


related functions, Phil. Mag. 40, 351-368 (1949). 
z= —1(.01)1; x=0(.001).5, 9D. 


(27.19] E. O. Powell, An integral related to the radiation 
integrals, Phil. Mag. 7, 34, 600-607 (1943). 


fF PEE ay 2= 0(.01)2(.02)6, 7D. 


[27.20] A. van Wijngaarden, Polylogarithms, by the Staff 
of the Computation Department, Report R24, 
_Mathematisch Centrum, Amsterdam, Holland 


(1954). F,(z)—= >> hoz for z=r=—1(.01)1; 
h=1 


z=i2, for 2=0(.01)1; z=e'#? for a=0(.01)2, 
10D. 


eCoooe 
PRONE © 


oooo 


ESSoSeese SSSssS 
OIA 


o © 
peek 
os 


_ 


ae a el a we wel ll 


S@) 


64493 4067 
58862 5448 
54579 9712 
50789 9041 
47312 5860 


44063 3797 
40992 8300 
38068 5041 
35267 5161 
32572 8728 


29971 4723 


[™] 


S SSeSess ssSssS 


x 
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f@) 


29971 4723 
27452 9160 
25008 7584 
22632 0101 
20316 7961 


18058 1124 
15851 6487 
13693 6560 
11580 8451 
09510 3088 


07479 4600 


[9] 


Dilogarithm 


f@=—] 


z 


SSSesSss SSssS 
Deyn NyNyNyNny 
RIDA BONES 


oS 
bn 
oO 


— ti 


S() 


1. 07479 4600 
1. 05485 9830 
1. 08527 7934 
1, 01603 0062 
0. 99709 9088 


0. 97846 9393 
0. 96012 6675 
0. 94205 7798 
0. 92425 0654 
0. 90669 4053 


0. 88937 7624 


(-] 


x 


SeSesesS SSssS 
wow woeccdd 


f@) 


0. 88937 7624 
0. 87229 1733 
0. 85542 7404 
0. 83877 6261 
0. 82233 0471 


0. 80608 2689 
0. 79002 6024 
0. 77415 3992 
0. 75846 0483 
0. 74293 9737 


0. 72758 6308 


[rr 


© S9eSS SsSeS59 


7 
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Table 27.7 


f(z) 


0. 72758 6308 
0. 71239 5042 
0. 69736 1058 
0. 68247 9725 
0. 66774 6644 


0. 65315 7631 
0. 68870 8705 
0. 62439 6071 
0. 61021 6108 
0. 59616 5361 


0. 58224 0526 


[r] 


7 = 
From K. Mitchell, Tables of the function f Re letyy, with an account of some properties of this and related functions, Phil. Mag. 40, 351-368 (1948) 


(with permission). 


27.8. Clausen’s Integral and Related 


Summations 
27.8.1 
fo=— [ In (2 sin 5) a= 0 Ea (0<@<*7) 
Series Representation 
27.8.2 
= (--1)*-* ae 
Tr 
(0<9<§) 
27.8.3 
fr—0)=0 In 2—S3 SV" B, (gay) — 
Gi Qh! ~* 2k(2k+1) 
(1/2<0<m) 


Functional Relationship 


Tv 
(<<) 


Relation to Spence’s Integral 


27.8.4 f(r—8) =f(0)—5 f(2) 


27.8.5 
if(0)=9(e"*) +5 where g(z)= f caer 
1 


Summable Series 


27.8.6 


$y 2082 tn (2 ain 5) (0<0<2n) 


nel 


>> m6 7a tg (0S 0S 2m) 

ra a a I oa (0<6<2r) 
= ans (r—0) (0<6<2r) 

3 ae tT S024) 


= sinnd 76 76, 16* 65 
2 ae 90 36 ta 249 «© (OS PS 2a) 


(27.21] A. Ashourand A. Sabri, Tabulation of the function 
*. sin n6 

¥(6) ee am? 
54, 57-65 (1956). 

(27.22] T. Clausen, Uber die Zerlegung reeller gebrochener 
Funktionen, J. Reine Angew. Math. 8, 298-300 
(1832). x=0°(1°)180°, 16D. 

(27.23] L. B. W. Jolley, Summation of series (Chapman 
Publishing Co., London, England, 1925). 

[27.24] A. D. Wheelon, A short table of summable series, 
Report No. SM-14642, Douglas Aircraft Co., 
Inc., Santa Monica, Calif. (1953). 


Math. Tables Aids Comp. 10, 
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Table 27.8 Clausen’s Integral 


f@)= -f- In (2 sin *) dt 


e° f(6) +8 In @ @° F) 6° f@) 6° F@) @° FO) 
| | fe fc | fo 

0 0. 000000 15 0. 612906 30 0. 864379 60 1. 014942 90 0. 915966 
1 0. 017453 16 0. 635781 32 0. 886253 62 1. 014421 95 0. 883872 
2 0. 034908 17 0. 657571 34 0. 906001 64 1. 012886 100 0. 848287 
3 0. 052362 18 0. 678341 36 0. 923755 66 1. 010376 105 0. 809505 
4 0. 069818 19 0. 698149 38 0. 939633 68 1. 006928 110 0. 767800 
5 0. 087276 20 0. 717047 40 0. 953741 70 1. 002576 115 0. 723427 
6 0. 104735 21 0. 735080 42 0. 966174 72 0. 997355 120 0. 676628 
7 0. 122199 22 0. 752292 44 0. 977020 74 0. 991294 125 0. 627629 
8 0. 139664 23 0. 768719 46 0. 986357 76 0. 984425 130 0. 576647 
9 0. 157133 24 0. 784398 48 0. 994258 78 0. 976776 135 0. 523889 
10 0. 174607 25 0. 799360 50 1. 000791 80 0. 968375 140 0. 469554 
11 0. 192084 26 0. 813635 52 1. 006016 82 0. 959247 145 0. 413831 
12 0. 209567 27 0. 827249 54 1. 009992 84 0. 949419 150 0. 356908 
13 0. 227055 28 0. 840230 56 1. 012773 86 0. 938914 160 0. 240176 
14 0. 244549 29 0. 852599 58 1. 014407 88 0. 927755 170 0. 120755 
15 0. 262049 30 0. 864379 60 1. 014942 90 0. 915966 180 0. 000000 
cee) ed Ted 

3 4 4 4 6 


ao 
Compiled from A. Ashour and A. Sabri, Tabulation of the function ¥(6)= > 
n=l 


sin n@ 
nv 


, Math, Tables Aids Comp. 10, 54, 57-65 (1956) (with permission). 


27.9. Vector-Addition Coefficients 


(Wigner coefficients or Clebsch-Gordan coefficients) 


Definition 
27.9.1 Spe ee 
(J1J2™1 Me] fijojm) =5(m, m+ mM) V ; Gitar ; 
So (NGI mE IGRI 


E RM(A+R—I—NVA— mM —h) (fat m—h)!G—fp+m+h!G—-jA—m+h)! 
sane{nict 


Conditions 27.9.8 |mi|<A, |me|<jo, |m| <j 


27.9.2 1, jo, J=t+norts. (n=integer Sg Poe 
ie 2 =) 27.9.9 (jjmimaljjgm)=0 m+mA~m 


27.9.3 natptj=n 
Special Values 
27.9.4 athn—-j ; sie ae 
igh peng bay 27.9.10 (7,001 7,0jm) =8(j1, 7)5(™m, m) 
27.9.6 —jtptj ee ee ae ae 
AthtI QT.9.1L  (j,7200|f.72.90)=0 fr tjatj=2n+1 
27.9.7 M, M2, M=+n or 4" 


2 27 9.12 (jijxmm, 9n1gm) =0 271 +j= 2n-+ 1 
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Symmetry Relations 27.9.17 
27.9.13 3 sr (—1)4-™+-™( jm —mg 
(jijo™1Me|J1J29M) : 27.9.18 | 729171) 
ec (iqyne andre se: eae ——— 
(—1) (Jijo— M1 — Mal i JoJ—™) 354 (—1)!-™+4-™1(j, jmg—m 
27.9.14 = (foj:—Ma— M4] jo J— | J2JJs—™1) 
(92j1— Ma— | JojrJ—M) 27.9.19 1 1 
cusp cgleg age es ae _ fag er ae 
27.9.15 = (—1)144-3( j.9,:m M9] Jof19M) = Siti (—1)4-™1(j, jm; —m 
; | 31.9. J2— 2) 
27.9.16 27.9.20 
— | 294) (yy ntma ae = 224 (- ene eae 
= az (CDG Se =Vanqi (Dean id 
|JJeJ1—™1) | JjiJeMe) 
(91 94 mi m2 | 71 349 -m) Table 27.9.1 
j= m= m=—% 
ty ptmth ji—m+% 
Ath V 241 V B41 
. _. fra—m+h i+m+% 
h-k , +l V oti 
va 
fei Se < th: 1m, m2 |ji 1 jm) Table 27.9.2 
j= m=1 m,=0 m= —1 


jt. Gitm) Git m+ 1) (i—m+ YD Gitm+ 1) 
(291+ 1) (27:42) VO (+H G+7ED 
ji _— _ fhitm Gi-—m+1) m 
VO 2GetD) ViiGit 1) 
jl (ji—m) Gi — m+ 1) tas (ji— m) G+ m) 
V 29:(2j: +1) VO 7,241) 


(ji—m) Gi—m+1) 
(251+ 1) (2j:+ 2) 


(ji—m) Gi-tm+ 1) 
V 2jiGit 1) 
«re Darr) 
2jr(2jr+1) 
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Table 27.9.3 (ja 36 mar ma [jr 45 m) 
j= m=%% m=% 
pty yf SDE eENG Fath 3Git m+) Git m+ 3) Gi—m+%) 
(25+ 1) (2+ 2) (2): +3) (Qjr-+ DT) (2j:-+ 2) (2jr+3) 
:, _ . (BG: m—¥) (jit-m+ ¥) (ji—m+%) apes jitmt+y% 
jth V == EGET Gi 3m +B) sor F iy OFS) 
= 3Gitm—%) Gi-—m+h) Gi—m+ 3) —(h = ji—m+% 
i OR DGED OED) Gt 8m Bl oF) Ot) OFD 
j—% —./G=m—¥) amt ¥) Gi-—m+H) 3Git+m—%) Gi-m— A) (ji— m+ 4) 
271(271— 1) (27: +1) 29:(27:— 1) (27: +1) 
j= m=—%¥% m= —% 
A4+% jas +H) Gi—m+%)Gi—m+%) Gi—m—) Gi—m+) Gi— m+ 4) 
5 1) (+2) (ji +3) (Qj + 1) Gr D (+3) 


i i ; 2 ae ee ae 3Gitm+ %) Gi-m—h) Gi— m+ 34) 
we oF OV TGF DOTS) 2u(2jrt D (2jr+3) 
= = (jr-3m— [hem A [SGkm th Git m+ Gi— m=) 
ny 8 POV DGD GAD Q5i— 1) Qi) r+ 2) 


Fa __ BG Fm— GF mE G— mH) [Gem Gt m+ G+ mE 
%u(2j.— 1) Cr 1) 2iQjir— NA+) 


Table 27.9.4 


j= M3=2 


<5 jane Gitm) Gitm+l) Gitm+2) 
at Q+D Oji+2 Ci+3)Qit4) 


+1 ~ [Ete DGtmG mt DG m2) 
a DG 1) Git 2) fr D) 
2 2ji—D 2G. FD Cfr+3) 


i | {DG 


2: — D7rGit 1) (27:41) 


ont Gam DG G— mt DG— mF?) 
a Qji—2 Q@—NI7i(+D 


j= m=—1 


ita | OAD GED +3) Gi+9) 


v4 42 2 (ji—m+ 1) (ji— m) 
FER | GOT ont OGD 


~ 38G—mGitmt) _ 
i (2m+ By gee 


jl —(j,-—2m— Gitm+1)Git+m) 
4 Gi 2m— DV GD. DOD) 


jr? — [G2 DG mt DG Mm Get m—D 
Gi-—YQA—VYjAQAt 1) 


v 


(jx 2 my me | ji 27 m) 


Ma= 1 


(ji — m+ 2) (jit m+2)(Gitm+ 1) (ji-tm) 
(27+ D G+ 1) (29:48) G4 2) 


—Gr-2m-+2) 4/5 Grint DG m) Gieems DG m) 


ji (2jr+ 1) Git 1) Git 2) 


(12m) 4/5 3G— mE DG m) 


1— 1)91(2j1+ 2) (27:+3) 


Git 2m—1)4/-— Gm Gm) See Gee) 


Gi=mt )Gi-—m Gi— 


1)js(2j1 + 1) (291+ 2) 


m—1)Gitm—1) 
(fia— 1) (291 — 1) 9127141) 


M= —2 


jo 1) Gi—m) Gi— m+) Gi— m+ 2) 
(291+ 1) (2j:-+ 2) (2j1 +3) (271+4) 


jo Gi—m) Gi—m+D Gitm+2) 
AQF H) GY) 


v 


8G 


m— 1) (a— 
(291 ~ 1)j1(291+ 2) (271+ 3) 


m)(jitmtil)Gitmt+2) 


(Gji—m— 1) Git m) (jit m+ 1) Gitm+ 2) 
(Ji— Dj(2jpi-+ 1) (271+ 2) 


Gitm—1)Gitm) Gitm+t I) Gitm+ 2) 


(27:— 


2) (2ji:— 1) 291(2j1 +1) 


3 


(291+ 1) (2j14+ 2) (271 +3) Git 2) 


V 7274+ D G+ D Git 2) 


38m? —7iGji+t 1) 
V (291 — V7 (G1+ 1) (291+ 3) 


= / 3(G:—m) (j:-+m) 
(i— 1)9,(27:4+1) Git 1) 


3G 


m,=0 


—m)(ji—m— 1) Gat m) (Gitm—1 


(Qj—2) r— Djs 1) 
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MISCELLANEOUS FUNCTIONS 


Table 27.9.5 [By use of symmetry relations, 
coefficients may be put in standard form j:<jo<j 


and m> 0] 


me | m | na | j | (jijem™ mel ji jejm) 

p=h 

—% 0 ¥ 1 VM 0. 70711 

ue 0 Y% 1 VM 0. 70711 

¥% 1 vA 1. 00000 
p= 

-1 0 1 1 VM 0. 70711 

0 0 1 1 0. 00000 

1 0 1 1 -V/% —0. 70711 

0 1 1 1 VM 0. 70711 

1 1 1 1 -V% —0. 70711 

0 % % % v3 0. 81650 

1 % % 5% VA 0. 57735 

1 3% ¥ % 1. 00000 

—1 0 1 2 V% 0. 40825 

0 0 1 2 V% 0. 81650 

1 0 1 2 VM 0. 40825 

0 1 1 2 VM 0. 70711 

1 1 1 2 V% 0. 70711 

1 2 1 2 1. 00000 
R=h 

-% % 1 % V%5 0. 73030 

¥% % 1 ,) —-VJ/M%s  —0. 25820 

% A 1 56 -V% —0. 63246 

¥% % 1 % V% 0. 63246 

% % 1 % — V5 —0. 77460 

-% 0 % 2 VM 0. 70711 

¥ 0 A 2 V¥% 0. 70711 

% 1 WA 2 4/3 0. 86603 

% 1 ¥ 2 0. 50000 

% 2 % 2 1. 00000 

-% 0 % 2 0. 50000 

-\% 0 36 2 0. 50000 

% 0 % 2 —0. 50000 

% 0 % 2 —0. 50000 

-¥% 1 % 2 V% 0. 70711 

% 1 4 2 0. 00000 

3 1 % 2 -vV% —0. 70711 

% 2 % 2 V% 0. 70711 

% 2 % 2 -V% —0. 70711 

-¥% % 1 5 Vo 0. 54772 

¥% y% 1 54 V% 0. 77460 

¥ M4 1 % Vo 0. 31623 

yy ¥% 1 54 V% 0. 77460 

% % 1 54 V% 0. 63246 

54 % 1 5 1. 00000 


Compiled from A. Simon, Numerical tables of the Clebsch-Gordan coeffi- 
cients, Oak Ridge National Laboratory Report 1718, Oak Ridge, Tenn. 
(1954) (with permission). 


(27.25] E. U. Condon and G. A. Shortley, Theory of 
atomic spectra (Cambridge Univ. Press, Cam- 
bridge, England, 1935). 

{27.26] M. E. Rose, Elementary theory of angular mo- 
memtum (John Wiley & Sons, Inc., New York, 
N.Y., 1955). 

[27.27] A. Simon, Numerical tables of the Clebsch-Gordan 
coefficients, Oak Ridge National Laboratory 
Report 1718, Oak Ridge, Tenn. (1954). 
CG iid mymgm) for all angular moments <%, 
10D. 
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28. Seales of Notation 


Representation of Numbers 


Any positive real number z can be uniquely 
represented in the scale of some integer b >1 as 


t=(An... AyAo- 10-2 . . .)a, 
where every A, and a_, is one of the integers 0, 
1,..., 6—1, not all A, a_,; are zero, and 


Am>0 ifzx>1. There is a one-to-one correspond- 


ence between the number and the sequence 
t=Anb™+ ... +Abt+Aot di a_,jb~? 


where the infinite series converges. The integer 6 
is called the base or radix of the scale. 

The sequence for x in the scale of 6 may ter- 
minate, i.€., @-2-1=@-n-2= ... =0 for some 
n>1 so that 


r= (An ne oe A Ap: @_1G_2 e248 


» An); 


then z is said to be a finite b-adic number. 

A sequence which does not terminate may have 
the property that the infinite sequence a_;, a_2, 
. . . becomes periodic from a certain digit 
a_,(n>1) on; according as n=1 or n>1 the 
sequence is then said to be pure or mixed recurring. 

A sequence which neither terminates nor recurs 
represents an irrational number. 


Names of Scales 


Base Scale Base Scale 
2 | Binary 8 | Octal 
3 | Ternary 9 | Nonary 
4 | Quaternary 10 | Decimal 
5 | Quinary 11 | Undenary 
6 | Senary 12 | Duodenary 
7 | Septenary 16 | Hexadecimal 


General Conversion Methods 


Any number can be converted from the scale 
of b to the scale of some integer 6b, b>1, by 
using arithmetic operations in either the b-scale 
or the b-scale. Accordingly, there are four 
methods of conversion, depending on whether the 
number to be converted is an integer or a proper 
fraction. 
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Integers X=(An.. . A1A0)«0) 


(I) b-scale arithmetic. Convert 6 to the b-scale 


and define 

X/b=X,+ Ay, 

X,/b=X,+ Ai/b, 
where Aj, Aj, .. ., Ag are the remainders and 
Xi, Xo, ..., Xm the quotients (in the b-scale) 
where X, Xi, . . .. Xm-1, respectively are divided 


by 6 in the b-scale. Then convert the remainders 
to the b-scale, 


(As) (0) =A, (A; )@) =A, . 


and obtain 


. » (Axe =As 


X=(As a Tiel 6 A,Ao) @- 


(II) 6-seale arithmetic. Convert 6 and Ab, 
A,,..., Am to the 6-scale and define, using 
arithmetic operations in the b-scale, 


Xn-1 =A,,b +An-1 ’ 
Xn—-3= m-10-+Am_a, 


X= X.b+A1, 
then 
X=X,b+Ap. 


Proper fractions z= (0.a-1a-2. . . )(» 


To convert a proper fraction 2, given to n digits 
in the b-scale, to the scale of 60 such that inverse 
conversion from the b-scale may yield the same n 
rounded digits in the b-scale, the representation 
of x in the 6-scale must be obtained to n rounded 
digits where n satisfies 6*>b*. 

(III) b-scale arithmetic. 
b-scale and define 


Convert 6 to the 


tb=2,+4", 
rb=2, +a/, 
b= 2 +a! n 


SCALES OF 


where @_,, G2, . . ., @_z are the integral parts and 
1, %2, . . ., 2q the fractional parts (in the b-scale) 
of the products xb, 1b, . . ., xq-1b, respectively. 
Then convert the integral parts to the b-scale, 


NOTATION 
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(IV) b-scale arithmetic. Convert 5 and a4, 
@2,..., @» to the b-scale and define, using 
arithmetic operations in the 6-scale, 


Ting =G—n/b+A_nn, 


@11)% fae G1, (a..z) ) =G_2, soe ey Gx 2) 5 =O_n, L—npa=Z—n4i/b +@_n+2) 
and obtain T1=%/b+0.4; 
_ then 
t= (0.4_14-2 . . Qn) (b)- =2_,/b. 
Numerical Methods 
The examples are restricted to the scales of 2, Example 2. Convert X=(2531).) to the 


8, 10 because of their importance to electronic 
computers. 

Note that the octal scale is a power of the binary 
scale. In fact, an octal digit corresponds to a 
triplet of binary digits. Then, binary arithmetic 
may be used whenever a number either is to be 
converted to the octal scale or is given in the octal 
scale and is to be converted to some other scale. 


Decimall 2 3 4 5 6 7 8 9 10 
Octal 123 4 5 6 7 10 11 12 


Binary 1 10 11 100 101 110 111 1 000 1 001 1010 


Example 1. Convert X= (1369) qo) to the octal 
scale. By (I) we have 6=10, b=8qo) and so, 


using decimal arithmetic, 
1369/8=171+1/8, 
171/8=21+3/8, 
21/8=2-+5/8, 
2/8=0+2/8; 


A= (2531) @). 


then 


By (II) we have b=(12)) and A;=1@, Az: 


=3,), Ai=6), Ap=(11)@). 
arithmetic, 
X,=1 . 124+3= (15), 


1=15-12+6= (210) @), 
X=210-12+11= (2531). 


Using binary arithmetic we have, by (II), 
b= (1010) (2) and A;= le), A,= (1 1) 2), A,= (110), 
Ao(1001) @. Thus 


X.=1-1010-+11= (1101) @), 
X;=1101-1010+110= (10 001 000) ~), 
X=10 001 000-1010+1001=(10 101 011 001), 
whence, on converting to the octal scale, 

X= (2531) @. 


Hence, using octal 


decimal scale. By (I) we have b>=10=(12),) and 
hence, using octal arithmetic, 


2531/12=210+11/12 
210/12=15-+6/12 
15/12=1+43/12 
1/12=0+1/12 
Thus, converting to the decimal scale, 
Ao= (11) @=9, Ai=6)=6, A,=3@)=3, A;=1, 
and so 
A= (1369) 10). 


By (II) we have 6=10, and the octal digits of X 
are unchanged in the decimal scale. Hence, 
using decimal arithmetic, 


Xy=2-8+5= (21) a0, 
X,=21-8+3=(171) ao, 
X=171-8+1= (1369) ao). 

Using binary arithmetic we have, by (II), 

b=8=(1000) 2) and Ag= 1, A,=(11)@), A,=(101) a), 

3= (10). Then, 

X,=10-1000+101=(10 101)q, 

X,=10 101-1000+11=(10 101 011), 

X=10 101 011-1000+1=(10 101 011 001) q, 


whence, on converting to the decimal scale, 


X= (1369) ao). 


Observe that in both examples above, octal 
arithmetic is used as an intermediate step to 
convert, according to (II), the given number to 
the binary scale. If, instead, the given number is 
first converted to the binary scale, then binary 
arithmetic may be applied directly to convert, 
according to (I), the given number from the 
binary scale to the scale desired. 
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For example, in converting X= (2531). to the 
decimal scale, we find first X= (10101011001) 2) 


and then obtain, using (I) with 6=10=(1010).), 
10 101 011 001/1010=10 001 000+ 1001/1010, 
10 001 000/1010=1101+-110/1010, 
1101/1010=1+4 11/1010, 
1/1010=0+1/1010. 
Thus, on converting to the decimal scale, 
Ay= (1001) @=9, A:= (110) @)=6, 
A,= (11) @=3, As=1, 
X= (1369) ao). 


whence 


Example 3. Convert z= (0.355) qo) to the bi- 
nary scale. 
We first convert to the octal scale, using decimal 


arithmetic. By (III), we find with 6=8 


(0.355) -8=2+0.840, (0.080) -8=0-+0.640 
(0.840) -8=6+0.720, (0.640) -8=5+0.120 
(0.720) -8=5+0.760, (0.120) -8=0+0.960 
(0.760) -8=6-+0.080, (0.960) -8=7-+0.680 


whence z= (0.26560507 . . .),). 
verting to the binary scale, 


Thus, on con- 


z=(0.010 110 101 110 000 101 000 111 . . .)q. 


In order that inverse conversion of x from the 
binary to the decimal scale yield again x to the 
given number n of decimal digits, we must round x 
in the binary scale to at least 7 digits where 7 is 
chosen such that 2">10". As a working rule, we 


may take 7 >= n. Hence, to obtain r= (0.355) ao) 
by inverse conversion, x must be rounded in the 
binary scale to 7 >* 3=10 digits. 
Thus, 

t= (0.010 110 110 0). 


To carry out the inverse conversion we can first 
convert to the octal scale, 


c= (0.266) (8)) 


and then apply (IV) with b=8, using decimal 
arithmetic: 


t__=6/8+6=6.75, 
21=6.75/8-+2=2.84375, 
2=2.84375/8=0.355 46875. 


SCALES OF NOTATION 


Alternatively, we can apply (III) with = (1010) Q)) 
using binary arithmetic: 


(0.010 110 11)-1010=11-+ (0.100 011 1), 
(0.100 011 1)-1010=101+ (0.100 011), 
(0.100 011)-1010=101+ (0.011 11), 
(0.011 11)-1010=100+-(0.101 1). 


Converting the integral parts to the decimal scale, 
we find 


@1= (11) @)=3, @_.=4_3= (101) @)=5, 
&_4= (100) a) =4 
and thus ; 
Ht (0.3554) (10) 


Note that the fractional part in any step is the 
unconverted remainder. Thus, to round at any 
step, it is only necessary to ascertain whether the 
unconverted portion to be neglected is greater or 
less than 3; i.e., whether, in the binary scale, the 
first neglected digit is 1 or 0. 

Example 4. Convert z= (3.141593) co) - 10-° to 
the binary scale. 

The desired representation is. 


r~= (1.a_,@_2 ere G_n) (ay 27* 


where n and & are such that inverse conversion 
from the binary scale to the decimal scale will 
produce x to the same given 15 decimal digits. 
Accordingly, by the rule stated in Example 3, 7 


and k are to be chosen so as to satisfy pee. 15 


3 
=50. 
From Table 28.1 we find 


2-*< (3.141593) ag) - 10-°<2-%8 


Thus, we must take k=29 and, consequently, 
choose n>21. The conversion on a desk calcu- 
lator thus proceeds as follows. First, we obtain 
by use of Table 28.1 


27% — (1 .686 629 899) (0) 


Then, for convenience’s sake, we convert this 
number to the octal scale, using the method of 
Example 3 and rounding as required, to at least 
7 octal (=21 binary) digits. We find 
2°—= (1.537 4337) @. 
Hence 
2= (1.537 433 7) «27% 


and, consequently, 
a=(1. 101 011 111 100 011 O11 111) -27%. 


SCALES OF NOTATION 


To convert x back to the decimal scale we only 
need to obtain from Table 28.1 the various powers 
of 2 which appear in the above representation and 
sum them. However, since 2-"=27"t!—2-™ for 
any real constant m, it is more convenient to 
reduce first the binary representation of x to the 
form 

== 2-28 Q-31__ 9-338 _ 9-39 1 Q-42__ 2-45 a 50 


and then sum these powers of 2. (Note that the 
number of summands is thereby decreased from 
16 to 7.) From Table 28.1 we have 


+2-%=+3.725 290 298 -10-° 


—2-1—=— 465 661 287 -107° 
—2-8=— .116 415 322 -10-° 
—2-%=— 001 818 989 -10°° 
+2-"=+ .000 227 374 -107° 
—2-"=— .000 028 422 .10-° 
—2-©-—— 000 000 888 -107° 


z= 3.141 592 764 -10-° 


Nine decimal digits are used for sufficient accuracy 
reserve. Hence, rounding to seven significant 
figures, we find 


t= (3.141593) ¢10)-107°. 
To convert a number such as 
t= (€) am - 10° 


to the binary scale, where é is a positive integer 
so large that Table 28.1 cannot be used, apply the 
following device: Compute 


logio Ly 
logie2 — * logy) 2 


log, r= 


where é is the quotient and x, the remainder, the 
division being carried out in the decimal scale. 
Then find 7=10%1, i.e., 2:=logio 7, so that ° 


loge smh oe pak +log, n 


whence 
t= (n) ao)". 


Now convert (7) uo) to the binary scale by any of 
the methods described above. 

A similar device may be used to convert to the 
decimal scale a binary number that is outside the 
range of Table 28.1. 

Example 5. Convert z= (2.773) 19):10® to the 
binary scale. 
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We first compute, using 4.1.19 and Table 4.1, 


logig 2__83.44295 __ 05764 
logy 2  .30103 30103” 


and find from Table 4.1, .05764=log,) 1.1419. 
Hence 


log, z= =277 + —~ 


logs 2-27 +8 1419 


loge F277 + Hogs 1.1419 


and so 

L= (1.1419) 49) +227, 
Now we apply the methods of Example 3 to ob- 
tain (1.1419) = (1.110516),s, where octal nota- 
tion is used for the sake of convenience. 

To round such that inverse conversion will yield 
the same decimal digits of z, observe that the last 
non-zero decimal digit of x is 3-10®. Table 28.4 
shows that 27%<10%<27, Hence, in the binary 
scale, x must be a binary integer times 2”; i.e., 
(1.110516), must be rounded to 4 octal (=12 
binary) digits. As a result, 


a (1.1105) (8) * 2277 — (1 1 105) (a) «2.765 
=(1 001 001 000 101),.,2 


Conversion back to the decimal scale proceeds 
as follows, we write 


logio z=logiy 2 logs x 
=logig 2 {265 +log; a 1105) (8) } 
= logig (11105) ¢s) 
=log io 2 { 265 + Tog? 5) 
=265 logio 2+logio (11105) ,). 


Hence, converting (11105), to the decimal 
scale by any of the methods of Example 2, we 
obtain 

logio xr=265 logo 2 +logio 4677 


which yields, using Table 4.1 
logic xr=83.44292 


Thus, by Table 4.1, we find, rounded to four 
significant figures, 


t= (2.773) ao) * 10%. 
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Table 28.1 


112589 


90232 


80465 
60930 
21860 


43720 
87441 
74883 


49767 
99534 
99068 


an! o i BW NRO 3 


SCALES OF NOTATION 


22 IN DECIMAL 


0,125 
0. 0625 
0. 03125 


0, 01562 
0, 00781 
0. 00390 


0, 00195 
0, 00097 
0, 00048 


0. 00024 
0. 00012 
0. 00006 


0. 00003 
0, 00001 
0. 00000 


0, 00000 
0. 00000 
0. 00000 


0, 00000 
0, 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0, 00000 


0. 00000 
0, 00000 
0, 00000 


0. 00000 
0. 00000 
0. 00000 


0. 00000 
0. 00000 
0. 00000 


0, 00000 
0. 00000 
0, 00000 


0. 00000 
0. 00000 
0. 00000 


0, 00000 
0.00000 
0. 00000 


5 
25 
625 


3125 
65625 
82812 


41406 
20703 
10351 


05175 
52587 
76293 


38146 
19073 
09536 


04768 
02384 
01192 


00596 
00298 
00149 


00074 
00037 
00018 


00009 
00004 
00002 


00001 
00000 
00000 


00000 
00000 
00000 


00000 
00000 
00000 


00000 
00000 
00000 


00000 
00000 
00000 


00000 
00000 
00000 


5 


25 
125 
5625 


78125 
89062 
94531 


97265 
48632 
74316 


37158 
18579 
09289 


04644 
02322 
01161 


50580 
25290 
62645 


31322 
65661 
32830 


16415 
58207 
29103 


14551 
07275 
03637 


01818 
00909 
00454 


00227 
00113 
00056 


00028 
00014 
00007 


00003 
00001 
00000 


5 
25 


625 
8125 
40625 


20312 
10156 
55078 


77539 
38769 
19384 


59692 
29846 
14923 


57461 
28730 
64365 


32182 
66091 
83045 


91522 
95761 
97880 


98940 
49470 
74735 


37367 
68683 
84341 


42170 
21085 
10542 


55271 
77635 
88817 


5 
25 
125 


0625 
53125 
76562 


38281 
19140 
09570 


54785 
77392 
38696 


69348 
34674 
67337 


83668 
41834 
70917 


35458 
17729 
08864 


54432 
77216 
88608 


94304 
47152 
73576 


36788 
68394 
84197 


5 
25 


125 
5625 
28125 


64062 
32031 
66015 


83007 
91503 
95751 


47875 
73937 
86968 


43484 
71742 
85871 


92935 
46467 
23233 


5 


95312 


97656 
98828 
99414 


49707 
24853 
12426 


56213 
78106 
89053 


5 


25 
125 
0625 


03125 
51562 5 
75781 25 


37890 625 
68945 3125 
34472 65625 


SCALES OF 


x QF x 
0.001 1,00069 33874 62581 0. 01 
0.002 1, 00138 72557 11335 0. 02 
0.003 1.00208 16050 79633 0. 03 
0.004 1.00277 64359 01078 0.04 
0.005  1,00347 17485 09503 0. 05 
0,006 1.00416 75432 38973 0. 06 
0,007 1.00486 38204 23785 0.07 
0.008  1,00556 05803 98468 0.08 
0.009 1.00625 78234 97782 0,09 
10 
10” On 10-” 
1 6 1,000 000 000 000 000 000 00 
12 1 0.063 146 314 631 463 146 31 
144 2 0.005 075 341 217 270 243 66 
1750 3 0.000 406 111 564 570 651 77 
23 420 4 0.000 032 155 613 530 704 15 
303 240 5 0,000 002 476 132 610 706 64 
3 641 100 6 0.000 000 206 157 364 055 37 
46 113 200 7 0,000 000 015 327 745 152 75 
575 360 400 8 0.000 000 001 257 143 561 06 
7 346 545 000 9 0.000 000 000 104 560 276 41 
n logio 2, 
n n logio 2 n loge 10 
1 0.30102 99957 3, 32192 80949 
2 0.60205 99913 6. 64385 61898 
3 0.90308 99870 9.96578 42847 
4 1.20411 99827 13. 28771 23795 
5 1.50514 99783 16. 60964 04744 


NOTATION 


2° IN DECIMAL 


gt 


1.00695 55500 


1.05701 
1. 06437 


an IN 


67 405 553 


56719 
90029 
07193 
56067 
41377 
41121 
23067 
61380 
53360 


413 
164 


a“ 


~-. wee 
WONOUNHSWNH 


egeoeescooo by 


n log, 10 IN DECIMAL 


Ovmne 3 


x= (3.11037 

2 i= (0.24276 
yr= (1.61337 

In += (2.11206 
loge r= (1.51544 


y¥10= (3.12305 


ADDITION AND 
Addition 


O+le= 


02 
03 
04 
05 
06 
07 
10 


03 
04 
05 
06 
07 
10 
ll 


ny PTF WwW S&S BY KB F&F [oO 


wr O 
+++ 


04 
05 
06 
07 
10 
ll 
12 


a 


nun 
» 


05 
06 
07 
10 
11 
12 
13 


Binary Scale 


0 


Octal Scale 


07 
10 
ll 
12 
13 
14 
15 
16 


07 
10 
11 
12 
13. 
14 
15 


06 
07 
10 
ll 
12 
13 
14 


n login 2 


1.80617 99740 
2.10720 99696 
2.40823 99653 
2. 70926 99610 
3.01029 99566 


xle= 


HHO 
xx 
roo 
ntl a 
roo 


Table 28.2 


or 

1.07177 34625 36293 

1.14869 83549 97035 

1, 23114 44133 44916 

1.31950 79107 72894 

1.41421 35623 73095 

1.51571 65665 10398 

1.62450 47927 12471 

1, 74110 11265 92248 

1. 86606 59830 73615 
Table 28.3 

n 107" 
10 0,000 000 000 006 676 337 66 
11 0,000 000 000 000 537 657 77 
12 0.060 000 000 000 043 136 32 
13 0,000 000 000 000 003 411 35 
14 0.000 000 000 000 000 264 11 
15 0,000 000 G00 000 000 022 01 
16 0.000 000 000 000 000 001 63 
17. -:0.000 000 000 000 000 000 14 
18 0.000 000 000 000 000 000 O01 

Table 28.4 
n loge 10 


19. 93156 85693 
23. 25349 66642 
26,57542 47591 
29, 89735 28540 
33, 21928 09489 


MULTIPLICATION TABLES 
Multiplication 


MATHEMATICAL CONSTANTS IN OCTAL SCALE 


552421) 1g) 
301556) (4) 
621067) (,) 
404435) (4 
163223) (9) 


407267) (gy 


e= (2.55760 521395) (4) 


e-1= (0.27426 530661) (9 


Ve= (1.51411 230704) 


logio @= (0, 33626 754251) 


loge e= (1.34252 166245) (4 


loge 10 = (3.24464 741136) (4) 


Table 28.5 


Table 28.6 


+= (0. 44742 147707) (g) 


In y= -(0. 43127 233602) (9) 


loge v= -(0. 62573 030645) (4. 


V2= (1.32404 746320) (2) 


In 2= (0.54272 027760) (,) 


In 10= (2.23273 067355) (4) 
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29. Laplace 


29.1. Definition of the Laplace Transform 


One-dimensional Laplace Transform 
9.11 f(s)\=L{F(t)}= f en" Ft)dt 
0 


F(t) is a function of the real variable ¢ and s is a 
complex variable. /(t) is called the original func- 
tion and f(s) is called the image function. If the 
integral in 29.1.1 converges for a real s=s9, i.e., 


B 
lim ett l(t) dt 
A>00 JA 
Boo 


exists, then it converges for all s with As>so, and 
the image function is a single valued analytic 


Transforms 


function of s in the half-plane Zs>s. 
Two-dimensional Laplace Transform 
29.1.2 
flu,e)=L(F(e,y)} =f” [ee F(e, day 


Definition of the Unit Step Function 


0 (t<0) 
won| $ 
1 


(t=0) 
(t>0) 
In the following tables the factor u(t) is to be 
understood as multiplying the original function 
F(t). 


29.1.3 


29.2. Operations for the Laplace Transform ' 


Original Function F (t) 


Image Function f(s) 


29.2.1 F(t) f ” oF (t)dt 
0 
Inversion Formula 
29.2.2 Leper : 
Omi des e*f(s)ds F(s) 
Linearity Property 
29.2.3 AF(t)+BG(t) Af (s)+Bg(s) 
Differentiation 
29.2.4 F’(t) 8f (s) —F (+0) 
29.2.5 F(t) s"f(s)—s*-!F(+0)—s"-2F'/(-+0)— 22 oO 9(+0) 
Integration : 
29.2.6 f F(r)dr 1 #s) 
0 8 
a [f" Fovaa + f(s) 
oJ0 8 
Convolution (Faltung) Theorem 
29.2.8 . 
[FG F)dr= Fk, Alsfrls) 
Differentiation 
29.2.9 —tF(t) t’(s) 
29.2.10 (—1)"t" F(t) f(s) 


1 Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New 


York, N.Y., 1958 
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Original Function F(t) Image Function f(s) 
Integration 
29.2.1 1 Fl f Ha)de 
Linear Transformation 
29.2.12 e* FXt) t(s—a) 
29.2.13 iF (:) (c>0) fles) 
29.2.14 1 (worR (5) (c>0) f(es—b) 
Translation 
29.2.15 F(t—b)u(t—6) (b>0) e~*f(s) 
Periodic Functions i 
29.2.16 F(t-+a)=F(t) j eae 
l1—e* 
29.2.17 F(t-+a)=—F(t) J ee 
1+e-% 
Half-Wave Rectification of F(t) in 29.2.17 
29.2.18 F(t) 33 (—1)"u(t—na) Af oe 
n=0 
Full-Wave Rectification of F(t) in 29.2.17 
29.2.19 |F(t)| f(s) coth > 
Heaviside Expansion Theorem 
7 Pn) sant p(s) ay a ae nS 
29.2.20 2 te) e aay q(s) = (s—a,) (s—az) . . . (S—Gm) 
p(s) a polynomial of degree<m 
es 1 p?-” (a) n) ie) en p(s) 


p(s) a polynomial of degree<r 


29.3. Table of Laplace Transforms? * 


For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two- 
dimensional Laplace transforms see [29.11]. 


f(s) F(t) 
29.3.1 1 1 
s 
1 
29.3.2 8 t 


? The numbers in bold type in the f(s) and F(é) columns indicate the chapters in which the properties of the respective 
higher mathematical functions are given. 

3 Adapted by permission from R. V. Churchill, Operational mathematics, 2d. ed., McGraw-Hill Book Co., Inc., New 
York, N. Y., 1958. 
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29.3.3 
29.3.4 


29.3.5 


29.3.6 
29.3.7 
29.3.8 
29.3.9 
29.3.10 
29.3.11 
29.3.12 
29.3.13 


29.3.14 


29.3.15 


29.3.16 


29.3.17 


29.3.18 


29.3.19 


29.3.20 


29.3.21 


f(s) 
1 
3" (n=1,2,3,...) 
a 
vs 
g 73/2 


seP —— (n=1,2,3,...) 


(k>0) 


1 
Gtaeth  °~%) 


s 
(s+a) (s+) ga 


1 
(s+a)(s+-b)(s+e) 


(a, b,c distinct constants) 


al. 
s?+-a? 


ee 
sta? 


1 


s?—a? 


s 
s—a? 


noe ae 
8(s?-+-a?) 
Ben thts, 
8?(s?-+-a?) 


ae eee 
(s?-++a?)? 
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F® 
{7-1 
(n—1)! 


a- 
~~ 


Qa/t/r 
Qrgn-h 
1-3-5... (2n—1) yr 


e7 tt gabe 
b-—a 


ae~**— be 


a—b 


_ (b—e)e7* + (c—a) e+ (a—b)e~* 
(a—b) (b—e) (c—a) 


To, 

~sin at 

a 

cos at 

: sinh at 

a 

cosh at 

= (1—cos at) 
1 P 

a (at—sin at) 


ns (sin at—at cos at) 


29.3.22 


29.3.23 


29.3.24 


29.3.25 


29.3.26 


29.3.27 


29.3.28 


29.3.29 


29.3.30 


29.3.31 


29.3.32 


29.3.33 


29.3.34 


29.3.35 


29.3.36 


29.3.37 


29.3.38 


29.3.39 


29.3.40 


F(s) 


ae 
(s?-++a?)? 
ms Be 
(s?+-a?)? 


v—a? 
(Fa)? 


s 
(s?-+-a”) (s?+-6?) 


1 
(st+a)?+6? 


sta 
(s+a)?+6? 


3a? 
ig + a 


4a 


s'+4a‘ 


cra a 
s*+4a! 


et. ee 
(s-+a)* 


(a? ¥ b?) 
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F(t) 
t. 
2a sin at 


| er 
2a (sin at+at cos at) 


t cos at 


cos at—cos bt 
aa 


e~* sin be 


a 


e~* cos bt 

e~%— eit! (cos ecg sin M149 x) 
2 2 

sin at cosh at—cos at sinh at 


5 sin at sinh at 


1 


aa (sinh at—sin at) 


1 
aa (cosh at—cos at) 
(1+a7t?) sin at—at cos at 
L,(t) 
+ .-i(1—2at) 
ant 

1 — bt —at 

— = (é —eé 
2x03 ( 


1 
——ae erfc ayt 
vrt ve 


Tate erf ayt 
T 


1 2a avt 2 
SS emf edn 
vt yx 0 
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29.3.4 


29.3.42 


29.3.43 


29.3.44 


29.3.45 


29.3.46 


29.3.47 


29.3.48 


29.3.49 


29.3.50 


29.3.51 


29.3.52 


29.3.53 


29.3.54 


29.3.55 


29.3.56 


29.3.57 


(Js-ta-+-ys+b)™ 


f(s) 


1 
¥8(s-+a’) 


6?—a? 


(s—a’) (6-+-7s) 


1 
vs(v¥s+a) 
a 
(sta)y¥s+b 
b?—a@? 


vs(s—a’)(¥s-+6) 


(1—s)" 
gents 


(1—s)" 
gttt 


vs-+2a 
Js 


—1 


1 
stays+b 


T'(k) 


GraKeti 


1 
(st+a)t(s+6)? 


ys+2a— ys 
Vs+2a+ vs 


Gey (->0) 


(vs-ta-+ ys)" 


Js sta (v>—1) 


amie 
Vs?-+a? 


(Vs?-+a?—s)” 


Js?-+a? (v>—1) 


1 
Gra 0) 
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F(d) 
K a edn 
ev [b—a erf avt|— bee erfc byt 
e*' erfe at 
FS e~* erf (Vb—ayt) 
ev [ erf (cyi)—1 |+e* erfe bt 


a Hel 


HinsiCve) 


ay (Qn+1) Wm 


ae~“[I, (at) +I (at)] 


—) 
en Hato y, (¢ 5 t) 

k-4 = 
vr (4 en~Hatoiy, (= t) 


te-satos [7 (> ttt ae, 


; e~"T, (at) 


: en hatney, (> t) 
1 6-¥'7,(4at) 
a’ ar) 


J,(at) 


a’J ,(at) 


22. 


22 


K-) 


6, 10 


29.3.58 


29.3.59 


29.3.60 


29.3.61 


29.3.62 


29.3.63 


29.3.64 


29.3.65 


29.3.66 


29.3.67 


29.3.68 


29.3.69 


29.3.70 


29.3.71 


f(s) 
(vs?-+a?—s)*  (k>0) 


(s—Vs?—a")’ vs?—a*)’ @>~1) 


Veal 


opie 
(s?—a?)* 


(k>0) 


5 e-* — (u>0) 


1—e-* 
8 


1 _1+coth $ks 
s(i—e-™) 2s 


Surin ee 
s(e*—a) 


2 tanh ks 
8 


begs 
s(1-+e-*) 


s sinh ks 


1 
s cosh ks 
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Fw 
a” Ji(at) 9 
a’l, (at) 9 
u(t—k) | zz 
(t—Bu(t—h 
a u(t—h) | 6 
u(t)—ult—h) a 


> u(t—nk) 


Q k 2k 


>> a*'u(t—nk) 


n=l 


u(t) +2 > (—1)"u(t—2nk) 


oie Fs 


o n 2k 3k 


tu(t)-+2 39 (—1)"(t—2nk)u(t—2nk) as a 4 
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(8) F® 


29.3.72 + coth ks u(t)-+2 33 u(t—2nk) — 
n=l 


ke 
29.3.73 aepooth [sin ke| Na 


cia 
° k 


29.3.74 wae pa (—1)" u(t—nr) sin ¢ f = 


Q wv an 3” 


=| 


W 
— 


k 
29.3.75 tee Tol 2k) 9 
& 
29.3.76 = e* = cos 2/kt 
k 
29.3.77 i e* = cosh 2-Vkt 
1 4% 1 
29.3.78 Par e* ek sin QVkt 
k 
29.3.79 ane a sinh 2k 
29.3.80 Pe \ > 
3. oe (u>0) ; J,-1(2Vkt) 9 
k -1 
29.3.81 Set (u>0) G)* 4-1 (2V kA) 9 
| ie k ae) 
29.3.82 e (k>0) Oat exp ( i 
29.3.83 1 -tVi (E>0) sigs 7 
s = 2vt 
29.3.84 lw 1 ke 
29.3.85 i e~kvt (k>0) 24/t exp (-§ ~—k erfe ea OVt i erfc mis 7 
si = 2Vt Qt 
29.3.86 1 L F k 
sae Ws (n=0,1,2,.. #20) (40)¥" i" erfe 5 7 
29.3.87 m-1 | i exp (-5) k 
82 ¢ (n=0,1,2,...; k>0) ae, H, (57) 22 
QV rt") 2vt 
29.3.88 —ky's 
é 1 _ — tk pat 2s 
eae (k>0) Tei exp ( a) ae*e*" erfe (wits; 7 


*See page IL. 


29.3.89 


29.3.90 


29.3.91 


29.3.92 


29.3.93 


29.3.94 


29.3.95 


29.3.96 


29.3.97 


29.3.98 


29.3.99 


29.3.100 


29.3.101 


29.3.102 


29.3.103 


29.3.104 


29.3.105 


29.3.106 


F(8) 

ae~*V8 
sate) 
seit (k>0) 


vs(a+ 78) 
eV esta) 
vs(s-+a) 
eo kv eta 

era 
eta a 
aa 


e—*(Vet+a2—2) 
—_===—-_—s— (k2>0) 


ear Ue 


e Boe er (k>0) 


(k20) 


e-*V8-a_e-# — (k>0) 


a’e —kyst+a2 


(eral ral bs) 


tin (ikhs)  (>0) 


: In (144s?) (0) 


+in (s4a2)  (a>0) 


(v>—1,k>0) 
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F() 


___ pak 9474 f Zz ke 
em e2"t er c(avi+5 7) texte ai 


ak at ke 
exe erfc (aVi+5) 
e-* 7, (tayt?—k*)u(t—k) 
Jo (avi?—k’*)u(t—k) 
Iyo(ayt?—k*)u(t—k) 


Jo(avyt?+2kt) 


i Ji (eV P)u(t—b) 


a 1, (aV@—B)u(t—b) 


=) JAaVP—B)u(t—b 
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—y—In t(y=.57721 56649 .. . Euler’s constant) 


t*-! In 

TH [v(k)—In ¢] 

e“[In a+-£;(at)] 

cos ¢ Si (¢)—sin ¢ Ci (¢) 

—sin ¢ Si (t)—cos t Ci (¢) 
t 

E (5) 

1 —bvt_. ,-at 

t (e-"—e-*) 

~2 Ci G) 


2 In a—2 Ci (at) 
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29.3.107 


29.3.108 


29.3.109 


29.3.110 


29.3.111 


29.3.112 


29.3.113 


29.3.114 


29.3.115 


29.3.116 


29.3.117 


29.3.118 


29.3.119 


29.3.120 


29.3.121 


29.3.122 


29.3.123 


29.3.124 


29.3.125 


f(s) 
1 
3 In (s?-+a?) 


1 k 
— arctan — 
Ss § 


22 
e** orfe ks 


L ot onto ke 


e* erfc Vks 


erfc vis 


al 


e** erfe vks 


olt 


erf & 


Ve 


(a>0) 


(k>0) 


(k>0) 


(k>0) 


(k20) 


(k2>0) 


Laake k 
ie ae 


K,(ks) — (k>0) 


Ky(kvs) — (k>0) 


eK (ks)  (k>0) 


= Ki(kys) — (k>0) 


= et Ko (2) 


(k>0) 


we” *8] o(ks) (k 2>0) 


e“*I\(ks) — (k>0) 
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F(t) 


2 [at In a+sin at—at Ci (at)} 


2 (1—cos at) 


: (1—cosh at) 


; sin kt 


Si (kt) 


pg (—F) 


t 
erf ok 


vk 
wT vit +k) 


Fun 


1 


vn(t-++k) 
Ee 4 
= sin Qkt 


2 
Fi K,(2V2kt) 


ET F (u(t) —u(t—28)] 


k—t 


TEAGESS (u(t) — u(t—2k) | 
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f(s) F() 
29.3.126 e“E,(as)  (a>0) 5 
a 1 
29.3.127 aon FE, (as) (a>0) 5 (+a)? 
—n as . eek = See 
29.3,128 ai-"eE,(as) (a >0;n=0,1,2,...) 5 Ga: 
29,3.129 [ 5—si ©) | ses Coy sine 5 ay 
29.4. Table of Laplace-Stieltjes Transforms ‘ 
#(s) (t) 
29.4.1 f 6 *db(t) (2) 
0 
29.4.2 e-* — (k>0) u(t—k) 
29.4.3 as EN) > u(t—nk) 
1 = ae 
29.4.4 gee (E>0) 3) (—1)"u(t—nk) 
1 ao 
29.4.5 =p (E>?) 2D) ult—(2n-+1)k] 
1 = nf ¢ — (9; 
29.4.7 tanh ks — (k>0) u(t) +2 = (—1)"u(t—2nk) 
1 (antag fp 
29.4.8 sinh (ks--a) (k>0) 2 24 e7 @ntD ult (2n+1)k] 
Ee" (ante, fp BR _- 2. 
29.4.9 SE epe (#0, 40) 256 ult—h—(2n-+1k] 
29.419 Smbhsto) gency Sh em Ome ePult + h—(2n-+kl 
sinh (ks+a) n=0 
—e~ulé—h—(2n+1)k]} 
29.411 Dodyent — (0 la<a<...) 2 ate(t— ke) 


For the definition of the Laplace-Stieltjes 
transform see [29.7]. In practice, Laplace-Stieltjes 
transforms are often written as ordinary Laplace 
transforms involving Dirac’s delta function 4(é). 
This ‘function’ may formally be considered as 


the derivative of the unit step function, du(t) =6() 
di sothat | aes ( aQaee SO 
t, so t iat fo du(t)= os de 91 G0), 


The correspondence 29.4.2, for instance, then 


assumes the form etm [ e-'6(t—k)dt. 
0 


4 Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, MeGraw- 


Hill Book Co., Inc., New York, N.Y., 1953. 
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Notation — Greek Letters 


@ modular angle (elliptic function). __-------_-- 


an(2) ={° tne-#'dt___ 8. Mae vehsenaacerenees 
Bn (2) (7, tL eee eee eae 
B(n) = SYD HOR YI)-* Miyata ities Am 


B,(a, b) incomplete beta function_-_.----__-.-- 
B(z, w) beta function.__.-.----.--------------- 
y Euler’s constant_.__.-_-_-_-- Lect s pete Oe 


y(a, xz) incomplete gamma function (normalized) - 

n=2 coefficient of skewness. ._.-.------------ 
o3 

n=i—3 coefficient of excess._--_..----------- 

T(z). gamma functions. 4235s. oo sees cee 


T(a,z) incomplete gamma function__-_.-.---_--- 
6;; Kronecker delta (=0 if 74k; =1 if i=k)__--- 
é'(f,) central difference. -___---------------.-- 
A difference operator_..__.-------------------- 
A discriminant of Weierstrass’ canonical form__---. 
A(fn) forward difference___.--.--------------- 
Ax absolute error__._..___...----------------- 


¢(z) Riemann zeta function ____.-------------- 

¢(z) Weierstrass zeta function__._.._-_-_-_-_--- 

Z(u|m) Jacobi’s zeta function__.-.------------- 

yin) = Se De cece tee tesce ne seue 
k=1 

"a =$(we) Weierstrass elliptic function - -- - - --- 


H(u), Hi(u) Jacobi’s eta function. -.__--------- 
8,(z) theta function.._..-_-_-_--------------- 
3.(e\a),8a(e\a), Neville’s notation---.--------- 
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3n(e\a@),0.(€\a) theta functions 
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wu(fn) mean difference_____._____-_-___-___----- 


u(n) Modbius function.____._.-..--._--_------- 
#, nth central moment._/____._-.-..------_ -- 
zw’, mth moment about the origin.-__.._...----- 
a(x) number of primes <z__.-.-.-..-._- +. 
®n(L) =(X—H) (4-2) . . . (2 —B_)_--- ee 
O(n;e\a) elliptic integral of the third kind__-_-__- 
I(z) factorial function.-_.-.-..---------2--- Lee 


pe correlation coefficient. _........_..._._.__-_. 
Pn(Xo,21, . - -»%n) reciprocal difference.__--.--__-- 
pa(v, z) Poisson-Charlier function____...__.._-_- 
eo standard deviation......_...._.-----.-.-_--- 
@*- ‘VATIANCe 2... 82 eos Soke oo ee ec elect ole 
o(z) Weierstrass sigma function_--------------- 
o,(n) divisor function____-_- Sect as Shai Sites rar a 
7,(z) tetrachoric function_._______________-_-- 
y=am u, amplitude. ..---.---- inp se peatile Lf oe © 
g(n) Euler-Totient function____._____________- 
g(t) = E(e**X) characteristic function of X______- 
@(a;b; z) confluent hypergeometric function-- --- 
¥(z) logarithmic derivative of the gamma 

function_._...--.------------------------- 
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@q period of Weierstrass elliptic functions - - - - --- 
@,,(z) Cunningham function._____------------- 


Miscellaneous Notations 


{a:.] determinant__--.....------------------- 
{a,] column matrix.__...--------.-.-.--.-----. 
v> Laplacian operator... ---------------------- 
A‘ forward difference operator__---.----------- 


= partial derivative __----.-.------------------ 


ts CA) oak So aoe ee es ee ee eke ela 
(2 , binomial coefficient.__...----_------------- 
n! factorial function. ....._----..------------- 


(2n)!1 =2-4-6 ... (Qn)=2n!____ 2 ----_--- 

(m,n) greatest common divisor____...----------- 
_T0g¢t+nt+h) , 

(n, k) = gIrGtn—k) (Hankel’s symbol) _ ___--- 

(nN; m1, 125...) Mm) multinomial coefficient. Sue bs 

{x] largest integer <a2..___2 2 ee 
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66 


2erceis 


<a> nearest integer tor__----_------.------- 
2 complex conjugate of z (=r—iy)___--..--__-- 
z=xz+iy complex number (Cartesian form) eeewe 
=re (polar form)__....--------------------- 
|z| absolute value or modulus of z_.----------.- 
z= overall summation.....--...----..---------- 
2’ restricted summation__._..--..---.-------- 
= I sum or product taken over all prime numbers p- 
PoP 


= r sum or product overall positive divisors d of n__ 


Cauchy’s principal value of the integral-___._- 


approximately equal__----------.---------- 
asymptotically equal_.___--_.-------------- 
<, >, < > inequality, inclusion.....-...._._- 
Unequal neces ance oe cbt pee fib ec oe coos 


Page 
577 
928 
757 


807 


753 


. 595 


877 
826 
928 
928 
231 
878 
590 
255 
936 
878 
509 
298 
928 
629 
827 
934 
569 
826 
928 
504 


258 
504 
629 
510 


* U.S. GOVERNMENT PRINTING OFFICE: 1999-450-358 


